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Introduction

Material life time prediction, and more specifically, the progressive fatigue failure prediction, is indeed always one of the key foundations of safety of the serving equipments, and it is also an important aspect of modern mechanical design and manufacture [START_REF] Kennedy | A new detection of fatigue damage in metals[END_REF][START_REF] Dieter | Mechanical metallurgy, Metallurgy and metallurgical engineering series[END_REF][START_REF] Stephens | Metal Fatigue in Engineering[END_REF][START_REF] Kruzic | Predicting fatigue failures[END_REF][START_REF] Dowling | Mechanical Behavior of Materials: Engineering Methods for Deformation, Fracture, and Fatigue, Always learning[END_REF]. As a commonly utilized machine component, solid plate structures, such as metallic sheets, are often subjected to fatigue loads in service of engineering. Therefore, the evaluation of the cumulative fatigue damage in thin metallic films is of importance for lifetime prediction and then for reliability and security of practical engineering equipments/machines with such structures in service. During the last two decades, this scientific importance was repeatedly raised not only in the field of metallic materials but also in the field of other kinds of materials such as the composites [START_REF] Schijve | Fatigue of structures and materials in the 20th century and the state of the art[END_REF][START_REF] Withers | Residual stress and its role in failure[END_REF][START_REF] Kumar | In situ characterization of fatigue damage evolution in a cast al alloy via nonlinear ultrasonic measurements[END_REF][START_REF] Kang | Characterization of fatigue damage of al6061-t6 with ultrasound[END_REF][START_REF] Bak | Delamination under fatigue loads in composite laminates: A review on the observed phenomenology and computational methods[END_REF][START_REF] Pineau | Failure of metals ii: Fatigue[END_REF][START_REF] Kamal | Advances in fatigue life modeling: A review[END_REF].

For more than 70 years and following the seminal work by Miner [START_REF] Miner | Cumulative damage in fatigue[END_REF], a tremendous amount of research has been dedicated to propose theoretical expressions of an index providing the cumulative fatigue damage in a material subjected to cyclic loading. This index intends to give an estimate of the state of fatigue of the material. To express the fatigue state, different material or nonmaterial parameters could be used, such as: the ratio between the current number of loading cycles and the number of cycles for the failure to occur, the density, the Young's modulus, the crosssectional area of the damaged sample, etc. The mathemat-ical expression of the cumulative fatigue damage index not only depends on the chosen parameter but on empirically-or analytically-based assumptions on the fatigue process. For instance, Miner [START_REF] Miner | Cumulative damage in fatigue[END_REF] conceptually considered that part of the mechanical energy of the loading is absorbed by the fatigue process at each cycle. The amount of absorbed energy is moreover assumed by Miner to be the same at each cycle, which leads to consider that the cumulative damage linearly increases with the number of cycles, regardless of the loading sequence. This conceptual model has been shown to be limited since the irreversible micro-rupture process associated to depends nonlinearly on the number of cycles. More realistic models have then been sought. We can cite, for instance, the Lemaitre-Plumtree model [START_REF] Lemaitre | Application of damage concepts to predict creep-fatigue failures[END_REF] that accounts for the fact that, for a strain-controlled cyclic loading, the stress response evolves due to material fatigue, while the Miner's theory states that the response does not evolve. The cumulative damage index in the Lemaitre-Plumtree model therefore depends on a damage exponent, that in turn depends on the material mechanical property and on the strain amplitude of the cyclic loading. We focus here on the Miner's and Lemaitre-Plumtree's theory that we use in the following. For further theories and details, the readers are referred to the numerous review articles on the topic of cumulative fatigue damage, among which the authors would like to enlighten the review articles by Fatemi and Yang [START_REF] Fatemi | Cumulative fatigue damage and life prediction theories: a survey of the state of the art for homogeneous materials[END_REF][START_REF] Yang | Cumulative fatigue damage mechanisms and quantifying parameters: A literature review[END_REF] for their completeness and the important work of method classification allowing a global view of the state of the art of the cumulative damage theory at a glance.

Ultrasonic methods are commonly used in nondestructive testing/evaluation (NDT/E) of fatigued materials: by detecting acoustic nonlinearity, crack length, elasticity, and the accumulation of damage [START_REF] Nagy | Fatigue damage assessment by nonlinear ultrasonic materials characterization[END_REF][START_REF] Deng | Assessment of accumulated fatigue damage in solid plates using nonlinear lamb wave approach[END_REF][START_REF] Rao | Fatigue damage characterization using surface acoustic wave nonlinearity in aluminum alloy aa7175-t7351[END_REF][START_REF] Pruell | Evaluation of plasticity driven material damage using lamb waves[END_REF]. The laser ultrasonic (LU) technique, where both the generation and the detection of ultrasounds are based on lasers, are more and more widely used for NDT/E applications and characterization of physical/mechanical properties of materials [START_REF] Tam | Applications of photoacoustic sensing techniques[END_REF][START_REF] Scruby | Laser Ultrasonics Techniques and Applications[END_REF][START_REF] Chigarev | All-optical monitoring of acoustic waves guided by confined micro-fluidic layers[END_REF][START_REF] Mezil | Evaluation of crack parameters by a nonlinear frequency-mixing laser ultrasonics method[END_REF]. The opto-acoustic technique can indeed provide: a large bandwidth thanks to the extremely short laser pulse, a high spatial resolution owing to the possibility of focusing the laser beam down to micrometers. Moreover, the opto-acoustic technique allows the contactless studies of a specimen, which avoids the use of contact transducers [START_REF] Deng | Assessment of accumulated fatigue damage in solid plates using nonlinear lamb wave approach[END_REF][START_REF] Rao | Fatigue damage characterization using surface acoustic wave nonlinearity in aluminum alloy aa7175-t7351[END_REF][START_REF] Pruell | Evaluation of plasticity driven material damage using lamb waves[END_REF][START_REF] Bermes | Experimental characterization of material nonlinearity using lamb waves[END_REF][START_REF] Cantrell | Nonlinear ultrasonic characterization of fatigue microstructures[END_REF][START_REF] Pruell | Evaluation of fatigue damage using nonlinear guided waves[END_REF][START_REF] Pyrak-Nolte | Elastic interface waves propagating in a fracture[END_REF]. In recent years, zero-group-velocity (ZGV) Lamb modes [START_REF] Prada | Laser-based ultrasonic generation and detection of zero-group velocity lamb waves in thin plates[END_REF] have proven to be an efficient tool to probe locally and accurately the thickness [START_REF] Clorennec | Laser impulse generation and interferometer detection of zero group velocity lamb mode resonance[END_REF][START_REF] Clorennec | Laser ultrasonic inspection of plates using zero-group velocity lamb modes[END_REF] or the mechanical properties of plates [START_REF] Prada | Power law decay of zero group velocity lamb modes[END_REF][START_REF] Prada | Local vibration of an elastic plate and zero-group velocity lamb modes[END_REF][START_REF] Raetz | Effect of refracted light distribution on the photoelastic generation of zero-group velocity lamb modes in optically low-absorbing plates[END_REF], the anisotropy [START_REF] Prada | Influence of the anisotropy on zero-group velocity lamb modes[END_REF], to inform on the adhesion level [START_REF] Mezil | Investigation of interfacial stiffnesses of a tri-layer using zero-group velocity lamb modes[END_REF] as well as to detect defects [START_REF] Faëse | Beam shaping to enhance zero group velocity lamb mode generation in a composite plate and nondestructive testing application[END_REF].

Recently, we have demonstrated [START_REF] Yan | Characterization of progressive fatigue damage in solid plates by laser ultrasonic monitoring of zero-group-velocity lamb modes[END_REF] the ability as well as the reproducibility of the ZGV Lamb mode (introduced in Section 2) for locating the fatigue damage, for predicting the fatigue lifetime, and for assessing the cumulative fatigue damage levels during a fatigue process, thanks to the nonmonotonous variation of a ZGV mode frequency during the fatigue process. In this paper, we aim at explaining the experimental observations (Sections 3 and 4) by their comparison with numerical simulations using finite element method (FEM) (Section 5.2) and go deeper in the analysis of the observed processes. An empirical model based on the cumulative damage theory is also proposed here for this purpose. By wrongly (on purpose) assuming that we can numerically reproduce the experimentally-observed variation of the ZGV frequency by accounting only for the thickness decrease of the fatigued plate, we will in particular point out from which stage in the fatigue life the changes of mechanical properties cannot be ignored anymore.

ZGV Lamb modes

When a plate structure is excited by a spatially localized impact, multiple Lamb modes can be generated, both symmetrical modes (denoted as S) and anti-symmetrical modes (denoted as A). Among them, there are several specific modes that exhibit an anomalous behaviour at frequencies where the group velocity vanishes, while the phase velocity remains finite. The dispersion curves of the Lamb waves for both S (solid red lines) and A (dashed blue lines) Lamb modes are plotted in Fig. 1, for an aluminum plate with a thickness of 2ℎ = 75 mm, longitudinal wave velocity = 6450 m⋅s -1 and shear wave velocity = 3100 m⋅s -1 . In Fig. 1, the first symmetrical zero-group-velocity (ZGV) Lamb mode, the 1 2 -ZGV mode, is indicated with an arrow. Such a ZGV Lamb mode results from the interference of two guided modes coexisting for a unique couple of frequency/wavenumber. For example, the 1 2 -ZGV mode can be seen as being composed of the forward propagating S 2 Lamb mode and the backward propagating 1 Lamb mode, where stands for "backward" and indicates that the phase velocity and group velocity of 1 mode are of opposite sign in that frequency range [START_REF] Prada | Laser-based ultrasonic generation and detection of zero-group velocity lamb waves in thin plates[END_REF]. As mentioned above, the ZGV resonance fre- quency is very sensitive to the local thickness [29-31, 39, 40] and to the local mechanical properties [START_REF] Prada | Local vibration of an elastic plate and zero-group velocity lamb modes[END_REF][START_REF] Clorennec | Local and noncontact measurements of bulk acoustic wave velocities in thin isotropic plates and shells using zero group velocity lamb modes[END_REF] of plates, which both are changing when a sample is subjected to fatigue cycles. Hence, when the mechanical properties of the plate, such as the elastic modulus, the Poisson's ratio, and the density, are not modified, the following relation between the variation Δ of the ZGV frequency and the variation Δℎ of the thickness ℎ holds

Δ ≅ - Δℎ ℎ . ( 1 
)
A decrease in the sample thickness with unchanged mechanical properties will therefore lead to a proportional monotonous increase of the ZGV frequency. This relation is an interesting property for NDE applications [START_REF] Faëse | Beam shaping to enhance zero group velocity lamb mode generation in a composite plate and nondestructive testing application[END_REF], and it will be used for establishing the empirical model used in the finite element simulation discussed in Sec. 5. The experimental setup for the LU experiments and the fatigue test configuration are now presented in the next section.

Description of the experimental configurations

Experimental setup for laser ultrasonics measurements

The experimental setup is schematically illustrated in Fig. 2. The pump laser (pulse duration of ∼0.75 ns with a repetition rate of 1 kHz) has an optical wavelength of 1064 nm and was focused into a stretched ellipse (long diameter ∼500 m and small diameter ∼25 m), close to a line generation source. This so-called pump laser is locally absorbed by the aluminum plate, therefore creating a local and sudden thermal stress which generates ultrasonic wave propagating within the plate. The continuous probe laser (with a wavelength of 532 nm) is focused to a circular spot (diameter ∼25 m) in the vicinity (∼20 m) of the line source and is used for ultrasonic wave detection thanks to the beam deflection technique (denoted by the dashed red rectangular box in Fig. 2), as often used for LU probing [START_REF] Mezil | All-optical probing of the nonlinear acoustics of a crack[END_REF][START_REF] Higuet | Beam distortion detection and deflectometry measurements of gigahertz surface acoustic waves[END_REF][START_REF] Gasteau | Single crystal elastic constants evaluated with surface acoustic waves generated and detected by lasers within polycrystalline steel samples[END_REF]. The calibration of the overlapping/separation of the generation line source and the detection circular spot is controlled by a rotating dichroic mirror. Note that the distance between the pump laser and the probe laser is mandatory for the detection of the ZGV resonance since the beam-deflection technique is sensitive to the radial gradient of the normal displacement, which is zero for the ZGV mode at the pump laser location. The aluminum plate is attached to a three-dimension translational platform. In this work, only the -direction translation is used in order to achieve the B-scan measurements as denoted by the double-headed arrow in Fig. 2.

Fatigue test configuration

In order to fatigue the specimen, a "homemade" fatigue machine using a micro-controled linear stage has been developed. The chosen fatigue test configuration is a two sides clamped compression inducing buckling as illustrated in Fig. 3(a). The unloaded plate [bottom in Fig. 3(a)] is originally of the length 2 with -axis along the plate surface and -axis normal to the unloaded plate surface. Each tested aluminum sheet is first subjected to a compression where the plate buckled [top in Fig. 3(a)]: the compression is imposed by moving one of the sides of the fatigue machine where the sample is clamped (the left one in the figure) by 2Δ along -axis towards the other side (the right one in the figure). Then a cyclic displacement of the same side (left) is imposed along -axis, giving rise to the so-called loading cycles, until the specimen failure. Fig. 3(b) shows the side-view photo of the loaded specimen whose profile is similar to a cosine function as shown in Eq. (2). Fig. 3(c) is the top-view picture of the specimen that is unloaded to carry out the opto-acoustic measurements with the setup described in Fig. 2 that needs a flat surface for the B-scan measurements. Note that when the sample is unloaded, it is also straightened by applying a slight traction in order to obtain a flat surface necessary to get a good signal-to-noise ratio with the technique used for the detection (beam-deflection technique). The green arrow in Fig. 3(c) denotes the direction of the scan. The unloading of the sample is performed at regular intervals of fatigue loading cycles in order to follow the change in the ZGV frequency all along the fatigue life of the sample. The normal deflection of a buckled plate can be expressed as [START_REF] Hutchinson | Stresses and failure modes in thin films and multilayers[END_REF],

w( ) = 2 1 + cos -Δ , ( 2 
)
and the formulation of the stress distribution of a buckled plate is denoted by:

( , ) = 2 16(1 -2 )( -Δ ) 2 cos -Δ , (3) 
where = 0 is located in the center of the buckled plate, is half the length of the plate, Δ is half the displacement along the axis of the moving part of the fatigue machine [Fig. 3(a)], and is the buckling deflection in the center of the specimen as defined in Ref. [START_REF] Hutchinson | Stresses and failure modes in thin films and multilayers[END_REF][START_REF] Cotterell | Buckling and cracking of thin films on compliant substrates under compression[END_REF], is the Poisson's ratio, is the Young modulus. For the details on the buckling plate theory, readers are referred to the following references [START_REF] Hutchinson | Stresses and failure modes in thin films and multilayers[END_REF][START_REF] Cotterell | Buckling and cracking of thin films on compliant substrates under compression[END_REF][START_REF] Lewicka | The föppl-von kármán equations for plates with incompatible strains[END_REF][START_REF] Beuth | Cracking of thin bonded films in residual tension[END_REF][START_REF] Chai | Two-dimensional modelling of compressive failure in delaminated laminates[END_REF]. In Fig. 4, the calculated buckled plate deflection with unloaded length of 2 = 25 mm and shortening length of 2Δ = 5 mm [see Fig. 4(a)], the cross section stress distribution ( , ) [see Fig. 4(b)], and the surface ( = h) stress distribution [see Fig. 4(c)] are presented in the case of an aluminum plate (with the properties in Tab. S1, Supplemental Material Note 2). In Fig. 4(c) the dashed horizontal line stands for the tensile yield strength of aluminum [START_REF] Dowling | Mechanical Behavior of Materials: Engineering Methods for Deformation, Fracture, and Fatigue, Always learning[END_REF]. In our experiment, the specimen is unloaded at regular intervals of 500 cycles from the fatigue test system and probed each time using the pump-probe laser technique shown in Fig. 2 to get the values of the 1 2 -ZGV resonance frequency along the scanning path. This means that for each position during the scanning, an opto-acoustic signal is measured and saved for spectral analysis. For each set of measurements, the scanning length, chosen to be 10 mm, corresponds to the estimated damaged region width, according to the value of the tensile yield strength and the stress distribution calculation [see Fig. 4(c)]. The scan is performed with a step of 100 m, i.e. 101 points of detection in total. The used motorized actuator provides a 50 mm travel range with a minimum incremental motion of 0.1 , which is sufficiently accurate for our measurements. Note that the measurements on the intact specimen are saved as the reference in order to make the comparison with all the other ones after the specimen is damaged.

Experimental results and analysis

Experimental results

In Fig. 5, an example of (a) a received LU temporal signal (processed by a high-pass filter in order to avoid 0 Lamb mode) and (b) its frequency spectrum (computed over the rectangular time window 0.2 s to 8 s) are plotted. A sharp peak at ∼38 MHz [see inset in Fig. 5(b)] is observed and corresponds to the 1 2 -ZGV resonance frequency. Several representative spatial distributions of the Fourier transform (FT) spectrum for different numbers of fatigue cycles are depicted in Fig. 5(c-h) for the frequency range (axis) [START_REF] Clorennec | Laser impulse generation and interferometer detection of zero group velocity lamb mode resonance[END_REF][START_REF] Hutchinson | Stresses and failure modes in thin films and multilayers[END_REF] MHz and the scanning range ( -axis) [-5, 5] mm. Note that, in Fig. 5(c-h), the FT spectra forming an image are all normalized for each x position by the amplitude of the ZGV peak value. The extracted ZGV frequency values in Fig. 5 

5(c)

] are considered as the reference. It is seen that the frequency value is not unique, even in the intact case, and lies in the range [38.45, 38.66] MHz due to the initial thickness variation of the tested plate. The original thickness 2ℎ of the intact specimen is therefore determined to lie in the interval [74.3, 74.7] m. While the number of fatigue cycles increases, an obvious increase of the ZGV frequency is observed in the center of the measurements (maximum increase at x = 0.1 mm) [see Fig. 5(d)-(h)]. After ∼10500 fatigue cycles, a decrease of the ZGV frequency begins to emerge, as shown in Fig. 5(h) at = 11000 for example. This drop in the ZGV frequency pursues until the specimen fails after about 12500 cycles, and can be explained by the drop in elastic stiffnesses [START_REF] Lemaitre | Damage measurements[END_REF][START_REF] Plumtree | Damage accumulation and fatigue crack propagation in a squeeze-formed aluminium alloy[END_REF][START_REF] Barsoum | Dynamic elastic hysteretic solids and dislocations[END_REF][START_REF] Li | Compression fatigue behavior of ti-6al-4v mesh arrays fabricated by electron beam melting[END_REF] and the interaction between the ZGV resonance and the presence of dislocations/cracks in the specimen [START_REF] Pyrak-Nolte | Elastic interface waves propagating in a fracture[END_REF][START_REF] Maurel | Wave propagation through a random array of pinned dislocations: Velocity change and attenuation in a generalized granato and lücke theory[END_REF][START_REF] Mujica | Ultrasound as a probe of dislocation density in aluminum[END_REF][START_REF] Barra | The use of ultrasound to measure dislocation density[END_REF].

Discussion of the measured spatial distribution

To analyze the experimental results, the spatial distributions of the variation of the ZGV frequency (depicted by the purple dashed lines in Fig. 5) are plotted on the same graph in Fig. 6 for the measurements done from 0 cycle to 9500 cycles, i.e. before the drop of the ZGV frequency. From Fig. 6, the spatial distributions could be qualitatively split into three zones. The zone I in the central part, where the gradient of the frequency variations is the largest, could be mainly associated to the cumulative damage. The zone II, up to about 2.5 mm from the center, where the gradient of the variations is smaller than in the zone I, could be associated to the influence of the residual buckling stress. The zone III, away from the fatigued region, shows mainly an offset of the ZGV resonance frequency (no matter the lateral position | | > 2.5 ), which may be caused by the traction applied to the specimen when it is unloaded and straightened in order to obtain a flat surface for allowing a good acoustooptic detection during the spatial scanning measurements. The whole spatial distribution will be modelled in section 5.1 based on these observations and will be proposed to be a weighted sum of respectively a narrow Gaussian function (to account for large gradient of variations), a cosine function, since the residual buckling stress is a cosine function [see Eq. ( 3)], and an offset. To further analyze the previouslymentioned increase of the ZGV frequency in the center of the scanned area (also seen in Fig. 6), a direct observation of that area under an optical microscope was performed.

Observation of a specimen during the fatigue test under an optical microscope

For a better understanding of the progression and existence of the fatigue damage, we prepared another aluminum specimen with a similar size in order to take photos with a light microscope during the fatigue test until the failure. Considering that the fatigue crack exists just before the fracture and that the crack propagates very rapidly under fatigue loading after its existence, we choose to decrease the loading compression distance in order to increase our chances to capture the fatigue crack emergence. The loaded compression length is thus decreased to be 2Δ = 3 mm (instead of 5 mm), and the number of fatigue loading cycles before failure in this case is about ∼33000 loading cycles. Three chosen photos are presented in Fig. 7(a-c), which are the top-view on the surface of the specimen after (a) 30000 cycles, (b) 32000 cycles, and (c) 33000 cycles. In Fig. 7 shows the side-view of the broken specimen. The decrease of the thickness in the middle of the tested specimen can be clearly observed. A zoomed image is also presented in the inset of Fig. 7(d), showing an evident symmetrical decrease of the thickness along the normal-to-the-plate-surface direction. Similar feature were also observed post-mortem, for the first samples. Following this observation, our proposal in the following is to assume that the decrease of the local thickness in the fatigued region completely explains the experimentally-observed increase of the ZGV frequency. This strong, and obviously inaccurate, assumption is done to analyze up to which level of fatigue it remains true. We do assume though, that the observed by us [START_REF] Yan | Characterization of progressive fatigue damage in solid plates by laser ultrasonic monitoring of zero-group-velocity lamb modes[END_REF] and others [START_REF] Fatemi | Cumulative fatigue damage and life prediction theories: a survey of the state of the art for homogeneous materials[END_REF][START_REF] Plumtree | Damage accumulation and fatigue crack propagation in a squeeze-formed aluminium alloy[END_REF][START_REF] Makkonen | Predicting the total fatigue life in metals[END_REF] change in thickness is at play first, i.e. before any change in mechanical properties of the plate.

The spatial distribution of the ZGV resonance frequency up to 9500 cycles discussed in the previous section, the above demonstration of a symmetrical decrease of the thickness around the crack location and the above-discussed assumption are now used for the construction of an empirical model of the thickness variation with respect to the number of cycles . This model will in turn be used in a numerical model for frequency-wavenumber (f-k) analysis of the Lamb waves, as detailed in the next section 5, and for the analysis of the assumption by comparison with the measurements.

Empirical model and numerical analyzes

To analyze the influence of the local variation of the plate thickness on the Lamb modes in general, and on the ZGV Lamb mode in particular, it is here proposed to develop a numerical model. The empirical model of the thickness distribution of the plate takes into account the variation of the thickness in the ( , ) plane and is independent of owing to the symmetry imposed by the fatigue configuration [see Eq. ( 3)]. In this section, we first introduce the empirical model of the evolution of the thickness distribution with the loading cycles. This model is based on the cumulative fatigue damage theory. The mathematical expression of the thickness distribution is then used for the numerical simulations, the results of which are analyzed and eventually compared to the experimental results discussed in Sec. [START_REF] Kruzic | Predicting fatigue failures[END_REF].

Please note that the circular logic is at play in this section. We indeed assume that the thickness variation explains the whole experimentally-observed variations of the ZGV frequency in order to derive the empirical model, although it is obviously not the case since other material properties are also changing. We do believe though that this is the major ingredient explaining the experimental observation up to a certain level of fatigue. Once more and to be clear, the aim of this assumption is to reveal that all experimental results cannot be explained only by the thickness variation and to discuss from which fatigue stage must other material changes be considered.

Empirical model

The numerous empirically-or analytically-based theories of cumulative fatigue damage provide different definitions of the local damage index depending on the observable and observed parameter. Following the above-discussed experimental observations, it is here proposed to relate the definition of to the variation of the cross-section, i.e. to the thickness variation, of the specimen under repeated loading. For each spatial position of the measurements, the decrease of the local cross section is equal to the product of the local variation of the thickness [2ℎ( , ) -2ℎ(0, ) = 2Δℎ( , ) ≤ 0] and the differential of the variable (d ). Note that when the sample is intact ( = 0), Δℎ(0, ) is zero for all . For a given number of loading cycles , the remaining local cross section of the specimen is denoted as ̃ ( , ) = 2(ℎ(0, ) + Δℎ( , ))d . Then, the experimental local damage index ̃ ( , ) is proposed to be defined as follows:

̃ ( , ) = ̃ ( , ) -̃ (0, ) ̃ (0, ) = Δℎ( , ) ℎ(0, ) . ( 4 
)
Note that, since Δℎ( , )∕ℎ(0, ) decreases from 0 (intact sample) to -1 (critically damaged sample) as increases, so is the damage index ̃ . According to Eq. ( 1) and our assumption, the chosen experimental local damage index is therefore equal to the opposite of the ratio of the ZGV resonance frequency variation [Δ ( , )] to the ZGV frequency when the sample is intact ZGV (0, ) :

̃ ( , ) = -ZGV ( , ) -ZGV (0, ) ZGV (0, ) = - Δ ( , ) ZGV (0, ) . ( 5 
)
Since the proposed experimental local damage index ̃ ( , ) is related to the local relative variation of the plate thickness, it is now proposed to formulate a theoretical model of the damage index, denoted , based on the fatigue theory, in order to have at hand an empirical model of Δℎ( , )∕ℎ( ) to implement in the numerical model discussed in the next subsection 5.2. The theoretical damage index ( , ) is proposed to be the sum of three terms corresponding to the three different influences discussed in Sec. 4.2:

( , ) = - ( , ) + ( , ) + ( ) , (6) 
where , , and stand for constant coefficients allowing the overall balance between the contribution of , , and , respectively, to the theoretical damage index . Note that the minus sign in front of the square brackets in Eq. ( 6) stands for the fact that is imposed to be negative, since ̃ is negative. Three origins of the fatigue damage are considered in the theoretical model: (i) that accounts for the cumulative damage (using the Lemaitre-Plumtree rule [START_REF] Fatemi | Cumulative fatigue damage and life prediction theories: a survey of the state of the art for homogeneous materials[END_REF][START_REF] Lemaitre | Damage measurements[END_REF][START_REF] Plumtree | Damage accumulation and fatigue crack propagation in a squeeze-formed aluminium alloy[END_REF]), (ii) that accounts for the global damage induced by the buckling-caused residual stress, and (iii) that accounts for the global traction applied to the specimen during the LU measurements (necessity of a flat surface, see Sec. 3). For and , the Miner-linear damage hypothesis [START_REF] Miner | Cumulative damage in fatigue[END_REF][START_REF] Fatemi | Cumulative fatigue damage and life prediction theories: a survey of the state of the art for homogeneous materials[END_REF]] is considered to model their linear dependence on . The expression of the theoretical damage index ( , ) is proposed to be (see Supplemental Material Note 1 for details):

( , ) = - 1 -1 - 1∕(1+ ) × exp -4 ln 2 ( -Δ ) 2 2 + | | | | cos -Δ + | | | | + , (7) 
where is the number of cycles to produce a critical amount of damage (as outlined in Ref. [START_REF] Lemaitre | Application of damage concepts to predict creep-fatigue failures[END_REF]) and , a dimensionless quantity, represents the damage exponent which depends on the plastic strain amplitude; stands for the elongation of the specimen due to the traction (assumed to be the same for all unloading) and the absolute value accounts for the fact that, whether the loading stress is positive or negative, it contributes to the damage the same way. Note that, at the center of the fatigue zone ( = Δ ), , , and equal to 1 for = , meaning that ( , Δ ) = -+ + . Since the minimum of is -1 according to the chosen definition of the experimental local damage index ̃ , the sum of the three coefficients is therefore imposed to be equal to 1. Assuming that ̃ = , the thickness distribution of the plate after loading cycles therefore reads:

2ℎ( , ) = 2 [1 + ( , )] ℎ(0, ). (8) 
Using Eq. ( 8), an illustration of the influence of the fatigue damage on the plate thickness is proposed in Fig. 8 = 12500, Δ = 0.1 mm, and 2 = 25 mm. The recovery of all the other parameters in Eq. ( 7) is therefore achieved by minimizing the quadratic relative differences between ̃ and as shown in the following cost function  , under the constraints that + + = 1:

 ( , , , , , ) = ∑ ∑ | | | | | | ̃ ( , ) - , , , , , , , | | | | | | 2 . ( 9 
)
The minimization is performed under constraints with the Nelder-Mead simplex algorithm by using the Matlab function @fminsearch. After the inverse estimation from Eq. ( 9), the unknown parameters are determined: = 44.37, = 0.58 mm, = 0.1 mm, = 0.99, = 0.004, and = 0.006. We note here that the minimization is done by considering only ∈ [0, 9500] cycles, because the proposed model accounts exclusively for the thickness change that cannot explain the drop of the ZGV frequency. In Fig. 9, the spatial distribution of the relative variation of the ZGV frequency Δ ∕ is plotted as a function of the number of fatigue loading cycles for: (a) the theoretical case using the previously determined parameters and assuming that Δ ∕ is equal to -[Eq. [START_REF] Withers | Residual stress and its role in failure[END_REF]] and (b) the experimental case. The comparison between the theory (solid lines) and the experimental measurements (points) for two specific cases, i.e. the spatial distribution of Δ ∕ at = 9500 and the evolution of Δ ∕ as a function of loading cycles in the center of the fatigued zone ( = Δ = 0.1 mm) are also illustrated in Figs. 9(c)-(d), respectively. From Fig. 9(a-c) and as expected for a good inverse estimation, a good agreement is found between the experimental results and the opposite of the cumu-lative fatigue damage index. In Fig. 9(d), the experimental measurements and the theoretical calculations agree well for ∈ [0, 9500], as shown in the inset. After = 9500, the solid red line (theory) is separated and continues to increase where the experimental values decrease since the empirical model only accounts for the thickness variation. For details on the large amount of other theoretical models of cumulative damage which go beyond the scope of this paper, readers are referred to the following reviews/articles [START_REF] Lemaitre | Application of damage concepts to predict creep-fatigue failures[END_REF][START_REF] Fatemi | Cumulative fatigue damage and life prediction theories: a survey of the state of the art for homogeneous materials[END_REF][START_REF] Lemaitre | Damage measurements[END_REF][START_REF] Plumtree | Damage accumulation and fatigue crack propagation in a squeeze-formed aluminium alloy[END_REF] and also to the references in these publications. Even if an analysis of the sensitivity of the empirical model to the different variables could be of interest, we believe that such a deep analysis of the sensitivity is out of the scope of this paper, since our aim is to show that all experimental results cannot be explained only by the thickness variation.

In the frame of our hypothesis and empirical model, if one computes the contribution of each term in Eq. ( 6) to the total damage index for a given number of cycles, it could be noted that: (i) at the center of the fatigue zone and up to 80% of the fatigue lifetime, the contribution of (residual stress) still stands for 7% of the total damage index and that of (traction) for 11% ; (ii) at about 1 mm away from the center and up to 80% of the fatigue lifetime, the main contribution is as (cumulative fatigue) drops to 0 and continuously decreases from the center to ∼ ∕2 and then increases to reach at = the same level as at the center. It is therefore concluded that the residual stress and the traction contribute equivalently to the damage of the plate away from the center of the fatigue zone.

In the following, the model is supposed to correctly depict the fatigue-based thickness change of the plate. It is now proposed to use the theoretical expression of the plate thickness distribution 2ℎ( , ) [Eq. [START_REF] Kumar | In situ characterization of fatigue damage evolution in a cast al alloy via nonlinear ultrasonic measurements[END_REF]] to define the geometry of the fatigued plate in a numerical model and to perform frequency-wavenumber (f-k) analyzes of the Lamb modes in such a fatigued sample.

Numerical model based on finite element method

The numerical calculations to perform f-k analyzes of the Lamb modes in a fatigued sample are realized using the FEM. By considering that our laser beam is focused to a line, the problem is simplified to a two-dimensional problem in the ( , ) plane owing to the symmetry imposed by the source shape. The detailed description of the implemented numerical model is in the Supplemental Material Note 2. The upper and lower surfaces of the two-dimensional model are set to be free. Those upper and lower surfaces in the intact case ( = 0) are chosen to be flat and located at = +ℎ and = -ℎ, respectively, with 2ℎ = 75 . In the cases of the damaged plate, the positions of the upper and lower surfaces are represented by functions of and of :

( ; ) = +ℎ[1 + ( ; )] and ( ; ) = -ℎ[1 + ( ; )], respectively (see the colored profiles in Fig. 8). For a better understanding of the influence of the fatigue damage on the Lamb modes, a set of spatio-temporal signals are probed along the surface profile ( , ) of the numerical model. For each damage level (each loading cycles ), 376 numerical signals are saved with a numerical spatial scanning step of 10 m from = 0 mm to = num = 3.75 mm. For each saved signal, the duration of the signal is set to be num = 5 s with a temporal calculation step of 1 ns (i.e. a numerical sampling rate equals to 1 Gs/s). With these simulated calculations (see in Supplemental Material Note 2), it is possible to carry out the two dimensional Fourier transform (2D-FT) [START_REF] Bak | Delamination under fatigue loads in composite laminates: A review on the observed phenomenology and computational methods[END_REF] in order to look at the f-k diagram in the real wavenumber plane. The numerical f-k diagram (that corresponds to the dispersion curves only in the intact case) are calculated by the 2D-FT for the four selected cases of different levels of damage in Fig. 10: (a) = 0 [Δℎ(0, 0)∕ℎ(0, 0) = 0%], (b)

̃ ( , ) = ∫ num 0 ∫ num 0 ( , ) - 2 d d ,
= 4000 [Δℎ(4000, 0)∕ℎ(0, 0) = 1.16%], (c) = 9500 [Δℎ(9500, 0)∕ℎ(0, 0) = 3.76%], and (d)

= 10000 [Δℎ(10000, 0)∕ℎ(0, 0) = 4.43%]. Since the numerical detection is only made in one direction, i.e. in the direction of increasing (positive group velocities), and since the group velocity and the phase velocity of the 1 mode are of opposite sign, the phase velocity of 1 is thus negative. The 1 wavenumbers are therefore negatives and hence shown in the negative part of the wavenumbers axis ( < 0) in Fig. 10(ad). From these f-k diagram, especially the one in Fig. 10(d), it can be straightforwardly seen, by comparison with the intact case in Fig. 10(a), that the ZGV point is shifted to the right-up side from its original position. It means that both the frequency ( ) and the real wavenumber ( ) are changed with the kind of local damage that a buckling fatigue test induces to a thin plate.

The information presented in Fig. 10 can be seen as an averaged wave response of the laterally inhomogeneous plate to the photo-excitation in terms of averaged ( , ) characteristics of the acoustic modes. In a non-periodical inhomogeneous plate, these curves of the modes in the ( , ) plane are expected to depend both on the position of the tested region and on its lateral dimension. However, the obtained ( , ) curves are still informative in the sense that their modification with increasing damage (when the position and the dimension of the tested region is fixed) reflects the damage progress and could be applied for its evaluation. The diminishing of the plate thickness should result in the increase of the ZGV frequency, in the diminishing of the wavelength (increasing of the wavenumber) and could qualitatively explain the shift of the ZGV point observed in Fig. 10 with increased fatigue.

Another noticeable feature in Fig. 10 is the increase of the curves width with the progression of damage. This effect could be qualitatively associated to the inhomogeneous broadening of the spectral lines. Actually, it can be precisely related to inhomogeneous broadening for the acoustic modes with a wavenumber much larger than the inverse of the characteristic scale of the plate inhomogeneity, i.e. the lateral di- mension of the thickness variation in this case. Indeed, these modes propagate locally like in locally-homogeneous plates with modified parameters (geometrical acoustic approximation) and their spectral lines broadening could be obtained by spatial averaging of the local spectral lines. However, for waves with wavenumbers smaller than the inverse of the inhomogeneity characteristic scale, the observed broadening could be much more complicated to evaluate quantitatively because the structure of the mode having wavelengths comparable to the scale of the inhomogeneity could be modified. Furthermore, another remarkable phenomenon is observed: a short branch of dispersion curve with negative group velocity appears for small > 0 just above the first ZGV frequency and below the corresponding cut-off frequency of the same branch, as seen in the inset of Fig. 10(d). A similar phenomenon is also seen in Fig. 10(c), although much weaker. At present, we attribute these features to the increased scattering of the Lamb waves at the inhomogeneity of the plate.

The comparison between the theoretical model, experimental measurements and numerical validation in the center of the fatigued region ( = 0) is plotted in Fig. 11(a) as a function of , where is chosen to remain below 10000, i.e. is in the range where, experimentally, Δ ∕ only increases and where it is assumed that only the thickness profile change is at play. The solid line represents the theoretical variation of Δ ∕ calculated by the Eq. ( 7) at = 0 mm. The circles represent the variation of Δ ∕ extracted from the FT of the temporal signal simulated at = 0 mm for ∈ [0, 10000] (simulations run every 500 loading cycles). The error bars in Fig. 11(a) stand for ( )∕[ (0) ( )], with ( ) the ZGV frequency at = 0 mm after N cycles and ( ) the quality ( ) factor of the corresponding resonance. Note that the factor is defined as = ∕( 2 -1 ), where is the ZGV resonance frequency at which the gain is maximum and 2 and 1 are the frequencies higher and lower than at which the gain is -6dB than the maximum. From Fig. 11(a), a good agreement between the experimental, the theoretical and the numerical calculations is shown, where the slight discrepancy could be explained by numerical errors/approximations. This validates the numerical model since it reproduces the experimentally-observed relative increase of the ZGV frequency up to 9500 cycles, as expected and assumed.

To go on with the analysis, the numerical factors are compared to the experimental factors and plotted as a function of (or normalized fatigue lifetime ∕ ) in Fig. 11(b). The results shown in Fig. 11(b) are twofold. First, the experimental and numerical factors match well for ∈ [0, 3500] cycles ( ∕ ∈ [0, 32] %) and this demonstrates a decrease in the factor of the ZGV resonance as increases, i.e. as the thickness change due to the increasinglypronounced fatigue damage. Second, a linear downward trend of the factor is particularly evident in our model where other changes of the material (damping property, mechanical property, ...) are not considered, whereas an abrupt decrease of the experimental factor is observed from = 3500 to = 4000. These observations lead to three important comments to point out: (i) no damping factor is considered in this numerical model, while the factor decreases as increases, both for simulations and experiments, meaning that the attenuation of the resonance can be only influenced by the local geometry of the plate; (ii) the good match between the simulations and the experimental measurements confirms that our proposed empirical model describes well the fatigue process at the early stage of the fatigue life ( ∕ < 32%); (iii) the drop of the experimental factor at = 4000 and the change of the decreasing slope after that, could be the interesting manifestation of the start of the changes in the material elastic parameters (see Supplemental Material Note 3 for the reproducibility of this observation). We have therefore demonstrated here that the experimentally-observed increase of the ZGV frequency is not only due to the thickness decrease of the fatigued plate, since this assumption does not allow reproducing both the frequency value increase and the Q factor drop. In particular, we have seen that the changes of mechanical properties cannot be ignored anymore after 30% of the fatigue lifetime.

Concluding remarks

This paper analyzes along several lines a non-contact LU evaluation of cumulative fatigue damage in thin solid plates by monitoring a ZGV resonance frequency. For better understanding of the evolution of the thickness distribution in the specimen during fatigue test and of its effect on the ZGV resonance frequency, an empirically-based theoretical model is proposed. It describes the evolution of the thickness distribution with the cumulative fatigue damage. A numerical model, based on FEM, allows the frequency-wavenumber (fk) analyzes of the Lamb modes in fatigued metal plates.

The developed theoretical model have shown a good agreement with the experimental results (frequency value and Q factor) up to a certain amount of fatigue damage, which allows assuming that the change in the thickness distribution due to the cumulative thickness variations is at major play up to 30% of the fatigue lifetime. The last comparison between the quality factor of the ZGV resonance calculated from the numerical simulations and from the experimental results has indeed shown that the experimentally-observed dramatic drop of the factor after 30% of the fatigue lifetime cannot be explained by the change in the thickness distribution. The start time of the change of mechanical properties during the early fatigue stage is therefore expected to be more easily identified with the factor of the ZGV resonance than with its frequency. The current model only accounting for the fatigue-based thickness variation does not capture all involved processes. Thus, a more complete model should be developed in the future to take into account the change in the mechanical properties as the fatigue damage increases, which could also allow predicting the abrupt decrease of the ZGV resonance frequency.

For future works, we will focus on the imaging of the fatigue damage for analyzing the limits and the capacities of the presented method, especially at few loading cycles and with varieties of cumulative damage tests, when the damage is barely visible. Thanks to the potential of the presented method for quantitative prediction of fatigue progress, the assessment of fatigue damage in different stages, especially before the specimen failure, could be achieved by combining the proposed method with either chemical methods (such as etch-pit technique [START_REF] Johnston | Dislocation velocities, dislocation densities, and plastic flow in lithium fluoride crystals[END_REF] and precipitation technique [START_REF] Dieter | Mechanical metallurgy, Metallurgy and metallurgical engineering series[END_REF]), physical techniques (such as transmission electron microscopy [START_REF] Barra | The use of ultrasound to measure dislocation density[END_REF], or X-ray diffraction technique [START_REF] Cullity | Elements of X-ray Diffraction[END_REF]). The achievement of this challenging prospect would further reveal the nature of such damage and would help identifying the material mechanisms leading to the observed extremum in the ZGV resonance frequency to eventually have at hand a fully quantitative (local) damage evaluation method for fatigued samples.

Acknowledgments

The authors would like to thank Professor Alain BULOU (IMMM, Le Mans Université, UMR CNRS 6283) for his helpful contribution to the preparation of the sample photos via optical microscope.

4 Figure 1 :

 41 Figure 1: (Color online) Dispersion relations of Lamb waves for both symmetrical modes (solid red lines) and anti-symmetrical modes (dashed blue lines), the first ZGV mode is indicated by red arrow.
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 2 Figure 2: Experimental setup.
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 3 Figure 3: Fatigue configuration: (a) Illustration of the plate specimen loaded (top) and unloaded (bottom); (b) side-view photo of the loaded specimen; (c) top-view photo of the unloaded specimen.

Figure 4 :

 4 Figure 4: Buckling of a thin plate: (a) normal deflection of a plate with unloaded length of 2 = 25 mm and shortening length of 2Δ = 5 mm, (b) space distribution of the cross section stress in ( , ) plane, and (c) surface stress distribution ( , ℎ) (solid line) and specimen's tensile yield strength (dashed red line) .

  are denoted by purple dashed lines. The ZGV frequency values extracted in the intact case [see Fig.

Figure 5 :

 5 Figure 5: (a) Example of a received LU temporal signal on the intact specimen ( = 0) and (b) its fast Fourier transform (FFT) with a sharp peak corresponding to the 1 2 -ZGV resonance frequency. Several chosen experimental measurements : amplitude spectrum density as a function of frequency ( ) and specimen position ( ) for loading cycles (c) = 0, (d) = 4000, (e) = 6000, (f) = 8000, (g) = 9000, and (h) = 11000.

Figure 6 :

 6 Figure 6: Experimental measurements of the spatial distribution of the ZGV resonance frequency for different fatigue cycles ( = 0, 1000, 2000, ... 9000, 9500) and their qualitative classification in three regions.

Figure 7 :

 7 Figure 7: Top-view optical microscope photos of the fatigue progression on a specimen at (a) 30000 cycles, (b) 32000 cycles, and (c) ∼33000 cycles (specimen failure). (d) Side-view of the broken specimen after 33000 cycles under optical microscope showing symmetrical decrease of the thickness around the fracture.

  , where the following numerical values of the parameters are used: = 50, = 1 mm, Δ = 0 mm, 2 = 25 mm, = 0.1 mm, = 0.98, = = 0.01, and the ratio ∕ ∈ [0%, 100%]. The color shades in Fig. 8 stand for the profile evolution of the plate subjected to fatigue damage: from the intact situation (light yellow) to the failure (dark blue) as indicated by the color bar. Note that the damaged profiles on the top and the bottom sides of the plate (see Fig.
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  ) look well appropriate to match the experimental observations of the distribution of the relative variation of the thickness [see Fig.7(d)], at least up to a certain amount of fatigue cycles. Now that the model of the evolution of the thickness distribution of the plate with the number of loading cycles has been established, it is proposed to look for the parameters of that model to use in the numerical modeling of the next section. The parameters of the theoretical model to use are the ones that would allow the best fitting of the theoretical damage index to the experimental damage index ̃ . The known parameters were fixed as follows:

Figure 8 :

 8 Figure 8: Illustration of the change in the specimen profiles caused by the fatigue damage. The gray background represents the remaining section of the plate after fatigue cycles and the different color shades stand for the profile evolution of the plate subjected to fatigue damage: from the intact situation (light yellow) to the failure (dark blue) as indicated by the color bar. Numerical values of the input parameters for the calculation are: = 50, = 1 mm, Δ = 0 mm, 2 = 25 mm, = 0.1 mm, = 0.98, = = 0.01, and the ratio ∕ ∈ [0%, 100%].

Figure 9 :

 9 Figure 9: Comparison between theoretical model and experimental results: (a) distribution of theoretically calculated Δ ∕ as a function of the number of loading cycles and of the lateral position ; (b) distribution of experimental Δ ∕ as a function of the number of loading cycles and of the lateral position ; (c) comparison between experimental results and the theoretical fitting after 9500 fatigue cycles; (d) theoretical and experimental evolution of Δ ∕ in the center of the fatigued region (at = Δ = 0.1 mm) as a function of the number of loading cycles .

Figure 10 :

 10 Figure 10: f-k diagram for the analyzes of the Lamb modes propagating in (a) an intact plate and (b-d) a damaged plate calculated from a set of 376 temporal signals with a spatial scanning step of 10 m from = 0 mm to = num = 3.75 mm. Each temporal signal is calculated for a duration of 5 s with a time step of 1 ns.

Figure 11 :

 11 Figure 11: (a) Theoretical (solid line), experimental (triangles) and numerical evolution (circles) of the relative variation of the ZGV frequency at the center of the fatigued region as a function of the loading fatigue cycles ; (b) Comparison of the experimental (triangles) and the numerical (circles) factors as a function pf .