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Quantum electrodynamics is the best understood quantum field theory, and serves as the foundation for searches for Beyond Standard Model physics with atoms at the precision frontier (see [1] for a recent review). Bound-state QED (BSQED) allows to perform extremely precise calculations for few-electron systems, where for example, a full evaluation of BSQED effects can be achieved in hydrogen with 12 significant figures [2]. However the evaluation of BSQED contributions is not amenable to a converging Zα expansion, as the series is only asymptotic [3], even at moderate values of Z. The best tests of strong-field BSQED may come then from few-electron, highly-charged ions (HCI). Measurements have been performed in hydrogen-like ions up to U 91+ and in other simple systems (see, e.g., [4] for a recent review). Few parts-per-million (ppm) accuracy has been achieved for medium-Z atoms with electron cyclotron ion sources or electron beam ion traps, and crystal spectrometers [5][6][7][8][9][10][11]. The highest-Z species are studied at accelerators and storage ring facilities, like the GSI/FAIR facility [12][13][14][15][16][17] with the aim of improving accuracy from 50 ppm down to 10 ppm.

Despite the success of BSQED, its completeness has been called into question in light of numerous recent experimental results. Since 2010, there exists a severe discrepancy between the proton charge radius as extracted from normal versus muonic hydrogen, dubbed the proton size puzzle [18][19][20]. While recent experimental results have reduced this discrepancy [21,22], the problem persists [23] and has spurred numerous propositions for new physics beyond the standard model (see, e.g., [1,[24][25][26][27][28][29][30][31][32][33]). The recent result in positronium (Ps), a pure QED system, shows a 4.5σ discrepancy between experiment and theory [34], compounding a more than 20 years-old 3σ discrepancy on the Ps ground state hyperfine structure [35,36]. FIG. 1. Size of the QED contributions to the Lyα transition energy, scaled by Z 4 as a function of Z, and comparison with experimental uncertainty and uncertainty on the theoretical energy due to uncertainties in the nuclear size [37]. Refs. for experiments: [6,12,[14][15][16]. Theory from [START_REF] Yerokhin | [END_REF].

For medium and high-Z ions, where BSQED effects are largest, attaining for example 256 eV for the Lyα lines in U 91+ , there remains a clear lack of accurate measurements (around or below 10 ppm) that would permit detailed tests of the theory [4]. This is because few-electron, high-Z ions must be created at accelerator facilities, and large Doppler effects from in-flight spectroscopy presently dominate the uncertainties. This may be seen in Fig. 1 which shows the experimental uncertainties and theoretical contributions and uncertainties for the 2p -1s transitions in one-electron atoms used for probing highfield BSQED. More precise measurements will not give the full answer, because uncertainties due to finite nuclear size effects (FNS) and nuclear polarization or deformation cannot be evaluated with sufficient accuracy for high-Z ions. The uncertainty on these nuclear effects in atomic transition energies represent a sizable fraction of the second-order BSQED [67] as shown in Fig. 1.

In this Letter, we propose an alternative method for probing high-field BSQED using transitions between circular Rydberg states in exotic atoms. Up to now, exotic atoms, where an electron is replaced by another particle, e.g., a muon (µ -), a pion, or an antiproton (p), have been mostly used to measure nuclear properties, strong interaction effects or particle mass. As these particles are much heavier than the electron, they are closer to the nucleus (e.g., 207 times for the µ -) and thus very sensitive to the nuclear density distribution. The nuclear radii and shape of most stable elements have been obtained by combining muonic atom spectroscopy, electron scattering and optical or x-ray measurements of the isotopic shift (see, e.g., [68][69][70][71][72]). However, in these systems, the proximity of the exotic particle to the nucleus also enhances the BSQED contributions to the transition energies, as the particle experiences higher electric fields with respect to normal atoms. As will be shown in the following, a region of transitions may be found between high-n circular Rydberg states where nuclear contributions to the transition energies are vanishing, while BSQED contributions remain large, creating a unique opportunity to cleanly probe high-field BSQED.

Precision studies of exotic atoms are now possible due to the development of a new generation of microcalorimeter detectors, with improved resolution and accuracy, tested successfully in the harsh conditions of high-energy accelerators [51,[73][START_REF] Okada | Progress of Theoretical and Experimental Physics[END_REF][START_REF] Okada | [END_REF]. An accuracy of 0.04 eV has been attained for 6.4 keV [76], and resolutions of ∆E/E ∼ 10 -4 [START_REF] Okada | [END_REF][76][77]. In the 50 keV to 100 keV range, a resolution of 22 eV [76] at 97.4 keV has been achieved, while an accuracy of 0.4 eV [78] was demonstrated for the 241 Am γ-ray line at 60 keV. Detection ranges can be pushed up to 200 -400 keV [79,80]. The improvement in resolution compared to conventional solid-state detectors allows to disentangle the fine structure of the transitions and thus an improved comparison with theory. Microcalorimeter detectors also boast quantum efficiencies of up to ∼ 70% , and total collection efficiencies of 3 × 10 -3 around 100 keV and still 7 × 10 -4 at 200 keV [79]. This is to be compared with transmission crystal spectrometers that achieve resolutions of ∆E/E ∼ 8 × 10 -4 , but collection efficiencies of only around 8 × 10 -8 [81].

We have performed calculations using the Multiconfiguration Dirac-Fock General Matrix Elements (MCD-FGME) code, which can evaluate energies, transition probabilities, and hyperfine structure for exotic atoms composed of an arbitrary number of electrons and of a fermion or a boson [82][83][84][85][86], even for very high-n, highstates. The energies of highly-charged, muonic, and antiprotonic atoms are obtained using a full atomic wavefunction, composed of a determinant with all the electrons, multiplied by the exotic particle wavefunction, and solving the full coupled system of differential equations. The electron-electron interaction as well as the particle-electron interaction is chosen to be the full Breit operator with Coulomb, magnetic and retardation in the Coulomb gauge. The influence of the exotic particle on electron BSQED corrections and vice-versa is also taken into account. For the antiproton, its finite size and its g-factor are also accounted for. The Uehling contribution to the vacuum polarization is evaluated to all orders [86] thus allowing to include the loop-after-loop second-order corrections in the case of exotic atoms. The Wichmann and Kroll potential of order α(Zα) 3 , α(Zα) 5 and α(Zα) 7 [87][88][89], as well as the Kàllën and Sabry [89,90] α 2 (Zα) second order potential are also included. The finite nuclear size correction (FNS) is treated with the Fermi model using nuclear radii from [37] with a thickness parameter of 2.3 fm. Nuclear deformation and polarization effects are not included as they are negligible for the high-n circular Rydberg states we consider here.

MCDFGME calculations were performed for levels starting from n = 15 for Ne up to n = 35 to U, for all possible and j quantum numbers as the exotic particles capture onto high-n orbitals according to n exotic ∼ n e -m exotic /m e - [91]. Assuming a statistical (2 + 1) population of the state in which the exotic particle is captured, and absorption of low angular momentum states by the nucleus, after a phase of Auger electron emission, the radiative transitions preferentially populate circular Rydberg states, (n, = n -1) [85]. We have thus studied the relative influence of the BSQED and FNS corrections to the yrast cascade transitions. Results for the yrast states in µXe and pXe are shown in Fig. 2 (a). It shows that BSQED contributions are significantly enhanced with respect to the FNS contribution, by one or two orders of magnitude compared to 2p-1s transitions in HCI, also shown in Fig. 2 (a). The best cases for tests of higher-order BSQED corrections are found when second-order BSQED corrections are much larger than the contribution from the nuclear size, i.e., larger than the effect of nuclear size uncertainty. This limit is shown as the red dashed line in Fig. 2 (a). The exotic atom transitions falling below this line are either high-n states far from the nucleus, where QED effects are also small, or transitions between low-n orbitals close to the nucleus, where the FNS effects become too large.

For a given energy range, transitions in exotic atoms also have larger BSQED contributions than their HCI equivalents. This may be seen in Fig. 2 (b), which shows the magnitude of the QED contribution to the transition energy as a function of the transition energy between Rydberg states in muonic and antiprotonic noble gases, and 2p -1s transitions in HCI. The first observation is that for a given transition energy, antiprotonic atoms always have the largest QED contributions, as the antiproton is heavier than both the muon and the electron and thus is closer to the nucleus and feels a higher Coulomb field. Secondly, with exotic atoms, large QED contributions can be accessed with much lower-Z systems. This can be seen in the inset of Fig. 2 (b), which highlights the region around 100 keV, generally accessible with Ge detectors and where one finds the 2p -1s transition in Hlike U, considered today to be the best test of high-field BSQED [15]. In this energy range, exotic atoms have BSQED contributions enhanced by factors of 3 to 5 and for atoms of much lower-Z, thus being easier to access in the laboratory.

A detailed comparison of the transitions used for QED tests in HCI and proposed transitions for QED tests with exotic atoms is shown in Table I. For all cases shown here, the BSQED contributions are much larger and the FNS corrections much smaller in exotic atoms than they are in the Lyα lines of similar energies, showing quantitatively the general trends presented in Fig. 2 (a). Second-order QED effects notably start to become measurable, even for low-Z systems, and for example in antiprotonic atoms are 1 to 2 orders of magnitude larger than for the HCI Lyα transitions in the same energy range.

One complication when using exotic atoms for highprecision measurements is the presence of electrons not ionized during the cascade. For example, the uncertainty in the number of remaining electrons in pionic Mg due to the use of a solid target and electron recapture led to a problem in the determination of the pion mass from crystal spectroscopy [92]. The use of low-pressure gas targets avoids recapture [93,94], and measurements on high-Z elements beyond Xe can be achieved with gaseous organometallic compounds like WF 6 or UF 6 . These molecules undergoes a Coulomb explosion during the exotic particle capture, leading to a negligible broadening of the emitted x-rays as observed in other molecular gases [95]. Study of the cascade in antiprotonic rare gases has shown that there are no remaining electrons in pNe and pAr [96]. Nevertheless, as the efficiency of the Auger mechanism varies with the mass of the exotic particle and the Z of the atom, there may be an uncertainty in the number of remaining electrons for heavier elements, which can partly be removed by a study of the cascade with higher-resolution detectors.

The effect of remaining electrons can be calculated quite accurately with the MCDFGME code [82,85,97]. Results for 2 and 10 remaining electrons are shown in Table II. It shows that the screening effect is strongly dominated by the electrons in the 1s orbital, and that the uncertainty due to this effect can be minimized using low-to medium-Z antiprotonic atoms, where the Auger mechanism is most efficient, and low-n states where the screening shifts are smallest. It also shows that an exact knowledge of the number of electrons is not needed because, e.g., the shift does not change significantly going from 2 to 10 electrons.

Another issue specific to antiprotonic atoms is the possible hadronic shift due to the strong interaction between the nucleus and the antiproton. It has been shown that the highest circular states affected by annihilation are pNe, pAr, pKr and pXe are (n p, p) = (4, 3), (5,4), (7,6), and (8,7), respectively [98], and thus we have restricted ourselves to transitions above these (n p, p) values. Precision studies with exotic atoms are complementary to ongoing BSQED experiments, as these systems are uniquely sensitive to the high-field vacuum polarization, which represents ≈90 % of the BSQED contribution to the transition energy. At the Schwinger limit, i.e., for electromagnetic field strengths exceeding ∼1.32 × 10 18 V m -1 , QED becomes non-linear and eventually real electron-positron pair production is expected from the polarization of the vacuum [99]. This phenomenon has yet to be seen experimentally, but is pursued through collisions of HCI [100] and with highintensity ultrafast lasers (see, e.g., [101][102][START_REF] King | High Power Laser Science and Engineering[END_REF] and Refs. therein). Considering the final level of transitions in the energy range of interest, we see that for the 1s level of U 91+ the mean electric field is 1.5 times the Schwinger limit. In the exotic atom levels considered here, the mean field experienced by the particle far exceeds this limit. The 3d level of µ -Ar reaches already a ratio of 1.4, while it is 4.7 for the 5g level of µ -Xe, and 5.9 for the 7i level in µ -U. For antiprotonic atoms, the 6h level of pNe reaches the Schwinger limit. The 5g level of pAr is at 13, the 11n level of pXe is at 14.7 and the 16u level of pU is at 16.1.

Considering the transitions in pXe shown in Fig. 2 (a), all states with n < 22 probe fields above the Schwinger limit, and their spectroscopy gives unique access to extremely high-field phenomena. As in HCI the dominant QED contribution comes from the self-energy, combined precision studies of HCI and exotic systems should allow to disentangle the two fundamental QED effects of self-energy and vacuum polarization.

In the present letter we have shown that measuring transitions between circular Rydberg states in exotic atoms allows to test BSQED much more accurately than in HCI, without uncertainties due to the nuclear effects, which currently limit BSQED tests. One can realize 1 to 2 orders of magnitude gains in sensitivity with these systems, opening for the first time the possibility of probing second-order QED effects across a broad range of Z. Using state-of-the-art microcalorimeters and high-precision, reference-free x-ray [104, 105] and γ-ray [106,107] measurements for calibration, it is possible to reach a few ppm accuracy and to test the structure of the vacuum for systems in which the average field strength largely exceeds the Schwinger limit.

The MCDFGME code was developed with Jean-Paul Desclaux who passed away on August 28th, 2020. We acknowledge very helpful discussions with Takuma Okumura, Dan Swetz and Joel L. Ullom. We wish to thank the Institute of Physics of CNRS for support and RIKEN for providing a Young Scientist Fellowship to N.P. P.I. is a member of the Extreme Matter Institute (EMMI).
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 2 FIG. 2. (a) QED contribution to the transition energy as a function of the finite nuclear size (FNS) contribution to the transition energy for yrast transitions in antiprotonic and muonic 132 Xe. (b) QED contribution to the transition energy as a function of the transition energy for yrast transitions in antiprotonic and muonic noble gases. In both (a) and (b), the 2p -1s transitions in H-like ions (Z = 18, 26, 36, 54, 92) are shown for reference.

TABLE I .

 I Comparison of transition energies, QED and finite size corrections for transitions amenable to BSQED tests in muonic atoms and antiprotonic atoms, compared to transitions of similar energy in highly-charged ions. All energies are given in eV.

	Particle Element	Initial	Final	Theo. Trans.	1st order	2nd order	g -2 p	FNS	FNS/QED	Exp.	Ref.
			state	state	energy	QED	QED				
	e -	40 Ar	2p 3/2	1s 1/2	3322.9931	-1.1238	0.0007		-0.0090	0.804 % 3322.993(14)	[6]
	µ -	20 Ne	6h 11/2	5g 9/2	3419.6826	0.3844	0.0042		0.0001	0.013 %	
	p	40 Ar	17v 31/2	16u 29/2	3522.9849	1.2209	0.0124	0.0618	0.0002	0.014 %	
	e -	56 Fe	2p 3/2	1s 1/2	6973.1815	-3.8873	0.0042		-0.0527	1.357 %	6972.73(24)	[46]
	µ -	20 Ne	5g 9/2	4f 7/2	6297.2613	2.3365	0.0226		0.0003	0.013 %	
	e -	84 Kr	2p 3/2	1s 1/2	13508.9648	-11.4244	0.0181		-0.2963	2.594 % 13 508.95(50)	[62]
	µ -	20 Ne	4f 7/2	3d 5/2	13615.9995	14.4762	0.1300		0.0034	0.023 %	
	p	40 Ar	11n 21/2	10m 19/2	13729.2330	24.6027	0.2198	0.9635	0.0080	0.032 %	
	e -	132 Xe	2p 3/2	1s 1/2	31283.9469	-43.0973	0.1068		-3.1806	7.380 %	31 284.9(18)	[63]
	p	20 Ne	6h 11/2	5g 9/2	29183.5464	106.3706	0.9785	4.7013	0.0719	0.068 %	
	p	84 Kr	13q 25/2	12o 23/2	32965.1441	85.8957	0.7722	5.4910	0.0607	0.071 %	
	e -	238 U	2p 3/2	1s 1/2	102175.0991	-257.2281	1.2278		-198.5110	77.173 % 102 178.1(43)	[15]
	µ -	132 Xe	6h 11/2	5g 9/2	100690.8146	246.4935	2.2406		0.2473	0.100 %	
	p	40 Ar	6h 11/2	5g 9/2	97106.9649	524.4499	5.1711	52.0324	1.0708	0.204 %	
	p	84 Kr	9l 17/2	8k 15/2	105534.2121	505.7735	4.8592	57.9787	1.0625	0.210 %	
	p	132 Xe	12o 23/2	11n 21/2	95937.8536	398.8736	3.7548	46.7550	0.7860	0.197 %	
	µ -	84 Kr	4f 7/2	3d 5/2	178245.9709	712.8889	6.7471		0.4179	0.059 %	
	µ -	132 Xe	5g 9/2	4f 7/2	185826.7311	664.4253	6.2157		1.1906	0.179 %	
	p	84 Kr	8k 15/2	7i 13/2	154113.2836	856.8206	8.5185	125.2672	2.6924	0.314 %	
	p	132 Xe	10m 19/2	9l 17/2	170796.0496	905.8857	8.9370	150.2826	3.2019	0.353 %	
	p	184 W	12o 23/2	11n 21/2	180885.4799	913.8976	8.9641	166.1718	3.5826	0.392 %	
	p	238 U	14r 27/2	13q 25/2	172808.5044	810.9335	7.8930	150.2331	3.2202	0.397 %	

TABLE II .

 II Electron screening shift (eV) for transitions listed in TableIand relative value with respect to the total QED correction. Screening for µ -Ne, pNe and pAr, which have no remaining electrons is not shown. For the 2(10)-electron screening, the electrons are in the 1s 2 (resp. 1s 2 2s 2 2p 6 ) configurations.

	Part. Elem.	Initial	Final	2 elec.	% QED	10 elec.
			state	state	screen.		screen.
	p	84 Kr	13q 25/2	12o 23/2	-3.20	-3.47 %	-3.50
	µ -	132 Xe	6h 11/2	5g 9/2	-37.95	-15.26 % -42.49
	p	40 Ar	6h 11/2	5g 9/2	-0.07	-0.01 %	0.18
	p	84 Kr	9l 17/2	8k 15/2	-1.14	-0.20 %	-1.19
	p	132 Xe	12o 23/2	11n 21/2	-5.14	-1.14 %	-5.74
	µ -	84 Kr	4f 7/2	3d 5/2	-6.91	-0.96 %	-7.58
	µ -	132 Xe	5g 9/2	4f 7/2	-24.53	-3.66 % -27.47
	p	84 Kr	8k 15/2	7i 13/2	-0.80	-0.08 %	-0.79
	p	132 Xe 10m 19/2	9l 17/2	-3.17	-0.30 %	-3.51
	p	184 W	12o 23/2	11n 21/2 -11.07	-1.02 % -12.69
	p	238 U	14r 27/2	13q 25/2	-32.76	-3.40 % -38.76