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Abstract

In the last few decades, microbial inoculants have been used as organic fertiliz-
ers worldwide. Among the most widely used commercial products are arbuscular
mycorrhizal (AM) fungi, as these fungi can associate with a variety of crops. De-
spite the potential benefits for soil quality and crop yield associated with AM
fungal colonization, experiments assessing the persistence of the fungi in the field
have yielded inconsistent results. Additionally, it is not yet clear whether or not
the introduction of commercial inoculants could lead to changes to the resident
fungal community, and eventually to invasion of the commercial products with
a possible displacement of resident species. Here we use a partial differential
equation model to assess the potential biodiversity risks and productivity bene-
fits deriving from inoculation. We study the impact of AM fungal inoculation on
the resident fungal community and on plant growth at a landscape scale. We de-
termine how inoculant persistence and spread is affected by its competition with
resident fungal species, by its mutualist quality, and by fungal dispersal. Our
findings suggest that the increase in fungal abundance due to inoculation always
leads to a short-term increase in host productivity, regardless of inoculant iden-
tity. However, the use of strongly competing inoculants constitutes a biodiversity
risk, and may result in the invasion of low quality mutualists.

Keywords : Arbuscular mycorrhizal fungi (AMF), inoculum, inoculants, model, inva-
sion, spread, persistence, establishment, agriculture, productivity, diversity, traveling waves,
mutualism, competition
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1 Introduction

Arbuscular mycorrhizal (AM) fungi are beneficial fungi living in association with the roots of
the vast majority of plants and facilitating plant access to nutrients in the soil (Smith and
Read, 2010; Jeffries et al., 2003). Additional benefits provided to the plant by AM fungi
are pathogen protection (Pozo and Azcén-Aguilar, 2007) and resistance against abiotic stress,
such as drought or salinity (Latef et al., 2016). The plant, in exchange, provides the fungi with
fixed carbon (Smith and Read, 2010). Because of their positive influence on plant fitness, AM
fungi have been commercialised, and are widely used as organic fertilizers for a large variety
of crops, such as maize, wheat, soybeans, tomatoes, or strawberries (Gianinazzi and Vosatka,
2004)).

Despite the potential benefits of field inoculation with commercial AM fungi, studies
investigating the effective establishment of mycorrhizal inoculants have contradictory results
(Berruti et al., 2016; Baum et al., 2015; Verbruggen et al., 2013). Some observations show
field establishment and improved crop yield (Bender et al., 2019; Kohl et al., 2016; Buysens
et al., 2016), while other studies show poor establishment of the inoculated species (Emam,
2016; Lojan et al., 2017; Ryan and Graham, 2002). Moreover, it is still unclear how resident
fungal communities respond to the introduction of a new fungal species (Thomsen and Hart,
2018; Hart et al., 2018). In some studies, inoculation caused little or no impact on the resident
fungal community (Lojdn et al., 2017; Sykorova et al., 2012), while other observations show
that resident species were displaced by the introduction of inoculants (Koch et al., 2011;
Pellegrino et al., 2012; Symanczik et al., 2015; Bender et al., 2019). These last results in
particular raise concerns over whether inoculated fungi could possibly spread to non-target
areas causing a loss in soil biodiversity and, ultimately, negative effects on plant productivity
(Schwartz et al., 2006; Hart et al., 2017; Ricciardi et al., 2017). It is therefore important to
assess the conditions under which the use of commercial inoculants is beneficial or harmful,
at short or large time scale.

Due to the challenges presented by large scale application and monitoring of inoculants,
the current understanding of the impact of inoculation is largely based on short-term green-
house experiments, comparing plant performance before and after inoculation (Berruti et al.,
2016), while fewer studies have considered the long term persistence of inoculants in field
conditions (Pellegrino et al., 2012; Farmer et al., 2007; Pellegrino et al., 2011; Sykorova et al.,
2012; Kokkoris et al., 2019a). Additionally, less is known about the spread of non-pathogenic
microbes in general (Litchman, 2010; Peay and Bruns, 2014; Peay et al., 2012; Davison et al.,
2012; Thiet and Boerner, 2007). While some empirical work has been conducted on the dis-
persal of ectomycorrhizal fungi (Thiet and Boerner, 2007; Vellinga et al., 2009) no existing
empirical or theoretical studies focus on the spread of AM inoculants in the field.

Mathematical modeling and computer simulations have proven to be useful tools for gen-
erating long-term predictions at a landscape scale when field trials are logistically not feasi-
ble(Jorgensen, 1994; Odenbaugh, 2005; Haller, 2014). Here we use a theoretical approach to
determine the potential biodiversity risks and productivity benefits associated with inocula-
tion. In particular, we aim to provide useful information for the selection of inoculants that are
likely to promote plant growth while helping with the persistence or restoration of the resident
fungal community. To undertake this task, we develop a partial differential equation model
to investigate conditions for the establishment, persistence and spread of AM inoculants, and
the resulting consequences on the resident fungal community and on plant growth.

Although many theoretical approaches have been used to study the spread of pathogenic
fungi (Soubeyrand et al., 2008; Burie et al., 2008), the mechanisms driving the spread of AM
fungi are substantially different, as these fungi are obligate symbionts, and their growth strictly
depends on their mutualistic relationship with a host plant. Plant growth, in turn, is enhanced
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by fungal mutualists, where the degree of benefit depends on the specific fungal community
composition and on the strength of the competitive interactions among the different fungal
mutualists present (Smith and Read, 2010; Bever, 2002). Our model can be used to investigate
how the spatio-temporal distribution of plant and fungal biomass is affected by mutualistic
interactions between the plant and the fungi, and by competitive interactions between fungal
species, what will give us information about the impact of the mycorrhizal inoculum on plant
and fungal growth on a landscape scale. We will also investigate how the mutualistic quality
of the inoculated fungus and its dispersal ability can affect the dynamics of the resident
community. As our model is general, our results are not limited to a specific inoculant, nor
to specific crops, but apply to any inoculants and crops.

2 Model and Methods

We consider the scenario in which an inoculant (whose biomass density is represented by the
variable m.) is introduced in a crop field inhabited by a resident community consisting of N
fungal species (with biomass density my;, where j = 1..N). We assume that the plant is
present across the landscape (with continuous biomass density p). With the term ‘resident
community’ we indicate the assemblage of AM fungal species that were present before the
introduction of the inoculant (not necessarily at equilibrium). With the term ‘inoculant’ we
indicate a fungal species that is introduced to the resident community and can associate with
the same plant as the resident fungi present.

AM fungi can spread in the soil through hyphae (Friese and Allen, 1991), or through short
or long range dispersal of spores by different agents (Warner et al., 1987). To model fungal
spread, we will consider only short range dispersal of fungal biomass, either through hyphae or
spores (not distinguishable in the model). We assume therefore that fungi disperse by random
diffusion, and quantify the dispersal ability of each fungal species by its diffusion coefficient
(D, for the inoculant and D,,; for each of the resident fungal species).

All fungi are in a mutualistic relationship with the plants, where nutrients exchanged are
phosphorus (fungi to plant) and carbon (plant to fungi). Competition between fungal species
can reduce the amount of carbon received by both competitors. Mathematically, we write

8tp(x7t) = fp(pva)m’wj))
6tm6(x>t) = DC@:% mC+fmc(p7mcamwj)7 (]-)
O My, (7,1) = ija,% Maj + fmwj (pyme; M), with j=1..N,

where the growth functions fp, fm, and fp,,; describe the interactions between the plant and
the AM fungi and were introduced in Martignoni et al. (2020b). More precisely, the form of
the growing functions is the following:

phosphorus carbon
received supplied 1
plant
N N fitness
fp = athp(pa mc) + Z awj fhp(p7 mwj) - /BCpr(pv Tnc)cmc - Z Bwj pr(p7 mwj) mej + Tp(p)7
j=1 j=1
fmc = Bc fem (p7 mc) CmC — Q¢ fhm(pa mc) - chmgé
fmwj = B'LUij’fﬂ(p? mwj) mej - awjfhm(pa mwj) = Hima My with j =1..N.
—— —_— —
competition phosphorus fungal
supplied maintenance
carbon
received
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A description of the model parameters is given in Table 1. Below we explain the key com-
ponents of the model. The complete version of the model is provided in the supplementary
information, Eq. (6).

Nutrient exchange with the plant is determined by the functions f, and fen, (carbon
transfer), and fp, and fu,, (phosphorus transfer). Carbon transfer depends linearly on plant
and fungal biomass densities (i.e., o< pmg, where s = wj, ¢), while phosphorus transfer depends
on fungal biomass density only, when the plant is large enough, while plant biomass limits
phosphorus transfer at low density (i.e., & d%;pms, where s = wj, ¢) (Martignoni et al., 2020a).
Fungal species may differ in their ability to transfer phosphorus to the plant («s parameters)
and in their access to plant carbon (s parameters), where the ay/fs ratio will be used
throughout the manuscript to characterise the mutualist quality of a fungal species. Plant
growth in the absence of the fungi is logistic, and expressed by the function r,(p). AM fungi
can not survive in the absence of the host plant, therefore no intrinsic growth terms appear
in fmwj and fp,,.

The functions C,,, and me]- quantify the reduction in access to host carbon by fungal
species, either the inoculant (m.) or a resident fungal species (my,), due to competition with
other fungi in the community. The competitive effect exerted by a fungal species on another
depends on its competitive ability (as, s,-parameters) and on the proportion, in terms of
biomass, that this species occupies within the competing community. We write

. Zj QM

B Qe Me + Zi;éj Aw;w; Maw;

Cm

Cin,

)

where large as, s, parameters result in weak competition, and small as, s, parameters result
in strong competition, as the carbon uptake capacity of a species is significantly reduced for
small ag, 5, but not for large as, 5, (i-e., the terms C,,, and mej tend to 1 for large as, s,
and tend to zero for small ag, 5,). Note that when only one species is present, Eq. (3) tends
to 1 as no competition is observed. To ensure coexistence of resident species, we assume A jw;
parameters to be large (i.e., competition between resident fungal species is small) (Martignoni
et al., 2020b), while we vary parameters Aew; and ay, e, quantifying the competitive interactions
between the inoculant and resident fungal species.

We will first study the model dynamics analytically (see section 2.1) to quantify the fun-
gal dispersal patterns that can be observed, with respect to the entire parameter space, and
identify which factors can accelerate the invasion process or prevent an invasion. Through
numerical simulations, we will then use the model to provide useful practical insights into
agroecosystem management (see section 2.2), e.g., evaluating the impact of inoculation on
productivity and assessing the risk of dispersal of low quality mutualists between neighbour-
ing fields. Numerical simulations will be computed in Matlab R2017a using a semi-implicit
scheme (Tyson et al., 2000), where the reaction term is solved explicitly and the diffusion term
is solved implicitly. The discretization used for the space is dz = 0.05, and the discretion used
for the time is dt = 0.05.

2.1 Investigating inoculum persistence and spread

To simplify the analysis, we assume that resident fungal species have the same competitive
effect on each other (i.e., Aww; = Qww for all 4, j), that each of the resident fungal species
present has the same competitive effect on the inoculated species (i.e, Qe = Que for all 7),
and that the inoculant has the same competitive effect on each resident fungal species (i.e.,
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Qew; = Gey for all j). Additionally, we assume that resident fungal species have identical
fungal parameters, while resident and inoculated fungal species differ only in their diffusive
ability (D, and D,, parameters), and mutualist quality (i.e., as and 5 parameters).

We investigate four ditferent scenarios which differ by the intensity of competition be-
tween the inoculum and resident fungal species, as described in Table 2. These scenarios are
representative for the whole parameter space for which mutualism establishment can occur
(Martignoni et al., 2020a,b). In case (A) competition between resident fungal species and
the inoculated species is weak (i.e., parameters a,. and a., are large), e.g., due to functional
complementarity between the inoculant and the resident species present. In cases (B) and (C)
competition between resident fungal species and the inoculated species is asymmetric, where
the superior competitor is either the resident fungal species (if aye < aey) or the inoculated
species (if acy < awe). In case (D) competition between resident fungal species and the
inoculated species is strong (ae, and a,. are small), e.g., due to functional overlap between
the inoculant and any of the resident species present. Quantitative criteria and steady sta-
bility for these four cases in the non-spatial case are given in Table 2. Since the output of
case (D) depends on the initial distribution of inoculant, we distinguish between case (Da),
where the inoculant is introduced over a small proportion of the field, and case (Db), where
the inoculant is introduced over a large proportion of the field.

Analytical criteria to determine a lower bound for the spreading speed of resident fungi
and of the inoculant will be provided for cases (A)-(C), while the sign of the spreading speed
will be determined for cases (Da). Analytical spreading speed will be compared with numerical
solutions. Case (Db) will be investigated numerically.

2.2 Agroecosystem management issues

To investigating the spread of inoculants between neighboring fields, we consider a landscape
consisting of two fields next to each other. We assume that the field on the left comprises only
the fungal inoculant, while the field on the right is inhabited by an established resident fungal
community. We use numerical simulations to look at the spread of the inoculant from the
left to the right field, when competition between the inoculant and resident fungal species is
weak or strong. As it has been proposed that commercial inoculants invest more in their own
reproduction at the expenses of their mutualistic relationship with the plant (Kokkoris et al.,
2019b), we assume that the inoculant has lower resource exchange capacity than resident
species (i.e., lower a./f. ratio). We consider the situation in which the resident community
consists of two fungal species, and the situation in which only one resident fungal species is
present.

Finally, to evaluate productivity in response to inoculation, we assume that inoculation
occurs at the left edge of the landscape and we simulate plant and fungal growth and spread
over time, when the inoculant can be a weak or a strong competitor. We focus on the effect of
inoculation in depleted soils (i.e., when density of resident fungi is low), as the model predicts
that the introduction of inoculants has little or no effect on plant growth in the presence of a
well-established resident fungal community (Martignoni et al., 2020b).

3 Results

3.1 Investigating inoculant persistence and spread

When varying the strength of competition between the community and the inoculated species
we encounter four possible combinations (cases (A)-(D)), summarised in Table 2. Case (D)
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can lead to two possible outcomes depending on the initial distribution of inoculants, cases
(Da) and (Db), shown in Fig. 1. These scenarios cover the whole parameter space for which
mutualism establishment can occur (Martignoni et al., 2020a,b), and quantitative bounds on
the parameters corresponding to each of the cases discussed are given in Table 2. We find that
the inoculant can either not persist in the soil (cases (B) and (Da)), coexist with the resident
fungal community (case (A)), or competitively exclude resident fungal species (cases (C) and
(Db)). A complete mathematical analysis is presented in the supplementary information.
Below we discuss the key results and ecological insights emerging from the analysis.

The inoculant does not persist (cases (B) and (Da)): If resident fungi are strong
(initially localised) competitors, the community prevents the persistence of the inoculant,
regardless of whether the inoculant is a weak (case (B)) or strong competitor (case (Da)). In
case (B), a weakly competing inoculant is displaced by resident fungal species at a speed with

lower bound given by
Cow = 2\/Dsz <qcmﬁwacw . thaw> ’ (4)

ey + M pr+d

where D,, is the dispersal ability of resident fungal species, a,, and (3,, are respectively the
phosphorus and carbon exchange abilities of resident fungal species, a¢,, indicates the compet-
itive effect of the inoculant toward resident fungal species, and ey, gnm, and d are other model
parameters defined in Table 1. Parameters m and p} are respectively the biomass density of
the inoculant and plant at equilibrium in the absence of resident fungi. From the restrictions
imposed on the parameters in cases (B) and (D) (see Table 2), we know that ¢}, > 0. From
the analytical expression in Eq. (4) and from the numerical simulations shown in Fig. 2 (case
(B)) we can see that resident fungal species displace the inoculant at a speed that increases
with increasing mutualist quality of the inoculant (as higher values of p} and m} are observed
when the a./8, ratio is high) and with decreasing competitive ability of the inoculant (i.e.,
with larger ac,). In contrast, the displacement speed is independent of the dispersal ability
of the inoculant and on the number of resident fungal species in the community (i.e., D, and
N do not appear in Eq. (4)).

For a combination of low resident fungal density and high (initially localised) propagule
pressure (case (Da)), the inoculant can temporarily establish and spread (see Fig. 1, case
(Da), T = 0, 20). The initial spread of the inoculant accelerates plant growth, but prevents
the growth of resident fungi in areas where inoculant density is high. Beyond the dispersal
range of the inoculant, the density of resident fungi increases and so does plant productivity,
eventually reaching a higher density than in the region where only the inoculant is present
(Fig. 1, case (Da), T = 30, 40). A higher plant biomass density determines higher resource
availability, and gives a competitive advantage to resident fungal species with respect to the
inoculant. Eventually, the resident community is able to stop the spread of the inoculant and
recolonize the field (see Fig. 1, case (Da), T = 60, 100). Numerical simulations show that
when recolonization is possible, resident fungal species displace the inoculant at a speed that
increases with increasing mutualist quality, and with increasing diversity of resident fungal
species, but that decreases with increasing dispersal ability of the inoculant (see Fig. 2, case
(Da)).

Inoculant and resident community coexistence (case (A)): When competition
between the inoculant and the existing community is low (e.g., the inoculated species is func-
tionally complementary to resident fungal species), coexistence is possible and the inoculant
can establish and spread in the field. In this case, inoculation has a positive effect on plant
growth, due to an increase in diversity in the fungal community and therefore to a better use



of the resource available (i.e., plant carbon) (Martignoni et al., 2020b). On the other hand,
the persistence of the inoculant leads to a reduction in the total density of resident fungi.
This reduction, however, does not threaten community survival.

The spreading speed of the inoculant ¢, can be expressed as

QCm/Bcawc qhmOc
=2, | D.p - , 5
Cc Cpu) <awc+Nm>{0j p;ku‘i‘d) ( )

where D, is the dispersal ability of the inoculant, c. and (. are respectively the phosphorus
and carbon exchange abilities of the inoculant, a.,. is a parameter indicating the competition
strength of the resident fungal species towards the inoculant, and gcp, gum, and d are other
model parameters defined in Table 1. Parameters p; and N m*wj are respectively the plant
biomass density and total biomass density of resident fungal species at equilibrium in the
absence of the inoculant. From the restrictions imposed on the parameters (see Table 2), we
know that ¢} > 0. From the analytical expression in Eq. (5) and from numerical simulations
shown in Fig. 2 (case (A)) we can see that the spreading speed of the inoculant increases with
increasing dispersal ability and with decreasing mutualist quality of the inoculant (i.e., for
small a./f3.). Additionally, the spreading speed is lower in the presence of a diverse resident
community (i.e., for high N).

Invasion of the inoculant and displacement of the resident community (cases
(C) and (DDb)): If the inoculant is competitively superior to the resident fungal species,
the inoculant will establish, displace resident fungi and spread, causing regional biodiversity
loss (case (C)). Diversity of resident fungal species increases community resilience to invasion
(Martignoni et al., 2020b). That is, the introduction of a strongly competing inoculant leads
to invasion of the inoculant if diversity in the resident community is low, but constitutes a
lower risk if diversity in the resident community is high. Additionally, inoculants with low
mutualist quality (i.e., low a./f.) are most likely to invade (Martignoni et al., 2020b), as
the quantitative criteria of case (C) provided in Table 2 are more likely to be satisfied for
small a./f. ratio. Abundant inoculation over a large proportion of field, combined with low
abundance of resident fungi, can also lead to invasion (Fig. 1, case (Db)).

The analytical expression for the speed of invasion of the inoculant in case (C) is equivalent
to the speed derived for case (A) (see Eq. (5)), despite the fact that case (A) implies coexistence
of the inoculant with resident fungal species, while in case (C) resident fungal species are
displaced by the inoculant. Diversity in the resident community contributes to a reduction
of the invasion speed, while low mutualist quality and high dispersal ability of the inoculant
contribute to an increase (see Fig. 2, case (C)).

3.2 Agroecosystem management issues

Neighboring fields: The spread of a weakly competing inoculant in a field causes a decline
in the biomass density of resident fungi (without, however, causing the extinction of resident
species), and an increase in plant biomass density (case (A), discussed above). The decline
in resident fungi and the increase in plant productivity are more pronounced when diversity
in the resident fungal community is low (see Fig. 3). A strongly competing inoculant can not
spread into a field inhabited by two or more strongly competing resident species (Fig. 3(a)).
When only one resident fungal species is present however, a strongly competing inoculant
with low mutualist quality is able to invade the field, displace the resident fungi and cause a
reduction in plant productivity (see Fig. 3(b)).
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Inoculation and productivity: Generally, an increase in fungal abundance automat-
ically corresponds to an increase in plant growth rate, independent of the identity of the
inoculant and its persistence in the long term (see the first two subfigures of Fig. 1, case (Da)
and Fig. 4). In Fig. 4 we simulate plant and fungal growth over a landscape, following inoc-
ulation with a weakly competing inoculant in a community consisting of strongly competing
resident fungi (case (B)). Despite the fact that the inoculant does not persist in the field (see
Fig. 4, T = 40), inoculation significantly enhances the plant growth rate and the growth rate
of resident fungal species (Fig. 4, T = 20, 40). Inoculation with strongly competing species
can also lead to an initial enhancement in plant growth (see the first two subfigures of Fig. 1,
case (Da)), but subsequently lead to a displacement of resident fungi, and to negative long
term consequences for plant productivity (see case (C), Table 2).

4 Discussion

4.1 Investigating inoculum persistence and spread

The inoculant does not persist (cases (B) and (Da)): We found that if resident
fungal species compete strongly with the inoculant (e.g., if no niche space is available in the
soil), persistence of the inoculant will not occur. Experiments have reported that competition
can have a strong effect on inoculants establishment (Bender et al., 2019; Niwa et al., 2018;
Thomsen and Hart, 2018), where high species richness in the resident community may act as a
competitive advantage through a better exploitation of the resources available (Mallon et al.,
2015). In the model, the displacement of the inoculant by resident fungi may occur through
two mechanisms: either resident fungi are superior competitors, and displace the weakly
competing inoculant through direct competition between fungi for resources (case (B)), or
through an improved mutualistic relationship with the plant (case (Da)). Indeed, in case
(Da), high diversity in the resident fungal species allows for maximum resource exchange with
the plant. Increased resource exchange contributes to higher plant density and thus higher
resource availability (i.e., plant carbon), constituting an indirect competitive advantage of
resident fungi with respect to the inoculant, once plant density has increased sufficiently.

The model predicts that, when the biomass density of the resident community is low, high
propagule pressure can lead to the local establishment of the inoculant even if resident species
are strong competitors (Verbruggen et al., 2013; Streeter, 1994; Bender et al., 2019; Niwa
et al., 2018; Sykorové et al., 2012). However, we found that if the inoculant is introduced only
over a small proportion of field, persistence may not occur, as resident fungi will eventually
outcompete the inoculant and recolonize the field (see Fig. 1, case (Da)).

Inoculant and resident community coexistence (case (A)): Our results suggest
that if competition between the introduced inoculant and resident fungal species is weak,
e.g., due to small niche overlap between resident fungi present and the inoculated species, the
inoculant will coexist with the rest of the community (case (A), Table 2). For example, if
the introduced species comes to occupy an empty niche space available in the soil (Herbold
and Moyle, 1986; Lekevicius, 2009; MacArthur and Levins, 1967), the inoculant will establish,
persist, and spread in the field. Experiments agree with these predictions, showing that
inoculum establishment in the presence of a resident fungal community is possible, and niche
availability is one of the factors determining inoculation success (Verbruggen et al., 2013;
del Mar Alguacil et al., 2011; Sykorova et al., 2012; Farmer et al., 2007; Mummey et al.,
2009). Mummey et al. (2009) showed that the identity of the fungal species present before
inoculation is a strong determinant of inoculant establishment, and Farmer et al. (2007) found
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that establishment was more successful when the inoculant had a functionality different from
that of the indigeneous fungal species present in the field.

Invasion of the inoculant and displacement of the resident community (cases
(C) and (Db)): We find that highly competitive fungi are likely to become invaders and
cause a biodiversity loss in the resident fungal community. Concerns about the invasiveness of
commercial inoculants and the possible detrimental consequences on ecosystem functionality
have been raised by the scientific community (Schwartz et al., 2006; Hart et al., 2017; Ricciardi
et al., 2017; Thomsen and Hart, 2018), and a decline in resident AM fungi following inoculation
success has been experimentally observed (Koch et al., 2011; Pellegrino et al., 2012; Symanczik
et al., 2015; Bender et al., 2019). Commercial fungi are subjected to intense breeding pressure
(Gianinazzi and Vosédtka, 2004), which leads to the selection of highly competitive traits
such high sporulation and a propensity to invest in their own reproduction rather than in
the mutualistic relationship with the plant (Kokkoris et al., 2019b; Calvet et al., 2013; Jin
et al., 2013). Our analysis indicates that there is a risk of invasion from inoculants, and that
competitive inoculants with lower mutualist quality are more likely to become invasive.

The presence of a diverse resident community can mitigate the invasion risk by reducing the
invasion speed (see Eq. (5)), or by making establishment of the invader less likely (see Fig. 3).
Additionally, when resident species abundance is low, the introduction of strongly competing
inoculants can result in invasion if inoculants are introduced over a large portion of field
(Fig. 1, case (Db)). Hence, our results underscore the presence of an increased invasion risk
when competitive inoculants are used in conjunction with agricultural management practices
that reduce the abundance and diversity of resident fungi, such as tillage, chemical fertilization
strategies, or fallow periods (Karasawa and Takebe, 2012; Schnoor et al., 2011; Curaqueo et al.,
2011; Sile et al., 2015).

4.2 Speed of invasion

We obtain concrete analytical criteria for the speed of invasion of inoculants in a field inhab-
ited by a resident fungal community. The replacement of resident species by an invasive species
has already been investigated using Lotka-Volterra competition models (Hosono, 1998; Okubo
et al., 1989). However, an analytical expression for the spreading speed has been obtained only
recently (Holzer and Scheel, 2012; Girardin, 2017), and only in a homogeneous environment.
Other studies have described the spread of competitors in spatially heterogeneous (Goldstein
et al., 2019; Real and Biek, 2007) or periodic environments (Kinezaki et al., 2003). In our
model the resource (i.e., the plant) is involved in a mutualistc interaction with the species in
competition (i.e., the fungi), and so the local plant density depends on the local fungal com-
munity composition and density. Thus, since we are investigating invasion scenarios where
the fungi are not uniformly distributed through space, the environment for the competitors
is heterogeneous, and the heterogeneity evolves with the spread of the competing species.
In this heterogeneous context, we obtain analytical expressions for the speed of invasion of
competitors (i.e., resident and inoculated fungal species).

Previous studies investigating traveling wave solutions in competitive systems have found
that the speed of propagation can be linear or non-linear (Okubo et al., 1989; Lewis et al., 2002;
Huang, 2010; Girardin, 2017), depending for example on interspecific competition (Roques
et al., 2015; Huang and Han, 2011), or on the dispersal ability of the invader (Holzer and
Scheel, 2012). Our analysis shows that the linear speed appears to be a valid approximation
in two of the monostable cases (Fig. 2, cases (A) and (C)). However, for high mutualist qual-
ity and high competitive ability of the inoculant (Fig. 2, case (B)), the speed appears to be
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non-linear. Similarly, Roques et al. (2015) found non-linearity when interspecific competition
is high, and linearity when interspecific competition is low.

In the bistable case, we are able to show that a strong competitor is displaced by a resident
community consisting of two or more species that compete weakly between each other, but
we are unable to obtain an analytic expression for the speed of spread. Guo et al. (2019) also
investigated a bistable system and found that two weaker competitors can displace a stronger
competitor, under certain parametric conditions. As the competition system studied by Guo
et al. (2019) is similar to the one discussed here, we could expect to gain more analytical
insights into the bistable case by adapting the Guo et al. (2019) analysis to our specific case.
This task, however, is beyond the scope of the current paper, and is left to future work.

4.3 Agroecosystem management issues

Competitiveness has been seen as a desirable trait in fungal inoculants, as it increases es-
tablishment success (Verbruggen et al., 2013; Farmer et al., 2007). However, we find that
the spread of competitive and less mutualistic inoculants leads to the displacement of the
resident fungi and a decrease in plant productivity (Koch et al., 2011; Pellegrino et al., 2012;
Symanczik et al., 2015; Bender et al., 2019). Invasion is more likely to happen if strongly
competing inoculants are abundandly distributed over a large proportion of the field.

We show that the use of weakly competing inoculants is desirable, as their spread can
boost plant growth and the growth of resident fungi, even when inoculants do not persist in
the field. This result is in agreement with the observations of del Mar Alguacil et al. (2011).
Therefore, we suggest that weakly competing inoculants are a better choice in agricultural
contexts, as strongly competing fungi may lead to reduced soil biodiversity and, ultimately,
reduce ecosystem functioning.

We show that inoculant abundance, and not necessarily the type of inoculant itself, can
contribute to a short-term increase in plant productivity in depleted soils (i.e., when fungal
biomass is low) (see the first two subfigures of Fig. 1, case (Da) and Fig. 4), while the increase
is less significant when fungal abundance in the resident community is high (Martignoni et al.,
2020b). Experiments investigating variation in crop yield following field inoculation with AM
fungi agree with these results, by showing that the immediate consequences of inoculation
can range from positive (Zhang et al., 2019; Ceballos et al., 2013; Hijri, 2016; Omirou et al.,
2016) to no significant effect (Hamel and Smith, 1991; Lojan et al., 2017; Ryan and Graham,
2002; Emam, 2016). Our observations support the view that short term positive impact on
plant growth can be related to an increase in fungal abundance, rather than to fungal identity
(Wagg et al., 2015; Gosling et al., 2016; Lekberg and Koide, 2005; Pellegrino et al., 2011; del
Mar Alguacil et al., 2011).

5 Conclusion

We show that the use of weakly competing inoculants can lead to improved crop yield and
soil quality, but the use of strongly competing fungi constitutes a biodiversity risk. Our model
provides concrete criteria to assess the risks and benefits of inoculation and to determine the
spreading speed of inoculants in the field. We show that invasion of the inoculated species,
and the subsequent displacement of resident fungi, is unlikely to occur in the presence of an
established resident community. However, the invasion risk increases if strongly competing
inoculants with low mutualistic quality are introduced in fields presenting low abundance and
diversity of resident fungi.

Our framework shows that monitoring plant growth is not sufficient to properly evaluate
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the long-term impact of inoculation, as the presence of a resident fungal community plays a
critical role in determining inoculum establishment success and productivity. To confirm our
hypotheses, there is an urgent need for empirical studies considering the etfect of inoculation
on the resident community over space and time. We hope that the theoretical findings exposed
in this manuscript will help to focus future experimental efforts in productive directions. Our
model is based on the consumer-resource framework of mutualism (Holland and DeAngelis,
2010), where growth rates can be directly associated with nutrient exchange, making an in-
terplay between theory and experiments feasible. Indeed important model parameters (such
as «a, the fungal ability to transfer phosphorus to the plant) can be estimated by monitoring
phosphorus or carbon transfer between the plant and the fungus over time.

Finally, we also see further benefits of our work outside the context of mycorrhizal inoc-
ulants. As our model is general, the framework presented here can be used to improve our
understanding of mechanisms behind the invasion of other symbiotic fungi (Dickie et al., 2016;
Litchman, 2010), or animal pollinators (Acosta et al., 2016).
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Table 1: Description of variables and parameters of the model.

Symbol Description

P Plant biomass density

My, Biomass density of resident fungal species

me Biomass density of fungal inoculant

D,,; and D, Fungal dispersal ability

Qp; and a Fungal ability to transfer phosphorus to the plant

Puw; and S Fungal ability to uptake carbon from the plant

Ao Competitive effect of m,,;, toward m,

Aew; Competitive effect of m, toward m,,,

Qo Competitive effect of m,,, on m,,,

[ and p,,, | Fungal maintenance rates

Lp Plant maintenance rate

d Half-saturation constant

Qhm Conversion factor (phosphorus to fungal biomass density)
Qem Conversion factor (carbon to fungal biomass density)

Qhp Conversion factor (phosphorus to plant biomass density)
Qep Conversion factor (carbon to plant biomass density)
Note: m}, m}, and p* represent the values of fungal and plant biomass at equilibrium.
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Case (Da) : The inoculant does not persist
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Case (Db): Invasion of the inoculant
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Fig. 1: Spatio-temporal dynamics observed when propagule pressure is high, the density of resident
fungi is small, and competition between the inoculant (m.) and the resident fungal community (3 m.;,
j =1,2) is strong (Case (D)). In case (Da), the inoculant initially occupies a small proportion of the
whole field, while in (Db) the inoculant initially covers a large part of the field. Competition parameters
are Quyw = 2.2, Gwe = Gew = 0.3. Other model parameters are gnp = 3, gem = 2, qhm = Gep = 1,
Qy = P =ac=Bc =04, iy = pi, = 0.3, d =12, r, = 0.02, D. = D,; = 0.3, N = 2.

13



Case (B)

(a) (b)

("]
206 8 0 () 8os
8 g s 8
£ @ * &
© © - 1
205 S o7 . S 05
2 2 . 2
- £ % * *  * £ x  x % £ N o Z
o) S 06 o
204 2 = T % 04+ % * ) b "
g 8 g + T
k) %5 05 iz w gl
- = 2 2 e el
@03 5] 7 @ 03r T
[0 ® @ &
& 8 / i =l
5 w 04~ 2]
g k: ; 3
502 . g_ 06 08 1 12 14 16 18 g 02! "
@ 0.2 0.4 0.6 0.8 1 o B 2 1 12 14 16
D eHee a
c cw
Case (Da) @ @
) Q@
(a) 8 0.336 (b) g 037 (©) § 032
8 * 5 * o
o n 2] 03 *
& P < O
= 0334 % T,0.36 % T "
j=] = g
= * 2 * 2 028 %
= = =
& 0332 * €035 . £
[} 1) °
e s ] 0 0.26
@ * 2 * | 2 *
S 033 * 4w 034 ; 1 5
w“ * 0.24
o * o el
B * g * & 8
8 0.328 8038 * % 000
@ he] 5 -
o ] 3
8 0326 £ o032 g o
a "o 0.2 0.4 0.6 08 1 o0 08 A 2 4% %5 A8 @ =2 3 4 5 6
D o /Be # of resident fungal species
¢
Cases (A) and (C) 08 ! 07 .
(a) 12 : : - (b) (c) e
~ 4 - 065 ¥
1 * 07+ 1 + "
~’ £
5 . & ' o 08
5 ] g
Y08 : z 08 z
[ = =
b : 5 2 & 055
506 + B 05 ' ]
3} 8 " 2 05
a ’ a &
® 04 i
- 04 045
02 . .
03 q 04
g 8= 43 D L s g 06 08 1 12 14 16 18 2 3 4 5 6
c ag/Bg # of resident fungal species

Fig. 2: Speed at which the inoculant is displaced by resident fungal species (cases (B) and (Da))
and speed of invasion of the inoculant (cases (A) and (C)) as a function of the diffusive ability and
mutualist quality of the inoculant, of the competitive ability of the inoculant towards resident fungal
species, and of the number of species present in the resident fungal community. Solid lines are the
theoretically predicted lower bounds (see Eq. (5) for case (B), and Eq. (4) for cases (A) and (C)). The
scattered plots are the results of the numerical simulations. Note that the speed obtained in cases (A)
and (C) is identical, i.e., the speed of invasion does not depend on whether the inoculant coexist with
the resident community (case (A)) or displace the resident community (case (C)). Standard parameter
values correspond to those of Fig. 1. Competition parameters are Gy = Qe = Gy = 2.2, for case
(A). aGyw = e = 2.2, aye = 0.3 for case (B). ayw = awe2.2 and agq, = 0.3 for case (C), plots (a)
and (b). Gy = Aye = 3.0, aey = 0.1, ay, = 0.7 and B, = 0.3 for case (C), plot (¢). auw = 2.2,
Uye = Qe = 0.3 for case (Da), plots (a) and (b). Gyw = 3, Gywe = aew = 0.1, for case (Da), plot (c).

14




o

(a) 5 rT‘lw1 + mwz
; z
mg isa 3
. c4
strong competitor 2
[}
® 3
g p
6 / 5
m +m ©2
5 w1 w2
= 1
24
(7]
° 0
. 0 10 20 30 40
g p
£ space
=
m 2 6
1 5 m +m
w1 w2
0 Z
0 10 20 30 40 % 4
-
space 23
©
5
22
m, is a @
weak competitor 1
0
3
(b) m
25 wi
m; is a 3 2
- [
strong competitor ©
% 15
3 E
@ 1
25 mW1
05
2

[=]

Biomass density
P

w

o

o
N
3]

0 - - - - z 2
0 10 20 30 40 @
()
space
! \‘ 3 150,
; @
me isa E
weak competitor 3
05

Fig. 3: Simulation showing the dispersal of the inoculant in a field consisting of (a) two or (b) one
resident fungal species. We assume that a field inhabited by one or more resident fungi (see figures on
the left) is next to a field containing only the inoculant. The figures on the right show how the inoculant
will disperse in the field if the inoculant is a strong competitor and a bad mutualist ((a) and (b), top
right figures) or a weak competitor ((a) and (b), bottom right figures). In case (a), the resident fungal
community is at high density and consists of two fungi. (Note that we show the two-fungi case for sim-
plicity; the result would be qualitatively the same if there were more than two species, i.e., N > 2). In
case (b), the resident fungal community is at low density and consists of just one fungus.The biomass
density of the strongly competing inoculant is indicated by the dashed red line, while the biomass
density of the weakly competing inoculant is shown by the dashed blue line. Competition parameters
are aye = Qe = 0.3 for the strongly competing inoculant, and a,. = a¢w = 2.2 for the weakly
competing inoculant. The mutualist quality of the inoculant is assumed to be lower than the mutualist
quality of resident fungal species, where o, = 0.35 and 3. = 0.45, while «,, = 0.4 and S,, = 0.4. Other
parameters correspond to those of Fig. 1.
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Supplementary information

A model for investigating the persistence and spread
of fungal resident

To investigate the persistence and spread of the introduction of a commercial fungal inoc-
ulant (m) into a field inhabited by a resident fungal community (1., where j = 1..N),
we extend the model developed by Martignoni et al. (2020b) to explicitly consider random
fungal dispersal. In the model, plant and fungal coupled growth is determined by the density
dependent functions f,(p, me, My, ), for plant growth, fi,, (p, me, My, ), for inoculum growth,
and fmwj (P, Me, Muy; ), for the growth of the resident fungal community, defined in Martignoni
et al. (2020b). The complete model can be written as

Op p Zj Aw;cMawj
o7 = QhpTpD + Ghp | e + Qi My | 77— — qc chc 6a
R S L ez I

Qew,;Me + Z i Qapw; Mawi
+Zﬁwjmwj< . ot et Qﬂp—upﬁ,
J AewMe + ngj Qo ;w; Mawi + (mc + Ei?ﬁj mwi)

dome 9?m, 2 Gy Mo P
=D, —— m J - Olg———M — m2, (6b
ot " or + QCmcﬂcp c Zj s M n (Z] mwj)Q dhm. cd+p c ™ Hm, T, ( )
OMeys 0%my Gew; Me + D i Quyp, Mapi
=1 = ij ol + quwjﬁwjpmwj e ZZ#J b M 2 (60)
ot ox
AcwMe + ng] Qo ;w; Mawi + | me + ngj Mawi

p 2
—Ghmy; Qwj mmwﬂ' T Himg; My -

A description of the model parameters with respective measurement unit is provided in Table
S1.

To simplify the analysis, we will assume that the competition strength between the com-
mercial fungus m, and individuals of the wild community m,,; and between individuals of the
wild community are the same for all fungi (i.e. aw;c = Gwe, Gew; = Gew AN Ay, = Q). We
will further assume that all fungal parameters are the same, except for the phosphorus and
carbon exchange ability (a’s and f’s parameters). With these simplifications, the model of
Eq. (6) becomes

8]? p Qe
_ = cllte N wwyg | 7 = Ye cllte™— 77 7
% — g <a me + Notm ) 2 [ﬂ e+ (7a)
GewMe F Qo (N — 1)1y
N w!bwg = - ’ ’
(B " e + (N — Dty + (me + (N — 1)mwj)2>]p e
om ?*m Qo p
3tc = DC@TQC + gemBepme (awc-l-uj\cfmwj> - thacmmc - ummi ) (7b)
OMo i 0%’ Mey ; AewMe + A (N — 1)miy;
ot ! = Dw 922 . + quﬁmewj ( ) . 2 (76)
x AeyyMe + aww(N - ]-)mwj + (mc + (N - 1)m’lﬂj)
—Qhm P — JI
hm wd+p wj m ! hyg-
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We will use Eq. (7) to study how the competition strength between the inoculant and
resident fungal species affect fungal spread. We will consider a community of coexisting
weakly competing fungi (i.e., ay, is large), competing with the inoculated fungal species
m.. The scenarios considered are sketched in Table. 2. In case (A), competition between
the inoculant and the resident community is weak (i.e., aye and aq, are large). In cases (B)
and (C) competition between the inoculant and the resident community is asymmetric, where
either the inoculant or the resident community is a superior competitor (i.e., @cy > Gue OF
Aoy < Qye). In case (D) competition between the inoculant and the resident fungal community
is strong (i.e., aye and aq, are small). Additionally, we will determine how the spreading speed
is affected by the dispersal ability of the inoculant (parameter D.), by its mutualist quality
(ae/Be ratio), and by the number of fungal species present in the resident community.

Model outputs will be analysed through traveling wave analysis and numerical simulations.
As discussed in the manuscript, the output of case (D) depends on the initial distribution of
inoculant; in case (Da) the inoculant is introduced over a small proportion of the field, while
in case (Db) the inoculant is introduced over a large proportion of the field. In our traveling
wave analysis, we will be looking at the spread of inoculants from a region with positive in-
oculant density into a region where the inoculant is absent (see boundary conditions given in
Eq. (10)). These initial distribution of inoculants allows us to investigate case (Da) analyti-
cally. Case (Db) is analytically intractable. Numerical simulations are run in Matlab R2017a.
Solutions are found by using a semi-implicit scheme (Tyson et al., 2000), where the reaction
term is solved explicitly and the diffusion term is solved implicitly. The discretization used
for the space is dz = 0.05, and the discretion used for the time is d¢t = 0.05.

Model analysis

We are interested in understanding whether the introduction of a new fungal species (m,) in
the presence of an existing fungal community (m,;) will result in a spread of the new species
into the field. To tackle this problem, we will look at travelling wave solution of Eq. (7),
which are particular solutions describing the invasion of one steady state by an other one
at constant speed c. More precisely, we assume that the solution of Eq. (7) are of the form
p(t,x) = P(x —ct) = P(2), me(t,x) = Mc(x — ct) = Mc(2) and myj(t,z) = Myj(z —ct) =
M, (2) for an unknown speed ¢ € R. By replacing these expressions into Eq. (7) we obtain

dP

—Ca = FP(P, MC,ij) s (8&)
dM., d>M,
—e— = D, T2t Far, (P, Mg, My;) (8b)
dMy,; d>M,,;
¢ dZ‘”J = D, s L+ Fur,,; (P, M, Myj) . (8c)

In order to lighten the notations, we define the vector U(z — ct) = U(2) = (P, M., My,;), the
diffusion matrix D = diag(0, D, D,,j) and the interaction function F(U(z)) = (Fp, Fin,, Fur,,;)-
Then Eq. (8) can be written as

DU"(z) + cU'(2) + F(U(2)) = 0. 9)

We will focus on three particular steady states which stability have been already investigated
in Martignoni et al. (2020b):

- Community only: Uy, = (Pg,0, M) ,
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: . *k Kk *% Hx
- Coexistence: Uy, = (Pr5, M:™*, M%)

cw?
- Inoculant only: U} = (P}, M},0) .

The stability of these steady states depends on the strength of the competitive interactions
between the fungi. As shown in Table S2, in case (A), competition between the inoculant and
the resident community is weak. In cases (B) and (C) competition between the inoculant and
the resident community is asymmetric, where either the inoculant or the resident community
is a superior competitor. In case (D) competition between the inoculant and the resident
fungal community is strong. From the analysis of the non-spatial model (Martignoni et al.,
2020b) we know that

)

): UL unstable, Uy, stable,
C): U stable, U} unstable,

): U’ stable, U}, stable *.

We will consider on the right of the domain a steady state where the inoculant biomass
density is zero (i.e. M.(oc0) = 0) and only the resident community and the plant are present.
On the left we will assume that the steady state has a positive density of a commercial
inoculant (M.(—o0) > 0), plant biomass density is positive and the biomass density of the
resident community can be zero or positive depending on which scenario has been investigated.
This situation corresponds to investigating whether the steady state U can be invaded by
a steady state with a positive density of the inoculant (i.e. either U, or U}). Thus the
boundary conditions can be expressed as

U, Case (A) e
U(—oc0) = {Uz Cases (B) — (Da) and U(+4o00) = Uy, (10)

The solutions to Eq. (9) satify boundary conditions for P, M,; and M.. The stability of the
steady states involved in the boundary conditions, may help us to describe the speed at which
the solution moves.

When one stable steady state and one unstable steady state are present (cases (A)-(C))
the stable state will invade the unstable state at constant speed c. In this case, there is a
monostable traveling waves and one may expect an estimate of the minimal speed of propa-
gation using the linearized problem around the unstable steady state. In case (Da), a bistable
traveling wave connects two stable steady state. In this case it is difficult to determine the
actual speed of invasion, however, there are some techniques to estimate the sign of the prop-
agation speed, to determine which of steady states will invade the other. We will first analyse
the three monostable cases, and then investigate the bistable one. In order to gain more
insight into the results of the analysis, We will explore numerically how the invasion speed
varies as a function of diversity of the resident community, as well as a function of different
characteristic of the inoculant, such as dispersal ability (D.) and mutualist quality (a./fe).

*In the spatial case, investigated in this paper, case (D) can have two different outcomes, depending
on the initial distribution of inoculants. We will refer to these as case (Da) and case (Db).)
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Monostable traveling waves

Cases (A) and (C): In these cases, the unstable steady state U} will be invaded by a
steady state that contains the commercial inoculant, where either coexistence of the inocu-
lant with the resident community is observed (U} case (A)) or the resident community is
displaced by the inoculant (U}, case (C)). To find an estimate for the minimal propagation

speed ¢, we linearize Eq. (9) around the unstable steady state Uy, and obtain

OFp OFp OFp
—cP'=F —| P M, Myj 11
c P . + 9P | . + VAN + DMy |- y (11a)
—cM! =D.M!" + Fy |+ <l P+ <l M, + <l My, (11b)
¢ v, 0P |y M, |y OMuj |y
6FM P 8FM . 8F]\1 .
—cM! . =D, M!". + Fy . o~ P — M, + ——= My i 11
cM,,; wj T Fh,, - + 9P |y + oM, |y + Mo, | y (11c)

OF ) OF
Because Fiy,|y» = 0 and Zp¢[y: = 81\}11; lux = 0, we can observe that the component

M. of the linearized problem of Eq. (11) satisfies

DM + M + F*M, =0, (12)
where 5
demPcluwe dhmCc
Ff = P! — . 13
¢ w(awc—}—NMq’Z qu)—i—d) (13)

From the analysis of the non spatial version of the model (Martignoni et al., 2020b), we know
that F > 0 for cases (A) and (C). Hence, one can conclude that a lower bound for the
propagation speed ¢} < ¢ is given by (Murray, 1993; Li et al., 2005)

* GemBeluwe dhmCc
=2/D.F* =2,/ D.P* — . 14
- o \/ ‘ “’<awc+NM;; P;g+d> 14)

Thus in cases (A) and (C) the commercial inoculant invade a field inhabitated by a resi-
dent community at a minimal speed that increases with increasing dispersal ability of the
commercial fungus and decreases with increasing diversity of the resident fungal community.
Additionally, the minimal propagation speed increases if the commercial fungus can be re-
garded as a cheater, i.e. when o is small and . is large. These findings are supported
by numerical simulations. In Fig. S1, the theoretically predicted linear speed of Eq. (14) is
compared with the speed resulting from numerical simulations, for different dispersal ability
and mutualist quality of the inoculant, and for increasing diversity of the resident community.
The speed resulting from the numerical simulations does not depend on whether the resident
community is displaced (case (C)) or the inoculant coexist with the community (case (A)), as
anticipated by the traveling wave analysis.

Case (B): In this case, the resident community competes strongly against the inoculant.

The steady state U, is stable while the unstable steady state is now U’,. We linearize therefore
OF M, . OF

Eq. (9) around U;. Because Fi, |y = 0 and —557 |y = QM:? |+ = 0, all components
M,; of the linearized problem satisfy
DM}, + cM,, + Fi M, =0 (15)
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where

C* <QCm/3wacw . thaw> (16)

F' =P
v aew + My Pr+d
It is known that F); > 0 for case (B) (Martignoni et al., 2020b). A lower bound for the
propagation speed ¢}, < c is thus given by

¢t = 2y/DuFy = 2\/DwPC* <qcmﬁwacw - jfffg) : (17)
(&

Gew + MY

One can conclude that in case (B) the commercial inoculant is displaced by the resident
community at a minimal speed c},. The speed increases with increasing mutualist quality of
the inoculant (i.e., with larger a./f. ratio, determining the value of P¥ and M) and with
decreasing competitive strength of the inoculant (ae, ), and it is independent on the dispersal
ability of the inoculant. The linear speed of Eq. (17) seems to be a good approximation when
the competitive ability of the inoculant is small (i.e., ac, is large, see Fig. S2¢), and when the
mutualist quality of the inoculant is low (i.e., the ratio a./f. is small, see Fig. S2b). However
the speed ¢, appears to be non-linear for higher competitive ability and mutualist quality of

the inoculant.

5.0.1 Bistable traveling wave

Case (Da), when N > 1: In this case competition between the inoculant and the resident
community is strong, and the steady state U}, and U} are both stable. We will first discuss
the case where N > 1, i.e., the resident community consists of two or more fungal species.
To understand which steady state will invade the other, we will determine the sign of the
propagation speed ¢. For this purpose, we multiply Eq. (8b) by M/ and integrate over the
whole z-domain. We obtain the equation

oo
/ [DMIM] + cMP? + Fy,M!]dz=0. (18)
—0o

We know that M/ = 0 when z — +oo. Hence [ M/M!dz = [* 1/2((M])?*)'dz = 0 and
q. (18) can be rewritten as

c / (M))2*dz = — / Fy Mz, (19)

—_———
>0

The sign of the wave speed ¢ depends therefore on the sign of the integral on the right-hand
side of Eq. (19). We can observe that

& F < F
- / Fy M!dz = / Me M M.dz / Me (M2Ydz. (20)
. 9M,
According to the boundary conditions of Eq. (10),
Fr Fr . Fr Fr " "
e (—o0) = —Me(UF) = “Me = M = F*. 21
MC ( OO) Mc (UC> 07 and Mc (+OO) Mc (Uw) C ( )

From Martignoni et al. (2020b) we know that, for case (D), F < 0. Additionally, from
numerical simulations one can notice that the slope of M, is really steep (see Table S2) and
thus the integral of Eq. (20) can be approximated by

> Fr, 1 (Fyp, Fyr, 1,
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Hence, the integral on the right side of Eq. (20) is always negative. We can conclude that
the propagation speed c is negative, and therefore the stable steady state Uj, is expected to
invade the state U}. In other words, the commercial inoculant is displaced by the resident
fungal community.

To gain more insights into the speed at which the commercial inoculant is displaced, we
explore the dependence of the speed on diversity of the resident community, and on the dis-
persal ability and mutualist quality of the inoculant numerically (see Fig. S3). We find that
the speed at which the inoculant is displaced increases with increasing diversity in the resi-
dent community, and decreases with increased dispersal ability and with decreasing mutualist
quality of the inoculant.

For a combination of low resident fungal density and high propagule pressure, the spatial
dynamics follows a multi-step process illustrated in Fig. 1, case (Da), that is:

e The inoculant can temporarily establish and spread from its initial location. This
initial spread prevents the growth of resident fungi in areas where the density of fungal
inoculant is high, but at the same time plant growth is accelerated by the large presence
of the inoculant (Fig. 1, case (Da), T = 20).

e Beyond the dispersal range of the inoculant, the density of resident fungi increases and
so does plant productivity, eventually reaching a higher density than when only the
inoculant is present (Fig. 1, case (Da), T = 30 and T = 40).

e A higher plant density determines higher resource availability, what gives a competi-
tive advantage to the resident community with respect to the inoculant. The resident
community is able to recolonize the portion of field taken by the inoculant leading the
inoculated population to extinction (Fig. 1, case (Da), T = 60 and T = 100).

The speed at which the inoculant is displaced increases with increasing diversity of the resident
fungal community, and decreases with increasing dispersal ability of the inoculant and with
decreasing mutualist quality (see Fig. 2, case (Da)). For higher proportion of field occupied
by the inoculant, resident fungi may not be able to recolonize the field (see Fig. 1, case (Db)).

Case (Da), when N = 1: We consider now the case where a strong competing inoculant
m. is introduced in the field is inhabited by a single resident fungal species m,,, that is a
strong competitor as well. In this case, the competitive exclusion steady states U, (only m,)
and U} (only m.) are both stable. If m, and m,, have different parameters, the strongest
competitor will invade the other. A competitive advantage can be given by larger initial
propagule density, lower mutualist quality (i.e., smaller o/ ratio) or lower maintenance cost
(i.e., smaller p,,). A larger diffusion constant (i.e., larger D. or D,,), can drive the invasion
of a species only if the domain was previoulsy unoccupied by the other species.

If the two fungi are identical, none of the species has a competitive advantage over the
other and stationary solutions will be observed. To explore this scenario numerically, we
consider on the left of the domain a steady state where m,, is zero, and on the right a steady
state a steady state where m, is zero. In this case, neither m,, nor m. will prevail over the
other. At the boundary between the two domains, where the two fungal species meet, we
observe an increase in plant biomass density due to the partial presence of both species (see
Fig. S4). The increase in plant biomass density is less pronounced for stronger competition
between the fungi.
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Table S1: Description of variables and parameters of the model given in (6), with respective mea-
surement units.

Symbol | Description Unit

P Plant plant biomass density

Me Fungal inoculant fungal biomass density

My resident fungal species fungal biomass density

D, Diffusion coefficient of m,. b

D, Diffusion coefficient of m,, o

Qe Competition parameter (m,, toward m.) | fungal biomass density

Qew Competition parameter (m, toward m,,) | fungal biomass density

vy Competition parameter (m,, toward m,,) | fungal biomass density

d Half-saturation constant plant biomass density

Tp Intrinsic gI‘OWth rate plant biorllall:s):p;s;:iiy X time

a Phosphorus exchange ability (time)x(fuﬁz;l:fpb};gxzss oy

ﬁ Carbon exchange abﬂity (time) X (fungal biomass d(é?lrslijt(;gx(plant biomass density

Lp Plant maintenance rate (o) X (plant ;iomass Tonsity)

Hm Fungal maintenance rate (time) X (fungal %)iomass density)

Qhm Conversion phosphorus to fungal biomass | fungal biomass density/ phosphorus
density

Qhp Conversion phosphorus to plant biomass | plant biomass density/ phosphorus
density

Gem Conversion carbon to fungal biomass den- | fungal biomass density/ carbon
sity

Qep Conversion carbon to plant biomass den- | plant biomass density/ carbon
sity
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Fig. S1: Speed of invasion of the inoculant in a weak competing resident community (cases (A)
and (C)) as a function of (a) the diffusion constant of the inoculant, (b) the mutualist quality of
the inoculant, and (c) the number of species present in the resident community. The solid lines are
the theoretically predicted lower bounds (see Eq. (14)) while the scattered plots are the results of
the numerical simulations. The speed of invasion does not depend on whether the inoculant coexist
with the resident community (case (A)) or displace the resident community (case (C)). In figures (a)
and (b) competition parameters are Gy = Gwe = 2.2, ey = 0.3, @y = B = 0.4. In figure (c)
Qww = Qe = 3.0, Gy = 0.1, oy = 0.7 and B, = 0.3. Other parameter values are g, = 3, ¢em = 2,
Ghm = Qep = 1, pip = prp = 0.3, d = 1.2, 7, = 0.02, D,, = 0.3.
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Fig. S2: Numerical simulations representing the speed at which a weakly competing inoculant is
displaced by the resident community (case (B)). The solid lines are the theoretically predicted lower
bounds (see Eq. (17)) while the scattered plots are the results of the numerical simulations. The speed
is plot as a function of (a) the diffusion constant of the inoculant, (b) the mutualist quality of the
inoculant, and (c) the competitive strength of the inoculant. Competition parameters are @, = 2.2,
awe = 0.3. Other parameters correspond to those of Fig. Sla.
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Fig. S3: Numerical simulations representing the speed at which a competitive inoculant is displaced
by a strongly competing resident community (case (Da), for N > 1), as a function of (a) the diffusion
constant of the inoculant, (b) the mutualist quality of the inoculant, and (c¢) the number of species

present in the resident community. Competition parameters are G, = 2.2, e = Gy = 0.3. Other
parameters correspond to those of Fig. Sla.
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Fig. S4: Numerical simulation showing the plant (solid lines) and fungal biomass density distribution
resulting from the encounter of two strongly competing fungi (m., scattered line, and m,,, dotted
line), for different competition strengths (case (D), for N = 1). Competition parameters ac, and aq.
have the same value and they are varies from 0.1 (strongest competition observed, black curves) to 0.7
(weakest competition observed, green curves) in steps of 0.2. Other parameters correspond to those of
Fig. S1.

34



	1 Introduction
	2 Model and Methods
	2.1 Investigating inoculum persistence and spread
	2.2 Agroecosystem management issues

	3 Results
	3.1 Investigating inoculant persistence and spread
	3.2 Agroecosystem management issues

	4 Discussion
	4.1 Investigating inoculum persistence and spread
	4.2 Speed of invasion
	4.3 Agroecosystem management issues

	5 Conclusion
	5.0.1 Bistable traveling wave


