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ABSTRACT. We present the first complete axiomatisation for quantifier-free separation
logic. The logic is equipped with the standard concrete heaplet semantics and the proof
system has no external feature such as nominals/labels. It is not possible to rely completely
on proof systems for Boolean BI as the concrete semantics needs to be taken into account.
Therefore, we present the first internal Hilbert-style axiomatisation for quantifier-free
separation logic. The calculus is divided in three parts: the axiomatisation of core formulae
where Boolean combinations of core formulae capture the expressivity of the whole logic,
axioms and inference rules to simulate a bottom-up elimination of separating connectives,
and finally structural axioms and inference rules from propositional calculus and Boolean
BI with the magic wand.

1. INTRODUCTION

The virtue of axiomatising program logics. Designing a Hilbert-style axiomatisation
for your favourite logic is usually quite challenging. This does not lead necessarily to
optimal decision procedures, but the completeness proof usually provides essential insights
to better understand the logic at hand. That is why many logics related to program
verification have been axiomatised, often requiring non-trivial completeness proofs. By way
of example, there are axiomatisations for the linear-time p-calculus [Kai95, Doul7], the
modal p-calculus [Wal00] or for the alternating-time temporal logic ATL [GvDO06], the full
computation tree logic CTL* [Rey01], for probabilistic extensions of u-calculus [LMX16]
or for a coalgebraic generalisation [SV18]. Concerning the separation logics that extend
Hoare-Floyd logic to verify programs with mutable data structures (see e.g. [OP99, Rey02,
1001, O’H12, PSO18]), a Hilbert-style axiomatisation of Boolean BI has been introduced
in [GLWO06], but remained at the abstract level of Boolean BI. More recently, HyBBI [BV14],

Key words and phrases: separation logic, internal calculus, adjunct/quantifier elimination.
* This is the long version of the first part of [DLM20].
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a hybrid version of Boolean BI has been introduced in order to axiomatise various classes of
abstract separation logics; HyBBI naturally considers classes of abstract models (typically
preordered partial monoids) but it does not fit exactly the heaplet semantics of separation
logics. Furthermore, the addition of nominals (in the sense of hybrid modal logics, see
e.g. [ABMO1]) extends substantially the object language. Other frameworks to axiomatise
classes of abstract separation logics can be found in [DP18, Docl9] and in [HCGT1§],
respectively with labelled tableaux calculi and with sequent-style proof systems.

Our motivations. Since the birth of separation logics, there has been a lot of interest in the
study of decidability and computational complexity issues, see e.g. [COY01, BDL09, BIP10,
CHO™11, DGLWM17, BK18, DLM18a, Man18, Man20], and comparatively less attention
to the design of proof systems, and even less with the puristic approach that consists in
discarding any external feature such as nominals or labels in the calculi. The well-known
advantages of such an approach include an exhaustive understanding of the expressive power
of the logic and discarding the use of any external artifact referring to semantical objects.
For instance, a tableaux calculus with labels for quantifier-free separation logic is designed
in [GM10], whereas Hilbert-style calculi for abstract separation logics with nominals are
defined in [BV14]. Similarly, display calculi for bunched logics are provided in [Brol2] but
such calculi extend Gentzen-style proof systems by allowing new structural connectives,
which provides an elegant means to simulate labels. In this paper, we advocate a puristic
approach and aim at designing a Hilbert-style proof system for quantifier-free separation
logic SL(#, =) (which includes the separating conjunction * and implication —, as well as
all Boolean connectives) and more generally for other separation logics, while remaining
within the very logical language (see the second part of [DLM20]).! Consequently, in this
work, we only focus on axiomatising separation logics, and we have no claim for practical
applications in the field of program verification with separation logics. Aiming at internal
calculi is a non-trivial task as the general frameworks for abstract separation logics make
use of labels, see e.g. [DP18, HCGT18]. We cannot rely on label-free calculi for BI, see
e.g. [Pym02, GLW06], as separation logics are usually understood as Boolean BI interpreted
on models of heap memory and therefore require calculi that cannot abstract as much as
it is the case for Boolean BI. Finally, there are many translations from separation logics
into logics or theories, see e.g. [CGH05, PWZ13, BDL12, RISK16]. However, completeness
cannot in general be inherited by sublogics as the proof system should only use the sublogic
and therefore the axiomatisation of sublogics may lead to different methods. A more detailed
discussion about the related work can be found in Section 7.

Our contribution. We propose a modular axiomatisation of quantifier-free separation
logic, starting with a complete axiomatisation of a Boolean algebra of core formulae, and
incrementally adding support for the spatial connectives: the separating conjunction and the
separating implication (a.k.a. the magic wand). The same approach could be followed for
other fragments of separation logic, as we did in the conference version of this paper [DLM20)]
(see also a similar approach in [DFM19]). Thus, our approach can be considered with the
broader perspective of a generic method for axiomatising separation logics. Let us be a bit
more precise.

lWe aim at defining internal calculi according to the terminology from the Workshop on External and
Internal Calculi for Non-Classical Logics, FLOC’18, Oxford, http://weic2018.1loria.fr.
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In Section 3, we present the first Hilbert-style proof system for SL(x, —) that uses axiom
schemas and rules involving only formulae of this logic. We mainly introduce our approach
and present the notations that are used throughout the paper. Each formula of SL (s, —)
is equivalent to a Boolean combination of core formulae: simple formulae of the logic
expressing elementary properties about the models [Loz04b]. Though core formulae (also
called test formulae) have been handy in several occasions for establishing complexity results
for separation logics, see e.g. [BDL09, DLM18a, Man18, EIP19], in the paper, these formulae
are instrumental for the axiomatisation. Indeed, the axiomatisation of SL(x, —) is designed
starting from an axiomatisation of Boolean combinations of core formulae (introduced in
Section 4), and adding axioms and rules that allow to syntactically transform every formula of
SL(#, =) into such Boolean combinations. This transformation is introduced in Section 5 and
in Section 6: the former section shows how to eliminate the separating conjunction *, whereas
the latter one treat the separating implication —. Schematically, for a valid formula ¢, we
conclude + ¢ from + ¢’ and + ¢’ < ¢, where ¢’ is a Boolean combination of core formulae.
Our methodology leads to a calculus that is divided in three parts: (1) the axiomatisation of
Boolean combinations of core formulae, (2) axioms and inference rules to simulate a bottom-
up elimination of separating the separating conjunction, and (3) axioms and inference rules to
simulate a bottom-up elimination of the magic wand. Such an approach that consists in first
axiomatising a syntactic fragment of the whole logic (in our case, the core formulae), is best
described in [Doul7] (see also [Wal00, vB11, WC13, Liic18, DFM19]). Section 7 compares
works from the literature with our contribution, either for separation logics (abstract versions,
fragments, etc.) or for knowledge logics for which the axiomatisation has been performed by
using a reduction to a strict syntactic fragment though expressively complete.

This paper is the complete version of the first part of [DLM20] dedicated to quantifier-
free separation logic SL(x, ). The complete version of the second part of [DLM20] dedicated
to the new separation logic SL(*,3:»~) is too long to be included in the present document.
A technical appendix contains syntactic derivations omitted from the body of the paper.

2. PRELIMINARIES

2.1. Quantifier-free separation logic. We present the quantifier-free separation logic
SL(x, —), that includes standard features such as the separating conjunction =, the separating
implication — and closure under Boolean connectives. Let VAR = {x,y,...} be a countably
infinite set of program wvariables. The formulae ¢ of SL(x#, =) and its atomic formulae 7 are
built from the grammars below where x,y € VAR.

mi=x=y [ x>y | emp pu=7 | o | ornp | orp | oo
The connectives =, < and v are defined as usually. In the heaplet semantics, the formulae
of SL(*, —) are interpreted on memory states that are pairs (s, h) where s : VAR — LOC is
a variable valuation (the store) from the set of program variables to a countably infinite
set of locations LOC = {{y, £, /2, ...}, whereas h : LOC —¢, LOC is a partial function with
finite domain (the heap). We write dom(h) to denote its domain and ran(h) to denote its
range. A memory cell of h is understood as a pair of locations (¢, ¢') such that ¢ € dom(h)
and ¢/ = h(£). As usual, the heaps h; and hy are said to be disjoint, written hifhs, if
dom(hy) ndom(hy) = ; when this holds, we write hy + ho to denote the heap corresponding
to the disjoint union of the graphs of hy and hg, hence dom(hy + he) = dom(hy) w dom(hs).
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When the domains of h; and ho are not disjoint, the composition hj + ho is not defined.
Moreover, we write A’ = h to denote that dom(h') < dom(h) and for all locations £ € dom(h’),
we have h/(£) = h(¢). If b’ £ h then A/ is said to be a subheap of h. The satisfaction relation =
is defined as follows (we omit standard clauses for the Boolean connectives — and A):

def

(S,h) ):X:y had S(X) :S(Y)v

(s,h) Femp S dom(h) = &,

(s,h) = x>y & s(x) € dom(h) and h(s(x)) = s(y),

(s,h) =1 %ps < there are hy, ha such that hith, (b1 + ho) = h,

(s,h1) = 1 and (s, ha) = @9,

(s,h) = @1 s <2 for all hy such that hy#h and (s, hy) E o1,

we have (s,h + h1) = 2.

We denote with L the contradiction x # x, and with T its negation —L. The septraction
operator -® (kind of dual of —), defined by ¢ -® &f —(¢@——1)), has the following semantics:

(s,h) Ep-®t¢ & there is a heap h' such that hih/, (s,h') = ¢, and (s,h + h') = 1.

We adopt the standard precedence between classical connectives, and extend it for the
connectives of separation logic as follows: {—=} > {A, v, *} > {=, =, -®} > {<}. Notice that
the separating conjunction * has a higher precedence than the separating implication —x,
and it has the same precedence as the (classical) conjunction A. For instance, ¢ % ¢ = x
and —p —x 1) % 1) stand for (¢ * 1) = y and (—¢) — (¢ = 1), respectively.

A formula ¢ is valid if (s, h) = ¢ for all memory states (s, h) (and we write = ¢). For
a complete description of separation logic, see e.g. [Rey02]. Given a set of formulae I', we
write I' = ¢ (semantical entailment) whenever (s,h) = ¢ holds for every memory state
(s, h) satisfying every formula in T

It is worth noting that quantifier-free SL(x, —) axiomatised in the paper admits a
PSPACE-complete validity problem, see e.g. [COYO01], and should not be confused with
propositional separation logic with the stack-heap models shown undecidable in [BK14,
Corollary 5.1] (see also [DD15, Section 4]), in which there are propositional variables
interpreted by sets of memory states.

2.2. Core formulae. We introduce the following well-known shortcuts, that play an im-
portant role in the sequel. Let x € VAR and € N.

Shortcut: Definition: Semantics:
alloc(x) & (x — x)— L (s,h) = alloc(x) iff s(x) € dom(h)
T if =0
size > 3 ¥'{ —emp if =1 (s,h) = size > g iff card(dom(h)) >

—emp * size > f—1 otherwise

We use size=f as a shorthand for size>f A —size>[+1. We also write card(X) to denote
the cardinality of the set X.

The core formulae are expressions of the form x =y, alloc(x), x < y and size > 3,
where x,y € VAR and 8 € N. As we can see, the core formulae are simple SL(x, —) formulae.
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It is well-known, see e.g. [Yan01, Loz04a], that these formulae capture essential properties
of the memory states. In particular, every formula of SL(x, —) is logically equivalent to a
Boolean combination of core formulae [Loz04a].

As a simple but crucial insight, since the core formulae are formulae of SL(x, —), we
can freely use them to help us defining the proof system for SL(x, —), and preventing us
from going outside the original language. Having this in mind, the resulting proof system
is Hilbert-style and completely internal (the formal definition of these types of systems is
recalled below).

Given X Sf, VAR and « € N, we define Core(X, ) as the set

{x =y, alloc(x), x —y, size > 3 |x,yeX, B€[0,a]}.

Bool(Core(X, «)) is defined as the set of Boolean combinations of formulae from Core(X, @),
whereas Conj(Core(X, «)) is the set of conjunctions of literals built upon Core(X,a). As
usual, a literal is understood as a core formula or its negation. Let ¢ = L1 A --- A L, €
Conj(Core(X, a)) be a conjunction of literals L1, ..., L,. We write Lt(¢) to denote {L1, ..., L,}.
In forthcoming developments, we are interested in the maximum S (if any) of formulae
of the form size > [ occurring positively in a conjunction of literals, if any. For this
reason, we write maxsize () for max({8 € N | size = € Lt(p)} U {0}). For instance, given
¢ = alloc(x) A size > 2 A —size > 4, we have Lt(¢) = {alloc(x),size > 2, —size > 4},
and maxgize(¢) = 2. Given two conjunctions of literals ¢ € Conj(Core(X,a1)) and ¢ €
Conj(Core(X, a2)), ¥ Syt ¢ stands for Lt(y)) < Lt(y). Finally, we introduce a few more
shortcuts and we write

o xSt |} for “xSrrpor x St ¥, e x St @} for “x S @ and x S Y7,
o {¢ |1} S x for “@ e x or ¥ S X7

Given a finite set of formulae I = {1, ..., o}, we write /A T as a shorthand for ¢1 A+ A @y,
Similarly, *I' stands for ¢; * ... * ,. It is important to notice that, similarly to the
classical conjunction, the separating conjunction = is associative and commutative (see the
axioms (A§) and (A%) in Figure 1), and therefore the semantics of *I" is uniquely defined,
regardless of the choice of ordering for ¢1,..., @,.

2.3. Hilbert-style proof systems. A Hilbert-style proof system H is defined as a set
of tuples ((®1,...,®P,), V) with n > 0, where ®4,...,®,, U are formula schemata (a.k.a
aziom schemata). When n > 1, ((®1,...,®,), V) is called an inference rule, otherwise it
is an axiom. As usual, formula schemata generalise the notion of formulae by allowing
metavariables for formulae (typically ¢, 1, x), for program variables (typically x,y,z) or for
any type of syntactic objects in formulae, depending on the context. The set of formulae
derivable from H is the least set S such that for all ((®q,...,®P,),¥) € H and for all
substitutions o, if ®10,...,P,0 € S then Vo € S. We write 3 ¢ if ¢ is derivable from H.
A proof system H is sound if all derivable formulae are valid. H is complete if all valid
formulae are derivable. We say that H is adequate whenever it is both sound and complete.
Lastly, H is strongly complete whenever for all sets of formulae I" and formulae ¢, we have
I' = ¢ (semantical entailment) if and only if -1 ¢.

Interestingly enough, there is no strongly complete proof system for SL(x,—), as
strong completeness implies compactness and separation logic is not compact. Indeed,
{size > (B | B € N} is unsatisfiable, as heaps have finite domains, but all finite subsets
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(Af) x=x (AS) x — y = alloc(x)
(A5) prx=y= ply—x] (Af) xoyrx—oz=y=2z

(AF) (pxv) < (Y=*o)

(A%¥g) (Alloc(x) A x> y)* T = —x >y

*

(A5) (px¥)xx = px(Y*x) (A¥;) alloc(x) = (alloc(x) A size=1)% T

(Al1) ¢ = p*emp (A¥g) —emp = size=1x%T

(A%;) alloc(x) * alloc(x) = L (A%y) —size> B x—size> B2 = —size= B+ P21

(A%)) exT = e {ec {—emp,x = y,x # y,x — y}] (A%y) alloc(x) A alloc(y) A x # y = size > 2
(A¥;) —alloc(x) * —alloc(x) = —alloc(x)

(AJ}) (size =1 A A —alloc(x)) ® T {X Srn VAR]
(AS) —alloc(x) = (x> yAsize=1-8T)
(AZ%) —alloc(x) = ((alloc(x) A size=1A A

x€X

—X <> y) -® T) {X Cfin VAR]

yeX

3 . p=X CAdp LY =X Adp 2= (W =X)
*Intro'@*¢3X*¢ *Ad‘].§03(¢—*x) —-x-Adj: TS

(axioms and modus ponens from propositional calculus are omitted)

Figure 1: The proof system Hc (s, —x).

of it are satisfiable. Even for the weaker notion of completeness, deriving an Hilbert-
style axiomatisation for SL(x, =) remains challenging. Indeed, the satisfiability problem
for SL(*, —) reduces to its validity problem, making SL(#,—) an unusual logic from a
proof-theoretical point of view. Let us develop a bit further this point.

Let ¢ be a formula built over program variables in X Sg, VAR, and let &~ be an

equivalence relation on X. The formula 1) def (emp A /\my X=yA /\Wy x#y)=(p®T)

can be shown to be valid iff for every store s agreeing on &, there is a heap h such that
(s,h) = ¢. It is known that for all stores s, s’ agreeing on &, and every heap h, the memory
states (s, h) and (s', h) satisfy the same set of formulae having variables from X. Since the
antecedent of 1 is satisfiable, we conclude that 1 is valid iff there are a store s agreeing on
~ and a heap h such that (s, h) = ¢. To check whether ¢ is satisfiable, it is sufficient to find
an equivalence relation ~ on X such that v~ is valid. As the number of equivalence relations
on X is finite, we obtain a Turing reduction from satisfiability to validity. Consequently, it
is not possible to define sound and complete axiom systems for any extension of SL (s, —)
admitting an undecidable validity problem (as long as there is a reduction from satisfiability
to validity, as above). A good example is the logic SL(x, —,1s) [DLM18b] (extension of
SL(%, =) with the well-known list-segment predicate 1s); see also the first-order separation
logic in [BDL12]. Indeed, to obtain a sound and complete axiom system, the validity problem
has to be recursively enumerable (r.e.). However, this would imply that the satisfiability
problem is also r.e.. As a formula ¢ is not valid if and only if —¢ is satisfiable, we then
conclude that the set of valid formulae is recursive, hence decidable, a contradiction.

3. HILBERT-STYLE PROOF SYSTEM FOR SL(x, —x)

In Figure 1, we present the proof system Hc(*, —+) that shall be shown to be sound and
complete for quantifier-free separation logic SL(x#, —). Hc(*, =) and all the subsequent
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fragments of Hc(*, —+) contain the axiom schemata and modus ponens for the propositional
calculus (we omit these rules in the presentation). In the axioms (Aj,), (A3]) and (A5%),
the notation ¢ {B] refers to the axiom schema ¢ assuming that the Boolean condition B
holds. We highlight the fact that, in these three axioms, B is a simple syntactical condition.
In the axiom (Ajg), @ — b, where a,b € N, stands for max(0,a — b).

Though the full proof system Hc(*, —) is presented quite early in the paper, its final
design remains the outcome of a refined analysis on principles behind SL(x, =) tautologies.
Fortunately, we do not start from scratch as the calculus must contain the axioms and rules
from the Hilbert-style proof system for Boolean BI [GLWO06]. At first glance the system
Hc(#, =) may seem quite arbitrary, but the role of the different axioms shall become clearer
during the paper. In designing the system, we tried to define axioms that are as simple as
possible, which helps highlighting the most fundamental properties of SL(x, —). Note that
we have not formally proved that our proof system Hc(*, —+) is minimal (though we have
tried our best to have a small amount of small axioms). Such an investigation would be out
of the scope of the paper, mainly for lack of space. The standard way to proceed would be
to design models different from memory states and to establish that all axioms but one are
valid (which would prove that this axiom is needed when all the other axioms are present).

We insist: the core formulae in Hc(#, =) should be understood as mere abbreviations,
which makes all the axioms in Figure 1 belong to the original language of SL(x, ). In order
to show the completeness of Hc(*, —), we first establish the completeness for subsystems
of Hc(*, =), with respect to syntactical fragments of SL(*, —). In particular, we consider

e Hc: an adequate proof system for the propositional logic of core formulae (see Figure 4),

e Hc(%): an extension of Hc that is adequate for the logic SL(x,alloc), i.e. the logic
obtained from SL(x, =) by removing the separating implication — at the price of adding
the formula alloc(x) (see Figure 5).

e The full Hc(*, —), which can be seen as an extension of Hc(*) that allows to reason about
the separating implication (see Figure 7).

For the completeness of H¢ and Hc(x), we add intermediate axioms that reveal to be
useless when the full proof system Hc(x, —) is considered, as they become derivable. By
convention, the axioms whose name is of the form Az are axioms that remain in Hc(x, —)
(see Figure 1) whereas those named I; are intermediate axioms that are instrumental for
the proof of completeness of a subsystem among H¢ and Hc(*) (and therefore none of
them occur in Figure 1). The numbering of the axioms in Figure 1 is not consecutive, as
intermediate axioms shall be placed within the holes. It is worth noting that the axiom (Aj3)
had an intermediate status in [DLM20] but we realised that actually this axiom does need
to be considered as a first-class axiom in the proof system Hc(x, —).

The choice of introducing Hc and Hc(*) naturally follows from the main steps required
for the completeness of Hc(#, —). In particular, the main “task” of Hc(#) is to produce a
bottom-up elimination of the separating conjunction =, at the price of introducing Boolean
combinations of core formulae, which can be proved valid thanks to Hc¢. Similarly, the
axioms and rules added to Hc(*) to define H¢(*, —) are dedicated to perform a bottom-up
elimination of the separating implication. A merit of this methodology is that only the
completeness of the calculus Hc is proved using the standard countermodel method. The
additional steps required to prove the completeness of Hc(*) and Hc(*, —) are (almost)
completely syntactical. For instance, to show the completeness of Hc (), we consider arbitrary
Boolean combinations of core formulae ¢ and 1, and exhibiting a Boolean combination of
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core formulae y such that ¢ ¢ < x is valid. We show that this validity can be syntactically
proved within Hc(*), and then rely on the fact that Hc is complete for Boolean combination
of core formulae to deduce that Hc () is complete for SL(*,alloc).

Along the paper, we shall have the opportunity to explain the intuition between the
axioms and rules. Below, we provide a few hints. The axioms (A$)- (A§) deal with the core
formulae and are quite immediate to grasp. More interestingly, whereas the axioms (A%)—
(Aj;) are quite general about separating conjunction and are inherited from Boolean BI,
the axioms (Aj,)—(A%,) state how separating conjunction behaves with the core formulae.
As for Boolean combinations of core formulae involved in the axioms (A$)~ (A§), these
axioms (Aj,)-(A%,) are also not difficult to understand. Besides, the inference rules %-Adj
and —«-Adj simply reflect that separating conjunction and separating implication are adjoint
operators, and are taken from Boolean BI, see e.g. [GLW06]. The axioms (Ag])—(As
dedicated to the interaction between the separating implication and core formulae are
expressed with the help of the septraction operator ® to ease the understanding but as
well-known, septraction is defined with the help of the separating implication and Boolean
negation. For instance, the axiom (A,%) states that it is always possible to add some
one-memory-cell heap i’ to some heap h while none of the variables from a finite set X is
allocated in A'. This natural property in our framework would not hold in general if LOC
were not infinite. Obviously, the septraction -® is also understood as an abbreviation.

As a sanity check, we show that the proof system Hc(x, —) is sound with respect to
SL(x, —). The proof does not pose any specific difficulty (as usual with most soundness
proofs) but this is the opportunity for the reader to further get familiar with the axioms
and rules from Hc (s, —).

Lemma 3.1. Hc(*, ) is sound.

The validity of the axioms (A$), (AS), (A§) and (Ag) is straightforward. Moreover, the
validity of the axioms (A%), (Ag) and (Aj;) and the three inference rules (x-Intro, *-Adj
and —-Adj) is inherited from Boolean BI (see [BV14] and [GLW06, Section 2]). Below, we
show the validity of the remaining axioms, thus proving Lemma 3.1.

Validity of the aziom (Ajg). Let us show that (alloc(x)*alloc(x)) is not satisfiable. Ad ab-
surdum, suppose there is a memory state (s,h) such that (s,h) = (alloc(x) * alloc(x)).
By definition of k=, there are hj, ho such that hyLlhg, (hy + he) = h, (s,h1) = alloc(x)
and (s,hy) = alloc(x). Thus, s(x) € dom(h;) and s(x) € dom(hs), which leads to a
contradiction with hyLhs. []

Validity of the axiom (A%,). The proof of the validity of every instantiation of (Aj,) is
similar (and quite easy), therefore we show just the case with x < y * T = x < y. Suppose
(s,h) =x < y = T. Then, there is a subheap h; = h such that (s,h1) = x — y. Hence,
hi(s(x)) = s(y). As hy E h, we obtain h(s(x)) = s(y), which implies (s,h) = x < y. []

Validity of the axiom (Ajs). Suppose (s, h) = —alloc(x)*—alloc(x). Then, there are two
disjoint heaps hy, he such that h = hy + hg, (s, h1) = —alloc(x) and (s, he) = —alloc(x).
Then s(x) ¢ dom(hy) and s(x) ¢ dom(hsg). Since h = hy + ho, dom(h) = dom(hy) U dom(hs)
and therefore s(x) ¢ dom(h). We conclude that (s, h) = —alloc(x). []

Validity of the axiom (Ajg). Suppose (s,h) = (alloc(x) A —x < y) * T. Then there is
a subheap h; T h such that (s, h1) = alloc(x) A —=x — y. Hence, s(x) € dom(h;) and
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1| emp= —size>1 (——I) and def. of size > 1
2 | alloc(x) A size = 1 = —size > 2 (AEr)

3 | emp * (alloc(x) A size = 1) = —size > 1 % —size > 2 #-Ilr, 1, 2

4| —size > 1% —size > 2 = —size > 2 (A%g)

5 | emp * (alloc(x) A size = 1) = —size > 2 =-Tr, 3, 4

6 | emp = (alloc(x) A size = 1 — —size > 2) #-Adj, b

Figure 2: A proof of emp = ((alloc(x) A size = 1) —« —size > 2).

hi(s(x)) # s(y). As hy E h, we obtain s(x) € dom(h) and h(s(x)) # s(y) which by definition
implies (s,h) | —x — y. []

Validity of the axiom (A%,). Suppose (s,h) = alloc(x). Let hy L {s(x) — h(s(x))}
As s(x) € dom(h), hy E h and (s, h1) = alloc(x) A size = 1. We define hg as the unique
heap such that hg +h; = h. As (s, he) = T, we have (s, h) = (alloc(x) Asize = 1)« T. []

The proof of axiom (Ajg) is similar to the one of (Aj;), and hence omitted herein.

Validity of the axiom (Ajg). Suppose (s, h) = —size > 51 * —size > [f3, where 31, f2 = 0.
Since —size > 0 is not satisfiable, this implies that necessarily (51,82 = 1. Hence,
the axiom (Ajg) is trivially valid when 8; = 0 or f2 = 0. In the sequel, 81,52 > 1.
Then, there are heaps hi, he such that hifha, hy + he = h, (s,h1) | —size > (1 and
(s,ha) = —size = [f5. By definition, card(dom(h;)) < 51 — 1 and card(dom(hs)) < 2 — 1.
Since dom(h) = dom(h1) U dom(hsg), we obtain card(dom(h)) < 81 + B2 — 2, which implies
(s,h) = —size = fB1 + 2 — 1. ]

Validity of the axiom (A%g). Suppose (s,h) = alloc(x) A alloc(y) A x # y. By definition,
s(x) # s(y), and s(x), s(y) € dom(h). Hence, card(dom(h)) > 2, and (s, h) = size = 2. []

Validity of the axiom (A3;). Let X S VAR and (s, h) be a memory state. Let hy be a heap
of size one such that hi(¢) = ¢ for some ¢ ¢ dom(h) U s(X). We write s(X) to denote the set
{s(x) | x e X}. Trivially (s, h1) = size = 1 A /\,ox —alloc(x). Moreover h;th holds, hence
hi+ hy is defined and (s, h+h1) = T. Then, (s, h) = (size = 1 A \,x —alloc(x))-®T. []

Validity of the axiom (Ags). Suppose (s,h) = —alloc(x). Let hy be the heap of size
one such that hj(s(x)) = s(y). Trivially, (s,h1) = x < y A size = 1. Moreover, as
s(x) ¢ dom(h), hith holds. Therefore, hy + h is defined, and (s,h + h1) = T. Then,
(s,h) E(x—>yArsize=1)®T. ]

Validity of the aziom (Agg). Suppose (s,h) | —alloc(x). Let X <4, VAR and Iy Sy

{s(x) — ¢}, where £ ¢ s(X). Hence, (s, h1) = alloc(x) A size = 1 A /\ oy =x < y. Since
s(x) ¢ dom(h), high. Therefore, the heap h + h; is defined and (s,h + h1) = T. Then,
(s;h) = (alloc(x) A size =1 A Ay x> y) ®T. O

Example 3.2. To further familiarise with the axioms and the rules of H¢(%, —), in Figure 2,
we present a proof of emp = (alloc(x) A size = 1 = —size > 2). In the proof, a line
“ 1 x A,i1,...,1;" states that x is a theorem denoted by the index j and derivable by the
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axiom or the rule A. If A is a rule, the indices i1, ..., < j denote the theorems used as
premises in order to derive y. When a formula is obtained as a propositional tautology or
by propositional reasoning from other formulae, we may write “PC” (standing for short
‘Propositional Calculus’). Similarly, we provide any useful piece of information justifying the
derivation, such as “Ind. hypothesis”, “See ...” or “Previously derived”. In the example, we
use the rule #-Adj, which together with the rule —x-Adj states that the connectives * and
-« are adjoint operators, as well as the axiom (Ajg), stating that card(dom(h)) < p1+052
holds whenever a heap h can be split into two subheaps whose domains have less than §;+1
and fo+1 elements, respectively. We also use the following theorems and rules:

= = = = )
e ERAEY 22 b2y
The first two theorems and the first rule are derivable by pure propositional reasoning. By
way of example, we show that the inference rule #-Ilr is admissible.

(AEr) pyrp=¢  (—-I) p=——p

1=y Hypothesis 509« =1y (A7)

2|y =1 Hypothesis 6| ¢ =@ xf (A7)

3l =¢ %9 #-Intro, 1 Tlosp =g =-Tr, 3,5

4 hxg = x #-Intro, 2 8| pr1p= ¢ xf =-Tr twice, 7, 4, 6

Remark 3.3. Note that an alternative proof of theorem 5 in Figure 2 consists in applying
=-Tr to theorem 2 and emp * (alloc(x) A size=1) = alloc(x) A size=1, which holds by
the axioms (Aj;) and (A%).

Example 3.4. In Figure 3, we develop the proof of emp = (alloc(x) Asize = 1—+size = 1)
as a more complete example. We use the following theorems and rules:

(=#A-DistrL) (¢ =) A (@ = x) = (p = A X) (ATIL) o =T A g A-InfL: M%

The rightmost axiom and the only rule are derivable by propositional reasoning. We show
the admissibility of the axiom (—+A-DistrL).

Li(p®dv-x)= (e v(ee®—X) (Ig%3.8), Lemma 6.3

2| =(p—=(=Y v =x)) = ~(p > —=1) v =(p = —=x) Def. ®, 1

3| —(p s Ax) = (g ) v =(p =) Replacement of equivalents, 2
4| (=) n(p=x)=(p=xv¥Ax) PC, 3

Main ingredients of the method. Before showing completeness of Hc(*,—), let us
recall the key ingredients of the method we follow, not only to provide a vade mecum for
axiomatising other separation logics (which, in the second part of [DLM20], we illustrate on
the newly introduced logic SL(x,3:v»~)), but also to identify the essential features and where
variations are still possible. The Hilbert-style axiomatisation of SL(x, =) shall culminate
with Theorem 6.5 that states the adequateness of the proof system Hc(, —).

In order to axiomatise SL(x, =) internally, as already emphasised several times, the
core formulae play an essential role. The main properties of these formulae is that their
Boolean combinations capture the full logic SL(s, =) [Loz04a] and all the core formulae can
be expressed in SL(x, ). Generally speaking, our axiom system naturally leads to a form
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1] T=(alloc(x) A size = 1) = (alloc(x) A size =1) T (A¥%)

2 | alloc(x) A size = 1 = size > 1 (AEr)

3| (alloc(x) Asize=1)*T = size> 1= T x-Intro, 2

4| size>1xT =size>1 (A%,) (size =1 ef —emp)
5| T (alloc(x) A size =1) = size > 1 =-Tr twice, 1, 3, 4

6| T = (alloc(x) A size =1 =« size > 1) x-Adj, 5

7 | emp = (alloc(x) A size = 1 + —size > 2) See Example 3.2

8 | (alloc(x) A size = 1 - —size = 2) =

T A (alloc(x) A size = 1 -+ —size > 2) (ATIL)

9| T A (alloc(x) A size =1 -« —size > 2) =

((alloc(x) A size = 1 — size > 1)A

(alloc(x) A size = 1 = —size > 2)) ~-InfL, 6

10 | ((alloc(x) A size = 1 - size > 1)A

(alloc(x) A size = 1 —+ —size > 2)) =

(alloc(x) A size =1 —xsize =1) (—¢A-DistrL) + Def. size
11 | (alloc(x) A size = 1 = —size > 2) =

(alloc(x) A size =1 —xsize =1) =-Tr twice, 8, 9, 10

12 | emp = (alloc(x) A size = 1 - size = 1) =-Tr, 7, 11

(recall that size = § is a shortcut for size > 8 A —size = +1)

Figure 3: A proof of emp = (alloc(x) A size = 1 - size = 1).

of constructive completeness, as advocated in [Doul?, Liic18]: the axiomatisation provides
proof-theoretical means to transform any formula into an equivalent Boolean combination
of core formulae, and it contains also a part dedicated to the derivation of valid Boolean
combinations of core formulae (understood as a syntactical fragment of SL(x, —)). What is
specific to each logic is the design of the set of core formulae and in the case of SL(x, —x),
this was already known since [Loz04al.

Derivations in the proof system Hc(*, —) shall simulate the bottom-up elimination of
separating connectives (see forthcoming Lemmata 5.5 and 6.2) when the arguments are
two Boolean combinations of core formulae. To do so, Hc(*, =) contains axiom schemas
that perform such an elimination in multiple “small-step” derivations, e.g. by deriving a
single alloc(x) predicate from alloc(x) = T (with forthcoming intermediate axiom (I5,)).
Alternatively, it would have been possible to include “big-step” axiom schemas that, given
the two Boolean combinations of core formulae, derive the equivalent formula in one single
derivation step (see e.g. [EIP19]). The main difference is that small-step axioms provide a
simpler understanding of the key properties of the logic.



12 S. DEMRI, E. LOZES, AND A. MANSUTTI

(Af) x=x (A x o yArx—sz=y=2
(Ag) Y Ax=7= p[y—x] (Ig) size > f+1 = size = [
(AS) x> y = alloc(x) (I§) A,eq(alloc(x) A /\yex\{x} X # y) = size > card(X)

Figure 4: Proof system ¢ for Boolean combinations of core formulae.

4. A SIMPLE CALCULUS FOR THE CORE FORMULAE

To axiomatise SL(x*, =), we start by introducing the proof system Hc dedicated to Boolean
combinations of core formulae, see Figure 4. As explained earlier, it also contains the axiom
schemata and modus ponens for the propositional calculus. Moreover, the axioms whose
name is of the form A¢ are axioms that remain in the global system for SL(#, —), whereas
those named Iic are intermediate axioms that are removed when considering the axioms
dealing with the separating connectives. As explained before, the intermediate axioms are
handy to establish results about the axiomatisation of Boolean combinations of core formulae
but are not needed when all the axioms and rules of Hc(*, ) are considered.

In the axiom (AS), ¢[y<x] stands for the formula obtained from ¢ by replacing with
the variable x every occurrence of y. Let (s,h) be a memory state. The axioms state
that = is an equivalence relation (first two axioms), h(s(x)) = s(y) implies s(x) € dom(h)
(axiom (AS§)) and that h is a (partial) function (axiom (A§)). Furthermore, there are
two intermediate axioms about size formulae: (I) states that if dom(h) has at least S+1
elements, then it has at least [ elements, whereas (Ig) states instead that if there are (8
distinct memory cells corresponding to program variables, then indeed dom(h) = §. It is
easy to check that Hc is sound (see also Lemma 3.1). In order to establish its completeness
with respect to Boolean combinations of core formulae, we first show that Hc is complete
for a subclass of Boolean combinations of core formulae, namely for core types defined below.
Then, we show that every formula in Bool(Core(X, ) is provably equivalent to a disjunction
of core types (Lemma 4.2).

Introduction to core types. Let X&,VAR and a € NT. We write CoreTypes(X, a) to
denote the set of core types defined by

{(p € Conj(Core(X, a)) ‘ for all ¢ € Core(X, ), {¢¥ | —¢} SLt , and (Y A ) £t 4,0}.

Note that if ¢ € CoreTypes(X, «), then ¢ is a conjunction such that for every ¢ € Core(X, ),
there is exactly one literal in ¢ built upon .

Lemma 4.1 (Refutational completeness). Let ¢ € CoreTypes(X, ), where o > card(X). The
formula —¢ is valid if and only if =y, —.

Proof. We show that ¢ is unsatisfiable if and only if 3, —¢. The “only if” part follows
from the soundness of Hc, so we prove the “if” part. Let ¢ € CoreTypes(X, «) be such that
e ¢ = L, and let us prove that ¢ is satisfiable. By the axioms (A$) and (AS), there is an
equivalence relation &~ on X such that x ~ y iff x = y occurs positively in ¢. We write [x] to
denote the equivalence class of x with respect to ~. By the axioms (AS) and (A§), there is a
partial map f: (X/ ~) — (X/ ~) on equivalence classes such that x < y occurs positively iff
f([z]) is defined and f([x]) = [y]. Let D = {[x] | alloc(x) occurs positively in ¢}. By the
axiom (A$), dom(f) € D. Let n = maxgize (). We recall that, by definition of maxgize(.),
n is the greatest § such that size > 3 occurs positively in ¢ (or zero if there are none).
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Let us show that n > card(D). Ad absurdum, suppose that n < card(D). From
the axiom (I§), 3. ¢ = size > card(D) and by definition of n and the fact that
a = card(X) > card(D), Fy. ¢ = size > n and ¢, ¢ = —(size > (n + 1)) since both
size > n and (size > (n + 1)) (possibly negated) occur in ¢ as a > card(X). By using the
axiom (I$) and propositional reasoning, we can get that -3, ¢ = —(size > card(D)) since
2 ¢ = —(size > (n + 1)), which leads to a contradiction. Consequently, n > card(D).

Let 4o, f1,...,¢, € LOC be n + 1 distinct locations, and let us fix an enumeration
C1, ..+, Ceara(p)y On the equivalence classes of ~. Let (s, h) be defined by

o s(x) €' ¢; if [2] is the ith equivalence class Cj,

o h({;) e ¢ if 0 < i < card(D) and the ith equivalence class is mapped to the jth one by f,

o h({;) L0y if either 0 < i < card(D) and the ith equivalence class is not in the domain of
f, or i > card(D).

Then, by construction, (s,h) satisfies all positive literals of the form x = y or x < y or

alloc(x) that occur positively in ¢, and all negative literals that occur in ¢. It also satisfies

size > n, falsifies size = n + 1 (assuming n + 1 < @), and by the axiom (I§), it satisfies

all size literals in ¢. L]

By classical reasoning, one can show that every ¢ € Bool(Core(X, «)) is provably equiv-
alent to a disjunction of core types. Together with Lemma 4.1, this implies that Hc is
adequate with respect to the propositional logic of core formulae.

To prove forthcoming Theorem 4.3, let us first establish the following simple lemma.

Lemma 4.2 (Core Types Lemma). Let ¢ € Bool(Core(X,«r)). There is a disjunction
=11 v ... v, with ¢; € CoreTypes(X, max(card(X), «)) for all i such that -y ¢ < .

Proof. Let ¥ v ... v 9, be a formula in disjunctive normal form logically equivalent
to . If 9; is not a core type in CoreTypes(X, max(card(X), a)), there is a core formula
X € Core(X, max(card(X), «)) that occurs neither positively nor negatively in ;. Replacing
¥; with (¢¥; A x) v (¥; A —X), and repeating this for all missing core formulae and for all i,
we obtain a disjunction of core types of the expected form. Since all equivalences follow
from pure propositional reasoning, the equivalence between ¢ and the obtained formula can
be proved in Hc. L]

Theorem 4.3 (Adequacy). A Boolean combination of core formulae ¢ is valid iff -y ©.

Proof. Let ¢ be a Boolean combination of core formulae in CoreTypes(X, «) for some X and «.
As all the axioms are valid (Lemma 3.1), . ¢ implies that ¢ is valid. Let us assume that ¢
is valid, and let us prove that -3, ¢. By Lemma 4.2, there is a disjunction ¢ = 1 v ... v,
of core types in CoreTypes(X, max(card(X), a)) such that 3. (—¢) < 1. As ¢ is valid, the
formulae —¢, 1 and all the 1);’s are unsatisfiable. By Lemma 4.1, -9 ¥; = 1, for all i. By
propositional reasoning, . ¢. []

5. AXIOMATISATION FOR SL(#,alloc)

We write SL(x,alloc) to denote the fragment of SL(s, —) in which the separating implication
is removed at the price of adding the atomic formulae of the form alloc(x). We define an
Hilbert-style axiomatisation for SL(x,alloc), obtained by enriching H¢ with axioms and one
inference rule that handle the separating conjunction =, leading to the proof system Hc(x).
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(A7) (pxv) = (Yxo) (Afy) exT =e dec{-emp, x=y,x#y, x>y}]
(AE) (px)xx < @x* (Y*X) (A¥5) —alloc(x) * —alloc(x) = —alloc(x)
(I5) (pvy)sx=(p*x) Vv (¥=xX) (Afe) (alloc(x) A —x > y)# T = —x >y
(%) (Lxg)= L (A¥;) alloc(x) = (alloc(x) A size=1)xT
(A%)) p < p*emp (Afg) —emp=size=1x%T
(T¥,) alloc(x) * T = alloc(x) (A%y) —size > B * —size = B2 = —size = f1+[2-1
(A¥;) (alloc(x) * alloc(x)) < L (A%;) alloc(x) A alloc(y) A x # y = size > 2
. =X = ph= _
x-Intro: T ESTY (a ~ b =max(0,a — b))

Figure 5: Additional axioms and rule for Hc ().

Fundamentally, as we work now within SL(%,alloc), the core formula size >  can be
encoded in the logic. According to its definition, given in Section 2.2, we see size > 0 as T,
size > 1 as —emp and size > $+2 as —emp * size > [+1.

The axioms and the rule added to H¢ in order to define Hc(*) are presented in Figure 5.
Their soundness has been proved in Lemma 3.1, with the exception of the three intermediate
axioms (I§), (Ify) and (I,), which are used for the completeness of Hc(x*) with respect
to SL(x,alloc), but are discharged from the proof system for SL(x, =) (Figure 1), as they
become derivable (Lemma 6.1).

Lemma 5.1. Hc(*) is sound.

Proof. The axioms (I§) and (Ij,) are inherited from Boolean BI (see [BV14] and [GLWO06,
Section 2]). The soundness of (I,) is straightforward. Indeed, suppose (s, h) = alloc(x)*T.
So, there is h'=h such that (s, h’) = alloc(x). By definition of alloc(x), s(x) € dom(h').
By h'Eh, s(x) € dom(h). We conclude that (s, h) = alloc(x). []

Let us look further at the axioms in Figure 5. The axioms deal with the commuta-
tive monoid properties of (x,emp) and its distributivity over v (as for Boolean BI, see
e.g. [GLWO06]). The rule #-Intro, sometimes called “frame rule” by analogy with the rule
of the same name in program logic, states that logical equivalence is a congruence for .
Hc(*) is designed with the idea of being as simple as possible. On one side, this helps
understanding the key ingredients of SL(*,alloc). On the other side, this makes the proof
of completeness of Hc(*) more challenging. To work towards this proof while familiarising
with the new axioms, we first show a set of intermediate theorems (see Appendix A).

Lemma 5.2. The following rules and axioms are admissible in Hc(*):

(IEoq) x~yA(p*9) = (p Ax ~y)*1, where ~ stands for = or #.

(I522) x =y A ((¢ A alloc(x)) # ¥) = (¢ A alloc(y)) .

(If 5 3) (p Aalloc(x))*1 = @ (¢ A —alloc(x)).

(If 5 4) —alloc(x) A (p* 1)) = (p A —alloc(x)) = 1.

(If 5 5) alloc(x) A (¢ * (—alloc(x) A ¢)) = (¢ A alloc(x)) * (—alloc(x) A )
(Ifo6) x =y A ((p Aalloc(x)) *9) = (p Ax—y) x.

(I527) x>y A (p*Y)= (A —x—y) 1.
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In Hc(#), the axioms (I§) and (I§) of Hc are superfluous and can be removed. Indeed,
notice that both axioms do not appear in the proof system Hc(*, =) given in Figure 1.

Lemma 5.3. The azioms (IS) and (I§) are derivable in Hc(*).

Validity of (IS). The proof is by induction on 3.

base case: 3 = 0: The instance of the axiom (I$) with 3 = 0 amounts to derive the formula
size > 1 = size > (0. By definition size > 1 = —emp and size > 0 = T, and therefore,
by propositional reasoning, -, () size > 1 = size > 0.

induction step: § > 0: By induction hypothesis, assume -4 (4) size > 8 = size > f—1.
The formula size > § + 1 = size > [ is derived as follows:

1| size=>f=size=p3—-1 Induction hypothesis
2 | (size = ) * —emp = (size > § — 1) * —emp x-Intro, 1
3|size=>fB+1=size=f8 2, def. of size L]

Before proving the validity of (Ig), we derive the intermediate theorem below. Let X C¢, VAR.
(I5%51)  Agex(alloc(x) A /\yex\{x} X #y) = (kgex(alloc(x) A size =1)) = T.
Validity of (I5%5 ;). The proof is by induction on the size of X. We distinguish two base

cases, for card(X) = 1 and card(X) = 0.

base case: card(X) = 1: In this case, (I5% ) is exactly (Ajr;).
base case: card(X) = 0: In this case, (I5%5,) is T =T = T.

1| emp=T PC

2| T=Tsxemp (A%)

3| Txemp=emps* | (A%)

4 |empxT =T=xT x-Intro, 1
5(T=TxT =-Tr, 2, 3,4

induction step: card(X) > 2: Let z € X. By induction hypothesis,

Fatcs) Muex (2 (@1106(0) A Ajex fup @ # V) = (kuex(z) (@lloc(u) A size = 1)) = T.

We write x for the premise /\ oy, (,3(21loc(w) A Ayep fu ) U # V) above. Below, we aim
for a proof of

e (#) Ngex(alloc(x) A A yex\(x} X # ¥) = (alloc(z) A size = 1) =

In this way, the provability of (I5% ;) follows directly by induction hypothesis together
with (A%) and #-Intro. We have

1| Asex(@lloc(x) A Ajey oy X # ¥) = (alloc(z) A size =1) =T (A%;) and PC

2| T=xv—-x PC

3| (alloc(z) A size = 1) * T = (alloc(z) A size = 1) * (x v —X) w-Intro, (A%), 2
4 | (alloc(z) A size =1)* (x v —x) =
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((alloc(z) A size = 1) * x) v ((alloc(z) A size = 1) * —Y) (A%) and (I§)

5| Nyex(alloc(x) A /\yex\{x} x#£7y)=

10
11
12
13
14
15
16

((alloc(z) A size = 1) = x) v ((alloc(z) A size = 1) = —Y) =-Tr 1, 3,4

By propositional reasoning, —y is equivalent to \/uex\{z}(ﬂalloc(u) v \/vex\{u U= V).
Due to the complexity of this formula, we proceed now rather informally, but our
arguments entail the existence of a proper derivation. We aim at showing that

Face) /\(alloc(x) A /\ x#y) A ((alloc(z) Asize=1)x—x)=L. ()
xeX yex\{x}

By propositional calculus and (I§), we can distribute conjunctions and separating
conjunctions over disjunctions. We derive:

e (%) /\(alloc(x) A /\ x #7) A ((alloc(z) A size = 1) % —x) =+ v+,
xeX yex\{x}

where 7/ and 7" are defined, respectively, as
V uex\ (2} (/\xex(alloc(x) A Nyexv X # ¥) A ((alloc(z) A size = 1) * ﬁalloc(u))) ,

V uex\(z) (/\XGX(alloc(x) A Nyexygx X # ¥) A ((alloc(z) A size = 1) xu = v))
vex\{z,u}
In order to deduce () it is sufficient to prove, in Hc (%), that every disjunct of 4" and ~”
implies 1. Clearly, if 4/ and 4" do not have any disjunct, i.e. when X\{z} is empty, then
the formula is propositionally equivalent to L, which allows us to conclude (f). Otherwise,
let us consider each disjunct in 4/ and +” (separately), and prove their inconsistency.
case: 7': Let u e X\{z}. We show the inconsistency of

5 & Axex(@lloc(x) A Ajex x3 X # ¥) A ((alloc(z) A size = 1) —alloc(u)).

Nsex(@lloc(x) A A jex () X # ¥) = alloc(u) Au # z PC
7 = alloc(u) A u # z A ((alloc(z) A size = 1) * —alloc(u)) PC
alloc(u) A ((alloc(z) A size = 1) *x —alloc(u)) =

((alloc(z) A size = 1 A alloc(u)) * —alloc(u)) TE,5)
u# z A ((alloc(z) A size =1 A alloc(u)) * —alloc(u)) =

((alloc(z) A size = 1 A alloc(u) A u # z)* —alloc(u) Ix, 1)
alloc(z) A alloc(u) A u# z = size > 2 (A%,)
size =1 = —size > 2 pPC
alloc(z) A size =1 A alloc(u) Au#z =1 =-Tr, PC, 10, 11
¥ = (alloc(z) A size = 1 A alloc(u) A u # z) * —alloc(u) PC,7,8,9
(alloc(z) A size = 1 A alloc(u) A u # z) * —alloc(u) = L *—alloc(u) #-Intro, 12
1 x—alloc(u) =1 (I3y), 14
5l PC, 13, 15

Since 7 is an arbitrary disjunct appearing in v/, we conclude that F20c () v =1.
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case: 7": Let u e X\{z} and v € X\{z,u}. Notice that if u or v do not exist, then ~"

defined as 1 and so the proof is complete. Otherwise, we show the inconsistency of

7% Asen(alloc(x) A Ayey g % # 3) A

/\xEX(allOC(X) A /\yEX\{x} X # y) =uFv

alloc(z) Asize=1=T

(alloc(z) Asize=1)sxu=v=u=vx* |

u=v* ]| =>u=v

((alloc(z) A size =1)*xu =)

=1

= u=Vv

((alloc(z) A size = 1) xu =v).

PC

PC

x-Intro, 18, (A¥)
(A%,)

—_Tr, 19, 20
PC, 17, 21

Since 7 is an arbitrary disjunct appearing in 7", we conclude that () 7" = L.

e () /\xex(alloc(x)

From -4 () 7' =L and (4 7" =L we conclude that (f) holds. From the theorem 5
derived in this proof, this allows us to conclude that

A Nyex\x) X # ¥) =

which concludes the proof, as explained at the beginning of the induction step. []

(alloc(z) A size = 1) =y,

We complete the proof of Lemma 5.3 by showing a derivation of (IS).

Validity of (IS). Let X Cqin VAR. If X = (¥, then the instance of the axiom (I§) becomes
T = size > 0, which, by definition of size > 0, is syntactically equivalent to T = T and
hence valid by propositional reasoning. Below, assume X # ¢ and fix z € X.

1

® N O Ot =

(skyxexsize = 1)« T = (si

(skxexsize = 1) = size >

Asex(alloc(x)

/\xex(alloc(x) A /\yex\{x} X#Yy) =
(skzex(alloc(x) A size =1)) = T

alloc(x) A size =1 = size > 1

size> 1% = size>1

(size = 1% T) # (skyex\(z)5ize =

>1%T)x

card(X)

(skxex(alloc(x) A size = 1)) # T = (kgexsize = 1) =T

= (kyexsize = 1)

A Nyex\jx} X # ¥) = size >

(Fxex\(z}Size = 1)

(Is'31
PC, def. of size =1

multiple applications of
x-Intro, 2, (A%) and =-Tr

(A%), (Af), def. of z
(A%,), def. of size > 1

x-Intro
(A%), def. of size > card(X)
=-Tr, 1,3,4,6,7 []

From now on, we understand Hc(x) as the proof system obtained from H¢ by adding

all schemata from Figure 5 but by removing (IS) and (IS). We show that Hc(*) enjoys
the # elimination property when the argument formulae are core types. That is, given two
satisfiable core types ¢ and 1), in CoreTypes(X, ), we show that the formula ¢ 1) is provably
equivalent to the formula («)(¢, ) in Conj(Core(X,2«a)), defined in Figure 6.
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N E~yeuiolv)~e (=} A\ {alloct) cie (o |4}
N /\ {—alloc(x) Cre {¢;v}} A /\ {—x = y|alloc(x) A =x =y St {¢ | ¥}}
A /\ {x# x|alloc(x) i {0 9}} A /\ {size > B1+6 size = (1 Syt (p}

size > f St ¢
A N CIE0) A\ freize s | 522 igu |

—size = B2 St ¢
Figure 6: The formula (x)(p, ).

Lemma 5.4. Let X S, VAR and a = card(X). If ¢ and ¢ are two satisfiable core types in
CoreTypes(X, ), then () ¢ * 1 = ()(p, ).

The equivalence ¢ * 1) < (x)(p, 1) is reminiscent to the one in [EIP19, Lemma 3] that is
proved semantically. In a way, because Hc(*) will reveal to be complete, the restriction of
[EIP19, Lemma 3| to SL(*,alloc) can be replayed completely syntactically within Hc(*).

Structure of the proof of Lemma 5.4. Before presenting the technical developments, let us
explain the structure of the whole proof of Lemma 5.4, which might help to follow the
different steps In order to show that () ¢ * ¥ < (+)(¢,9), we start showing that
Fac(x) @ * P = (x)(p,%). This can be done rather mechanically since for every literal L
of (x)(p, @b), one can construct a derivation for 4. (x) ¥ * ¢ = L. The main difficulty in
the proof rests on showing that () (#)(, 1) = ¢ * 1. To do so, we build a sequence of
formulae M % (D @5 @) oK)y 4 (k) satisfying the following conditions:
o forallie [1, k], '_Hc(*) (o, ) = @@ % 4p() | the formulae ¢ and () are conjunctions
of core formulae, and
e for all j € [1,4], gp(') CLt @ and ) < .
o o= ¢®) and ¢ = *) (modulo associativity /commutativity of the classical conjunction).
In order to build ¢**! (resp. ¥™1), we identify a literal L in ¢ (resp. in 1) that does not
occur yet in @' and we show that () ()(, 1) = PUFD 5 p(i+1) wigh it € @) A L
(resp. ¥+ ECRTICIN L) and 0+ L @ (resp. @(+1) & ©®). The case analysis on the
shape of the literal L is rather mechanical but it remains to specify how the first formulae
D and v are designed. In short, ™) (resp. 1/1(1)) is dedicated to the part of ¢ (resp. )
related to the size of the heap domain and to the allocated variables. Details will follow.
To construct these above-mentioned derivations, some additional derivations are instru-
mental in particular to establish that the formulae below are derivable in Hc(*):

size = 81 + Bo = size = [ * size = s, size = 81 + Bo = size = 1 * size = fs.
Such derivations can be found in Appendix B. We now develop the proof of Lemma 5.4.
Proof of Lemma 5.4. First of all, let us briefly explain what is the rationale for having literals
of the form x # x in the definition of (x)(¢, ). Recall that alloc(x) S\t {¢; ¥} is a shortcut
to state that alloc(x) occurs in both the core types ¢ and . Since (alloc(x) A ¢) *

(alloc(x) A ¢') is unsatisfiable, alloc(x) Sy {¢ ; ¢} entails that {(x)(¢,1) should be
unsatisfiable. That is why, if alloc(x) Sit {¢; ¥}, then x # x is part of (x)(p, ).
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(=): Let us show that -y () ¢ * ¥ = (*)(¢,v). We establish that - (4) ¢ * ¢ = L holds

for every literal L of (x)(¢,1). We reason by a case analysis on L S| {x)(p, ).

case: L is an (in)equality or L = x < y: For all the equalities and inequalities in ¢ or
¥, as well as all the literals of the form x < y, ty(x) ¥ * ¢ = L follows from the
rule #-Intro and the axiom (Aj,). Let us provide below the proper derivation when L
is a literal in ¢ that is an equality, an inequality or of the form x — y.

1|p=1L PC 4| L+T=1L (A%,
2| Yp=T PC 5| @pxtp= L =-Tvr, 3, 4
3|pxtp=L=x*T ==Ilr, 1, 2

Assume there is a literal x # x that occurs in (x)(p,1). As both ¢ and 1) are satisfiable,
and thanks to (A$), this is necessarily due to alloc(x) occurring both in ¢ and .

1| ¢ = alloc(x) PC 4 | alloc(x) * alloc(x) =1 (A%3)
2 | ¥ = alloc(x) PC 5| l=x#x PC
3| ¢*1 = alloc(x)*alloc(x) =-Ilr, 1,2 6| p*xp=x#x =-Tr, 4,5

case: L = alloc(x): Follows from (Ij,) and =-Intro.

case: L = —alloc(x): Follows from (Ajs) and =-Intro.

case: L = —x — y: Let —x <> y be a literal occurring in (x)(p,1). So, alloc(x) A =x — y
occurs in ¢ or 1, say in ¢ (the other case is equivalent, due to (A%)).

1] p=alloc(x) A x>y pPC
2|¢Y=>T PC

3| px1p = (alloc(x) A " x > y)* T #-Ilr, 1, 2
4| (alloc(x) A x> y)x T = —x >y (A%e)
5|p*t)=—-x—>y =-Tr, 3,4

case : L = size > 31 + f2, where size > 31 S| ¢ and size = 2 S ¢

1| ¢=size > [ PC 3| p*1)=size = [ *size = fy =-Ilr, 1,2
2| = size = (s PC 4| px1p = size = (f1 + B2) Def. size
Notice that, as ¢ and 1 are satisfiable core types, size > 0 appears positively in both

these formulae, and thus appears in (x)(p, ).
case: L = —size = (1 + B2 =~ 1, where —size = 5] S ¢ and —size = [y S|t ¢

1| o= —size>= [ PC

2 | = —size = [y PC

3| px1p = —size = B x —size = 3 #-Ilr, 1, 2
4 | —size = B * —size = o = —size = 1 + B2~ 1 (A%g)
5|p#tp=—size =1+ 21 =-Tr, 3, 4
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(«): Let us show that g () (4)(0,%) = @ *1b. If (x)(,v) is unsatisfiable, then by
completeness of Hc (Theorem 4.3), Fx. (+)(p, ) =1, and thus Fy. (@, ¢) = @ * .
Since Hc(*) includes Hc, we conclude that -y () (+)(p, %) = ¢ *1p. Otherwise, below, we
assume (x)(p, 1) to be satisfiable. In particular, this implies that no literals of the form
x # x or —size > 0 appear in (x)(¢, ). Moreover, by definition of (x)(¢,1)), this implies
that ¢, ¢ and (x)(¢,1) agree on the satisfaction of the core formulae x =y, i.e. ¢, ¥ and
()(¢p, 1) contain exactly the same (in)equalities. Since ¢ is satisfiable, these equalities define
an equivalence relation. Let x1,...x%, be a maximal enumeration of representatives of the
equivalence classes (one per equivalence class) such that alloc(x;) occurs in (x)(p, ). As it
is maximal, for every alloc(x) St (*)(p,%) there is i € [1,n] such that x; is syntactically
equal to x. Consequently, from the definition of (x)(¢, 1)), if alloc(x) occurs in ¢ or in v,
then there is some x; such that x = x; occurs in ¢ (and therefore also in ¢ and in (x)(¢,)).
Let us define the formula Alloc below:

Alloc &' (alloc(x1) A size = 1) -+ x (alloc(x,) A size = 1).

We have,
1| Go(p, ) = /\ie[l’n](alloc(xi) A /\je[l’n]\{i} X; # Xj) PC, def. of x1,...,%,
2 /\ie[l,n](alloc(xi) A /\je[l,n]\{i} x; # xj) = Alloc* T (I35
3| Gy, ) = Alloc= T =-Tr, 1, 2

Moreover, we show that ty (4 Alloc = size > n and by (4) Alloc = —size = n+l1
(theorems 4 and 7 below), and so -y (x) Alloc = size = n.

1| xAsize=1=size>1 PC, def. of size =1
2| xAsize=1= —size>2 PC, def. of size =1
3 | Alloc = *c[1 njsize = 1 multiple applications of

x-Intro, 1, (A%) and =-Tr
4| Alloc = size>=n 3, def. of size = n

5| Alloc = *ie[1,n)—size = 2 multiple applications of
x-Intro, 2, (A%) and =-Tr

6 | *e[1,n)size > 2= —size =n +1 n applications of (A%y) and #-Intro
7| Alloc = —size>n+1 =-Tr, 5, 6
8 | Alloc = size =n PC, 4, 7, def. of size =n

After deriving gy (x) (¥)(p,9) = Alloc * T and by (x) Alloc = size = n, the proof is
divided in three steps: (1) we isolate the allocated cells and the garbage, (2) we distribute
the alloc and size literals according to the goal ¢ =1 and (3) we add the missing literals.

Step 1, isolating allocated cells and garbage. Since (x)(p, 1)) is a conjunction of literals
built from core formulae, we can rely on maxgize((*)(,)), i.e. the maximum S among
the formulae size > § appearing positively in {(x)(p, ). First, we show some important

properties of (x)(¢, 1), related to maxgize((x)(p,1)).
A. maxsize((#)(p, V) = Maxsize() + MaXsize(V),
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B. If there is 8 € N such that —size > 8 St (x)(p,7), then
—size > maxgize () + 1 SLt o, —size > maxgize (V) + 1 St 1.
C. If there is § € N such that —size > § St (*)(¢, 1), then
—size > maxsize ((+)(, 1)) + 1 Sie () (0, 9).

Proof of (A). By definition of maxgize(.), we know that size > maxgize(p) St ¢ and
size > maxgize (1) it ¥. By definition of (x)(p, 1)), size = maxgize(®) + Mmaxgize (1)) Sit
(). Ad absurdum, suppose that maxgize() + maxgize(?)) # maxsize((x)(p, 1))
and thus, by definition of maxgjze(.), there is S > maxgize(p) + maxgize(?) such that
size = 0 <t {(x)(p,¥). By definition of {(x)(p,1), we conclude that there are 1 and
B2 such that 1 + B2 = B, size = (1 St ¢ and size = [y S Y. As [ + B2 >
MaXsize(Y) + MaxXgize (1), either f; > maxsize(p) or P2 > maxgize(1). Let us assume
B1 > maxsize (@) (the other case is analogous). We have size > 1 S| ¢. However, this
is contradictory, since by definition of maxgize(.) for all ' > maxgize(p), size = 5 14 @
Thus, maXsize(®) + MaxXsize (V) = Maxsize ((x)(p, 1¥)). ]

Proof of (B). Let 8 € N such that —size >  Ct (x)(¢,%). By definition of {(x)(p,)
this implies that there are 1,82 € [0,«] such that 8 = 1 + B2 — 1, —size = 31 St ¢
and —size > fl2 S|t 1. Since ¢ and v are satisfiable, by definition of maxgize(.), we
derive that 1 > maxsize(¢) and P2 > maxsize(1)). This implies that the core formula
size > maxsize(p) + 1 belongs to Core(X,a) and, analogously, that the core formula
size > maxXsize (1) + 1 belongs to Core(X, «). Since ¢ is in CoreTypes(X, ), this implies that
size > maxsize(¢) + 1 is an atomic formula appearing in . By definition of maxgize(®),
the formula cannot appear positively, i.e. —size > maxsize(¢) + 1 S1t . Analogously, ¢ is
in CoreTypes(X, «), which leads to —size > maxgize(¥) + 1 Sp¢ . []

Proof of (C). Directly from (A) and (B). Indeed, by definition of (x)(p, 1), we know that for
every —size > 8 S|t ¢ and every —size > 8/ S ¢, —size = S+ 8 =1 S (o), 0). [
Now, let us consider 8; = maxgize((*)(¢, 1)) — n. We define the formula Garb below:

Garp 4 {size =B, if —size = B <y (+)(p,v), for some

size > f3; otherwise,

where we recall that size = [, stands for size > B, A —(size > f, + 1). Notice that Gard
is a conjunction of literals where at least one size > f occurs positively (i.e. size > 0).
The objective of this step of the proof is to show that () (x)(¢, ) = Alloc* Garb. First
we focus on the positive part of Garb, and prove . (x) Go(p, ) = Alloc « size = 4. 1

Bg = 0 then size > 3, = T and we have already shown '_Hc(* Gey(p, 1) = Alloc* T. So, let
us assume that 8, > 1. Notice that then maxgize((+)(p, %)) = n = MaXsize ((+)(p,¥)) — n.
We have

1| T=size> f, v —size = [, PC
2 | Alloc = T = Alloc * (size > B4 v —size > f3,) x-Intro, (A¥), 1

3 | Alloc* (size = By v —size = f,) =
(Alloc « size = B4) v (Alloc * —size = f3;) (I3), (A%)

4| Alloc= —size =2n+1 Previously derived
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5 | Alloc* —size > f§, = (—size = n+ 1) * —size > f, x-Intro, 4
6 | (—size =n+1)* —size > f; = —size > MaXsize((*)(p, V)) (ATg), def. of 3,
7| Alloc+ T = (Alloc * size = f,) v —size > Maxgize((¥)(p, 1)) PC, 2,3,5,6
8 | (o), ) = size = maxsize (()(p, 1)) PC, def. of maxgize(.)
9| Goy(p, ) = Alloc= T Previously derived
10 | o), 1p) = (Alloc * size = By) v —size = maxgize ((+)(¢, 1)) =-Tr, 7,9
11 | G (g, 1) = Alloc  size = 3, PC, 8, 10

If for every 3, —size > 8 i (*)(¢, ), then by definition of Garb we conclude that
Fe(x) (#)(0,9) = Alloc * Garb.

Otherwise, suppose that there is 5 such that —size > 8 <y (x)(p,v). So, Garb is de-
fined as size > 5 A —(size > (4 + 1). Directly from (C), we know that —size >

maXgize ((¥)(p, V) + 1 S1e (¥)(¢, 7). By propositional reasoning,
Fae () (0, 10) = —size = maxgize ((+)(0, 7)) + 1.
Then, (x)(p,1) = Alloc * Garb is derived as follows:

1| size = By = (size = B4 A size = B4+ 1) v size = f, PC, def. of size = f,
2 | Alloc+ size = B, =
Allocx((size > By A size = fBy+1) v size = f3) x-Intro, (A%), 1
3 | Allocx((size > By A size > B,+1) v size = f3y)
= (Alloc = (size = B, A size = fy+1)) v (Alloc * size = f3) (I5), (A%)
4| size = 8 Asize = B, +1=size> [, +1 PC
5| Alloc = size = n Previously derived
6 | Alloc* (size > Bynasize = f,+1) = size > n*size > f, + 1 x-Ilr, 4, 5
7 | size > nxsize = f, + 1 = size > maXsize ((*)(p,¥)) + 1 (AY), def. of size >
8 | Alloc* size = B, = size > maXsize ((¥)(p,¢)) + 1
v(Alloc* size = 59) PC, 2,3,6,7
9 | (o), ) = Alloc = size = S, Previously derived
10 | ()(p, ) = size > maxXgize ((x)(¢, ¥)) + 1v (Alloc x size = ) =-Tr, 8,9
11 | (#)(p,¥) = —size = maxgize (()(p,¥)) + 1 PC, see above
12 | ()(p,¥) = (Alloc = size = Bg) PC, 10, 11
T Gurh

Step 2, distributing alloc and size literals. In this step, we aim at showing that

3 (x) Alloc * Garb = (,0 d)
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where 1) and 1) are two formulae defined as follows:

4,0(1) det {size = maxXgize(®) A A\{alloc(x;) St @ | i€ [1,n]} if maxgize(p) < «

size > maxsize() A Af{alloc(x;) St ¢ | i€ [1,n]} otherwise

0 =

(1) der | S1Z€ = maxsize (V) A A{alloc(x;) St ¥ | i€ [1,n]} if maxgize(¥) < «
size > maxsize(¥) A Af{alloc(x;) St ¢ | i€ [1,n]} otherwise

We use the notations 90(1) and Y1) since later in the proof, we shall consider sequences
of formulae ™M), . o®) and @ ... ®*) with increasing amount of literals. That is
why, using ") and () at this early stage is meaningful. Before tackling this derivation,
a few more steps are required. First of all, notice that, if there is a formula alloc(x)
occurring both in ¢ and 1, then, by definition of {(x)(y, 1), x # x occurs in (x)(p,1). This
contradicts the fact that (x)(p, 1)) is satisfiable. Therefore, we derive that the set of variables
X1,...,Xy can be split into two disjoint subsets, the ones “allocated” in ¢, and the others
in 9. Let n, (resp. ny) denote the number of equivalence classes of variables allocated in
¢ (resp. ¢). Clearly, n = n, + ny. Moreover, since ¢ and 1) are satisfiable core types in
CoreTypes(X, ), where a > card(X), we must have n, < maxXgize(¢) and ny < Maxg;ize(V)
(see the axiom (IS)). By (A), we conclude that n < maxg;,e((*)(p,1)). We define the
following formulae

Alloc() o *{alloc(x;) A size = 1| alloc(x;) Sit p, ¢ € [1,n]}

def | size = maxgize(@) — Ny  if Maxgize(p) <o
Garb(p) =

size > maXsize(yp) — Ny, otherwise

Notice that, since maxgize(®) = ny, the formula Garb(p) is well-defined. The formu-
lae Alloc(¢) and Garb(v)) are defined accordingly. Obviously, Alloc is equal to Alloc(p) *
Alloc()) modulo associativity and commutativity of the separating conjunction *. Hence, by
taking advantage of the axioms (A%) and (Ag), we have

Fuc(x) Alloc < Alloc(p) = Alloc(1)).
Let us now look at Garb(p) and Garb(y)). We aim at deriving
Fac(x) Garb = Garb(p) * Garb(y)).

Since ¢ is a core type, we know that if maxgi,e(p) < « then, by definition of maxgize(®),

—size > maxgize(®) + 1 Sit . A similar analysis can be done for ), which leads to the

two following equivalences, by definition of Garb(yp) and Garb(v):

e —size > MaXsize(p) + 1 St ¢ if and only if Garb(¢) = (size = maxgize(¢)—ny),

e —size > MaXgize(¥) + 1 Syt ¢ if and only if Garb(y)) = (size = maxXgize(V)—ny).

By definition of Garb, (B) and (C), we know that Garb = (size = maxgize({(*)(¢, %)) ~n)

holds if and only if —size > maxgize(®) + 1 St ¢ and —size > maxsize(p) + 1 Si¢ .

From n < maxsize((*)(¢,%)) and by relying on the previous two equivalences, this allows

us to conclude that:

D. Garb(p) = (size = maxsize(p)—ny,) and Garb(y) = (size = maxgize(¥))—ny) if and
only if Garb = (size = maxsize ((*)(¢,v)) —n).

To show by (x) Garb = (Garb(p) * Garb())), we split the proof depending on whether

Garb(p) = (size = maxXgize(p)—ny) and Garb(y) = (size = maxgize(¢))—ny) hold.
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case: Garb(p) # (size = mMaxsize()—ny,) and Garb(y) # (size = maxXgize (V) —ny):
We have Garb(p) = (size>maXgize(p)—ny) and Garb(y) = (size>maxgize(V)—ny).
By definition of Garb and (D), Garb = (size > maXgize({(*)(¢,1)) —n). By n = ny, +ny
and (A), maxsize((+)(, 1)) —n = (MaXgize () —Ny) + (MaXgize(¥))—ny). By definition
of the core formula size > 3, Garb is already equivalent to Garb(y) * Garb(1), modulo
associativity and commutativity of the separating conjunction =. Hence, by taking
advantage of the axioms (A7) and (Ag), we have -~y (x) Garb = Garb(p) * Garb(1)).
case: Garb(p) = (size = maxsize(p)—ny,) and Garb(y) # (size = maxXgize (V) —ny):
We have Garb(v)) = (size> maxgize(¢)—ny) and, by definition of Garb and (D), together
with n = ng, + ny and (A), Garb = (size > (MaXsize(P)—Ny) + (MaXsize (V) —ny)). In
this case, Garb = Garb(yp) * Garb(1)) is an instantiation of the following valid formula
with 81 = maxsize(¢)—ny and fo = maxgize (V) — ny:
size = (1 + P2 = size = 1 * size = (.
The derivability of this formula in Hc(#*) is proven by induction on f; (see Appendix B).
case: Garb(p) # (size = mMaxsize()—ny,) and Garb(y) = (size = maxXgize (V) —ny):
Analogously to the previous case, we have Garb(¢) = (size>maxXgize(p)—n,) and
Garb = (size > (MaXgize () —1y) + (MaXgize(¥V)—ny)). We instantiate the theorem

size = 1 + B2 = size = (1 * size = (39,

shown derivable in the previous case of the proof, with #; = maxgize(1’)—ny and
f2 = MaXsize () — nyp. This corresponds to Garb = Garb(v) * Garb(p). Afterwards, by
commutativity of the separating conjunction (axiom (A%)) and propositional reasoning,
we conclude that () Garb = Garb(p) * Garb(y).
case: Garb(p) = (size = maxsize(p)—ny,) and Garb(y) = (size = maXgize (V) —ny):

By (D), n = ny, + ny and (A), Garb = (size = (maXgize(p)—Ny) + (MaXgize (V) —1y)).
In this case, Garb = Garb(y) * Garb(¢)) is an instantiation of the following valid formula,
with 81 = maxsize(9)—ny and fo = maxgize (V) — ny:

size = 81 + Bo = size = [ * size = .
Its derivation in Hc(*) can be found in Appendix B.

Thanks to the case analysis above, we conclude that 4 () Garb = Garb(p) * Garb(y)).
Thus, g (x) Alloc * Garb = (Alloc(ip) * Garb(p)) * (Alloc(1) * Garb(1))). Indeed,

1 | Alloc = Alloc(p) = Alloc(v)) Previously derived
2 | Garb = Garb(p) * Garb(¢) Previously derived
3 | Alloc = Garb = (Alloc(p) = Alloc()) = (Garb(p) * Garb(v)) #-Ilr, 1, 2
4 | (Alloc(p) = Alloc(x))) * (Garb(p) * Garb(y)) =

(Alloc(p) * Garb(ip)) = (Alloc(v)) * Garb(x))) (A%), (AD)
5 | Alloc * Garb = (Alloc(p) * Garb(p)) = (Alloc(v) * Garb(v)) =-Tr, 3, 4

To conclude this step of the proof, it is sufficient to show () Alloc(p) * Garb(p) = oM
and gy (x) Alloc(v) * Garb(y) = (1) Indeed, by relying on the rule #-Ilr, we then obtain
F9uc () Alloc * Garb = oW % (1) Below, we show e (x) Alloc(p) * Garb(p) = oM. The
developments of t—y () Alloc(1)) * Garb(p) = (1) are analogous. We recall that the formula
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Alloc(yp) is defined as
Alloc(p) = sk{alloc(x;) A size =1 | alloc(x;) St ¢}-

First of all, let us show that t—y () Alloc(w) * T = Af{alloc(x;) S ¢ | i € [1,n]}. The
proof is divided in three cases:

case: {alloc(x;) A size =1 |alloc(x;) Sit ¢} = J: In this case, the formula we want to
derive is syntactically equal to T = T = T, which is derivable by propositional reasoning.

case: card({alloc(x;) A size =1 | alloc(x;) Sit ¢}) = 1: In this case, the formula we
want to derive is syntactically equal to (alloc(x) A size = 1)* T = alloc(x). Therefore,
it is derivable in Hc(*) by (Ij5) and #-Intro.

case: card({alloc(x;) A size = 1| alloc(x;) Sit ¢})=>2: In the derivation below, we write
Alloc(p) ™" for *{alloc(x;) A size = 1 | j € [1,n]\{i},alloc(x;) Sit ®}. Roughly
speaking, Alloc(¢)~* is obtained from Alloc() by removing the subformula alloc(x;) A
size = 1. Since card({alloc(x;) A size = 1 | alloc(x;) Sit ¢})=2, the formula
Alloc(p) ™" is different from T. We have

1| Alloc(p) « T =

(alloc(x;) A size = 1) % (Alloc(¢) ™t = T) (A%), (Af), def. of Alloc(y)
where alloc(x;) St ¢ and i € [1,n]

2 | Alloc(¢) "+ T =T PC
3 | alloc(x;) A size =1 = alloc(x;) PC
4 | (alloc(x;) A size = 1) * (Alloc(p) ™"+ T) =

alloc(x;) * T #-Ilr, 2, 3
5| alloc(x;) * T = alloc(x;) (I%,)
6 | Alloc(p) = T = alloc(x;) =-Tr, 1,4, 5

7 | Alloc(p) * T = A{alloc(x;) St ¢ | i€ [1,n]} PC, repeating 6
for all i € [1,n] such that alloc(x;) St ¢

So, we have Iy (x) Alloc(¢) * T = Afalloc(x;) Sit ¢ | i€ [1,n]}.

Now, recall that card({i € [1,n] | alloc(x;) Sit ¢}) = ne. At the beginning of the

proof, we have shown a derivation of t3, () Alloc = size = n, where Alloc is defined

as *k{alloc(x;) A size = 1 | i € [1,n]}. Replacing Alloc by Alloc(¢) and n by n, in the

derivation of Alloc = size = n leads to a derivation in Hc(*) of Alloc(p) = size = n,.
To show |y () Alloc(p) * Garb(p) = 1) we split the proof in two cases:

case: MaxXgize(w) = i By definition of (1) and Garb(y), we have:
e o) = size > maxgize(p) A Afalloc(x;) St ¢ | i€ [1,n]},

o Garb(p) = size > maXgize(p) — Ny,

Then,
1| Alloc(p) = T = Af{alloc(x;) St ¢ | i € [1,n]} Previously derived
2| Garb(p) =T PC

3| Alloc(p) * Garb(p) = Alloc(p) = T x-Intro, (A¥), 2
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4 | Alloc(p) = Garb(p) = A{alloc(x;) St ¢ | i € [1,n]} =-Tr, 1,3

5 | Alloc(p) = size = ny, See above

6 | size = n, = size = n, PC, def. of size = n,
7 | Alloc(p) = size = ny,

8 | Garb(y) = size > maXsize (@) — Ny PC, def. of Garb(y)

9 | Alloc(p)*Garb(p) = size = n, * size > MaXgize (@) Ny #-Ilr, 7, 8

10 | size > ny, * size > MaXgize (@) — Ny = size > MaXsize(@) (AF), (A%), def. of size > f3
11 | Alloc(yp
12 | Alloc(p

x Garb(y) = size > maXsize () =-Tr, 9, 10

)
) # Garb(p) = o) PC, 4, 11, def. of o™

case: maxgize(®) # a: In this case, maxsize(go) < « and so we have:
e o) = size = maxgize(p) A Afalloc(x;) St ¢ | i€ [1,n]},
o Garb(p) = size = maxsize(go) — Ny,
We can rely on the previous case of the proof in order to show that

e (x) Alloc(p) * Garb(p) = size > Isnlezté((gp) A /\{alloc(xi) St |ie[l,n]}.

By propositional reasoning, we can derive t—y () Alloc(p) * Garb(p) = o) as soon as
we show that () Alloc(¢) * Garb(p) = —size > maxsize(y) + 1, as we do now:

1| Alloc(p) = size = ny, Already discussed above
2 | size = n, = —size =2 n, +1 PC, def. of size = n,
3 | Alloc(p) = —size = n, + 1 PC, =-Tr, 1, 2
4| Garb(p) = —size > MaxXgize (@) — Ny + 1 PC, def. of size = 8
5 | Alloc(p) * Garb(p) =
—size > n, + 1% —size > maXgize (@) — Ny + 1 x-Ilr, 3, 4
6 | —size = n, + 1 * —size > MaXgize(@) —ny + 1=
—size > maxsize(p) + 1 (Afo)
7| Alloc(p) = Garb(p) = —size > maxgize(p) + 1 =-Tr, 5, 6

This concludes the proof of -y (x) Alloc(p) * Garb(p) = o). As already stated, one can

analogously show that -y () Alloc() * Garb(y)) = ). Afterwards, by #-Ilr and from
e (x) Alloc x Garb = (Alloc() * Garb(p)) * (Alloc(v)) * Garb(@[})), we conclude that

F91c () Alloc = Garb = (p * 1/1

Step 3, add the missing literals. From the first and second step of the proof, and by
propositional reasoning, -y (x) (¢)(¢, %) = o) 5 p(M . We now rely on (#)(g, 1) to add to
cp(l) and ™) missing literals from %) and Y, respectlvely. We add the literals progressively,
building a sequence of formulae @M s (M) )5 (2) , o) s p () where for all i€ [1, k],
¢ and ) are conjunctions of core formulae such that '_Hc (%) C* >(<,0 ) = @ %@ and
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for all j € [1,1], 0@ <1y o and @) < . Fundamentally, we obtain ¢ = ¢*) and
¢ = k) (modulo associativity and commutativity of the classical conjunction), which allows
us to derive . (x) (¥)(p, 1) = @ * 1, ending the proof. Below, we focus on the formula @)
and ¢. Since <*>(g0 ) is equal to (x)(1, @) (by definition) and the separating conjunction is
commutative (axiom (A% )) a snnllar analysis can be done for ¢() and w Thus, We assume
that g (x) (6 (0, 0) = ¢ 5 4p() holds, where in particular 1) <y ¢ and 1) <, @

and that there is a literal L <\ ¢ that does not appear in (). By relying on the theorems
in Lemma 5.2, we show that () (+)(¢,¢) = (@ A L) %9 by a case analysis on L.

case: L = x ~y, where ~e {=, #}: By definition of (x)(¢,v), x ~ y St (x)(ip, ).

L () = @ s p® Hypothesis

2| (@, Y) = x ~ PC, def. of (x)(ip, 1)), see above
3 <*>(<P71/J)=>X‘Y/\ (@ % @) PC, 1,2

4l x~yn (W xp®) = (o) A x ~y) ) (TE21)

5| ) = (0D A x~y) =-Tr, 3, 4

case: L = alloc(x): Since alloc(x) St ¢, by definition, alloc(x) Syt {(*)(p,?). By
definition of xi,...,x,, there is j € [1,n] such that x; = x S (+)(, ). Since ¢ is a
core type, alloc(x;) Sit ¢. By definition of o), alloc(x;) Sir M. From M) <y @)
we have alloc(x;) Sit ). Afterwards,

1] ® = @ A alloc(x ) PC, see above
2 | o, p) = ® % p® Hypothesis

3| @« = (p) A alloc(x;)) * @ x-Intro, 1

41 (e, Y) = x5 =x PC, see above
51 G (p,) = x5 =x A (9 A alloc(x))) * ™) PC, 2, 3, 4

6| xj =x A ((p® Aalloc(x;)) * @) = (p) A alloc(x)) * () Tk, 5)

7| (e 9) = (¢ A alloc(x)) * v®) =-Tr, 5,6

Without loss of generality, thanks to the derivation above dealing with alloc(x) literals, we
now assume that for all alloc(x) Sy ¢ and all alloc(y) Syt ¥, we have alloc(x) S ¢
and alloc(y) Sp; v®
case: L = —alloc(x): We distinguish two main subcases.

e First, assume —alloc(x) St ¥. By definition of (x)(¢, 1), —alloc(x) Spt (x)(p, ).

L | (e, p) = % 1h() Hypothesis

2| (g, ) = ﬁalloc( ) PC, def. of (x)(p,7), see above
3| () (p, 1) = —alloc(x) A () = ™) PC, 1,2

4 | —alloc(x) A (@ %) = (p() A —alloc(x)) * 1™ (I¥5 )

5| () (p,1) = (¢ A —alloc(x)) * @ =-Tr, 3, 4
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e Otherwise, alloc(x) St 9. By assumption, alloc(x) Sy ¥,

1] 9@ =@ A alloc(x) PC, see above

2 | (0, ¢) = o % g Hypothesis

3 @ %) = () A alloc(x)) * (A%), *-Intro, 1
4] (@9 A alloc(x)) x o = 0« (o) A —alloc()) (T2 2.5)

51 @ % () A —alloc(x)) = (0D A —alloc(x)) * 1™ (A%)

6 | (), 1) = (9 A —alloc(x)) * ™) =-Tr, 2,3,4,5

case: L = x — y: Similar to the case L = alloc(x). Since ¢ is a satisfiable core type, we
have alloc(x) Syt ¢ (see axiom (A$)). By assumption, alloc(x) Si; ¢. By definition
of (#)(¢, 1), we have x — y S (:)(p, ).

1] @ = p@ A alloc(x) PC, see above
2 | () = ® 5 p(® Hypothesis

3| () = x>y PC, see above
41 0@ = (o) A alloc(x)) * 1@ x-Intro, 1

5| Goy(pah) = x =y A (9 A alloc(x)) ) PC, 3,4

6 | x =y A (" Aalloc(x)) * ) = (o) A x = y) xp® (I5 2.6)
71 y) = (<P(i) AX o y)* AR +-Intro, 5, 6

Without loss of generality, thanks to the previous cases dealing with —alloc(x) literals,
below we assume that for every —alloc(x) St ¢ and every —alloc(y) Sit ¥, we have
—alloc(x) S ¢ and —alloc(y) Syt 1.
case: L = —x — y: We distinguish two main subcases
e First, suppose alloc(x) Sit . In this case, by definition of {(x)(p, 1), we have
—x =y St (0)(p,1). Therefore,

L] &, Y) = x—y PC, see above
2 [ () = " % p® Hypothesis

3| (e, 9) = —x =y A (M ) PC, 1, 2

4| —x =y A (@) = (0 A —x o y) « @ (I5.2.7)

e Otherwise, we have —alloc(x) S| ¢. By assumption, —alloc(x) S ¢, and thus
1| p® = —alloc(x) PC, see above
2 | —alloc(x) = —x >y (AS), PC
3] o) S —x sy —-Tr, 1,2
4] @ 5o A —x oy PC, 3
51 G, h) = ® % p(® Hypothesis
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| ) = (99 A —x > y) 5 =-Tr, 5, 6

case: L = size > (: By definition of maxsize(.), f < maxsize(p). By definition of oW,
size > maxgize (@) Sit @M. From o) < o) we get size > maxgize(w) Sie ¢,

1] o = size > MmaXgize () PC, see above

2 | size > maxgize(p) = size = repeated (Ig), PC, as f < maxgize(p)
3] o = o) A size>p PC, 1,2

4| (e, 9) = ® s p(® Hypothesis

5| @ x 9l = (cp(z) A size = fB) x x-Intro, 3

6 | (o(p,10) = (09 A size = ) x =-Tr, 4,5

case: L = —size > 8: In this case, maxgize(p) < a. Since ¢ is a satisfiable core type, we
have 8 > maxgize (). Moreover, by definition of ¢(1), —size > maxgize(@) + 1 St ).
From ¢ <y o, we have —size > maxsize(¢) + 1 St @),

1 @(l) = —size > maxsize((p)—kl ]?(j7 see above

2 | —size > maxXgize(p)+1l = —size = repeated (IS), PC, as B > maxXgie ()
by PC, the contrapositive of (I§) is derivable

3] =) A —size >3 PC, 1,2

4| (e y) = 90 x1p(® Hypothesis

5| 0@ %yl = (tp(” A —size = ) p(® «Intro, 3

6 | (e ) = (D A —size = B) 1) =-Tr, 4, 5 [

Corollary 5.5 (Star elimination). Let X Sf, VAR and a > card(X). Let ¢ and ¢ in
CoreTypes(X, ). There is x in Conj(Core(X,2a)) such that =y (x) ¢ * ¢ < X.

Proof. If both ¢ and 1 are satisfiable, the results holds directly by Lemma 5.4, as (x)(p, )
is in Conj(Core(X, & + @)). Otherwise, let us treat the case where one of the two formulas is
unsatisfiable. For instance, assume that ¢ is unsatisfiable. Then . ¢ = L by completeness
of Hc (Lemma 4.1) and, Hc(*) includes Hc, Fy(x) ¢ = L. By the rule #-Intro and by
the axiom (I7g), we get () ¥ * ¥ = L. Thus x can take the value —(x = x). The case
where 1) is not satisfiable is analogous thanks to (A%). []

By the distributivity axiom (I§), Corollary 5.5 is extended from core types to arbitrary
Boolean combinations of core formulae. Hc (%) is therefore complete for SL(*,alloc). In
order to derive a valid formula ¢ € SL(*,alloc), we repeatedly apply the elimination of * in
a bottom-up fashion, starting from the leaves of ¢ (which are Boolean combinations of core
formulae) and obtaining a Boolean combination of core formulae ¢ that is equivalent to .
Then, we rely on the completeness of H¢ (Theorem 4.3) to prove that 1 is derivable.

Theorem 5.6. A formula ¢ in SL(x,alloc) is valid iff by () ©-
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Proof. Soundness of the proof system Hc () has been already established earlier.

As far as the completeness proof is concerned, we need to show that for every formula ¢
in SL(*,alloc), there is a Boolean combination of core formulae v such that -y (x) ¢ < 9.
In order to conclude the proof, when ¢ is valid for SL(*,alloc), by soundness of Hc(*), we
obtain that v is valid too and therefore 4, (4) ¥ as Hc is a subsystem of Hc(x) and Hc is
complete by Theorem 4.3. By propositional reasoning, we get that 3 (4 ¢.

To show that every formula ¢ has a provably equivalent Boolean combination of core
formulae, we heavily rely on Corollary 5.5. The proof is by simple induction on the number
of occurrences of * in ¢ that are not involved in the definition of some core formula of the
form size > . For the base case, when ¢ has no occurrence of the separating conjunction,
x =y and x — y are already core formulae, and emp is logically equivalent to —size > 1.

Before performing the induction step, let us observe that in Hc(x*), the replacement of
provably equivalent formulae holds true, which is stated as follows:

RO Let ¢, " and 1) be formulae of SL(x,alloc) such that () ¢ < ¢’. Then,

e Ylel, = ¢l¢],

Above, 1[p], refers to the formula ¢ in which the subformula at the occurrence p (in the
standard sense) is replaced by . (¢ and ¢’ are therefore placed at the same occurrence.)
To prove RO, we first note that the following rules can be shown admissible in Hc(*):

gy ey ey
—pe g pvipeP vy prpe Ay
Admissibility of such rules is a direct consequence of the presence of axioms and modus
ponens for the propositional calculus. As a consequence of the presence of the rule *-Intro
in Hc(x), the rule below is also admissible:

gy
pry @y
Consequently, by structural induction on %, one can conclude that 3 () ¢ < ¢’ implies
Facx) VIl = Yl¢'], (the axiom (Aj) needs to be used here).

Assume that ¢ is a formula in SL(%,alloc) with n + 1 occurrences of the separating
conjunction not involved in the definition of some size > 5 (n > 0). Let ¢ be a subformula
of ¢ (at the occurrence p) of the form w7 *1) such that 1)1 and 9 are Boolean combinations of
core formulae, in Bool(Core(X, 1)) and Bool(Core(X, az)). By pure propositional reasoning,
one can show that there are formulae in disjunctive normal form ] v --- v ¢]' and
3 v - v hg? such that by ¥ < 9] v vl for i € {1,2} and moreover, all the ¢]’s are
core types in CoreTypes(X, max(card(X), a1, a2)). Again, by using propositional reasoning
but this time using also the axiom (I§) for distributivity, we have

Fac(x) 1 %2 & \/ Wit gl

J1€[1,n1],52€[1,n2]

We now rely on Corollary 5.5 and derive that there is a conjunction of core formulae PpII2 in
Conj(Core(X, 2max(card(X), o1, a2))) such that g () ¥]" * ¢}’ < 7192, By propositional
reasoning, we get

e (x) Y1 % P2 < \/ Pz,

J1€[1,n1],52€[1,n2]
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(AFY) (size =1 A A, —alloc(x)) @ T 4X Sfn VAR]
(AZ%) —alloc(x) = (x> yAsize=1)®T)
(AZ%) —alloc(x) = ((alloc(x) A size =1 A Nyex "x—y) ®T) {X Sin VAR]

x€X

L _pxYp=x Aqs. ¢ = W =x)
R R () eAdl TSN

Figure 7: Additional axioms and rules for handling the separating implication.

Consequently (thanks to the property R0), we obtain
Face) = ol \/ PIn],

j1€[1,n1],72€[1,n2]
Note that the right-hand side formula has n occurrences of the separating conjunction that
are not involved in the definition of some core formula of the form size > 8. The induction
hypothesis applies, which concludes the proof. []

6. A CONSTRUCTIVE ELIMINATION OF —* LEADING TO FULL COMPLETENESS

In order to obtain the final proof system Hc(*, —), we add the axioms and rules from Figure 7
to the proof system Hc(*). These new axioms and rules are dedicated to the separating
implication. The axioms involving ® (kind of dual of —, introduced in Section 2) express
that it is always possible to extend a given heap with an extra cell, and that the address and
the content of this cell can be fixed arbitrarily (provided it is not already allocated). The
adjunction rules *-Adj and —«-Adj are from the Hilbert-style axiomatisation of Boolean
BI [GLWO06, Section 2]. One can observe that, in Hc(x, —), the axioms (I§), (Ij) and (I5)
of Hc(x) are derivable.

Lemma 6.1. The azioms (I§), (I;9) and (135) are derivable in Hc(x*, —).

The derivations of (I§), (I7,) and (I5) that lead to Lemma 6.1 are given in Appendix C.

Fundamentally, Hc(*, =) enjoys the — elimination property, as shown below. Actually,
we state the property with the help of ® as we find the related statements and developments
more intuitive.

Lemma 6.2. Let X Sfn VAR and a > card(X). Let ¢ and 1 in CoreTypes(X, ). There is a
conjunction x € Conj(Core(X, @) such that -y (s (¢ ®V) < X.

Structure of the proof of Lemma 6.2. In the proof of Lemma 6.2, the formula x is explicitly
constructed from ¢ and v, following a pattern analogous to the construction of (x)(.,.)
in Figure 6 (see forthcoming Figure 8). The derivation of the equivalence (¢ ® ) < x
is shown as follows. First, the formulae x * ¢ = 1 and —y * ¢ = — are shown valid
(by using semantical means). As Hc(*) is complete for SL(x,alloc), it is a subsystem
of Hc(*,—), and the formulae ¢, ) and x are Boolean combinations of core formulae,
we get Fac(x,w) X * ¢ = ¢ and s, —X * ¢ = —1p. The latter theorem leads
t0 2 (x,) (¢ ® 1)) = x by using the definition of ® and the rule *-Adj. For the
other direction, in order to show that Fa (s ) X = (¢ ® 1) holds, we take advantage
of the admissibility of the theorem (Ig';q) (see Lemma 6.3) for which an instance is
(®T)A(p=v) = (¢p®(T AY)). From y (v~ X * ¢ = 1 and by *-Adj we
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have 9 (x,) X = (@ —* ). Therefore, the main technical development lies in the proof
of =2c(x,-«) X = (¢ ® T), which allows us to take advantage of (Ig3g), and leads to
e (+,—) X = (» ®1) by propositional reasoning.

In order to formalise the proof of Lemma 6.2 sketched above, we start by establishing
several admissible axioms and rules (Lemma 6.3). Afterwards, we define the formula y and
show the validity of x * ¢ = 1 and —x * ¢ = —1 (Lemma 6.4). Then, come the final bits
of the proof of Lemma 6.2 (see page 35).

Lemma 6.3. The following rules and axioms are admissible in Hc(*, —x):

(Igs1) L®@p=1 (Ig57) (pvv)ex < (p@x) Vv (¥-ey)
(Ig32) p®Ll=1 (Igs8) X ®(pVvY) & (x©®p) v(Xx®Y)
(Igs3) @ (@) =1 (Igs9) (@) A (p—x)= (¢®% AX)
(Ig'54) 90:¢ (Ig310) x=y A (p®Y)= (prx=y @)
T () x#31 (p09) = (¢ Ax %y 2Y)
Te3s5) Yop=xo0 (Ig's.12) (Psize A N\yex ~alloc(x)) ® T,

(Igs6) v®(W®x) < (p*v)®)

where, in aziom (Igg12), X Sfin VAR and ¢size is a satisfiable conjunction of literals of
the form size = 81 or —size = (.

The proof of Lemma 6.3 can be found in Appendix D.

Let ¢ and 9 be two satisfiable core types in Conj(Core(X, ). Following the developments
of Section 5, we define a formula (sep)(y,) in Conj(Core(X, a)), for which we show that
p-®1) < (sep)(p, 1)) is provable in Hc(*, —). The formula (sep)(¢p, 1) is defined in Figure 8.

Lemma 6.4. Let X S, VAR, a = card(X) and ¢, 1 be satisfiable core types in CoreTypes(X, «).
The formulae (sep)(p,v) * o = 1 and (—{sep)(p,v)) * ¢ = — are valid.

Before presenting the proof for Lemma 6.4, let us observe that since we aim at prov-
ing the derivability of ¢ ® 1 < (sep)(p,?) in Hc(*,—), the validity of the formula
(—(sep)(p, 1)) * o = —1) should not surprise the reader. Indeed, by replacing {sep)(p, 1)
with ¢ -®1 we obtain (—(p-®1))*¢ = — which, unfolding the definition of -®, is equivalent
to the valid formula (¢ — —1)) % = —1) (see (I’ 3) in Lemma 6.3). On the other hand, the
fact that (sep)(¢p, 1) * ¢ => 1 is valid can be puzzling at first, as the formula (o -®1)*p = ¢
is not valid (in general). In its essence, Lemma 6.4 shows that (¢ ® ) * ¢ = 1 is valid
whenever ¢ and v are restricted to core types.

Below, we prove that (sep)(p, ) * ¢ = 1) and (—(sep)(p,?)) * ¢ = — are valid, thus
establishing Lemma 6.4. Notice that the proof is carried out through semantical arguments.
Since ¢, 1 and {(sep)(p, 1)) are conjunctions of literals built from core formulae, derivability
of these two tautologies in Hc(*, —) follows from the completeness of H¢(*) (Theorem 5.6).

Validity of (sep)(p, 1) * ¢ = 1. If (sep)(p, 1) * ¢ is inconsistent, then {sep)(p, 1) *p =
is straightforwardly valid. Below, we assume that {sep)(p, 1) * ¢ is satisfiable. In particular,

none of the conditions depicted in Figure 8 that result in (sep)(¢, 1) having a literal x # x
applies. Let (s, h) = (sep)(p, ) * p. Therefore, there are two disjoint heaps h; and hy such
that h = hi+ha, (s,h1) = (sep)(p,v) and (s, ha) = ¢. We show that (s, h) satisfies each
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Ate~yaulelvll~e i) A A fatoc| 5100 S e
A /\ {—alloc(x) S ¢} A /\ {—alloc(x) |alloc(x) St ¢}
WA= AN jx—y

alloc(x) A =X >y Sy . ,
/\/\ X #X X >y St /\/\ size = fo+1-04

/\/\ s x XHYQLtQP} /\/\ —size = [~

—size > f1 S ¢
size > S S ¢
size > f St so}

X >y St I/J —sgize > 62 St ¢

alloc(x) Sit ¢
A /\ X #x —alloc(x) St ¥

Figure 8: The formula (sep)(¢p, ¢).

literal L in . We perform a simple case analysis on the shape of L. Notice that, below, we

have x,y € X and f3; € [0, ], as ¢ is a core type in CoreTypes(X, ).

case: L = x ~y, where ~€ {=,}: By definition of (sep)(¢,?), x ~ y St (sep)(p, V)
and so (s, h1) = x ~y. We conclude that s(x) ~ s(y), and thus (s,h) Ex ~y.

case: L = alloc(x): If alloc(x) Syt ¢, then (s,ha) = alloc(x), which implies s(x) €
dom(h) directly from hoTh. Thus, (s, h) = alloc(x). Otherwise, if alloc(x) &+ ¢ then,
since ¢ is a core type in CoreTypes(X, «), we have —alloc(x) St ¢. By definition of
(sep)(p, 1)), we derive that alloc(x) Sit (sep)(p, ). So, (s, h1) = alloc(x) and thus,
by hiCh, s(x) € dom(h). We conclude that (s, h) = alloc(x).

case: L = —alloc(x): In this case, by definition of (sep)(p, ), we have —alloc(x) St
(sep)(p, ), which implies (s,h1) = —alloc(x). Ad absurdum, suppose (s,hy) =
alloc(x). Since ¢ is a core type in CoreTypes(X, ), we conclude that alloc(x) St ¢.
However, by definition of (sep)(y, ), this implies x # x S (sep)(y, 1), which contra-
dicts the fact that {sep)(p,®) is satisfiable. Thus, (s, h2) = —alloc(x), which implies
s(x) ¢ dom(hg). From h = hi+hg and s(x) ¢ dom(hy) we conclude that s(x) ¢ dom(h).
So, (s,h) = —alloc(x).

case: L = x — y: If —alloc(x) St ¢, then x — y S| (sep)(¢, 1) holds by definition of
(sep)(p,¥). So, hi(s(x)) = s(y) and, from hiEh we conclude that (s,h) = x — y.
Otherwise, let us assume that alloc(x) St ¢. Ad absurdum, suppose —x — y St @.
Then, by definition of {sep)(y, ), we derive x # x S| {(sep)(p,). However, this
contradicts the satisfiability of (sep)(y, ). Therefore, —=x < y &1 ¢. Since ¢ is a core
type, this implies x < y S| ¢, and therefore ho(s(x)) = s(y). From he=h we conclude
that (s,h) Ex—y.

case: L = —x < y: By definition of (sep)(x,y), we have —x < y < (sep)(x,y), which
implies that if s(x) € dom(hy) then hy(s(x)) # s(y). Ad absurdum, suppose x <— y St @.
Then, by definition of (sep)(y,?), we derive x # x S| {(sep)(p,?). However, this
contradicts the satisfiability of {(sep)(p, ). Therefore x — y & ¢ and, since ¢ is a core
type, =x < y St . So, if s(x) € dom(hg) then ha(s(x)) # s(y). By h = hy + he and
the fact that hq(s(x)) # s(y), we conclude that (s,h) = —x < y.

case: L = size > ffo: If size > a S|t ¢, then card(dom(h)) > card(dom(hs)) = «, by
hoE=h. As (B2 € [0, a, this implies (s, h) = size > (3. Otherwise, assume size > o Eyt ¢.
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In particular, since ¢ is in CoreTypes(X, «), this implies that maxs;ize(¢) < a and
size > maXsize(P) A —size = maxsize(@) +1 Sit .

We have card(dom(hsz)) = maxgize(¢). If maxgize(¢) = fo, then from ho=h we conclude
that (s,h) = size = (5. Otherwise, let us assume (2 > maxgize(¢). By definition
of (sep)(p,?), we conclude that size > [ + 1 — (maxsize(¢) + 1) S1t (sep)(¢, V).
Together with B2 > maxgize(¢), this implies card(dom(hy)) = P2 — maxgize(v). With
card(dom(hg)) = maxsize(p) and h = hi+hg, this implies (s, h) = size = fo.

case: L = —size > fs: Ad absurdum, suppose that size > o S ¢. Then, by definition

of (sep)(¢, 1)) we have —size > 2 ~ o S (sep)(p,v). However, since 33 € [0, o], this
means that —size = 0 S (sep)(p, ), which contradicts the satisfiability of (sep)(¢, 1).
Therefore, size > a &1 ¢. As @ is in CoreTypes(X, o), we derive maxgize(p) < a and

size > maXgize(p) A —size = maxsize(@) +1 St .
We conclude that card(dom(hsg)) < maxgize(¢). From size > maxgize(¢) Sit ¢ and by
definition of {sep)(p,1), we conclude that
—size = fo — maxgize(p) Srt (sep)(p, ).

If B2 < maxgize(yp), then —size > 0 < (sep)(p,?), which contradicts the sat-
isfiability of (sep)(y,1)). Therefore, S > maxgize(®). So, card(dom(hy)) < P2 —
MaxXsize(®). Together with card(dom(hg)) < maxgize(¢) and h = hi+h, we conclude
that card(dom(h)) < B2, and thus (s, h) = —size = [s. ]

Validity of (—{sep)(¢,v)) * ¢ = —1). Let us assume (s,h) = (—(sep)(p,¥)) * . Conse-
quently, there is a literal L of {sep)(y, 1) such that (s,h) |= (—L) * ¢ holds. We show that

(s,h) = —. Let hy and hg be two disjoint heaps such that h = hi+ha, (s,h1) = —L and
(s,ha) = . We perform a case analysis on the shape of L. As in the previous part of the
proof, recall that x,y € X and 51, 82 € [0, a].

case: L = x # x: Since ¢ and 1) are satisfiable, by definition of {sep)(p, ), the fact that

x # x St (sep)(p, 1) implies that one of the following three cases holds:

1: alloc(x) A "x >y S p and x > y S .
From alloc(x) A —x — y Syt ¢ and hoC=h, we have s(x) € dom(h) and h(s(x)) # s(y).
Thus (s, h) = x — y, and so, by x — y St ¢, (s,h) = —.

2: x>y Sy pand —x — y St Y.
From x — y S+ ¢ and hoE=h, h(s(x)) = s(y). Thus (s,h) = x — y and so, by
X >y S Y, <37 h) ': 1.

3: alloc(x) it ¢ and —alloc(x) Syt 9.
From alloc(x) St ¢ and hoE=h, s(x) € dom(h). Thus (s,h) = alloc(x) and so, by
—alloc(x) St ¥, (s,h) E .

case: L = x ~y, where ~¢ {=,#}: In this case, since (s,h;) = —L, then we have

(s,h) = —L. Now, it cannot be that L <. ¢, as it would imply (s,h) = L, which
is contradictory. Therefore, by definition of (sep)(¢, ), we must have L < ¥. This

implies (s, h) = —1.

case: L = alloc(x): By definition of (sep)(p,1), —alloc(x) St ¢ and alloc(x) Syt .

From (s,h1) = —alloc(x) we conclude that s(x) ¢ dom(hy). By —alloc(x) Syt ¢,
s(x) ¢ dom(ha). By h = hi+ha, s(x) ¢ dom(h). As alloc(x) Sit ¥, (s,h) = —.

case: L = —alloc(x): As (s,h;) &= —L, we have s(x) € dom(hy). According to the

definition of (sep)(p, 1)), either alloc(x) Sit ¢ or —alloc(x) Syt ¥. The first case
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cannot hold, as it implies s(x) € dom(hy) which contradicts the fact that h; and hg are
disjoint. In the second case, from s(x) € dom(h;) and h1=h, we have (s,h) = alloc(x).
So, (s,h) = —.

case: L = x <> y: Then by definition of (sep)(p, 1), —alloc(x) Sit ¢ and x < y Sy .
From (s,h1) | —L, if s(x) € dom(h;) then hi(s(x)) # s(y). As —alloc(x) St ¢,
s(x) ¢ dom(hg) and therefore, by h = hi+ha, h(s(x)) # s(y). From x — y S+ ¢, we
conclude that (s,h) = —1.

case: L = —x < y: Then, by definition of (sep)(p,¥), =x — y S| ¥. From (s, h1) =
—L and h1Eh, we derive h(s(x)) = s(y). From —x — y S ¢, we derive (s, h) = —1.

case: L = size > (o + 1= (1, where size > 5o C; ¥ and —size > 81 S|t p: Sinceit
holds that (s, h1) = —L and (s, ha) | ¢, we derive (respectively) card(dom(hq)) < B2=p1
and card(dom(hz)) < B1. From h = hj+ha, we conclude that card(dom(h)) < 2. From
size > [y Syt ¢, we derive (s, h) = —.

case: L = —size > 3 = (1, where —size > 5o S ¥ and size = 51 S : Since we
have (s,h1) = —L and (s,hs) = ¢, we conclude that card(dom(hi)) = 2 —~ 81 and
card(dom(hg)) = B1. So, h = hy+hs implies card(dom(h)) = B2. By —size = (3 St ¥,
we derive (s, h) = —. []

We are now ready to tackle the proof of Lemma 6.2.

Proof of Lemma 6.2. As in the statement of the lemma, let us consider X g, VAR and
a = card(X), and two core types ¢ and 1 in CoreTypes(X, ). We want to show that there is
a conjunction x € Conj(Core(X, o)) such that (s ) (¢ ®9) < x.

First of all, if ¢ or ¢ is unsatisfiable, then (4 ) ¢ ®¢¥ = L by using Lemma 4.1
and the admissible axioms (Ig% 4) and (Ig% 5) from Lemma 6.3. Therefore, in this case,
it is enough to take y equal to —x = x to complete the proof. Otherwise, let us assume
that ¢ and 1 are satisfiable. We consider y & (sep)(, 1) (see Figure 8), and show that
() (P ®Y) = (sep)(p,?). We derive each implication separately.

(=): Given Lemma 6.4, the proof of -y (4 ) ¥ ® 1% = (sep)(p, ) is straightforward:

1| —(sep)(p, ) * o = —1p Lemma 6.4, Theorem 5.6
2 | ~(sep)(p,¥) = (p = —1) #Adj, 1

3| —(p = 1) = (sep)(p, ) PC, 2

4 | (¢ ®1) = (sep)(p,¥) Def. of -®, 3

(«): Let us now show that 3, (4 ) (sep)(p,?) = ¢ ® . First, let us note that, since
(sep)(p, ) * ¢ = @ is valid (Lemma 6.4), it is derivable in Hc(*) (Theorem 5.6), and
therefore, by the rule *-Adj, Fyc(x,—) (s€P)(p,?) = ¢ — 9. From that, it follows that
it is enough to show that (sep)(p,?) = ¢ ® T is derivable in Hc(*,—). Indeed, from
(sep)(ip, 1) = p-®T and (sep)(p, V) = p—*1b, we get, by (Ig'3 9), that (sep)(¢,¥) = p-®¢
is derivable too.

Thus, let us prove that (sep)(¢, %) = ¢ ® T is derivable. If {(sep)(ip, 1)) is unsatisfiable,
then from the completeness of H¢ with respect to Boolean combinations of core formulae
(Theorem 4.3), we conclude that . (sep)(p,9) =L. Since Hc(*, =) extends Hc, we



36 S. DEMRI, E. LOZES, AND A. MANSUTTI

have by (x,—) {sep)(¢, 1) = L. By propositional reasoning, - (x, ) (sep)(¢,¥) = p®T.
Otherwise, let us assume that (sep)(y, 1) is satisfiable.

Structure of the remaining part of the proof. Before presenting the technical arguments for
the derivation of -y (x, ) (sep)(®,¥) = p-®T when (sep)(p, 1) is satisfiable, let us explain
what are the main ingredients. The proof establishing that -y« ) (sep)(p, %) = ¢ ® T
is by induction on the number j of variables x € X for which alloc(x) S ¢ holds. As
¢, ¥ and (sep)(¢, 1) are currently assumed to be satisfiable, they have exactly the same
equalities and inequalities and this is used in the proof. The base case j = 0 can be handled
using several derivations taking advantage of Lemma 6.3. For the induction step j > 0, some
more substantial work is needed and this is briefly described below. We distinguish the
case maXsize (@) < a from the case maxgize() = . Both cases, we introduce the formula
Atom(x;) where alloc(x;) Syt .

dof | Xi >y A size =1 if x; — y St ¢, for some y € X
Atom(x;) =

alloc(x;) A size = 1 A A\jx —x; >y otherwise

In the case maxgize() < @, we introduce a formula ¢’ as a very slight variant of ¢ such
that ¢’ enjoys the following essential properties.

(A) ¢ is a satisfiable core type in CoreTypes(X, «).
(B) (Atom(x;) * ¢') = ¢ is valid.
(C) ((sep)(i,¥) * Atom(x;)) = (sep)(¢', ) is valid.
In order to conclude -y (x, ) (sep)(¢, 1) = (¢®T), we take advantage of the completeness
of Hc () to derive the tautologies in (B) and (C). Moreover, as by construction of ¢/, we have
—alloc(x;) Sit ¢ and, for every y € X, —alloc(y) St ¢ implies —alloc(y) Syt ¢, we shall
be able to apply the induction hypothesis on ¢’ to get -y (x, ) (sep)(¢’,¢¥) = (¢' ®T),
which will be essential in the final derivation for (sep)(¢, ) = (¢ ®T).

In the remaining case maxs;,o(p) = «, we are still looking for some formula ¢’ such that
' # Atom(x;) = ¢ is valid but we cannot hope for ¢’ to be a core type in CoreTypes(X, ).
Instead, we introduce two core types ¢l and ¢/, and define ¢’ as ¢/, v ¢/, _;. The
only difference between ¢/, and ¢/,_; rests on the fact that size > o S|y ¢!, whereas
—size > o Syt ¢, (both formulae contain size > o — 1). Similarly to the previous case,
the properties below shall be shown.
(D) ¢, and ¢!, are satisfiable core types in CoreTypes(X, «)
(E) (Atom(x;) = (¢, v ¢l,_1)) = ¢ is valid.
(F) ((sep)(sp, 1) * Atom(x:)) = (sep)(i, ) v (3op)(y_y, 1) is valid.
The derivation of -y (x, ) (sep)(¢, 1) = (¢ ® T) follows then a principle similar to one
for the case maxgize(¢) < .

Now, let us present the technical developments. Directly from the definition of
(sep)(p, ), the following simple facts hold.

1. ¢, ¥ and {sep)(p, 1)) have exactly the same equalities and inequalities.

2. —size > 0is not part of (sep)(y, 1), and therefore, following the definition of (sep)(¢, 1),
there are no size > 1 S|y ¢ and —size = 2 St ¥ with 81 = [Fa.

3. x # x does not belong to (sep)(p, ). In particular, by definition of (sep)(¢, ), none of
the following conditions apply:
— there is x € X such that alloc(x) S|+ ¢ and —alloc(x) S 7,
— there are x,y € X such that x < y € p and —x — y S ¥,
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— there are x,y € X such that alloc(x) A =x >y St v and x <> y St .

From (1), we know that (sep)(y,%) and ¢ satisfy the same (in)equalities. Similarly
the proof of Lemma 5.4, let x1,...x, be a maximal enumeration of representatives of

the equivalence classes (one per equivalence class) such that alloc(x;) occurs in . As it is
maximal, for every alloc(x) in Lt(y) there is ¢ € [1,n] such that x; is syntactically equal

to

x. Moreover, by definition of {sep)(¢, 1), for every i € [1,n], —alloc(x;) St {sep)(¢, V).

The proof of - (x, ) (sep)(¢,¥) = ¢ ® T is by induction on the number j of variables
x € X for which alloc(x) St ¢ holds.

base case: j = 0: In the base case, no formula alloc(x) occurs positively in ¢. Since ¢

[ I N

1

1

is a core type, this implies that for every x € X, —alloc(x) S|t ¢. Moreover, since ¢ is
satisfiable, for every x,y € X, —=x <> y S| ¢ (see the axiom (A§)). Therefore, the core
type ¢ is syntactically equivalent (up to associativity and commutativity of conjunction)
to the formula @size A P-alloc A P> A P(in)eq, Where
def . .

® Psize = /\ ({Slze > B St 30} Y {_'5126 EYCAST 90}),

def
® P—alloc = /\xeX _‘allOC(X),

def

® 80‘4—’ = /\x,yeX X,

def
® P(in)eq — /\{X ~yY S ‘Ne {:7 7é}}
Since ¢ is satisfiable, so is @gize. We show that e (%, ) (Psize A P-alloc A Pds) BT

Psize A P-alloc ® | (Tg'3.12

—alloc(x) = —x <>y (AS), PC

P—-alloc = P PC, repeated 2
Psize N P—alloc = Psize N P—alloc A P PC, 3

(Psize A P-alloc ® 1) = (Psize A Poalloc A P> ® T) (TIg'5.4), 4

Psize A Poalloc A P ® T Modus Ponens, 1, 5

Now, let us treat the formula ¢(injeq- From the definition of (sep)(yp,1), we have

P(inyeq SLt {(sep)(¢,7), and so by propositional reasoning, t—(x,) (sep)(p,¥) =
©(in)eq- This allows us to conclude that

2 (5, %) (sep)(p, ) = ((‘Psize A P—alloc N P A ‘P(in)eq) ® T), (1)

by induction on the number of literals x ~ y appearing in ¢ (in)eq, and by relying on the

two theorems (Ig's 1) and (Ig's 11). In the base case, ¢ (inyeq = 1, and so

7 Psize N P—alloc N QO'{—) = Psize N P—alloc N 904—» A (p(in)eq PC
8 (Sasize N P=alloc N P4 @ T) = (Spsize N P=alloc N P A So(in)eq ® T) (I§3,4)7 7
9 | Psize A Palloc A P> A Plin)eq © | Modus Ponens, 6, 8

0 <Sep>(%1/)) = (Sﬁsize A P-alloc N P4 A P(in)eq @ T) PC, 9

In the induction step, let @ (inyeq = Plinyeq A X ~ ¥, Where x ~ y Eit @54y eq- We have,

(sep)(¢, V) = (Psize A P—alloc A Ps A @Qin)eq @) Induction Hypothesis
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<sep>(g0, rlzb) =X~y PC> as Qa(in)eq Sit <Sep>(907 7/})
X~y A ((psize N P=alloc N P4 A (p/(in)eq -® T) =
(Psize A Palloc A Pds A SDl(in)eq Ax~y®T) (Is's.10)/ (Tg's.11

<Sep>(¢7 W = (@size N P-alloc N Pds A Qp/(in)eq AX~Yy-® T) PC, 1,2,3

(sep)(¢, V) = (Psize A P—alloc A P N Pin)eq ® T) Def. of SO/(in)eq’ 4

Since Psize A P-alloc A P> A Pinreq IS equivalent to ¢, from (f) and by (Igl ), we
conclude that gy (x, ) (sep)(p,¥) = ¢ ®T.

induction step: j > 1: In this case, let i € [1,n] such that alloc(x;) it ¢ and thus, by

S Ot e W NN =

definition of (sep)(y, 1)), —alloc(x;) Syt (sep)(¢,?). As announced earlier, we define
the formula:

def{xiwy/\sizezl if x; <> y St o, for some y € X

Atom(x;) =
om(x:) alloc(x;) A size =1 A A,y —% — y otherwise

yeX

Notice that, if there is y € X such that x; < y S+ ¢, then the axiom schema (A5%) can
be 1nstantlated to —alloc(x;) = (Atom(x;) ®T). Otherwise (for all y € X, x; — y L1t @)
this formula is an instantiation of the axiom schema (Ag5). This allows us to show the
following theorem:

(sep)(p,¥) = (Atom(x;) ® ((sep)(p, ) * Atom(x;))) (1)
—alloc(x;) = (Atom(x;) ®T) (AZS)/ (A
(sep)(p, 1)) = —alloc(x;) Def. of {sep)(, ), PC
(sep)(p, 1) = (Atom(x;) ® T) —-Tr, 1, 2
(sep)(i, ¥) * Atom(x;) = (sep)(p, 1)) * Atom(x;) PC
(sep)(p, 1) = (Atom(x;) — (sep)(p, ¥) * Atom(x;)) #-Adj, 4
(sep)(p,¥) = (Atom(x;) ® (sep)(p, V) * Atom(x;)) (Ig'3.9), 3, 5, PC

From the hypothesis card(X) < «, together with alloc(x;) St ¢ and the fact that ¢
is satisfiable, we have maxg;ze() = 1 (see (I§), instantiated with X = {x;}). In order
to show that .« (sep)(¢, ) = (¢ ® T), we split the proof depending on whether
maXsize () < a holds.
case: maxgize(p) < a: Since p is a satisfiable core type in CoreTypes(X, a), by definition
of maxgize(.), we have size > maxgize(p) A —size > maxgize(@) + 1 St ¢. Below,
we consider the formula ¢’ obtained from ¢ by:
e replacing size > maxgize(p) St ¢ with —size > maxgize(®),
e for every x € X such that x = x; S ¢, replacing every literal alloc(x) S ¢ with
—alloc(x), and every literal x < y S|y ¢ with —x <> y, where y € X.
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Explicitly,

/\{x ~yCLp|~e{=#}} A /\{alloc(x) Clep | x#x S pia

/\{ﬁalloc(x) CLe o} A /\{ﬁalloc(x) |x =% SLe o} A /\{x SYCL @] X # R Sl efA
/\{ﬂx —y S pf A /\{ﬂx SY|[x=% AX >y St 9} A size = maXgize(©)A
N{size > B Cle | B < maxgize(9)} A /\{—size > B i, o).

The formula ¢’ enjoys the following properties (to be shown below):
A. ¢ is a satisfiable core type in CoreTypes(X, a).

B. (Atom(x;) * ¢') = ¢ is valid.

C. ((sep)(¢p, ) = Atom(x;)) = (sep)(¢’, ) is valid.

Fundamentally, ¢’ enjoys the induction hypothesis, which reveals to be useful later on.

Proof of (A). Since ¢’ is obtained from ¢ simply by changing the polarity of some of

the literals in Lt(p), clearly ¢’ is in CoreTypes(X, ). To show that ¢’ is satisfiable, we

rely on the fact that ¢ is satisfiable. Let (s, h) be a memory state satisfying . Since

alloc(x;) Syt ¢, we conclude that s(x;) € dom(h). Let us consider the disjoint heaps

hi and hs such that h = hy + hy and dom(hy) = {s(x;)}. We show that (s, hs) = ¢’

by considering every L € Lt(¢’) and showing that (s, h2) = L.

case: L = x ~y, where ~€ {=, #}: By definition of ¢/, (s,h) = L and therefore
s(x) ~ s(y). Thus, (s, he) = L.

case: L = —alloc(x): If x = x; 11 ¢ then s(x) € dom(h;), and therefore, by h;fhs,
s(x) ¢ dom(hg). So, (s,hs2) = —alloc(x). Otherwise (x # x; it @), by definition
of ¢/, we have —alloc(x) Sy . So s(x) ¢ dom(h) and, from he=h, we conclude
that (s, he) = —alloc(x).

case: L = —x < y: Similar to the previous case. Briefly, if x = x; S| ¢ then,
by definition of Atom(x;), (s, ha) H= alloc(x), which implies (s, h2) | —x — y.
Otherwise, by definition of ¢/, —=x < y < ¢ and thus (s,h) = —x < y. From
hoEh, we conclude that (s, h2) = —x — y.

case: L = alloc(x): By definition of ¢', alloc(x) A x # x; S|t ¢. Therefore
s(x) € dom(h) and, by definition of Atom(x;), s(x) ¢ dom(hy). Since h = hj+hs,
we conclude that (s, hy) = alloc(x).

case: L = x < y: Similar to the previous case. By definition of ¢/, we have x < y A
x # %; St . Thus, h(s(x)) = s(y). By definition of Atom(x;), s(x) € dom(hsg)
and thus ha(s(x)) = s(y). So, (s,h2) Ex <—y.

case: L = size > f8: By definition of ¢/, f < maxgize(p). Since (s,h) = ¢, we
have card(dom(h)) = maxgize(¢). By definition of Atom(x;) and from h = hy+ha,
we have card(dom(hg)) = card(dom(h))—1 > maxgize(¢)—1 = . Therefore,
(s,h2) = size = f.

case: L = —size > (3: By definition of ¢/, —size > 8 S| ¢ or 8 = maxgize(p). In
the former case, since ¢ is satisfiable, we know that 8 > maxgize(®). There-
fore, in both cases we have f > maxgize(¢). Moreover, as (s,h) E ¢ and
—size > maxXgize(p) + 1 S1t ¢, we have card(dom(h)) < maxgize(yp). Since
card(dom(hy)) = 1, by h = hi+hg we derive card(dom(hz2)) < maxsize(y) < 5.
Therefore, (s, hs) = —size = (. ]
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A /\ 2 x alloc(x) Sy cp’}

Figure 9: The formula (sep)(¢', ).

Proof of (B). Let (s, h) = Atom(x;)*¢'. So, there are hy and hg such that h = hy+ha,

(s,h1) = Atom(x;) and (s, hs) = ¢'. By definition of Atom(x;), dom(hy) = {s(x;)}.

In order to prove (B), we show that (s, h) = L, for every literal L € Lt(p).

case: L = x ~y, where ~€ {=, #}: By definition of ¢, (s, h2) |= L and therefore
s(x) ~ s(y). Hence, (s,h) = L.

case: L = —alloc(x): By definition of Atom(x;), alloc(x;) Sit ¢ and therefore
s(x) ¢ dom(hy). By definition of ¢', for every y € X, alloc(y) St ¢’ implies
alloc(y) €1t ¢. Therefore, s(x) ¢ dom(hg). We conclude that s(x) ¢ dom(h),
and so (s, h) = —alloc(x).

case: L = —x < y: Similar to the previous case. Briefly, by definition of Atom(x;),
(s,h1) | —x — y. By definition of ¢, (s, h2) = —x — y. So, (s,h) E —x > y.

case: L = alloc(x): If x = x; S+ ¢, then s(x) = s(x;) (first case of the proof),
and by definition of Atom(x;), s(x) € dom(hy). As hiEh, we conclude that
(s,h) = alloc(x). Otherwise, if x # x; S| p, then by definition of ¢’ we have
alloc(x) St ¢’. This implies that s(x) € dom(hsg) and so, from hyEh, we conclude
that (s,h) = alloc(x).

case: L = x — y: Similar to the previous case. Briefly, if x = x; S| ¢ then, by
definition of Atom(x;), (s,h1) = x — y and so (s,h) | x < y. Otherwise
(x # % St @), x = ¥ St ¢’ and therefore (s, ha) Ex — y. So, (s,h) E=x —y.

case: L = size > f: If f < maxgize(p), then directly by definition of ¢’, we have
(s,h2) = size = (. From hoTh, we conclude that (s, h) = size > 8. Otherwise,
B = maxgize(¢). Recall that maxgize(¢) = 1 and so, by definition of ¢/, size >
maxgize(©) — 1 St . Thus, card(dom(hg)) > maxsize(p) — 1. By definition
of Atom(x;) we have card(dom(h;)) = 1. As h = hj+hy, we conclude that
(s,h) = size > maxgize(p).

case: L = —size > 3: As ¢ is satisfiable, § > maxsize(¢). By definition of the
formula ¢, —size > maxsize(¢) Sit ¢’ and thus card(dom(hs)) < maxgize(p).
From card(dom(h1)) = 1 we derive card(dom(h)) < maxsize(¢) < 3, which allows
us to conclude that (s, h) = —size > 3. []

Proof of (C). Figure 9 recalls the definition of (sep)(¢’, ). First of all, notice that
it cannot be that there is x € X such that x # x S (sep)(¢’,¥). Indeed, ad

!
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absurdum, suppose the opposite. By definition of (sep)(¢’, 1), this implies that (1)

alloc(x) A x>y ¢ and x >y S ¥, (2) x >y Sip ¢ and —x > y St 9,

or (3) alloc(x) St ¢ and —alloc(x) Syt ¢. By definition of ¢', this implies that

(1) alloc(x) A =x >y St ¢, (2) x = y S p or (3) alloc(x) Syt . However, by

definition of {sep)(¢p, ), this implies that x # x S (sep)(¢, 1), in contradiction

with the satisfiability of (sep)(¢, ). Therefore, below we assume that for all x € X,

x 7 x & (sep)(¢', ).

Let (s,h) = (sep)(p,v) * Atom(x;). There are hy and hy such that h = hi+hg,

(s,h1) = (sep)(p,v) and (s, he) = Atom(x;). By definition of Atom(x;), dom(hg) =

{s(x;)}. To prove (C), we show that (s, h) = L, for every literal L € Lt((sep)(¢’,)).

case: L = x ~y, where ~€ {=, #}: By definition of (sep)(¢’,9), L S+ {¢' | ¥}
and so, by definition of ¢', L S {¢ | ¢}. By definition of {sep)(¢,®), L 4
(sep)(p, ). From (s, h1) = (sep)(p, ) we derive s(x) ~ s(y). So, (s,h) |= L.

case: L = —alloc(x): By definition of (sep)(¢’, ), either —alloc(x) St ¥ or
alloc(x) St ¢'. In the first case, by definition of {sep)(p, ), —alloc(x) S|t
(sep)(p, 1), and therefore s(x) ¢ dom(hi). Moreover, since (sep)(p,1)) is
satisfiable, alloc(x) &+ ¢ (otherwise we would have x # x Sy (sep)(p,))).
Therefore, by definition of Atom(x;), we conclude that s(x) ¢ dom(hsy). From
h = hi+ha, we derive s(x) ¢ dom(h), and thus (s, h) = —alloc(x).
In the second case, (alloc(x) Sit ¢'), by definition of ¢’ we have alloc(x) Syt ¢
and x # x; S|t . By definition of Atom(x;), s(x) ¢ dom(hs). By definition of
(sep)(p, ), —alloc(x) Syt (sep)(p, ), and therefore s(x) ¢ dom(hy). Again,
by h = h1+ha, we have (s, h) = —alloc(x).

case: L = —x — y: Following the definition of {sep)(¢’, 1), =x — y S ¥ and
therefore —x — y < (sep)(¢,v). Therefore, (s,h;) E —x — y. Since
(sep)(p, ) is satisfiable, —x — y S ¢. By definition of Atom(x;), we derive
(s,ha) E —x < y. From h = hi+hs, (s,h) E —-x —y.

case: L = alloc(x): By definition of (sep)(¢’,®), we have —alloc(x) St ¢’
and alloc(x) S| ¢. First, let us suppose alloc(x) Sit . By definition of ¢/,
x = x; St ¢ and so, by definition of Atom(x;), s(x) € dom(hg). From hoEh,
(s,h) = alloc(x). Otherwise (—alloc(x) Syt ¢), by definition of (sep)(p, ),
alloc(x) Sy (sep)(¢, ). So, s(x) € dom(hy), and by hi=h, (s,h) = alloc(x).

case: L = x < y: Similar to the previous case. By definition of (sep)(¢’, ),
—alloc(x) St ¢’ and x — y S ¢. First, let us assume alloc(x) St . By
definition of ¢, x = x; S| ¢. By definition of Atom(x;), s(x) € dom(hs). Ad
absurdum, suppose h(s(x)) # s(y). By definition of Atom(x;), we have that
alloc(x) A =x > y S . However, from x — y <; @, this implies x #
x St (sep)(¢, 1), which contradicts the satisfiability of (sep)(¢, ). Therefore,
h(s(x)) = s(y) and, from heZ=h, we conclude that (s,h) = x < y. Otherwise
(—alloc(x) Sit ¢), by definition of (sep)(p, 1), x — y St (sep)(p, ). So,
hi1(s(x)) = s(y), and by hi=h, we derive (s,h) = x — y.

case: [ = size > 39+1 = 31, where —size > 5] S ¢’ and size > 5 S ¥
By definition of ¢/, —size > 81 St ¢, and 80 1 > maxsize(p), since ¢ is sat-
isfiable. By definition of {(sep)(p,) and as —size > maxgize(p) + 1 St
¢, we have size > [y + 1 =~ (maxgsize(¢) + 1) St (sep)(p, 1), which in
turn implies card(dom(h;)) = fB2 — maxsize(p). By definition of Atom(x;),
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card(dom(hg)) = 1. By h = hi+hg, card(dom(h)) = (B2 ~ maxsize(p)) + 1 =
(B2 + 1) — maxgize(p). As f1 > maxsize(p), (S, h) = size = f2+1 = f.
case: [ = —size > ff3 =~ 31, where size > 31 S| ¢’ and —size > By S ¢:
By definition of ¢’, f1 < maxgize(¢). By definition of {sep)(y,?), we have
—size > [ ~ maxsize(p) Sit (sep)(p, ). Notice that, since (sep)(p,?) is
satisfiable, B2 > maxsize(¢). Thus, card(dom(hi)) < P2 — maxsize(¢). By
definition of Atom(x;), card(dom(hs)) < 1. From h = hi+hs, we conclude
that card(dom(h)) < (B2 — maxsize(y)) + 1. As 1 < maxXsize(y), we have
P2 — maxsize(p) + 1 < o = B1. Therefore, (s,h) = —size = P2 = .
Continuing with the proof of Lemma 6.2, we prove . (x,) (sep)(¢, %) = (¢ ® T).
Notice that, by the completeness of Hc(*) (Theorem 5.6), we conclude that the tautolo-
gies in (B) and (C) are derivable in Hc(x, —). Moreover, notice that —alloc(x;) Syt
¢" and, for every y € X, —alloc(y) Syt o implies —alloc(y) St ¢’. This allows us to
rely on the induction hypothesis, and conclude that -3, (x ) (sep)(¢’,¥) = (¢’ ®T).
The derivation of (sep)(y, 1) = (¢ ® T) is given below:

(sep)(¢', ) = (¢ ®T) Induction hypothesis
Atom(x;) = ' = ¢ (B), Theorem 5.6
(sep)(p, V) = Atom(z;) = {(sep)(¢’, ¢) (C), Theorem 5.6
(sep)(, 1) * Atom(x;) = (¢ ®T) Ty, 1,3
(sep)(ip,) = (Atom(x;) -® (sep)(p, ¥) * Atom(x,)) )

(Atom(x;) -® (sep)(i,¥) = Atom(x;)) = (Atom(x;) -® (¢’ © T)) (Ig35), 4

(Atom(x;) ® (¢ ®T)) = (Atom(x;) * ¢’ ®T) (Is's.6

(Atom(x;) »¢" ®T) = (¢ ®T) (Ig5.4), 2

(sep)(p, ) = (¢ ©T) =-Tr, 5,6, 7,8

case: maxgize() = a: In this case, we have size > a S ¢, where we recall that
a = maxsize(¢) = 1. Following the developments of the previous case, we would like
to define a formula ¢’ for which the formula ¢’ * Atom(x;) = ¢ is valid. However, since
¢ is in CoreTypes(X, ), we cannot hope for ¢’ to be a core type in CoreTypes(X, «).
Indeed, because of size > a S; ¢, in order to achieve the valid formula above we
must differentiate between the case where ¢ is satisfied by a memory state (s, h) such
that card(dom(h)) > «, to the case where card(dom(h)) = a. Therefore, below we
introduce two core types ¢/, and ¢, _;, and define ¢’ as ¢/, v ¢!, ;. Since the separating
conjunction distributes over disjunctions, after defining these two core types, we can
easily adapt the arguments of the previous case to prove that {sep)(p,¥) = (¢ ®T).
The formula !, is obtained from ¢ by replacing, for every x € X such that x = x; S ¢,
every literal alloc(x) St ¢ with —alloc(x), and every x < y S ¢ with —x <y,
where y € X. Notice that ¢/, is defined similarly to ¢’ (in the previous case of the
proof), with the exception that we do not modify the polarity of size literals. Explicitly,
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¢! is defined as follows.

/\{X ~y S e |~e{=#}} A /\{alloc(x) Sl | X # % S ) A /\{ﬂalloc(x) SIPRCIIN
/N\imalloc(x) [x=xico} n Alx oy e lx#x e} o \{mx >y Srein
Nix—ylx=xinx—ycupla Nlsize>B|Bel0,a—1]} nsize >a.

The formula ¢/, _; is obtained from ¢/, by replacing size > « (highlighted in the
definition of ¢/, above), by —size > a. The following properties are satisfied:

D. ¢!, and ¢/, are satisfiable core types in CoreTypes(X, @),
E. (Atom(x;) = (¢, v ¢l,_1)) = ¢ is valid.
F. ((sep)(p,v) * Atom(x;)) = (sep)(¢q, ¥) v (sep)(¢_1,¥) is valid.

Proof of (D). The proof is very similar to the one of the property (A). Here, we
pinpoint the main differences. First of all, since both ¢/, and ¢/,_; are obtained
from ¢ by changing the polarity of some of the literals in Lt(¢), they are both in
CoreTypes(X, ). To show that ¢!, and ¢/, _, are satisfiable, we rely on the fact that
© is satisfiable. Let (s,h) be a memory state satisfying ¢. Since size > a St ¢,
card(dom(h)) > a. Without loss of generality, we can assume card(dom(h)) > a.
Indeed, if card(dom(h)) = « it is sufficient to add a memory cell (¢, ¢) to h, such that
{ does not correspond to a program variable x € X. It is straightforward to check
that the resulting memory state still satisfies . We introduce a second heap h’. Let
L = dom(h) n {s(x) | x € X} be the set of locations in dom(h) that corresponds to
variables in X. Since card(X) < «, card(L) < «. Let A'=h such that L < dom(h’)
and card(dom(h')) = . Again, it is straightforward to see that (s, h’) satisfies .
Intuitively, we rely on (s, h) to show that ¢, is satisfiable, and on (s, k") to show that
¢!, is satisfiable. As alloc(x;) Syt ¢, we have s(x) € dom(h) and s(x) € dom(h/).
We consider heaps h; and hg such that h = hy+hg and dom(hi) = {s(x;)}. Similarly,
we consider heaps h} and h} such that b’ = b} +h} and dom(h)) = {s(x;)}. We show
that (s, he) = ¢, and (s,h}) = ¢, ;. Let us first discuss the former result. Let
L e Lt(y,). If L is not of the form size > 8 or —size > 3, then (s, ha) = L follows
exactly as in the proof of (A). Otherwise,
case: L = size > [3: By definition of hg, card(dom(hs)) = card(dom(h)) — 1 > a.
Since 8 < « (as ¢), is in CoreTypes(X, «)), we conclude that (s, he) = size > .
case: L = —size > [3: By definition of ¢/, no literals of the form —size > /3 belongs
to Lt(yl,). Therefore, this case does not occur.
This concludes the proof of (s, he) = ¢l,. For the proof of (s,h) = ¢, _4, let us
consider L € Lt(¢],_;). Again, if L is not of the form size > f or —size > «, then
(s, hh) |= L follows exactly as in the proof of (A) (replacing h by h' and hg by hj).
Otherwise,
case: L = size > J: By definition of ¢/ _;, we have § < a. By definition of hj,
card(dom(h})) = card(dom(h’)) — 1 = a — 1. Therefore, (s, h}) = size > .
case: L = —size > [3: By definition of ¢/, ;, = a. Since card(dom(h})) = o — 1,
we conclude that (s, h)) = —size > f. []
Proof of (E). The proof is very similar to the one of the property (B). We show that
(Atom(x;) * L) = ¢ and (Atom(x;) * ¢!, _;) = . Then, (E) follows as the separating
conjunction distributes over disjunction. First, let us consider (Atom(x;) * ¢.,) = ¢,
and a memory state (s, h) satisfying Atom(x;) = ¢,,. There are h; and hs such that
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h = hi+ha, (s,h1) = Atom(x;) and (s, hs) = ¢,,. Let L € Lt(y). Notice that ¢ does
not contain negated size > f literals. If L is not size > [, for some 8 € [0, a],
then (s, h) |= L follows exactly as it is shown in the proof of (B). Otherwise, suppose
L = size = 3, where 8 € [0,a]. By definition of ¢,,, size > a St ¢,,. Hence,
card(dom(hz)) = « and, from hoTh, we derive (s, h) = size = 5. So, (s,h) = ¢.

Let us now consider (Atom(x;) * ¢l,_;) = ¢ and a memory state (s, h) satisfying
Atom(x;) * ¢, _;. There are hy and hg such that h = hi+he, (s,h1) = Atom(x;) and
(s,h2) E ¢l,_;. Let L e Lt(p). Again, ¢ does not contain negated size > (3 literals,
and if L is not size > 3, for some /5 € [0,«], then (s,h) = L follows exactly as
is shown in the proof of (B). Otherwise, suppose L = size > 3, where § € [0, a].
By definition of ¢/, size > a =1 < ¢/,_;. Therefore, card(dom(h2)) > a — 1.
By definition of Atom(x;), card(dom(hy)) = 1. From h = h;+hg, we conclude that
card(dom(h)) > « and thus (s, h) = size > 3. Therefore, (s,h) = . ]

Proof of (F). Recall that {sep)(¢p, ) is satisfiable. In particular, from its definition
together with size > a < ¢, this implies that size > o S ¥, as otherwise
we would have —size = 0 S| (sep)(p, ). So, as ¢ is a satisfiable core type in

CoreTypes(X, «), for all § € [0, ], size = § S| ©. Alternatively, ¢ does not contain

—size > [ literals. We look at the definitions of {(sep)(¢,,,v) and (sep)(¢l,_;, ).

a. Since for all g € [0,a], size = 8 S|t ¢, and size > [ S| ¥, we derive that
(sep)(¢l,, 1) does not contain size >  nor —size > f literals (for all 8 € [0, a]).
This holds directly by definition of {sep)(¢l,, ), which can be retrieved by substi-
tuting ¢’ by ¢/, in Figure 9.

b. Analogously, we know that —size > a St ¢!, _; whereas for every § € [0, — 1],
size = [ St ¢l,_;, and therefore among all the literals size >  or —size > f8
(B € [0,a]), (sep)(¢),_1,7) only contains size > 1 (occurring positively).

By definition and with the sole exception of the polarity of the formula size > «

(occurring positively in ¢/, and negatively in ¢/,_,), the two core types ¢/,_; and ¢/,

are equal. Directly by definition of (sep)(¢l,, 1) and (sep)(¢’,_1,%), together with (a)

and (b), this implies that (sep)(¢., _;, ) is syntactically equal to (sep)(¢.,, 1) A size > 1

(up to commutativity and associativity of conjunction). This means that the for-

mula (sep)(¢),_1,%) = (sep)(¢l,1) is valid, and suggests us that, in order to

show (F), we can simply establish that ({sep)(p, ) * Atom(x;)) = {(sep)(¢L, ) is
valid. As we already stated, ¢/, is defined as ¢’ (in the previous step of the proof),
with the exception that we do not modify the polarity of size > § literals. Be-
cause of this, we can rely on the proof of (C). Briefly, we consider a memory state

(s, h) satisfying (sep)(p, 1)) * Atom(x;). There are hy and hs such that h = hi+ha,

(5, 1n) = (sep)(p. 1) and (5, ha) b= Atom(x;). Let L € Lt((sep)(¢ly_y, ). By (a), L

is neither of the form size > f nor of the form —size > . Therefore, (s,h) = L

follows exactly as shown in the proof of (C). ]

We are now ready to prove that {(sep)(¢,?¥) = (¢ ® T). By Theorem 5.6, the

tautologies in (D) and (F') are derivable in Hc(*, —). Moreover, since —alloc(x;) Syt

{¥apa_1} and, for every y € X, —alloc(y) St ¢ implies ~alloc(y) Sie {0 ;¥a-1},

we rely on the induction hypothesis to derive

e () 5€P)(Ps ) = (0 ®T),  Fare(e) SR (Do 1,%) = (v ©T).

We derive (sep)(¢,v) = (p ® T) (see Figure 10) concluding the proof of Lemma 6.2
[
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1| (sep)(¢l,, ) = (¢, ®T) Induction hypothesis
2 | (sep)(@_1,¢) = (¢,_; ®T) Induction hypothesis
3| Atom(x;) * (¢, v ¢l_1) = (E), Theorem 5.6
1 | (sep)(p, ) * Atom(x;) = (sep)(h ) v (seD)Fr_1, ) (F), Theorem 5.6
5 | (sepd(Ph ) v (5ep) a1, ) = (o @ T) v Py ©T) PC, 1,2
6| (o ®T)v(pa1®T)= (P Ve 1®T) (Te's.7
7| (sep)(p, ¥)  Atom(x;) = (¢l v @1 ®T) =-Tr, 4, 5, 6
8 | (sep)(p, 1)) = (Atom(x;) ® (sep)(p, ) » Atom(x;)) (1)
9 | (Atom(x;) -® (sep)(i, ¥) * Atom(x;)) =
(Atom(x;) ® (¢q v @1 ®T)) (T'5.5): 7
10 | (Atom(x;) ® (@l v P ®T)) =
(Atom(x;) * (¥ v po—1) ®T) (636
11| (Atom(x;) # (o v Po1) ®T) = (0 ®T) (Ig'3.4): 3
12 | (sep)(p,¥) = (¢ ®T) =-Tr, 8, 9, 10, 11

Figure 10: Proof of Lemma 6.2: the final derivation.

Lemma 6.2 in which ¢ and ¥ are core types can be extended to arbitrary Boolean
combinations of core formulae, as we show that the distributivity of ® over disjunctions is
provable in Hc(#, —). As a consequence of this development, we achieve the main result of
the paper.

Theorem 6.5. Hc(x,—) is sound and complete for SL(x, —x).

Proof. Soundness of the proof system Hc(*, —) has been already established earlier, see
Lemma 3.1. As far as the completeness proof is concerned, its structure is very similar to the
proof of Theorem 5.6 except that we have to be able to handle the separating implication. In
order to be self-contained, we reproduce some of its arguments albeit adapted to Hc (s, —).

We need to show that for every formula ¢ in SL(*, —), there is a Boolean combination
of core formulae ¢ such that b, (4, ) ¥ < 1. In order to conclude the proof, when ¢ is
valid for SL(x, =), by soundness of Hc(*, =), we obtain that 1 is valid too and therefore
e (x,4) ¥ as Hc is a subsystem of Hc(*, ) and Hc is complete by Theorem 4.3. By
propositional reasoning, we get that (4 ) ¥

In order to show that every formula ¢ has a provably equivalent Boolean combination
of core formulae, we heavily rely on Corollary 5.5 and on Lemma 6.2. The proof is by simple
induction on the number of occurrences of * or — in ¢ that are not involved in the definition
of some core formula of the form size >  or alloc(x). For the base case, when ¢ has
no occurrence of the separating connectives, x = y and x < y are already core formulae,
whereas emp is logically equivalent to —size > 1.

Before performing the induction step, let us observe that in Hc(*, —), the replacement
of provably equivalent formulae holds true, which is stated as follows:
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R1 Let ¢, " and 1) be formulae of SL(x, —) such that -y (x ) ¢ < ¢'. Then,

|_7-Lc(*,—*) ¢[@]p = 7/)[80/]/)

In order to prove R1, we are almost done as we have already shown RO in the proof of
Theorem 5.6 and the same properties hold for SL(x, =) though the language is richer.

As a direct consequence of the admissibility of the rules (Ig% ,) and (Ig'35) from
Lemma 6.3, the rules below are also admissible:

=y gy
e wy  YPrpey oy

We need the two rules as — is not commutative. Consequently, by structural induction
on 1, one can conclude that -y (x ) @ < ¢ implies by () V[l = YV[¢' ],

Now, assume ¢ is a formula in SL(x, —). Without loss of generality, we can assume that
the separating connectives in ¢ are restricted to * and -® for the occurrences that are not
related to abbreviations for core formulae. Indeed, ¢’ -® 1 is a shortcut for — (¢’ - —)) and
therefore one can replace every occurrence of ¢ = 1) by — (i)' ® —1)) assuming that ¢/’ and
1 are already of the appropriate shape. Such a replacement is possible thanks to R1.

Assume that ¢ is a formula in SL(x, ®) with n + 1 occurrences of * or -® not involved
in the definition of core formulae.

Let 1 be a subformula of ¢ (at the occurrence p) of the form 1 -®12 such that 1)1 and 1
are in Bool(Core(X, 1)) and Bool(Core(X, az)), respectively. By propositional reasoning, one
can show that there are formulae in disjunctive normal form ] v - - - v 7" and ¥d v - - - v 52

such that g, ¥; < ¥} v -+ vl for i € {1,2}, and moreover every wf’s is a core type in
CoreTypes(X, max(card(X), a1, a2)). Again, by using propositional reasoning but this time
establishing also distributivity of v over -®, we have

e () V1 ® 2 & \V (GRRCE
J1€[l,n1],j2€[1,n2]
We rely on Lemma 6.2, and conclude that there is a conjunction of core formulae PIvI2 in
Conj(Core(X, max(card(X), a1, a2))) such that g (x ) Pi' -@1? < 17172, By propositional
reasoning, we get
e (x,0) V1 ® U2 = \/ Pz,
J1€[1,n1].52€[1,n2]
Consequently (thanks to the property R1), we obtain

e (x,») P = ol \/ wjhp]p
j1€[1,n1],j2€[1,n2]
Note that the right-hand side formula has n occurrences of the separating connnectives that
are not involved in the definition of some core formula. The induction hypothesis applies,
which concludes the proof.
The case when 1 is a subformula of ¢ (at the occurrence p) of the form 1) = 1) is treated
as in the proof of Theorem 5.6 and therefore is omitted herein. []
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7. RELATED WORK

In this section, we briefly compare our Hilbert-style proof system Hc(*, =) with existing
proof systems for SL(x, —), fragments or extensions and we recall a few landmark works
proposing proof systems for abstract separation logics or for logics that are variants of
Boolean BI. Those latter proof systems are not necessarily Hilbert-style and may contain
labels or other similar machineries. So, this section completes the presentation of the context
from Section 1 while pinpointing the main original features of our calculus. Finally, we also
evoke several works that use the idea of axiomatising a fragment of a logic and to provide
in the proof system means to transform any formula into an equivalent formula from that
fragment. This is clearly similar to the approach we have followed, but we aim at picking
examples from outside the realm of spatial and resource logics. In order to keep the length of
this section reasonable, we limit ourselves to the main bibliographical entries but additional
relevant works can be found in the cited materials.

Proof systems for quantifier-free separation logic. Surprisingly, as far as we know,
sound and complete proof systems for SL(x, —) are very rare and the only system we are
aware of is a tableaux-based calculus from [GM10] with labelled formulae (each formula is
enriched with a label to be interpreted by some heap) and with resource graphs to encode
symbolically constraints between heap expressions (i.e. labels). Of course, translations from
separation logics into logics or theories have been designed, see e.g. [CGHO05, RISK16], but
the finding of proof systems for SL(x, —) with all Boolean connectives and the separating
connectives * and — has been quite challenging. Unlike [GM10], Hc (%, —*) uses only SL(x, —x)
formulae and therefore can be viewed as a quite orthodox Hilbert-style calculus with no extra
syntactic objects. In particular, Hc(#, =) has no syntactic machinery to refer to heaps or to
other semantical objects related to SL(x, —). In [GM10], the resource graphs attached to the
tableaux are designed to reason about heap constraints, and to provide control for designing
strategies that lead to termination. Interestingly, the calculus in [GM10] is intended to
be helpful to synthesize countermodels (which is a standard feature for labelled deduction
systems [Gab96]) or to be extended to the first-order case, which is partly done in [GM10]
but we know that completeness is theoretically impossible. Besides, a sound labelled sequent
calculus for the first-order extension of SL(x, —) is presented in [HGT15] but completeness
for the sublogic SL(s, —) is not established. The calculus in [HGT15] has also labels, which
differs from our puristic approach. A complete sequent-style calculus for the symbolic heap
fragment has been designed quite early in [BCOO04] but does not deal with full SL(x, —) (in
particular it is not closed under Boolean connectives and does not contain the separating
implication). A complexity-wise optimal decision procedure for the symbolic heap fragment
is designed in [CHO™11] based on a characterisation in terms of homomorphisms.

Frameworks for abstract separation logics. Bunched logics, such as the original
bunched logic BI in [OP99], are known to be closely related to separation logics that
can be viewed as concretisation of (Boolean) BI with models made of memory states, see
e.g. [Pym02, Rey02, GM05, PSO18]. Actually, bunched logics come with different flavours,
Boolean BI being considered as the genuine abstract version of SL(x#, —). Though Boolean
BI has been shown undecidable in [LG13, BK14], a Hilbert-style axiomatisation can be
found in [GLWO06]. Our proof system Hc(x, =) inherits all the axiom schemas and inference
rules for Boolean BI from [GLWO06], which is expected as SL(x, —) can be viewed as Boolean
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BI on concrete heaps but with the notable difference of having built-in atomic formulae
x =y and x — y. Bunched logics, such as Boolean BI, can be defined in several ways,
for instance assuming classical or intuitionistic connectives, and in [Brol2], a unified proof
theory based on display calculi [Bel82] is designed for a variety of four bunched logics,
including Boolean BI (see also the nested sequent calculus for Boolean BI in [PSP13]). In
display calculi, structural connectives enrich the sequent-style structures, providing a family
of structural connectives accompanying the standard comma from sequent-style calculi. The
main results in [Brol2] include cut-elimination, soundness and completeness. So, compared
to our calculus Hc(#, —), the calculi in [Brol2] are designed for logics with more abstract
semantical structures and owns a proof-theoretical machinery that does not include labels
but instead complex structured sequents.

The quest for designing frameworks dedicated to classes of abstract separation logics
have been pursued in several directions. For instance, models for Boolean BI are typically
relational commutative monoids but properties can be added leading to a separation theory.
In [BV14], a hybrid version of Boolean BI is introduced, called HyBBI, in which nominals
(in the sense of hybrid modal logics, see e.g. [ABMO1]) are added in order to be able to
express rich standard properties in separation theory, such as cancellativity. Not only an
Hilbert-style proof system is provided for HyBBI [BV14] but also a parametric completeness
result is shown. More precisely, any extension of the proof system for HyBBI with a set
of specific axioms is actually complete with respect to the class of models that satisfy the
axioms, which is analogous to Sahlqvist’s Theorem for modal logics [Sah75, BARVO01]. This
provides a very general means to axiomatise variants of Boolean BI but at the cost of having
the extra machinery for nominals. Moreover, as HyBBI and its extensions are abstract
separation logics with no atomic formulae of the form x = y or x < y, the tools developed
in [BV14] are of no help to design an Hilbert-style proof system for SL(x, —) (except that
its part dealing with Boolean BI is precisely borrowed from [GLWO06] too).

Besides, in [HCGT18] labelled sequent calculi are designed for several abstract separation
logics by considering different sets of properties. The sequents contain labelled formulae (a
formula prefixed by a label to be interpreted as an abstract heap) as well as relational atoms
to express relationships between abstract heaps. Though the framework in [HCGT18] is
modular and very general to handle abstract separation logics, it is not tailored to separation
logics with concrete semantics, see [HCGT18, Section 7] for possible future directions. In
contrast, as explained already, the paper [HGT15] deals with first-order separation logic
with concrete semantics and presents a sound labelled sequent calculus for it. Of course,
the calculus cannot be complete but more importantly in the context of the current paper,
completeness is not established for the quantifier-free fragment. In [HGT15], the sequents
contain labelled formulae and relational atoms, similarly to [HCGT18] (see also [H6ul5]).
Hence, this does not meet our requirements to have a pure axiomatisation in which only
logical formulae from quantifier-free separation logic are allowed.

Modularity of the approaches from [Brol2, BV14, HCGT18] is further developed in
the recent work [DP18, Docl9] by proposing a framework for labelled tableaux systems
parametrised by the choice of separation theories (in the very sense of [BV14]). It is
remarkable that the developments in [DP18, Docl9] are very general as it can handle
separation theories that can be expressed in the rich class of so-called coherent first-order
formulae, included in the first-order fragment Ily. The first-order axioms are directly
translated into inference rules. The calculi use labelled formulae (every formula is decorated
by a sign and by a label) as well as constraints enforcing properties between worlds/resources.
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Unlike [GM10], the reasoning about labels is not outsourced but handled directly by the
calculus. As several works mentioned above, the framework in [DP18, Docl19] does not
provide for free a proof system for SL(s, —) (which might have been a close cousin of the
one in [GM10]). More importantly, similarly to the works [GM10, BV14, HCGT18], the
labelled tableaux systems handle syntactic objects referring to semantical concepts related
to the abstract separation logics that go beyond the only presence of formulae. In a way,
modularity of the approach prevents from having a puristic calculus for SL(x, —), apart from
the fact that SL(x, —) is not part of the logics handled in [DP18].

Axiomatising knowledge logics with reduction axioms. In order to conclude this
section, let us recall that the derivations in Hc(*, =) are able to simulate the bottom-up
elimination of separating connectives, leading to Boolean combinations of core formulae for
which the system Hc(x, —) is also complete. As the core formulae are (simple) formulae
in SL(*,—), the axiomatisation provided by Hc(*,—) uses only SL(x,—) formulae and
is complete for the full logic SL(*, =) (and not only for Boolean combinations of core
formulae). Note that as a by-product of our completeness proof for SL(x,—), we get
expressive completeness of SL(x, =) with respect to Boolean combinations of core formulae,
with a proof different from the developments in [Loz04a, BDL09, EIP19].

This general principle described above is familiar for axiomatising dynamic epistemic
logics in which dynamic connectives might be eliminated with the help of so-called reduction
axioms, see e.g. standard examples in [vDvdHKO08, vB11, WC13, FVQ19]. In a nutshell,
every formula containing a dynamic operator is provably reduced to a formula without
such an operator. Completeness is then established thanks to the completeness of the
underlying ‘basic’ language, A similar approach for the linear u-calculus is recently presented
in [Doul7] for which a form of constructive completeness is advocated, see also [Liic18].
Hilbert-style axiomatisations following similar high-level principles for the modal separation
logics MSL(#,0) and MSL(#,(#)) introduced in [DF19], have been designed in [DFM19].

8. CONCLUSION

We presented a method to axiomatise internally quantifier-free separation logic SL(x, —)
based on the axiomatisation of Boolean combinations of core formulae (and even more
precisely, based on the restricted fragment of core types). We designed the first proof system
for SL(x, —) that is completely internal and highlights the essential ingredients of the heaplet
semantics. The fact that the calculus is internal simply means that the axioms and inference
rules involve schemas instantiated by formulae in SL(*, =) (no use of nominals, labels or
other syntactic objects that are not SL(x, =) formulae). Obviously, the Hilbert-style proof
system presented in the paper is of theoretical interest, at least to grasp what are the
essential features of SL(x, —). Still, it remains to be seen whether applications are possible
for designing decision procedures, for instance to feed provers with appropriate axiom
instances to accelerate the proof search. Furthermore, we have not investigated whether the
proof system Hc(x, =) (see Figure 1) can be simplified without loosing completeness. This
might be rewarding for using the calculus for other logics or for other applications. Most
probably the most obvious part to study in that respect would be Hc(x).

To provide further evidence that our method is robust, it is desirable to apply it to ax-
iomatise other separation logics, for instance by adding the list segment predicate 1s [BCO04]
(or more generally user-defined inductive predicates) or by adding first-order quantification.



50 S. DEMRI, E. LOZES, AND A. MANSUTTI

A key step in our approach is first to show that the logic admits a characterisation in
terms of core formulae and such formulae need to be designed adequately. Of course, it
is required that the set of valid formulae is recursively enumerable, which discards any
attempt with SL(x, —,1s) or with the first-order version of SL(x%, =) [DLM18a, BDL12].
The second part of the paper [DLM20] introduces an extension of SL(x,1s) and presents
an axiomatisation with our method. More separation logics could be axiomatised that
way, other good candidates are the version of separation logic with one individual variable
studied in [DGLWM17] as well as the quantifier-free separation logic with general universes
from [EIP19].

Acknowledgements. We would like to thank the anonymous reviewers for their numerous
remarks and suggestions that help us to improve the quality of the document.
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As in the rest of the paper, in the derivations below we use the following precedence between
the various connectives of SL(x, —): {—=} > {A, v,*} > {=, =, ®} > {<}.

APPENDIX A. PROOF OF LEMMA 5.2

Proof of (If 51)-

—
s}

1

© 00 N O Ot ke w N

1

p=(prx~y)Vv(pr—x~y)
pxp=((prx~y)v(pr—x~y))*v
((prx~y)v(pa—x~y)) * Y = ((prx~y) * P)v((pA—x~y) * )
PATX~Y = X~y

=T

(pr—x~y)sp = (—x~y)*T

(x~y)xT=—-x~75

(pA—x~y)* = —x~y

(prx~y) =) v ((pA—x~y) =) = ((pAx~y)*Y) v —x ~y
pxp = ((pAx~y)*)) v —x~y
x~yA(psY)=(@rx~y) =1

Proof of (I;z.z)-

1

2
3
4

alloc(x) A x =y = alloc(y)

x=y A ((p Aalloc(x))*1Y) = ((p A alloc(x) Ax=7y)*1)
(p A alloc(x) Ax=7y) =)= (¢ Aalloc(y)) * ¢

x =73 A ((¢ A alloc(x)) x ) = (¢ A alloc(y)) = ¢

Proof of (If 5 3).

® N O Ot =

= (¢ A alloc(x)) v (¥ A—alloc(x))
(p A alloc(x)) * 9 =

(p A alloc(x)) # ((¢ A alloc(x)) v (1 A—alloc(x)))
(p A alloc(x)) = ((¢ A alloc(x)) v (¢ A—alloc(x))) =

((p A alloc(x)) = (¢ A alloc(x))) v ((p A alloc(x)) * (¢ A—alloc(x)))

X A alloc(x) = alloc(x)

(¢ A alloc(x)) * (¢ A alloc(x)) = alloc(x) * alloc(x)
alloc(x) *alloc(x) =1

(p A alloc(x)) * (¢ A alloc(x)) =L

(p A alloc(x)) *yp = L v((¢ A alloc(x)) # (1) A—alloc(x)))

PC

x-Intro, 1
(13)

PC

PC

w=Ilr, 4, 5
(AL)

=-Tr, 6, 7
8, PC

=-Tr, 2, 3,9
10,PC [

(A3)

(I52.1)

PC, »-Intro, 1
=-Tr, 2,3 []

PC

(A%), #-Intro, 1

(A%, (I§), 2
(x € {¢. 6}), PC
==Ilr, 4
(ALs)
=-Tr, 5, 6
PC, 2,3, 7
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9| (¢ A alloc(x)) * 9 = (v A alloc(x)) * (¥ A —alloc(x)) PC, 8

10 | ¢ A alloc(x) = ¢ PC

11 | (¢ A alloc(x)) * (¢ A—alloc(x)) = ¢ = (1 A—alloc(x)) x-Intro, 10

12 | (p A alloc(x)) * 1 = ¢ = (1p A—alloc(x)) =-Tr, 9,11 [
Proof of (15 5 4)-

1| ¢= (¢ Aalloc(x)) v (p An—alloc(x)) PC

2 | o=t = ((p A alloc(x)) v (p A—alloc(x))) * ¥ x-Intro, 1

3| ((¢ A alloc(x)) v (p A —alloc(x))) = =

(¢ A alloc(x)) = ) v ((p A —alloc(x) = ) (1)

4| ¢ A alloc(x) = alloc(x) PC

5 =T PC

6 | (¢ A alloc(x))*v = (alloc(x)*T) x-Ilr, 4, 5

7| alloc(x) * T = alloc(x) (I%5)

8 | p#1 = alloc(x) v ((¢ A —alloc(x)) * ) PC, 2,3,6,7

9 | —alloc(x) A (@) = (¢ A—alloc(x)) =1 PC, 8 L]
Proof of (If 5.5)-

1| ¢= (¢ Aalloc(x)) v (p A—alloc(x)) PC

2 | px(—alloc(x) A ¢) =
((pralloc(x)) * (Y A—alloc(x))) v ((pAa—alloc(x)) * (pA—alloc(x))) =-Intro, 1, (I¥)

3| x A—alloc(x) = —alloc(x) (x € {p,9}), PC
4| (p n—alloc(x)) * (p A—alloc(x)) = —alloc(x) * —alloc(x) PC, #Ilr, 3
5 | —alloc(x) * —alloc(x) = —alloc(x) (A%S)
6 | v * (—alloc(x) A ¢) = ((p A alloc(x)) * (¢ A—alloc(x))) v —alloc(x) PC,2,4,5
7 | alloc(x) A (¢ * (—alloc(x) A 9)) = (¢ A alloc(x)) = (b A —alloc(x)) PC, 6 []
Proof of (If 5 6)-
1| ¢ Aalloc(x) = (p A alloc(x) Ax—7y) Vv (pAalloc(x) A —x > y) PC

2 | (p A alloc(x)) 9 =

((¢ A alloc(x) Ax = y) Vv (¢ A alloc(x) A —x > y)) * x-Intro, 1

3| (p A alloc(x)) *1) =

((p A alloc(x) Ax —7y)#1) v ((p A alloc(x) A —=x — y) x 1)) (I¥), =-Tr, 2

4| ¢ Aalloc(x) A —x —> y = alloc(x) A—x >y pPC
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(p A alloc(x) A —x — ) *
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¥ = (alloc(x)

(alloc(x) A—x > y)* T = —x <>y

(p A alloc(x)) =

x =y A ((alloc(x) A @) =

V) =

pAralloc(R)AX D> y=pAXY

(p A alloc(x) A x> y)*
x =y A ((alloc(x) A @) =

Y= (pArx—y)x

¥) =

(4

(pAx—y)x

A—TX oY) #®

= ((p A alloc(x) A x > y)*
(p A alloc(x) Ax > y) =

(4

T

P)v x>y
(4
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PC

=-Ilr

(Afs)

PC, 3,6, 7

PC, 8

PC

+x-Intro, 10
=-Tr, 9, 11 []

Proof of (If 5 7). Similar to the proof of (If , 4), by replacing alloc(x) with x < y.

o g O Ut s W NN =

In this appendix, we show the derivations in Hc¢(#) of size >

o= (¢

AX oY)V

prp=((prx—y)=

PAXDYy=X—Y

=T

(pAx—y)

X <— y*

pryp=x—oyv((pr-x—y)x

—|X;>y

T=x—y

A(pxip) =

(p A=z —y)*

(p A=z —y)
V) v

p=>(x—>y=*T)

)
(G

((p A x> y) =

¥)

PC

w-Intro, 1, (I§)
pPC

pPC

«Ilr, 3, 4
(Als)

PC, 2,5,6

PC, 7 ]

APPENDIX B. DERIVATION OF THE size FORMULAE REQUIRED FOR LEMMA 5.4

b1+ P2 = size = [i#size >

B2

and size = 1+ J2 = size = (31 *size = (33, which are required for the proof of Lemma 5.4.
b1+ B2 = size = (1 xsize > (B is proven by induction on ;.

- W [\S) —

The derivation of size >
The derivation for the base case 51 = 0 is:

size >

emp = size =

emp * size >

size

B2 = emp * size >

>y = size =0 xsize >

P2

0OA —size>1

b2 = size = 0 * size = ffo

P2

(A1)
PC, def. of size > 1
x-Intro, 2, def. of size =0

=-Tr, 1, 3

For the induction step, let us suppose the formula to be derivable for a certain 1, and let
us prove that it is also derivable for 8y + 1.

1
2
3

size =

B14+ 1+ [y = size =

size > 1= size=1x%T

size =

1*size >

(size = 1% T) % size >

1*size >

B1+ B2 =

B1+ B2

B1+ B2

def. of size >

f; (A7), (A)

(A%g), def. of size > 1

x-Intro, 2
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(size = 1% T)xsize = 31 + f2 =
size = 1 * size = 31 + 3>
size = 1 + B2 = size = ] * size = [

size=1xsize> (1 + (o =

(size = 1 * size = (1) # size = By
size = B = size > B
51ze—ﬁ:>ﬁ51ze>ﬁ+1

size =1 xsize = 3 = size > 1 % size = (3

PC, (A7), (A3), (AlL)

Induction Hypothesis

(A%), =-Intro, (A})
PC, def. of size = [3
PC, def. of size = E
x=Ilr, 7

size = 1 xsize = 1 = —size > 2% —size > f; + 1 #-Ilr, 8
size > lxsize > 81 = size > 31 + 1 def. of size > 3, (A¥), (Af)
—size > 2* —size > ff; + 1= —size > f; +2 (A3g)
size =1 xsize =) = size=[1 +1 PC, 9-12, def. of size = [
(size = 1 * size = 1) # size = [ =

size = 1 + 1 * size = 35 x-Intro, 13
size > 1+ 14 B = size = 1 + 1 x size = [ =-Tr, 1,3,4,6,14

The derivation of the formula size = 81 + B2 = size = (1 * size = f33 is provided below.

1
2
3
4

10

11
12
13

size = 81 + B2 = size = 31 + B
size = 1 + o = size = 1 * size = (5
size = fo = (size = fa Asize = [y + 1) v size = [y
size = 1 x size = By =
size = 1 # ((size = P2 A size = fo + 1) v size = f(9)

size = (1 # ((size = 2 A size = o + 1) v size = §3) =

(size = 31 = (size = fansize = B2 + 1)) v(size = [ * size = [33)

size?ﬂw/\xzsizezg
size = (B # (size = faAsize = B + 1) =
size = () xsize = B + 1
size > 1 xsize =P+ 1=size =1 + B2+ 1
size = f; # (size = faasize 2 B+ 1) = size= f1 + fo2 + 1
size = (1 # ((size = By A size = o+ 1) v size = §5) =
size = 1 + B2 + 1v(size = (1 * size = )
size = 81 + By = size = 1 + B2 + 1v(size = (1 * size = [35)
size =1 + Py = —size>= 1 + B +1

size = 1 + o = size = 1 * size = [

PC, def. of size = (8
Previously derived

PC, def. of size = 3

(A¥%), #-Intro, 3

(A7), (I5)
PC

PC, =-Ilr, 6
(A7), (A§)
=-Tr, 7, 8

PC, 5,9

=-Tr, 1, 2, 4, 10
PC, def. of size =
PC, 11, 12
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APPENDIX C. PROOF OF LEMMA 6.1

Proof of (I§).

L] (pxx)=(p*x) Vv (¥=X) PC

2| (Wxx)=(pxx) Vv (¥=Xx) PC
3le=(x—(p*x) Vv (¥=x)) +-Adj, 1
4 w:>(x*(s0*x)vw*x)) #-Adj, 2
5levi=(x—(p*x)Vv @ =*x)) PC, 3,4

6 (pvi)sx=(p*x)v (¥=x) ~+-Adj, 5 []

Proof of (I§g). The axiom (Ij,) is provable by #-Adj. Indeed, proving (L *p) =L reduces

to proving L= (¢—« L). The latter is a tautology by propositional reasoning. []
Proof of (I55).
1| LT =1 (I%y)
2| (x> x=*l)=(x—x=l) PC
3| (xoxxLl)sxox=1 —-+-Adj, 2
dlxoxx(xoxxl)=>(xoxsL)rxox (A%)
Slxoxs(xoxxl)=1 =-Tr, 4,3
6| (xoxx(xox=l))sxT=1x%T x-Intro, 5
Tl (xozxx)sT)x(xox)=(xoxx(xox=x1))*T (A%), (A))
8l (x—x=L)sxT)*(x>x)=1 =-Tr, 7, 6, 1
9| (x> x= )T = (x—>x=x1) x~Adj, 8
10 | alloc(x) * T = alloc(x) Def. alloc(x), 9 []

APPENDIX D. PROOF OF LEMMA 6.3

Proof of (Ig'51)-
1| LT =1 (IFo) 41T = (L =) (A%), =-Adj
2| L= —p PC 50T =—(L-®¢) Def. @, PC
3| LT = —op =-Tr, 1, 2 6|(L®p) =1 5, PC L]
Proof of (Ig%5 ).
1| Txe=T PC 3| ~(p=T)=1 PC, 2
2| T=(p—=T) x-Adj 4| (p®l)=1 Def. @, PC
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Note that implicitly, we have assumed that we can replace —T by L in the scope of ® or —,
which is possible as the replacement of equivalents holds in the calculus Hc(x, —) (see e.g.

the proof of Theorem 6.5). ]
Proof of (Ig'5 3).

L (p=v) = (¢ =) PC

2| (p=xtp)xp=1 —«-Adj, 1
3lox(p=y)=(px)xp (A7)

4 px(pxip)=1 =-Tr, 3,2 []
Proof of (Ig%5 4)-

Llp=1v¢ Hypothesis

2| Y (Y —=—x)= —x (I(_:3.3

3| W ==x)xp=px*(¥=—-X) (A%)

4] = (P —x)=1¢=x(—»—x) x-Intro, 1

5 ¢@x(h——x)=—x =-Tr, 2, 4

6 | (- —x)*p=—x =-Tr, 3, 5
T|Y—=—-x=p——x x-Adj, 6

8| (g —x) = ~(¥=—x) PC, 7

9| (pex)=(Y-ax) Def. ®, 8 [
Proof of (Ig%55)-

lLlo=19y Hypothesis
2| W=y PC, 1
3lxx(x =)= ¢ (Ig% 5)

4] x*(x—=*—yY)=—p =-Tr, 3, 2
5 (x— =)= x = xx(x=—v) (A%)

6| (x—=—9)xx=—¢p =-Tr, 4,5
7| (=) = (X~ —y) +-Adj, 6

8| ~(x = —p) = —(x =) PC, 7

9| (xep) = K8V Def. ® [

Proof of (Ig5 ). By definition of the septraction operator ®, (Ig%g) is equivalent to
@ = () = —x)) < (¢ *1) - —x. This equivalence is provable in Hc(*, =), thanks to the
adjunction rules, as we now show.
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Proof of (Ig'5.7). We derive each implication separately.
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The derivation of the other implication can be found below.

1
2
3
4
5

AXIOMATISATION FOR QUANTIFIER-FREE SEPARATION LOGIC 59

(=) * (@x9p = —x) = —x
Y (p*(@xy = —x)) = X

e (P = —x) =

(p* 1 = =x) = (¢ = (Y = —x))

(¥ = —x)

@ * (p =+ (Y =+ —x)) = (Y= —x)
Yx@x (o (¢ =+—x)) = —x
(p*1) % (p =+ (Y =+ —x)) = —x

(= (Y —=—x)) =
= (Y =+ —x) <

(@ = =x) A (¢ = —x) = (
P ((p = —=x) A )
(= =x) A (Y = —=x) = (p = ﬂx)
@ ((p = —=x) A )

(@ *9 = —x)
(@ *1h) = —x

(¢ = —x)) =

(Y = =x)) = @ (p =+ —X)

0 (p—=—x) = X

Yo (P = —x) =
P ((p > —x) A
@ ((p = —x) A
(@ v ) = ((p = —x) A

(o = —x) A
(= —x) A

p=pv
Y=pVvy

@ v ) = ((p = —x) A
(1 = =x)) *
(1 = =x)) =
@ = =x) A (= —x) =
—(pvip—=—x)=

(pvy-ex)=(p®x) V

—X

(¢ = =x)) = —x
(¥ = —x)) = —
(¢ = —x)) =
(px(p—=—=xAYPx—X))V
(Y~ =x)) =~
(pvy)=
(pv) =~
(¢ v —=—x)

(p®x)=(pVvY-eY)
Wex)=(pvy-ex

Wex)vipex =

wemo

(Y (0 = —=x AP = —X))

—(p = =x) v = (¥ = —x)
W ®x)

vy ®x)

A (¢ = —x)) (A7)

(T6's.3

(A7), (A§): 1

- Adj, 2

x-Adj, 3, (A¥)

(T6's.3

—-Adj, 5, (A%), (A})

(A7), (Ag), 6

xAdj, 7

PC, 4, 8 [l
PC
x-Ilr, 1
PC
#-Ilr, 3
(T6's.3
(T6's.3
=-Tr, 2, 6
=-Tr, 4, 5
(1)
PC,7,8,9
=-Tr, 12, 10
- Adj, 12
PC, 13
Def. ®, 14
PC
PC
(Ig%s.0). 1
(I 0), 2
PC, 3,4 [
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Proof of (Ig%5 g). We handle each implication separately, and we follow a pattern similar to
the one used in the proof of (Ig% ;).

Ll xx(x—=—¢)=—¢p (Ig% 5

2| (x==p) A (X —Y) = x>~ PC

3 xx((x = =p) A (x—=—¢)) = x* (x> —p) «-I1r,2

41 x*((x==p) A (X~ —Y) = —p =-Tr, 3, 1
51 x*(x—=*—Y)= (Ig's.3

6| (X = —p) A (X = =) = (x = ) PC

7 xx (= —p) A (x =~ ))2x*(><~h¢) «-Ilr,6

81 x#((x—~*—p) A (X —Y)) = — =-Tr, 7,5
9 x*((x*w)A(X*W))zﬁ(wvw PC, 4, 8
10 | ((x =+ =) A (x = =) x x = —(p v V) (A%) + =-Tr, 9
| (x = =p) A (x = —Y) = (x = —(p v 1)) +-Adj, 10
12 | =(x = =(p v ) = ~(x = ) v =(x = —1) PC, 11
Blxel@evy)=Kxep vixey) Def. -®, 12

The derivation of the other implication can be found below.

llp=pvy PC
2=V PC
3lxep)=Kx®pVvY) (Ig%s.5): 1
4| (x®Y)=Kx®pVv) (TIg's.5), 2
5| (xep)vixey)=(xepvy) PC, 3,4 []
Proof of (Ig'5.¢9)-
Ll g=(p—=x)=Xx (@ Py
2| (==Y Ax)=—~(Ax) (Is's.3
3 (px(p=x)) A (px(p=—(Aax))= ¢ PC, 1, 2
4l ex((p=x)A(p=x—(Aax))=

(= (X)) A (¥ (w*ﬁ(wa))) sIlr, PC
51 ((p—x)A(p——( X)) = =-Tr, 4
6 (w*x)A(soah(Wx))ﬁ(w*ﬁw) (A7), »-Adj, 5
7| (p=x) A —(p =)= —(p—=—(¢YAx)) PC
8lp=x)n(p®Y)=(p®YAX) Def. ®, 7 [
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Proof of (Ig510) and (I3 1) Below, we provide the derivation for the admissible axiom
schema (Ig'5 ;o) (the derivation for (Ig% ;) is very similar and is thus omitted).

Lle=(prx=y)v(prx+y) PC

2| (pey)=((prx=y)v(prx#y) ®P) (Te'3.4), 1

3l (ped)=(prx=y8Y)v(prx#y®Y) (Ig's.7), =-Tr, 2
4lx=y*x#y=3x=7y (A%,), =Ir

S| X#Ay*X=y=>X#Y (A%,), =Ilr

6| X=y*X#Yy=>X=YJAX#Y (A%¥), =-Tr,PC, 4,5
T lx=y*x#y=—T PC, 6

8| -T=—p PC

| x=y*x#y= Y PC, 7,8

10 [ x=y=(x#y—>—) #-Adj, 9

1| ~(x#y=—Y)=x#y PC, 10

12| (x#y®Y)=>x#y Def. ®, 11
Bloarx#y=x#y PC
U|(prx#y®y)=(x#y®Y) (T6's.4), 13

5| (prx£y®@yY)=x#y =-Tr, 12, 14

16| x=yr(p®Y)=(pArx=y®Y)VI#£Y PC, 3, 15

17T x=yA(p®Y)=(prx=y®Y) PC, 16 []

Proof of (Ig%5 15). Notice that, since ¢size is satisfiable, for every f1, 52 € N such that
size = 1 A —size = 9 St Psize, We must have 31 < (2. Moreover, thanks to (Ig)
and (Ig%; 4), without loss of generality, we can restrict ourselves to pgize of the form:
(1) psize = size = [ for some ( = 0,
(2) Ysize = —(size = f3) for some G > 0,
(3) psize = size = /1 A —(size = fB) for some fo > .
Indeed, given an arbitrary @size, every positive literal size > [ such that f < maxsize(Psize)
can be derived starting from size > maxgize(@Psize), by repeated applications of (IS).
Similarly, let B be the smallest natural number such that —size > 5 S| Ysize, if any. Every
literal —size > B’ S|t Ysize With B/ > B can be derived from —size > 3, by repeated
applications of the axiom (Ig) (taken in contrapositive form i.e. —=size > f = —size > f+1,
which is derivable in H¢ by propositional reasoning).

We write U(X) to denote the conjunction A,y —alloc(x) (‘U’ stands for ‘unallocated’).
Below, given 3 € N, we aim at deriving the formula (size = 8 A U(X)) ® T since this implies
that (Ig' 15) is derivable in its instances (1)—(3), as shown below.

case (1): Let @gize = size = f.

1

size=AUX) ®T Hypothesis
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2 | size = B A U(X) = size = 8 A U(X) PC, def. of size = 8
3| (size = 8 A U(X) @T) = (size= A UX)®T) (TIg%5 4), 2
4 |size=z A U®X)® Modus Ponens, 1, 3

case (2): Let @gize = —size >

B. Since pgize is satisfiable, we have § >

1| size=p4-1AUX) @ Hypothesis

2 | size = f—1 A U(X) = —size > 8 A U(X) PC, def. of size = -1
3| (size = -1 A U(X) T)=(—-sizezfAUX)®T) (Tg'5.4), 2

4| —size = f AU®X) @ Modus Ponens, 1, 3

case (3): Let @gize = size = 1 A —size = fo. Since @size is satisfiable, S > .

size= -1 AUX)®T Hypothesis
repeated (IS), as B2 > By

PC, def. of size = -1

size = fo—1 = size = [

1

2

3 | size = Bo—1 = —size = [
4

5

size = fa—1 A U(X) = size = 81 A —size = (2 A U(X) PC, 2,3
(size =fBo—1 AUX)®T) =
(size = f1 A —size = B2 A U(X ) T) (T6'5.4): 4
6 | size = f1 A —size = [y A U(X) ® Modus Ponens, 1, 5

To conclude the proof, let us show that (size = 8 A U(X)) ® T is derivable in Hc(*, —).
The proof is by induction on 3, with two base cases, for § =0 and g = 1.

base case: 5 = 0: In this case, size = 0 is equal to size > 0 A —size > 1. We have,

1| (emp—+ 1) = emp + (emp— 1) (A%)
2 | emp # (emp— L) =1 (Ig's 5
3| (emp—= L) =1 =-Tr, 1, 2
4 | emp-® T PC, 3, def. of ®
5| alloc(x) = size > 1 (I§)
6 | emp = —alloc(x) PC, 5, as size > 1 = —emp
7 | emp = U(X) PC, 6 used for all x e X
8 | emp = size > 0 A —(size = 1) PC, def. of size > f8
9 | emp = size = 0 A —(size = 1) A U(X) PC, 7,8

10 | (emp ® T) = (size =2 0 A —(size = 1) AUX)®T) (Is5.4), 9

11 | size 20 A —(size=2 1) AUX) @ T Modus Ponens, 4, 10

base case: § = 1: This case corresponds exactly to the axiom (AJ}).
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induction step: [ > 2: First of all, we notice that the following formula is valid:
(size =1 A U(X)) * (size = f—1 A U(X)) = size = § A U(X). ()

Indeed, let (s, h) be a memory state satisfying the antecedent of the implication above.
So, there are disjoint heaps h; and hg such that h = hj+he, card(dom(hy)) = 1,
card(dom(hg)) = B — 1, and for every x € X, s(x) ¢ dom(h;) and s(x) ¢ dom(hz). By
h = hi+hg, card(dom(h)) = card(dom(h;)) + card(dom(hg)) = 3, and for every x € X,
s(x) ¢ dom(h). Thus, (s, h) = size = 8 A U(X).

As (f) can be seen as a formula in SL(x,alloc), by Theorem 5.6 it is derivable in
Hc(*) and thus in Hc(*, —). Now, let us derive (size = 8 A U(X)) ® T. Let us consider
as induction hypothesis the derivability of (size = f—1 A U(X)) ® T. Therefore,

1|size=p-1AUX)aT Induction Hypothesis
2| (size =1 AU®X)) * (size = B—1 A U(X)) = size = § A U(X) (), see above
3|size=1AUX) T (A%
4| T=(size=p-1AUX) eT) PC, 1
5| (size=1AUX)®T)=

(size =1 A U(X) @ (size = B—1 A U(X) ®T)) (Ig¥5 5), 4
6| (size=1AURX) ®(size=-1AUX)®T)) =

((size = 1 A U(X)) * (size = B—1 A U(X)) ®T) (Ig%5 6)
7| ((size =1 AU(X)) * (size = B—1 AU(X)) ® T) =

(size=pAUX)®T) (Tg'5.4), 2
8| (size=1AURX)®T)= (size=AUX)®T) =-Tr, 5,6, 7
9|size=8AUX) T Modus Ponens, 3, 8 []
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license, visit https://creativecommons.org/licenses/by/4.0/ or send a letter to Creative
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