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QUANTITATIVE FLUID APPROXIMATION IN TRANSPORT THEORY:
A UNIFIED APPROACH

EMERIC BOUIN AND CLEMENT MOUHOT

ABSTRACT. We propose a unified method for the large space-time scaling limit of linear colli-
sional kinetic equations in the whole space. The limit is of fractional diffusion type for heavy
tail equilibria with slow enough decay, and of diffusive type otherwise. The proof is constructive
and the fractional/standard diffusion matrix is obtained. The equilibria satisfy a generalised
weighted mass condition. The method combines energy estimates and quantitative spectral
methods to construct a ‘fluid mode’. The method is applied to scattering models (without
assuming detailed balance conditions), Fokker-Planck operators and Lévy-Fokker-Planck oper-
ators. It proves a series of new results, including the fractional diffusive limit for Fokker-Planck
operators in any dimension, for which the formulas for the diffusion coefficient were not known,
for Lévy-Fokker-Planck operators with general equilibria, and for scattering operators with
infinite mass equilibria. It also unifies and generalises the results of previous papers with a
quantitative method, and our estimates on the fluid approximation error also seem novel.

CONTENTS
1. Introduction and main results 1
2. Proof of Theorem 1.4 (convergence) 11
3. Proof of Lemma 1.1 (construction of the fluid mode) 13
4. Proof of Lemma 1.2 (scaling of the eigenvalue) 21
5. Proof of Lemma 1.3 (the diffusion coefficient) 23
6. Proof of the hypothesis for scattering equations 25
7. Proof of the hypothesis for kinetic Fokker-Planck equations 27
8. Proof of the hypothesis for kinetic Lévy-Fokker-Planck equations 32
9. Remarks and extensions 39
References 40

1. INTRODUCTION AND MAIN RESULTS

The study of transport processes, i.e. linear collisional kinetic equations, is theoretically rooted
in the mean-free path argument of Maxwell [39] and the kinetic theory of gases of Maxwell and
Boltzmann [40, 10]. A linear version of the Maxwell-Boltzmann equation can be written for the
movement of a tagged particle within a rarefied gas, but the study of such transport processes
was given a crucial new impetus in the twentieth century with:

(1) the radiative transfer theory [46], where the kinetic distribution models the flux of pho-
tons that are transported in the plasma making up the internal layers of the sun,

(2) the nuclear reactor theory (see [52], the collection [7] and in particular its fifth chap-
ter [53]) where the kinetic distribution models the neutrons transported and scattered
inside the reactor, whose flux is used to initiate and maintain the chain reaction,

(3) the semi-conductor theory [37] where the kinetic distribution models the flow of charge
carriers in semiconductors, i.e. the evolution of the position-momentum distribution
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2 EMERIC BOUIN AND CLEMENT MOUHOT

of negatively charged conduction electrons or of positively charged holes, which are
responsible for the current flow in semiconductor crystals.

The main mathematical object of study in transport theory is the linear equation
(1.1) Of+v-Vaof =Lf
on the time-dependent density of particles f = f(t,z,v) > 0 over (z,v) € R? x R?, for t > 0.
The left hand side accounts for free motion and the right hand side accounts for the interaction
with a background, for instance scatterers, with an operator £ that only acts on the kinetic
variable v. Several forms are possible. In nuclear reactor, radiative transfer and semi-conductor

theories it is common to consider scattering operators, sometimes also called linear Boltzmann
operators, of the form

(12) £t = ([ o010 @) M(0) = w0110

for a collision frequency v(v) := / b(v, v )M(v") dv/,
Rd

some collisional kernel b = b(v,v") and an equilibrium distribution M(v). In astrophysics and
sometimes in semi-conductor theory, one also considers Fokker-Planck operators,

(1.3) Lf:=V,- <Mvv (/{;)) .

Finally, as a simplified model of long-range collisional interactions in a gas of charged particles,
we also consider Lévy-Fokker-Planck operators (given s € (0,1)):

L(f)=A5f+V,-(Uf) withU(v)=U(|v|) radially symmetric so that
(1.4)

Denoting F the Fourier transform, the fractional Laplacian is defined as

(1.5) A f(v) = =F |- [PFfO)] (v).
These three operators are discussed respectively in Sections 6-7-8. Extensions, such as Fokker-
Planck operators with non-gradient force, are discussed in Section 9.

The equation (1.1) is too intricate for many applications. When the relevant time and space
scales of observation are much larger than the mean free time and mean free path, it is thus
natural to search for a simplified regime. The so-called diffusion theory was born out of this
endeavour, and in the words of Wigner [53], ‘this [diffusion] theory gives the spatial variation of
the [neutron transport] flux quite accurately in regions well removed from interfaces’. We also
refer to [52, Chap. IX] for the diffusion theory of monoenergetic neutrons, to [46, Chap. III.2]
for the so-called Eddington approxzimation in radiative transfer theory, and to [12, Chap. 2] for
a modern mathematical review. Note that anomalous diffusions and Levy flights are observed
by biologists and physicists [3, 50, 5, 38, 48].

We rewrite the equation (1.1) by changing the unknown to h := %:
(1.6) dth+v-Vyh=Lh where Lh:=M7'L(Mh).
This change of unknown is convenient since asymptotic estimates compare f with the equilibrium
M. Consider the complex Hilbert spaces L?(R%; M dv) =: L2(M) and L?(R? x R*; M dzx dv) =:
L2 (M) and denote [[hl, := [|(1+]- |2)§h”L2(M) (the integration variable(s) will be emphasized
when there is ambiguity). We omit the index when & = 0. The scalar product (-,-) refers to
L2(M) or L2 (M) depending on context.

We assume, for some «a, f € R with o + 8 > 0, and some A € R :
Hypothesis 1 (Equilibria). The equilibrium M takes one of the following two forms.

(i) Either it is given by

(17) M) = caplo]™ ) with cq 5 = (/R

~1
[v]~4eF dv) and |v] == /14 |v|2.

d
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(ii) Or it is a smooth positive radially symmetric function decaying faster than any polyno-
mial. The latter case is denoted by ‘o = 400’ in the sequel.

Note that the normalisation implies the following generalised mass condition

(1.8) (Mp(v)dv=1 with M= |]7PM.
R

We present our main results assuming that the equilibrium M is given by the exact for-
mula (1.7) in the case of a polynomial decay because it leads to a neater treatment. However,
as discussed in Section 9, our results remain true with an equilibrium M that is not an explicit
power-law or even symmetric or centered, but only comparable to [-]~(%+®) (see equation (9.1)
and Subsections 9.1-9.2); this requires a few technical changes in the proofs that we present
separately in this last section so as not to clutter the paper.

Hypothesis 2 (Weighted coercivity). The operator L is linear, independent of time t and space
x, commutes with rotations in v, is closed densely defined on Dom(L) C L2(M) and satisfies
L(1) = L*(1) = 0, where L* is the L?(M)-adjoint. Finally L := HgL(Hg) is closed densely
defined on Dom(L) C L2(M), with the spectral gap estimate

_B P
VgeDom(L), gL|]7%, —Re(Lgg)>A|gl.

The latter means, translating back to L,

Vh € Dom(L), —Re (Lh,h)>X|h— ”PhHQ_B with  Ph = (/R h(v" ) Mg (') dv/> .
The assumption that £ commutes with rotations in v is convenient (and satisfied for most

physical models), but in fact only M (v) = M(—wv) is really used in the proof. The latter could

in turn be relaxed at the price of a few technical changes in the proofs discussed in Section 9.

d

Hypothesis 3 (Amplitude of collisions at large velocities). Given 0 < x <1 a smooth function
that is 1 on B(0,1) and 0 outside B(0,2), and xr = x(5) for R > 1, one has
_atp
IL(xr)llg SR =

Our first result, on the basis of the three previous hypothesis, is a quantitative construction
of a branch of ‘fluid eigenmode’ in the asymptotic of large time and small spatial frequencies,
i.e. a unique eigenvalue branching from zero for L* + in|v]?(v - ) for small i (see Figure 1):

Lemma 1.1 (Construction of the fluid mode). Given Hypothesis 1-2-3, there are ng > 0 and
ro € (0, ), explicit in terms of the constants in these hypothesis, such that for any n € (0,n0)
and any o € S, there is a unique solution ¢, = ¢,(v) € L2(|-17PM) and u(n) € B(0,70) to

Ly — in(v- o)y = p(m)|v] P, with /Rdwwﬁ(v)dv:l.

Moreover, the branch (¢, 11(n)) connects to (1,0) as n — 0, with p(n) > 0 and the asymptotics

1
(1.9) o = 1ll—g S ()2 and  p(n) € (RoO(n),R1O(n))
for some 0 < Rg < Ry, where the function © is defined by

n? when a > 2+ 3,
(1.10) O(n) =< n*|In(n)| when a =2+ 3,
ats
77ﬁ when — B <a<2+4+p.

Note that © is well-defined in the case a € (—f3,2+ ) since (1+ 3) > (a+ )/2 > 0. In this
lemma and in the rest of the paper the dependency in ¢ is kept implicit rather than explicit
in order to lighten notation. In fact, ¢, also depends on o, but p(n) does not if L is invariant
by rotations in v. To identify the macroscopic limit with quantitative rates and constants, it is
necessary to estimate the leading order of u(n), and this requires estimates on the eigenvector,

2
which is our last hypothesis. We denote |ul, := (nT+5 + |u|2)%
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FiGURE 1. The blue dashed zone on the left of Rez = —A\ corresponds to the
spectral gap estimates on L* + in|v]?(v - o) for g L H_g (Hypothesis 2). The
yellow dashed zone is where Lemmas 1.1-1.2 construct a unique real eigenvalue
—u(n) ~ —pp®(n) of the latter operator, that goes to zero as n — 0.

Hypothesis 4 (Scaling of the fluid mode). We make different assumptions depending on «:
(i) Case a > 24 B: The fluid mode ¢, constructed in Lemma 1.1 satisfies

Ve<a, (gl 0L

1
(ii) Case a € (—8,2 + B]: The rescaled fluid mode ®,, := ¢, (n~ T+ -) is converging in L2 (R?\0)
as n — 0 to a limit ® and satisfies the pointwise controls

C
1By (u)| S Jul ™,

Tm @, (w)| < [ufg D=0

(1.11) Vne (0,m), Yue RY,

for some m € (0,m9) and C >0 and 6 < f+min(2 —«,1). We also make the following
additional assumptions depending in the two following subcases:
(ii)-(a) Case o =2+ B: There are a : RT — R, satisfying lim, o a(n) =0 and Q : R —
R locally integrable such that

/ . (w-o)|Im®,(u) — Im CI)(U)} ]u\;d_a du
12|u|2n1+P

< a(n)|n(n)],

Im® (A\o’) x#0

v /e Sd*l
g ’ AL+B A—0

Qo) in  LY(STY).

(ii)-(b) Case a € [0, 8]: The additional following integral control holds:

(1.12) / |y (w) | Jul,; P du < 1.
|u|>1

(ii)-(c) Case a € (—,0): The integral control (1.12) holds, and furthermore the limit
rescaled mass is positive:

(1.13) /Rd ®(u)|u|~*du > 0.

1
Note that in (1.11), \u|,70“(n) ~ 1 as n — 0 in the region |u| < nT+#. Note also that (1.11)
and (1.9) imply ®(0) = 1. The second part of point (ii) above is subtle and made necessary by
the fact that the case a = 2 + 3 is borderline between two different regimes (standard diffusion
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vs. fractional diffusion) as well as borderline between two different scalings for obtaining the

1
diffusion coefficient (fluid mode in variable v vs. fluid mode in the rescaled variable u =~ +8v).
With these four hypothesis we can characterise the precise scaling of the fluid eigenvalue:

Lemma 1.2 (Rescaled limit of the fluid eigenvalue). Assume Hypothesis 1-2-3—4. The eigen-
value p(n) constructed in Lemma 1.1 satisfies (with convergence rate explicit in terms of the
constants, error terms and convergence rates in the hypothesis)

(1.14) 1(n) ~y—0 10O (n),

where the constant py € (Ro, R1) is positive and determined as follows:

( po = / (v-o) Flv)M(v)dv when a > 2+,
Rd
. Im¢, .
where F = lim —— is solution to LF = —(v-0) and F(v) Mg(v)dv =0,
n—0 n R4
Ho = 012:—ﬁ§ Sdil(a -0")Q(0’)do’  when a =2+ 3,
i Im & (Au) . ) 1

where Q(u) = )\_)l&n%\#o i and ¢ = 71]1_% P, = %1_% by <77 18 ) ’

po 1= caﬂ/ (u-0)Im®(u)|u| " *du  when a € (—5,2+ B).
Rd

Note how in the previous statement, when o« > 2 + [, the function F used in the previous
works on standard diffusive limit (usually with 5 = 0) is recovered here as a limit of our fluid
mode; this allows our proof to track the convergence rate. Define the diffusion exponent

2 when «a € [2+ 3, 4]
(1.15) (=CapB):=9 ar+8
1+8

when a € (—f3,2+ f3),

with a4 := max(a,0), and the scaling function

¢ when a € (=3, 4+00] \ {0,2 + 5},
2
I h =2 + )
(1.16) pe) = { el whema =2
cToF
—_— when a = 0.
|Ine|

Note that the threshold a = 2 + § between standard and fractional diffusion corresponds to
whether or not Mg has finite variance. We finally derive the diffusion coefficient:

Lemma 1.3 (Diffusion coefficient). Assume Hypothesis 1-2-3—4. Then the following limit holds
true (with convergence rate explicit in terms of the constants, error terms and convergence rates
in the hypothesis)

( HMHle(Rd) when a > 0,
- 1+
()€l ~C when a =0
1.17 = lim ———~ 2> —— = X d—1 )
A = e gy 1) BT -
|:Ca”3 /Rd ®(u)|u| "> du when a € (—f,0).
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Note that the last line is well-defined thanks to Hypothesis 4-(ii)-(c) (equation (1.13)). The
diffusion coefficient thus emerges from ratios between (rescaled) integrals as follows:

/]Rd (v-0) F(v)M(v)dv
M| L1.(ra)

‘Whena>2—|—ﬁ‘

1 /Sd_l(a -0")Q(c") do’
145

‘whena:2—|—6‘

|v] =4 dw
R4

/ (u- o) Im ®(u)|u|~ du
(1.18) K= R ‘ when a € (0,2 + f) ‘

/]Rd |v]~4 % dv

(u- o) Im ®(u)|u| " du

1 + 5 Rd
d—1
S / |v] —d=a=F 4y
R4

/ (u - ) T B ()]~ du
Rd

/ B (u)|ul~** du
R4

‘ when a € (—4,0) ‘

where we recall

F = lim 2%

. . _ 1 _ Im ® (A\u)
= = 143 . — R S
p el =l (077), 00 =

A—0, A£0  ALHB

I

and (when o > 2+3) F is also the unique solution to LF = —(v-0) with [pq F(v) [v] 7P dv =
0. For legibility again, we wrote, in the cases a € (—/3,2 + ], the formula for x with M given
by (1.7), and we refer to Section 9 for more general M’s.

The proof of Lemma 1.3 is done in Section 5; it requires the estimating of (1, ¢,), which is
done in Lemma 5.1.

Given a solution f in L([0, +00); L2 ,(M™1)) to equation (1.1) we denote

fe(t,z,v) = f LTy e L ([0, +00); L7 ,(M™1)) and re(t, z) i—/ fe(t,z,0) 0] 77 do,
O(e) € : Rd

where € > 0, and 6(¢) is defined in (1.16). The equation satisfied by f. is

(1.19) 0(e)0ife +ev-Vyfe=Lfe.

Theorem 1.4 (Unified second fluid approximation, see Figure 2). Assume Hypothesis 1-2-3-/,
and consider f. € L°([0,400); L7 ,(M™1)) solving (1.1) in the weak sense with initially

a2 [EGd) <1 o —non]| soe o no) 2500,

Then for any T > 0 (and recalling the definition of ¢ in (1.15))

”/{;—T — 0

L2(10,T];H; ¢ L2(Mp)) €70

(f-)

when a > B and

—0

H ‘1 2|V,
L2((0,T];H; CL2(Mg)) <0

1+ Ve
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when o = 8 and

— 0
L2(0,T);H; ¢ L2(Mg)) <70

” IV 355 | V] 305 (/J\; } T)

when « € (=, ), where r = r(t,x) solves

¢
Or =k AZr, t>0, with initial data r(0,-) defined in (1.20).

The rates of convergence are estimated in terms of T, the constants, error terms and convergence
rates in Hypothesis 1-2-3—/, and the initial convergence rate on 1. in (1.20). Apart from the
latter (that depends on the initial data), the errors we obtain are polynomial in € for o €
(=B,4+00) \ {0,2 + B8} and logarithmic for a € {0,2 + S}.

Note that when the second inequality in (1.20) is not satisfied at ¢ = 0, the energy estimate
implies that it is for any later time 7 > 0, and we could still deduce the fluid approximation for
t € [1,T] (at the price of an initial time layer). We however chose to keep the assumption (1.20)
since we are interested in tracking precisely the rate of convergence. Note also that when a < 0,
one could relax the first equality in (1.20) and allow for initial data with L2 (M™') norm
diverging slowly enough as € — 0; the modifications in the proofs are straightforward.

This theorem is the core contribution of the paper, and is used to obtain results on con-
crete models in the corollaries below. Together with Lemmas 1.1-1.2-1.3, it reveals the relevant
macroscopic scales for a large class of operators in any dimension and provides a unified the-
oretical framework to answer questions of the last decades on the topic. The diffusive limit is
reduced to a spectral problem —the construction of the fluid mode— that we solve in a general
setting. The proof is constructive and the key constants governing the macroscopic behaviours
are derived. The fractional Laplacian in the space variable is defined as in (1.5), and r(¢,x) is
the limit (in the topology of the above theorem) of the weighted velocity average

r(t,z) = /Rd f (0(1) f’cfv> (v] 5 do.

When « > 0, the density p.(t,z) := f]Rd f <%, Z, v) dv exists and also converges to r(t, ).
We now apply the previous abstract theorem to particular models:

Corollary 1.5 (Scattering equation). Assume that L is the scattering operator (1.2) with b € C*
and M satisfying Hypothesis 1 and that, for some constant vg > 0 and 8 > —«a,

VoeR:, [v] 7 Su(v) < [v]7?
(1.21) Yo € R\ {0}, MNv(\) ~yoo volv|?
Vo eR?,  [b(v, g+ [Ib(v)lls < [v]77.

This includes b(v,v") = |v]P|v'178 for any a4+ B > 0, and b(v,v") = [v —v']™? when B < 0
and o+ 3 > 0 or when B > 0 and o > 38. Then Theorem 1.4 applies with o, given in
Hypothesis 1 and (1.21). This proves the diffusive limit for solutions to (1.19) with quantitative

rate, diffusion exponent ( = 0‘112’3, scaling function (1.16) and diffusion coefficient (1.18). Apart
from the convergence of the initial data (1.20), the errors we obtain are polynomial in € for
a € (—f,400)\{0,2+ 5} and logarithmic for a € {0,2+ S}. Moreover the diffusion coefficient

can be computed explicitly with F(u) = v(v)"Y(v - o) when a > 2+ B, Q(u) = vy |[ul’(u - o)
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FIGURE 2. Summary of the results in the («, ) plane. Admissible parameters
are in half-plane o + 8 > 0. The blue hatched area leads to f(¢) = 2 and a
standard diffusive limit with symbol x|¢|2. The blue line is the set of parameters
yielding the anomalous scaling §(¢) = &2|In(e)| but still a standard diffusive

limit with symbol x|¢|2. The green hatched area results into the fractional scaling
0(e) = £1%5 and a fractional diffusive limit with symbol k[¢| %5 . The orange bold
line yields the fractional scaling 6(e) = €7+#|In(¢)|~! and a fractional diffusive
limit with symbol k| |%. Finally, the orange hatched area yields the fractional

B B
scaling 0(¢) = ¢T+# and a fractional diffusive limit with symbol x|{|T+5.

when a =2+ f and ®(u) = —2%— when a € (—f,2 + ), resulting in

vo—i|u|P (u-o)

( / (v-0)*v(v) o] do
R4

when a € (2 + B, +00)

whenozzQ-l—ﬂ‘

/ volulP(u - 0)? du
R

@ Vg + ul*P (u- 0)? ful*+e

K= [v] —d=a gy
Rd

whenaE(O,Q—i—ﬂ)‘

[

g e LB oF ot
IS /m—d—ﬁdv
R4
/ volulP(u - 0)? du

R

@ g + [l (u- 0)? ful ¢+

when a € (—f,0) ‘

/ l/g du
( Jre 5+ [u|?P(u - 0)? |uldte
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. -1 2,,—1 ; “. __ 2
as well as k := HMHLI(Rd) Jga(v-0)? v M(v) dv is the case “a = 400"

This recovers and unifies the results in [32, 42, 6, 21, 41] (except for the case of space-
dependent collision kernels in [21]) and extend them to new cases such as a € (—f3,0) (infinite
mass). The convergence rate is also new. Our approach shares common points with, but differs
from the probabilistic method in [32], the Hilbert expansions in [6, 21], the moment method
in [41] and the Fourier-Laplace method in [42].

Corollary 1.6 (Kinetic Fokker-Planck equation). Assume that L is the Fokker-Planck opera-
tor (1.3) with M satisfying Hypothesis 1 with o > 0. Then Theorem 1.4 applies with o given in
Hypothesis 1 and B = 2. This proves the diffusive limit for solutions to (1.19) with quantitative
rate, diffusion ezponent ¢ = min (2, %‘”), scaling function (1.16) and diffusion coefficient (1.18).
Apart from the convergence of the initial data (1.20), the errors we obtain are polynomial in &
for a € (0,4) U (4, +00) and logarithmic for « = 4. The diffusion coefficient can be precised
when o € (0,4] using that ® solves the Schrodinger-type equation

—|u|PAu® + (d+ a)u - V@ —i(u-o)|ul>?® =0  with the normalisation ®(0) = 1.
In particular when o = 4, the function Q) solves

~Juf? - - _ - [l 0)
[u*AyQ + (d+ a)u -V, Q= (u-o)lu* with QO0)=0 = Qu):= 718

This recovers and unifies the fractional diffusive limit results in [15, 43, 27, 26, 36]. Novel
contributions include formulas for the diffusion coefficient in dimension higher than 1, and the
quantitative argument providing a convergence rate.

Corollary 1.7 (Kinetic Lévy-Fokker-Planck equation). Assume that L is the Lévy-Fokker-
Planck operator (1.4) with parameter s € (%, 1) and with M satisfying Hypothesis 1 with a > s.
Then Theorem 1.4 applies with 8 := 2s—«. This proves the diffusive limit for solutions to (1.19)
with quantitative rate and diffusion exponent

2 when o >1+s

¢= 2s

1425 -«
and scaling function (1.16) and diffusion coefficient (1.18). Apart from the convergence of the
ingtial data (1.20), the errors we obtain are polynomial in ¢ when o € (5,14 s) U (1 + s, +00)

and logarithmic for « =1+ s. Moreover ®(u) := exp (z 250‘;0 %) when a € (s,1+ s| and

when o € (s,1+ s),

_ 28Ca,0 |ulP(u-0)

Qu) = s TR when o = 1 + s, which yields for the diffusion coefficient
( 230(21 0 , 9
: . do’ h =1
cas(1+ D)2 /Sdl(a 0)“do ‘ when « +s‘
K=
Ca0 25Ca 0 >1+5/ : dw
: : w-o)sin(w-0)————5 when o € (s,1+ s

1+p <Ca,/5(1+5) Rd( )sin ),w\dﬂig ‘ ( )‘

This recovers and extends the qualitative results in [1, 18] to general equilibria, with quantita-
tive error estimates and formulas for the diffusion coefficient. In the latter papers, the moment
method initiated by Mellet is used to derive a fractional limit in the case § = 0. It raises several
interesting questions: (1) can our approach be extended to s € (0,3)? (this seems to be a
technical difficulty), (2) is the fractional diffusive limit possible for infinite mass equilibria? (i.e.
a < 0), (3) can the connexion between the kinetic Lévy-Fokker-Planck equation with a@ = 2s
(for which the £ is the generator of a Lévy process) and the standard kinetic Fokker-Planck
equation with Gaussian equilibrium be clarified as s — 17 (our diffusion constant k above
diverges as s — 1 so the two limits in € — 0 and s — 1 do not commute which calls for further
investigation).
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Let us summarise our contributions. Theorem 1.4 and Corollaries 1.5-1.6—-1.7 recover the
results of [1, 6, 15, 21, 27, 26, 36, 41, 42, 43] with a shorter and unified constructive method and
prove new results for (1) Lévy-Fokker-Planck operators, (2) scattering operators with decaying
collision kernel and infinite mass equilibria and importantly (3) Fokker-Planck operators in any
dimension (for which formulas for the diffusion coefficient were not known). The quantitative
error in this fluid approximation seems to also be novel for all equations considered. Note finally
that like the abstract Theorem 1.4, Corollaries 1.5-1.6-1.7 are stated with the exact equilibrium
of Hypothesis 1, but can be extended to more general equilibria, see Section 9. Moreover, it
would be interesting to try and apply this method in other settings such as [4, 28] (radiative
transfer theory), [11, 22, 30] (rarefied gas in a region between two parallel plates), [35, 16, 17]
(domains with interface or boundaries), [2] (scattering with external acceleration field), [45]
(models for chemotaxis) and [33, 31, 34] (adding a local conservation of momentum).

The method of the present paper extends to the fractional diffusive limit the approach pi-
oneered in [44, 24] of constructing exact dispersion laws in the regime of parabolic time-space
scaling and small eigenvalues; this extension is inspired by the recent one-dimensional result [36]
and in particular we use and generalise the idea of rescaling velocities to obtain a non-trivial dis-
persion law in the latter paper. In comparison with [36], the main novelty of the present paper
is a quantitative spectral method for constructing the branch of fluid eigenvalue: in [36] it was
done by a one-dimensional argument connecting two infinite series on R_ and R (and it was
done by fixed points in the simpler case of classical diffusive limit in the older works [44, 24]).

Let us now compare our paper with the previous recent works by probabilists [27, 26]. In
probabilistic terms, we try to describe particles moving in the full d-dimensional space along
dX; = V; dt with velocities V; following a reversible process with invariant measure of the form
given in (1). The velocity process is typically of scattering type, or Langevin type with drift
and Brownian or non-Gaussian Lévy-type noises. We show in (1.4) that the rescaled process
eXg(c)-1; converges, with explicit rates and multiplicative constants, towards a Brownian motion
when a > 2+ (3, and towards a radially symmetric (-stable process when « € (0, a+ 3). In spite
of using quite different languages, the common point between [27, 26] and the present paper
is the use of a scaling in velocity, which corresponds to applying some power function to the
random variable in the probabilistic viewpoint and corresponds to the study of the rescaled fluid

mode @, = qbn(n_ﬁ-) in our study. Note however that in the case a € (—(,0), the scaling
considered in [26] does not correspond to a fractional diffusion scaling and seems more akin to
a large deviation scaling. And the authors obtain a kinetic (rather than fluid) limit equation
with a Bessel process in velocity. Note finally that the eigenvalue problem we study to compute
the limit diffusion coefficient does not seem to have a counterpart in [27, 26].

The rest of the paper is structured as follows. Section 2 is devoted to the proof of Theorem 1.4
assuming Lemmas 1.1, 1.2 and 1.3. We then prove Lemma 1.1 (construction of the fluid mode)
in Section 3, Lemma 1.2 (scaling of the fluid mode) in Section 4, and Lemma 1.3 (derivation
of the diffusion coefficient) in Section 5. Sections 6-7-8 prove the abstract hypothesis on the
three concrete models; one argument of independent interest is a tightness estimate for the
Schrodinger-type equation satisfied by the rescaled fluid mode in the cases of Fokker-Planck
operators, see Lemma 7.3. Finally, Section 9 briefly discusses extensions of our results to more
general equilibrium distributions and operators.

Acknowledgments. The authors wish to thank Jean Dolbeault for an enlightening discussion
on Hardy-Poincaré inequalities, Marc Briant for a careful reading and feedback leading to an
improvement of the statement of the main abstract result, Christian Schmeiser and Sara Merino-
Aceituno for discussions in this initial phase of this work. Finally they thank Nicolas Fournier
and Camille Tardif for crucial comments, helpful discussions and pointing out a mistake in a
previous version.
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2. PROOF OF THEOREM 1.4 (CONVERGENCE)

In this section we assume Lemmas 1.1, 1.2 and 1.3 and prove Theorem 1.4. Consider equa-
tion (1.6) and the rescaling

he(t,z,v) ;:h<t z > _ flta) e x) U).

M(v) M(
It satisfies the equation

(2.1) 0(£)0the + ev - Vihe = Lh,.
2.1. The energy estimate. Integrate (2.1) against h. M in t,x,v, and take the real part:

9(2%5(1:)”2 = TP + [ Re (Ehr) her))ar

e = [ et = )12, dr

where we have used Hypothesis 2 and

re(t,z) = /Rd he(t, z,v)Mg(v) dv

This proves
(2.2)
t (e (e
V020, [P < O =1 and [ nr) - n@IE ar < G o) = 55
0
2.2. Framework of the calculations. Denote { the Fourier variable of z, and Fourier-transtorm
equation (2.1) in x to get on h(t,&,v)

(2.3) 0(e)dih. = Lh. —ic(v -5)13.

Note that (2.2) and the Plancherel theorem imply h. € L{° ( )) and

~

(2.4) he — e

(R*
L3 (RFL2 (M S o )

Denote & =: |¢|o and n := ¢[¢|. Test (2.3) against Mqﬁn with ¢, constructed in Lemma 1.1:
d /- A
(25) ()3 (hedy) = (Lhe —ic(v- ©hei6y) = (hes L (90) +is(v - )y

= —u(n) (he, [0] P ).

We then split the integrals as follows:

(hern) == (1,69) + (he = 7,6y ) = (1, 0y) [i- — 1)

<iLa> [v] _6¢n> = Te <17 [v] _ﬁ¢n> + <ile — Te, [V] _ﬁ¢n> =: (1, ¢77> ZE;) [’%726 — Ey]

with the definitions (using the normalisation (1, [v]?¢,) = 1)

(L) )
T Ly 0E) Ly
<i}5 — e, <;57,> p(n) <fza — e, [v] _B¢n>
Br=-"mggy o BReE gy

Consequently, equation (2.5) writes
OiTe + /‘Lnﬁg = 0;F1 + Es.

We then want to pass to the limit € — 0 (hence n — 0 for each frequency &).
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2.3. Estimating x,, 0;F; and E;. Lemma 1.1- 1.2 yield

o+
1+8°

with constructive rate, for each frequency ¢ € RY (note that in the cases « = 0 or @ = 2 + 3,
the error in the convergence includes a loss of frequency weight |In |£||). Lemma 1.3 implies

m A0 _ el with o=

ilﬁo f(e)

( |]MH211(Rd) when a > 0,

1+ 8

(2.6) 71713%) K = K[€|S = pol€|° x K&l when a = 0,

-1
[ca,g/ P (u)|u| du] when a € (—4,0),
R4
with constructive convergence rate and

1(n) ¢
0@ Ly~

To estimate F5, write

[(he = e 110 | < e 7|,

where we have used ||¢y||—g = 1. All in all, we get, using again Lemmas 1.3 and 5.1,

By S G he — 7 ‘.
To estimate Eq, compute first
[ (e = ev0)| < e =] llenlls.

to get

H%Hg ‘
(L, ¢

One then estimates ||¢y || 5- When o > f, it is bounded by construction, and when o < 3,

|Er| S

2 af 2 —d—
ol =0T [ 10 aly o

Using the pointwise bound (1.11) and the moment bound (1.12) from Hypothesis 4, the latter
integral exists and is uniformly bounded in n for a € (=3, 3) and is bounded by |Inn| when
a = (. Thus we get, using Lemma 5.1 to estimate (1, ¢,,) again,

( 0(5)%, when a > 3,
51+B |In (e|¢])] when a = 3,
~ el a—pB
|Eq| < 0(5)_% he — s s X ¢ eT+B|E| 2048 when « € (0, 8),

-
[n(e)| ™! (Inf¢)) 71 €770 when a =0,

o __atpB
| e 2068 ¢ 20H when a € (—4,0).

We then define r := r(t ) solution to 9yr+k|€|°r = 0 with initial data 7(0, -) defined in (1.20)
and deduce that w, := 7. — 7 satisfies

Opwe + K,|§|ng = 0, F1 + By + (I{ — Hn) Te
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which implies

we(t, &) = e %0 (0,6) + / " e (=9 [0:E1(5,€) + Ea(s,€) + (k — k) (5, €)] ds

0
= ws(oa g)e—l{\ﬂct + El(ta 6) - 6—H|£\<tE1 (07 5)

t
+/ ol t—s) [K|£|<E1(s,£)+E2(S,§)+(K—Kn)fs(5a§) ds.

0
Define then

1 when a>p,
W(E) == €]~ x )mﬂ)_l when a=4,

€T (€] when  a€ (~8, )

and integrate in LE(W) and then in LZ([0,T]) to get, using again (2.4) as well as (1.20),
lwell L2 (fo,1; L2(W)) which concludes the proof.

3. PROOF OF LEMMA 1.1 (CONSTRUCTION OF THE FLUID MODE)

In this section we prove Lemma 1.1, assuming Hypothesis 1-2—-3. Denote
B

- B, 8 B, 8 .
Ly = (01715 (1150) = 1527 (1159) + Lol (0 o).
As before, the dependency in ¢ is omitted from the subscripts for readability.

3.1. Existence of the resolvent.

3.1.1. Near zero. We first prove that when z € B(0,Ro©O(n)) with Ry small enough and n €
(0,7m0) with 79 small enough, the operator Lj — 2 has a bounded inverse in L3(M). Given
G € L*(|-17°M) and z € B(0,R0O(n)), consider an a priori solution F' € L2(|-]7° M) to

(3.1) —L*F —in(v-o)F — z|v]PF = |[v]PG.
Recall the decomposition

(3.2) F=PF+P'F with PF ::/ F(v)Mg(v) dv
Rd

which is orthogonal for the scalar product associated with || - | _g. Integrate (3.1) against F.M
and take the real part to get, using Hypothesis 2 and denoting r := |z],

A PLFQ —r|F|I?, < |G F
s T FZs < IGll-sll Fll-s

—  O=n|[PE|, <IGI-alFIp +r PR
—  O-nprr 25 < TIFIZ 5+ o IGI2, + PR
— =[P, <SPPI+ o IGIR + PR
which implies finally for r small enough
(3.3) HPLFH_ﬂ S 3 |PF| +173|G) g

Consider then a function 0 < & < 1 smooth radially symmetric and such that & = 1 on
B(0,3)\ B(0,2) and & = 0 on B(0, 1) and outside B(0,4), and denote Rr(v) := &(%) for R > 0.
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Denote Rg := (v-0)|v]? &R and integrate (3.1) against RrM:

- <L*F, jézR> —in /R (00 F(0)8r(0) [0]°M(v) dv — 2 /R F0)&r(v)|[v] P M(v) do

d

(3.4) = [ G)Rr)[v] PM(v)dv.
R4
Using the decomposition (3.2), L*1 = 0 and Hypothesis 3:
5 [(rrdn)| = |z (P1F) 8n)| <[z (), [P, < &
(3.5) ‘<L F,ﬁR>\ ‘<L (73 F),RR>’_ L<RR> PrE|  <r
Observe also that, for a € (—3,2 + f),

| 0P PSR 0] M) do

atpB
2

s I

2 1PF| [ (0 PRu) o) Mo o

_ ’/Rd(v o) 2PLE () Re(v)[v]P M(v) dv

> R~ |pp| — ( /Rd@ - 0) Rn(v)? (V] M(v) d“>% [P,

(3.6) < R¥Fo|pp| - R*%-%

Hfﬁ '
Flnally we have

/]R ) F(v)Rgr(v)|v] P M(v) dv

/Rd(v - 0)2PLE(v)Rp(v)M(v) dv

S HPLFH </ (v - 0)?Rp(v)?2[v]P M(v) dv)
-8 \JRrd
o S o]
Combining (3.3)~(3.4)~(3.5)-(3.6)~(3.7) yields
PFIS [P R™ 4 rin ™ RTITE75 4 by RS )

B
2

+ [nflR*H*a e i T e e I e e } RY25 |G,

+8

(88) 13 (RS 40 RIS mlF] + [rohy T 4T RTITEE TR G

Observe that in the first bracket, the third term is negligeable in front of the second term when
r is small, and optimising the choice of R so that the first and second term are equal yields

R = nfﬁ. Then for r < RgO(n) with O(n) defined in (1.10)) and Rg > 0, we have
[T%R# + r%n—lR—H%—g + r%n—lR—H%—g] < 2R§ + R§
which is small when Rq is small enough, yielding therefore after calculations (and using (3.3))
(3.9) PRI S it G, and PR S (r ) G0
When a = 2+ f3, the calculation is slightly modified as follows: we define Y := (v-0)[v]’xr
and integrate (3.1) against YpM and have

(L Pxa)l 5 [PHF|

/Rd(” -0)?F(v)xgr(v)[v]" M(v) dv

< (InR) [P[F]| — R**? HPLFH_ﬁ,

L F@Ra0) 101 M) do

< (InR) HPLFH_/B,
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1
which results into the new estimate (with the same choices R =17 T+7)
1
r2 1
[PFl+ 1—— |Gl
r2| |

and, with r < RgO(n) and ©(n) = n*(Inn)? and Ry small enough we deduce

|PF| <
7| Inn|

PR Sri0mEG], and  [PRE| < (72 em) ) IG] .

Given z € B(0,R0O(n)) with Ry small enough and n € (0,79) with ny small enough, we
now deduce from the latter a priori estimate on the a priori inverse of L;; — 2z the existence

of a solution to (3.1) with the uniform estimate ||F|_g < ©(n)7!||G||—s. The equation (3.1)
re-writes

(3.10) CLF —in(v- o) [v]PF — 2F = [v]"2G € LA(M),

with F:= Hng . Since (Hypothesis 2) L* generates a contraction semigroup in L2(M), it is
a standard result (see [25, Theorem I1.3.15]) that L* is maximal dissipative. Therefore, given
any M > 1, the operator INL:‘]’M = L* 4 in(v-o)[v]?xa(v) is maximal dissipative (perturbation
by a bounded purely imaginary multiplicative operator). Observe that the previous a priori
estimate (3.9) holds for i;’; s by the same calculation, and uniformly as M — +o00. This implies
that for each M > 1 and z € S(0,r), there is Fy € L2(M) that solves —E}*VIFM — 2By =

Uﬂ_gG, and that Fy is uniformly bounded in L2(M) as M — oco. Taking a subsequence
weakly converging to some F' € L2(M) as M — oo gives a solution to (3.10) and thus to (3.1).

3.1.2. Away from zero. We now prove that when z € C with |z| € (R1O(n),79) with Ry large
enough and rg small enough and 1 small enough, the operator f);; — 2z has a bounded inverse in
L%(M), and the bound is uniform in |z| € (R1O(n),70). Given G € L?(|-]7°M) and z € S(0,r),
consider an a priori solution F' € L?(|-]7°M) to (3.1). Integrating (3.1) against FM, taking
the real part to get and using Hypothesis 2 yields (3.3) again. Consider then 0 < x < 1 smooth
radially symmetric and such that y = 1 on B(0,1) and x = 0 outside B(0,2), and denote
Xr(v) := x(%) for R > 0. Integrate (3.1) against g M:

(3.11) —(L*F,xR) —in /Rd(v co)F(v)xr(v)M(v)dv — 2PrF = PrG

where we denote the truncated average
PrF = / F(0)xr()M(v) dv.
Using the decomposition (3.2), L*1 = 0 and Hypothesis 3:
(312) (L Foxa) = (L7 (PYF) oxw)| < IL ()l |[PLF| < B0 Pp|
Observe also that

[ P @hxaoME) do

/ (v-0) [/PLF(U)} Xr(v)M(v) dv
R

</US2R(U o) [v]P M (v) dv) ’ HPLFH_B < U(R) HPLFH_ﬂ

(3.13) <
with
1 1 when a > 2 + (3,
(3.14) /(R) = </ (v-0)?[v]°M(v) dv) < In(R) when a =2+ 4,
l|<2R )

RI_QTB when o < 2 4 .
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Combining (3.11)—(3.12)—(3.13) yields the following estimate on the truncated average:

(3.15) PrF| < [ne(R) + R~ [PAF|_,+ % IGI_s.

,
We next estimate the difference between PF and PrE":

|PF—PRF| < /d|FH1—XR’M5(U)dU
R

1
< (1= xal Maao) " 1P R,

which implies for R large enough

(3.16) PRE| < |PRrF| + R HPLFH_B.

Combining (3.15) and (3.16), we deduce

nl(R) + R~—5"
'S

PF| g( >H7>LFH_B+RJ?B HPLFH_ﬂJriHGHﬁ,

_ (ne(R) + RS0

(3.17) : ) [P+ e,

Optimising R so that the two terms in the parenthesis are equal yields again R = n_ﬁ (with n
small enough so that R is large enough to obtain (3.16)) and therefore nf(R) + R ~ @(17)%

where © was defined in (1.10). Combining (3.3) and (3.17) we get then

WﬂgngWMﬂ+G+@mp>hmHﬂ

1
r2

1
When r > R10(n) with Ry large enough, w is small and we deduce
2

1
PEISIG1, and [PUE|<eoRel .

Arguing as before, given |z| € (R1O(n),79) with Ry large enough and rg small enough and n small
enough, we deduce from the latter a priori estimate the construction of a solution F' to (3.1)
with the uniform estimate ||F|-5 < ©(n)™!||G||_s. Together with the previous subsubsection,
we have thus proved that L* has no eigenvalues in |z| < RoO(n) and R1O(1) < |2| < r9. We
now prove the existence of a unique eigenvalue in |z| € (Rg©O(7),R10(n)).

3.2. The spectral projections. We define the spectral projections
1 =, -1
M, = %in Som) [Ln — z] dz
for r € (R1©(n),ro) for r9, R1 and n as above; it is well-defined since we proved above that
(Ly, — 2)~! then exists. In this section, we first estimate the difference between the projections

II,,, and Il when acting on 1) := LU—|_§ (the kernel of Ly) and projected on Span(i)g) and
proves that it goes to zero as n — 0; this implies that Il is non-zero for r and 7 small enough
and thus proves the existence of an eigenvalue. Second, we amplify the previous estimate and
prove that [|[IL., — IL.o||| — 0 as » — 0, which implies that the dimensions of these two
projections are the same for 1 small enough. This implies the existence and uniqueness of the
eigenvalue in |z| € (Rg©O(n),R1©(n)) and quantitative convergence estimates as n — 0.
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3.3. Preparation for the first scalar estimate. Recall ¢y = Hfg, then

M0 — Myotb = % S0 [i;; _ Z]*l {Eg _ En} [i;; - Z}*lw dz
= —% S0 [I::; - z} - {(’U o) |v])? [I:S - z} - ¢0} dz
- Y
27 Js(0,r) z

where we have used
(i; - z>_1w0 - [HgL (H%) - z}_lw = —Zyp

and we have defined F' through

- -1
[Lj; — z} [v’ = (Vo) Lv’}g] (v) =: Lﬂ*gF(v),
that is
(3.18) — L*F —in(v-0)F — z[v] PF = (v-0)
(the dependency of F on 7, z and o is omitted for readability).
Since MM, 010 = Yo and
/ M,.0v0(v) [v] 2 M(v) dv:/ W] PM@)do = [ Mg(v)dv =1,
R4 Rd R4

to prove the existence of an eigenvalue, it is enough to prove that for r and n small enough

Apy = < 1.

L (Mo = Mlovn) L]~ M (o) do

Using the decomposition (3.2) one gets

(3.19) Ay =

n / PF
— T de
2m Json #

The next three steps are devoted to estimating PF.

3.4. Localised average estimate. Integrate (3.18) against x g M: the right hand side vanishes
since M and xpr are even and one gets

—(L*F, xRr) — in/ (v-o)F(v)xr(v)M(v)dv — 2PrF = 0.
Rd
Using the same argument as for (3.12) and (3.13), we get

(3.20) PrF| < - W(R) +R—“2ﬂ} HPLFH_B

-
and using (3.16) we deduce, for R = nfﬁ large enough,

(nE(R) + R_azﬂ)

r

el = 2

PFIS

PLFH_ﬁ.
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3.5. L? estimate. Re-organise (3.18) as

—L*F —in(v- o) <F — ;}) = z|v]PF,

integrate it against

and take the real part to obtain

—Re<L*F, <F— ;7>> = Re <2/RdmﬂF<F— ;7>Mdfu> .

The left hand side satisfies (using L1 = 0 and Hypothesis 2)
1 1 Al12
~Re <L*F, <F - >> — _Re(L*F,F) > A HP FH S
in -
and the right hand side is bounded by

Re (z/ LvWﬁF(F - .1>Mdv> <r|F|?5+ = PF|.
Rd m n

This results in the estimate (using again the orthogonal decomposition)
1|2 2 r
APE(” <riFIz, + = PR
-8 n
2
<r|PFP+r||PrF|” + L 1P,
-8 "N
which implies, when r small,
2
(3.21) HPLFH <r|[PFP+ S |PF.
-B n
3.6. Synthesis and the first scalar estimate. The two previous steps lead to
2
LT
r -B
1|2 2 T
3l JSrIPFP S IPE.

Plugging the second estimate into the first one, we obtain

© )
(3.22) |PF| < 5 |PF| + ﬂ
r nr
Given r € [R10©(n), o) with R; large enough and 1 small enough so that % is small we get
)
(3.23) PF| < o)
nr
Plugging the latter into (3.19) finally yields
A, <L @(2) dz < @(77)7
2T Jsor) N r

which is as small as wanted for r € (R10(n),79) with Ry large enough and n small enough.
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3.7. Estimating the full norm of the difference of the projections at 3. Combin-
ing (3.21) and (3.23) yields

This implies

1
IMyntdo — Mogtiol] < - / LIF)_pde
2 S(0,r) r

< 277/ ! (\PF| n HPLFH ) dz
T JSsoxr) T -8
1 n)

(3.24) S -em)+ ~0(n) + ()} < @i

r2

which is as small as wanted for r € (R1©(n), ) with Ry large enough and 1 small enough.

3.8. Estimating the full norm of the difference of projections. Take now any 1) € L(M).

Then |-] §¢ € L?(|-17°M) and the following decomposition holds
8

o =012 150 + [0 5P (150).
As a consequence,
1y = Pr)ll < [P [L150] |17 = Aro)oll + (M = o) [1175P% (1170) ]|

The first term in the right hand side is estimated by (3.24). We estimate the second term in
the right hand side by the triangle inequality:

My = M) [175P% (1150
Moo L1757 (1150 + ]
and now consider each term separately. Start with

Moo [L175P (L130)] = 55z [ [Ta=e] 7 [L17ERe (1150)] e

1 8
3.25 = — (% _EFdZ
(3.25) 557 o

<|

Mo [1175P% (1150

where F' satisfies this time (as before we omit writing the dependency in 7, z, o)
(3.26) —L'F —in(v-o)F — z|v]PF = |.]7FpL (H %) .
First, test (3.26) on FM, take the real part and use P[P+(]-] g77!))] =0:
A[PHE|, < e 2) IFIZ 5+ Re (1177PH(1130), F)
— (Re 2) | F|25 + Re ([-177P(|-]54), P4 F)
<rPFP +rPEFI2y+ [P (1120)]||PHF|_,.
which implies, since r < ry < A stays away from A,
(3.27) HPLFH; SrIPFP + [P (1150) Hiﬁ S [PFIP + (1)
We now estimate PF. Integrate (3.26) against xgM with R = n_ﬁ

—(L*F, xRg) —in /Rd(v -0)F(v)xr(v)M(v)dv — 2PrF = Pgr [PJ‘ (H §¢>] .
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Using the same arguments as in Subsections 3.1 and 3.4 we obtain

a1 20 o (119)]

o[

Since P[P+(|-]12%)] = 0, we can estimate |7DR[73L(Hg ¥)]| as follows:

pulp(L1Ee)]| =[P [P (1150)] - Pu [P (1170)]]
SR P (11%)] | S BT e < eyl

part < OO (] e,
and using

|PF|)? < [PgF|> + R~(@+F) HPLFH < |PrF|? + O(n HPLGH

S (e, o).

Combining (3.27)—(3.28) implies for r € [R1O(n),19) with Ry large enough and n small enough

we finally get

(3.28) pr\2< (HPLFH +H¢H?>+® HpLFH

O(n 2 O(n
Per s S ad s [PHE( < QL+ i 5 i

Plugging the latter estimates into (3.25) yields
1
(Mo [L1752 (1150)]|| < 71 FI-s S 7IPFI+ P2 FIl_s S O 31l + il

We now come to the estimate of

Mo [H—QPL (H%)] - 2;/9(()@ [io - z}_l [H—gpi (Lq%)] dz

1 B
= — v _deZ
2um S(om)L 1
where I satisfies this time
(3.29) — L'F = 2[0]7F = [o] 7P (1150).

Integrating this equation against M implies PF = 0 since (L*F,1) = P[PL(Hng)] = 0 and
z # 0. Hypothesis 2 then implies, since r < rg < A is away from A:

115 = [[P-F]_, < e,

and thus
B

Moo [L1752% (1150)] | S 7l
The conclusion is that for any 1 € L?(M),

1My = M 0) 0 S ©m2 ] + 7l

which implies (combining all the previous conditions), for r» € (R1©(n),ro) with 79 > 0 small
enough independently of n and Ry large enough independently of n and 1 small enough,

M = Mol 2y 2y < 1

It implies that, for € (R1©(n),79) and n small enough, the projections I, , and I,y both
exist thanks to Subsection 3.1 and their dimensions are the same, i.e. 1, which proves existence
and uniqueness of an eigenvalue p(n) € B(0,rg) with [p(n)| € (Ro©O(n),R10(n)). This implies
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that this eigenvalue is real: if (1, —u(n)) is an eigenpair of IN/;; with u(n) € B(0,rp), then so is
(¢n(=-), —p(n)). Since E;‘; < 0 and 0 is not an eigenvalue for n # 0, this proves that u(n) > 0.

3.9. Estimate on the branch as n — 0. Denote ¢, := |-] gwn and normalize
/ ¢n(v)Lv]_§M(v) dv = / gi)n(v)Lﬂ_ﬁM(v) dv = / dn(v)Mp(v)dv =m[g,] = 1.
Rd R4 R4

Then integrating the equation against %M, taking the real part and using Hypothesis 2 yields
2 2 2
Moy = boll™ < () [y [17 < w(n) 1on — doll™ + ()

where we have used ||| = 1. Hence for 1 small enough we deduce

6 — L _g = lln — woll < ()=

This concludes the proof of Lemma 1.1.

4. PROOF OF LEMMA 1.2 (SCALING OF THE EIGENVALUE)

In this section we prove Lemma 1.2, assuming all Hypothesis 1-2-3-4. Consider the unique
eigenpair (¢y, (1)) that satisfies u(n) € B(0,r1) and

@) =Dy i), = o) Pe, and [ 6,00Mae)dv =1,

4.1. Proof in the case o > 2 + 3. The function F;, := Imf” satisfies

—L*F, — pu(n)|v]PF, = (v-0)Re¢, and /]Rd F,)(v)Mgdv = 0.

B B
2 2

Since (Hypothesis 2) L* is invertible on the L2(M)-orthogonal of |-]~2, and (v — |v]
belongs to L2(M) when o > 2 + 3, we can define then F' € L?(|-]7# M) solution to

(v-0)

—L*F = (v-0) with F(v)Mgdv = 0.
]Rd
The difference F,, — F satisfies

—L* (Fy = F) = p() [v] 7 (Fy = F) = (v-0) [Re ¢y — 1] + p(n) [v] P F.
Integrate the latter against (F;, — F')M and use Hypothesis 2:

A=) I1Fy = I, < [ (000) (Redy = 1) (Fy — F) Mdv+ ) [ F (F, — F) My o
R4 Rd

< [[Re ¢y = Ularsl Fy = Fll—p + pm) | Fll -/l Fy = Fll-p-
Write for any ¢ € (2+ 3, @)

1— < 1—
IRe ¢y — 1lly, 5 < [IRe gy — 1 5 [Redy — 1]~ < pu(n)? [Re gy — 1]~

1—(2+8)

with z = 758

€ (0,1), then Hypothesis 4-(i) implies

[Redy — 1245 S u(n)é —0 as 1n—0,
and thus, since @ > 1 (combining o > 2+ § and a+ § > 0) and
1El-p S Ml(v-0)l[ S 1,
we deduce
IFy = Fll_s Spm): =0 as n—0.
Finally,

"“7(7;7) _ /Rd(v c0)F(v)M(v) dv

<

[ 0 Ef) = Po) M) do

S ll24slFy = Fll-g S p(n)? — 0 as g =0,
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which identifies the limit of x(n) and provides a rate.
4.2. Proof in the case a < 2+ . Take 0 < y < 1 a smooth test function that is 1 on B(0, Ry)
and zero outside B(0,2Ry). Integrate (4.1) against ©(n)~1x(- n1+ﬂ )M and take the real part:

42 g * g (1))

M(Z)< 17 Regyx (077)) 1) _@(177)<L*(Re¢n—1),x('nli)>
=~ (1) Regyox (4757) = 1) — g (Redy = 1. (x (477) ) ).

The first term in the right hand side is controlled by
a+p

A Rt ) ) 5 (Bt () ) 5 1

and the second term is controlled by

@(177) (Reg, —1.L (X<.n¢ﬁ))>‘ < @277) I = 1y | [x (n77)] HB
ORI NCESID

a+B _atf _atp
< O~y Ry T < By T

1
The second term in the left hand side satisfies (changing variable to u = vnT+5 )

L 7 =c u-0)Im w)|u| 7%y (uw) du
%<(v-0)lm¢mx(-n ﬁ)> a,g/Rd( ) T @, (u) |l 4= x(u) d

and we deduce
p(n —d- — 238
s [ ) (] 7y
Then observe that assumption (1.11) in Hypothesis 4 implies the uniform integrability of the
integrand on the support of x and the convergence of the integral as n — 0 for a given x.
All in all we have the double limit

/Rd(wU)Im‘bn(U)IUI;d“"x(u)d 20 (- ) Tm @ () [u] 4 du.

Rop—o0 R4

This double limit thus proves that % converges and

%ii% (/;((77)) = Ca 3 /Rd(u - o) Im @ (u)|u| =4 du.

This limit then belongs to (Rg, R1) because of estimates on p(n) already established.

4.3. Proof in the case o =2+ . Take 0 < x <1 a smooth test function that is 1 on B(0,1)
and zero outside B(O 2). Consider again (4.2) (with now ©(n) = n?|Inn|) and estimate

‘ v] 7P Re dy, x (n1+16>—1>‘§’<MﬁRe%x(-nliﬁ)—lNSn
1 ; Ll ()],

g <Re¢n -1,L (x(n”))>' = 2’1](”7’ 16 —
L[ wmtﬂ ST

and

< b
nl ()}
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We have also

1 1 Caﬁ deo
° . B8 = 2 .
7] <(v o) Im ¢y, x ( n~TF )> T Rd(u o) Im<I>77\u|,7 x(u) du
which gives
<, —d— 1
o0 T} Jae [in(r)

Let us decompose

Ca, e
‘lni| d(u 1) Im@"’u‘nd x(u) du
Ca, B
= |lnf]| e ﬁ(u.a)lmq)ﬂuud x(u) du + |ln77| s ﬁ(u o) Im @, |ul, “"*x(u) du
u|<n ul>n

The first term is bounded by

Ca,B —d—a Ca,8
u-0)Im®,(u)lu u) du = v-o)Im ¢, (v)M(v)dv
o e (e I laly X du= R | (0 0) Ingn0) M)
omz _ 1

We approximate, using the second part of Hypothesis 4-(ii)

Im<I> () — Tm ®(u) | |ul, T (u) du
|1n ‘ ‘/u|> K
Define,

N) ;:/||> (o) T () ful = () du

Observe that since [Im ®(u)| < |u|'™4, and a = 2 + 3,

/ |u|2+ﬂ‘|u’nd o ’u| —d— a‘ du
T+8 2>|u|>nl

N() - /| AR Ol

s/ ol o) < 1 o
U|<27]
S L
since | o]t [v] 707> — 1| ~y—so0 d‘%"ﬁ We get, using Hypothesis 4-(ii)-(a),
1 Im ® (nﬁa? 1
—nN'(n) ~ —— o-0)————2Ldo ~ —— o-0") Q) do’.
( ) 1+ 6 o'eSd—1 ( ) n 1 +B o/eSd—1 ( ) ( )
Apply then L’Hopital’s rule to deduce
N 1
im ) _ 1 (o-0")Q(o")do’.
n—0 |ln T]| ﬁ o'eSd—1

We conclude by taking n — 0 in (4.3).

5. PROOF OF LEMMA 1.3 (THE DIFFUSION COEFFICIENT)

Lemma 1.3 follows Lemma 1.2, the definition (1.16) of 6, and:
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Lemma 5.1. Assume Hypothesis 1-2-3—4. Then, the following convergence holds

( M| 1 (ray when a > 0
) hen a =0
<1»¢n> ~n—0 1 +5| n(n)| when o =
nliﬁca,ﬁ/ d(u)|u|~*du  when a € (—B,0).
Rd

with explicit convergence rate.

Proof. When « > 0, the integral

fal _ 1) = | Mdo < 400
Ca,O Rd

is well defined and, choosing ¢ € (0, a),
(L, &) = (L, D] < (L by = DI < lminge,s) 100 = - inge,)
S oy =g ldn — Ll < p(n)?

with a = min(%, 1) € (0,1], which shows (with explicit rate)

<1,¢n> ﬂ) (1,1) = Zai = ”MHLl(Rd) when o > 0.

a,0

In the case a =0,

/R on(0) M) do = /| L, M@ / Gy (0)M(v) dv.

[v|>n T+P

The second term is estimated by

= ¢ U u_d U
/| L Gn(0)M(v) dv = co /lum@n( )l d

v|>n” TP
1
2
= cop (/ !%(u)?lu!;d*ﬁdu) (/ !u\;d‘ﬁdu> <1,
lul>1 lu|>1

using the moment bounds (1.12). The first term is decomposed into

/vgqulﬁ ¢n(U)M(v)dU:/U|SnH15 (‘f’n(v)—l)/\/l(v)dv—i—/'vlgnliﬁ M(v) do.

=

Since
1 ___ B
/ 1 (@g(v) =) M(v) dv| < [¢y(v) — 1H_3 1| Sw(pzn 2059 S 1,
lv|<n” T+B l'1<n P lg
we deduce
87
SME o~ [ M) o~ el
R fol<n” T+B +8

with explicit error term.
We finally consider, in the case a € (—/,0), the convergence of the integral

nliﬁ/ ¢n(v)M(v) dv —>77_>0 ca,ﬂ/ <I>(u)|u]7d*a du.
Rd Rd
Observe that the left hand side is

T [ @M@ o= cas [ @yl du



QUANTITATIVE FLUID APPROXIMATION IN TRANSPORT THEORY 25

The bound (1.11) implies that the integrand is uniformly integrable near zero:
/ B (sl -4 du % 0
Ju|<e
uniformly as n — 0. On the region |u| > Ry the integral bound (1.12) implies
/ 1By ()] a4 du £,
[ul>Ro

uniformly as 7 — 0. We finally use the L?-convergence ®,, — ® on {e < |u| < Ro}. O

6. PROOF OF THE HYPOTHESIS FOR SCATTERING EQUATIONS

In this section we consider the scattering operator, written in the “f” or “h” scaling:
£1@) = [ bo.0') [F0) M) = o) M) ',
Lh(v) = /]Rd b(v, ") M(V') [h(v') — h(v)] dv’.
We assume that b is C'!, that the operator conserves the local mass
/]Rd [b(v,v") = b(v',v)] M) dv" =0

and that the collision kernel b and collision frequency v(v) := [pa b(v,v") M(v') dv’ satisfy, for
some constant vy > 0,

W17 Sv(e) S 170 M) ~aseo wolul ™ and  [b(o,)llg + [Ib(-,0) s S L0177

This includes b(v,v’) = [v] 7P [v']7# for any a + § > 0, b(v,v") = |v — v']7? when 8 > 0 and
a > 36, and even b(v,v’) = [v — /| # when 8 < 0 and a + 3 > 0.

6.1. Proof of Hypothesis 2. Hypothesis 2 is standard and proved for instance in [21].
6.2. Proof of Hypothesis 3. We perform the following calculations:

126 = [ 1 PM() o
< [ 110 [ bn) = xal) P blo. o) M) M) o’ do

5 //Rdx]Rd |XR(U) —XR(U,)|2 b(U,U/)M(U)M(U/) dv do’
<

{lv|<R}xRd {|v|>R} xR

< // b(v,v") M(v) M(v") dvdv’ + // b(v,v") M(v) M(v") dv’ dv
R {|v'|>R} {|v|>R} xR4
S INGMIls S B ——0,
R—o00

6.3. Proof of Hypothesis 4. The eigenvalue problem can be written
(16, 0) 1= [ b0 00M@)oy(0) ! = (vfo) = in(o-0) = n(n) 0] ) &(0)
with the normalization [pq Mg(v')é,(v') dv’ = 1. Observe first that Hypothesis 2 implies
lén = 112 5 < p(m) 169112 5

and thus, for 7 small enough

9 A
6112 < 5=
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is uniformly bounded as n — 0. Observe second that
|5 (69) ()] < (16 0) 1 lldnll g < L0177
which yields, for n small enough,
[v] 3 1
1 ~
2 7 ]Pv(v) = u(n)
() = u(m) 012 + 2w - 0%

i.e. ¢, is uniformly bounded in L>(R%) as 7 — 0, and Hypothesis 4-(i) when o > 2 + 3 follows.
The rescaled eigenvector ®,, satisfies

|n(v)] S

) n%L*’Jr(bn (niﬁlo
O (u) = ¢y (77_1” “) R E A : 8
ni+By (77 1+Bu) —Z(U'U) —M(U)‘“‘n

We turn to the case a < 2+ . Estimate (1.11) in Hypothesis 4-(ii) follows from ®,, uniformly
bounded and for 7 small and |u| < 1 (using |L*T(¢,)(v)| < [v]77),

o [rfizre, ()] |

I 2 N A e —
(770 (n” ™7u) = uOnluly®) "+ (u-0)2] 0T (0 T

When a € (-4, 0], the integral moment bound (1.12) in Hypothesis 4-(ii)-(b) and (ii)-(c)
follows from (for small 1 and large u and using again |L**(¢,)(v)| < [v]~#)

1
) < -

|u- o]

[T &, (u)| = < luly ™.

which implies

5 T  p+oo Tfl a+pB
D5 S drdf < .
” 77Hﬁ ~ /; /1 1+ 7«2-{-25 cos 62 r +00
To prove the remaining points we use L*1 = 0 to write

B 1 B _1 B _1

771+B v (7] 1+8 u) 771+B L*v+¢n <77 148 u> — 7]1+By <17 1+ u>
(I)ﬁ(u) - 8 1 = B 1

oy (n Py —i(u- o) — - Ty (n Tu) —i(u- o) — —f

Ry () —i(u- o) — p(n)|uly v (n ) —i(u- o) — p(n)|uly
i (6, 1) (70

B
WWV@TWQ—KW®—MWWH

Since then
By 1 B | __1 -8B _B_ 1
IEL (6 = 1) (07 55w) | S 07 [ ] gy - 1)s S VamnTEe (07 Ta)

we deduce

P
‘ -1 1 <Vum) —0
®p0 Lo (R4) =0
with the simpler function
B 1
nmy (77_@“)
Q,0(u) == 5

Ty (n*ﬁu) —i(u- o) — p(n)lul,”

To prove the convergence of @, it is thus enough to check the convergence of ®, o:
Vo

hm@()—hm@y(): =: ®(u)

7—0 vo — ilul®(u - o)
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and in the case a = 2 + 8 we also have

Qu) = lim  A~0+F) vo| Mul’ (- o)

= — _1 5 .
A0, A#£0 2t PPz 0 lul’(u- o),

and the corresponding diffusion coefficients are given in the statement of Corollary 1.5.
Moreover, since

July vy (u)|uly (u - 0)

Im @, o(u) == 5 3 25 )
(lulfon(w) = u(m) "+l (- 02
and
volul? (u - o)
Im ¢ =
) P 0
we deduce
2
2
mow v fuf? (el = pm) i @ o)?
Im @, 0(u) |u],’871/n(u) ]u|g Vg + |ul?f(u - )2
B
— (1+o(1))%.
|uln

Since [Im @, — Im @, | < /() [Im Py, 0],

Im @ (u) _ Im P(u) ImP,o(u)
Im®,(u) Im®,o(u) ImP(u)

el

fuly

= (1+0(1))

which proves the remaining part of Hypothesis 4-(ii)-(a).
Finally, we check that (1.13) in Hypothesis 4-(ii)-(c) is satisfied when a € (=4, 0):

2

1
/ O (u)|u|~ T du = / Re ®(u)|u| =4 du = / 0 du >0
R4 R R

@ Vg + [l (u - 0)? ful ¢+

by inspection and we also prove that it is finite:

2| wiryd—2
| 1
O(u)|u| " du = / / Yol sin 0 d
/Rd ()l ! r>0 ( 0e(=5.%) v + r2(+6) sin? ¢ e ¢

1
:/ _|_/ / _|_/ / cee=0 I+ Ir + Is.
r=0 r>1J10le(%,%) r>1J16]<

jus
—4

Then I} S [ or ' 7@dr < +ooand I S [, 73772 dr < 400 and finally

I < %) Lg
3 o e 12 4 1205922 ) a4

7. PROOF OF THE HYPOTHESIS FOR KINETIC FOKKER-PLANCK EQUATIONS

In this section we have 8 = 2, M given by Hypothesis 1, and the operators

L(f) = VU-(MVU (/{4)) and Lh:= MV,  (MV,h),

are self-adjoint in respectively L2(M~!) and L2(M).
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7.1. Proof of Hypothesis 2. This hypothesis is:

/ IVoh|? M(v)do > ||k — Ph| _, with Ph := / h(v) [V ]2 M(') do’

R4 Rd

for some A > 0 (recall that [[-]72M = 1 as per Hypothesis 1). It is a form of the so-called
Hardy-Poincaré inequality, see for instance [8, equation (1)] where references are collected for
proving it for d > 3 and o > —2, [23, Corollary 1] and [9, Appendix A] where it is proved
in all dimensions d > 1 under the condition d + o > 0 (for instance the “a” in [23, Corollary
1] corresponds to our “—(d + «)”). Note that the case when d > 3 and o € (—d, —2) would
correspond in [23, 9] to situations where the Hardy-Poincaré inequality holds without the need
of the zero-average condition. These cases are however excluded by our assumption o > 0.

7.2. Proof of Hypothesis 3. It is proved via the following computation
dv
2 _—

L0 = [ 1V (M)l L1125

VM 2
:/ AxR+ —— . Vxgr| |']*Mdv
R4 M
2
:/ Axr + M -Vxgr| [[]*Mdv
Bar\BRr

:/ ]2 Mdv <, R+ — p=(B+a)
Byr\BRr

7.3. Proof of Hypothesis 4. The equation satisfied by ®,, is
(7.1) U2 APy + (d o+ a)u Vuly — il o)ul2, = p(n)®,.
We now prove (1.11) in Hypothesis 4, but estimate first the non-rescaled eigenfunction.
Lemma 7.1. The unique solution to
—Loy — in(v - o)y = p(n)[v] _2¢n with /]Rd ¢77(”) Lv] - M(v)dv =1
satisfies for any R > 1
[énllLeBo.r)) SR1  and  |[Im ¢yl L (p(o,r)) Sk max(n, u(n))
with constants depending only on R but uniform in n — 0.

Proof of Lemma 7.1. As for the scattering equation, Hypothesis 2 implies, for n small enough

A
Mgy — 1%, < dll_y = lonl’y<+——= 51
| n | 2 w(n) || n” 2 | n” 2 A — pu(n)

The elliptic regularity of the operator L = A — (d + a){v)~2v - V,, with uniform ellipticity
constant, then classically implies that

||¢>n”Loo(B(o7R)) Sk L
Since P¢,, = 1 in the decomposition ¢, = P¢, + Pld»], one deduces
Mm gyl _y < [P0 S ilm)
and the imaginary part satisfies the equation
—L(Im ¢y) — p(m)[v] "2 Im gy = (v - 7) Re .

Therefore the elliptic regularity combined with the integral bound on Im ¢, and the bound
[n(v - o) Redyllr2(B0,r)) S m on the right hand side implies that

[ Tm (anHLoo(B(o,R)) Sk max(n, u(n))
which concludes the proof. O

The following lemma proves (1.11).
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Lemma 7.2. There are m1 € (0,m0) small enough and 6 € (0, min(4 — v, 3)) and C large enough
so that

Ve (Om), Vue R, [@(w)] S [ulfHP, | Im@y(u)] S JulynEted .
Proof of Lemma 7.2. Multiply (7.1) by % and take the real part:

a
—\u]%Re(,(I)"‘A@) +(d+a)u- Re<‘q) ’ @)zu(n)\fbﬂ.

Since

Vu|® :Re< ”vq>> A, |® 2Re< A@)

~[ulAul@y| + (d + @)u - V| @] — u(n)|@y| < 0.

one gets

Then observe that the real function F'(u) = |u\g ) satisfies for |u| > An% with A large:
— ]u\%AuF + (d+ a)u-VyF — p(n)F

2
cd‘|'|2 — C(Cu) - 2>‘|

p(n)

F
p(mF[=Cd(1+¢e) = C(Cu(n) =2)(1 +¢) + C(d+ o) — 1]
p(mF [C2+a)—1-eC(d-2) - C?u(n)(1 + e)]

where we have used that % < 1+ ¢ with € small for |u| > An% when A large enough. The

',g +C(d+a)—1]

right hand side is thus positive for C large enough and ¢ and 7 small enough, since 2 + a > 0:
Viu| > Ans,  —[ul2AuF + (d + a)u- Vo F — p(n)F >0
i.e. F is a super-solution in this region. Moreover the previous lemma shows that

sup |9y (w)] < 16l o (50,47) S 1
[u|<An3

and we can therefore compare ®,, and F on the ball |u| < An% with a bound uniform in 7. The

maximum prln(:lple thus implies that |®,| < \u|n“ @ for all lu| > An% with a bound uniform in

n. Finally, since n°# ~ 1 as n — 0, this bound extends to any u € R? up to enlarging the
comparison constant (independently of n — 0).
Take then the imaginary part of equation (7.1)

—\u|%Au Im®, + (d+ o)u-V,Im®, — p(n) Im &, = (u- 0)\u|727 Re @,
multiply by ﬁ%ﬁ"n' and use the previous estimate to get for |u| > An%
—Julp Ayl T | + (d + @)u - V| Im @y — p()| Im @y | < Jufy 0.
Define G(u) := |ul; with e := 2 + min(a, 1) — § and compute for |u| € [An%, 1]:
~[u2AuG + (d+ a)u- VoG — p()G > G [ed — u(n) — O (A72)] 2 G 2 [uf3TOH™
for A large enough and 7 small enough. The maximum principle then shows that | Im ®,| < [ul5
1 1
on |u| € [An3, 1] by comparing Im ®,, and G on |u| = Ans thanks to the second inequality in

the previous lemma. Again the bound extends to any |u| < Ané using the second inequality

in the previous lemma, since max(n, () < n3 uniformly as 7 — 0 (examining separately the
cases o € [0,1] and « € (1,4)). O

The next lemma allows to prove the integral moment estimate (1.12) in Hypothesis 4-(iv).
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Lemma 7.3. There is g > 0 such that for any ¢ > —2 and G, H € L*(|u]979"%) such that
(7.2) —|u|727AuH+ (d—i—a)u-VuH—i(u-U)\uﬁH =G,

the following gain of decay at infinity holds

2 q dau u2uq—d—o¢u u2uq—d—au'
L @RI du s, [ 6P s [ @R

R

Proof of Lemma 7.3. Consider a real-valued smooth function xo(u) that is zero on |u| < % and
equal to 1 on |u| > 1, and integrate (7.2) against Hx3|u|}~ 4= and take the real part:

[ iz ivEaR g au
[ul>1
. /R (G 1H + A (@) [ ul2 [HP + ¥ Ceo)l [uly HI? + 53 1GI) [ulg~~ du
S H2+ G2 Uq_d_o‘du.
/|u>;<| *+1GF) luls

Integrate then (7.2) against H(u - o)x3|ul}” 4=o=1 where y; is a real-valued smooth function

that is zero on |u| < 1 and equal to 1 on |u| > 2, and take the imaginary part:
[ e H Gl d
S [ B IvH@P g
lul>1 |ul>1
S [ (E+1GE) aly e du
|u|>3

where we have used the previous real part estimate in the last line. This yields

[Pl @ [ aus [ (1P +1GE) L du

This first estimate improves the decay at infinity outside a cone around u_lo. We now use the
ellipticity of the equation to control this latter region. The operator writes L, = —]u\%*avu

(1EP +1GP) ful du

[Jul; d=ay,] and we deduce by simple commutator estimates that

/|u|>2 ‘VU ( )'“’M)f dus /| >1 QH‘Q + ‘GF) |uld~9= du.

u

Consider first the case d > 2. The Caffarelli-Kohn-Nirenberg inequality yields
2

w5 [ (P +IGE) uly e du
L Jul>1

Consider the cone C := {’WUI o] < Lzﬂ_%, |u| > 2} for some ¢ > 0, and a gain of weight |u]8 for
some g > 0 to be chosen later. The Holder inequality then yields

2

2
2 </ |ul e du>
Ld-2 (Rd)

The extra volume mtegral may be estimated as follows using spherical coordinates,

+00 (g—2) +o00o
L aus [t e [
1

which is finite as soon as g < % (which defines and restricts 0). Outside the cone we use the
first estimate:

/ ‘H(u)|2 |u’qfdfa+g du < / ‘H(u)|2 (u- 0_)2‘u|72+5+Q*d7a+g du
cen{|[>2} iy

qda+2

|EC)I-

L. |>2‘

|q d—a+2

P e du < |l 5 1 |

which is controlled as soon as g < 3 — d. The constraints are compatible for g € (0, %)
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In the case d = 1, the gain of decay is immediate from the first estimate alone. In the case
d = 2, we follow a similar argument but replace the Caffarelli-Kohn-Nirenberg inequality with
the Onofri inequality:

‘q d—a+2

2
=
[ul22||, 5,

So [ (P 16R) July e du
lul>1

1
2 / |u|9€=2) du !
L2r®Y) \Je

is the exponent conjugate to p. The conclusion follows as before by taking p

for any p < co. The Hoélder inequality then gives

|q d—a-+2

/\H )l du < | H ()l

1|u|22‘

where ¢ = m

large enough. O

We now deduce the moment bound (1.12) from Lemma 7.3. Observe first that the pointwise
bound |®,(u)| < [u|“*™ proved in the Lemma 7.2 implies that

/||>1 |, (1) 2|9~ du < +00
u|=z

for ¢ = —2 and 7 small enough with bound uniform in 7, since o + 2 > 0. We then repeatedly
apply Lemma 7.3 with H = ®, and G = p(n)®, to obtain that ®, decays faster than any
polynomial at infinity, with constants uniform in 7 (note that g is independent of ¢ in the

lemma).
To prove the asymptotic convergence we consider the solution ® : R* — C to
(7.3) —|ufPA®+ (d+a)u-VO+i(u-0)®d=0, ®0)=1, ®ecC’ &cL*(u)™).

This solution exists by weak limit ®,, — ®. The regularity of ® follows from the equation
outside of zero, and the fact that ® goes to 1 as u goes to zero comes from the fact that the
normalisation of ¢, yields [pq [®(u) — 1|*|u|~*27*du < oo (a different conclusion near zero
would make the latter integral infinite). The solution ® is unique since integrating the equation
for the difference of two solutions ® := ®; —® against ®|u|~¢ yields [pq [V®|?|u[>*~? du = 0 with
all boundary terms near zero behaving like |®|?(u), u ~ 0. Note that this solution can computed
semi-explicitely as an entire series ®(u) = >} ;5¢ 2k (y - 0)! by solving the two-parameters
induction (see the discussion later and Figure 3).

With the solution ® above at hand, then the convergence ®, — ® in L2_(R?\{0}) follows
easily from the bounds established and the convergence of the coefficients of the equation satisfied
by ®,: one can prove that n — &, is Cauchy in L? on any such compact set as 7 — 0, and such
convergence has a polynomial rate and is uniform on any compact set in R\ {0}.

We now prove Hypothesis 4-(ii)-(a). The equation for W, := &, — ® is

—Jul3 AWy + (d + a)u - Vo Wy —i(u - o) |uls Wy — u(n) Wy = 05 (d+ 04)‘ 2 - Vu® + ().

We derive a bound on V,®. For this, differentiate the limit equation for ®,
—[ulPA (V) + (d+ a)u- V (V) + (d+ a)VE — 2(A®)u = i(u - 0)[ul*V® +iV ((u- 0)[ul?) ®

Test against ~ow:, use

|V¢’\’

Vo Vo
d| =Re| = d Re| =——A (VD) | <A(|VD
vivel~Re(Zpvve),  Rre(Tpave)<a(va),

Vo
whe (A0 ZE) —ur T (V). IV (o)) | < 3l

and take the real part to get
—[uPPA(Ve]) + (d+a—2)u-V (V) + (d + a) [VO| < 3[u?| @] .
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The comparison principle (with the same sort of computations as for Lemma 7.2) then yields
that |V®| < |u|? since we know from the equation that V®(0) = 0. As a consequence,

2 2
~[ul3 Aul Wyl + (d+ au - Vau Wyl = p(n)|[Wyl < 05 Jul + p(n) S 03 luly,

since @ is uniformly bounded. From this, one deduces |W,| < 77%|u|77 (since W, is of order n
near zero). This implies the hypothesis since then, recalling & = 4 and g = 2,

/1>|u|>77% (u-o) [Im ¢, (u) — Im ‘I’(u)] ‘u’;d—z; du

d+2

2,49 n 3 du
S/ l775|u|77 du:/1 da+2 ﬂ’gl
1>|u|>n3 n-32>[ul>1 713 |1 + |’UJ|2‘ 2

We now prove the second part of Hypothesis 4-(ii)-(a), regarding the existence of a scaling limit
of ®. The rescaled limit ® satisfies ®(0) = 1 and the Schrodinger equation

—|ulPAu® + (d+ a)u - V@ —i(u- o) |ul?® = 0.

Therefore, Q) (u) := 2= ‘1;9“) satisfies (using that ® is continuous at ®(0) = 1)

—[u)? A (u) + (d+ a)u - Vo (u) = (u-0)|ul* Re ®(\u) P (u - o)|ul®

A—

Since the limit equation —|u|*?AQ + (d + a)u - VQ = (u - 0)|u|? has unique continuous solution
2
satisfying ©(0) = 0 given by Q(u) = %, elliptic estimates imply Q) — Q in L}(S41).
Finally let us explain why the estimate (1.13) is not satisfied for the Fokker-Planck operator

when « € (—£,0), which explains why our fractional diffusive limit does not apply in this case.
Let us prove that when a € (—f3,0) the solution to (7.3) satisfies [ ®(u)|u|~4*du = 0, hence
violating (1.13). To prove the latter, it is enough to construct & : R? — C that is C? so that
B8P and PVES decay faster than any polynomials at infinity,

(7.4) — JultoV . [|u\—<d+a>v (W@)} —i(u- o) B = 1
and &(0) and V&(0) = 0. Then the integration by parts are justifed near zero and infinity and
/ B ()]~ :/ o) {7V - [l T (uPS)] — i o)l } [u] 4
R4 R4
= / {—[uPAu® + (d+ a)u- V@ —i(u-o)|ul*®} & (u)|u| =4 du = 0.
R4
Define a priori &(u) = 3} 5 a1 By (u) with By (u) = |u|?*(u - o)t with ag; = 0 for all
l €N, apz1,0 = 0and a1 = 1, and solve a priori the equation (7.4) to get the sufficient condition

[2(k + 1)(a = 21 = 2k) + (d + a)l] ag = iak—1,-1 + Ul — D)ag—1,+42.

This relation forms a triangle in the (I, k) quadrant with horizontal base, and given the conditions
above one can solve by induction on [ for each k& and then on k. Moreover one can prove by
induction (only large k,! matter) that |ag;| < £f; so that & is well-defined, see Figure 3.
Finally $(u) := |u|?®&(u) satisfies, arguing as before, —|u|™*V - [|u|~(¢T®)V(|$])] < 1. Then
| - |2+2*0 provides a super-solution at infinity, and @ bounded for u near zero, so this proves
that &® decays faster than any polynomial (see the discussion following Lemma 7.3 giving the
decay of ®). Similar arguments can be performed on |V$)| and (V&)® by differentiating (7.4).

8. PROOF OF THE HYPOTHESIS FOR KINETIC LEVY-FOKKER-PLANCK EQUATIONS

In this section, we consider, given s € (%, 1) and M is given by Hypothesis 1, the operator

L(f):=Af+ V- (Uf).
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Ficure 3. The black squares are zero values given to start the induction. The
orange square has value 1. The black values for £ = 0 allow to compute the
turquoise blue squares (that are all zero then). The turquoise blue squares to-
gether with the (non-zero) orange square give the values held by the brown
squares, etc. On each column, values are computed from bottom to top, sliding
the triangular red planer on the previous column.

The fractional Laplacian is defined as in (1.5) but we use the equivalent definition (see for
example [20] and the references therein)

[f(v) = f(v)]

. 4°T s
Als}f(v) . _CdVS |'U — U/|d+2s dv’  with Cd,s = % ( )

R INGE)
The drift force U solves ASM+V,,- (U M) = 0. We restrict ourselves to a > s. [13, Proposition
7] shows that the explicit radial solution U to the previous equation satisfies U(v) = U(v)[v] v
with 5 :=2s — a and U a uniformly positive function bounded from above. The operator L is

/—\ l\)\&.

Lh = M7LAS (Mh) + M7V, - (U Mh) = M7L[AS (M) — (A3M) h] +U-V,h.

8.1. Proof of Hypothesis 2. This hypothesis is implied by the fractional Hardy-Poincaré
inequalities proved in [13] and earlier in [51]:

Proposition 8.1 ([13, 51]). Letd > 1, s € (0,1), « > s and 5 := 25 — a. Then there is A > 0
(depending on s) such that

—Re (Lh,h) > A||h = Phl|% .
Proof. Compute

—Re <Lh,h>:—Re/ [Af,(/\/lh)Jer-(UMh)]Edv’

Rd

:Re/ (Af,h)therRe/ Lo v, () Madv
R4 RdQ

:—Re/ (Agh)thv—Re/ L9, (U M) B2 do
Rd Rd2

:—Re/ (Af,h)thu+Re/ 1(Af,/\/t)yhy?dv
Rd Rdz

C h — h'|?
= 4 / 7| | Mdvdv
2 R xRd |’U — "Ul|d+2s

and thus
Ca,s |h — h’|2 , ,
—Re<Lh h> /]Rd v U/|d+28(/\/l+./\/l)dvdv.
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Note that there is k > 0 such that
M+ M

V(o,o) €RIXRY, o] PP MM < kPl

by matching the asymptotics at large v and v’. Hence we get that
20,7 - 2
—Re <Lh,h> pe /Rd \h— KW 0] P WP MM dvdd > |h —Phl|Zg,
where we used in the last line the classical coercivity for scattering operator discussed above. [

Note that in the previous coercivity inequality A(s) — 0 as s — 1 since Cy s — 0 as s — 1.
This explains why the coercivity weight 8 = 2 of the Fokker-Planck operator differs from
the coercivity weight 5 = 2 — a of the Lévy-Fokker-Planck operator when s — 1. In fact
when o = 2s and s — 1 the correct formal limit is the Fokker-Planck operator with Gaussian
equilibrium, in view of the general theory of Lévy processes, for which 8 = 0 is indeed the limit
of f=2—a=2—-2sass— 1.

8.2. Proof of Hypothesis 3. We estimate
ICer)lls = [ M [AF (Mxr) = (AM) X&) +U - Vo]

in several steps. Write first

0 oxally = [ 10 Foxal o1 M) do = [ 0@ Foxa] 11" M) do

<0l [ 10 o Mate) dv 5 B
R
Then split the other term into
2

v s (Vow) = (a3M) x|
2
5
When |v| < R, write v = Rw with |w| < 1 and observe that x(w) = x(w’) when |w'| <1 to get,

x(w) = x(w') d
/lw’|>1 Rita [y w/‘dHS./\/l(Rw/) R*dw’

= HM‘l [Ai (MxRr) — (AiM)xR] 1U§RHZ + HM—1 [A; (Mxg) — (A3 M) XR] 1|U|ZRH

[A5 (Mxr) — (AgM) xr] (Rw)| = Ca,s

)

< |X(w) - X(w/)| duw’ < R*(d+25+a)
~ lw/|>1 RiFTate |y _w/’d+2s ‘w/‘d-%a ~

which yields (using 5 = 2s — a and o > 0)
2
v [ M) = (A3M) x| e, S B S R
When |v] > R, we write

[ (Mm) = (M) ] 0) = [ [XTf_) e D syar = / ot /,| o

Start with the first integral in the right hand side:

/Iv—v’lgvl [XTziv_) ;/|>§f2(: )]M(U/) dv’

SWPp (v 121) V2 [(xr(v) = xr(V") M@
/|v—v’|§|v v — U/|d+2$—2

2

S osup V2 [(xr(v) — xr(@)) M)]|.
B(v5)

A

dv’
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One has
sup | Dy ((xr(v) — xr(W')M())]

2
—d—a / —d—a—1 /
v v v v
st o ()| e e ()|
v'eB(v, ) v'€B(v,5)
Consequently,
) XR( )] / /
d
|/v v'|<'”‘ v —U’|d+28 M) dv
—d—a / —d—a—1 /
v v v v
g ’,U|2725 ’ |]%2 sup X// <R> + | | 0 sup X/ (R> ' + ’U|fdfoz72
v'EB(v, 15 v'eB(v, 12
2 / /
S ’ |fd7a72s ’;L sup 7 (UR> + |2| sup X/ (UR> ‘ +1 S ’v|7d7a72s’
v'eB(v, 12 v'eB(v, 2

where we have used that x’ ans x” have compact support and |v| < 2[v/| in this region.
Focus now on the second integral (using o > 0)

/| . [XR(U) — XR(U/)] M(U/) d?)/ < / i ‘XR(U) — XR(U/)’M(U/) dv’ S ‘,U’—d—Qs.

|U i v/|d+25 v — ,U/‘d“rQS

1ol |
2

As a conclusion,

2
v (w) = (DM xR o g/ G U
v'[>

since 8 = 2s — . This concludes the proof.

8.3. Proof of Hypothesis 4. The adjoint of L is L* = A — U - V,, and following exactly the
same arguments as in the proof of Lemma 7.1 for the Fokker-Planck operator yields

Lemma 8.2. The unique solution to the eigenvalue equation

L6y~ ino- o)y = ulle] 6, with [ 6,(0) 0] M) do =1
satisfies for any R > 1,
[nlloo(Bo,r) SRL and [ Im ¢yl Lo (B(0,r)) SR max(n, u(n)),
with constants depending only on R and uniform in n — 0.

Note that local fractional ellipticity results are present in [47]. We now come to the pointwise
estimates on the rescaled eigenvector. This is when o < 2+ 3, that is a < 14 5. Observe indeed
that when o > 1 + s, the scaling is diffusive, and the diffusion coefficient is obtained by solving

A(MF)+ V- (UMF) = —(v-0)M(v),
with [a F'(v) Mg(v) dv = 0.

Lemma 8.3. Assume that s € (%, 1). There is 1 € (0,m0) small enough and A and C large
enough so that

Vi€ (0,m), YueR?,  [@y(u)| S[ug"™  and  |Im@y(w)] S fufy e HECRm),
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1-8
Proof. The rescaled equation for ®,, is, using U,(u) := UWU(mfﬁ) and 25 - f = o,
LB, T 0) 9.8, — -0}, = )y,

Multiply the latter equation by E—ZI and take the real part:

TR Re<‘®"’A5 >+Un(u)-R <\<I> ’V u® > (77)’“‘;5@77‘-

Using the Kato inequality Aj|®,| > Re <|$W|As ) (see [14] for the Laplacian and [19] for the

fractional Laplacian), one gets
T [l A3 @y + [l U () - V| By — pa(m)] By < 0.
Then observe that the real function F'(u) = |u\§ ) satisfies for lu| > An%:
— 0T ulJALE + [uljUy(w) - VuF — p(n)F
= 077 [ul AL F + Cu(m)lul* Uy (u) [ul? — () ful 7

where we have used that U,(u) = |u|, B U, (u)u with some U, positive bounded from below
(independently of 7). We now estimate Af (| . |770“ (")) (u). By scaling:

Cu(n)—2s
VueR?, A (\ : yg“(’?)> (W) =n T AS (HCu(n)) (Wfﬁ> '
We then estimate A (-] C“(”)) using
Cu (n) ﬂCu n)
Aj (ch(n =Cy / |dL+2s v,
B L { 1011( o, / Mcu(n) — |v] Cu(m)
= Cd,s/lv U’|< ’ ’U|d+25 dv” + Cd,s 0 v’\>‘ | |U/ _ U‘d—&-Zs dv'.

To control the first term in the right hand side, use that
[v16H) — ] 40 — 5, ([ - (o = v) S Cpuln) [] 402" — of?

to get
/ [v]OHD — [] O / Cp(m) 0] D2 —of?
v v’\<‘“‘ |U’ _ U|d+2s ~ v u’\<‘“‘ ’U/ _ U|d+23
< Cu(n)|v] C“(")2/| i W' — |22 dy! < Cpln) [v] O 2
v—v'|< 3

To control the second term, use that
(L9 — |10 < Cpa(n) 0] M=o — o)
to get (using here s > 1)
[ O o O
[v— ”U’|>‘U| |v— ”U,|>|U|

|’U/ _,U|d+2s ‘U/ _U’d+25

< Cu(n)—1 v’
S Culn) 0] oo sl [of — o1

< Culn)[v] H0 =2

We therefore have (using the scaling)

A3 (1940 () S Cut) w1072 — AL (- 150) () S Cpulmlul§H=2
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This estimate implies, for some absolute constant Cy > 0,
0T ulg ALE < CoCpa(n)y T [ulJHO0 =2
< CoCun)ul§Py Tl < CoCpu(m) ulSHO) (1 -+ A%)

=1
2

in the region |u| > Anﬁ. As a consequence
— 0T [ulfALF + Uy(uu - Vo — () F
= =T ulf AL F + Cpu() [l § 720, () [ul? = ja(n) [l §H)
> —CoCp(m|ul§"® (1+A2) ™% 4 Cpu(n)|ul"®=2 (inf Uy) Juf® — u()]ulH®
> Cpu() u| S+ [—co (14 A4%) 7% 4 Jul,2 (inf Uy) uf® - 0—1}

> Cu(n)ul§#® [~Co (14 4%) 7% + (14 47%) 7 (ifU,) — 7] >0

1
for A and C sufficiently large, and we deduce |®,| < F on |u| > AnT+8 and, for the same reasons
as for the Fokker-Planck operator, the bound extends to any u € R%.
Taking now the imaginary part of the equation, one gets

— T [l AL Tm Dy + Uy (w)u - V| T @, | = pa(m) | Tm @, | S fualy PO,

Define then 7 := min(«, 1) + 8 — Cu(n) € (0,2s) and the real function G(u) := |ul}. Note that
v € (0,2s) for n small enough, which implies that A% G makes sense. Write for |u| > Ans

=0 |ulp AL G+ [ul Uy (1) - VoG — p(n)G = =0 [ulfALG + yluly Uy (u) [ul* — p(n)G.
Let us estimate AS (|- [;) (u). Note that by scaling
VueR: AL (1) (@) =0 AL (1) (un ™).

One then estimates A% ([-]7) using
8310 = s [ R 0w
(W7 =] (7 = 7))
= Cd,s /|vv/<§ dv +Od,s /|vv/|>;| do'.

|’U/—U|d+25 |’U/—U|d+25

Small v’s are fine since A (|-]7) is locally bounded. Continue with large v. In the first integral,

J It Py BT B A TETCET Y
|U_U,|<% \v—v’\<%

”U’ _ 7J’d—i-2s ”U’ _ ,U’d—l—Zs

dv’ < v =%,

[ e 2 (11 ()] !~ of?
\v—v’\<% "U/ - v’d—i—?s

The second integral may be estimated from above using that |[v —v'| > |i2| implies |v —v'| > ‘%',

[T o =T s
lv—v |

olst o — oS RPN 2
—2s 1
From this, we deduce AS (|- [7)(u) < n T lun” T8 17725 = |u|]~?* which implies
N ulp ALG S R [u) TR S (14 A%) 72 fuly
1
in the region |u| > AnT+5. As a consequence, as previously,
0T ulfASG + [ulf Uy (u) - VoG — ()G 2 Jul)

1
for A sufficiently large and we deduce |Im®,| < G on |u| > An+# and, for the same reasons
as for the Fokker-Planck operator, the bound extends to any u € R%. O
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8.4. Rescaled drift force and limit equation. We formally discuss the behaviour of the

1
force U, when n goes to 0: setting v = un 1+5 gives the equation

a=p
Observe that when u # 0,
o o (‘u|;d—a o |ul|;d—a) .
ni+s Aijn(u) = _Coc7/30d7s771+ﬂ /]Rd |u — u/’d+2$ du

(July = = Ju'];*%)

du’ — ¢, 3C4 snﬁ /
|u — u/|d+2s B(0,6)°

(July ™ = Ju'l;4%)

/
lu— w/[d+2s du’.

= _Ca,,BCd,snﬁ /
B(0,e)

The second term in the right hand side goes to zero as 17 — 0 since the singularity around zero
has been removed from the integration domain. To deal with the first term, decompose

o (‘u|;d_o‘ _ |ul|77d—oz) . o ]u|;d_o‘ , o |u/|;d_a .
ni+s / du’ = ni+s / ——————du —n 1+ / ———du'.
B(0,e) lu — uf|d+2s B(0,e) lu — /|42 B(0,e) lu — u/[4F2s

The first part goes to zero if € < |u|. The second part writes

nﬁ / |Ul|77d_a dul ~ ‘u’idianﬁ / ’ul‘fdfa du/
€
B(0,) |u— w'[d+2s B0

_ ’udQS/ . (1 + |U/|2)fdfa dv’.
B(O,an_m)

Taking 1 small then € small yields

o |u|_d_0‘ _ |u']_d_o‘ c 1
lim —c, 1+6 1 1 dv' | = “ab T Iy
a3 ( a8 /B(O@) lu — /[ d+2s Coo  |uld2s

Since V,(Jv|~¥2%v) = —2s|v|~%~2%, we deduce that

) 1-53 1 Ca 3 u d Ca,B _8
i 5707 (a7 — ) = 2 VI
ng%n U {un Uoo () 25Cq,0 |uldt2s [ul 25¢a,0 [ul 7w

This proves the scaling limit of the drift force.
From the rescaled equation for ®,, we deduce that ®, goes to ®, where ® solves,
9 By -
o U gD i(u-o)®=0 with B0)=1 = B(u):=exp <z sca [ul"(u ")>
Ca, 1+3

2as¢q,0 |ul?

Thus, in the limit case « = 14+ s =2+ 3, Q(u) = limy_,0, 20 % satisfies,

B
Ca 5 25¢q,0 ul’(u- o)
—F u-V,. Q= (u- =  Qu) =
2aca70u u (u-o)lul (u) oy 14D

8.5. The particular case o = 2s. More explicit calculations are available when o = 2s. In
this case 8 = 0, U(v) = cov for some constant ¢y > 0, and the eigenproblem is

—A3¢ + cov - Vyp —in(v-o)d = pu(n)o.

Taking the Fourier transform (in the dual of the Schwarz space) gives

—&[**¢ — co& - Ve + 1o - Ved = (1u(n) + co)
or equivalently
(no — co€) - Ved = (u(n) + co + |€**) ¢
The solution to this equation is given by ¢ = 5651770 and p(n) = —|cg'no|® = ¢y **n?*, which
yields by inverse Fourier transform ¢,(v) := exp (z’ca 17](1} . a)). This agrees with the expression

of ® given above, and allows to compute ¢y = 2—18



QUANTITATIVE FLUID APPROXIMATION IN TRANSPORT THEORY 39

9. REMARKS AND EXTENSIONS

In Hypothesis 1, the equilibrium M is an explicit power law, and in particular is centered and
even. We discuss in this section the changes required for our proofs to deal with more general
M that are (i) characterised by asymptotic power-law estimates rather than exact formula, and
(ii) non necessarily even or centered. This means replacing Hypothesis 1 with:

Hypothesis 1’ (Equilibria). The equilibrium distribution satisfies
(9.1) M =[] (),
where S is a slowly varying function, and the generalised mass condition (1.8).

Slowly varying functions are non-vanishing measurable functions that satisfy S(az) ~ S(x)
as x goes to infinity, for any a > 0. Some examples of slowly varying functions are positive
constants, functions that converge to positive constants, logarithms and iterated logarithms.

9.1. Equilibria characterised only asymptotically. If one considers a centered equilibrium
M that satisfies Hypothesis 1’, the proof of Theorem 1.4 in Section 2 and the proof of Lemma
1.1 in Section 3 are essentially unchanged. The formulas for pg and x in Lemmas 1.2 and 1.3

_dta __1
are slightly modified, and rely on the existence of a scaling limit of ™ 5 M (un~ ™7 ) as n — 0,
which follows from Hypothesis 1’. Everything else remains unchanged and the structures of the
proofs in Sections 4 and 5 are the same. Rates of convergence will depend on the form of S.

9.2. Non-centered equilibria. When the microscopic equilibrium M(v) is not centered, it
results in a drift in the macroscopic equation. Our approach however allows to tackle such a
situation, with the following changes depending on whether this macroscopic drift is of higher,
comparable or smaller order than the resulting (fractional) macroscopic diffusion. In view of
Theorem 1.4 in the centered situation, we expect a macroscopic diffusion of order ((a, ) =

atr+8
» 145

when a < 1, with a borderline case at a = 1. Observe that o = 1 is also the threshold for the
absolute convergence of the integral [p4(v-0)M(v)dv defining the macroscopic drift.

Consider a solution f in L>([0,+00); L2 ,(M™1)) to equation (1.1) and denote

min (2 ), and therefore we expect the drift to be dominant when « > 1 and dominated

t x Vet

fet,z,v) = f (, +

0(e) e '9(5)’U> € L*([0, +00); L3 ,(M ™)

where € > 0 and 6(¢) is defined in (1.16), and where the velocity corrector v, is defined by

/ vM(v) dv
JRE when a > 1,
M(v)dv
R4
(9 2) Ve 1=
lim /Rd oo M) [ In(e)] when a =1
oo In(R) 143 ’
g [ e M) do
Rd
0 when a € (—f,1).

The equation satisfied by f. is
(9.3) 0()0fe +e(v—0:)-Vaufe =Lfe.

With this definition of f., Theorem 1.4 holds and yields the (fractional) diffusive limit of f..
The changes in the proofs are as follows. The arguments presented in Section 2 are essentially
unchanged with a few modifications to obtain the scaling of the eigenvalue resulting from (9.3).
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We chose v. in such a way that the dominant eigenmode has the scaling obtained in Lemmas
1.2 and 1.3. The new spectral problem to be considered in the modified Lemma 1.1 is

L6y —in[(v—0.) - 0] éy = p(m)[v] P, with /Rdwwﬂ(v)dv_l.

Line-by-line technical modifications are needed in the proof of Lemmas 1.2 and 1.3 due to the
additional drift but the procedure and method are preserved and we do not repeat the arguments.
Let us just explain why we define the correction velocity v, in this way. The spectral projector
estimate of Section 3 follows the same procedure, with (3.18) replaced by

(9.4) —L'F—in[(v—"1.) 0] F —z|v] PF = (v —10.) - 0.

The L? estimate is unchanged and the crucial estimate (3.23) remains true as long as
1
o) = [ [o-ola@M@)de at Rimy T
Rd

is small compared with Ri7~10(n), when Ry is large enough. This implies that the influence of
the drift is smaller than the size of the fluid mode, which is of order 71O (n). Recall that

n when o > 2+ 83,
(9.5) =< n|ln(n)|] when a =2+ 4,
77?7_5 when —f<a<24+p

1 a—1 1
One can then prove that for all « > —f, one has ¢(n~ 8 ) < 18, which proves that g(n~ 15 )
is small compared with Ri7~'O(n) when R; is large enough.

9.3. More general velocity fields. One could replace the transport operator v-V, by a more
general a(v) - V,, where a is odd. All our results and proofs can be extended, even though the
scalings found may be changed since the scaling of ¢(R) in (3.14) will be different. If a(v) scales
like |v|°, redoing the computations as in Section 2 and Section 3 then one would find

n? when o > 24 + f3,
(9.6) O(n) :=<{ n*|In(n)| when a =25+ 3,
77%%[j when — 0 < a <2+ 5.

An example is given by relativistic particles, for which a(v) := cﬁ, where ¢ is the speed of

light. Such transport operators are relevant to special relativity, see for instance [49] in physics
and [29] in mathematics. There, © is given by (9.6) with § = 0.

9.4. Kinetic Fokker-Planck equation with non gradient confining force. All the results
we obtain for the Fokker-Planck equation with gradient force can be extended to Fokker-Planck
operators with non-gradient confining force at little expense. We chose not to present this more
general setting in the core of the paper to stay consistent with the clean and simple Hypothesis 1
and to help with readability. It is however possible to consider

L(f)=Avf+V,-(Uf) whereU satisfies AM+V, - (UM)=0,

provided that quantitative bounds are available on U to ensure it is comparable to the drift in
the Fokker-Planck operator. The analysis is then similar.
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