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Abstract

This manuscript makes two contributions to the field of change-point detection. In a general
change-point setting, we provide a generic algorithm for aggregating local homogeneity tests into
an estimator of change-points in a time series. Interestingly, we establish that the error rates of the
collection of test directly translate into detection properties of the change-point estimator. This
generic scheme is then applied to the problem of possibly sparse multivariate mean change-point
detection setting. When the noise is Gaussian, we derive minimax optimal rates that are adaptive
to the unknown sparsity and to the distance between change-points. For sub-Gaussian noise, we
introduce a variant that is optimal in almost all sparsity regimes.

1 Introduction

Change-point detection has a long history since seminal work of Wald | |, Girshick and Rubin
[ | and that lead to flourishing lines (see | , | for recent surveys). Earlier work focused
on the problems of detecting and localizing change-points in a univariate time series. Motivated by
applications in genomics | | and finance, there has been a recent trend in the literature towards
the analysis of more complex time series for instance in a high-dimensional linear space | | or even
belonging to a non-Euclidean space | |.

In this work, we study high-dimensional time series whose mean may have change-points, some
of them possibly arising on a small subset of the coordinates. See the introduction of | | for
an account of possible applications. In particular, we build a procedure which is able to detect and
localize change-points under minimal assumptions on the height of these change-points. Along the way
towards this optimal procedure, we define and analyze a scheme for general change-point problems
that aggregates a collection of local tests into an estimator change-points. In this introduction, we
first describe this generic scheme before turning to our results in high-dimensional sparse change-point
detection.

1.1 General change-point setting

In its most general form, we consider a random sequence Y = (y1,¥2,.-.,¥Yn) in some measured space
Y* and, for t = 1,...,n, we write P; for the marginal distribution of y;. Consider a functional T"
mapping the probability distribution P; to some space V. Then, the purpose of change-point detection
is to detect changes in the sequence (I'(Py),I'(P2),...,I'(P,)) in V" and to estimate the positions of
these changes. This setting is very general and does not require that the random variables (y;) are
independent.

Let us shortly explain how this general framework encompasses most known settings of offline
change-point detection. In the Gaussian mean univariate change-point setting, we have ) = R, the
distributions IP; corresponds to the normal distribution with mean 6; € R and variance o? and L'(P;) = 6;.



In the (heteroscedastic) mean univariate change-point problem, the distribution P; is not necessarily
Gaussian and, in particular, the variance of y; is allowed to vary with ¢. Still, one is only interested
in detecting variations of I'(P;) = [ zdP; = E[y]. By contrast, in the variance univariate change-
point problems, one focuses on changes in the variance of y;. This can be done by taking I'(IP;) =
[ 2%dP; — [ [ ©dP;]* = Var(y;). If the statistician is interested in arbitrary changes in the distributions,
then the functional T' is simply the identity map.

As the problem of change-point detection is that of detecting changes in the sequence
(I'(Py),I'(P2),...,I'(Py)), we consider an integer 0 < K <n—1 and a vector of integers 7 = (71,...,7x)
satisfying 1 =79 <71 < -+ < T < Ti+1 = n+1 such that I'(P;) is constant over each interval [7, 751 — 1]
and T(P,,_1) # T'(P,,). Hence, 74 corresponds to the position of the k' change-point. We shall often
refer to 7, as a change-point. Equipped with this notation, we are interested in building an estimator
7=(71,...,7z) of 7 from the time series Y. 71,...,74 correspond to the estimated change-points of T

and K to the number of the estimated change-points.

Desirable Guarantees of an estimator. Before describing the generic scheme for estimating 7,
let us first formalize our desireta for a good change-point procedure. With multiple change-points,
the primary objectives are to detect most if not all change-points while estimating no (or at least
very few) spurious change-points. We consider as in | | realistic settings where some change-
points heights are possibly too small to be detected, so that we can only hope to detect the subset of
significant change-points. Regarding spurious change-points, it is usually required that the number of
change-points K is not overestimated by 7. The (No Sp) (see | |) property described below,
is more precise, and requires the absence of spurious change-points.

(No Sp): An estimator 7 of size K of the change-points is said to detect no spurious change-points
if, forall 1 <k < K,

~ > Tk — Tk-1 Tk+1 — Tk
{Ty,lSk"SK}ﬂ[Tk— Ty + * ”Sl,
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The second condition simply ensures that no change-point is estimated near the time boundaries of the
time series. The first condition entails that, for each change-point 7, there is at most one estimated
change-point 75 in the interval [Tk — Tkl W] In other words, it is required that, even on
each sub-interval, the number of change-points is not overestimated.

Let us now turn to the Detection property. Since arbitrarily small change-points are allowed in our
analysis, it is acknowledged that not all change-points are detectable. As a consequence, we consider a
subset £* c {1,..., K} of change-point indices that correspond to significant change-points. Obviously,
the significance of a particular change-point is relative to the change-point problem of consideration
- data distribution, nature of change-points. As a primary example, we define the suitable notion
of energy and significance of a change-point in the multivariate change-points setting studied in the
next subsection. The second guarantee we aim for is to Detect all significant change-points. A
change-point 7 is said to be detected if there is at least one change-point estimated in the interval

Thk—Tk-1 The1=Tk
[Tk— 5 Tk + +2 ]

» Tk +

A generic roadmap for change-point detection In this manuscript, our first contribution is
a generic procedure for translating a collection of tests into an estimator 7 of 7. For two positive
integers (I,7), we consider the time interval [l - r,] +r). Suppose we are given a collection G of (I,r),
which therefore corresponds to a collection of time intervals. For each (I,r) € G, we are also given an
homogeneity test (77,) of the hypothesis {(I'(IP;)) is constant over the segment [l — 7,1 +7)} which
is equivalent to the absence of change-point on the interval (I — 7,1+ 7). Given such a collections of
homogeneity tests (77,) with (I,r) € G, we build in this manuscript an estimator 7 that satisfies the
following properties: If the multiple testing procedure does not reject any true null hypothesis (no false
positives), then 7 does not estimate any spurious change-point, that is, it satisfies (No Sp). Besides,



consider any change-point 75 that is detected by some test 1% 7,. If the segment [Ty — Tk, Ty + %)

contains 75 and is away from 7;,_1 and 7,1 - i.e. is contained in [Tk — Tkl 7+ T’““Q_T’“] - then the
estimator 7 contains a point 7j satisfying [7j — 7| < 7x — 1. In other words, any change-point that is
detected by the multiple testing procedure at some small scale 7, is also detected and reasonably well

localized by our procedure 7.

Thanks to this generic scheme, the construction of a change-point procedure boils down to building a
suitable multiple testing procedure (7},), ({,r) € G whose family-wise error rate (FWER) is controlled,
while being able to detect the most change-points.

Related Work and possible applications. Up to our knowledge, none of the available generic

multiple change-point procedures (e.g. | |) comes with guarantees in a general context.
Here, if we choose the test (7 ,) to be two sample tests of the hypothesis {T'(P;—,) = ... = I'(P4r-1)}
versus {I'(P;_,.) = ... =T(P.1) # T(P) = ... = I'(P;4»—1)}, this allows us to build a generic multiple

change-point procedure from a collection of two-sample tests. For instance, there has been a lot of in-
terest for many high-dimension change-points problems where y; € RP. This includes changes in vector
auto-regressive models | |, changes in the covariance matrix of y; | |, changes in the
inverse covariance matrix of y; | , |. All such change-point problems can be addressed
through the construction and careful analysis of two-sample tests for auto-regressive models, covari-
ance matrices, and inverse covariance matrices respectively. Similarly, one can build non-parametric
change-points procedure as in | | from two sample homogeneity tests or Kernel change-point
procedures | , | from kernel two-sample tests | |.

1.2 Sparse Multivariate Change-point Setting

Aside from the general case, we are mainly interested in multivariate mean change-point detection

problem with sparse variations where one observes a time series Y = (y1,...,y,) € RP*™ with unknown
mean O = (61,...,0,) € RP*™ so that we have the decomposition

yt:0t+€t tzl,...,n, (1)
where the noise matrix € = (1,...,¢,) is made of independent and mean zero random RP. In this

manuscript, we make two distributional assumptions on the noise. Either we suppose that all ran-
dom vectors ¢; follow independent normal distribution with variance oI, (see Section 3) or that the
components of ¢; follow independent sub-Gaussian distributions with variance oI, (see Section 4). In
either case, we assume that o2 is known.

Here, we are interested in the the variations of the mean vector 6; so that, relying on the formalism
of the previous subsection, we have I'(IP;) = 6;. Considering the vector of change-points 7 = (71,...,7x),
we can define K + 1 vectors po, ..., ux in RP satisfying ug # pg1 for all k=0,..., K —1 such that

K
0t = Z /-Lk’]-TkSt<Tk+1 .
k=0

Equivalently, p is the constant mean of y over the interval [7y, 751 —1]. The difference ug — pg—1 in
RP measures the variation of © at the change-point 7, and can possibly have many null coordinates. In
this possibly sparse multi-dimensional setting, the significance of a change-point is measured through
three quantities Ag, 7, and sg. First, the height Ay of the change-point 73 is defined as the Euclidean
norm of the signal difference. The length rj of the change-point 74 is the minimal distance from 73 to
another change-point, 7,_1 or 7¢,1. More precisely:

Ak = |k — pr-1] Tk = Min(Tks1 — Thy Th — Tho1) - (2)

As a simple example, Figure 1 depicts a one dimensional piece-wise constant sequence © with 3
change-points illustrating the setting presented above. In the univariate change-point literature (e.g.
[ ) ) |) the height and the length of a change-point characterize the significance of a



change-point. In the multivariate setting, where the change-points can be sparse, meaning the number
of non null coordinates of the vector up — pur_1 is possibly small, one also considers the sparsity s of
change-point 73, defined as

sk = |k = pr-1llo (3)

where for any v € RP, |v|ly = ¥1<cp 1{vi # 0}.
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Figure 1: An example of a piece-wise constant sequence © with 3 change-points and p =1.

Two-sample tests and CUSUM statistics Our objective is to detect and recover positions
(7k )k<r under minimal conditions on the change-point height Ay, change-point length 7 and sparsity
sg. In view of the generic change-point procedure discussed in the previous subsection, this mainly
boils down to building suitable tests of the assumptions {© is constant over [l —r,1+ 1)} versus {© is
not constant on this segment}. Following the literature on binary and wild binary segmentation, we

consider the CUSUM statistic
1 l+r-1 1 -1
Clr(Y) V ( Z Yi — — Z yz)
t l-r

This statistic computes the normalized difference of empirical mean of y; on [l —r,l) and [I,1 + r).
If the noise is Gaussian and if © is constant on [l —r,l + 1), then C;,(Y") simply follows a standard
normal distribution. To simplify, consider a specific instance of our testing problem where we want to
test whether {© is constant over [l —r,1+7)} versus {© contains exactly one change-point at  on the
segment [l —7,0+7)}. This corresponds to a two-sample mean testing problem, for which the CUSUM
statistic C;,(Y') is a sufficient statistic if the noise is Gaussian. Then, given C;,(Y"), one wants to
test whether its expectation is 0 (no change-point on [l —r,l+7)) versus its expectation is non-zero but
is s-sparse for some unknown s. This classical detection problem is well understood | | and it is
well known that a combination of a y2-type test with a higher-criticism-type test is optimal. Here, the
challenge stems from the fact that we do not want to perform a single such test, but a large collection
of tests over a collection of (I,r) € G.

Our contribution As usual in the mean change-point literature, we consider TkAi as the energy
of the change-point 7. Up to a possible factor in [1/2,1], rkAi is the square distance between ©
and its projection on the space of vectors ©" with change-point at (71,...,7k_1,Tks1,---, Tk ) (se€e e.g.
[ | for a discussion in the univariate setting). In other words, the energy rkAz characterizes
the significance of the change-point 75. In Section 3, we introduce a multi-scale change-point detection
procedure detecting any change-point 7, whose energy is higher (up to a numerical constant) than



o2splog(1 + Sif\/log(n/rk)) + 02log(n/ry). This result is valid for arbitrary length rj and sparsity
sk, and does not require the knowledge of these two quantities. In summary, our procedure does not
estimate any spurious change-point (NoSp) and Detects all the change-points whose energy is higher
than the latter threshold. In Section 5, we establish that, as soon as the unknown number K of the
change-points is larger than 1, the condition o2sj log(1 + Sikp\/log(n/rk)) +02log(n/ry) on the energy
is tight with respect to n, p, ri and sg, in the sense that no procedure achieving (NoSp) is able to
detect with high probability a change-point whose energy is smaller (up to some constant) than the
latter threshold. In Section 4, we consider the more general setting where the noise is L-sub-gaussian
with known variance, and we establish a similar result to the Gaussian case up to a logarithmic loss
in some regimes.

Related work For dense change-points (sx = p) but with unknown covariance for the noise, Wang et
al. | | (see also | |) study the behavior of a procedure based on U-statistics of the CUSUM.
Jirak | | and Yu and Chen | | introduce binary segmentation procedures based on the /o norm
of the CUSUMSs. Although those work explicitly characterize the asymptotic distribution of their test
statistic and, for some of them, allow temporal dependencies in the data, the corresponding energy
requirements for change-point detection are either not studied or turn out to be suboptimal. Recently,
Liu et al. | | have characterized the optimal detection rate of a possibly sparse change-point in
the specific case where there is at most one change-point. See also | | for earlier results. Closest
to our work, Wang and Samworth | | have proposed the INSPECT method based on sparse
projection to handle sparse change-points, but INSPECT provably detects the change-points under
strong assumption on the energy; see Section 3 for a precise comparison.

In the univariate setting (p = 1), minimal energy requirements for change-point detection are well
understood | , , , | and are nearly achieved by a wide range of procedures
including penalized least-square and multi-scale tests methods.

2 A Generic algorithm for multiscale change-point detection on a grid

In this section, we study the problem of change-point detection in the general setting defined in Section
1.1. We propose an algorithm that aggregates a collection of homogeneity tests, performed at many
positions, and for many scales, of our data. We prove that under some conditions on these tests - that
have to be fulfilled on an event of high probability - the algorithm performs the change-point detection
task.

2.1 Grid and multiscale statistics

Since our purpose is to translate a collection of local tests T' = (7, )(;r)eg indexed by a grid into a
change-point procedure, we first need to formalize what we mean by a grid.

Henceforth, we call a grid G of [n] a collection of locations and scales where a scale r is a positive
integer smaller or equal to |n/2]| and a location [ is an integer between r+1 and n—r. This couple (I,7)
refers to the segment [l —r,l + 1) centered at [ and with radius r. Formally, G is therefore a subset of
Jn = {(l,r) tr=1,..., [%J andl=r+1,... ,n—r}. Given a grid G, we call R its collection of scales,
that is R = {r : 3l s.t. (I,r) € G}. For a scale r € R, D, stands for the corresponding collection of
locations, that is D, = {l : (I,7) € G}. We do not assume any condition on the grid G for now.

In the later section, we are mainly interested in two specific grids: the complete grid Gr = J,, and
the dyadic grid Gp defined by R = {1,2,4,...,2l0g(m]-11 "D, - [2 n], and

2
DT:{r+1,3r/2+1,2r+1,...,[—nJg-irl} for re R\ {1} . (4)
T

See Figure 2 for a visual representation of the dyadic grid. At some points, we shall also mention
a-adic grids G,. For any a € (0,1), G, is defined by R = {1,[a"'[,[a"?],...,|a' loet™)/le(@] |} and D,
as in (4).

Given a fixed grid G, a multiscale test is simply a multiple test T' = (Tl,r)(z,r)eg indexed by the
elements of G. It amounts to testing at all scales r € R and all locations [ € D, whether the distribution
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Figure 2: The dyadic grid is represented as follows : for each r = 2* and [ € D,., we draw the interval [l —r +
1,1+ 7 —1] at position (I,log,(r)).

of () is constant over the segment [l —7,1+ 7). Equivalently, 7}, tests whether there exists a change-
point in [l —r+1,l+7r-1].

2.2 From a multiscale test to a change-point detection procedure

Our purpose is to introduce a generic procedure to translate a multiscale procedure into a vector of
change-points. Intuitively, if, for some for some (I,7) € G, we have Tj, = 1, then the distribution of
Yy is possibly not constant over [l —r,l + r) which entails that there is possibly at least one change-
point in [l =7+ 1,1+ 7 —1]. As a consequence, the multiscale procedure provides a collection Z(T") =
{ll-r+1,l+r-1] s.t. Tj, = 1} of intervals that tentatively contain at least one change-point.

If all these intervals were disjoint, then one simply would take 7 as the sequence of centers of these
intervals. Unfortunately, when two intervals [l =7 + 1,11 +7r1 — 1] and [la —ro+ 1,13+ 19 — 1] in Z(T')
have a non-empty intersection, one cannot necessarily decipher whether there is only one change-point
in the intersection of both intervals or if each interval contains a specific change-point. Hence, our
general objective is to transform the collection Z(T") into a collection of non-intersecting intervals by
either discarding or merging some intervals of Z(T')

More formally, we propose the following iterative procedures for building a collection of non-
intersecting intervals. Start with 7y = Sp = @. For any scale r € R, we compute the collections S,
of intervals of scale r and the collection 7, of locations based on the following

ﬁz{leDr, Ti,=1 and [l—r+1,l+r—1]ﬂ( U STI):Q;}
ri<r, r'eR
S =Ull-r+11l+r-1].
leTr

The sets 71 and &1 are made of all points [ such that 77 ; = 1. More generally, 7, contains all locations
[ such that T;, =1 and the corresponding intervals [[ —r + 1, +r — 1] does not intersect with any of
the detected interval at a smaller scale r’ < r. The set S, contains all intervals associated to 7.

One can easily check that S = U, S, is a union of closed non-intersecting intervals. The collection
C ={Cy,...,Cg} is the partition of S into connected components if it induces a partition of S and if, for
all1<i<j<K, C;isa closed segment and max C; < min C;. Finally, we estimate the vector of change-
points 7 by taking the center of each segment Ci. In other words, we take 7y := %(min Ck + max Cy,)
for any 1 < k < K - where K corresponds to the number of change-points detected by our 7. The
aggregation procedure is summarized in Algorithm 1 below.



Remark: If, for some r € R and some [y <y € D,, we have 1}, , = 1,1}, , =1, and [y +r-1> 1l -r+1,
then S, contains the segment [l1 — 7 + 1,12 + 7 — 1]. In other words, our aggregation procedure merges
two intervals when both have the same scales.

Data: y;,t=1...n and local test statistics (T},)(,r)eg
Result: (7). i

T, Sr=a forall re R and S = &;

for r e R do

for (€D, s.t. T}, =1do
if [l-r+1,l+r-1]NS =2 then
Tr < Tru{l};
S« S ull-r+1,l+r-1];
end
end
S=8SUS;;
end

Let (Ck),_; i be the connected components of S sorted in increasing order;

return (7 = %(min Cj, + max Ck))k:1 e

Algorithm 1: Merging procedure for Aggregation of multiscale tests

|
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Figure 3: Example of our change-point estimation procedure with three change-points. The first two change-
points have large height and are first detected at a small scale r (in magenta) while the third one is
detected at a larger scale r.

Computational Complexity. A naive implementation of Algorithm 1 - and also of Algorithm 2
defined in Appendix - requires to compute all tests 7; . on the Grid, whereas the aggregation procedure
is linear in the size of the Grid. As an example, the size of the complete grid J,, is of the order of
n?/2 whereas that of the dyadic grid is of the order of 3n. One can speed up the full procedure by
computing the statistics T; , and aggregating on the fly by checking whether [[-7+1,l+7—1] intersects
S before evaluating 77, = 1.

2.3 General analysis

In this subsection, we provide an abstract theorem translating error controls of the multiple test
procedure T' in terms of properties of 7. As explained in the introduction, the time series (y;) may
contain change-points that are too small to be detected. With this phenomenon in mind, we define a



subset IC* c [ K] of indices corresponding to so-called significant change-points. For any such k € K*,
we introduce an element of the grid (7,7 ) € G at which the statistics T is expected to detect 7.
We assume that the scales 7, and the location 7y, of detection satisfy the two following conditions:

4(fk—1)<7“k and |7_'k—7'klﬁfk—1. (5)

Remark that the second condition is automatically satisfied if we take 7x as the best approximation of
7, in Dy, and if we make the following assumption of approximation on the grid:

(App): At all scales r € R and for any integer [ € [r + 1,n — r], there exists a location !’ € D, such
that
['=l<r-1. (6)

This property (App) entails that any point [ can be approximated at distance r—1 by some location
in D,. This also implies that each point [ € [r + 1,n — 7] belongs to at least one segment (I3 —r,l1 +7)
where [; lies in D,. In practice, the a-adic grids G, and the complete grid satisfy (App).

Next, we introduce an event on the tests under which the change-point procedure performs well.
In the following, we write Hg, the collection of all possible (I,7) € J,, such that no change-point occurs
in[l-r+1,l+r-1],ie. T'(P) is constant on [l —r,l+r). Equivalently, we have

(I,ryeHo it (I-rl+r)yn{m,k=1,....K}=02 . (7)

For some elements of the grid (7, 7)) satisfying (5), we say that the event A (T, KC*, (Tg, 7k ) keic* )
holds if T" satisfies the two following properties:

1. (No False Positive) T}, =0 for all (I,r) e HonG
2. (Significant change-point Detection) for every k € *, we have T%, 7, = 1.

The first property states that T performs no type I errors on the event A(T,K*, (T, 7k)keic ),
whereas the second property states that all the significant change-points are detected on the event
A(T, K", (Ths Th ) erce ) -

Theorem 1. The following holds for any grid G, any local test statistic T, any non-negative integer
K, any distribution with K change-points, any K* c [K] and scales and locations (T, Tk )keicr in G
satisfying Assumption (5). Under the event A(T,K*, (T, Tk )kekcr ), the estimated change-point vector
T returned by Algorithm 1 satisfies the two following properties

e Significant change-points are detected and reasonably localized: for all k € K*, there
erists k' < K such that

|7A'kl—7'k|§fk—1<% ,

e No Spurious change-point is detected: for all k < K,

<1.

. S Tk — Th— T+l — T
{Tk,,lgkrsK}n[Tk_w THM]

2 )

and no spurious change-point is detected near the threshold of the time series

. -1 +1-
{%k/,k'SK}C[Tl—Tl2 ,TK+n 5 TK]

The first property states that so-called significant change-points (7% )reic+ are detected by the generic
algorithm at the right scale. The no-spurious property guarantees that, around any true change-point
Tk, the procedure estimates at most one single change-point 7.



Importantly, the theorem does not make any assumption on the non-significant change-points. In
fact, change-points 75, with k € [ K]\ K* may or may not be detected. In general, we can only conclude
from Theorem 1 that |[K*| < K < K on the event A (T, K*, (Tg, Tk ) keic* )-

Theorem 1 is abstract but its main virtue is to translate multiple testing properties into change-
point estimation properties. For a specific problem such as multivariate mean change-point detection
considered in the next section, the construction of a near optimal procedure boils down to introducing
a collection of local test statistics, such that (a) change-points 7, belong to £* under suitable and
minimal assumptions, (b) the scale 7 is the smallest possible, and (c) the event A(T, K*, (Tk, 7r ) keic* )
holds with high probability.

In the case where all the change-points are significant change-points, the result of Theorem 1 can
be formulated as follows:

Corollary 1. Assume that K* ={1,...,K}. The following holds for any grid G, any local test statis-
tic T, any non-negative integer K, any distribution with K change-points, any scales and locations
(T, Tk )keicr 10 G satisfying Assumption (5). Under the event A(T,K*,(Tk, Tk )keic ), the estimated
change-point vector 7T returned by Algorithm 1 satisfies the two following properties

e K=K,
o forallkeK, |f) — | <7p - 1< ZE

Let us respectively define the Hausdorff distance and the Wasserstein distance of two vectors
(u1,...,ux) and (vi,...,vk) in RE by dp (u,v) = maxg_1,. x [ug—vi| and dw (u,v) = Ypoy |k lue—vsl.
Then, Corollary 1 implies that, if £* ={1,..., K}, then

dp(7,7) < max (F,-1) and dw (7, 7)< > (F-1) .
k=1,.,K k=1,....K

3 Multivariate Gaussian change-point detection

We now turn to the multivariate change-point model introduced in Section 1.2. Throughout this
section, we assume that the random vector e; are independently and identically distributed with
er ~ N (O,O'QIp). Since we shall apply the general aggregation procedures introduced in the previous
section, our main job here is to introduce a near-optimal testing procedure.

Fix some quantity ¢ € (0,1). At the end of the section, 1 —§ will correspond to the probability of
the event A (T,K*, (T, Tk )keic+ ) introduced in the previous section. Alternatively, one may interpret
6 as an upper bound of the desired probability that the change-point detection procedure detects a
spurious change-points. Recall that, for a change-point 7, s; stands for the sparsity of the difference
i1 — k- We say that the energy of a given change-point 74 is ¢g-high if

TkAzZCOJ2 si log 1+@ log(i) +10g(i) ) (8)
Sk 710 710

for some universal constant ¢y to be defined later. We show in this section that when ¢y is large
enough, all high-energy change-points can be detected. Conversely, it is established in Section 5 that
Condition (8) is (up to a multiplicative constant) optimal and cannot be weakened.

Let us now discuss the different regimes contained in Equation (8). In what follows, define

ﬁgﬁsi=slog(1+@ %)+%; %«i=10g(£) ;
b s rd

in order to alleviate notations. If 7, > p/2, then w,(f%s < . This corresponds to the minimal energy

condition for detection in the univariate case - i.e. when p =1 - see | |. The condition =, > p/2



occurs when p is rather small and the scale r is much smaller than n. If 7, < p/2, then

b i < Gay-logt)
T(L?%S X SlOg (28%")/7~) if log(p),—ym <SS < \/PVr

P ifs>\/py .

We define K£* c [K] as the subset of indices such that 7, satisfies (8). For any k € IC*, we define 7}
as the minimum radius r such that an inequality similar to (8) is satisfied for rAi, namely

rf=min{reR": 7A2>cyo?|s;log 1+@ log(ﬁ) +log(£) . 9)
Sk rd rd

In the following, we introduce multi-scale tests for respectively dense and sparse change-points. In
this section, we restrict our attention to the dyadic grid Gp = (R, D) introduced in the previous section
(see Equation (4)). To apply Theorem 1, a quantity 7 € R will be introduced in the proof of Corollary
2 which will be of the same order as 7}, € R*.

3.1 Dense change-points

We focus here on dense change-points for which si is possibly as large as p. Given k > 0, we say that
Ty 18 a k-dense high-energy change-point if

n n
T'kAzZHO'Q( plog(rk—é)‘f'log(rk—é)) . (10)

Note that the requirement (10) is analogous to (8) when sj > | /plog(rk%). For any k-dense high-
(d)

energy change-point, we define 7,”” € R as the minimum radius r € R such that an inequality of the
same type as (10) is satisfied for rAz,

D - min{r eR: 8rAL > ’””02( plog(%) +log(%))} .

F,gd) corresponds to the smallest scale such that 7, is guaranteed to be detected. By

Intuitively,
definition, we have 4(?,5,‘1) —1) <rg. Let %lgd) be the best approximation 7 in the grid Df](cd) at scale
F,(Cd). By definition of the dyadic grid, we have |f]§d) - Tg| < F](Cd)/ll.

For any positive integers r € [2;n] and [ € [r+1,n+1-r], we define the statistic \Ill(i) = HClﬂ"HQ -p.
If 6 is constant over [[—7,l+7), then the expectation of \I/l(i) is zero. Recall that the rescaled CUSUM
statistic C;, depends on the noise level o, and the statistic \I/l(fi) therefore requires the knowledge of

o. To calibrate the corresponding test Tl(;i) rejecting for large values of llfl((i) we introduce
T(d) =1 \If(d) @il . (d) ._ 4 1 2n 1 2n
Lr = { Lr > T, } ) Ty’ = plog ﬁ + log ﬁ .

Proposition 1. There ezists a universal constant kq > 0 and an event €Y of probability larger than
1-20 such that the two following properties hold on f(d) :

1. (No False Positive) Tl(f) =0 for all (I,7) e HonGp.

2. (Dense High-energy change-point Detection) for any kq-dense high-energy change-point
Tk, one has T_(Si)) @ =1
T Tk

10



The above proposition ensures that, on the event £(4), the collection of tests TI(S) detects all dense

high energy change-points at the scale f](cd) and has no false positives on the dyadic grid Gp. If
we plugged this collection of tests into the general multiple change-point procedure, then Theorem
1 would entail that all kq-dense high-energy change-points are discovered and localized and that 7T
does not detect any spurious change-point. In the next subsection, we introduce alternative tests that
are tailored to sparse change-points and thereby allow to detect change-points that are not kq-dense
high-energy but still satisfy the energy condition (8).

3.2 Sparse change-points
3.2.1 Energy condition

For a given 1 < k < K The change-point 73 is a k-sparse high-energy change-point if s <4 /plog (%)

rkAiZHJQ (sklog(%log(l))+10g(£)) . (11)
st 710 710
(s)

If 7% is a k-sparse high-energy change-point, we define 7, as the minimum scale such that an
inequality similar to (11) is satisfied :

F](Cs)zmin{re']?ﬁ 8rAf 2 ko (Sklog(%log(%))-’-log(%))} ‘

As in the dense case, we have 4(?5:) -1) < 7. Set %]Es) as the best approximation of 75 in the grid

and

D () at scale 7. By definition of the dyadic grid, we have \7"]55) - Tk| < F,(cs) /4. We introduce below two
k
statistics for handling the testing problem.

3.2.2 Berk-Jones Test

The Berk-Jones test | | is a variation of the Higher-Criticism test originally introduced in
| | for signal detection. We decided to use the Berk-Jones test in this paper because of its intrinsic
formulation in terms of the quantiles of a Bernoulli distribution, but the Higher-Criticism test would
reach the same rates of detection within a constant factor. Given (I, r) in the grid Gp, we first introduce
Ng1, as the number of coordinates of C;, that are larger than x in absolute value.

p
Nepr =2 L, oo (12)
=1

If (I,7) € Ho, then the rescaled CUSUM statistic follows a standard normal distribution and N,
therefore follows a Binomial distribution with parameters p and 2®(z). The Berk-Jones test amounts
to rejecting the null, when at least one of the statistics N ;,, for x € N*, is significantly large. Next,
we formalize what we mean by ’large’.

For any u > 0, any qo € [0, 1], and positive integer pg, denote Q(u, po,qo) = P[B(po, qo) > u] the tail
distribution function of a Binomial distribution with parameters py and go. Given « € [0, 1], we then

write @_1 (e, q,po) for the corresponding quantile function,

—1 .

Q (@0, q0) = inf [P[B(po, g0) > u] < a]
Given a scale x € R and a positive integer x, we define the weights

B - o (13)

BT w2g2Dyln

This allows us to define the Berk-Jones statistic over [I -7, +r) as the test rejecting the null when at
least one N, , is large.

—1 _
T - max 1 {N:p,z,r >Q (a§§J>,p,2cI>(m))} _ (14)

11



Equivalently, Tl(f"]) is an aggregated test based on the statistics N, ;, with weights a(B ),

the above remark and a union bound, we deduce that the probability that the collection of tests

From

{Tl(f‘]), (I,r) € Gp} rejects a least one false positive is at most §:

Bl max T-1)cY S Y Ay Y

or
D <2 S0
(Lr)eHongp 1R 1D, zeN* R 1D, | |” rer T

where we recall that (I,r) € Ho if and only if © is constant on [l —r,l + 7). Although one may
think from the definition (14) that TI(EJ) involves an infinite number of N, ;,, this is not the case.

(BJ)

Indeed N1, is a non-increasing function of x whereas for all x such that 2p®d () < oy, we have
( (BJ),p, 2®(z)) = 0. Writing z¢, the smallest = such that 2p®(z) < ay r‘]) we derive

l(f’J) max 1{Nx,l,7“ >§_1(@m,rapa 26('%'))} :

xTr= 1,‘..,:7:07,«

Since, for any x > 0, we have 6(96) < 6_5"2/2, one can deduce that zq, <c log( ) for some numerical
constant ¢ > 0.

3.2.3 Partial norm statistics

The Berk Jones test is able to detect change-points 73 for which there exists s such that the s largest
squared coordinates of puy,— 1 are larger than C'(log(ep/s?)+log(n/r)/s) with a big enough constant
C'. However, it may happen that 75 satisfies the energy condition (8) and that the s largest coordinates
of uy — pg—1 are negligible with respect to log(n/ry)/s, mainly because s — 1/s is not summable. To
solve this issue, we introduce a second sparse statistic based on the partial sums. Let

z={1,2,2%,.. 2la®l}

denote the dyadic set. Only the sparsities s € Z will be analysed by the partial norm statistic. For
any (l,r) in the Grid Gp, we respectively write Cir(1)s Cir(2),--- the reordered entries of C;, by
decreasing absolute value, that is [Cy, 1)] > --+ > |Cy,. (). Then, for s € Z, we define the partial
CUSUM norm by

v - Z (Cirin)” - (15)

i=1

Then, we define the test Tl(f ) rejecting the null when at least one of the partial norms is large

2ep
2P) = (p)(é) 4slog( )+4log( ); T(p)—maxl{\ll(p) >x(p)} .
’ rd seZ 8
Finally, we define the sparse test by aggregating both the Berk-Jones test and the partial norm test.
For any (I,7) € Gp, let Tl(i) = Tl(f v TZ(PJ). The next proposition controls the error of this collection of
tests.

Proposition 2. There exists a universal constant ks > 0 and an event £ of probability larger than
1-49 such that the two following properties hold on 5(8):

1. (No False Positive) Tl(i) =0 for all (I,7) e HonGp.

2. (Sparse High-energy change-point Detection) for any ks-sparse high-energy change-point

Tk, one has 7®) =1.

()(s

12



Here we introduced two different statistics for the same sparse regime s; <4 /plog (T%) - the Berk

Jones statistic and the partial sums statistic - essentially to solve a problem of integrability. We made
this choice for the sake of simplicity, but we could have used a single test, as presented in | |

\1/<LG5>=i(02 E[Z|Z > 2])1{C},,; >z} ,

I,l,?" l,T,i l,’l",Z -
i=1

where Z follows a standard normal distribution A(0,1). This statistic gives the same type of result
as the Berk Jones statistic when pg — px—1 has large enough coordinates, and it is comparable to the
partial sums statistic when its threshold x becomes low enough.

3.3 Consequences

To conclude this section, it suffices to observe that, for ¢g in (8), any cp-high-energy change-point 7 in
the sense of (8) is either a §-dense or a 9 -sparse high-energy change-point. Hence, upon defining the
test Tp, = Tl(f) Y% Tl(i) for (I,7) € Gp, we consider the change-point procedure 7 defined in Algorithm 1.
Gathering Theorem 1 with Proposition 1 and Proposition 2, we obtain the following.

Corollary 2. There exists an universal constant co >0 such that the estimator T based on (1;,) with
(I,r) € Gp satisfies the following properties with probability higher than 1 - 66

e 7 does not detect any spurious change-points.

e ¢y High-energy change-points are detected and well localized. for all k satisfying (8),

there exists | < K such that |7, - 7,| < % < %, where 1}, is defined by (9).

If the change-points are of high-energy, that is * = {1,..., K}, then Corollary 2 can be reformu-
lated as follows:

Corollary 3. Assume that for all k = 1,..., K, T is a co-high-energy change-point (see (8)). If the
constant cq is large enough, then the estimator T based on (T ,) with (I,7) € Gp satisfies the following
properties with probability higher than 1 - 64:

e K=K,

.
o forallkeK, |f— 7| <k <

In particular, one can respectively bounds the Hausdorffand the Wasserstein distance between 7
and 7 by
dy(7,7) < max "k and dw(7,7)< ) T (16)
T T k=1, K 2 R

with probability higher than 1 - 4.
In Section 5, we establish that the Condition (8) is (up to a multiplicative constant) is unimprovable
and corresponds to the detection threshold for multivariate change-points.

Corollary 3 can be compared to the result of | | on multivariate change-point detection in the
multiple change-point setting. Using a method based on the CUSUM statistic and assuming that there
are only high-energy change-points, they also obtain an upper bound on the energy necessary to detect
the change-points. However, their result does not adapt to rg, Ay, Sk, and their rate of detection is
suboptimal in many regimes. Writing 7 = ming-1 g (), A = ming_;  x(Ag) and s = maxy-1 g (sk),
Theorem 5 of | | requires two conditions of the type rA? (%)410g(np) and rA? 2 52 log(np).
Their rate of detection is thus suboptimal by a polynomial factor in n/r when r is of smaller order
than n, and by a logarithmic factor log(np) instead of log(1 +./p/slog(n/r)) + % log(n/r) when r is of
order n.

13



Comparison to the setting with only one change-point When the statistician knows that
there is at most one change-point 71, then | | proved that it is possible to detect 7 if and only
if rlA% >0 (31 log(1 + i\/]m) +loglog 8n). The problem with only one change-point is more
simple, and the paper uses similar statistics based on the CUSUM - a chi square statistics in the dense
case and a thresholded sum of squared coordinates in the sparse case - to detect and localize 11. It
turns out that the detection procedure of | | adapts to distance r; = max(m —1,n+1-71) of the

change-point position to the boundary, and one could refine their result by stating that 7 is detectable
if and only if 11 A2 > o2 (31 log(1+ i\/p loglog(2n/r1)) + log 10g(2n/r1)) which is more precise when
r1 is of the order of n. This refined result is related to our bounds in the mutiple change-point settings,
but the rate is faster as they obtain a term in loglog(n/r1) - instead of log(n/ry) in our case. The
reason for this faster rate is due to the relative simplicity of the problem with only one change-point.
indeed, in single change-point detection, there is no need to look for change-points at all positions and
scale at the same time, since scale and positions are related. This implies that it is possible to attain
faster rates than in multiple change-point detection. The comparison between single and multiple

change-point detection is thoroughly done in | | for univariate models.

4 Multi-scale change-point estimation with sub-(Gaussian noise

In this subsection, we turn to the more general case of sub-Gaussian distributions | |. Given a
random variable Z, define its ¢s-norm by [Z],, = inf{z > 0, Elexp(Z%/2?)] <2} . Given L > 0, a
mean zero real random variable is said to be L-sub-Gaussian if |Z],, < L. This implies in particular
that, for all z > 0, one has P (|Z| > z) < 2exp(-z?/L?). For p > 1, a random vector (X7i,...,X,) taking
values in RP is said to be L-sub-Gaussian if its coordinates (X;) are independent and L-sub-Gaussian,
that is for every i =1,...,p, one has HXin/;2 <L.

Throughout this section, we assume that for ¢ = 1,...,n, the random vectors e; are indepen-
dent and L-sub-Gaussian, and that Var(eg;) = 0'2Ip. As in the previous section, we apply the
general aggregation procedures introduced in Section 2. As a consequence, our main task boils
down to introducing a near-optimal multiple testing procedure indexed by a grid for detecting
the existence of a change-point. Unlike the previous section, we shall rely on the complete grid
Or=dJdn= {(l,r) tr=1,..., [%J andl=r+1,...,n- r} whose size is quadratic with respect to n. All
the results in this section are still valid (but with different numerical constants) if we had kept the
dyadic grid Gp. Still, we use the complete grid here as a proof of concept that one can rely on the
full collection of possible segments without deteriorating the rates. A detailed comparison between the
complete and dyadic grids is made in Section 6.

In order to emphasize the common points with the previous section, we use the same notation *
for the collection of high-energy change-points®, 7, for the scales associated to the k-th change-points?,
U for the statistics, T for the test and x for the thresholds although these quantities are slightly changed
to handle the sub-Gaussian tail distribution. We follow the same scheme as for the Gaussian case and
first introduce mutli-scale tests for dense change-points before turning to sparse change-points. As in
the previous section, we consider some 6 € (0, 1) corresponding to the type I error probability.

4.1 Dense change-points with sub-Gaussian noise

Recall that, for a change-point 73, s stands for the sparsity of the difference g1 — pux. We focus here
on dense change-points for which sj is possibly as large as p. Given k > 0, we say that 7, is a k-dense
high-energy change-point if

r AR > kL? plog(£)+log(1) . (17)
710 710

This condition is very similar to its counterpart (10) for Gaussian noise. Still, we introduce it here for
the sake of completeness. For k € {1,..., K} such that 73 is a k-dense high-energy change-point, we

1See Equation (20) as the energy condition is slightly different in the sub-Gaussian setting.
2Re-defined in Equation (21).
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~(d)

define 7,/ as the minimum length such that an inequality similar to (17) is satisfied :

F’(Cd):min{TGN*I 47”A%2”L2( plog(%)ﬂog(%))} .

~(d)

As in the Gaussian case in Section 3, 7,7 corresponds to the smallest scale such that 7 is guaranteed to
be detected. For any k-dense high-energy change-point, it holds that 4(?1(;1) —1) < 7. For any positive
integers (I,r) € G, we consider the same CUSUM-based statistic \Ifl(i) = HCMH2 —p as for Gaussian
noise. Let thzesh > 0 be a tuning parameter to be discussed later. To calibrate the corresponding

multiple test procedures (Tl(f)) with (I,7) € G rejecting for large values of \I/z(,i) we introduce

2
(d) ._ () aHl . a _(a L n n
,I‘l,'r '_1{\Ill,'r >x7(" )} ’ ( ) cthresh ( plog(ﬁ)-i_log(r(;))
Proposition 3. There exists a numerical constant Céh) «n > 0 such that the following holds for any

Kq > 326Eh)esh' With probability higher than 1 -4, the two following properties hold

1. (No False Positives) one has T( ) = 0 for any (I,7) € Gr N Ho.

. . (d)  _
2. (Dense high-energy change-points are detected) one has TTM;(Cd) = 1 for any kq-dense

high-energy change-point 7y.

In comparison to Proposition 1 in the previous section, there are two differences. First, we need to
cope with SubGaussian distribution by applying the Hanson-Wright inequality. Most importantly, the
grid G is much larger than Gp so that we cannot simply consider each test T, separately and simply

apply a union bound as in the previous section. To handle the dependencies between the statistics \Ill((i),

we have to apply a chaining argument. In fact, the thresholds a:( ) are similar to their counterpart in
the previous section, whereas the number |Gr| of tests is proportional to n?. In principle, the benefit

of using the full grid G is that (74,7} F(d )) belongs to G so that we can consider the CUSUM statistic
~(d) ( )]

based on a segment [1 — 7, ’, 7 + 7, '] centered around the change-point 7;. In contrast, (Tk,ﬁgd))
does not necessarily belong to the dyadlc grid Gp and we needed to consider its best approximation
(7 @ 7(d)) The segment [7, (d) F,Ed), ?]Ed) +f,(€d)] is therefore not centered on 75, and the corresponding

tatistic w(® (d)
statistic @ s @

is in expectation smaller than W

In summary, both the collections of dense tests \Ill( r) on Gp and Gg are able to detect change-points

whose energy is (up to some multiplicative constants) higher than LQ[[p log(m%)]l/2 + log(%)].

4.2 Sparse change-points with sub-Gaussian noise

Unlike in the previous section, we do not know the exact distribution of the noise. As a consequence,
the Berk-Jones test and more generally higher-criticism type tests cannot be applied to this setting.
This is why we only rely on the partial norm statistic. Recall that Z = {1, 2,22, ... ,2[1°g2(p)J} stands
for a dyadic set of sparsities. For (I,7) € Gr and s € Z, we also recall that the partial CUSUM norm is
defined as

2
v - Z (Cir)” -

=1

Then, for any (I,7) € G, the test Tl(f ) rejects the null when at least one of the partial norms is large

2
x,(ﬂp) =5+ EggeshL—Q [slog(@) + log(%)]; T(p) = rnale {\Il(p) > x(p)} ,
(o2 S T Lr s€
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~(p)

where Cehros

,, 18 a tuning parameter in Proposition 4 below.

The partial norm test alone is not able to detect sparse high-energy change-points in the sense
of (11) and we need to introduce a stronger condition on the energy. Given k > 0, we say that a change-

point 7% is a k-sparse high-energy change-point - in the sub-Gaussian setting - if s; < 4/plog (7‘:_(5)

A2 > kL2 [sklog(@)+log(£)] . (18)
Sk r0

Both Conditions (11) and (18) are compared at the end of the subsection. For a x-sparse high-energy

and

change-point 7, we define its scale r](c ) by
F,(:) =min {r eN*: 4rA>rL? [sklog (@) + log(%)]} . (19)
Sk r

For any k-sparse high-energy change-point, it holds that 4(?,(;) -1) <rg.

Proposition 4. There exists a numerical constant céﬁgesh > 0 such that the following holds for any

Kg > 320Eﬁ3esh' With probability higher than 1 -6, the two following properties hold

1. (No False Positives) Tl(f) =0 for any (I,r) € Gr N Hyp.

2. (Sparse high-energy change-points are detected) T(p) e =1 for any ks-sparse high-energy

change-point 1, in the sense of (18).

As for Proposition 3, the proof relies on a careful analysis of the joint distributions of the statistics
U to handle the multiplicity of Gp.

4.3 Consequences

Let ¢ > 0 be some constant that we will discuss later. A change-point 7 is then said to be a cy-high-
energy change-points - in the sub-Gaussian setting - if

AL[( plog(rk%)A(Sklog(g)))ﬂog(%)] | 20)

We here re-introduce K£* c [K] as the subset of indices such that 7 satisfies (20).
We gather both tests by considering, for any (I,r) € Gp, the test T}, = T(d) T(p) with tuning

parameters cghzesh and c(p )esh as in Propositions 3 and 4. Consider any cy > 32(cthresh Eﬁzesh) and
any cop-high-energy change point 73, which is either a cp-sparse or a cyp-dense high-energy change-point.
Defining

L = rlg,d) A r]is), (21)
we straightforwardly derive from Proposition 3 and Proposition 4 the following result.
~(p)

Corollary 4. There exists two numerical constants ¢ o >0 and C‘Eh) < > 0 such that the following
holds. With probability higher than 1 -6, the tests T;, with (I,r) € G satisfy

1. (No False Positives) T;, =0 for any (I,7) € Gr nH,.

2. (High-energy change-points are detected) T, 7 =1 for any co-high-energy change-point 7y,

KTk
in the sense of (20).

Then, it suffices to combine this multiple testing procedure with Algorithm 1 to get the change-
point procedure 7. Since, for a high-energy change-point in the sense of (20), we have 4(7 — 1) < rg,
we are in position to apply Theorem 1.
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Corollary 5. There exist two numerical constant Céﬁzesh >0 and CEhzesh > 0 such that the following

holds. With probability higher than 1 -9, the estimator T based on (1;,) with (I,r) € Gr satisfies the
two following properties

e 7 does not detect any spurious change-points.

o Any co-high-energy change-point T, - in the sense of (20) - is detected and well localized, that
15 there exists | < K such that

. _ Tk
- <rp—-1<— .
|71 — Tl < T, 1

In the case where all change-points are ¢p-high-energy change-points in the sense of (20), all change-
points are detected, and something similar to Corollary 3 holds here, replacing r; /2 by 7, — 1. Also,
both the Hausdorff distance and the Wasserstein distance, can be bounded as in Equation (16) - again,
replacing 7} /2 by 71, - 1

Again, we could have obtained a similar result (but with different constants) using the dyadic grid
Gp instead of Gp. To conclude this section, let us compare the conditions (20) and (8). Define

9 = /e A (slog(@)) +Yrs
S

where we remind that ~, = log (:‘—5)

If v > p/2, then ’QZJT(LS;(«] )S X 7vr. In low dimension, the energy threshold for multivariate change-point
detection is the same as in the univariate setting, seev]| |. If v <p/2, then

o Ir
t i 8 < Ggy-loatin)
9D <1 slog (eB)  if o~ < s < hals

n,r,s log(p)-log(~r) log(p)-log(r)
. vV Pr
pPr if s > log(p)-log(~r)

(s9) (9)

As a consequence, Yy ;s and iy s are of the same order of magnitude for all s when v, > p/2.
When log(n/rd) < p, they are also of the same order of magnitude except when s is close but smaller
than /p7y;, for which the ratio 1/17(155)5 /1/17(5275 between these two quantities can be as large as log(p) —
log(7,). This gap corresponds to the regime where the test based on the Berk-Jones statistic defined
in Equation (14), used in the Gaussian case, outperforms the test based on the partial CUSUM norm
statistic defined in Equation (15).

5 Optimality of the result

In this section, we write for any © € RP*™ the distribution of the time series Y = (y1,...,y,) in the
model (1) with Gaussian noise &; ~ N'(0,%I,). In Section 3, we have established that any change-point
satisfying the condition (8), that is

T‘kA%ZCOUQ sk log 1+\/_ log( ) +log( n) ,
7”]45 T‘k5

is detected by our chane-point procedure. We show that this energy condition is unimprovable from a
minimax point of view. More precisely, let us define, for any u > 0, the class P, (02, u) as the set of
mean parameters O satisfying for any change-point 1 <k < K

(22)

1 n n
TkA%Z—UQ [sklog(1+u@ log(—))+ulog(—)

2 Sk Tk Tk
For w small enough, it turns out no change-point estimator is able to detect all change-points without
estimating any spurious change-point with high probability on the full class Pmp(aQ, w). Still, using this

large class provides a somewhat pessimistic bounds. For instance, the most challenging distributions
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in 75n7p(02,u) for the purpose of change-point detection satisfy s = p and 7, = 1 (very close change-
points). As a consequence, relying on the full collection 73n’p(02,u) is too pessimistic to assess the
optimality of our results with respect to sp and r;. To adapt to these two quantities, we define, for
any positive integers 1 <7 < |n/2] and any 1 < s < p the collection

Prp(0®,u,7,5) = {0 € Py p(o?u) - mkin?“;C >r and max s, < s} .

In the class ﬁnyp(az,u,r, s), all change-point have sparsities at most s and length at least r. Hence,
75n7p(02,u,r,3) becomes larger when s increases when r increases. Said differently, the worst-case
difficulty of the problem increases with s and decreases with r. We are now able to state the following
theorem which provides a lower bound for any estimator and which adapts to the values of s and r.

Theorem 2. Let u be smaller than 1/8. For any o > 0 and any positive integers n, p, any length

1<r<n/4, and any sparsity 1 < s <p, we have

inf sup Po(K %K) >
T ©eP(r,s)

=~

where for commodity we write P(r,s) = 75n,p(02,u, r,s) and the infimum is taken over all estimators T
of the change-point vector T.

Thus, for every distribution satisfying an assumption similar to (8) but with a smaller multiplicative
constant factor, it holds that no change-point estimator can consistenly estimate the true number of
change-points. To match the analysis of our change-point estimator, we can restate the above theorem
in terms of spurious change-points or detection of change-points thereby echoing Corollary 3.

Corollary 6. For any o > 0 and any positive integers n, p, any length 1 < r < nf/4, any sparsity
1 < s <p, and any estimator 7, there exists at least one problem characterised by © € an(az,u?r, s)
such that the following holds. With Pg-probability larger than 1/4, we have either that:

e at least a one spurious change-point is contained in 7, or

e at least a change-point 7, with 1 <k < K is not detected, i.e. there is no change-point estimated
in the interval [Tk - kel 7+ T’““Q_T’“].

This corollary is to be compared to Corollary 3 - indeed, the energy condition in Equation (22)
differs from the one of Equation (8) only by a numerical multiplicative constant that does not depend
on any parameter of the problem.

6 Discussion

6.1 Noise distribution for multivariate change-point detection

Comparison between Gaussian and sub-Gaussian rates. In this work, we have studied two
types of noise distribution: Gaussian (Section 3) and general sub-Gaussian distributions (Section 4)
without further knowledge on the distribution functions. Since the Gaussian setting is a specific
instance of the sub-Gaussian setting, it is clear that the minimax lower bounds from Section 5 apply
in both settings. As described in the previous subsection, the performances in the sub-Gaussian case
almost match those in the Gaussian setting except for s slightly lower but close to \/plog(en/ry).
Indeed, in that regime, Berk-Jones or Higher-Criticism type statistics heavily rely on the probability
distribution function of the noise, which is not available in the general sub-Gaussian case. Still, we
could slightly improve the sub-Gaussian rates if we further assume that the noise components are
identically distributed with common CDF F.

e If I is known (know noise distribution), then one may adapt Berk-Jones test by replacing ®(z)
in Equation (14) by F(-x)+ (1-F(x)). This would allow us to recover the exact same detection
condition as in the Gaussian setting.

e If F' is unknown and if there are not too many change-points, one could hope to estimate the
quantiles of the CUSUM statistic at each scale r and plug them into a Berk-Jones statistics. This
goes however beyond the scope of this paper.
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Unknown variance or more general variance matrix We assumed throughout the manuscript
that the variance o2 is known. Whereas the partial norm test only requires the knowledge of an upper
bound on o, the dense statistic \Ifl(ffq) requires the exact knowledge of the variance. As soon as there
are not too many change-points, it is possible to roughly estimate o and therefore accommodate the
partial norm test with an unknown variance. In contrast, the dense statistics needs to be replaced by
a U-statistics. Consider any even positive integer r and define

. T 27’/2 2T/2 - r 21”/2 2T/2
Ci(Y) = vr (2 Y Yooy == 2 Yoy | » Cr(Y) = vr(2 Y Yo —=> Yiou-ne ]
2 \rid T ¢=1 2 \rid T ¢=1

where él’T(Y) and GZT(Y) are independent. If there is one change-point at position [ and no other

change-points in (I —r,l + ), then these statistics are identically distributed and we consider Tl;lgd) =

(él,T(Y),ég +(Y)) whose expectation is null when there are no change-points in the segment. As a

consequence, \I/lﬂ(nd) does not require the knowledge of o; only an upper bound of ¢ is required to
calibrate the corresponding test. Such a U-statistics has already been introduced in | | and
analyzed in an asymptotic setting. Unfortunately, since we can only consider even r, this precludes us
to detecting change-points that are very close together with ry = 1.

In the general case, where there is spatial covariance in the noise, that is var(¢;) = 3 for an unknown
but general X, we can still use the same U-statistic described in the previous paragraph for the dense
case. For the sparse case, one could use the supremum norm of the CUSUM statistics as in Jirak | ]
and Yu and Chen | |. To calibrate those tests, we need to estimate both the Frobenius and the
operator norm of ¥, which is doable as soon as there are not too many change-points.

6.2 Optimal Localization rates

In this work, we mainly considered the problem of Detecting change-points in the mean of a multi-
dimensional mean. We provided tight conditions on the energy so that a change-point is detectable.
When such a change-point 73 is detected, Corollary 2 states that its position is estimated up to an
error of 7 — 1.

We did not address the optimality of this localization error. Corollary 6 implies that, when the
energy is of the order of the detection threshold, one cannot hope to localize 7, up to an error much
smaller than r; X 7. However, when the energy is way above the threshold, it is not clear whether the
error 7 —1 is optimal. From the definition of 7, one deduces that 7, is of the order of 1 +02A;2¢7(L?F)k’sk.

In the univariate setting (p = 1), | | has established that, above the detection threshold,
a specific change-point position 7, can be localized at the rate azA,f. In the multivariate setting,
the situation is certainly more tricky and there are certainly several localization regimes beyond the

detection threshold. It is an interesting direction of research to pinpoint the exact localization rate
2(9)

nﬂ’SkA;Q. We leave this for future work.

between UQAgz and o

6.3 On the choice of the grid

Let us wrap up the comparisons and open questions regarding the choice of the grids. As illustrated
in Section 3, a simple dyadic Grid Gp, or more generally an a-adic Grid is sufficient to achieve the
optimal detection rates in Corollary 2. Such grids lead to fast procedures since the test aggregation
step is linear in n and the control of the FWER of the testing procedures is easily done through an
union bound.

Regarding the complete grid G, the computational cost is quadratic in worst case and the control
of the FWER in Section 4 is more involved as one has to take into account the dependences between
the statistics. Still, one could hope that this grid could lead to a slightly more powerful procedure as
argued in the beginning of Section 4.
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6.4 On the generic algorithms

While Algorithm 1 is a reasonable proposal of a generic algorithm for aggregating multi-scale test
statistics, variations of this algorithm could be used. For instance, Algorithm 2 defined in Appendix A
also satisfies Theorem 1 and would also lead to the same detection bounds in both the Gaussian and
sub-Gaussian settings as obtained with Algorithm 1.

These two algorithms are very related. Still Algorithm 1 is more conservative than Algorithm 2
since it merges all detection intervals at a given resolution while Algorithm 2 only keeps one interval
at a given resolution when multiple intervals intersect - the one with smallest index ¢. While the
minimax properties of both methods are comparable - at least up to a multiple constant - the choice of
aggregation method will have an influence in practice on the outcome: Algorithm 1 will be slightly more
stable, detect less change-points, and provide wider confidence interval around them, while Algorithm
2 will be slightly more sensitive to smaller changes, i.e. detect smaller change-points, will be more
precise, and somewhat less stable.

Theorem 1 ensures that, if 7%, 7, = 1 with (7,7 ) satisfying Assumption (5), then the change-point
7 is detected. Inspecting the proof of Theorem 1, one easily checks that Assumption (5) is minimal
for Algorithm 1 (and also for Algorithm 2). Still, one may wonder whether any generic algorithm has
to require that 4(7; — 1) < r; to detect the change-points or if there exists a generic algorithm where
the constant 4 in the above condition can be improved.

6.5 Optimality of the generic algorithm in a broader context

Algorithm 1 aggregates homogeneity tests and provides theoretical guarantees on the event
A(T,K*, (T, 7k )keic+ ) - 1.e. the event where the outcomes of the tests are consistent - as stated in
Theorem 1. In the possibly sparse high-dimensional mean change-point model, we introduced a suit-
able multiple testing procedure which, when combined with Algorithm 1, leads to a minimax optimal
change-point detection procedure.

We described in Section 2 how to adapt this approach to other change-point problems such as kernel
change-point or covariance change-point problems with homogeneity tests. One may then wonder
whether this roadmap still leads to minimax optimal procedures for such problems. Consider the
general setting from Section 1 where we are interested in detecting change-points in (T’ (Pt))te{l,...,n}'
Upon endowing the space V with some distance d, we define, for any k,

Ak = d(F (]P)Tk) 7F(]P)Tk_1)) ’

which corresponds to the change-point height. Then, one may wonder how large A, has to be -
as a function of r - so that a change-point detection procedure achieving the no-spurious property
(NoSp) with high probability is able to detect 7, with high enough probability. In this discussion, we
restrict our attention to independent observations, that is the random variables y; are assumed to be
independent and we consider the dyadic grid Gp.

Fix v € (0,1). At each scale r € {1,2,...,28(]-11 and for cach I € D,, with D, defined in (4),

we consider the testing problem Hp,, : {P: I'(P;_,) =...=T(P,-1)} versus
T(Py)=...=T(Pr_m-1)
Hypp:3P: T(Pry) =...=T(Puy—1) for some integer m € [-1/2,7/2]

d(F(Pl—m—1)7 F(]P)l—m) 2 P)
This amounts to testing whether there is a single change-point near [ of height at least p in the segment

(I-r,l+7). Given 0 € (0,1) and a test T we define the d-separation distance of T' by

1 (T,0) = inf{p: sup P(T'=1)v sup P(T'=0)< 5} .
’ PeHo ;. PeH, .

This corresponds to the minimal change-point height that is detected by the test T'. Then, the minimax
separation distance p;,.(9) is simply infy p; (T, 6), i.e. the infimum over all tests 7" of the separation
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distance. By translation invariance of the testing problem, note that p;, () does not depend on [ and
is henceforth denoted p;(9).

For any (I,7), take any test T}, (nearly)® achieving the minimax separation distance p;(§|D,|*3,)
with S, = 6logy>(n/r))7~2. Then, it follows from a simple union bound on the dyadic grid that, with
probability higher than 1 -9, the collection of tests T} ,, where (/,7) belongs to the dyadic grid, does
not detect any false positive positive and detects any change-point 73, such that Ay is higher than
p;k((5|D;k|’1ﬁ;k), where 7 is the largest scale in R such that 4(7; — 1) < rg. As a consequence of
Theorem 1, the corresponding detection procedure achieves, with probability higher than 1 -9, the
properties (NoSp) and (Detects) any change-point satisfying the energy condition Ay, > p7, (réfBr[2n).

Conversely, we believe that this energy condition is almost tight. Indeed, fix any even range r > 2.
To simplify the discussion suppose that n/(2r) is an integer. We consider a specific instance of the
problem where the statistician knows that there are n/(2r)-1 evenly-spaced change-points respectively
at 2r+1,4r+1,...,n—2r+1 that allow to reduce the change-point detection problem to n/(2r) change-
point detection problem in intervals (I —r,l+7r] for [ =7r+1,3r+ 1,57 +1,.... She further knows that,
in each such segment, there exists at most one change-point that is situated in [l - 0.5r,1 + 0.57], and
if the change-point is present then its height is at least p = p;(0) — ¢ for ¢ arbitrarily small. Since all
n/(2r)-1 evenly-spaced change-points 2r+1,4r+1,...,n—-2r+1 are known to the statistician, detecting
all remaining change-points is equivalent to building an n/(2r) multiple test of the hypotheses Hy ,
versus Hy, for [ =r+1,3r+1,5r+1,.... If a change-point procedure achieves (NoSp) and Detects
all change-points with radius at least /2 and height at least p with probability at least 1 -0, then one
is able, with probability uniformly higher than 1 -4, to simultaneously perform without error n/(2r)
independent tests Hy, versus H,;,. Since any single test must endure an error with probability at
least & in the worst case, no collection of independents tests is able to endure less than 1— (1 -4§)™/(2"),
When n/r is large and ¢ < 2r/n, the latter is of the order of 02r/n. Based on this, we conjecture that
no change-point procedure is able to achieve, with probability higher than 1-¢ the property (NoSp),
and also to (Detect) all change-points with radius at least /2 and height at least p)(2rd/n) - ¢ for
¢ > 0 arbitrarily small.

Comparing the performances of our procedure with the negative arguments that we just outlined,
we see that aggregating optimal tests on a dyadic grid allows to detect change-points with (almost)
uniform height higher p7 (7“_145 Br./(2n)) whereas, as explained above, we conjecture that a change-point
7 can be detected only if A > p; (2r6/n). Since 7, > (r1/8) v 1- since we considered the dyadic grid
when constructing 7 - the difference between these two bounds is mostly due to the term 3, which is
of the order of logQ(n/r). Whereas it is possible to detect change-points at a given scale with a test
of type I error probability 2rd/n, our multi-scale procedure relies on a collection of single tests with
type I error probability of the order of 7d/n/log?(n/r). This mild mismatch - that we introduce to
deal with the multiplicity of scales - of order log?(n/r) is harmless for the Gaussian mean-detection
problem. Indeed, one may deduce from our analysis in Section 3 that py, (2rrd/n) is of the same order

as P;k (6|D1:k |_157:k )
In conclusion, one can build through Algorithm 1 an almost optimal change-point procedure in
any model provided that we are given optimal homogeneity tests of the form Hy;, versus H,;,. This

provides a universal reduction of the problem of change-point detection to the problem of homogeneity
testing.
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A An alternative Algorithm

In Algorithm 2 below, we also introduce a variant of the procedure, where instead of merging relevant
interesting intervals at the same scale, we only keep one of them. More precisely, we choose the
convention of discarding the interval [l —r + 1,1+ — 1] if there exists I’ < I such that Ty, = 1 and
[l-r+1Ll+r-1]n[l'"-r+1,'+r-1] #+ @. Alternatively, we could have chosen to discard one of the
intervals at random.

Data: y;,t=1...n and local test statistic (77,,)(1r)eg
Result: (7%), i
S=0T =,
for re R do
forleD, s.t. T}, =1do
if [[-r+1,l+7r-1]nS =@ then
S<Sull-r+1,l+r-1];

T < Tu{l};
end
end
end
return 7
Algorithm 2: Variant of Aggregation of multiscale tests
B Proofs

B.1 Proof of Theorem 1

Let © € R™P_ T be a local test statistic, * be a set of indices of significant change-points and
(T, Tk )kekc+ be elements of the grid G that satisfy (5). We assume that A(O, T, K*, (Tx, 7% ) kexc+ ) holds,
that is:

1. (No False Positive) T;, =0 for all (I,r) € Hon G, where H is defined by (7)

2. (Significant change-point Detection) for every k € K*, we have T, 7 = 1.

KTk
for every r € R define

Tr ={leT, : Fkek* st. pell-r+1,1+r-1]},
S = Ul-r+1,l+r-1].
leTx

In other words, for all r € R, 7,* is the subset of 7, for which each interval of detection [l —r + 1,1 +
r — 1] contains a significant change-point. The next proposition recursively analyzes the detection sets
corresponding to significant change-points (S;),»1. The first inclusion means that significant change-
points which can be detected with a local statistic with radius smaller than r are detected before step
r, while the second inclusion means that each connected component of U S, is included in a close

reR
neighborhoods of some significant change-point 73, k € K*.
Proposition 5. For all r € Ru {0}, we have the double inclusion
{mx + keK* andrp<ric | Spc U [m-2r-1),m+2(F-1)] . (23)

r'<rr’eR kekC*

the next proposition shows that for all step r € R, the subset of detection corresponding to non
significant change-point is disjoint from U,7er S,

Proposition 6. For all r € R, we have

U [l—r+1,l+r—1]r1(U 8;’,)=® :

leT NT* r'eR
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Recall that (Cg),_, j are defined as the connected component of U,.g S;. To ease the notation,

re-index (Cy) so that 75 is the closest true change-point to 7 = w Since there is no false
positive, 7 € Cg.

By Proposition 6, the two closed subset U,er Uier; 7 [l-r+1,l+r-1] and U,.g S} are disjoints.
For all k € K, it holds by Proposition 5 that 73 € U,eg S;, so that Cy is a connected components of

Urer S, containing the significant change-point 7. In particular, K> |IC*|. We have

e By Proposition 5, Cy c [ = 2(7x — 1), 7 + 2(7x — 1)] For every k € K*. Thus

T =Tl < (PR = 1) < %

e For all ke [K]\ K*, either 7 does not belong to U,er Sp and it is simply not detected, or it is
the closest true change-point to 73 = w so that

Tk + Th-1 Tk+7k+1]

s o B
Tk [Tk 9 ) 9

In particular,

~ ks T1— 70 TK+1 —TK
{Tk/,kISK}CI:Tl— TK + ks ]

2 2
e Finally, if there exists two estimated change-points 7y, , 7%, in [7‘ — Te?Te) oy Te*Test | then
) k1s ko k D) s Tk 2 )
either Cy, or Cj, does not contain 7. Then © is constant on Ci, or on Cy, and we obtain a
contradiction since there is no false positive.

This concludes the proof of Theorem 1.

Proof of Proposition 5. To prove the proposition, we do an induction on r € Ru{0}. The case r =0 is
trivial since by definition, Sy = @. Let r € R and assume that the double inclusion Proposition 5 holds
for all 7’ <r,r" e Ru{0}.

First inclusion: Let k € K* be such that 7 = r and assume that the corresponding significant
change-point 75, has not been detected before step r, that is 7, ¢ U S,. Since k € K*, this implies in

ri<r
particular that 7 ¢ U S,v. Let us show that 7 € S,. To this end we prove that
ri<r
[fe—-r+1L,7+r-1n |J S =0 (24)
ri<r,r'eR
and
Tf—km = 1, (25)

which will be enough since |7 — 7| <7 —1=7-1.

e Proof of (24): Assume for the sake of contradiction that there exists an integer z which belongs
to 7k —r+ 1,7 +7r-1]n U Sy. There exists v’ < r such that z € S, and I(z) € T,» such that

r<r
r'eR
ze[l(z)-r"+1,1(z)+r"-1]. Since 7, ¢ U S, we have 73 ¢ [I(2) ="+ 1,1(z) +r'—1]. Moreover,
ri<r
[1(2) = 7l < |1(2) = 2] + |2 = 7| + [Th — 7]
< (T’—1)+(T—1)+|f‘k—Tk|
/
<Tp—7T ,
Where the last inequality comes from the hypothesis 3(7x — 1) + |7x — 7| < rr, Consequently,
[1(z) =7, 1(2) + 7] < [ = riy T + 1) N T}

so that 6 is constant on [I(z) —7',1(2) + ") nN. Thus, (I(2),r") € Ho and I(z) ¢ T,» since there
is no false positive. This gives a contradiction and concludes the proof of (24).
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e Proof of (25): This is simply a consequence of the fact that significant change-point are detected
on the grid (See Item 2 in the definition of A).

We have just shown that 7, € S, and hence 71 € S;' so that the first inclusion holds at step 7.

Second inclusion : Let z be an element of S;'. There exists I(x) € 7,* such that
ze[l(z)-r+1,l(x)+r-1]. By definition of 7,*, there exists a significant change-point 74, ( i.e. such
that k € *) belonging to [I(z) —r+ 1,1(x) +r —1].

We necessarily have 75, > . Indeed, if 7}, <, then by the induction hypothesis, 7, € S for some
r’ < r, which contradicts the fact that S is disjoint from [I(z) —r+1,l(z) +7r-1] c S;. Consequently,

ll(x) =T +7r—1<2r -2
<2(rp-1)

Thus
zelllx)-r+Ll(zx)+r—1]c[m-2(Fx - 1), 7. +2(7, - 1)] .

We have just shown that S, ¢ U [7p - 2(Fp — 1), 7% + 2(7r — 1)].
kelkC*

Therefore, the proposition is verified at step r and the induction is proved. O

Proof of Proposition 6. Let k € K* and Ci be the detected connected component containing the sig-
nificant change-point 7

Cy = U S:/ n [Tk - 2(fk - 1),7’k + 2(fk — 1)]
r’'eR

We know from Proposition 5 that Cy, is a connected component of U,z S, and we want to prove now

that C} does not overlap with UleTr\TT*[l —r+1,l+r-1] for some r € R. Let rg be such that Cj, is the
connected component of S,

Ck CS;D .

Such an ry exists and is unique since the sets (S;) are disjoints. We have from Proposition 5 that
Tk € UT’GR,T’SFk S:, so that
ro < Tk .

Let r ¢ R and [ € 7, \ 7,7 and assume without loss of generality that [ +r -1 < 7. Since there is no
false positive, (I,7) ¢ Ho and there exists at least one true change-point in the interval of detection
[[-r+1,l+r-1]. Denote 14, ..., T, with a < b the true change-points belonging to [[-r+1,l+r—-1]. By
definition of 7, ~ T,*, 7,,..., T, are not significant change-points, i.e. a,a+1,...,b¢ K*. We consider
the two cases r > 7, and r < 7,

e 7> 7} : In that case, since the sets (S,+) are disjoints and Cy, c S}, we have Cyn[l-r+1,l+r—1] =

o 1 <7 : In that case, we have

l+r=1<m+2(r-1)<mp+2(r - 1) <7 —2(Fp = 1) ,

where we used the fact that 4(7; — 1) < rp < 7, — 7. Since by Proposition 5 we have Cj c
[l-7r+1,l+r-1], we also have in that case Cyn[l-r+1,l+r-1]=a.

This concludes the proof of the proposition. O
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B.2 Proofs in the Gaussian setting
From now on, we use the following notation for all ({,7) € J,.
e For any (vq,...,v,) with v; € RP the left mean and right mean of v on [l —r,l +r) are denoted

by
1 l+r-1

- - 1 -1
Vl4r = — Z Ut U, Z vt -
L T t=l-r

e The population term of the CUSUM statistic C;, is written

Ul,r = \/g (él,ﬂ" - e_l,—r)

e With these notation, we write v v ;, V1 —r i, Uy s for the ith coordinate of the vector Vs Ve, Up .

e We define, for 1 < s <p, the order statistics Uy, (s) by |Up (1)l 2 [Upr 2)] 2 -+ - |Ur (-

B.2.1 Proof of Proposition 1

Step 0: Consequence of Equation (10) on the grid. Let ke {1,..., K} and assume that 7 is a
kq-dense high-energy change-point (see Equation (10)). We have that

9 2
> J—
el 2
26
w (26
> K
16x12 ¢
since by definition |7 — )|| <7l )/4 so that ||9 (@) o) = 0 D), _(d)” > = ||0Tk e —ng 7F(d)||2-
Tk

Step 1: Introduction of useful high probability events. Remark that

I?-o%p .

g I:Hyl,-#r - yl,—rHZ - Hal,—r - 5l,+r H2] - 0_2p = r<gl,+r - El,—r‘yal,+r - 9[,—7“) + % Hgl,+r - El,—r
The first term, written as

r<gl,+r - glﬁmal,ﬂ“ - al;r) )

is a crossed term between the noise and the mean vector §. Lemma 1 states that near the change-points
and on the grid defined by the sets R, D,, it is jointly controlled with high probability.

Lemma 1. Let 1>6>0. The event

d —(d
= N {r,i>
ke{1,..,K}

1) |z 7
Tk Hflgd),+F,id) eﬂgd),—ﬂ(ﬁ)

(€ﬂgd)7+f£d> “Ew @0 - 9%15@,_;](;1))

2
+160%log |2 | ¢t -
7D

I

holds with probability larger than 1 -4.

The second term, written as
"= — 2
5 HEZ,-H“ —E&l-r| TODP,

is a term of pure noise. Lemma 2 states that it is controlled jointly with high probability on the grid
defined by the sets R, D,.
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Lemma 2. Let1>6>0. The event

Hgl,ﬂﬂ - gl,—r‘ H2 - 0'2]9

9=mm{g

reR €D,

2 n n
<do |: plog(2r5)+log(2r5)]} ,

holds with probability larger than 1 - 4.

Set now
€D = @ = gD g
Note that

P(ED)y>1-25 .

Step 2: Study in the ‘no change-point’ situation. Consider r € R,l € D, such that {Tk,k €
{1,...,K}}n[l-r1+7) = @. Note that since {7,k € {1,...,K}}n[l-r,1+7) = @, we have 0 _, = 0, .,
so that

N
and
T(gl,+r—§l7,7«,5l,+r 91 r) =

Moreover we have on & (1) that - see Lemma 2
< 40” plog (22) + log (22) = 02x(d) .
ré rd

\Ill(‘i) < qud) ,

g Hgl,-%—r _gl,—rH2 - 0'2]7

And so

so that

(d) _
Tl,r =0 )
on & (d). This concludes the proof of the first part of the proposition.

Step 3: Study in the ‘change-point’ situation. Consider k € {1,..., K} 7 is a kq-dense high-
energy change-point - that is Equation(10) holds. We have from (26) that for kq large enough,

—(d) 2 9 9 n n
K HQ @ _pa@) 0 OO 2 16 <12 12nd0 plog —F +log —f(d) 5
k L
2,.(d)
>4o0°x RO

So on £ this implies that - see Lemma 1

_(d)

2
< -k _
H9 @ @ = Ot o

—(d)
o [(EL (@ -<d>—6 (@ __<d>,9 (@ (@ ~ 0 ) (d)>

Moreover we have on & (1) that - see Lemma 2

< 40? plog( (d)5 1)+10g(27m5 ) —023:1(;(:3)
k

2

7(d)
r _ 0’2p

T 5’?_Igd)7+fl(cd) - 57,_lgd)7_1:1(€d)
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And so on &9 combining the three previous displayed equations implies

_(d) 2

’9 @ () ~ 0 2O o)

g@ @ 3 (g 1)@ _ @
(@ @ 202 TP 7 (2-1a] r@ = @

so that

7@

—(d) (d) =1.

This concludes the proof of the second part of the proposition.

Proof of Lemma 1. Let ke {1,...,K}. Since the vectors & are i.i.d. and distributed as N'(0,0°L,), it
holds that
)

_(d) /= _ = 2
T (€féd>7+fl(€d) Er@ @0 @ eﬂgd)’_f](cd)) N (0,27 V5? I8 2 @)~ g SO

And so for d; > 0, it holds with probability larger than 1 — dj it holds that

(@) |- _ = =
e (€ o —Er @, 00 @ =@ )
<% Heﬂgdwg) 0,0 7D log(2071) .
2
Let us set §; = (T’“ ) ® Note that
! d) 2 2
(?"( )70 ) rd
I D TR P I DI L
ke{l,...,K} TGRke{l LK) 7"(d) n reRleD, <1 reR 4T

since ry > r](g ) and |Dy| < 2n/r, and also by definition of R which implies ¥,z = < 1. And soif § <1,
then with probability larger than 1 -4, for any k€ {1,..., K}, we have

(@ |,= . = 2
"k (‘E%,Sd),wfcd) E%,gd),—f,gd)’af,id),+f£d) ef,gd),—ﬂ(cdﬁ

<27 B0, g0 P o

27“1,(g )log( Z)é‘l) .

This implies in particular that with probability larger than 1 -0, for any k€ {1,..., K}, we have

2
_(d -
oD [0 0 P o

(@ |- _ = =
- - <
"k <€%,§d),+f,(€d) 8%,§d),—f,id)’9%,§d),+ﬂ(cd) Hﬂgd),—ﬂ(cd)) =

2 4

2
+ 160 lOg (2@5 )

O

Proof of Lemma 2. Let r € R and [ € D,.. Since the vectors &; are i.i.d. and distributed as N (0, 02L,),
it holds that
o _ 2
5 H€Z,+r - E:l,—rH ~ 02X1297
which implies by properties of the X;Q) distribution that for any d, > 0 we have with probability larger
than 1 -9,

< 20°%\/plog(2/5,) + 20%10g(2/6,) .

z Hgl,+r - El,—rHQ - 0'2])
2
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If we set, for 6 >0, d,. = we have that with probability larger than 1 - 22 that Vil e D,

227

g Hgl&r - 557_rH2 - 02}9 < 202\/plog(2/5r) +20° log(2/6,)

since |D,| < 2n/r. And so with probability larger than 1 -6, for all 7 € R and [ € D,

g HELH« - El’,rHQ —o?p|< 202\/plog(2/(5r) + 2072 log(2/6,) ,

since ¥,er - < 1. And so finally for § <1 and with probability larger than 1-4, for all 7 € R and I € D,

£4a2l plog(225‘1)+log(2251):| .
r r

This concludes the proof. O

C Hgl,+r - gl,—'r H2 - 0'2])
2

B.2.2 Proof of Proposition 2

Step 1 : Analysis of the Berk Jones statistics We first define a threshold x,(ﬂg‘]) for the Berk
Jones statistics for all r,s > 1

2
2B = >2:P(r)< 27
) i {2 2:8(0) < T (21)
where we recall that a, , are the weights defined by (13):
o 60r
O n222Dyn

Remark that (x,(ng‘])) is nonincreasing with s and define for all » > 1

_ : 28 _

ST:H]IH{SEZ : 32§log(2axggj)7r)} . (28)
The second point of the following proposition ensures that if there exists s € Z such that Uy, 5 > ts

for some s > &, for (I,r) = (7, (S) 7 )) then T( D 2 1 with high probability. We recall that |Up . 1)| >
> Uy, (p)| are the sorted absolute values of the coordinate of U;, and that Hg is defined by (7).

Proposition 7. There ezists an event B of probability larger than 1 — 28 such that the following
holds:

. Tl(?‘]) =0 for any (I,7) e HonG.

e Forall k€ [K], if there exists s € Z such that s > 577’(:) and Uﬂgs>f,(f),(s) (( <)]) , then T(P;]) o -

Step 2 : Analysis of the max statistics Since it may happen that 7 is a sparse high-energy
(BJ)

change-point but there is no s > 5_¢) such that U_¢s) s) .., 22 ()" , we use the following proposition
T T T () T TS s

on the partial norm test statistic Tl(f ).

Proposition 8. There exists an event £P) of probability larger than 1 — 28 such that the following
holds:

° Tl(,f) =0 for any (I,7) e HonG.
o for any ke {l,..., K}, if there exists s € Z such that

S

>

s'=1

2
>4z (29)
Ty S

Urt 200 (o)

then T(p)

(S) () =1
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Step 3 : Combination of the two Statistics Let us return to the proof of Proposition 2. To
conclude the proof, it suffices to show that if 7 is a ks-sparse high-energy change-point - see (11) - for
some large enough constant kg, then the result of one of the two preceding propositions holds. This is
precisely what the following lemma shows.

Lemma 3. There exists a constant kg such that if 7, is a ks-sparse high-energy change-point, then one
of the following propositions is true :

. _ BJ
o There exists s € Z such that s >8_¢s) and |U_csy _s) > ZC((S)) )
rk Tk 7Tk 7(8) Fk »S

2

> 41.(P)

) o

T‘k’

. = s
o There exists s € Z such that s < Sf;(:) and Yoy U?,ES),?,(:),(S’)

Proof of Proposition 7. The first part of the proposition is a simple consequence of the definition
together with an union bound.

Pl 707 1] < T ¥ 3 a2
yI')€rLo reR €D, xeN*
DS S )

reR leD, |DT|n rer 1

We focus on the second part of the proposition. To ease the reading, we introduce some notation

—1 — —1 —
Var = Q [aac,rapa 20(x)] ; Ners = Q [1- Oéx,r/Q,p— 5,2®(x)] ;
—1 — —
wac,r,S(u) =Q [1- ax,r/2> s, ®(z—u) + ®(z +u)] ,
for x > 0. In fact, 7, is the threshold of the statistics N, ;,. As for 7, , s, it stands for the contribution
to Ny of the (p—s) coordinates ¢ such that 6.; is constant over [l —r,l+7). Finally, ¥, (u) stands

for the contribution to N, of the s coordinates i whose population CUSUM statistics U ,.; is equal
to u.

Lemma 4. Consider any r € R and l € D,.. If for some positive integers s and x we have

zﬂ:}:,r,s(|Ul7r,(s)|) > Yoo — Nzr,s s (30)

then ]P’[Tl(f‘]) =1]>1-ag,.

Denote H[0] the collection of (I,r) with r € R and [ € D, that satisfy Condition (30) for some s and
some x. We easily deduce from the above Lemma together with an union bound that, with probability
higher than 1 -4, TI(EJ) =1 for all (I,r) € H[6O].

Let us now provide a more explicit characterisation of H[#] with the following Lemma.

Lemma 5. For any 1<s<p andreR define x5 by

2
X = xﬁEJ) = min {x >2: () < m} . (31)
We have Yy, . s(ts) > Yo, r — Nayr,s provided that
52 2—38 log(2a;;r . (32)
Combining Lemma 5 and Lemma 4, we conclude the proof of the proposition. O
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Proof of Lemma 4. Denote S any subset of size s, such that for any j € .5, |Ul,r,j| > |Ul,7‘,(s)|' Define
P p
(1) _ ) (2) _ .
Nx,l,r - Z; 11¢Sl|cl,r,i‘>x’ Nx,l,r - z; ]'ZES]'|CI,T-,i|>9C
1= 1=

Since, for any z > 0, the function u = ®(z + u) + ®(x — u) is non-decreasing. As a consequence,
the random variable Ng(jll)r is stochastically dominated by a Binomial distribution with parameters

)

(p =5 20(x)). Besid_es, Ni’zl?r is stochastically dominated by a Binomial distribution with parameters
(5, 2(x + Uy (s)|) + (2 = Uy (5)])). We obtain

P77 =0] < P[Nosy < Yes] SPING) <trs] + BING) < = es]
(0} — — —
< ;J +1- Q[’Y:c,r —NxrsyS, (I)($ - |Ul,r,(s)|) + (I)(x + |Ul,r,(s)|)]
! a
< ;’T + ;’T <agr .
O
Proof of Lemma 5. From Bernstein inequality, we deduce that, for any positive integers s and z,
_ — 9 ~
Yo.s < 2pP(z) + 2\/p<I>(x) log(azh) + 3 log(ax}r :
_ — - 2 .
Mers 2 2p=$)B(x) - 2/pB(2) log(203}) - - log (20,
Hence, it follows that
_ — - 4 .
Vo5 — Nars < 28P(x) + 4\/p<1>(:L‘) log(2aw,) + 3 log(anﬂn
For u = z, we have ®(x —u) + ®(x +u) > ®(0) = 1/2 and we derive from Bernstein inequality that
s =} 2 1
wz,r,s(t) 2 5 vV Slog(Qaa:,r) - g log(2ax,r
As a ce, Yy rs(t) > Vo5 — Nars as long as
- — — 12 4
s(1-4B(x)) > 12\/p®(z) log(2a;1) + ~ log(2a5,
Provided that we take x > 2, the latter holds if
— — 14 o
5> 14\/p<1>(:1:) log(2a;1) + 3 log(2a, (33)

In view of the definition (31) of x5, we have 14\/p5(m5) log(2a;! ) < s/2. Hence, under Condition (28),
(33) holds and we conclude that ¢z, ,s(2s) > Ya..s = Mg r,s-

O

Proof of Proposition 8. The following lemma ensures that the max test returns 0 with high probability
jointly at all positions where there is no change-point.

Lemma 6 (concentration of the pure noise for the second sparse statistic). If 1> 9 >0, then the event

(p) _ L A £ (»)
= {Vr eR,1eD,,s€Z glzgg;g 57 (Bloari —Etmri) <P

holds with probability higher than 1 -4.
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We now state the following lemma, which ensures that the max test returns 1 with high probability
jointly at relevant positions which are close to a change-point.

Lemma 7 (concentration on the change-points for the second sparse statistic). We write K* for the
set of k € [K] such that

e 5, < plog(rk%)

> 427

Tk yS

LD

If1>6>0, the event

Uzt 70 (o)

gép)z{VkGK* e Z st \I/<’Z)) © >x;€3)s} ,
k )

holds with probability higher than 1 -4.
Lemmas 6 and 7 directly imply the result of the proposition. O

Proof of Lemma 6. Let r € R,l € D,,s < 5. and § € C’;. Let 6 > 0, 4,5 = (%)2(2@) d. Since

N (BLri — El,—m) follows a N (0, 1) distribution for all I,7,7, we have by Bernstein’s inequality that
with probability larger than 1 -4, s,

Z (El,mi - él,_m-)Q <s+2 slog((s1 ) + log (51 )

i€S

ep

Since the number of such S is smaller than ?)s, a union bound gives

[
S4(slog(%)+log(%)) .
(

P( gp))21 reRleDTsé‘ p‘(er) (n)25
-2 5 (5) ()

reR €D, seZ
>1-¢6,
which yields the result. O

Proof of Lemma 7. Let k€ K*, and s € Z such that

S
2 (P)
Z U‘T'Igs)yfl(:),(i) > 41:?(5)’3 . (34)
To ease the reading, we write (7,7) = (7, (s) _(S)) Then on the event & (P) which holds with probability
1-6, we have

r ~ _ _ 2
‘Ij(p) = Inax Z DY (97,+r,i +Er4ri — 07’,—7‘,i - 67,—r,i)

R S€Cs ZES 20
_ _ 2
2 gl%x Z g (€T,+r,i - 57’,77",1')
€ SZES
(p) (p)
>2xp — Ty
(p)
- :ET s

31



where in the second inequality, we used the fact that (a +b)% > %aQ —b? for all a,beR. O

Proof of Lemma 3. First remark that there exists a large enough constant C' such that for all r,s > 1,

(qu’BsJ)) < Clog(—log(:;))

sr<Clog(log( p) Tg) ,
r

where we recall that s, is defined by (28) and CBS?;J) by (31). These two inequalies come from the fact

that for all £ >2 and all A >0, if t < A+log () then ¢t <2A. Assume that for all s" = 5. +1,... s we
k

(J)

have |U )59 (4 ,)| < z . To ease the notation, we write =5.() A Sk and in what follows we prove
k

that Y51 |U_») s ,, | > 4:E(I()?) when kg is a large enough constant. We have
T T (8") 75

) [log(sk) ] : n
Z U() (S)(,)SCl Z 2" log 222log (5)5

s'=5 ( )+1 k
[log(sk)] ;
< C1splog | 2elog (8)5 +Ch Z 2 10g(22(z+1)) ’

for some universal constant C. To handle the second term remark that since z — log (a%) is decreasing,

we have
[log(sk)] . P 25,
;J 2 log(—22(i+1)) < [1 1og< )dx
b
= 28k lOg (m) + 2Sk -1
< 2silog (%) ,
Sk

and thus

3 2C1 53 log [ 262 Tog [ ——
“s) (s) , S 2018 log| 2e— log S )
T 7rk ( ) Sz f]g/‘ )5

=5 (o +1 'k
s SF;(:)

which finally gives

) PO A2 - 20,5y log | 2L log [ 2
2V ()(S’)_16 G Og(sg 705

k

so that for all 7,

1
(S)

O .= 0. -

Tk 7+T‘k N2 Tk Tk 7’L

( i)+ Tk(: o Tk) M — (f,g,s) - ﬂgs) + Tk) Ty

57
(S) |:ul~c,i - Mk—l,z"

3

~Ug,i -

3 . . —_
> 1 ‘Mk,z - Hk—1,1| =1

In the second inequality, we used the fact that
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. 87'( )A2 > Ko (sk log (% log (%)5)) + log(_%)é)) for a large enough constant ks (see (11)),
"k T

e r— xlog (—1;) is increasing for x < p, so that si can be replaced by s,

e 5< Clog(log(%) %)

This concludes the proof of the lemma. O

B.2.3 Proof of Corollary 2

Let €@ and ¢€®) be two events such that Proposition 1 and Proposition 2 hold respectively with
constants kg, ks and with probability 1-28 and 1-46, and write & = £ n¢() . From now on, we work
on the event &, which holds with probability 1—64§. Let us choose ¢g > 2(kq V ks) in (8). For all k such
that 73 is a cg-high-energy change-point, define

GO D) it 50> [plog (-5
o 710
(T Tx) =
s) —(s . n
(7"15 ),r,g)) if s < plog(rk—é) .

(T, Tx ) is well defined. Indeed, If s; < plog( ) then

sk log 1+— log +log ﬂ >— si log log( n) +log( n) .
750 5 &0 ri0

Now if si > plog( ) then using log (1 +z) > 5 for z € [0,1] we have

sk log 1+\/_ log( ) +log(n)>1 plog(n)+log(n) .
rké rké rké rké

According to Theorem 1, it is sufficient to prove that the event A (0, T, K*, (Tx, 7k ) kexc+ ) defined in
Section 2.3 holds on &:

1. (No False Positive): for every r € R and [ € D,, if O is constant on [l —r,l +7) then
Tip =T VT =0
by Proposition 1 and Proposition 2.

2. (high-energy change-point Detection): for every k such that 7 has cp-high-energy, it holds
by definition of F](cd) and 77](:) that
4(77]C - 1) < Tg.

Moreover, T - 1if (T, Tx) = (%,Sd),f]gd)) by Proposition 2 and 79— 1if (T, Tx) = (%és),f]is))

ThyTk Tk Tk

by Proposition 1.

Theorem 1 ensures that for all k € {1,..., K} such that 74 is a cp-high-energy change-point, there exists
k' e{1,..., K} such that
|7A'k/ —Tk’ <rp—1.

It remains to show that

*
Fr—l< b

where 7} is define by (9). Using log (1 +2) > § for z € [0,1] and log (1 + x) > log (z) for > 1 we have

87 AZ < 4(Kq V ks) | silog 1+@ log( n) +10g( n )
Sk 710 710

when 7y, > 2. Thus 2(7, — 1) <rj for ¢g > 2(kq V ks). This concludes the proof of Corollary 2.
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B.3 Proofs in the sub-Gaussian setting

We recall that in this section, we work on the complete grid Gr = J,, defined in Section 2.

B.3.1 Proof of Proposition 3

Step 1: Introduction of useful high probability events. We first introduce two events fid) and

éd) on which the noise can be controlled. Remark that by a simple computation, the noise can be
decomposed as follows :

g [Hyl,-W - gl,—rHQ - Hgl,—'r" - 5l,+7‘ H2] - G2p = r<§l,+T - gl,—'r;él,w" - gl,—r) + g Hgl,w - gl,_rHQ - 0'2]? .

The first term written as

T(Elﬁ-r - gl,—rv 5l,+r - gl,—r)

is a crossed term between the noise and the mean vector §. Lemma 8 states that for [ equal to a true
change-point 7, and r of order r;, it is controlled on event §§d) with high probability.

Lemma 8 (concentration of the crossed terms). Assume that k is a large enough universal constant.
The event

id) = {Vk €e{l,...,K} s.t. Equation (17) holds for k,

2
~(d) /= _= 7 _7 "k |3 _3
Tk (67k7+7",(€d) €Tk7_7:](€d),97_k7+771(cd) HTk,—F,(cd)) < 4 ’T'k,+7"( ) Y }
holds with probability higher than 1 -4.
The second term written as
(AT _ 2 2
5 H‘SZ,-H" - gl,—rH —op,

is a term of pure noise. Lemma 9 states that it is controlled on event §§d) with high probability.

Lemma 9 (concentration of the pure noise). There exists a constant Ceone > 0 such that the event

et froe (5] ()|

Y - {V(l,r) e

holds with probability higher than 1 —20.
Set now

f(d) - ;d) A §§d> _
Note that

P(E@D)>1-35 .

Step 2: Study in the ‘no change-point’ situation. We remind that H( stands for elements (I,7)
such that there is no change-point in [l -r,1+7) and that it is defined in (7). Consider (I,7) € J,, nHo.
Note that since {7y, k€ {1,...,K}}n[l-r,l+r) =2, we have 0, _, = 0 ., so that

I

g Hal,—r - 5l,+r =0,
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and
r<gl,+r - gl,—m 9l,+r - 01,—r> =0 .

Moreover we have on & (d) that - see Lemma 9

< Ceonc L’ ( plog (%) +log (%)) <oz,

for Gihresh = Ceonc - Note that Geone > 0 is a universal constant. And so

C Hgl,ﬂ“ _El;r H2 - Uzp
2

\I/l(i) < $$,d) ,
so that
(d) _
jjl,r =0

)

on & (4 This concludes the proof of the first part of the proposition.

Step 3: Study in the ‘change-point’ situation. Consider k € {1,..., K} such that 7} is a k-dense
high energy change-point - see Equation (17). We have

(@)
Tk

2

2

@ —0

Tk,—Fk

K
(@ 2 —L?
Thyt T, 8

(€ rper® ~Ep @b @ =0 )

)
k Tk +Ty, Tk +Ty Tk,—T

Moreover we have on £ that - see Lemma 9

(d)

Th
2

,
~o’p

_ 2
< Ceonc

Tk ,+fl(€d) - ETk ,—fl(cd)

for Cihresh = Ceone - note that Ceone > 0 is a universal constant. Thus on & (d), combining the three
previous displayed equations implies

_(d
\If(d) > —r’(ﬂ ) 0 d —5 d ’ Jf(d)
Tk’fl(cd) = 42 Tk,+F,i ) m,—F,(C ) Fl(cd)

2
S (C_o G ) L~ L@
2 thresh o2 f]id) ’

16

since K > 32€inresh- And so on £(d):

This concludes the proof of the second part of the proposition.

Proof of Lemma 8. Let k be in {1,... K} and such that Equation (17) is satisfied. Remark that 6 is

constant on [ — F,id),Tk) and is equal to pg_1, and is also constant on |7y, 7% + f,gd)) and is equal to
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pr. First, from the definition of the t9-norm of a vector, there exists a universal constant C' > 0 such
that forall k=1... K,

<D

2

(d) /= - 3 5
rk <€Tk,+F£d) ETk,*T_’I(Cd) ’ 9Tk7+71(€d) HTk,*F](Cd) >

6’I']C,Jrfl(cd) -€

_(d
<OV (el y, Ik — 1l
< O\ L g — i

<CL T‘kAi .

_#{D e = b1
Tk g

Tk

Thus by definition of sub-Gaussianity, for all ¢ > 0,

(@) |- . - =
P (Tk <€Tk,+1:1(€d) ng,—f}(cd) ’ eTk,+FI(€d) eTk,

t2
> t) <exp (—CW)

2
for some constant ¢ > 0. Finally we apply the concentration inequality to t = rkf’“ - remembering that

T is a k-dense high energy change-point in the sense of Equation (17) - and sum over k to obtain a
union bound over &5 :

@ )

K — _ Tk:Ai
$) < g - - >
P(fz)-kglp(T (€ ppr ~ 8 b =0 @) 2= )
K 2
TkAk
< exp|-c
Zow(-5r)

K
<M exp|-cklo g cd =c/16
&\ @
k=1 T

k=

<0,
where the last inequality comes from the fact that Zé(: 1 F]id) < n and the fact that x is chosen large
enough so that ¢’k > 1. O

Proof of Lemma 9. Remark first that by homogeneity, we can assume without loss of generality that
L =1. To provide a proof, we will use the Hanson-Wright inequality in high dimension, which is a way
to control quadratic forms of the noise.

Lemma 10 (Hanson-Wright inequality in high dimension). Let A = (ai;) be a m x m matriz and
€1,...,Em be sub-Gaussian vectors of dimension p with norm smaller than 1. Then

P >t]l<2e p( cmin( t? ¢ ))
= = X - A2 T AN )
plAI% " 1A]

where ¢ is an absolute constant, |A|% = Za?j is the squared Frobenius norm of A and |A| is the
ij

Z ai,j<€i,6j>—E[ Z ai,j(£i7£j)j|

1<i j<m 1<i,j<m

operator norm of A.

The proof of this lemma relies on the classical Hanson Wright inequality that is proved for example
in | |. To prove the proposition, we will use a chaining argument. To this end, we let (Ny)us0 be
the following covering sets of J, :

N, = J,n{i2™" jeN}? |
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where we define x1 = |logy(n) [, and more generally k, = [logy(n/r)| for r = 1,...n. Remark that the
higher u is, the finer the covering set IV, is, and Ny, = J,. For all u > 0, we define the projection map
my from J,, to N, by

(1, 7) = arg min (|Z— I+ - r|)
(I,7)eN,,

In the sequel, we will use the slight abuse of notation for (I,7) in J,
(luvru) = TI'U(Z,T) .
A useful lemma to control the distance between (I, ) and its projection (l,,7,) can be stated as follow.

Lemma 11. For all (I,r) € J, and 0 < u < K1 such that N, + @,

n
|lu—l|+|7‘u—7"|g22—u .

Let (I,r) € J,. From know on, we write g 4, = 7€) 4 = Zt ! le, and €l,-r = 7€+ The chaining
relation can be written as

1
Hsl +r 8l 7"’ -0 P = 2_ [ I S B ? - ZTKTO-QP:I

1
* Z Z I:HE:l’UJrlﬁ'r'erl - 6lv+17_7"u+1 H2 - Hel’uﬁ'rv _8lv7_7‘v ’ -
V=K

2(ryps1 — rv)02p]

Remark that the chaining summation starts at scale u = x, so that g x r. The first term of the
e . . . _ _ 2

chaining is an approximation on the grid at level u of the term %HEHT —al’_TH - 02p. The second

term can be viewed as an error term, and we will show that it is of the same order as the first term.

Since both terms are quadratic forms of the noise, we will need an upper bound on the norm of their

corresponding matrix to apply the Hanson Wright inequality - see Lemma 10.

Lemma 12 (Control of the Frobenius norm). Let (I,7) be a fized element of J,,. Let A and B be the
corresponding matriz of the two following quadratic form :

M Ae=|err-c| and " Be=|e-a| - |er i —er |’

Then
|A||5 < 1672
|B|% <24 (jl =) +|r=o|) (r 40" +J1-T]) .

The following lemma aims at upper bounding the first term of the chaining relation with high
probability.

Lemma 13. There ezxists a constant Cy such that for all n, the event

J(\[fi) N {‘Hﬁlw €l rH -2ro p‘<C’NT(\/plog(2“(5 1)+log(2”5 ))}

u20 (I,r)eN,,
r<33% s

holds with probability higher than 1 —4.

For u = fr, (lu,7u) € Ny Lemma 11 gives r, < r + 255 < 35;. Consequently, on the event §N , we
obtain

o’pl < Ch plog(£)+log(n) ,
rd rd

for C)y a large absolute constant. To upper bound the second term, we use the following lemma :

2 Tg,

‘ 5 H gl’ﬂr 7+7'n»,« - El"ur s Thyp
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Lemma 14. For all (I,r) and (I',r") in J,, set

e (L") = {‘Hgl%r,—syy_wuz—Hgl’w—sl,_THz—Q(T'—r) |<cm/2 (V/plog (2061 + log (25 ))} :

There exists a constant Ca such that for all n, The event
¢@ - Oo{g(“ (L, U',r") holds for all ((1,r), (I',7")) € Ny x Noy1 s.t. |l =U|+|r—1'| < 323} :
holds with probability higher than 1 -4.
For v > Ky, ((lyy70), (Lo+1,7v+1)) € Ny x Nyi1 and by Lemma 11,
|7y = Tos1| + [ly = Losa| < |ro = 7] + |l = U + |1 = 1| + |1 = Lps1]

3_

2’1}
Therefore, on the event §(Ad),
1 Hl—l 2
2_ Z I:‘ Elys1,+rus1 — Elyr1,~Tos1 H - HglUV"'T“ T Elor - 2(Tv+1 - TU)O- p]‘
r V=K
k1—1

T (o (@) +log (2571

1 n2v’ n2v'
SC’AZF plog( r5)+10g( 7“(5)

< Cg( plog(%) +10g(%)),

where C'y,C'X are large absolute constants. Hence, letting ¢eone = C'y + CX we obtain

@) () ¢ ()

which must be of probability higher than 1 — 24. O

Proof of Lemma 11. Since the mesh of the grid N, is equal to 2™ < -
that

3w, there exists (I,7) € N, such

Proof of Lemma 12. Let us write

€TA€: Z aij(si,ej) and ETB€: Z bij<5i,5j>,

l-r<i,j<l+r m1<i,j<ma

where my = min(l - r,l' —r"), mg = max(l +r,l' +r"). Remark that for all ¢,j in [l -7l +7), a;; < 2.
This gives the first inequality.

For the second inequality, assume without loss of generality that [ < I’. As for the first inequality,
bij <2 for all 4,5 € [m;,m2). Remark that b;; can be non zero only if (4,7) is in one of the following
cases :

1. dorjisin [min(l+ 70" +r"),max(l +r,0" +r"))
2. dor jisin [min(l - r,l' = 7"),max(l - r,I' = "))

3. dorjisin [I,1").
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Hence there is at most (4()l—1'|+|r—7'|) +2|l=U'|)(r +7"+]l-1"]) non zero b;;, and we obtain the second
inequality. O

Proof of Lemma 13. The probability of (51(\?{))C can be written as :

er,er =1, |* = 20| < Cwvr (V/plog (20671 + log (2457 ) ) ,

First, fix u >0 and (I,7) € N,, such that » < 3.
Applying the first inequality of Lemma 12 and the Hanson-Wright inequality - see Lemma 10, we

obtain for all ¢t >0
2t
P (|Hsl,+r —51’_THQ B 2r02p| > t) <2exp (—cmin (]ﬁ’ ;)) ,
where ¢ is an absolute constant. Choosing

t=Cnr (\/plog (2u5-1) + log (2“571)) ,

we obtain

P (|H€l,+,ﬂ —81’4H2 - 27’02p| >Cyr (\/plog (2v5~1) + log (2“5_1))) <C (%)CCN 5CN

where ¢, C' are absolute constants. Since the cardinal of N, is upper bounded by 22%*2, A union bound
on each N, for each u >0 gives :

P(E)) < S oml () e

u>0

2-cCn
<> 4C( ) 5N

u>0
which is convergent. For Cy large enough, we obtain P (£5,) <1-4. O

Proof of Lemma 1/.
P((€57)) =P (3v20,3((Lr), (1',7")) € Ny x Ny st =0+ =" < 4o- and (6 (1,r,1',7))° holds
A - =Y s ) ) v v+1 S.b. =T IR .

First fix v > 0 and (({,7), (I',r")) € Ny x Nyy1. Remark that by definition of N,,

n

>
re u+l :

Thus,
r+r’ + =V <2r+|I=U+|r—7"| <107 .

2
, we

. . 2
Then by Lemma 12, letting B be the matrix such that el Be= H€l',+r’ —Ep || — Hal,w —€l -

obtain
2 2 n
IBI? < Bl < dor .
Thus, by the Hanson Wright inequality - see Lemma 10,

2Y 2v
P(‘eTBus—E [ETBHE]‘ZZL)SQGXP —cmin t2, —t .
pnr nr
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From now on, we choose

t—CA\/;(\/plog(Q”é 1)+log(2”6 )) .

There are at most 24*6 elements in N, x Ny, 1. Therefore, a union bound on v > 0 and N, x N1 gives

P((65)°) < X 2IN, x Ny (27)7°> 6

u>0

< 27 (2v)4chA 5CCA

<C§Cn,

where the last inequality holds if C'a is large enough, for ¢, C' universal constants. O

B.3.2 Proof of Proposition 4

Step 1: Introduction of useful high probability events. Let s < p and consider S € C_’;. In

what follows and for an vector u € R?, we write u(®) for the vector u restricted to the set S.
Remark that by a simple computation, the noise can be decomposed as follows :

T =(S S *S
o | R el

S S S a(S S (s
R e M

The first term written as
S _(S) p(s A0S

6l+r l -l r

is a crossed term between the noise and the mean vector . Lemma 8 states that for [ equal to a
true change-point 7, r of order r;, and S being the corresponding support of the change-point, it is

controlled on event §§p) with high probability.

Lemma 15. For ke{l,..., K}, let us write Sy c {1,..., K} for the support of ux — px—1. Assume that
co 18 a large enough universal constant. The event

ip) = §§p)(5) = {Vk €{l,...,K} s.t. Equation (18) holds for k,
2 }
The proof of this lemma follows directly from the one of Lemma 8, restricting the term correspond-

ing to change-point k£ to Sy - and diminishing the deviation by doing so.
The second term written as

< f’(“d) ‘ 0 0
=7y (s) —(s)

Tk,+fk T, Ty,

—(d) ~(Sk) —(S) 7(Sk) 7(Sk)
G * ()"9 F 0 k7<>>

ThytTp, Tk, Thy+T, Ty~

holds with probability higher than 1 - 4.

0'28

H () _ (9 |?

2:“l T El -r

is a term of pure noise. Lemma 16 states that it is controlled on event fép) (S) with high probability.

Lemma 16. There exists a constant Ceone > 0 such that the event

2

€l+7‘_€l -r —0Ss

o 1 n n
<o slog<ra)+log(m))}

&P(9) =P (8,0) = {va,r) ¢ Jn,

H =(8) _=(9)

holds with probability higher than 1 —20.
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The proof of this lemma is exactly the same as the one of Lemma 9, restricting all vectors to S.
Set 05 = 5/(28(12)). Lemma 16 implies that with probability larger than 1 - 26, V(I,r) € Jy,

vSc{l,...,p}
S amEx N ES)|

And so since ( ) < (%)S, we have probability larger than 126, V(I,7) € J,, VS c{1,...,p}

SéconcL2 \/Slog(£)+510g(2 p)+log( )+810g(@)
rd S rd s
< 4Coonc L (log(ﬁ) +slog(2 p))
ré s

‘ =(5) _
2 l +r l,—r

—0'28

(5) _ ()

2
Hel +r 5l -r

—0 S

And so the event

0'28

H () _ (9|

€l+7’_€l -r

et (1) 00 (22))
rd s

f(P) éép)(é) {V(l,?“) c Jn7 VS c {1, -

has probability larger than 1 - 24.
Set now

¢ = gip) A gép)_

Note that
P(e®)) > 1 -36.

Step 2: Study in the ‘no change-point’ situation. Consider (I,7) € J, such that {7,k €
{1,...,K}}n[l-rl+r)=2,and S c{1,...,p}. Note that since {1y, ke {l,..., K}}n[l-rl+71) =02,
we have él(s) 0% so that

L+r

e - OIE

L+r

=0,
and

FE®) _2S) g(5) _g(s)y

€l+r l —-r? L +r

Moreover we have on £(P) that - see Equation (35)

05| < 4eeonc L? (log (ﬁ) + slog (@)) <o x(p)
rd S

for Ginresh > 4Cconce - Note that Ceone > 0 is a universal constant. And so

2[4 -

\I’l(r;) <z,

so that on £
Ty =0 .

This concludes the proof of the first part of the proposition.

Step 3: Study in the ‘change-point’ situation. Consider k € {1,..., K} such that 7 is a k-sparse
high-energy change-point, - see Equation (18). Since Sk is the support of py — pg-1 - and therefore of
0 (-0 (- wehave
Tky=Ty T’W'"Tk
=(s)
Tk

7(Sk)
2 Qk()

Tky— Ty ’l’)€,+’r‘}c




So on &) this implies that - see Lemma 15

2
_(d _(S _(S S S
T]E; ) <€( k) © E( k) (5)79( k) () 6( k)7(5)>

Tk,+fk Thy— Tk +rk Tk,—Tp,

Moreover we have on £(P) that - see Equation (35)

2
< 4ECOHCL2 IOg - + 23k log (2) < O'Qx(i)) )
fl(:)(s Sk

for Cihresh = 4Ccone - note that €eone > 0 is a universal constant. And so on & (p), combining the three

_(s 2
T]EJ) 2
—_— )

2

_(S _(S
E( k)_(s) _5( k)_(s)
’Tk,+’r‘k ’Tk,—’r‘k

previous displayed equations implies
_(d) 2

\I/(p) rk
ka( ) = 402

L? 2
( il Cthresh) log - + Sk IOg (ﬁ) > x(l(js)) 5
16 o? 7’;2 )s Sk Ty

since k > 32Cinresh- And so on f(p)

750
0 k()

Tk, +'r‘ Thy—

G(Sk)

( ) x(p)

=(s)
Tk

This concludes the proof of the second part of the proposition.

B.3.3 Proof of Corollary 5

Let & (d) and & (®) be two events such that Proposition 3 and Proposition 4 both hold with probability
1-35, and write & = €D n¢ (), From now on, we work on the event &, which holds with probability
1-66. Define here simply 7 = 7. Note that by definition of 7 in the sub-Gaussian regime:

f,id) if sklog(@) plog( n )
Sk ké

(5) - ep n
Ty if sklog(s—k) plog( k5)

According to Theorem 1, it is sufficient to prove that A (©,T,K*, (T, Tk )keicr ) holds.

1. (No False Positive): T, = Tl(f) % Tl(f) = 0 for any (I,r) € G nHp. by Proposition 3 and
Proposition 4.

2. (Significant change-point Detection): for every k € K* (see (20)), we have by definition of
Tk
4(r - 1) <7y

Now if s log (%) > plog(%), we have T4 =1 by Proposition 3, by definition of ¢y, and

ThoThk
~(d)

for Ct hres

,, @s in Proposition 3.
If sg log(i—f) < plog(r%), we have TP) =1 by Proposition 4, by definition of ¢y, and for

TksTk
E(p)

thresh &5 111 Proposition 4.

Theorem 1 ensures that for all k € £*, there exists k' € {1,..., K } such that
|7A'k/ —Tk| <7 —1.

This concludes the proof since 4(7, — 1) < ry for k € IC*.
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B.4 Proof of Theorem 2
Let us fix (r,s) € [1,n/4] x [1,p]. Let A be such that

1
rA? = 502 [slog(l +u— log ) +ulog ]
for some u < %.

In what follows, we consider any change-point detection method that outputs an estimator 7 of

the change-points, associated to a number K of detected change-points, i.e. the length of 7. We also
write Pg for the distribution of the data when the mean parameter or the time series is fixed to anxp
matrix O, i.e. of © + where the noise entries (g;); are i.i.d. and follow N'(0,0?) as in Section 3. Also
abusing slightly notations, we write Py for the distribution of the data when the parameter is constant
and equal to 0.
Consider also any prior 7 over the set of n x p matrices © such that the number of true change-points
over the support of the prior is larger than 1 - i.e. the prior puts mass only on problems where more
than one change-point occurs. Let P, be the corresponding distribution of the data, namely the
distribution of the matrix of data when the mean parameter of the time series is the random matrix
O ~ 7. Otherwise said, P, is the distribution of © + & where © ~ 7.

We remind that in our setting K is the number of true change-points in a given problem - which
would be either 0 under Py, or more than 1 under P,. If the support of 7y is included in P(r,s), then

sup Po(K #K)>= (IP’ (K =0)+Po(K #0))
OcP(r,s)

25(1_dTV(]1_)7r7P0))7 (36)

where dpy is the total variation distance. From the Cauchy-Schwarz inequality, we have

V X2(ED7T7]P)O)a (37)

where y? is the divergence between probability distributions:

= 2
_ dP
2 T
P,,Py) =E -1

By a simple computation that can be found for example in | ]

N |

drv (Pr,Pp) <

_ 18 6
X’ (Br, Bo) =Eg g [0 -1, (38)
where © and © are i.i.d. and distributed according to , (é Q') = Tr(6'07) is the standard scalar

product, and Eg 6.6/ is the expectation according to © and ©'.
Let us consider the three following cases for the couple (r,s):

Casel:ulog(ﬁ)gslog 1+u— log and s<u plog(ﬁ),
r V r

Case2:ulog(ﬁ)3310g 1+u\/]_) log( ) and s>wuy/plog
T S

—
3|3
~

Case 3:ulog(2)>slog 1+u@ log(E)
r s r

Each case corresponds to the regime of detection of one of the three statistics. The first one corresponds
to the Berk-Jones statistic, the second one to the dense statistic and the last one to the max statistic.
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Case 1 : In that case, rA? < g%slog (ZJLUSE2 log (%)) Let us define a probability distribution on the
parameter © € P(r,s). For ¢ = [%J ~landleD, = {1,r+1,2r+1,...¢(r+1}, define the column vector
I Z?:Tl ej, where e; is the 4% element of the canonical basis of R”. Let a be a random variable
uniformly distributed in {z € {0,1}?,|z]p = s} and v be a random variable independent from a and
uniformly distributed on {v; : 1€ D,}. Let

~ A T

Oy = —av' e RP*",

(1) NG

and m; be the distribution of the random variable (:)(1), and P, be the corresponding distribution of
the data. . .

Consider two independent copies © ;) and 621) that are distributed like 7;. The probability that

(:)(1) and (:)21) have the same support is exactly <+1 Hence, from Equation (38)

2/ 1 %(a,a')
X (PW17PO) = CTl Ea,a’ € so -1 ) (39)
where a’ is an independent copy of a, and E, 4 is the expectation according to a,a’. Remark by
symmetry that (a,a’) has the same law as Y.5_; a;. Hence

2 s
rA2, rAZ Y ay
—5(a,a so2 v
Eaﬂ/ [630‘2< ’ >]:Ea !e STT =1 ,

where [, is the expectation according to a.

Remark that (ai,...,ap) has the same distribution as a random sampling without replacement of
the list of length p containing (1,...,1,0,...,0) - the list containing exactly s times the quantity 1 and
otherwise only 0. The following lemma allows us to replace the variables a; by independent Bernoulli
random variables Z; ~ B(s/p).

Lemma 17. Let ¢ = (c1,...,¢p) € RP. We associate to the list ¢ two random sampling processes: (i)
the sampling process without replacement (X;)iz1..s of s elements uniformly on the list ¢ and (ii) the
sampling process with replacement (Z;)i-1..s of s elements uniformly in the list. Then for any convex

function f,
Pz = (x7)]

The proof of this lemma can be found in | |. Thus, if (Z;)i-1...s is an i.i.d sequence of Bernoulli
variables with parameter § as described above, we obtain

1 rA22 ZS:Zi
C+1 Ezle* = [-1 (40)
A2
1 s ra2 s\° 1 Sj(egﬁQ _1)
= [(—6502+1——) _].:IS (& _1

p p

X2(P7r1 ) ]P)O) <

5
p

2 (elog(4u2 s% log( % )) )

<2

1-4u?
e 32(—) <1, (41)

r
n n

where E is the expectation according to the (Z;); and where in the last inequality we used u < 1/3
and n > 4r.

Case 2 : In that case, rA? < o%uy\/plog (%) Let s¢ = [u\ /plog (%)] and b be a random variable

uniformly distributed in {z € {0,1}?,|z|op = so} and v be defined as in Case 1. Let
~ A
Oy = —bv’,
VP

44



let w2 be the distribution of (:)(2) and P, be the associated probability distribution of the data. Doing
the same reasoning and similar computations as for Case 1, see in particular the steps of Equations (39)
and (40) - replacing s by sp and a by b - we have

2 A2
~ ~ 2 20 650"2 -1
205 I ;2«9(2),@;2))]_ b osmen ] p( )_
X (Prz, Po) E@(zw@?z) [e ! C+1Eb’b < e ¢+1 c L
s ’V‘A2 1-4u
< —— "t <l tulon? :2(5) <1, (42)
C"r‘ 1 n n

where Eé@)vé'z is the expectation according to (:)(2), (:)'(2) (where (:)’(2) is an independent copy of (:)(2))

(2)
and where Ey, s is the expectation according to b,b" (where b’ is an independent copy of b), and where

in the last step we used u < 1/8 and n > 4r.
Case 3 : In that case, rA% < ulog (%) Let ¢ = (1,0,0,...,0) be the vector with 0 entries except
the first one. Let v be the random vector defined as in Case 1. Let

(:)(3) =Ae?,

and 73 be the distribution of the random variable é(3) - and IF’,TB be the associated probability distri-
bution of the data. Doing the same reasoning as in Case 1 - see in particular the step of Equation (39)
- replacing a by ¢ and s by 1 - for the prior 73, we obtain

= 1 /8 =Y 1 ra2
Xz(]IDTF;;?IPO) = Eé(s) o [60'2 (@(3),@(3))] —-1= e o2 < 2

1-u
eulos(7) 32(3) <1,  (43)
(3)

where Eé(3)7é23) is the expectation according to (:)(3), (:)’(3) (where (:)’(3) is an independent copy of (:)(3))
and where in the last step we used n > 4r and u < 1/2.

Thus, in all cases - combining Equations (36) and (37) with Equations (41), (42) and (43) - we
obtain in all three cases

sup Po(K # K)>
OeP(r,s)

=~ =

and this concludes the proof.
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