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Abstract In this paper, we introduce and investigate a new regularity condi-
tion in the asymptotic sense for optimization problems whose objective func-
tions are polynomial. The normalization argument in asymptotic analysis en-
ables us to study the existence as well as the stability of solutions of these
problems. We prove a Frank-Wolfe type theorem for regular optimization prob-
lems and an Eaves type theorem for non-regular pseudoconvex optimization
problems. Moreover, under the regularity condition, we show results on the
stability such as upper semicontinuity and local upper-Hélder stability of the
solution map of polynomial optimization problems. At the end of the paper,
we discuss the genericity of the regularity condition.
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1 Introduction

We consider the following optimization problem
minimize f(z) subject to = € K,

where K is a nonempty, closed subset of R” and f : R"™ — R is a polynomial
in n variables of degree d > 2. The problem and its solution set are denoted
by OP(K, f) and Sol(K, f) respectively. Let f; be the homogeneous compo-
nent of degree d of f, and let K, be the asymptotic cone of K that will be
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introduced in Section 2. We say that OP(K, f) is regular if the solution set
of the asymptotic problem OP(K, f4) is bounded, and the problem is non-
regular otherwise. The regularity condition has appeared in studies about the
solution existence and stability in quadratic programming (see, e.g., [1,2] and
the references therein).

Asymptotic cones and functions play an important role in optimization
and variational inequalities [3]. The normalization argument in asymptotic
analysis enables us to study the existence and stability of solutions not only
for quadratic programming, linear complementarity problems, and affine vari-
ational inequalities (see, e.g., [1,4]), but also for polynomial complementarity
problems and polynomial variational inequalities that have unbounded con-
straint sets (see, e.g., [5,6]). In this paper, the normalization argument is used
as the main technique to investigate the existence as well as the stability of
solutions to polynomial optimization problems.

In 1956, Frank and Wolfe [7] proved that if K is polyhedral and f is
quadratic and bounded from below on K, then Sol(K, f) is nonempty. Sever-
al versions of the Frank-Wolfe theorem for quadratic, cubic, and polynomial
optimization problems have been shown in [1,2,8-12]. Belousov and Klatte
[9], and Obuchowska [10] have proved Frank-Wolfe type theorems for con-
vex and quasiconvex polynomial optimization problems. Recently, by using a
technique from semi-algebraic geometry, Dinh, Ha and Pham [11] have shown
a Frank-Wolfe type theorem for nondegenerate problems. The present paper
gives another Frank-Wolfe type theorem, which says that if OP (K, f) is regular
and f is bounded from below on K, then the problem has a solution. Besides,
the Eaves theorem [13] provides us with another criterion for the existence of
solutions to quadratic optimization problems. Extensions of this theorem for
quadratically constrained quadratic problems have been investigated in [1,2,
14,15]. This paper introduces an Eaves type theorem for non-regular pseudo-
convex optimization problems, where the constraint sets are convex.

Under the assumption that the constraint set K is compact and semi-
algebraic, some stability and genericity results for polynomial optimization
problems have been shown by Lee and Pham [16]. If K is compact, then its
asymptotic cone is trivial, i.e., Ko, = {0}; Hence that OP(K, f) satisfies the
regularity condition obviously. In the present paper, K may be unbounded.
Under the regularity condition, we prove several local properties of the solution
map of polynomial optimization problems such as local boundedness and upper
semicontinuity. Furthermore, based on an error bound for a polynomial system
in [20], we prove the local upper-Holder stability of the solution map.

We denote by Rg[z] the space of all polynomials of degree at most d and
by Rq the set of all polynomials g of degree d such that OP(K, g) is regular.
The set R4 is an open cone in R4[x]. At the end of this work, K is defined by
convex polynomials, we prove that R4 is generic in Ry[z].

The organization of the paper is as follows. Section 2 gives a brief introduc-
tion to asymptotic cones, polynomials, and the regularity condition. Section 3
proves two criteria of the solution existence. Section 4 investigates properties
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of the solution map. The last section discusses the genericity of the regularity
condition.

2 Preliminaries

Recall that the asymptotic cone [3] of a nonempty closed subset S in R"™ is
defined and denoted by

Soo = {v € R" : Jt), — +oo, 3z, € S with lim Ik _ v}.
k—oo T

Clearly, the cone S is closed and contains 0. The set S is bounded if and
only if S, is trivial. Furthermore, if S is convex then S, is a closed convex
cone and So, = 075, where 01 S is the recession cone of S, that consists of all
vectors v € R"™ such that x + tv € S for any z € S and ¢ > 0. Thus, one has
S =54 So when S is convex.

Let d > 2 be given. The dimension of the space Ry[z] is finite; its dimension
is denoted by p. Let X (z) be the vector consisting of p monomials of degree
at most d which is listed by lexicographic ordering

o 2 d .d—1 d\T
X(x):=(1,21,%2, -y Tny BT, T1X2y « o, T1Tpyy « o« T, ] Tyee oy L)

For every g € Ry[z], there exists a unique vector a = (ay,...,a,) € R” such
that g(r) = a? X (z). We denote by ||g|| the fo—norm of the polynomial g,

namely
lgll = llall = /a3 + -+ + a2,

The Cauchy—Schwarz inequality yields |g(x)| < || X (x)]||lg]|. Furthermore, if
{g"*} is a convergent sequence in Ry[x] with g¥ — g, then gk — g4.

Throughout the paper, we assume that the constraint set K C R" is
nonempty and closed, and the objective function f : R®™ — R is a polyno-
mial of degree d > 2.

We say that OP (K, f) is a polynomial optimization problem if K is given by
polynomials. With the given set K and the given integer d, the solution map
of polynomial optimization problems OP(K, g), where g € Ry4[x], is defined by

Solk (+) : Rglz] = R", g+ Sol(K,g).

Assume that g € Ry[x] with degg = d and g = g4+ -+ + g1 + go, where
gi is a homogeneous polynomial of degree [, i.e., g;(tz) = t'g;(z) for all £ > 0
and z € R", [l € [d] :={1,...,d}, and go € R. Then, g4 is the leading term (or
the recession polynomial) of the polynomial g (of degree d). Clearly, one has

g(\z)
)\d

= i R™.
ga(z) = lim , Vo €
For the pair (K, f), the asymptotic pair (K, fq) is unique. The asymptotic
optimization problem OP(K, f4) plays a vital role in the investigation of
behavior of OP(K, f) at infinity. The following remarks point out (without

proof) the basic properties of the asymptotic problem.
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Remark 2.1 Since fy is a homogeneous polynomial and K, is a closed cone,
the asymptotic optimization problem OP(K,, f4) has a solution if and only
if fy is non-negative on K.

Remark 2.2 Assume that Sol(K ., f4) is nonempty. Then, this set is a closed
cone with 0 € Sol(K, fq). In addition, Sol(K, fq) coincides with the zero
set of fyin K, i.e.,

SOI(KOO,fd) = {x € Ky : fd(x) = 0}

Now, we introduce the regularity notion concerning the boundedness of the
solution set of OP (Ko, fa)-

Definition 2.1 The problem OP(K, f) is said to be regular if Sol(K, f4) is
bounded and non-regular otherwise.

Denote by £y (resp., Og, Uy) the set of all polynomials g of degree d such
that Sol(K o, fq) is the empty set (resp., the trivial cone, an unbounded cone).
Clearly, Rq = £4U Oy, and one has the following disjoint union:

Rd[a:] ZRd_1[$]U5dU@duud. (2.1)

Remark 2.3 The boundedness of Sol(K, fq4) implies that of Sol(X, f). In-
deed, assume to the contrary that Sol(K, f) is unbounded. There exists an
unbounded sequence {z*} C Sol(K, f). Without loss of generality, we can as-
sume z* is nonzero for all k, ||z*|| — +oc, and [|z*||~12* — Z for some 7 € R"
with ||Z|| = 1. Note that f(z*) = f*, where f* € R is the minimum of f over
K, for all k. By dividing the last equation by ||z*|| and letting k& — o0,
we obtain fq(Z) = 0. It follows that & € Sol(Kw, fa). Since T # 0, the cone
Sol(K ., fa) is unbounded, which contradicts our assumption. Thus, the claim

is proved.

Remark 2.4 We observe that the set R4 is nonempty. If K is bounded then
Ra coincides with the set of all g € Ry[x] such that degg = d. Hence, we
can suppose that K is unbounded. Clearly, the cone K, also is unbounded.
Let T € Ko be nonzero. There exists [ € [n] such that Z; # 0. Let us define
a homogeneous polynomial of degree d as f(x) := —(Z;z;)%. For any t > 0,
one has t& € K, and f(t7) = —(27)%? — —occ as t — +oo. Then, f is not
bounded from below on K. This yields Sol(K«, f) = 0 and f € Rg.

Ezample 2.1 Consider the case that n = 1, K = R and d = 2. One has Ry[z] =
{agx®+arz+ag : (az,a1,a0) € R®}. Since Ko, = R, an easy computation shows
that £ = {asx?® +a12 +ap : as < 0,a; € R,ap € R}, Oy = {asx® + a1+ ap :
az > 0,a1 € R,ag € R}, and Ry = {a2$2 +a1x +ag: as 7é 0,a1 € R,ag € R}

3 Two criteria for the solution existence

We now introduce two criteria for the solution existence of OP(K, f). In the
proofs, the normalization argument in asymptotic analysis plays a vital role;
meanwhile, the semi-algebraicity of K is not required.
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3.1 A Frank-Wolfe type theorem for regular problems

The following theorem provides us a criterion for the solution existence of
regular optimization problems.

Theorem 3.1 (Frank-Wolfe type theorem) If OP(K, f) is regular and f
is bounded from below on K, then its solution set is nonempty and compact.

Proof Suppose that f € Ry, i.e. f € E4U0Oy, and there exists v € R such
that v < f(x), for all x € K. For any given v € K, there are two sequences
{tx} € Ry and {2*} C K such that t;, — +oo and ¢ '2* — v as k — +o0.
For any k, one has v < f(z*). Dividing both sides of the last inequality by t¢
and letting k — +o00, we obtain 0 < fy4(v). Thus, f; is non-negative over K.
It follows from Remark 2.1 that f does not belong to £4; hence, we conclude
that f must be in Oy.

Let Z € K be given, and M := {x € K : f(z) < f(Z)}. It is easy to check
that Sol(M, f) = Sol(K, f). Hence, we need only to prove that Sol(M, f) is
nonempty and compact.

Clearly, M is closed. We claim that M is bounded. On the contrary, we
suppose that there exists an unbounded sequence {z*} C M such that 2" is
nonzero for all k, ||z*|| — 400, and ||2*||~*z* — v for some v € R™ with
[[v]] = 1. One has

v < flaw) < f(2), (3.1)
for all k. Dividing the values in (3.1) by ||z¥|| and letting k¥ — +o0o, we get
fa(v) = 0. This yields v € Sol(Kw, fq). Because of v # 0, Sol(Kw, f4) is
unbounded. This contradicts our assumption and, thus, the claim is proved.

The compactness of M and Bolzano-Weierstrass’ Theorem allow us to con-
clude that Sol(M, f) is nonempty and compact. O

Remark 3.1 From the proof of Theorem 3.1, we see that if f is bounded from
below on K then Sol(K ., fq) is nonempty, i.e. f € OqUU,4. Hence, if f € &4
then OP(K, f) has no solution.

Corollary 3.1 Assume that f = ayz¢+---+a,xe +p where d is even, ap > 0
for all ¢ € [n], p is a polynomial with degp < d. Then, Sol(K, f) is nonempty
and compact.

Proof Clearly, fq = ajz¢+-- -+ a,r? is non-negative over R”. It follows that
fa is also non-negative over K. From Remarks 2.1 and 2.2, it is clear that
Sol(K ., f4) is nonempty and

Sol(K oo, fa) = {7 € Koo : oz + -+ + oz = 0} = {0}.

This means that f € Q4. Clearly, f is bounded from below on K, and the
condition of Theorem 3.1 holds. Therefore, Sol(K, f) is nonempty and com-
pact. O

The following example illustrates Theorem 3.1, in which the constraint set
is neither convex nor semi-algebraic.



6 Vu Trung Hieu

Ezample 3.1 Consider the optimization problem OP(K, f), where the polyno-
mial f is given by f(z1,72) = 23 — r122 and the constraint set K is given
by

K ={(z1,22) € R® : 21 > 0,29 — 21 > 0,€% — x5 > 0}.

Since f3(z1,22) = 23 and Koo = {(z1,22) € R? 1 2y > 0,29 — 21 > 0}, one
has Sol(K, f3) = {(0,0)}. According to Theorem 3.1, Sol(K,, f) is nonempty
and compact.

3.2 An Eaves type theorem for non-regular problems

In this subsection, we investigate the solution existence of non-regular opti-
mization problems, where the objective functions are pseudoconvex on the
constraint sets.

Assume that U is an open subset of R™. One says the polynomial f is
pseudoconvex on U if, for any x,y € U such that (V f(x),y —x) > 0, here V f
is the gradient of f, we have f(y) > f(z). Recall that f is pseudoconvex on
U if and only if Vf is pseudomonotone on U [17, Theorem 3.1], i.e. if, for any
z,y € U such that (Vf(z),y —z) > 0, we have (Vf(y),y —z) > 0.

Lemma 3.1 Assume that K is convex and f is pseudoconvex on an open set
U containing K. If 2° € Sol(K, f), then (Vf(z),xz —2°) >0 for allz € K.

Proof Since f is pseudoconvex on the set U, the gradient V f is pseudomono-
tone on U. Suppose that 2° € Sol(K, f), one has (V f(2?),z — 2°) > 0 for all
x € K (see, e.g., [18, Proposition 5.2]). The pseudomonotonicity of the gradi-
ent implies that (Vf(z),z — 2°) > 0 for all z € K. The lemma is proved. O

Theorem 3.2 (Eaves type theorem) Assume that K is conver and f is
pseudoconvex on an open set containing K. If OP(K, f) is non-regular, then
the following statements are equivalent:

(a) Ifv € Sol(Kwo, fa) \ {0}, then there exists x € K such that (V f(x),v) > 0;
(b) Sol(K, f) is nonempty and compact.

Proof Suppose that OP(K, f) is non-regular. We prove (a) = (b). Assume
that (a) holds. For each k € N, we denote

Ki={zeR" :z €K, |z| <k}

Clearly, K} is compact and convex. Without loss of generality, we can assume
that K}, is nonempty. According to Bolzano-Weierstrass’ Theorem, OP (K, f)
has a solution, denoted by z*.

We assert that the sequence {2} is bounded. Indeed, suppose on the con-
trary that {#*} is unbounded, z* # 0 for all k, ||z*|| — +oo, and ||z*| "1z —
v, where v € K, and |[v|| = 1. For each k, one has

f(z*) < f(x), Vz € K. (3.2)
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Let y € K be given. For k large enough, y € K}, and f(z¥) < f(y). By
dividing two sides of the last inequality by ||z*||¢ and letting k& — +o0, we
obtain fgq(v) < 0. This leads to v € Sol(Kw, fa) \ {0}. Furthermore, since f is
pseudoconvex on Ky, from Lemma 3.1 we have

(Vf(y),y—a") >0 (3.3)

Dividing both sides of the inequality in (3.3) by ||z*|| and letting k — +o0, we
obtain (V f(y),v) < 0. The conclusion holds for any z € K, i.e., (Vf(z),v) <0
for all x € K. This contradicts to our assumption. Hence, {z*} is bounded.

We can assume that ¥ — Z. From (3.2), by the continuity of £, it easy to
check that Z solves OP(K, f), so Sol(K, f) is nonempty.

To prove the compactness of the solution set, we can repeat the previous
argument by supposing that there is an unbounded solution sequence {z*},
and can show that there exists v € Sol(K, fq) \ {0} such that (V f(z),v) <0
for all x € K. This contradicts to (b).

(b) = (a) Since K is convex, one has K, = 0tK and K = K + K.
Suppose that Sol(K, f) is nonempty and compact, but (b) is wrong, i.e. there
exists v € Sol(K oo, fa) \ {0} such that (Vf(z),v) <0 forall z € K. Let & be a
solution of OP(K, f). For any t > 0, one has Z+tv € K and (V f(Z+tv),v) < 0.
Thus, we have

(Vf(@+tv),z — (T +tv)) > 0.
The pseudoconvexity of f yields f(z) > f(2° + tv). Hence, 2° + tv belongs
to Sol(K, f), for any ¢ > 0. This shows that Sol(X, f) is unbounded which
contradicts to our assumption. Thus (a) holds, and the proof is complete. O

Corollary 3.2 Assume that K is convex and f is convex on an open convex
set containing K. If OP(K, f) is non-regular, then the following statements
are equivalent:

(a) Ifv € Sol(Keo, fa) \ {0}, then there exists x € K such that (V f(x),v) > 0;
(b) Sol(K, f) is nonempty and compact.

Proof Since the convexity implies the pseudoconvexity, by applying Theorem
3.2 for the convex polynomial f, we have the assertion. O

The following example illustrates Corollary 3.2.
Ezample 3.2 Consider the polynomial optimization problem OP(K, f) with
the objective function f(x1,x2) = %x% + %m% — x1x2 and the constraint set

K ={(x1,x9) € R?: 2120 > 1,20 > 2}. The gradient and the Hessian matrix
of f, respectively, are given by

o X1 — Tg _ 1 -1
Vf= [xl + éz%} » H= [1 xJ ‘

It is easy to check that K is convex and H is positive semidefinite on the open
set U = {(z1,22) € R?: 129 > 0,29 > 1} D K hence f is convex on K. One
has Ko, = Ri and f3(x1,22) = %x% This yields

Sol(Koo, f3) = {(z1,22) € R? : 1y > 0,25 = 0}.
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For every v = («, 0) in Sol(K, f3)\ {0}, one has & > 0. By choosing the point
x = (3,2) in the constraint set, we get (Vf(x),v) = o > 0. Finally, according
to Corollary 3.2, the solution set of OP(K, f) is nonempty and compact.

4 Stability of the solution map

We investigate the local boundedness, the upper semicontinuity, and the local
upper-Holder stability of the solution map under the regularity condition.

4.1 Upper semicontinuity of the solution map

To prove the local boundedness and the upper semicontinuity of the solution
map, we need the following lemma.

Lemma 4.1 The set Rq is open in Ry[z].

Proof To prove the openness of R4, we only need to show that the complement
Rg[z]\ R4 is closed. Clearly, Ry[x]\ Ryq = Ry_1[z]Uly. Let {g*} be a sequence
in Ry[x] \ Ry such that g¥ — g. From the definition of Ry, if degg < d, i.e.,
g € Ry_1[z], then g € Ry[z] \ Rq. Thus, we can suppose that degg = d. One
has gfj — ¢4, here gfj is the component of degree d of g*.

We now prove that g belongs to U . For each k, Sol(K o, gs) is unbounded.
There exists an unbounded sequence {z*} such that 2% € Sol(K., g¥), ||*| —
+00, ||z¥||7ta* — 7 with ||Z| = 1. Let v € K, be given. One has ||z*||v € K
and gk (||z*|lv) > g%(2*), for any k. Dividing the last inequality by ||z*||¢ and
letting k& — 400, one has g%(v) > ¢%(Z). This conclusion holds for every
v € K. This yields Z € Sol(Kwo, g4). As |Z|| = 1, we have T # 0. It follows
that g belongs to U,. The closedness of Ry[z] \ Ry is proved. O

Recall that a set-valued map ¥ : R™ = R" is locally bounded at @ if
there exists an open neighborhood U of @ such that U,y ¥ (1) is bounded [19,
Definition 5.14]. The map ¥ is upper semicontinuous at @ € T if for any open
set V' C R™ such that ¥ (@) C V there exists a neighborhood U of @ such that
U(u) C V for all u € U. Recall that if ¥ is closed, namely, the graph

gph(¥) := {(u,v) e R™ xR" : v € ¥(u)}

is closed in R™ x R", and locally bounded at u, then ¥ is upper semicontinuous
at u [19, Theorem 5.19].

Proposition 4.1 Assume that K is convex. If OP(K, f) is regular, then the
following statements hold:

(a) The solution map Solk (-) is locally bounded at f, i.e., there exists € > 0
such that the set

O.:= |J SolK,f+y), (4.1)
gEeB(e,d)

where B(e,d) is the open ball in Ry[x] with center 0 and radius e, is bound-
ed.
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(b) The solution map Solk () is upper semicontinuous at f.

Proof (a) According to Lemma 4.1, R4 is open in Ry[x]. There is a closed ball
B(e,d) such that

f+B(e,d) C Rq. (4.2)
Assume to the contrary that O, is unbounded. Then, there exists an un-
bounded sequence {z*} and a sequence {g*} C B(e,d) such that z* solves
OP(K, f + g*) with 2% # 0 for every k, ||2*| — +o0, and ||| ~12* — z with
|z|| = 1. By the compactness of B(e,d), without loss of generality, we can
assume that g* — g with g € Bl(e, d).

From assumptions, for every k, one has

(f + ")) = (f + ¢") ("), (4.3)

for any y € K. Let y € K be fixed and assume that v € K,. By the convexity
of K, one has y + ||2*||v € K for any k. From (4.3), we conclude that

(f + ") + llz"llv) = (f + g°) ().

Dividing this inequality by ||z*||¢ and taking k — 400, we obtain

(f +9)a(v) > (f + g)a(Z).

The conclusion hold for any v € K. It follows that € Sol (K, (f 4+ ¢)d)-
Because of (4.2), Sol (K, (f 4+ ¢)a) is contained in {0}, which contradicts to
|Z]] = 1. Hence, O, must be bounded.

(b) Tt is not difficult to prove that the graph

gph(Sol) := {(g,x) € Ry[z] x R™ : z € Sol(K, g)}

is closed in Ry[z] x R™. Since Solk(+) is locally bounded on R4, according to
[19, Theorem 5.19], Solx (-) is upper semicontinuous at f. O

4.2 Local upper-Holder stability of the solution map

When the constraint set K is convex and given by polynomials, we can inves-
tigate the local upper-Holder stability of the solution map under the regular
condition. To prove the stability, we need the following lemma.

Lemma 4.2 ([20]) Let U be a semi-algebraic subset in R", represented by
U={zeR" :u(x)=0,i€[l],v;(x) <0,j € [m]},

where u;(x),1 € [l], and v;(x),j € [m], are polynomials. For any compact set
V C R", there are constants ¢ > 0 and H > 0 such that

l m
dw0) < o S @)+ 2l )

for all x € V, here [r]; := max{0,r} and d(x,U) the usual distance from x to
the set U.
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Theorem 4.1 Assume that OP(K, f) is reqular and K is a conver set given
by
K={zeR":pi(x)=0,i€[l],qg(z) <0,j € [m]},

where all p;, q; are polynomials. If SOl(K, f) is nonempty, then the map Solk (-)
is locally upper-Holder stable at f, i.e., there exist £ > 0,H > 0 and ¢ > 0
such that

Sol(K, g) C Sol(K, f) + £llg — fII" B, (4.4)
for all g € Ry[z] satisfying ||g — f|| < &, where B is the closed unit ball in R".

Proof Suppose Sol(K, f) is nonempty and its optimal value is f*. Since OP (K, f)
is regular and K is convex, according to Proposition 4.1, there exists € > 0
such that Sol(K, f) C O, defined by (4.1), is bounded. Let V' be the closure
of O.. It follows that V is a nonempty compact set. By the assumptions, we
see that

Sol(K, f) ={z e R": f(z) — f* = 0,pi(z) = 0,4 € [l], ¢;(z) < 0,5 € [m]}.

From this equality, by applying Lemma 4.2 for U = Sol(K, f) and the compact
set V, there are constants cg > 0 and H > 0 such that

d(z,S0l(K, f)) < coA(z) Vz eV, (4.5)
where

l m
Al@) =1 f(@) = £+ D @) + Y lgy (@)
i=1 j=1

Let g € Ry[x] be arbitrary given such that ||g— f|| < €. From the definition
of V, Sol(K, f) and Sol(K, g) are subsets of V. Here, Sol(K, g) may be empty.
By the compactness of V| we define the constant L := max{|| X (z)| : z € V}.
Hence, one has

lg(z) = f(2)| <[ X(@)[lllg = FIl < Lllg = fI| Ve eV (4.6)

If Sol(K, g) is empty, then (4.4) is obvious. Thus, we consider the case that
Sol(K, g) # 0. Since both Sol(K, f) and Sol(K, g) are nonempty and compact,
for any x4 € Sol(K, g), there is 5 € Sol(XK, f) such that

g — 2| = d(zg, SOl(K, [)). (4.7)

Because of p;(z4) = 0 for ¢ € [I] and ¢;(x4) < 0 for j € [m], from the definition
of A(x), one has A(zy) = |f(xq) — f*|- By (4.7) and (4.5), we see that

g — 2yl < CoA(fg)H = colf(zg) — e
Since zy € Sol(K, f), we have f(zy) = f* < f(x4). Therefore, we obtain

lzg — sl < col fzg) = F*I" = co(f(zg) — Flap)™. (4.8)
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It follows from z, € Sol(K,g) that g(xy) — g(xy) < 0. Since x4, z; € V, we
conclude from (4.6) that

flag) = fzp) = (f(xg) = g(2g)) + (9(zg) — g(zf)) + (9(xf) — f(24))
(f(xg) — g(xg)) + (9(z5) = f(zf))
2L|lg = flI.

The inequality (4.8) and the last result lead to

IN A

lzg — sl < co(2L)"||g = FI*,
consequently,
d(zg,Sol(K, f)) = |lzg — x¢ll < Lllg — fII",

where ¢ = co(2L)*.
The conclusion holds for any z, in Sol(X, ¢). Hence, the inclusion (4.4) of
the theorem is proved. a

5 Genericity of the regularity condition

In this section, we discuss the genericity of the regularity condition of polyno-
mial optimization problems.

A subset A is called generic in R™ if A contains a countable intersection
of dense and open sets in R™. If A is generic in R™ and A C B then B also is
generic in R™. Let 7 be a topological space. It is known that if h : R™ — T
is a homeomorphism and A is generic in R™, then h(A) is generic in 7.

Let U C R™ be a semi-algebraic set. Then, there exists a decomposition
of U into a disjoint union [21, Theorem 2.3.6], U = U;_,U;, where each U;
is semi-algebraically homeomorphic to (0,1)%. Here, let (0,1)° be a point,
(0,1)F C R* be the set of points = (x1,...,x}) such that z; € (0,1) for all
j € [k]. The dimension of U is defined by dim(U) := max{dy,...,ds}. The
dimension is well-defined and does not depends on the decomposition of U.
Recall that if U is nonempty and dim(U) is zero, then U has finitely many
points. Furthermore, if dim(R™ \U) < m, then U is generic in R™ (see, e.g.
[22, Lemma 2.3]).

The space generated by all monomials of degree d listed by lexicographic
ordering {x?,xfflxg,wfflxg, ...,x3} is denoted by H4. One has the direct
sum Ry[z] = HqPRy_1[z]. The dimension of H4 is denoted by 7. For every
homogeneous polynomial h € H,4, one has a unique b € R”, such that h(x) =
bT X 4(z), where

XT () = (28, 29 g, 29 s, ... 2.

rrn

Here, V(b7 X4(z)) is the gradient vector of b7 X,4(z) and D[V (bT X4(z))] is
the Jacobian matrix of b7 X,4(x) with respect to b.

Lemma 5.1 One has rank(Dy[V (b7 X4(2))]) = n for all z € R™\{0}.
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Proof In the proof, we are only interested in the monomials xf_lxj, where
i,j € [n]. Hence, for convenience, we rewrite X7 (x) and b7 respectively as
follows:

(:E‘f,:cf_lxg, . ,xf‘lxn; s adT ey ey s )
and
(b117b127"'7b1n; cees bnlabn%”wbnn; )
Then, we have
' Xa(w) = D bua{ g Y baga e+ Q, (5.1)
Jj€ln] J€ln]

where (@ is a homogeneous polynomial of degree d.
From (5.1), an easy computation shows that
o(b" Xq(z))
8’12'7;

oQ
al‘i ’

= db”l'gil + (d — 1) Z bijngng + Z bjil'?il +
J#i J#i

and the n x n-matrix D[V (b7 X4(z))] can be described as follows
Db[V(bTXd(fE))] = |:M1?M27"' aan"' i|7
where the submatrix M;, for ¢ € [n], is defined by
2L Oixi Oix(n—i
M; = | Lixgo1y dzl™' Rixms
Oix(n-i) Om—iyx1 x;'iillnfi

with I being the unit k& X k-matrix, O« being the zero k X s-matrix,
le(ifl) = ((d — 1).1‘?721‘1, ey (d — 1)1‘?72131'_1),

and
Rlx(nfi) = ((d — 1)$;—1_2$i+1, ey (d — 1)3};1_2.’13") .

We observe that det(M;) = dxf(d_l), for all ¢ € [n]. Since x # 0, there exists
[ € [n] such that z; # 0. This implies that rank(M;) = n. Hence, the rank of
Dy[V(bT X4(x))] is n, for any x # 0. O

Suppose that C' is a polyhedral cone given by
C={xeR": Az > 0}, (5.2)

where A = (a;;) € RP*™. Let KKT(C, g), where g € Rg[z], be the set of the
Karush-Kuhn-Tucker points of OP(C,g), i.e., z € KKT(C,g) if and only if
there exists A € R? such that

{Vg(z) —ATx =0,

M (Az) =0, A >0, Az > 0. (5.3)
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From the Karush-Kuhn-Tucker conditions, we see that Sol(C, g) C KKT(C, g)
for all g € Rylx].

For each index set a C [p], we associate the pseudo-face C,, of C, which is
denoted and defined by

Co = {xeR” : zn:aijxj =0 Vi€ q, iaijxj >0 Vie [p]\oz}7
j=1

Jj=1

where a;; is the element in the i-th row and the j-th column of A. The number
of pseudo-faces of C is finite. These pseudo-faces establish a disjoint decom-
position of C'. So, we obtain

KKT(C,g) = | J (KKT(C,g)NCq), (5.4)
aC[p]

The following proposition shows that the Karush-Kuhn-Tucker set-valued
map of homogeneous polynomial optimization problems

KKT¢ : R" = R", b+ KKT¢(b) = KKT(C,b" X4()),

is finite-valued, i.e., the cardinal # KKT¢(b) is finite, on a generic semi-
algebraic set of R".

Proposition 5.1 Assume that C is a polyhedral cone given by (5.2) and the
matriz A is full rank. Then, there exists a generic semi-algebraic set S C R"

such that # KKT¢(b) < oo for any b € S.

Proof Let C,, be a nonempty pseudo-face of C' and 0 ¢ C,,. This implies that
Xa(x) is nonzero on this pseudo-face. We consider the function

Byt R xCy x RPN — RMH
which is defined by

Ba(b 2, M) = (V0T Xa(w)) + 30 Nids, Aaz),
1€
where A,z = (Ailx,...,Ai‘a‘z),ij € a. Clearly, C, is smooth and @, is a
semi-algebraic function of class C*°. The Jacobian matrix of @, is determined

as follows
Db [V(bTXd(l‘))] ‘ * ‘ Ag :|
Oajxn | Aa | Ojalxjal

From Lemma 5.1, for all € C,, the rank of D,[V (b X4(x))] is n. Since the
rank of A, is |a|, we conclude that the rank of the matrix D@, is n + |« for
all € Cy. Therefore, 0 € R™™*V is 4 regular value of ®,. According to
the Sard Theorem with parameter [22, Theorem 2.4], there exists a generic
semi-algebraic set S, C R" such that if b € S, then 0 is a regular value of the
map

D@a:[

B p: Co x RIS RO B (2, 0) = Bo(b, 2, Ao).
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We see that 2(a,b) := @;’11)(0) is a semi-algebraic set. From the Regular Level
Set Theorem [23, Theorem 9.9], we can claim that if 2(«,b) is nonempty
then the set is a 0—dimensional semi-algebraic set. It follows that £2(a,b) is a
finite set. Moreover, from (5.3), one has KKT¢(b) N C, = w(£2(x, b)), where
7 is the projection R"*1®l — R™ which is defined by m(x, Ao) = x. Hence,
KKT¢x(b) NC, is a finite set.

We consider the case that 0 € C,, and define U := C,, \ {0}. As is clear, U
is semi-algebraic. From (5.3), we see that 0 € KKT¢(b). Hence,

KKTc(b) N Co = {0} U (KKTe(b) N U).

From the previous argument, KKT¢(b)NU is a finite set. By the decomposition
(5.4), KKT¢(b) is a finite set.

Take S = Nacpp] Sa, it follows that S is generic in R” and KKT¢(b) has
finite points for any b € S. Hence, # KKT¢(b) < oo for all b in S. The proof
is complete. a

Corollary 5.1 Assume that C' is a polyhedral cone given by (5.2) and the
matriz A is full rank. Then there exists a generic set Gq in Hgq such that
# S0l(C, g) < oo for any g € Gq.

Proof Since R" and H,4 are homeomorphic, with the isomorphism I7 : R" —
Ha defined by I1(b) = bT X4(x). According to Proposition 5.1, there exists a
generic set S C R” such that the Karush-Kuhn-Tucker set KKT(C, b) is finite,
for any b € S. Clearly, G4 := II(S) is generic in Hg4. Since Sol(C,bT X4(z)) C
KKT(C,b), one has # Sol(C, g) < oo, for any g € Gg. O

Remark 5.1 If the constraint K is represented by
K={zeR":q1(z) <0,...,gn(z) <0}, (5.5)

where q1,...,¢qy, are convex polynomials, then the recession cone of K is a
nonempty polyhedral cone. We denote

K7 ={z e R":q;(z) <0}, j€[m].

For each j € [m], K7 is closed convex set, and K7 is polyhedral (see [9, p.39]).
Since K = K'n---N K™, according to [3, Proposition 2.1.9], one has

Ko=) K.
J€lm]

If follows that K, is a nonempty polyhedral cone. Hence, there exists a matrix
A € RP*™ such that

Ko ={z €R": Az > 0}. (5.6)

Theorem 5.1 Assume that K be represented by (5.5) and the cone Ko rep-
resented by (5.6), where A is full rank. Then, the set Ry is generic in Ry[z].
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Proof From Remark 5.1, the recession cone K, is a nonempty polyhedral cone,
where Koo = {x € R" : Az > 0}. According to Corollary 5.1, there exists a
generic set G4 in Hg such that # Sol(K o, g) < oo for any g € G4. Because of
the direct sum Ry[z] = Hqg ®Ry_1[z], the set Gg & Ry—1[z] is generic in Ry[x].
It is easy to check that Gg @ Ry_1[x] C R4. Hence, R, is generic in Ry[z]. O

Ezample 5.1 Consider the problem OP(K, f) given in Example 2.1, we see
that

Rgz{a2x2+a1x+a0:a27§0,a1 €R,ap € R}

is open and dense in Ry[z].

Perspectives

The regularity condition enables us to investigate the stability of the optimal
value function of polynomial optimization problems. Furthermore, the regu-
larity condition is useful to study the connectedness of the solution sets of
convex polynomial vector optimization problems.
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