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DOUBLING BIALGEBRAS OF FINITE TOPOLOGIES

MOHAMED AYADI AND DOMINIQUE MANCHON

ABsTrACT. The species of finite topological spaces admits two graded bimonoid structures, recently
defined by F. Fauvet, L. Foissy, and the second author. In this article, we define a doubling of this
species in two different ways. We build a bimonoid structure on each of these species and describe
a cointeraction between them. We also investigate two related associative products obtained by

dualisation.
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1. INTRODUCTION AND PRELIMINARIES

The present article considers all finite topological spaces at once, and aims at investigating
how they organise themselves into a rich algebraic structure, along the lines opened by L. Foissy,
C. Malvenuto and F. Patras in [12, 13]. It is a follow-up of [1 1] by E. Fauvet, L. Foissy and the
second author, in the context of a doubling procedure first developed by M. Belhaj Mohamed for
specified Feynman graphs [4, 5].

The general idea of the doubling procedure can be outlined as follows: from a connected
graded Hopf algebra I linearly generated by a basis B of combinatorial objects, on can gener-
ate a bialgebra D from ordered pairs (I', y) where I' € B and vy is a sub-object of T, in a sense
to be precised. The original motivation came from renormalisation in Quantum Field Theory,
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2 MOHAMED AYADI AND DOMINIQUE MANCHON

more precisely from the formulation of the Bogoliubov-Parasiuk-Hepp-Zimmermann algorithm
one can read in Physics textbooks prior to the Connes-Kreimer Hopf-algebraic formalism, such as
[16, Chap. 8]. The Feynman rules consist, for each one-particle-irreducible Feynman graph I" of
the theory at stake, in integrating the corresponding function Gr with respect to internal momenta,
thus producing a function Fr = Ir(Gr) depending on the external momenta only. These integrals
are notoriously divergent in general, and therefore ask for regularisation and renormalisation. The
renormalisation procedure (see e.g. [16, § 8.1]) makes use of the operators I, consisting in in-
tegrating (in a suitable regularised sense) only with respect to the internal momenta of a locally
1PI subgraph y of T'. To be precise, Ir, is obtained from the subtraction operator M, defined by
Equation (8.3a) in [16] by replacing the Taylor truncation ‘J'Z$ by the identity operator.

For any locally 1PI subgraph ¢ of vy it is possible to proceed in two steps, which gives

Ir,y = Irys, y/§ © Irs,

with the usual notation to denote contracted graphs. The operator I, is the identity if the sub-
graph vy is loopless, and Ir-r is the full integration Ir. The identity above in the case y = I can be
rewritten as

Ir = Iry5 0 Irg.

The pairs (I', y) as above generate the doubling bialgebra of the Connes-Kreimer Hopf algebra,
the degree being the loop number of the subgraph y. The second projection (I', y) +— v is a graded
bialgebra morphism [5] onto the Connes-Kreimer Hopf algebra of specified graphs [4].

The doubling procedure has been adapted by M. Belhaj Mohamed and the second author to the
Hopf algebras of rooted forests [8], and shows in the present work to be relevant also in the finite
topology framework.

Recall (see e.g. [17, 19, 11]) that a topology on a finite set X is given by the family T of open
subsets of X, subject to the three following axioms:
e gecT XeT,

e The union of (a finite number of) open subsets is an open subset,
e The intersection of a finite number of open subsets is an open subset.

Any topology T on X defines a quasi-order (i.e. a reflexive transitive relation) denoted by <s on
X:

(1.1) x <7 y &< any open subset containing x also contains y.

Conversely, any quasi-order < on X defines a topology T« given by its upper ideals, i.e. subsets
Y c Xsuchthat (ye€ Yandy <z) = z € Y. Both operations are inverse to each other:

(12) S{]’S:S, TS‘J‘ =7.

Hence there is a natural bijection between topologies and quasi-orders on a finite set X. Any
quasi-order (hence any topology T ) on X gives rise to an equivalence relation:

(1.3) X~y (x<yyandy <y x).

More on finite topological spaces can be found in [3, 10, 18, 19].
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Let us recall the construction from [10] of two bimonoids [ 1, 2] in cointeraction on the linear
species of finite topological spaces, which orginated from a previous Hopf-algebraic approach
[12, 13]. Let T and J” be two topologies on a finite set X. We say that J” is finer than 7T, and we
write T’ < J, when any open subset for T is an open subset for J’. This is equivalent to the fact
that forany x,y € X, x <¢» y = x <5 y.

The quotient T/J" of two topologies T and J” with J” < T is defined as follows ([ | |, Paragraph
2.2]): The associated quasi-order <5 is the transitive closure of the relation R defined by:

(1.4) xRy &= (x <y yory <y x).

Recall that a linear species is a contravariant functor from the category of finite sets with bijections
into the category of vector spaces (on some field k). The tensor product of two species E and F is
given by

(1.5) (E®F)y = @ Ey @ Fy,
Yuz=X

where the notation LI stands for disjoint union. The species T of finite topological spaces is
defined as follows: For any finite set X, Ty is the vector space freely generated by the topologies
on X. For any bijection ¢ : X — X', the isomorphism T, : Ty» — Ty is defined by the obvious
relabelling:

T(T) ={¢"'(Y).Y € T}
for any topology J on X’.

For any finite set X, let us recall from [! 1] the coproduct I" on Ty:

(1.6) (T = Z T QT/T.

TT

The sum runs over topologies J” which are J-admissible, i.e

e finer than T,
e such that T}, = J}y for any subset ¥ C X connected for the topology 7",
e such that for any x,y € X,

(17) X~y Yy &= X ~g 90 Y.
A commutative monoid structure ([ |, Paragraph 2.3]) on the species of finite topologies is de-
fined as follows: for any pair X;, X, of finite sets we introduce
m . Txl ®TX2 4 TX]LIXZ
T1® T, — T172,

where 7,7, is the disjoint union topology characterised by Y € T,7, if and only if Y N X; € T}
and Y N X, € T,. The unit is given by the unique topology on the empty set.

For any topology J on a finite set X and for any subset Y C X, we denote by Jy the restriction
of T to Y. Itis defined by:

Ty ={ZNY,ZeT}.
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The external coproduct A on T is defined as follows:

A:Ty — (T®T)y= @TYQ;TZ

Yuz=Xx
T Z i]]x\y ® (.T|y.

YeT

The internal and external coproducts are compatible, i.e. the following diagram commutes for
any finite X.

Ty Ty ®Tx
Al ll@A
(T®T)y Tx ®(T®T)x
Irer ml3
P Txyy @ Txyy ® Ty ® Ty

Ycx

Now consider the graded vector space:

(1.8) H = K(T) = @5{”

n>0

where J{;, = k.1, and where J{, is the linear span of topologies on {1, ..., n} when n > 1, modulo
the action of the symmetric group S,. The vector space H can be seen as the quotient of the
species T by the “forget the labels” equivalence relation: T ~ J” if T (resp.J”) is a topology on a
finite set X (resp. X’), such that there is a bijection from X onto X’ which is a homeomorphism
with respect to both topologies. The functor X from linear species to graded vector spaces thus
obtained is intensively studied in ([, chapter 15]) under the name ’bosonic Fock functor”. This
naturally leads to the following:

e (J,m,A) is a commutative connected Hopf algebra, graded by the number of elements.

o (H,m,I') is a commutative bialgebra, graded by the number of equivalence classes minus
the number of connected components.

o (J,m,A) is a comodule-bialgebra on (H,m,I'). In particular the following diagram of
unital algebra morphisms commutes:

H HH
Al ll@A
HeH HoHH

rer ml3

HOIHHH
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On the vector space freely generated by rooted forests, Connes and Kreimer define in [&, 9, 14]
a graded bialgebra structure defined using allowable cuts. In [7], D. Calaque, K. Ebrahimi-Fard
and the second author introduced bases of a graded Hopf algebra structure defined using contrac-
tions of trees. M. Belhaj Mohamed and the second author introduced in [6] the doubling of these
two spaces and they built two bialgebra structures on these spaces, which are in interaction. They
have also shown that two bialgebra satisfied a commutative diagram similar to the diagram of [ 7]
in the case of rooted trees Hopf algebra, and in the case of directed graphs without cycles [15].

In Section 2 of this paper, we define two different doubling species D and D of the species T.
For later use will also consider D = %(D) and D = %(ﬁ). The species D is defined as follows:
For any finite set X, Dy is the vector space spanned by the pairs (7, Y) where 7 is a topology on
X and Y € J. Similarly, Dy is the vector space spanned by the ordered pairs (7,7’) where T is a
topology on X, and 7’ 7. We prove that there exist graded bimonoid structures on Dy and Dy,
where the external and internal coproducts are defined respectively by

(1.9) AT, Y) = ) (T2,.2) 8 Tz, Y\2),

ZG{T‘Y

for all (T,Y) € Dy, and

(1.10) [J,7) = Z (T, T T/T",T|T").

T @t:]‘/

for all (T,77) € ﬁx. We show the inclusions A(Dy) ¢ (D ® D)y = @ Dy ® D7 and F(ﬁx) C

Yuz=X
Dy ® Dy, and that A and I" are coassociative. It turns out that only the internal coproduct I is
counital.

In Section 3, after a reminder of the main results of [11], we show an important restriction
result, namely the notion of J-admissibility is stable under restriction to any subset (Proposition
3.2), and we prove that Dy admits a comodule structure on ﬁx given by the coaction @ : Dy —
ﬁx ® Dy, which is defined for all (7, Y) € Dy by:

OT, = Y (TT)eT/T.Y)

T'RT,YeT/T
r‘T\,X\Y:DX\Y,T ’

where, for any topology 7 on a finite set X, the finest J-admissible topology is denoted by Dy 5.
The connected components of Dy are the equivalence classes of T, and Dy s restricted to each
connected component is the coarse topology. For any Y C X, we note Dyg for Dyg,, .

Remark 1.1. We obviously have d(Dy5) = 0 where d is the grading given by the number of
equivalence classes minus the number of connected components [ | 1]. We also clearly have

T/Dyq = T.
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In Section 4, we construct an associative product on D given by * : D ® D — D, defined for
all (T1,Y,) € Dy, and (73, Y») € Dy,, (where X; and X, are two finite sets) by:

(‘_TI,YI) . (‘_Tz, Yz) R (T],Y] L Yz) 1fX2 =X \Y] and‘J'z = (II|X2
0 if not.

This product is obtained by dualising the restriction of the coproduct A to Dy, identifying Dy with
its graded dual using the basis {(Z, Y), T topology and Y € T}. We accordingly construct a second
associative algebra structure on Dy by dualising the restriction of the coproduct I to Dy, yielding
the associative product % : Dy ® Dy — Dy, defined by:
T, W ifT, =T,/7T;
T, T7) % (T, T, !
(T1, TY) % (T 2)'_){0 if not,
where U is defined by 77 = U/T7].

Finally, we define in Section 5 a new map

f:ﬁx@ @ Dy®DZ—>ﬁx® @ Dy®DZ

YuzZ=X YuZ=X
by:
E(T,T)e (T, Y1) ® (T2, 1)) = (TIY17|X\Y1’ T|Y1T|X\yl) ® (J1, Y1) ® (T2, Vo).
We prove that the coaction ® and the map & make the following diagram commute:

(0]

Dy Dy ® Dy
A 1dsA
(D ®D)x Dy ® (D ® D)y
ORD ¢
§35y®Dy®ﬁny®Dmy’m3 Dy ® (D ® D)y
Applying the functor K leads to the diagram:
D 2 DeD
Al J/Idm
DeD DeD®D
<D®d>l J/f
DeDOD®D DeD®D

13

where we have written A for K(A) and so on. All arrows of this diagram are algebra morphisms.
As any oriented graph gives rise to a quasi-poset structure, hence a topology, on its set of ver-

tices, we plan in a future work to adapt the results obtained here to Hopf algebras and bialgebras
of oriented graphs [15].
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2. DOUBLING BIALGEBRAS OF FINITE TOPOLOGIES

Let X be any finite set, and Dy be the vector space spanned by the pairs (7, Y) where 7T is a
topology, and Y € J. We define the coproduct A by:

A:Dy — (D&D)x = (P D, ® Dy,

zcX

(V) — ) (T, 28], . Y\2).

ZEle

Theorem 2.1. D is a commutative graded connected bimonoid, and D = %(D) is a commutative
graded bialgebra.

Proof. To show that D is a bimonoid [ 1], it is necessary to show that A is coassociative, and that
the species coproduct A and the product defined by:

(T, YD)(T2, Y2) = (172, Y1 U Y2)
are compatible. The unit 1 is identified to the empty topology, and the grading is given by:
2.1 dT,Y)=1Y|.
The associativity of the product is given by the direct computation:
(N7, Y1 uY2) (T3, Y3) = (717273, Y, U Y, U ¥3) = (T4, Y)(T273, Yo U Y3).

The coassociativity of coproduct A is also straightforwardly checked:

(A®id)AT,Y) = (A® id) Z(le’ 2)® (3|, ,Y\2)

ZEle

Y, T,Wedy, 2\Me T, 1\2),

W€T| . Z€T| Y

and

(id ® NAT, Y) = (id ® A) Z (7,2 © T, ,Y\2)

ZEle

- Z (T|z’ 2)® (T|U’ v)® (T| x\(zuuy’ Y\(zu U))'

UE{I'Y\Z’ ZE‘Ily

Coassociativity then comes from the obvious fact that (W, Z) +— (W, Z\W) is a bijection from
the set of pairs (W, Z) with Z € le and W e ‘J'|Z, onto the set of pairs (W, U) with W € le and

U e ‘J'| o The inverse map is given by (W, U) — (W, W U U). Finally, we show immediately
that
A((Ty, Y1)(T2, Y2)) = A(T1 T2, Yy U Ya) = AT, YDA(T, V).
O

Remark 2.1. The bimonoid D is not counitary, because (7, Y) ® 1 never occurs in A(7T, Y) unless
Y=X.
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Let Dy be the vector space spanned by the ordered pairs (T, J") where T is a topology on X and
J"Q7T. We define the coproduct I for all (T,7”) € Dy by:

(7,7 = Z T, T (T/T", T |T").

T @t:]‘/

Lemma 2.1. ([! 1, Propostion 2.7]) Let T and T be two topologies on X. If T” QT, then
T+ T"/T" is a bijection from the set of topologies T’ on X such that T QT QT , onto the set
of topologies U on X such that UQT[T".

Theorem 2.2. D is a commutative graded bimonoid, and D = K(D) is a graded bialgebra.

Proof. To show that D is a bimonoid, it is necessary to show that I' is coassociative and that the
species coproduct I" and the product defined by:

m((T1, TD(T2, 7)) = (7172, T173)

are compatible. The unit 1 is identified to the empty topology, the counit € is given by (7T, 7T") =
€(J") and the grading is given by:

(2.2) d(T, T =dT"),

where the grading d on the right-hand side has been defined in the introdution.
We now calculate:

Tid)I(T,7") =T ®id) Z (T, T T/T", T[T

T @t:]‘/

— Z ((Jv’ (Jv///) ® ((J'/(J'I/I, (J'I//(J'I/I) ® ((J'/(J'I/, (,T//(,TH),

qrr @T// @t:]‘/

On the other hand;

(id® DT, T') = (id ®T) Z (T, T (T/T", T /T")
T

= Z (7T (T/T", T & (T/T)/T1, (T[T /T)

T @‘J"I, ‘J’l @‘J"I /T//

- Z (T, T (T/T", W/T") & (T/U, T’ /).

T QULT’

The result then comes from Lemma 2.1. Hence, (I' ® id)[" = (id ® I')I', and consequently I is
coassociative. Finally we have directy:

r((‘Tl s ‘T; )(729 Té)) = r(‘Jﬂl ’ ‘J’; )F(TZ, Té)
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Proposition 2.1. The second projection
P, : D—T
T, T)+— T
is a bimonoid morphism with respect to the internal coproducts.
Proof. The fact that P, respects the product is trivial. It suffices to show that P, is a coalge-
bra morphism for any finite set X, analogously to Proposition 1, i.e, P, verifies the following

commutative diagram:
P

ﬁx ITX
| !
Dy ® Dy o Tx® Tx

which can be seen by direct computation:
[oPy(T,T") =T(T")

= > TeT/T"

‘:]'N@‘:]'/
- Z Py(T, T @ Py(T/T", T |T")
T"QT’

= (P, Q@ P))I'(T,T").

3. ComoDULE-HOPF ALGEBRA STRUCTURE

3.1. Comodule-Hopf algebra structure on the commutative Hopf algebra of finite topologies
[11]. F. Fauvet, L. Foissy and the second author have studied the Hopf algebra (J(, m, A) as a

comodule-Hopf al&bra on the tialgebra (H,m,I'), where H = %(T). Hereﬂhe notations m, A, I’

are shorthands for K(m), K(A), K(I') respectively. The coaction is the map K(¢) : H — H & H
where ¢ is defined as follows:

H(T) = T(T) = Z T T/T.

T'T

Proposition 3.1. [ 1] The internal and external coproducts are compatible, i.e. the following
diagram commutes.

T Te®T
]
(TeT)y 1d®A
F®FL
P TyeTy®T, T, T®(T®T)y

1.3
YUZ=X m
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i.e., the following identity is verified:
(Id®A)oT =m'3 o (F®T) 0 A,
where m'? : Tx, ® Tx, ® Tx, ® Tx, — Tx,ux; ® Tx, ® Ty, is defined by
mP(TeTeT;0T,)=7T:07T,® T,

Applying the functor X yields the comodule-Hopf algebra structure of (I, m, A) on the bial-
gebra (3, m,I'). In particular the diagram above yields the commutative diagram

r

H HOH
!
HH 1d®A
r®rl
HOHIHOH HOHH

3.2. A restriction result. We prove that the admissibility relationQ between two topologies on
the same finite set X, which is the key to the definition of the inernal coproduct I', is robust under
restriction to any subset.

Proposition 3.2. Let T be a topology on a finite set X. For any subset W C X and for any J' QT
we have T|W€>‘J'|W.

Proof. Let T be a topology on a finite set X, let W be any subset of X, and let 7" Q7. Let
R (resp. R’) be the relation defined on X by aRbif andonlyif a <y b or b <y a (resp.
aR’b if and only if a <5 b or b <5 a). We have T’ Q7 hence R’ implies R.

e The relation ‘JJ|W < ‘J'|W is obvious.

e If Y ¢ W connected for the topology 7, and x € Y, we have

Y = {y € W, there is a chain xR't; - - - R't,R’y, with t,, ..., t, € W}.

The set Y := {y € W, there is a chain xR't| - - - R't,R’y, with t,, ..., t, € X} is a connected
component of X for the topology T, so T’ ;= Tl’f’ hence a fortiori le = ‘J'| , because the

inclusion Y c Y holds.

oletx,y e W. If x ~g T, Y there is #1,...,1, € W, j € [n], y = t; such that
W w
XR't; - - - R't,R’x. This implies xR¢t,...Rt,Rx, therefore x ~Tw /T y. Conversely, if x T Ty
y there is t1,...,t, € W and j € [n] with y = t;, such that xRt ---Rt,Rx. For A =
{x,t1,...,1,}, we have for all ¢ and b in A, a ~3/» b. Since T’ &7, we have a ~g ;5 b,
hence a and b in the same connected component Z for the topology J”.

We have T|z = ‘J'|Z and A C Z, hence ‘JJlA = ‘J'|A. Then for all a,b € A, aRb if and only

if aR’b, so we have xR’t; - - - R't,R’ x, therefore x ~ & y.
T lw! T 1w Y

O
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3.3. Comodule structure on the doubling bialgebras of finite topologies. For any finite set X,
we define @ : Dy — Dy ® Dy, for all (7, Y) € Dy by:

O(T,Y) = Z (T, T)® (T/T, Y).
T'QT, YeT /T,
T loy=Prr
The map @ is well defined.

Theorem 3.1. D admits a comodule structure on D given by .

Proof. The proof amounts to show that the following diagram is commutative for any finite set X:

Dy e Dy ® Dy
| e
Dy ® Dy — Dy ® Dy ® Dy

Let (7,Y) € Dy:

T®id)d(T,Y) =T ®id) Z T, THYe(T/T,Y)

T'QT,YeT/T',
T hoy=Prva

= ) (@INeT/TTTNT/T,Y).

T"T'Q7T,YeT/T',
T oy=Prv

On the other hand, we have

(id ® DYD(T, Y) = (id ® D) Z (T, 7)® (T/T,Y)
TR7T,YeT/|T’,
{I,|X\y:DX\Ys a7
T, T T/T,T)R(T/T)T1,Y)
T'QT,YeT /T, T1T /T, Ye(T/T")/T1,
TlX\Y:DX\KT' TI|X\Y:DX\K71
(T, T)(T/T, UWT)(T/WU,Y).

T RQULT, YeT /T’
Ux\y=Dx\vu

Then,
(ildD)o®d =T ®id) o D,

and consequently @ is a coaction. O
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Proposition 3.3. © is a monoid morphism, i.e. the following diagram is commutative:

0]

Dy Dy ® Dy
m Idem
(D ® D)y v © . ﬁX‘X’(D@D)X o
e meldeld

P Dy ® Dy ® Dyyy ® Dyy ——— D Dy ® Dx\y ® Dy ® Dyyy

Ycx Ycx
Proof. Let (T71,Y;) € Dy, and (7,Y,) € Dyx,, with X; U X, = X. Let J] &7} and 77 7,. Then
J17, ©717,. Conversely, any topology U on X such that U 7,7, can be written J77T, with
T = Uy, fori = 1,2, and we have T QT;. We have then:

®om((T1,Y1)® (T2, 12)) = Z (T1T2, W ((T1T2)/U, Yy U Y,)

ULT, Y uY,eT T, /U
Uy uxy\ vy 0¥, =Dxy uxy\vyuvs U

On the other hand, we have
(@ ®D)((T1, Y1) ® (T2, 12)) =
>, (T, TN @ (T1/T}, Y1) © (T2, T3) & (T2/T3, V),

rf{ 71, Tg |X1 i :Dxl\yl’(f{ , Y1eT) /Tg
‘:Té@‘:TQ, Téle\YZZDXZ\YZ’(‘Té’ YzETz/Té

therefore
(m®m)o1y0(PRD)(T),Y))® (T2, 12))
= >, (1172, T(T) @ (T1/T))(T/T3), Y1 U Vo)
{Ig 71, ‘I{ |x1\y1=DX1\Y1’7§ , Y1eT) /{Ig
Té@‘:TQ, TélXZ\YZZDXZ\YZ"Ié’ YQGTQ/Té
=0o m((Tl’ Yl) ® (72’ YZ))
Hence

Dom=(Mm®m)oT1y0 (DR D).

4. ASSOCIATIVE ALGEBRA STRUCTURES ON THE DOUBLING SPACES

4.1. Associative product on D. For any finite set X, recall here that an element (7, Y) belongs
to Dy if T is a topology on X and Y € 7.

Theorem 4.1. The product = : D ® D —> D defined for all (T, Y,) € Dy, and (T», Y,) € Dy, by:
JLruy f X, =X\ Yyand T, =Ty,
(TI,YI)*(Tz,YQ)I—){( LY Ub) lf 2 1\ 1 ) Iy,

0 if not

Is associative.
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Proof. Let (71, Y1), (72, Y2) and (73, Y3) be three elements of Dy,, Dy, and Dy, respectively. We
suppose first that X, = X; \ Yy and 7, = T, " otherwise the result is zero.
2

(T, 1) * (T2, 12)) * (T3, Y3) = (T, Y1 U Y2) (T3, ¥a)
=LY uY,ubs),
whenever X5 = X\(Y, U Yy) and T3 = T = the left-hand side vanishing otherwise. Hence,
3

(T, Y uY,uYs)
((Tl, Yl)*(TZ, Y2))*(73, Y3) = 1fX2 = X] \ Y], X3 = X] \ (Y] LI Yg), (.TQ = T]|X2 and (.Tg = (II|X3

0 if not.
On the other hand, we have

(T, YD) * (T2, Y2) % (T3, ¥3)) = (T1, Y1) * (T2, Yo LU V3)
= (T, uY,UYs),
whenever X; = X, \ Y, and T3 = ‘J'2|X%, aswellas X, = X; \ Yyand T, = ‘J'1|X . Then
2 2

JL,YiuY,uYs)
(Tl, Yl)*((TZ’ Y2)*(T3, Y3)) = 1fX2 = X] \ Y], X3 = X2 \ Yz, (.TQ = TI|X2 and (.Tg = (.TQ|X3

0 if not.
We therefore conclude that for all (77, Y1), (75, Y»), (T3, Y3) € Dy, we have

(T, Y1) % (T2, Y2)) * (T3, Y3) = (71, Y1) * (T2, Ya) * (T3, ¥3)),

which proves the associativity of the product x. O

4.2. Associative product on D. Recall here that an element (T7,7") belongs to ﬁx if T and 7’
are both topologies on X such that 7' Q7.

Theorem 4.2. The product % : Dy ® Dy —> Dy, defined by:

ol P2 0 if not

is associative, where U is defined by T, = U/T7]. ([11, Proposition 2.7], see Lemma 2.1).

Proof. Let (T1,77), (T2, 73) and (T3, T}) be three elements of ﬁx, Le., J1Q71, 7372 and T;QTs3.
We suppose first that T, = T, /77, otherwise the result is zero.

((T1,TD) % (T2, T3)) % (T3, T3) = (T1, W) % (T3, T3),
where U is defined by 77 = U/T], then

((T1, T % (T2, T3)) % (T3, T3) = (T1, V)
where V and U are defined by T = V/U, and T = U/T]. Then,

(71,V) ifT,=T7,/T7and T3 = T, /U

(71, T % (T2, 7)) % (T3, T3) V— {O ot
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Where T, = U/T7, and T}, = V/U.

On the other hand, for T3 = 7,/77, we have
(T, T % (72, T3) % (T3, T3) = (71, T} % (T2, W),

where T} = W/T}, where T3 = 7,/7%, and T, = 7,/7}. Then T3 = T,/T, = T;/W, and
W =2/T]. Hence

T,2) ifT=T/(T,uT)and T, =T,/T,

(T T) % (T2, T) % (T2, T9) = {( BRI =TI ) and T = T

0 if not.

Where Z is defined by W = Z/77, and T, = W/T7. It remains to show that V = Z: We have
VU= T4 =W/Ty=(Z/TD/UWT) = Z/U.

Moreover, T3 = T,/T = (7,/77)/(W/T}) = T1/U. We therefore conclude that for all (77, T7),
(T2, 7T7%) and (T3, T%) in Dy, we have

((‘Tla ‘I;) X (72, Té)) X (73’ T;) = (Tl’ Ti) X ((72’ Té) X (73, Té)),

which proves the associativity of the product x. O

5. OTHER RELATIONS BETWEEN BOTH DOUBLING SPECIES D AND D
5.1. An action of D on D.
Definition 5.1. For any finite set X, let ¥ : Dy ® Dy — Dy be the map defined by:

J,Y) ifu=7J/7T

P((T,T)e U, Y)) = {0 if not.

Proposition 5.1. ¥ is an action of D on D.

Proof. We have to verify the commutativity of this diagram:

ide®¥

Dy ® Dy ® Dy Dy ® Dy
X@idl l‘l’
Dy ® Dy - Dy

Let (T, 77) and (75, J7) be two elements of D x » and (U, Y) € Dy. We have

T,T)® (T2, Y) if U=T,/T
(id®\P)(((-Tl,(-TI)®(72,Té)®(u,Y)):{E)l et ;fnot o

Then,

TJ,Y) ifU=7,/T,and T, = T,/T"
\Po(id@\y)(m,iﬁ)@(irz,iré)@(u,Y)):{(()‘ P SR AR =

On the other hand, we have

TV W, Y) if T, =T,/T]

xQid)(T1,TD® (T2, T (U, Y)) = {0 if not
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where T7, = V/T}. Then,

W o (@ id)(T1, T) ® (T2, T ® (U, Y)) = {g‘T" " E:z;: TifT; end U =T /Y
Moreover, U = T,/T, = (7,/7T7)/(V/T}) = T1/V. We conclude then

Yo(x®id)=Yo (id®V).
which proves that ¥ is an action of D on D. O

5.2. The cointeraction.

Theorem 5.1. For any finite set X, let & : Dy ® DOeD)y — Dy ® (D ® D)y be the map defined

by:
D ETDETLDE W) = ()T, T, T, )0 ([T1.2) 0 (T2 W).
The following diagram is commutative:
Dy ° Dx ® Dy
A IdeA
(D ® D)y Dy ® (D ® D)y
ORD &
D Dy ® Dy ® Dy\y ® Dxy — Dy ® (D ® D)x
Ycx me

ie.,
Eo(id®AN) o® = (m")o(®RD)oA.

Proof. In (5.1), the finite set X is partitioned into two subsets X; and X;, and Z (resp. W) is
an open subset of X; (resp. X;) for J; (resp. 7). According to Proposition 3.2, the relation

‘I|Z‘J'|X\Z@‘J“’|ZT|X\Z holds, hence the map ¢ is well defined. For any (7, Y) € Dy, we have

(id®A) o D(T,Y) = (id® A) Z (T, D) ®(T/T,Y)
j@ir, YeT/T

Tlxw:DX\Y,T?

= D, 2, DT/, e (TN, Y\2)
TRT, YeT/T Ze(T/T),

(‘Tlxw:D X\, T
therefore
£o(id®A) o d(T,Y) = Z Z T, T '§|Z'§|X\Z) ®(T/T)) . 2)® ((‘:r/"f)|x\z, Y\2).

TRT, YeT/T ZE(T/§)|Y

(‘Tlxw:DX\Y,f‘T
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On the other hand, we have
(©®®)o AT, Y)
= > D) Y, @L,Te /T T.0ed), T8, [T Y\2),

ZEle T’@le T”@Tlx\z, Y\ZGTlx\Z/T"

T =P
therefore
m'3 o (@@ d) o AT, Y)
= Z Z Z T30 TTN@T/T, 2@ (T}, /T, Y\2).

ZGle T’@le T”@Tlx\z, Y\ZETlx\Z/T”

T |X\ y:DX\Y,'T”

To show that the both expressions above coincide, we use the two following lemmas.

Lemma 5.1. Let T and T be two topologies on X, such that T&TandletY € T. Then Y € ‘J'/?
if and only if both Y and X\Y are open subsets of X for 7.

Proof. From Y € T and T 2T we immediately get Y € T. Now let x € X\Y and y € X with
x <z y. From x <5 y we get Y <g,5 x. Suppose that y € ¥ then x € Y (because ¥ € ‘J'/‘J) which

is absurd. Hence X\Y € T

Conversely, suppose that both Y and X\Y are open subsets of X for 7, lety € Y and let z € X
with y <; 7 z. There is a chain
YRt - - - Rt;Rz
with #,,...,# € X, where aRb means a <y b or a >5 b. Supposing a € Y we have either a <5 b
which yields b € Y, or b <z a, which would yield the contradiction a € X\Y if b were to belong
to X\Y. Hence we necessarily have b € Y. Progressing along the chain, from y € Y we therefore
inferz e Y. O

Lemma 5.2. Let T be a topology on a finite set X, and let Z be an open subset of X for T. Let U
be the topology ‘J'lz‘J'| 0z Then we have

Us7J.

Proof. The relation U < T is obvious. Any connected component W for U is contained either in
Z or in X\Z, hence ‘J’lw = u|w' Finally, consider x,y € X such that x ~g y. There is a chain
xRt|R - - - RtyRx with some j € {1, ..., k} such that #; = y. By the argument which was used in the
end of the proof of Proposition 3.2, the whole chain belongs to the same U-connected component,
hence we have xRth Rthx where aRb stands for a <y borb <y a. Hence x ~yn y. O

Proof of theorem 5.1 (continued). Let € be the set of triples (Z, J’, T”) which occur in the expres-
sion of m'* o (® ® ®) o A(T,Y) above, i.e. subject to the conditions

Z € T|Y’ T @‘Tlx\z, T @‘le, T |X\Y = DX\Y,‘I”, Y\Z € TlX\Z/T s

and let F be the set of pairs (Z, 5:) which occur in the expression of & o (id ® A) o ©(T, Y) above,
i.e. subject to the conditions

T2T, YeT/T, ?lx\y =D Ze (7/§)|Y.

X\Y T
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To prove Theorem 5.1, it suffices to show that (Z,7’,T”) (g, TT"”)is a biject’iwon from &
onto F. For any (Z,T’J”) € &, it is clear from Lemma 5.2 that T 7 holds, with T := J7J".
From Y € T we get Y\Z € ‘le\z. Together with Y\Z € ‘le\z/‘J"’ one deduces from Lemma 5.1

that both Y\Z and X\Y are open subsets of X\Z for J”. Hence we have a partition

(5.2) X=ZUuY\ZuX\Y

of X into three open subsets for the topology T. FromY € T and X\Y € T we getY € ‘J'/? from
Lemma 5.1. We also have

O — 7’ — — —
T|X\Y =7 lxvw Dx\raw = Dy\yz-

Finally, from the fact that both Z and X\Z are open for TandZ e T, we getZeTJ/ T from Lemma
5.1, hence Z € (‘I/T)| This proves (Z, ‘J') e .

Conversely, for any (Z, ‘J') € ¥, fromY € ‘I/T and Lemma 5.1 we get that both Y and X\Y
are open subsets of X for T, and from Z € J/ T and the same lemma we get that both Z and
X\Z are open subsets of X for T. Hence the > splitting (5.2) into three open subsets holds, and we
have T = T"T”, with T’ := ‘J'l and J” := ‘J'l . The triple (¥, 7T’,T") verifies the five required

conditions to belong to €. Both correspondences from € to F are obvioulsly inverse to each other,
which ends up the proof of Theorem 5.1.

O

Remark 5.1. If we apply the functor K, we notice here that this diagram yields the commutative
diagram:

D 2 DeD
Al \le@A
DD DRDRD
<D®d>l J{f
DeDRDRD DRDRD

where @ is a shorthand for %((I)) and so on.
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