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SIMULTANEOUS DETERMINATION OF COEFFICIENTS, INTERNAL SOURCES
AND AN OBSTACLE OF A DIFFUSION EQUATION FROM A SINGLE
MEASUREMENT

YAVAR KIAN

ABSTRACT. This article is devoted to the simultaneous resolution of three inverse problems, among the
most important formulation of inverse problems for partial differential equations, stated for some class
of diffusion equations from a single boundary measurement. Namely, we consider the simultaneous
unique determination of several class of coefficients, some internal sources (a source term and an initial
condition) and an obstacle appearing in a diffusion equation from a single boundary measurement.
Our problem can be formulated as the simultaneous determination of information about a diffusion
process (velocity field, density of the medium), an obstacle and of the source of diffusion. We consider
this problems in the context of a classical diffusion process described by a convection-diffusion equa-

tion as well as an anomalous diffusion phenomena described by a time fractional diffusion equation.

Keywords: Inverse problems, diffusion equation, inverse coefficient problem, inverse source prob-

lem, inverse obstacle problem, uniqueness, partial data.

Mathematics subject classification 2010 : 35R30, 35R11.

1. INTRODUCTION

1.1. Statement of the problem. Let Q and w be two bounded open set of R, d > 2, with C2
boundary, such that @ C € and such that Q = Q \ @ is connected. Let a € C*(Q) satisfy the condition

de>0, a(z) =2 ¢, z €. (1.1)

Fix g € L*(9), such that

and B € L>(Q)4. Given T € (0,+00), a € (0,2) and p € L>(f2), such that

0<po<plx) <pu <+oo, z€Q, (1.3)
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we consider the initial boundary value problem (IBVP)

p(x)0fu — div (a(x)Vyu) + B(z) - Vyu+ q(z)u=F, in Q,

u=®, on (0,T) x 9L,
u =0, on (0,7T) X Ow, (1.4)
U = Ug lf 0 < < 1,
in {0} x Q.

U = Ug, ou =0 ifl<a<?2,

Here, we fix Q@ = (0,7) x  and for &« = 1 we denote by 99 the usual time derivative d; while, for

a € (0,1)U(1,2), 05 denotes the fractional Caputo derivative of order a with respect to ¢ defined by

1 t
—104)/ (t — )l eole Mt (s, 2)ds, (t,2) € Q. (1.5)
- 0

ofu(t,x) == Tl £

Assuming that ® € W21(0,T; H2 (82)), up € L%(Q), F € L'(0,T; L%(2)), it is well known that
problem (1.4) admits a unique weak solution lying in L(0,7; H?"(Q)), r € (0,1) (see e.g. [29, 43, 45,
58)).

Let Ty, I'out be two open subsets of 0. In the present paper we study the inverse problem of
determining uniquely and simultaneously as much parameters as possible among the set {a, p, B, g} of
coefficients, the set {ug, F'} of internal source, the order of derivation in time « as well as the obstacle
w from a single boundary measurement on the subset of the form (Ty — d,7p) X T'our, with Ty € (0,T)
and & € (0,Ty], of the lateral boundary (0,7") x 9 for a suitable choice of the input ® supported on
[0,T] x Ty,

1.2. Motivations. Let us mention that diffusion equations of the form (1.4) describe diffusion of
different kind of physical phenomena. While for o = 1 such equations correspond to convection-diffusion
equations describing the transfer of different physical quantities (mass, energy, heat,...), for o # 1,
equations of the form (1.4) are used for modeling different type of anomalous diffusion process (diffusion
in inhomogeneous anisotropic porous media, turbulent plasma, diffusion in a turbulent flow,...). We

refer to [8, 30, 62] for more details about the applications of such equations.

The inverse problem addressed in the present paper corresponds to the simultaneous determination
of a source of diffusion, an obstacle and of several parameters describing the diffusion of some physical
quantities. The convection term B is associated with the velocity field of the moving quantities while
the coefficients (a, p,q) and the order of derivation « can be associated with some properties of the
medium. Moreover, the source term F' and the initial condition ug can be seen as different kind of source
of diffusion. For instance, our inverse problem can be stated as the determination of the velocity field
and the density of the medium as well as an obstacle and the source of diffusion of a contaminant in a soil

from a single measurement at T',,;. Moreover, for a € (1,2), w=0, F =0, B=¢ =0 and p = ¢*, our
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inverse problem can be seen as the fractional formulation of the so called thermoacoustic tomography
(TAT) and photoacoustic tomography (PAT), two coupled-physics process, used for combining the
high resolution of ultrasound and the high contrast capabilities of electromagnetic waves, which can
be formulated as the simultaneous determination of the wave speed and the initial pressure of a wave

equation (see e.g. [17, 48, 53, 61]).

1.3. Known results. Inverse problems for equations of the form (1.4) have received many attention
these last decades. Many authors considered inverse coefficients, inverse source and inverse obstacle
problems for (1.4) when o = 1. Without being exhaustive, we mention the works of [5, 9, 11, 12, 14, 15,
16, 19, 27, 28, 34, 36]. Contrary to a = 1, inverse problems associated with (1.4) for « € (0,1) U (1,2)
has received more recent treatment. Most of these results correspond to inverse source problems (see
e.g. [21, 29, 41, 43, 47]). For inverse coefficients problems, many results have been stated with infinitely
many measurements (see for instance [40, 45, 50]) among which the most general and precise results
seem to be the ones stated in [40] where the measurements are restricted to a fixed time on a portion
of the boundary of the domain. Several works have also been devoted to the recovery of coefficients
form data given by final overdetermination (see e.g. [35, 46]). To the best of our knowledge the works
[24, 39, 43] are the only works in the mathematical literature where the recovery of coefficients appearing
in fractional diffusion equations (in dimension higher than 2) has been stated with a single measurement
which does not correspond to final overdetermination. Among these three works, [39] is the only one
with results stated with a single boundary measurement on a general bounded domain. Indeed, the
result of [24] is stated with internal measurement while the approach of [43] is restricted to cylindrical
domain Q. The approach of [39] is based on a generalization of the approach of [4, 13] (see also the
work of [18] for similar approach in the one dimensional case) based on the construction of a suitable
Dirichlet input. Indeed, not only [39] extends the work of [4, 13] to fractional diffusion equations
(v # 1) but it also extends the work of [4, 13] for @ = 1 in terms of generality and precision. The
main idea of [39] is to recover boundary data for a family of elliptic equations from a single boundary
measurement of the solution of (1.4), with F' = ug =0 and w = ), and to combine this result with the

works [10, 33, 34, 38, 49, 56, 59] in order to prove the recovery of coefficients appearing in (1.4).

Let us observe that while, as mentioned above, several works have been devoted to the determi-
nation of space dependent coefficients or source terms, to the best of our knowledge, even for a = 1,
there is no result devoted to the simultaneous determination of space dependent internal source and
coefficients appearing in problem (1.4) from single measurement. In the same way, we are not aware
of any result devoted to the simultaneous determination of an obstacle and a coefficient or a source
term appearing in (1.4) from a single measurement. Indeed, we have only find works devoted to the

simultaneous determination of source and coefficient, appearing in a parabolic equation, that depend
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only on the time variable (see e.g. [31, 32]). In the same way, we are only aware of the work of [26] for

the simultaneous determination of a source term and an obstacle appearing in a hyperbolic equation.

2. STATEMENT OF THE MAIN RESULTS

Following [4, 39], we start by introducing a suitable class of inputs ®. More precisely, we consider
X € Co"(@ﬁ) such that supp(x) C I';, and x =1 on I';,, , an open subset of Q. We fix 71,73 € (0,77,
71 < T, and a strictly increasing sequence (t;)r>0 such that ¢y = 7 and kh—>nolo tr = 1o. We fix also the
sequence (c)k>o0 of [0,+00) and we define the sequence (¢y)k>1 of functions non-uniformly vanishing
and lying in C*°(R; [0, +00)) defined, for all kK € N:={1,2,...}, by

0 for t € (—o0, tak—2],

Yi(t) =

¢ for t € [tag—1,+00).

We set the sequence (di)x>1 of (0,400) such that

P
k=1

In addition, we consider the sequence (1x)r>1 of H2(9Q) such that Span({n; : k > 1}) is dense in
3
2

H%(09) and an”H%((’)Q) =1, k € N. Finally, we define the input ® € C3([0, +00); H2(8Q)) as follows
(I)(t,l') = dewk(t)X(x)nk(z)a US 6(2, le [07 +OO) (21)
k=1

It is clear that supp(®) C [0,400) x Ty

Let us observe that according to [39, Section 2.2] one can not expect more than the recovery of
two coefficients among the set {a, p, B, ¢}. In the same way, following [41, Section 1.3], it is impossible
to determine general time-dependent source terms from any kind of boundary measurements of the
solution of (1.4). For this purpose, in addition to the two coefficients among the set {a,p, B,q},
we consider the recovery of the obstacle w, the order of derivation « and source terms of the form

F(t,x) = o(t)f(x), with o a known function, and the recovery of the initial condition ug.

For our first main result, we consider this problem for B = 0 and a single boundary measurement

given by a0, (0 r,)xr with v the outward unit normal vector to Q. This result can be stated as

out’?

follows.

Theorem 2.1. For j = 1,2, let oj € (0,2), and let the conditions
Fin,* UTlout = 8@, Fin,* N Tout 7& Q)a (2'2)
be fulfilled. We fix wj, j = 1,2, two open set of R with C?> boundary such that w; C Q and such

that Q; = Q\ @j is connected. For j = 1,2, we fix (aj, pj,q;) € C* () x L®(Q;) x L=(;) fulfilling
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(1.1)-(1.3), with Q = Q;, and we assume that either of the three following conditions:
(’L) pP1 = P2 OoN Ql n QQ, (ZZ) a3 = az on Ql n Qz, (ZZZ) d1 = Qg2 on Ql n QQ

and the conditions
Va,(z) = Vay(z), = € 99, (2.3)
3C >0, |p1(z) — pa(z)] < Cdist(z,0Q)2, = € Q1 NQy, (2.4)

are fulfilled. Moreover, for j = 1,2, we fix ug € L*(Qy) and, for o € L'(0,T), f; € L*(Q;), we define
Fi(t,z) =0(t)fj(z), te(0,T), z €. (2.5)

Here, we assume that the condition
supp(a) C [0,71) (2.6)

18 fulfilled and we assume that the internal sources ué, fi, 3= 1,2, satisfy one of the following conditions
(i) fi=foon QU Ny, (v) 0 Z0, up =ud on Q NQy,

(vi) o # 0, there exists 7o € (0,71) such that supp(o) C (10, 71).

Furthermore, we assume that the expressions n1 and c1, appearing in the construction of the Dirichlet

input ® given by (2.1), are such that c; = 0 and 1y is a function of constant sign lying in WZ_%”"(@Q),

n

5, and it satisfies xn1 # 0. Finally, we assume that there exists a connected open subset

for some r >

O of Q\ (w1 Uws) (see Figure 1) satisfying

(w1 Uws) C DO,  the interior of 0 N T4y is not empty, (2.7)

ar(z) = az(x), pi(x) = p2(z), qu(z) =q2(2), €O, (2.8)
Consider v?, j = 1,2, the solution of (1.4) with ® given by (2.1), @ = aj, w = wj, B =0, (a,p,q) =
(aj,pj,q5) and (up, F') = (ug,Fj). Then the condition

a1 (z)0,u (t,2) = az(2)0,4%(t,z), (t,z) € (0,72) X Lo (2.9)
implies that

a1 = 0, W] =Wz, ai=az, pP1=pP2, 41 =42, u%):u%, f1=fa. (2~10)

In the case a € (0,2)\ {1}, by considering some additional regularity assumptions, we can extend
the result of Theorem 2.1 into a result with a single measurement restricted to any time interval of the
form (Ty — 6, Tp), with Ty € [r9,T] and & € (0, Ty —7,) arbitrary chosen. Namely, let us consider that Q
and w are C4, p,a € C3(Q0), g € W2°°(Q), f € H*(Q), up € HoroJ (Q) N H?[*1(Q), where [-] denotes the
ceiling function and H}(Q), k € N, denotes the closure of Cg°(2) in H*(Q). Let also 0 € W31(0,T)
be such that o(0) = ¢/(0) = 0(®*(0) = 0. We suppose that the Dirichlet input ®, given by (2.1), is

defined with (7;)r>1 a sequence of functions of Hz(9Q) such that Span({n; : k > 1}) is dense in
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FIGURE 1. The sets Q, w1, we and 0.

H%(09) and ”nk”H%(aQ) =1, k € N. We recall that with this choice of the functions (1 )r>1, we have

® e C3([0,T]; Hz (99)) with
®(0,2) = 9,®(0,2) = 92®(0,2) =0, =z €.

Combining [44, Proposition 2.6, 2.8] with [44, Theorem 2.5, 2.9], one can check that problem (1.4)
admits a unique solution u € W*l1(0,T; H*(Q)) N L'(0,T; H***(2)), s > 3. In particular we have
dyu € Wb, T; L2(99)) and d,div(aVu) € L*(0,T; L(052)). Under these smoothness assumptions,
we can prove that the result of Theorem 2.1, with o known, remains valid with measurement given by
dyu and 0,div(aVu) restricted to (Tp — 9, Tp) X Lour, with Ty € [72,T] and § € (0,Ty — 71) arbitrary

chosen. Our result for this problem can be stated as follows.

Theorem 2.2. Let a1 = as = a € (0,2) \ {1} and let the conditions of Theorem 2.1 be fulfilled.
We assume also that, for j = 1,2, pj,a; € C3(Q), ¢j € W2=(Q;), v} € HI*\(Q;) n H21(Q;),
f; € H?(SY), satisfy the condition of Theorem 2.1 as well as the following conditions

d,div(a; (z)Vh)(z) = d,div(ag(x)Vh)(z), he H*(Q), z € Tous, (2.11)

a1 (z) = az(x), al,fpl(ac) = 8',fp2(x), 8’,fq1(ac) = 8',fq2(x), k=0,1, z € Tyy. (2.12)

Moreover, we assume that Q and wj, j = 1,2, are C*, o € W31(0,T), with o(0) = ¢'(0) = ¢ (0) = 0,
and the Dirichlet input (2.1) is defined with (ng)k>1 a sequence of functions lying in H? (8@) such that
Span({n : k > 1}) is dense in H2(09) and ”nkHH%(a(z) =1, k € N. Consider v/, j = 1,2, the
solution of (1.4) with ® given by (2.1), B =0, (a,p,q) = (a;j,pj,q;) and (uo, F) = (u}, F}). Then, for
any arbitrary chosen Ty € [12,T] and 6 € (0,Ty — 71), the condition

ol (t, ) = d,u’(t, x),

(t,x) € (To — 6, Tp) x Lo (2.13)
9y div (a1(z)Vyu') (t,z) = 9, div (a1 (2)V,u?) (¢, 2),

implies that (2.10) holds true.



For our third main result, we consider the above problem for a = 1, ¢ = 0 and for I'jy, « = Lot =

Q. Our third main result can be stated as follows.

Theorem 2.3. Let d > 3 and, for j = 1,2, let a; € (0,1] a; = 1, ¢; = 0, w; be an open set of R?
with C? boundary such that @; C Q and such that Q; = Q\ @j is connected, p; € C(Q;) satisfy (1.3),
with Q = Q;, and let B; € CV(Q)%, with v € (2/3,1). Moreover, for j = 1,2, we fi u% € L3(%y),
o € LY0,T), f; € L*(%y), satisfying (2.6) and one of the conditions (i), (v), (vi), and we consider

F; given by (2.5). We assume also that the expression m1 appearing in the construction of the Dirichlet

n

. . . . . 27l,r ™
input ®, given by (2.1), is lying in W*=77(0Q), for some r > %,

and xm1 % 0. Finally, we assume
that there exists a connected open subset O of Q\ (wy Uws) satisfying (2.7) with Tous = Q such that
(R3\ Q) U O Uwy is connected and the following conditions

Bi() = Bo(a), pi(e) = pala), €0, (2.14)

a1 =a9 or wy=wy=1_ (2.15)

are fulfilled. Consider v/, j = 1,2, the solution of (1.4) with (a,c, B,p,q) = (aj, o , Bj, pj,qj),
(ug, F) = (uo, ) and @ given by (2.1) with x = 1. Then the condition

dut(t,x) = dul(t,x), (t,x) € (0,7) x IQ (2.16)
implies that

wi =w2, ai=as, Bi=DBy, p1=ps uj=ud, fi=rfa (2.17)

Let us recall that our construction of the input ® given by (2.1) can also be extended to (M, g) a
compact connected and smooth Riemanian manifold with boundary by replacing dQ with M. In that

case, we define the Laplace-Beltrami operator
Ay :=divy(Vy)

where div, and V, denote divergence and gradient operators on (M, g) respectively, and we consider

the following problem on the manifold M

Ofu — Agu + q(x)u = F, in (0,7) x M,
u= on (0,T) x oM,
(2.18)
if0<a<l,
in {0} x M.
u=1ug, (u=0 ifl<a<?2,

In that case, following the results of [39] based on the works of [33, 38, 40, 49] we obtain the following

extension of our results to Riemanian manifolds.



Corollary 2.4. For j = 1,2, let o; € (0,2), let (Mj,g;) be two compact and smooth connected
Riemannian manifolds of dimension d > 2 with the same boundary and with g1 = go on OM;, and
let ¢; € C°(M;) satisfy g; > 0 on M;. Moreover, for j = 1,2, we fix u% € L*(M;), o € L*(0,T),
f; € L*(M;) satisfying (2.6) and one of the conditions

(i) f;=0, =12 ()o#0, =0, j=1,2,

(vi') o £ 0, there exists 19 € (0,71) such that supp(c) C (19, 71).
Furthermore, we assume that the expressions n1 and ¢y, appearing in the construction of the Dirichlet
input ® given by (2.1) with 00 replaced by OMy, are such that ¢, =0 and ny is a function of constant
sign lying in C3(OM,) and it satisfies xm1 % 0. We consider also F; given by (2.5) and we fiz L', = Tour
an arbitrary open subset of OM;. Consider v/, j = 1,2, the solution of (2.18) with ® given by (2.1),
a=aqj, (M,g)=(Mj,g5), ¢=q;, up = ug, F = F;. Then the condition

out =0,u?  in (0,73) X Tous (2.19)

implies that (My, g1) and (Ma, g2) are isometric. Moreover, (2.19) implies that there exist o € C°°(Ma; M),
an isomtery from (Ma, g2) to (Mu, g1), fizing OM; and depending only on (Mj;,g;), j = 1,2, such that

G =aqa, @=qop, ujg=ujop, f2=fiop. (2.20)

In the spirit of Theorem 2.2 we can also restrict the measurement under consideration in Corollary

2.4 to (Ty — 6,Tp) % T'oyus. This result can be stated as follows.

Corollary 2.5. We assume that the conditions of Corollary 2.4 are fulfilled. Let a € (0,2) \ {1},
let (M,g;) be two compact and smooth connected Riemannian manifolds of dimension d > 2 with
g1 = g2 on OM, and let ¢; € C°(M) satisfy g; > 0 on M. Moreover, for j = 1,2, we assume that
ud e HN(M) n H2TN(M), f; € HX(M) and o € W31(0,T) satisfies 0(0) = ¢'(0) = o (0) = 0.
We consider also F; given by (2.5) and the Dirichlet input (2.1) is defined with (nk)k>1 a sequence of

functions of Hz(OM) such that Span({ny, : k > 1}) is dense in H3(OM) and ”m“”H%(aM) =1,keN.
Assume also that T';, = Uoys is arbitrary chosen and the conditions

DAy h(z) =0, Ag,h(z), =€ Tou, h € HY(M), (2.21)

okct(x) = 0% (x), k=0,1, 2 € Tou (2.22)

are fulfilled. Consider u?, j = 1,2, the solution of (2.18) and (g,q,uo, F) = (gj,qj,uf),Fj). Then, for
any arbitrary chosen Ty € [12,T] and § € (0,Ty — 71), the conditions

dput = du? in (Ty — 6,To) X Tous (2.23)

DAy ut = 0,A,,u* in (Ty — 0, Tp) x Tout (2.24)

imply that (M, g1) and (M, g2) are isometric and (2.20) is fulfilled with My, = My = M.
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We can also extend our results to the case where the input and the measurements are applied on

some disjoint sets with respect to the space variable.

Corollary 2.6. Let the condition of Corollary 2.4 be fulfilled and denote by v’, j = 1,2, the solution
of (2.18) with ® given by (2.1), (M, g,uo, F) = (Mj,gj,u%,Fj), i =1,2, and ¢ = 0. In addition,
we assume that the wave equation on (0,400) x M;, j = 1,2, is exactly controllable from Lin.' and

Tin NTout = 0. Then (2.19) implies that (My, g1) and (Ma, g2) are isometric and (2.20) holds true.

Let us observe that the results of Theorem 2.1, 2.2 and 2.3 correspond to the simultaneous unique
determination of two coefficients among the set of parameters {p, a, B, q}, the order of derivation «, the
obstacle w and the internal space dependent sources {ug, f}, from a single boundary measurement of
the solution of (1.4). In the same way, Corollary 2.4, 2.6 provide the simultaneous unique determination
(up to isometry) of the Riemannian manifold (M, g) as well as the internal sources {ug, f}. Assuming
that w1 = ws = (), the results of Theorem 2.1, 2.2 and 2.3 can be stated in terms of simultaneous
recovery of the set of the coefficients, the order of derivation in time and the internal source without

requiring the extra conditions (2.7)-(2.8) and (2.14)-(2.15).

To the best of our knowledge, even for o = 1, the results of Theorem 2.1 and 2.3 correspond to the
first resolution of three among the most important class of inverse problems (inverse coefficient, inverse
source and inverse obstacle problems) stated for partial differential equations from a single boundary
measurement. In addition in Corollary 2.4, 2.6, we extend, for what seems to be the first time, this
approach to the simultaneous determination of a Riemannian manifold (up to isometry) and an internal
source. While several authors considered the recovery of coefficients appearing in different evolution
PDEs from a single boundary measurement (e.g. [20, 39, 63]) only some restricted results deal with
the simultaneous determination of space dependent coefficients and internal source appearing in an
evolution PDE from a single boundary measurement (see [53]) and none of them seems to consider the
simultaneous determination of source, obstacle and coefficients from a single boundary measurement.
In that sense, the results of Theorem 2.1, 2.3 and Corollary 2.4, 2.6 correspond to, what seems to
be, the first results of simultaneous determination of general class of space dependent coefficients and
internal source and the first results of simultaneous determination of source, obstacle and coefficients

from a single boundary measurement for all evolution linear PDEs.

The approach that we use in this work is in the continuity of the work [39] where the authors
obtained, what seems to be, the most general and precise results of determination of coefficients ap-
pearing in (1.4) from a single boundary measurement. In the present paper we extend the work of [39]

in five different directions: 1) We give in Theorem 3.3 a simplified proof of [39, Proposition 3.2] based

1 Here we refer to [6] for geometrical conditions that guarantee the exact controllability of the wave equation from

Fin,*~



on properties of time analiticity of some solutions of problem (1.4); 2) We prove that with a class of
Dirichlet input similar to the one considered by [39], in addition to the recovery of coefficients, one
can also prove the recovery of internal sources; 3) We add to the recovery of coefficients considered by
[39], the recovery of an obstacle from similar data; 4) In Theorem 2.1 and in Corollary 2.4, 2.6, we add
to the results with partial data and results stated on manifold of [39] (see [39, Theorem 2.2] and [39,
Corollary 2.4, 2.6, 2.7]) the recovery of the order of derivation «; 5) For a # 1, we show in Theorem
2.2 and Corollary 2.5, how one can restrict the measurement considered in [39, Theorem 2.2] and [39,

Corollary 2.4, 2.6, 2.7] to any time interval of the form (Tp — d,Tp) where 0 can be arbitrary small.

Let us remark that, for @ # 1, in Theorem 2.2 and in Corollary 2.5 we can restrict our single
measurement to any interval in time of the form (Ty — 0,7y), with Ty € [12,T] and ¢ € (0,To — 71)
arbitrary chosen, while all other comparable results that we know consider measurement on an interval
in time of the form (0,7p). This improvement of the known results can be applied to the important
and difficult problem of determining coefficients of a PDE from excitation and single measurement
made on disjoint sets of the lateral boundary (0,7) x dQ (resp. (0,T) x M). Indeed, assuming that
¢, =0, k € N, with ¢, introduced in the definition of the Dirichlet input ®, and choosing Ty € (72, T),
§ € (0,Ty —T72) in (2.13), one can check that the supp(®) N (Ty — §,Tp) X Touy = @. This means that the

results of Theorem 2.2 and Corollary 2.5 can be applied to the simultaneous determination of coefficients
and internal source from a single measurement separated, by an interval of time, from the application of
the single Dirichlet input ®. So far, only some small number of articles in the mathematical literature
have been devoted to the recovery of coefficients or a manifold from excitation and measurements made
on disjoint sets for general Riemannian manifolds or a bounded domain (see e.g. [38, 40, 39, 49]). All
these results considered data on disjoint sets with respect to the space variables. As far as we know, the
application of these class of results require a geometrical condition imposed to the support of the inputs
Tip (like the geometrical control condition of [6] considered in [38, 49]) and, as far as we know, these
results allow only some local recovery of coefficients. In contrast to these results and their applications
to fractional diffusion equations stated in [40, 39], in Theorem 2.2 (resp. in Corollary 2.5) we obtain,
for what seems to be the first time, the full recovery of coefficients and manifolds from excitation and
single measurement made on disjoint set of the lateral boundary (0,T) x dQ (resp. (0,T) x M) with
respect to the time variable. Contrary to the works of [38, 40, 39, 49], in Corollary 2.5 we do not
impose any geometrical condition to I';;, and in Theorem 2.2, Corollary 2.5 we obtain the full recovery
of coefficients. In order to obtain these extensions of the works of [39, 40], we use an argument borrowed
from [47] which can only be applied in the case o # 1. For o = 1, it is not clear that condition (2.13)

implies (2.17). This property emphasis the memory effect of time fractional diffusion equations.

One of the key ingredient in our proofs is based on a step by step argumentation allowing to

transfer our inverse problems into a family of inverse problems that we solve separately. However, in
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Theorem 2.1 and in Corollary 2.4, 2.6, we need to consider the recovery of the obstacle, the order of
derivation « in the situation where the coefficients of the equation are unknown. To overcome this
difficulty, for the recovery of the obstacle we use the extra conditions (2.7)-(2.8) and (2.14)-(2.15).
However, we prove the recovery of the obstacle without the knowledge of a. Moreover, we give a proof
of the recovery of the order of derivation « in the context of Theorem 2.1 and in Corollary 2.4, 2.6
without requiring the knowledge of the manifold and the different coefficient appearing in the equation

(see Step 3 in the proof of Theorem 2.1 for more details).

Let us observe that the recovery of the order of derivation o and the simultaneous recovery of
the internal sources {ug, f} under assumption (vi) and (vi’), stated in Theorem 2.1 and in Corollary
2.4, 2.6, are new in their own. Indeed, in the Step 3 of the proof of Theorem 2.1, we prove for what
seems to be the first time, the recovery of the order of derivation « in an unknown medium (coeflicients
and manifold unknown) from a single boundary measurement associated with a single boundary input
while other results seems to consider measurement at one internal point and internal excitation given
by the initial condition (see e.g. [25, 64]). In addition, in the Step 5 of the proof of Theorem 2.1 we
show how one can prove the simultaneous recovery of the initial condition uy and the source term f
under the assumption (vi) and (vi’). As far as we known, this is the first result stating the simultaneous
recovery of the two internal sources {ug, f}. Indeed, it seems that, all other comparable results (see
e.g. [29, 41, 52]), considered only the recovery the initial condition uy or the source term f but not the

simultaneous recovery of these two parameters.

2.1. Outline. This paper is organized as follows. In Section 3 we recall some properties of solutions of
(1.4) when T = o0, including some properties of analyticity in time of solutions (3.1)-(3.2) (see Section
3). Applying these results, in Section 4, 5 and 6 we complete the proof of our uniqueness results.
Namely, in Section 4 we prove Theorem 2.1 while Section 5 (resp. 6) will be devoted to the proof of

Theorem 2.2 (resp. 2.3). Finally, in Section 7 we give the proof of the Corollary 2.4, 2.5 and 2.6.

3. ANALYTIC EXTENSION OF SOLUTIONS

In this section we consider (a, p, q) satisfying (1.1)-(1.3) and B € L=(Q)%. Let k € N := {1,2,...},

Ry = (0,+00) and consider the initial boundary value problems

(p(2)07vo — div (a(2)Vvo) + B - Vavo + q(x)vo) (8, 2) = F(t, 2)Lomy (1), (,2) € Ry x €,
(

vo(t,x) =0, (t,z) € Ry x 99,
vo(t,x) =0, (t,z) € Ry x 0w,
Ofvo(0,-) = uy, inQ, £=0,...[a] -1,

(3.1)
11



(p(x)0fv, — div (a(x)Vzuk) + B - Vyup + q(@)vg)(t,x) =0, (t,2) € Ry x Q,

i (t, @) = dib () x (@) (2), (t,2) € Ry x 99, (3.2)
vg(t,x) =0, (t,z) € Ry x 0w,
Ofvi(0,-) =0, inQ, £=0,..,[a] - 1.

Here 1o, 7y denotes the characteristic function of (0,7") and we refer to the beginning of Section 1.4 for
the definition of the parameters dy, ¥, x and 7. For simplicity, we will assume here that for « € (1, 2)

we have u; = 0. In the present paper, following [42, 44, 58], we define the weak solutions of the problem

(p(z)0fv — div (a(z)VLv) + B - Vv + q(z)v)(t,z) = F(t,z)1or)(t), (t,x)€ Ry xQ,

v(t,x) = h(t, ), (t,z) € Ry x 89,
v(t,x) =0, (t,x) € Ry x 0w,
Otv(0,-) = uy, inQ, £=0,..,[a] -1,

(3.3)

in the following way.

Definition 3.1. Let F € L'(0,T;L*(Q)), uo € L2(Q) and h € L*(Ry; H2(09)). We say that the
problem (3.3) admits a weak solution v if v € L}, (R*; L?(2)) satisfies the following conditions:

loc
1) pei=1inf{e > 0: e v e LY(RT; L3(Q))} < oo and we can find po > p. independent of F, ug and
h

7

2) for all p > po the Laplace transform in time V(p) = f0+°° e Ply(t,.)dt of v solves

T
AV (p) + p(z)p*V (p) = / e PUF(t,-)dt + p* " pug, in Q,
0
V(p) =0, on 0w,
+oo _
Vp) = / e P'h(t,-)dt, on 04},
0

where

Au = —div(a(z)Vu) + B(z) - Veu+ q(z)u, ue HY(Q).

One can easily check that the weak solution of (3.1)-(3.2) considered by [42, 43, 58] coincides
with the one given by Definition 3.1. Moreover, following [42, 43, 58], we can deduce that, for all
k € N U {0}, the problems (3.1)-(3.2) admit a unique weak solution vy € C((0,+o0); H?7(Q)), vy €
CY([0, +o0); H?7(Q)), v € [0,1), k € N. Based on the above definition of weak solutions, we will recall
some properties of analiticity in time of the solution of problems (3.1)-(3.2). More precisely, for k € N,

we fix e € (0, (tog — tax—1)/2) and we set
Do ={s+re: Bec(-0,0), r>0}, s5,0¢c][0,+00).

Here (t;)ren denotes the sequence introduced at the beginning of Section 1.4. For any open set U of C

or of R, and X a Banach space, we denote by H(U; X) the set of analytic functions on U taking values
12



in X. For B = 0, combining [39, Proposition 3.1] with [41, Proposition 2.1], we obtain the following

analytic extension result.
Theorem 3.2. Assume that B=0. Let gg € (0,71/3) be such that

supp(F) C [0,71 — 3e0] x Q (3.4)

and let 0 € (O,min (g;%,g)). Then, for all v € [0,1), the solution vo of (3.1) can be extended
uniquely to a function o9 € C((0,71 — €0] U Dy, —co.0; H*(Q)) N H(Dry—co.0; H (). Moreover, for
any k € N, the solution vy, of (3.1) can be extended uniquely to a function o, € C([0,tor_1 + ex] U

Dt2k—l+5kg0; H2(Q)) N H(Dt2k—1+€k,9; HQ(Q))

Now let us consider the case B € C(Q)¢ a non-uniformly vanishing function, p € C(Q), a = 1 and

g = 0. We consider the following result.

Theorem 3.3. Assume that the condition (3.4) is fulfilled, a =1, ¢ =0 and o € (0,1]. Then, there

exists 0 € <O,min (55%7%)) such that, for any v € (0,1), the solution vy of (3.1) can be extended
uniquely to a function 99 € C((0,71 — €0] U Dry—co.03 H2V(Q)) N H (D, —cy.0; HV (). Moreover, for
any k € N, the solution vy, of (3.1) can be extended uniquely to a function v, € C([0,tar_1 + ex] U

DtQk—l“FEk;e; HQ’Y(Q» N H(DtZk—1+5k70; HQ’Y(Q))

The second claim of this theorem can be deduced from [39, Proposition 3.2]. However, we will give
here a simplified proof not based on iteration arguments. For this purpose, we fix A the unbounded
elliptic operator defined by A = p~'A acting on L?(Q; pdz) with domain D(A) = H}(Q) N H%(Q).
According to [1, Theorem 2.1] (see also [54, Theorem 2.5.1]), there exists 6y € (3, 7) and rg > 0 such
that the set D, g, is in the resolvent set of A. Moreover, there exists C' > 0, depending on A, p, Q,
such that

H(A + Z)il‘ys(Lz(Q;pdw)) + |Z - "70|71 ||(A + Z)il||B(L2(Q;pd$);H2(Q)) < C|Z - 7A0|717 z € Dm,@o' (3'5)

Here we use the fact that, thanks to (1.3), L?(Q2) = L?(Q; pdx) with equivalent norms. We fix 6; €

(g, 5+ 905% ), 0 € (0,400) and we consider (4, 0;) the contour in C defined by

Y(8,01) := - (0,61) Uo(,01) U~4(,01)
oriented in the counterclockwise direction, where
90(6,61) := {r1 + 6" B € [<01,61]} and 14 (8,601) == {r1 + se™"'; s € [6, +00)}

and the two copies of the £ sign in the above identity must both be replaced in the same way. Here

we choose r1 > ry large enough and in particular, for all § > 0, we have v(4,01) C D, g,. Let
13



0y € (0, 0, — g) Applying the above properties of the operator A, for a € (0,1] and z € Dy g,, we can
define the operator S(z) € B(L?(£2)) by

1
S(z)ug = — e P(A+p®) tugdp, up € L*(Q).
29m ~(68,01)

We consider first the following property of the map z — S(z).

Lemma 3.4. For all v € [0,1], the map z — S(z) is lying in H(Dyg 0,; B(L?(); H*(Q))) and there
exists C > 0 depending only on A, p and Q such that

IS B (22 spae); 2 ) < Cmax(|2]* 71 1) 2 € Do, (3.6)

Proof. In all this proof C is a constant depending only on A, p and € that may change from line to
line. Using the fact that by interpolation (3.5) implies that

o\ — [e3 —(1—
||(A+p ) 1|‘B(L2(Q;pdx);H2‘y(Q)) <CHP' —7“0| ( 7)7 pG’y((S,91), (37)

one can easily check that
S € H(Dog,; B(L*(92); H ().

Now let us show the estimate (3.6). Fix z € Dgg,. Using the fact that p — (A + p®)~! is analytic on
p € D, 9, and applying (3.7) combined with some arguments used in [45, Lemma 2.4], one can check

that S(z) = S_(z) + So(2) + S4(2) with

1

~ 2ir

Sne) = 51= | eP(A+p)Ndp, m=0,7, € Do,
Ym (12]71,01)

Therefore, the lemma will be completed if we prove that
1Sm ()| 512 (spany:mar(ay < Cmax(|z[*CD71 1)em®E) 2 € Doy, m=0,F.  (38)

For m = 0, applying (3.7), we find

01
S, e <C riR(2) |, -1 H A —1_iB\a —1H
) /916 g (At (ri+ 127 )) B(L2(Qpda); H27 ()
<C }(7’1 + |2 tetB)e — 7,0’7(177) |Z‘71€T1m(z)

< C'max <|z|“(1’7)’1, 1) enRE@ 2 e Do,

which clearly implies (3.8) for m = 0. Here in the last inequality we have used the fact that r1 > r¢ is

chosen sufficiently large. Now let us consider the case m = F. For any z € Dy g,, we find

+oo
||S:F(Z)||B(L2(Q;pda:);H2’Y(Q)) < Cem%(z) / - eT|z|Cos(91+arg(z))||(A + (rele)a)_l||B(L2(Q;pdz);H2“f(Q))dr7
14



with C > 0 independent of z. Applying again (3.7), for any z € Dy g,, we obtain

—+o0
T z 7|z| cos arg(z 18\« —(1=7)
1S5 (2) || B(L2(spda); 12 (02)) < Ce - )/ g1l cos(Ortarg(=)) ’(7“1 +ref)> — 7“o| " dr

|z[~1
r1R(z) oo r|z| cos(01—02) B\« —(1—=7)
< Ce e ‘(7“1 +re”) —7“0‘ dr
0

“+o0
< Cmax(|z|*0=771 1)) / et 003(01=02) ax (4= (=7 1) 4.
0

Therefore, using the fact that 6, — 05 € (g, 7r), we deduce that (2.2) holds also true for m = F. This

completes the proof of the lemma. O

In addition to these properties, by combining estimate (3.6) with the arguments of [45, Theorem
1.1] and [45, Remark 1], we deduce that , for F' € L>(0,T; L*(Q2)) satisfying (3.4), with ug = ua1_1 =
0, (3.1) admits a unique weak solution vy € C([0, +00); H?7(Q)), v € (0, 1), taking the form

u(t,~):/0 S(t— $)F(s, Vo (s)ds, € R, (3.9)

Using some arguments similar to [41, Proposition 6.1.], one can show that the identity (3.9) holds true
for source terms F lying in L'(0,7; L?(£2)). Armed with this result we are now in position to complete

the proof of Theorem 3.3.

Proof of Theorem 3.3. We start with the first claim of Theorem 3.3. For F' = 0, the analytic
extension of vy can be deduced easily from arguments similar to the proof of [45, Theorem 2.3]. For

this purpose, without loss of generality we assume that uy = 0. Then we fix
7'17350
()= [ S s)F(s s, 2€ Doacyan
0

Applying Lemma 3.4, we deduce that 99 € H(Dr,—2¢,.0,; H*7(2)) and applying (3.4), we obtain

T1—3€0 t
170(15,-):/0 S(t—s)F(s,-)ds:/O S(t— $)F(s,)ds = vo(t,-), 1€ (r— e, +00).

This clearly implies the first claim of the theorem.

Now let us consider the second claim of the theorem. For this purpose, we fix £ € N and we

consider ;€ (0,ex/3). Let us consider uy solving
(p(2)0fur, — Aug)(t,z) =0, (t,z) € Ry x Q,
uk(t, x) = ditor () x () (2),  (t,2) € Ry x 9,
ug(t,x) =0, (t,z) € Ry x 0w,
fu(0,-) =0, inQ, £=0,...,[a] -1

Using the above properties, we deduce that the solution vy of (3.2) is given by

vg(t, ) = ur(t,-) — /0 S(t—s)B - Vyug(s,-)ds, teRy. (3.10)

15



Here according to estimate (3.6), we can chose pg = r1. In view of Theorem 3.2, uj can be extended

to 1y, € CH([0,tak—1 + k) U Dty 1160003 H?(2)) N H(Diyy 46,053 H*(Q)). Therefore, we can define
Uk(za') :ak(za')+wk(27'>+gk(z?')v 2 € Dty 146,025 (3'11)

with

tog—1+20k
() = - | S(z — $)B - Vyur(s, )ds,
0

z—tap_1—20k
Giu(z,) = - / S()B - Vain(z — p,-)dp.
0

It is clear that
top—1+2d% t—top_1—20k
U (t, ) = u(t,-) — / S(t—s)B - Vyug(s,-)ds — / S(s)B - Vyiug(t — s,-)ds
0 0
¢
= ug(t,") — / S(t —8)B - Vyu(s,-)ds, te (ty + e, +00).
0

Combining this with (3.10), one can check that 7, extends vy. Therefore, using the fact that D;,, 4., 0, C
Dy,, 1 +26,.0,, the proof will be completed if we prove that v, € H(Dt2k71+25k792;H27(Q)). For this
purpose, we only need to show that @y and g are lying in H(Dy,, ,+25,.0,; H>7(Q)). For wy, we first

fix 0. € (0,21 + 2d%) and we consider
tor—1+20,—0x
W5, 1= —/ S(z — s)B - Vyug(s,-)ds.
0

Repeating the arguments used at the beginning of this proof, we deduce that wy, 5, € H(Ds,, ,+2s,.0,; H2(Q)).
Moreover, for any compact set K C Dy,, ,125,.0,, applying (3.6), for all z € K, we get

top—14+20

k.. (2,) — Wr(z, ')||H2w(Q) < Cllukll oo 0,751 0 / max(|z — 5|77t 1)ds.
tagp—1+20k—0x

This proves that @y, s, converges uniformly, with respect to z € K, as d, — 0 to @. Therefore, we have
Wy, € H(Dyyy ,+25,.0,; H*(Q)). For §x, combining the fact that @ € H(Dyyy, ,+6,.0,; H2(Q)) with the
estimate (3.6) and the fact that, according to Lemma 3.4, S € H(Dy g,; B(L*($2; pdx); H*Y(R))), one
can check (see also step 2 in the proof of [39, Proposition 3.2]) that §x € H(Dy,,_,+2s,.0,; H(Q)).
This completes the proof of the theorem. O

Using the analiticity properties described above, we will complete the proof of our main results in
the coming sections. We start with Theorem 2.1, 2.2, 2.3. Then, we prove Corollary 2.4, 2.5, 2.6 in the
last section. We will only give the detail of the proof of Theorem 2.1, 2.2 and 2.3. For Corollary 2.4,

2.5, 2.6, we will mainly adapt to the framework of manifolds the arguments used in Theorem 2.1, 2.2.
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4. PROOF OF THEOREM 2.1.

The proof of Theorem 2.1 will be decomposed into five steps. We start by proving that (2.9)
implies that, for all k € NU {0}, we have

a1 ()0, vj(t, ) = as(x)0,vi(t,z), (t,2) € (0,400) X Tout, (4.1)

with vé the solution of (3.1) for B =0, a = o, w = w; and (a, p, ¢, uo,u1, F) = (aj,pj,qj,ug,O,Fj),
j=1,2, and vi, j =1,2, k € N, the solution of (3.2) for B =0, w = w; and (a, p,q) = (a;, pj, q;),
j = 1,2. Using (4.1) with £ = 1 and exploiting condition (2.7)-(2.8), we will deduce that w; = wa.
Then, applying (4.1), with k = 1, we get oy = . After that, using (4.1), with & € N, we will obtain

a; =az, p1=p2, G =4q-. (4.2)
Finally, combining all these results and applying (4.1) with & = 0 we will get
uy =ug, f1=fa (4.3)

Step 1. We will prove (4.1) by iteration. Let us start with & = 0. For this purpose, using the

properties of the sequence (¥)r>1, let us observe that
Yp(t) =0, k=1, te(0,ty) =(0,71).
Therefore, the restriction of u? to (0,71) x €, solves the boundary value problem

(pj(@)0fu! — div(Veaul)(t, ) + gjul (t,z) = o(t) f;(z), (t,z) € (0,71) x £,

w (t,z) =0, (t,z) € (0,71) x 89,
w(t,z) =0, (t,x) € (0,71) X dwj, (4.4)
uj:ué if0<a<l,
n {O} X Q]

w =uy, Ot =0 ifl<a<?,

Using the fact that the restriction of vg to (0,71) x €, solves also (4.4) and applying the uniqueness of
the solution of (4.4), we get

Ué(t,x) =ul(t,2), (t,z)€ (0,71)x Q;
and condition (2.9) implies
al(x)&,vol(t,x) = ag(x)ayvg(t,m), (t,z) € (0,71) X Loyt (4.5)

Combining this with (2.5)-(2.6) and applying Theorem 3.2, we deduce that there exits €1 € (0, 71) such
that v) € A((m, — e1,400); H7(2)), j = 1,2, which implies that d,v) € A((ry — e1,400); L2(Q)).

Therefore, (4.5) implies (4.1) for & = 0.
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Now let us consider ¢ > 0 and assume that (4.1) is fulfilled for k£ =0, ..., £. Since
1/Jm(t) =0, mz2z + 2, te (07t2€+2)7

we know that

£+1

D vl(tx) =ul(t,x), ()€ (0,ta042) x Q.

k=0

Therefore, (2.9) implies
41 l+1
1 _ 2

> ar (@)t ) =Y ax(@)dvi(t,x),  (t3) € (0,t2042) X Tour-
k=0 k=1

Then, from our iteration assumption we deduce that
al(x)ayvé+1(t,m) = ag(x)ayvf+1(t7:r), (t,z) € (0,t2042) X Tous.

Therefore, applying again Theorem 3.2 we deduce that ¢ — 8VUZ+1 (t, )Ty € Al(tae41+ee, +00); L2 (Tour)),
j=1,2, and we get (4.1) for k = £+ 1. This proves that (4.1) holds true for all £ € NU {0}.

Step 2. We will now show that (4.1) with k& = 1 implies that wy = wo. Let us fix V{ (p,z) the
Laplace transform in time, at p > 0, of the solution v{ of the problem (3.1) for £k = 1. The definition

of weak solution of (1.4) implies that, for all p > 0, Vlj (p, ) solves

—div (aijVf (p, -)) +q;Vi(p,) + pp™ Vi (p,-) =0, in Q;,
Vi(p,-) = di(p)xm,  on 09, (4.6)
Vlj (p,-) =0, on Owj,

where

“+oo
b= [ e p>o
0

Following the arguments used in Step 2 of the proof of [39, Theorem 2.2|, one can check that, for
s € (3/2,2) and for all p > 0, we have t — e‘ptv{ € L'(R4; H*(%;)), j = 1,2. Therefore, we can apply
the Laplace transform in time to the identity (4.1), with & = 1, in order to get

a’l(x)al/vll(p7 1') = aQ(x)al/V12(p7 l'), p> 07 S Fout-
Choosing p = 1, we deduce from this identity that

a1(2)0, Vi (1,2) = as(x)0,V2(1,2), x € Tou. (4.7)

Combining (4.7) with (2.7)-(2.8), we deduce that the restriction of V4(1,-) = Vi}(1,-) — V2(1,-) to O
satisfies the conditions

—div(a1 VaVi(1,-)) + Va1, ) + p1Vi(l,-) =0 in O,

i(1,) =0,V1(1,-) =0, on gy N OO.
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Since O is connected, applying results of unique continuation for elliptic equations, we find
Vi(l,2) =0, z€O.
Using the fact that 9(wy Uws) C 0, we deduce from this identity that
Vi1,z) =Vi(1,2) =0, z € (Qws)\ (Owr). (4.8)

Moreover, since xnm; € W2~ +7(9Q), and Vi (p,-) solves (4.6), [23, Theorem 2.4.2.5] implies that
Vii(1,-) € W2r(Q). Using the fact that r > n/2, the Sobolev embedding theorem implies that
Vii(1,-) € C(Q) N HY(Q). Fixing w, = wy \ w1, we deduce from (4.8) that Vi'(1,-) € C(wy) N H* (ws)
and Vi!(1,-) = 0 on dw,. Therefore, applying [7, Theorem 9.17] and [7, Remark 19], we deduce that
the restriction of Vi1 (1,) to w, is lying in H}(w.). It follows that Vi}(1,-) € H{ (w.) satisfies

—div (a1 VoV (1,9) + @V (1) + V' (1,) =0 in w,. (4.9)
Let us fix H.h = —div (a1 Vh) + ¢1h + p1h with domain
D(H,) = {h € Hj(w.): —div(a;V.h) +qh+ pih € L*(w.)}.

Then, condition (4.9) implies that Vi}(1,-) € D(H.) and H,V{(1,-) = 0. On the other hand, since

q1 = 0 and p; > 0, one can check that 0 is not in the spectrum of H, which implies that
Vi,z) =0, z€w,=uw\r. (4.10)
Combining this with the fact that
—div (a1 V.V (1) + Vi (L) + p1ViH(L,-) =0 in

and applying results of unique continuation for elliptic equations we deduce that Vi'(1,-) = 0 on €.
On the other hand, since 11 > 0 and ¥; # 0, one can check that ﬁl(l) # 0 and we obtain
o) = 2T o pcon
(1)
This contradicts the fact that xn; # 0. Therefore, we have w; = ws.
Step 3. In this step, we will show that condition (4.1), for k& = 1, implies that a3 = as.
For this purpose, we will start by considering the asymptotic behavior of al,v{(t, Nrowe, 7= 1,2, as
t — 4o00. Then, combining this asymptotic property with (4.1), for & = 1, we will deduce that
a1 = ay. We mention that a similar approach has been considered by other authors (see e.g. [25, 64])
with Dirichlet measurement at one internal point (a point zg € ) in order to prove the recovery of the
order of derivation «. However, to the best of our knowledge this result will be the first one in that
category stated in an unknown medium (since we have not yet proved that (a1, p1,q1) = (a2, p2,¢2)), a
Neumann boundary measurement and with a Dirichlet input (it seems that all other related results in

that category have been stated with non-uniformly vanishing and known initial condition). From now
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onwefix Q=0 =0, =0 \ @1 which, according to our assumptions, is a C? open connected set. Let
us consider the operator A;, j = 1,2, with domain D(A;) = H*(Q) N H} () defined by

A]'U) = _dlv(ajvpmw) + qu, w e D(AJ)
J

We fix {)\fc} ken and mi € N the strictly increasing sequence of the eigenvalues of A; and the algebraic
multiplicity of )\i, respectively. For each eigenvalue )\i, we introduce a family {gpi Z}anl of eigenfunctions
of A4;, ie

Ajgo{c’g = )\i@il, (=1,... ,mi,
which forms an orthonormal basis in L?(Q; p;dz) of the algebraic eigenspace of A; associated with )\Z:.
We introduce also, for 1, 32 > 0, the Mittag-Leffler function Eg, g, given by

e k?
E _ C.
,31132 ;)Fﬁlk’-i-ﬁg) S

We recall also that Eq 1(2) = e*. In view of [44, Theorem 1.3], for j = 1,2, one can check that, for all
€ (0,400), we have
oo My ) . )
Z Z ( / )% By 0, (N (E = 8) )11 (s) <X771, ajaycpff,»m(am ds> P o
k=1 =1
Using the fact that ¢; = 0, we have supp(v1) C [0, 72| and it follows that, for all ¢ € (2, +00), we find
vi(t, ) = Z <—/0 (t— s)ajflEajﬂj(—/\i(t — 8)% )y (s) <Xn1, ajay(pi’z>L2(8Q) ds> @fc)e. (4.11)
k=1 =1
On the other hand, applying [55, Theorem 1.4, page 33-34] one can check that there exists a constant
C > 0 such that

|Eoja, (—A\*)| < Ct729A72, X € (0,+00), t € (0,400), j=1,2.
Moreover, in light of [44, Lemma 2.1] (see also [40, Lemma 2.3]) the sequence

\, Prer

NeN, j=1,2,
k=1¢=1

converges in the sense of L?(2). Combining these two estimates, we deduce that for all ¢ > 7, the

sequence

N mp
Z Z ( / )aj—lEaj7aj(—)\?€(t — 8)% )aby () <X771, ajay(p?“’»m(aﬂ) ds) 50%,27 NeN

k=1 ¢=1
converges in the sense of D(A4;) C H?(£). Using this result, we deduce that for all ¢ > 75, the sequence

N mi

Z Z ( / )aJ—lEaj,aj(—)\n(t — 8)% )by (s) <Xm’aj8”(pi’£>1;2(aﬂ) ds) 81,4,03;’[, NeN

k=1/=1
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converges in the sense of L?(9Q) and, for all t € (12, +00), we have

co My
aj—1 1 o . X
il ;;< / =T By, (FN 9" (9) <X’71’“J’8V‘P?<,Z>L2(afz> ds) 0P p-
(4.12)
Applying the Lebesgue dominate convergence theorem, we deduce that, for all ¢ € (72 + 1,+00) and
for j = 1,2, we have
a’/’U{ (t7 )

| | (4.13)
Baya, (<t = )" )dn(s)<xnhcqay¢ij>Laag)auwil> ds.

Applying formula (1.143) page 34 of [55] we deduce that there exists C' > 0 such that, for all s € (0, 72),
t>71+1and k € N, we have

(t — )22

J — 5)%)~3
Doy | S CEm9)

Bojo, (=Nt —8)™) +

<O 33,
In this last identity, we assume that I'(—1)~! = 0. In addition, using the fact that

(t=s)720 =720 4 O (79), se(0,m),

t—+o00

we deduce that there exists C’ independent of ¢, s, k, such that
t=2

L(—ay)(A\})?

(t—s)72%

T(—a;)(X])?

Boj o, (=Nt — 8)™) +

t72a]' _ (t _ 5)7205]‘

I(—a;)(X])?

<

Eajm(—/\i(t —8)Y) +

< C/()\‘]];:)72t73aj .

Applying this estimate, we deduce that, for all ¢ > 75 + 1, we have

Mk . t—l-aj ) )

Z §)% T By 0, (=X (= 5)%) + 1 P1(s) <X7717aj3u80ie Pt
[EE TR Diom ],
/ i%[t )5 By o (=M (E— 5)%) + i ]Qp ( )< 9,00 > j

—72)% 7 Ea, o =8)) F 7 | ¥1(s) (XM, a0y, P
== F(—ozj)()\fc)2 L2(09Q)
/T Zi 1 By (<Xt — 5)) 4 ]7# (s) (a0, ) ol
aj,o e\t — . N/viNo 1 1, Q0v¥PE e k.l
k=1 ¥¢= ’ ] F(ia])()\‘ljc)Q Lz (89) D(Aj)
< 5 o 2\ 3
0o my XM, a0,y g>
1%, */ 280
<O e, | 230 |
n=1k=1 k

<O Pl g oy
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where C' > 0 is a constant independent of ¢ that may change from line to line. Using this estimate and
the continuity of the map D(4;) 3 v — d,v € L*(92), we obtain
i <xm,aj8y<pi,@>
(X2

t—l—otj

apvi(t,-) = T(—a;) < 0+°° 7/11(5)‘15) i

k=1/¢=1

PO g0 o |+ 0 (17172,

t——+oo

In this last identity O is considered with respect to the norm of L?(992). Let us consider G; € H?(Q)

the solution of

—div(a;V,G;) +¢;G; = 0, r€Q,
Gj(z) = xm(z), e, (4.14)
G](IE) = 07 x € &ul.

Applying [44, Lemma 2.1], we deduce that

L2(09)

_ <xn1,aj8y<pi,g>

Gjréhe) - .

< 1Pkt ] 120, d) X
and, using this identity, we obtain the following asymptotic property
t—1-aj

I'(—a;)

+oo
Al (t,:) = — ( ; Py (s)ds) dywj + tﬁ(?roo(fl*zo‘j), (4.15)

where w; = A;lGj with G; the solution of (4.14). Combining this asymptotic property of 8,,1){ (t,-) as
t — 400 with condition (4.1), with k = 1, we will prove by contradiction that oy = aa.

Let us assume that a; # as. From now on, without loss of generality we assume that a1 < as.

Notice that (4.1), for k = 1, implies that
+a,0,v1 (t,2) = £a0,v3(t,z), (t,z) € (0,400) X Tpyy.

Combining this identity with the fact that y»; is of constant sign, by eventually replacing n, by —n1,
we can assume that the function x7; is non-positive. From (4.15) and (4.1), when k = 1, we deduce

that, for a.e. x € I'yy;, we have

t_l_al

- ( Om ¢1(s)d3) adwi(z)+ O (7172

F(—al) t—4o0
t*lfﬂéz

- ( O+OO wl(s)ds) ax0,wa(x) + O (t717202),

I(—az) t—o0

Since 1 > 0, and ¥; # 0, we deduce that

“+o0o
P1(s)ds >0
0

and, for a.e. € I',y:, we obtain

t—l—al t—l—az

—1-2a, — —1—2as
) a10,w () + t_,(zoo(t ) (o) a0, wo () + t_)(;)_oo(t ) (4.16)

Using the fact that 7 € W27 (89) and applying [23, Theorem 2.4.2.5], we obtain G; € W2 ().

Then, since » > Z, the Sobolev embedding theorem implies that G; € C(Q). Therefore, applying
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again [23, Theorem 2.4.2.5], we deduce that w; € W*nT1(Q) c C1(2). Since xm < 0 and xm1 # 0,

<
the maximum principle (see e.g. [22, Corollary 3.2]) implies that, for j = 1,2, G; < 0 and G; # 0.
Moreover, using the fact that —div(a;V,w;) + ¢jw; = p;G; < 0 and w;|sq = 0, the strong maximum

principle (see e.g. [22, Theorem 3.5]) implies that
w;(z) <0, ze€f.
Thus, the Hopf lemma (see [22, Lemma 3.4]) implies that
Oywi(x) >0, 2€0Q, j=1,2.

In particular, we have ||a;0,w;||, .

(4.16), we get

(Consy > 0. j = 1,2. Taking the norm L?(T,y:) on both sides of

t—l—()él t—l—az

T (—az)]

where this time O is considered in term of functions taking values in R. Assuming that o; # 1,

(t~12e) 4 O (t717%=), (4.17)

||a28yw2||L2(Fou,t) + t—+oo

R 81/
|F(—O[1)| ||a‘1 leL2(F

<
aut) = t—>+00

multiplying this expression by |T'(—aq)[t1 T and sending ¢ — +o00, we get
||a18Vw1HL2(FoM) < 0.

This contradicts the fact that ||a;d,w ||L2(Fout) > 0 and it follows that «; = as. On the other hand, if

aq = 1, combining the fact that

—1l—as __ -3
t o t—g—oo(t )7

with (4.17) and the fact that |lazd,w2||2(r,,,) > 0, we deduce that I'(—ag)~! = 0 which implies that

as = 1. In the same way, if as = 1 one can check that a; = 1. This proves that in all case a; = as
Step 4. From now on we fix 1 = as = a and Q = Q; = Qy = Q \ @i which, according to our
assumptions, is a C2 open connected set. Note that, in this context, the fact that one of the conditions
(i), (ii), (iii) is fulfilled implies that one of the following conditions
(’i/) P1 = P2, (ZZ/) a; = ag, (ZZ’L/) q1 = Qg2 (418)

is fulfilled. In this step, we will show that condition (4.1), for k£ > 1, implies that

P1=p2, a1 =az, (g1 =(q2. (4~19)

For this purpose, we use the notation of the third step. Repeating the arguments used in Step 1, 2, 3
and 4 in the proof of [39, Theorem 2.2], we deduce that the condition (4.1) for k£ € N implies that the
following conditions

Mo =A%, mp=mi, keEN, (4.20)

81,('0]167£(x), 5‘l,<p,lc7g(x), keN, £=1,... ,m,lc, z € 90 (4.21)
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are fulfilled. Combining (4.20)-(4.21) with (2.7)-(2.8), we deduce that, for all k € N, £ = 1,...,mj},
Prt = Phy — Pi.g satisfies
—div (a1V@re) + @Pre — Ap1pre =0 in O,
Ore = Ovpre =0, on [yyr NOO.
Therefore, applying results of unique continuation for elliptic equations, we deduce that

go,lwg(x) — gaivg(x) =pre(r) =0, keN, {=1,... ,m,IC, z € O.

Combining this with the fact that dw; = d(w; Uws) C 90, we deduce that
8Vg0,1€7£(x) = 5‘%,0%7@(:5), EeN, £=1,...,mp, z € Ow;.
This last identity and (4.21) imply
al,gollc’e(x) = 8,,90%_’4(‘%)7 EeN, £=1,...,m}, =€ Q.

Combining this with (4.20) and the fact that one of the conditions (4.18) is fulfilled, we are in position

to apply the inverse spectral result of [10, Corollaries 1.5-1.7] in order to deduce that (4.19) holds true.

Step 5. In this last step we will complete the proof of the theorem by proving that condition
(4.1) with & = 0 implies that

ug =g, f1=f (4.22)

Using the fact that Q1 = Q3 = Q, a3 = @ = « and the fact that (4.19) is fulfilled, we deduce that, for
ji=1,2, vg solves the problem

(p1(x)02v] — div (al(a?)vag) + qu(2)))(t,z) = Fj(t,x), (t,z) € (0,+00) x Q,

vl (t,z) = 0, (t,x) € (0,400) x 09,

At (0,-) = ul, inQ, £=0,..[a] - 1.
Fixing F' = Fy — F5, ug = u(l) — u%, u1 = 0, we deduce that vg = vé — v% solves

(Pl(l”)afvo —div (al(z)vaO) + ql(I)’Uo)(t,CE) = F(t,fﬂ), (t,l‘) € (07 +OO) X Q7

vo(t, ) =0, (t,x) € (0,400) x 09, (4.23)
Ofvp(0,-) = uy, inQ, £=0,..,[a] -1

Moreover, condition (4.1) for k¥ = 0 implies that
Ovo(t,z) =0, (t,z) € (0,400) X Toyut.

Without loss of generality and by eventually extending €2 into a larger connected open set, we may

assume that

vo(t,z) =0, (t,x) € (0,+00) x (4.24)
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for €' an open subset of Q. We will give the proof of this result both in the case where condition (v)
and (vi) are fulfilled. Indeed, assuming that (iv) is fulfilled, one can deduce (4.22) from (4.1) with k =0
by applying [29, Theorem 2.5].
Let us first assume that condition (v) of Theorem 2.1 is fulfilled. Recall that since ; = Qs = Q,
condition (v) implies that u} = uZ. Then, v = v} — v2 solves (4.23) with u, =0, £ =0,..., [a] — 1 and
F(t,x) = o(t)(fi(z) — fa(x)). For all p > 0 and for V(p,-) the Laplace transform in time of vy at p,
the conditions
pr(@)p*Vo(p, ) — div (a1 (2) Vo Vo) (p ) + a1 (2)Vo(p,x) = f(z) [y e Plo(t)dt, €,
Vo(p,z) =0, x € 08,
Vo(p,z) =0, xz e

are fulfilled, with f = f; — f3. Since ¢ #Z 0 by the uniqueness and the analiticity of the Laplace

transform in time of o extended by zero to (0, +00), there exists 0 < r; < ry such that

T
| eratie 2o, peam).
0
Thus, fixing

VO(péf)
Wp,)=—2r07
) [ ereto(t)dt

we deduce that W (p, ) satisfies, for all p € (r,rg), the conditions

, pE(T,ry),

pl(‘r)pW(pr) —div (al(x)vzw) (p,fﬂ) + Q1(x)W(p7l‘) = f(z)v T e Qa
W(p,z) =0, x € 09,
0, z e

On the other hand, repeating the above arguments we deduce that for w € L?(0,+o0o; H'(Q2)) the

solution of the parabolic problem

(p1(z)0yw — div (a1 () Vyw) + g1 (z)w)(t,z) =0, (¢, z) € (0,+00) x £,
w(t,z) =0, (t,x) € (0,400) x 08,
’UJ(O, ) =/, in €,

W (p,-) coincides with the Laplace transform in time of w at p > 0, denoted by w(p,-). Moreover,

p = w(p, ) is analytic in (0, +00) as a function taking values in L?(Q2) and the condition
w(p,x) =W(p,x) =0, pe(r,ry), e

implies that
w(p,z) =0, p>0, ze.

By the uniqueness of the Laplace transform in time of w4 0)xq/, We get

w(t,z) =0, (t,z)€ (0,4+00) x Q. (4.25)
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The unique continuation results for parabolic equations (e.g. [60, Theorem 1.1]) imply that w = 0

which implies that f = 0. Therefore, we have f; = f5 from which we get (4.22).

Finally, let us assume that condition (vi) is fulfilled. Consider the solution of the following initial

boundary value problems

(01 (@)07v] v (an()Vovd) + 1 (@0 )(E) = 0. (1.2) € (0,00) x €
vl (t,z) =0, t,x) € (0,4+00) x 01,
0,1‘( ) | (t,z) € ( ) (4.26)
vl =l if0<a<l,
o ‘ in {0} x ,
vhy=up, Oy, =0 ifl<a<?2
(0 ()07 v — div (a1 (@) V) + aa (@) (1 2) = o(0)f (@), (1.2) € (0, +50) x 2,
0672(@33) =0, (t,z) € (0,400) x 09,
Ofvd ,(0,-) =0, inQ, £=0,..[a] -1
(4.27)

Note that vg = U6,1 + vg727 Jj = 1,2. Moreover, in view of condition (vi), the restriction of vg’z to

(0,79) x € solves

(p1(2)00 0}, — div (al(x)vmvég) +aqi (@)l )(ta) =0, () e (0,7) x Q,

vg,z(t,x) =0, (t,x) € (0,70) x 0%,

0fv} 5(0,-) =0, inQ, £=0,..,[a] —1.
Therefore, the uniqueness of this initial boundary value problem implies that vy, = v, = 0 on
(0,70) x Q. Therefore, we have v}, = Ug,1 on (0,79) x Q, 7 = 1,2. Thus, condition (4.1), with k£ = 0,
implies that

al/vé,l(tvx) = avv(Q),l(tvx)v (t,z) € (0,70) X Tout-

Then, applying [29, Theorem 2.5], we deduce that ug = ug. This implies that vj; = vg ; on (0, 400) x Q.
It follows that v} = v§, + v 5, j = 1,2, and condition (4.1), with k = 0, implies that

ayvé’Q(t,x) = 81,11(2)’2(15,96), (t,z) € (0,400) X Tpy.

Repeating the arguments used for proving (4.22) when (v) is fulfilled, we get f; = fo. This proves that
(4.22) holds true and it completes the proof of the theorem.

5. PROOF OF THEOREM 2.2

We fix u/, j = 1,2, the solution of (1.4) with ® given by (2.1), (a, p,q) = (a;, pj, q;) and (ug, F) =
(ué, F;). According to Theorem 2.1, the proof of the theorem will be completed if we show that, for
any values of Ty € [12,T] and of § € (0,Ty — 71), the condition (2.13) implies (2.9). For this purpose,

we fix Ty € [r2,T], § € (0,Tp — 71) and we assume that (2.13) is fulfilled. We set u = u! — u?, where
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we recall that v/ € W10, T; H*(Q;)) N L*(0,T; H*T*()), s > 2, j = 1,21, We remark that u

satisfies the following conditions

(p1 ()0 — div (a1 (2) Vo) + g1 (2)u) (1 ) = G(t,2) + F(t,2), (ta) € (0,7) x (@4 N ),
u(t,z) =0, (t,z) € (0,T) x 99,
65’11(0,) = Uy, in Ql ﬂQQ, é:O,...,[a'\ — 1.

In the above equation we set F' = F| — F5, ug = u(lJ — ug, u; =0 and
G = (p2 — p1)Oyu® — div ((az — a1)Vau®) + (g2 — q1)u® € L'(0, T5 H* (1 N Q).
Since supp(c) C (0,71) and (0,71) N (Tp — 3, Tp) = 0, we deduce that
F(t,z) =0, (t,x)€ (To—9,Tp) x (21 N Q)
and it follows that
(p1(z)07u — div (a1 (2)Vzu) + ¢1(z)u)(t, ) = G(t, z), (t,x) € (To —6,To) x (1 N Q).

Using the fact that u; € WIeh1(0,T; H* (€4 N Q) N LY (0, T; H*4(Q N ), s > 2, j = 1,2, we can

apply the normal trace to the above equation in order to obtain
Oy (P 0w — div (a1 Vyu) + qru)(t, z) = 0,G(t,x), (t,x) € (To — 0,T0) X Tout- (5.1)
Since u = uy — ug € W10, T; H5(Q, N Qy)) and w = 0 on (0,7T) x 99, we deduce that
Oy (p105u) (8, ) = p1(x)05 Opu(t,x), (t,x) € (To — 8,Tp) X Tout.
In the same way, condition (2.12) and (2.13) imply that
Opu(t,x) = 9, (div (a1 Vzu)) (b, 2) =0, (t,z) € (To — 9,Tp) X Tout.
Thus, we find
O (qu)(t, z) = u(t, z)0yq1(z) + q1()0pu(t,z) =0, (t,2) € (To — 6,To) x Tou-
It follows that
Oy (p107u — div (a1 Vu) + qru)(t, z) = p1(z)07 0 ult, z), (t,x) € (To — 0, To) X Tout- (5.2)
On the other hand, applying (2.11)-(2.12), we deduce that
0,G(t,x)
=0, [(p2 — p1)0u? — (div (aaV,u?) — div (a1 Veu?)) + (g2 — q1)u?] (¢, 2) (5.3)

=0, (t,.’L‘) € (TO -9, To) X Tout-

1 See the discussion before the statement of Theorem 2.2.
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Combining this with (2.13) and (5.1)-(5.3), we deduce that
Opu(t,x) = 0y 0,u(t,x) =0, (t,x) € (To — 0,To) X Tout.
Using the fact that d,u € Wl.1(0,T; L? (8(2)) and applying [47, Theorem 1], we deduce that
duu(t,x) =0, (t,z) € (0,70) X Tout

which implies (2.9), since Ty > 72. Therefore, applying Theorem 2.1, we deduce that (2.10) is fulfilled.
O

6. PROOF OF THEOREM 2.3

Repeating the arguments used in the proof of Theorem 2.1 combined with the time analyticity
properties of solutions of (3.1)-(3.2) stated in Theorem 3.2, we deduce that (2.16) implies that, for all
k € NU {0}, we have

A (t,x) = 8,3 (t,x), (t,x) € (0,+00) x 5%, (6.1)
with vg the solution of (3.1)fora=1,¢ =0, w = w;, Q@ = Q; and (¢, p, B, uo, u1, F) = (a , pj, Bj,u%, 0, F}),
j =1,2, and vi, Jj = 1,2, k € N, the solution of (3.2) for a = 1, ¢ = 0 and («, p, B) = (o, pj, B;),
j = 1,2. We mention, that in the case w; = wo = 0, the result of Theorem 2.3 can be deduced from (6.1)
by combining the results of [39, Theorem 2.3] with some arguments similar to those used in Theorem
2.1. For this purpose, from now on we assume that a; = as = a and we will prove that (6.1) implies
(2.17). The proof of Theorem 2.3 will be decomposed into three steps. First, applying (6.1) with &k =1
and exploiting condition (2.7), (2.14), we deduce that w; = wy. Then, applying (6.1) with k¥ € N we
will deduce that
By =By, p1=p2. (6.2)

Finally, combining all these results and applying (6.1) with £ = 0 we deduce that
up =g, f1=fo (6.3)

Step 1. In this step, we will show that w; = ws. For this purpose let us assume the contrary. For
p > po let us fix Vlj (p, -) the Laplace transform in time of v{ at p. From the definition of weak solution
of (3.1) for¢=0,a=1, w=w; and (B, p,up,u, F) = (Bj,pj,ué,O,Fj), j =1,2, we deduce that, for
all p > po, Vi (p,-) solves

*Amvlj(p, ) + Bj - valj(p, ) + pjpavlj(p7 ) =0, in Qj,
Vi(p.-) =41(p)xm,  on 0L, (6.4)
Vlj(pa ) = 07 on 8wj.

Moreover, following the representation of solutions of problem (3.1) given in Theorem 3.3, one can

check that, for s € (3/2,2) and for all p > po, we have t — e P'v] € LY (R, ; H*(Q;)), j = 1,2. Here
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po > 0 can be chosen sufficiently large. Therefore, we can apply the Laplace transform in time to the

identity (6.1), with & = 1, in order to get
2, Vit(p,x) = 0,Vi(p,x), p>po, x € 9. (6.5)
Combining (6.4)-(6.5) with (2.7) and (2.14), we deduce that the restriction of V; (p, ) = Vit (p, -)—VZ(p, )
to O satisfies, for all p > po, the conditions
~AgVa(p, ) + Bi - VaVa(p, o) + p1p™Va(p,) = 0 in O,
Vi(p,-) =0, Vi(p,-) =0, on 9 N AO.
Therefore, applying results of unique continuation for elliptic equations, we deduce that
Vilp,z) =0, p>po, z€O.
Using the fact that O(w1 Uws) C 90, we deduce from this identity that
Vii(p, ) = Vi(p,2) =0, p > po, © € (Qws) \ (Owr). (6.6)

Moreover, since xn; € WQ_%”"(E)Q) and Vi!(p,-), p > po, solves (6.4), [23, Theorem 2.4.2.5] implies that
Vi(p,-) € W2T(Q1). Therefore, fixing w, = wo \ W7 and repeating the arguments used in the proof of
Step 2 of Theorem 2.1, we deduce that, for all p > po, the restriction of Vil (p, -) to wi is lying in H (w.)

and it satisfies
=AVi(p,-) + B1- V. Vi(p, o) + p1p®Vi(p,) =0 in w. (6.7)
It follows that for any ¢ € C§°(w.) we have
0= (=AVi(p:"): ) pr(wn),co0 o) T (B VaVilp, ) + 010" Vi(0, ), ) ey o0 ()

= (V.Vi(p,-), v-’L'SD>D’(w*)d,Cg°(w*)d +(B1 -V Vi(p,-) + p1p*“Vi(p, ), (p>D’(w*),Cg°(w*)

= (VaVi(ps ), Vo) 2y, ya + (Br - VaVi(p, ) + p1p*Vi(p, ), 0) r2,y -
By density, we can extend this identity to any ¢ € Hg(w.) and chosing ¢ = V;(p, -), we obtain

V2 Va(p, ')||2L2(w*)d + (B1- Vo Vilp, ) + p1p®Va(p, ), Vi(p, ) 2o,y = 0, P> Ppo-
On the other hand, applying (1.3), we obtain

0=|V.Vi(p, ')H%Z(w*)d +(B1 - V. Vi(p,-) + p1p*Vi(p,-), Vi(p, ')>L2(w*)

IV Vi@ M 2oya (o
§ s (0%0 — 1Bl o)) VA2 ) o

-1 1 .
Choosing p > p1 :=po + pg © (||BlHiw(w*) + 1)«, we obtain

||‘/1(pa ')HLQ(w*) =0

which implies that

Vip,x) =0, p>p1, T € w,.
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Combining this with results of unique continuation for elliptic equations we deduce that, for all p > pq,

Vit(p,-) = 0 on ;. Moreover, using the fact that ¢; is non-negative and v¢; # 0, we deduce that

&1(111 +1) > 0 and it follows

Vi'(pr+1,2)
dr(pr+1)

This contradicts the fact that xn; # 0. Therefore, we have w; = ws.

xn(x) = =0, ze€dq.

Step 2. From now on we assume that w; = wy = w and we set Q1 = Qo = Q. In this step, we

will show that (6.2) is fulfilled. For j = 1,2 and p > pg, consider the boundary value problem
=AVi(p, ) + Bj - Vo Vi(p, ) + pjp*Vj(p,-) =0 in Q,
Vi(p,-) = h, on 09, (6.8)
Vi(p,-) =0, on dws.
In light of [22, Theorem 8.3], for h € Hz (9€2) this problem admits a unique solution Vi(p,-) € H!(Q)
and we can associate this problem with the partial Dirichlet-to-Neumann map
Nj(p) : H2(09) 3 h— 8,Vi(p, ) o € H2(0Q), j=1,2, p>po.

In a similar manner to the proof of [39, Theorem 2.3], we can prove that (6.1), with k& € N, imply

Ni(p) = Naz(p), p > po. (6.9)

Applying [59, Theorem 1.9] and condition (2.7), (2.14), we deduce from this identity that B; = By on
09). We consider U an open ball containing Q and we extend Bj into a function still denoted by B,

lying in C¥(U;R?) with By = By on U \ . Then, we consider the following boundary value problem
—AaWi(p, ) + Bj - VaWi(p,-) + pilap®Wi(p,) =0 in U\ w,
W;(p,-) = h, on 0U,
W;(p,-) =0, on Owy

and its associated partial Dirichlet-to-Neumann map

Nj(p) : HE(U) > h — 0,W;(p, )ov € H"2(3U), j=1,2, p> po.
Following the proof of [56, Lemma 6.2], one can check that (6.9) implies that
Ni(p) = Na(p),  p> po. (6.10)

Combining this with condition (2.14), [56, Proposition 2.1], the proof of [56, Theorem 1.1] and density
arguments comparable to the ones used in [37, Theorem 1.3.] (see also [3]), we deduce that for B =
B — By extended by zero to R? there exists ¢ € W1 (R3) such that B = V¢ on R?® and

le(Bl) le(BQ)
2 2

|By|* - + p1p® = |Ba|* -
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+ p2p®, P> po. (6.11)



Using the fact that B = 0 on (R? \5) uoOuU wy which is connected, by subtracting a constant to ¢ we
may assume that ¢ = 0 on (R3\ Q) U OUuw. Combining this with the fact that dQ = QU dw:, we
obtain ¢ € H}(Q). On the other hand, we get from (6.11) that ¢ satisfies

—Ap +2(B1 + By) - Vo =2p%(p2 — p1), P> po-

Dividing this expression by p® and sending p — +oc, we find p; = pe. Then, it follows that p € H}(Q)
satisfies —Ap 4+ 2(B;1 + Bz) - Vo = 0 on 2 which combined with [22, Theorem 8.3] implies that ¢ = 0.
Therefore, we have By = By which implies (6.2).

Step 3. In this step we will complete the proof of the theorem by showing that (6.1) and (6.2)
imply (6.3). For this purpose, we fix vg = v§ — v, the condition (6.1) for k = 0 implies that

dyv(t,x) =0, (t,x) e (0,400) x .

Without loss of generality and by eventually extending €2 into a larger connected open set, we may
assume that (4.24) is fulfilled. We will complete the proof of the theorem by showing that (6.1) implies
that (4.22) holds true. Like in Theorem 2.1, we will give the proof of this result both in the case where
condition (v) and (vi) are fulfilled and we refer to [29, Theorem 2.5] for the proof of this result when
(iv) is fulfilled.

Let us first assume that condition (v) of Theorem 2.1 is fulfilled. In a similar way to Step 5 of

Theorem 2.1, we can find py < r; < 72 such that

T
| eratie 2o, peam).
0

Here pg > 0 corresponds to the value appearing in the Definition 3.1 of weak solution of (3.3). Without
loss of generality, we refer to py as the maximum of the value appearing in the Definition 3.1 for solutions
of problem (3.3) for @ = 1 and for the value & of Theorem 2.3. Then, in a similar way to the proof of
Theorem 2.1, fixing Vy(p, -), p > po, the Laplace transform in time of vy, and

Vo (pév )

W(pv ) =——73——, DPE€ (T(ll,rg)v
I ereto(t)dt

we deduce that W (p, -) satisfies, for all p € (r{,r$), the conditions

p1(x)pW (p,x) — AW (p, ) + By - V. W(p,z) = f(z), z€Q,
W(p,z) =0, x € 08,

W(p,z) =0, re.
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Then, in a similar way to the last step of the proof of Theorem 2.1, for w € L3 (0,+oc; H'()) the

solution of the parabolic problem

(p1(x)0pw — Aw + By - Vyw)(t,x) =0, (t,z) € (0,400) x £,
w(t,z) =0, (t,z) € (0,400) x 9,

w(0,-) = f, in Q,

we deduce that W (p, -) coincides with the Laplace transform in time of w at p > pg, denoted by w(p, -).

Then, from the fact that
%(pax):()v xGQ/7p>p0

and the analyticity of p — @(p, ), p > po, we deduce that

w(t,z) =0, (t,z) € (0,+00) x .

Combining this with a unique continuation argument similar to the one used in the proof of Theorem

2.1, we deduce that f; = fo. This proves that (4.22) holds true when condition (v) is fulfilled. In the

same way, assuming that condition (vi) is fulfilled, we deduce that (6.3) implies that uj = u2, f1 = fo

and that (4.22) holds true. This completes the proof of the theorem.

7. PROOF OF COROLLARY 2.4, 2.5 AND 2.6

O

This section is devoted to the proof of Corollary 2.4, 2.5. We will omit the proof of Corollary

2.6 which can be deduced from some arguments used in Corollary 2.4 and the arguments used in [39,

Corollary 2.7]. We start with Corollary 2.4.

Proof of Corollary 2.4. Let us first consider, for k£ € N, the initial boundary value problems

0tajvi — Agjvi + qj(x)vi =0, in (0,4+00) x Mj,

vl =0 if0<a<l,
' in {0} x M;,

vl =9l =0 ifl<a<?2,

vl = ul) if0<a <1,
iH{O}XMj.

vgzué, 8,511820 fl<a<?2,

vl (t,2) = dete(t)x(@)m(x),  (t,z) € (0,400) x OMi,

07 v) — Dg,vg + g5 (w)vh = o(t) fi(x), i (0,400) x M;,

v (t,z) =0 (t,z) € (0,400) x OMy,

Following the argumentation of Theorem 2.1, we deduce that the condition (2.19) implies that, for all

k € NU {0}, we have

dyuh(t.w) = 9,0%(t,2),  (t,2) € (0,400) X Tour.
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In a similar way to Theorem 2.1, we will show that condition (7.3), with k € N, implies that (M, g1)
and (Ma, go) are isometric and (2.20) holds true. For this purpose, let us start by proving that the
condition (7.3) with k¥ = 1 implies that a; = a2. To do so, we will proceed in a similar way to
the Step 3 in the proof of Theorem 2.1. Let us consider the operator A;, j = 1,2, with domain
D(A;) = H?(M;) N H} (M;) defined by

Ajw = —Agw+qw, we D(4).

We fix {Ai}keN and mi € N the strictly increasing sequence of the eigenvalues of A; and the algebraic
, , . j
multiplicity of A, respectively. For each eigenvalue A}, we introduce a family {gofC E}ZQH of eigenfunctions
of Aj, ie.,
Aj@']zl = /\i@i,ev (=1,...,mj,

which forms an orthonormal basis in L?(M;) of the algebraic eigenspace of A; associated with )\i.
Following the arguments used in the Step 3 of the proof of Theorem 2.1, one can check that we have

t—l—(Xj

apvi(t,-) = )

+oo Lo
( ; ¢1(s)ds> dywj +t—>(?i-oo(t_ 2, (7.4)
where w; = A;lGj with G; the solution of

—Angj—quGj = 0, in Mj,
Gj(z) = xm(z), xe€dM;.

(7.5)

Combining the asymptotic property (7.4) of al,v{(t, -) as t = +oo with condition (7.3), with k£ =1, we

will prove by contradiction that a; = as.

Let us assume that o1 # as. From now on, without loss of generality we assume that a; < as.
In a similar way to Theorem 2.1, without loss of generality we can assume that the function yn; is
non-positive. Since xm1 € C3(9M;), we deduce that G; € C?(M;). Since xm < 0 and xm; # 0, the
maximum principle stated on the manifold M; (see e.g. [57, Theorem 9.3]) implies that, for j = 1,2,
G; < 0 and G; # 0. Moreover, using the fact that —A, w; + gw; = G5 < 0 and wjlan; = 0, the

strong maximum principle (see e.g. [57, Theorem 9.3]) implies that
wi(z) <0, x € M;\IM;.
Thus, the Hopf lemma applied to the manifold (M}, g;) (see [2, Lemma 3.1.]) implies that
Oyw;(x) >0, x€dMy, j=1,2.

In particular, we have ||al’ijL2(Fout) > 0. Taking the norm L?(T',,;) on both sides of (7.3), for k = 1,
and applying (7.4), we get

—1—ay —1l—as
t t

T(ayy |l (7 + Q (77, (76)

| [0vw2ll L2 (r, ) T Y

ID(=a2)
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Assuming that o; # 1, j = 1,2, multiplying the expression (7.6) by |I'(—a1)[t' T and sending ¢ — +o0,

we get
[0vwilp2r,,,) <O.

This contradicts the fact that ”a”ijL?(Fout) >0, j = 1,2, and it follows that ar; = . Using this result
and repeating the arguments used at the end of the proof of Step 3 of Theorem 2.1, we deduce that in all
case a; = g, In the same way, following the proof of [39, Corollary 2.4], one can check that condition
(7.3), for k € N, implies that (M1,g1) and (M, g2) are isometric and there exist ¢ € C*°(My; My),
an isomtery from (Mo, g2) to (M, ¢g1), fixing OM; and depending only on (M;, g;), j = 1,2, such that
q2 = q1 o . Therefore, fixing 0(t,x) = v (¢, p(x)), (t,2) € (0,+00) x My, we deduce that ¥ solves

010 — Ag, 0+ q2(x)0 = o (t) f1((2)), in (0, +00) x My,
o(t,x) =0 (t,x) € (0,400) x OMa,
9(0,2) = ud(p(z)) if0<a<l,
S MQ.
9(0,2) = ud(p(x)), 8;0(0,2) =0 ifl<a<2,

Moreover, using the fact that ¢ fix the boundary OM;, we get
d,0(t,x) = 9, [vg(t, ()] = Dy (t, ),  (t,2) € (0,400) X Tpus-
Combining this with (7.3) for & = 0 we deduce that
D,0(t,x) = O3 (t,x), t€(0,400), 2 € Tous

and we deduce that vg = ¥ — v3 satisfies the following conditions

95 vo = Agyvo + ga(x)vo = o (t)(f1(0(x)) — f2(2)), in (0, +00) x My,
vo(t,x) =0 (t,z) € (0,400) X OMo,
Avo(t,x) =0 (t,z) € (0,400) X Tout,
v0(0,2) = (ug(p(z)) — ud(x)) if0<a<l, -~
v0(0,7) = (ug(p(z)) —ud(x)), 80(0,2) =0 ifl<a<2,

Thus repeating the arguments used in the last step of the proof of Theorem 2.1, we deduce from this

condition that
fle(@) = fa(x),  up(e(@) =ui(x), =€ Ms.

This completes the proof of the corollary. O

Proof of Corollary 2.5.

Let w7, j = 1,2, be the solution of
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ol — Agjuj + gj(x)u! = Fj, in (0,T) x M,
u = ®, on (0,T) x OM,

uj:ué if0<a<l,
in {0} x M.

uj:u%7 Oiu; =0 ifl<a<?,

According to Corollary 2.4, the proof of the theorem will be completed if we show that the
conditions (2.23)-(2.24), for some arbitrary chosen Ty € [12,T] and § € (0, 7y — 71), imply (2.19). From
now on we fix Ty € [12,T], 6 € (0,Tp — 1) and we assume that the conditions (2.23)-(2.24) are fulfilled.
We fix u = u' —u?, where we recall that w/ € WIel:1(0, T; H*(M))NLY(0,T; H***(M)), s > 3, j = 1,2.
We remark that u satisfies the following conditions
Ofu—Agu+qu=G+F, in(0,T)x M,

u(t,z) =0, (t,x) € (0,T) x OM,
Ofu(0,-) = uy, in M, £=0,...,[a] - 1.

In the above equation we set F' = F} — Fb, ug = u}) — ug, u; =0 and
G = Ay us— Agyus + (g2 — q1)ug € LY0,T; HS(M)), s € (3/2,2).
Then, combining conditions (2.21)-(2.22) with the arguments used in Theorem 2.2, we deduce that
Opu(t,x) = 070, u(t,x) =0, (t,x) € (To — 0,Tn) X Tout.
Therefore, applying [47, Theorem 1], we deduce that
Opu(t,z) =0, (t,x) € (0,To) X Tous

which implies (2.19). Thus, applying Corollary 2.4, we obtain the results sated in Corollary 2.5. O
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