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Analysis on Lambert-Tsallis functions

Hideto Nakashima and Piotr Graczyk

ABSTRACT. In this paper, we study the Lambert-Tsallis W function, which is a generalization of
the Lambert W function with two real parameters. We give a condition on the parameters such
that there exists a complex domain touching zero on boundary which is mapped bijectively to the
upper half plane by the Lambert-Tsallis function.

INTRODUCTION

The Lambert W function, which is the multivalued inverse of the function z +— ze®* has many
applications in many areas of mathematics. In a theory of random matrices, it appears in a formula
of a eigenvalue distribution of a certain Wishart-type ensemble (cf. Cheliotis [4]). In the previous
paper [8], we found that, for a certain class of Wishart-type ensembles, the corresponding eigenvalue
distributions can be described by using the main branch of the inverse function of z — 3 _f,yz (1 + é)“,
where v, k are real parameter. The aim of this paper is to give a complete analysis of this function,
which we call the Lambert-Tsallis function.

1. PRELIMINARIES

For a non zero real number x, we set
Z\ " z
exp,(z) := (1 + E) 1+ p € C\R<y),

where we take the main branch of the power function when £ is not integer. If x = 1%(1, then it is
exactly the so-called Tsallis g-exponential function (cf. [2, 9]). By virtue of lim exp,(z) = €, we
K— 00
regard exp,,(z) = €*.
For two real numbers «,~y such that « # 0, we introduce a holomorphic function f, ~(z), which we
call generalized Tsallis function, by

z
funl) = o expals) (142 €C\Reo).
Analogously to Tsallis g-exponential, we also consider fo ,(2) = lf:; (z € C). In particular,

foo,0(2) = ze*. Let D(fx ) be the domain of f, -, that is, if & is integer then D(f, ) = C\ {—% if
K is not integer, then

1
D(fn,v)=<C\{meR; 1+§§0, orac:—w}.

The purpose of this work is to study an inverse function to f. , in detail. A multivariate inverse
function of f,0(2) = ze* is called the Lambert W function and studied in [6]. Hence, we call an
inverse function to f. , the Lambert-Tsallis W function. Since we have

22 K)z A%
f},{ﬁ(z):’y +(1+1/) +1(1+7) ’ (1)

(1+72)? K

the function f, -(z) has the inverse function wy - in a neighborhood of z = 0 by the fact f! . (0) =

1#0.
Let z = x + yi € C and we set for k # o

oonn) = A1+ 2),
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where Arg(w) stands for the principal argument of w; —m < Arg(w) < 7. Since we now take the
main branch of power function, we have for k # oo

K 2 2 g .
(1 + E) = exp (n (log ‘1 + i‘ + iArg (1 + E))) = ((1 + f) + y2> etr0(@:y)
K K K K K

2

~((142) 4 5) 7 (costutlon) + isin(ut ).

If kK = oo, then we regard kf(z,y) as y because we have liT exp,(z) = €* = e®(cosy + isiny).
K—r+00

Since
z 2497 (@4’ +yy?) ilytyry —vay) (@t +9y?) +iy
14+vz  |14+722 (1+~x)? +v2y? (1 +~x)2 +42y2
we have
2 2 %
oy 2 /P £ OR2) ™ a2 4 ) ot ) — ysinste, ) )
o (1+72)? + 2y +i{(z +y2® + yy?) sin(k0(x, y)) + y cos(kb(x,))} )

Then, fy~(2) € R implies
(2 + 422 + 19?) sin(wb(, ) + y cos(wb(, ) = 0. 3)

If sin(k0(x,y)) = 0, then cos(kf(x, y)) does not vanish so that y needs to be zero. Thus, if z = z+yi €
fr(R) with y # 0, then we have sin(x6(z,y)) # 0. Thus, the equation (3) for sin(kf(x,y)) # 0 can
be rewritten as

F(z,y) == (z +v2% + 7y?) + y cot(kb(z, y)) = 0. (4)
For y = 0, we set F(z,0) := il_r)% F(z,y). If = 0, then we have 6(0,y) = Arctan(¥) and hence

F(0,0) = ;ig%)ycot(f@'Arctan(%)) = 1. Let us introduce the connected set 2 = Q, - by

Q=0Q,,:={z=z+yi € D(fu,); Flz,y) >0},

where A° is the connected component of an open set A C C containing z = 0. Note that since F' is
an even function on y, the domain (2 is symmetric with respect to the real axis. Set

S =R\ fury (Qery NR). (5)

Definition 1.1. If there exists a unique holomorphic extension W, ., of w,  to C\ S, then we call
W~ the main branch of Lambert-Tsallis W function. In this paper, we only study and use W, -
among other branches so that we call W, , the Lambert-Tsallis function for short. Note that in our
terminology the Lambert-Tsallis W function is multivalued and the Lambert-Tsallis function W, .
is single-valued.

Our goal is to prove the following theorem.

Theorem 1.2. Let f, ., be a generalized Tsallis function. Then, there exists the main branch of
Lambert-Tsallis function if and only if (i) 0 < k <1 and v <0, (ii) K > 1 and v < T(1 + 2)2, (iii)
-1<k<0 and'yﬁ%, (iv) k< —=1andy < %(1+%)2, and (v) k=00 and v < %.

Remark 1.3. In the case £ > 1 and D(0) < 0, the function f, ., maps QNC* to C* two-to-one, and
hence the extension exists on a smaller domain in 2 which f, , maps to C \' S, but it is not unique.
In the case 0 < kK < 1 and v > 0, we need to extend the defining domain of fy , so that there does
not exists a complex domain such that f, , maps to C\ S.

The proof of this theorem is done in two steps, that is, we first give an explicit expression of
Q = Q, -, and then show that f, , maps €2 to C\S bijectively. At first, we suppose that 0 < x < +oc.
Let us change variables in (4) by

x = k(rcosf — 1), (©)

re® =142 (r>0, 6 €(0,7)), orequivalently { )
P Yy = Krsinf,

and set a := vk and
b(0) = (1 — 2a) cos § + sin 6 cot(k0). (7)
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Then, the equation (4) can be written as
ar? +b(0)r+a—1=0. (8)
In fact, we have

k(rcosf — 1) + y{(k(rcosd — 1))*> + (krsin6)*} + xrsin 6 cot(kf) = 0
< r*r?+ {kcosd — 2yK? cosf + ksinf cot(kb) }r + (yr* — k) =0
= 757’24—{(1—27/@) cosO—l—sinGcot(nG)}r—&—’yn—l =0.

If sin(k0) # 0, then (8) has a solution

) £ /0(0)%? — 4da(a —1
r=ry(0) = Vi 2a )

Thus, for each angle 0, there exists at most two points on f,- i (R). Since the change (6) of variables
is the polar transformation, we need to know whether r () is positive real or not. We note that

v = Ly o OO _ —eV(0) b0)+e/DO) _ o re(0)
r5<e>—2a<b<e>+ NW)‘ - = O o)

for e = &1. Set D(0) := b(6)? — 4a(a — 1). Then, r1(0) are real if and only if D() > 0, and we have
D'(9) = 2b()b'(0).

Let a1, as be the two solutions of

q(2) =72+ (1+1/k)z+1=0. (10)
If a; are real, then we assume that a; < as, and if not, then we assume that Im oy > 0 and Im a5 < 0.
Then, f/'(z) = 0 implies z = o; (1 =1,2) or z = —k if kK > 1. It is clear that oy, e are real numbers

if and only if
2

1\2 1 1
(1+7) Ay >0 = 7§7(1+—) :
K 4 K
These two points «;, i = 1,2 correspond to the solutions of (8) with parameter § = 0. In fact, if
6 =0, then r =1+ £ and

—2a

. k+1
b(0) := (}1_% b(9) = -

) (11)
and hence the equation (8) with § = 0 is described as

0:ar2—|2—b(0)r+a—1:a(r—1)2+( + )(r—l)

+
T z 1 1
—a- S+ 0+ HI+ - =~ (1 + (14 ):c+1)
K K K

1
K

We note that

o(-2) =" a-m=(a- D, (12

and
4a

D(0) = b(0)* — daa —1) = (1+ %)2 _4a

K

In order to know whether the equation (8) has a positive solution, we need to study the signature
of D(#), and hence that of b(d) and v/(f). To do so, we introduce three functions H,, F,; and J,; as
below, and investigate them in detail.

For a > 0, we set

H,(z) :=sin(az) — asin(z) (x € R).

Let us investigate the signature of H,(z) on the interval I; = (0, min(2%,27)). Note that if o = 1
then we have H; = 0, and hence we exclude the case o = 1. By differentiating, we have

n(5 )
1mn .
x D) X

Lemma 1.4. (1) If0 < a < %, then one has Hy(x) > 0 for any x € 1.

(2) If 3 < a <1, then there exists a unique y. such that Hy(y.) = 0, and one has Hu(x) > 0 for
z € (0,y.) and Hy(z) <0 for x € (y.,2m).

(3) If 1 < a < 2, then there exists a unique y. € Iy such that Hy,(y«) = 0, and one has Hy(x) < 0
for z € (0,y.) and Ho(z) > 0 for x € (y., 2T).

H! (x) = acos(ar) — acosz = —2ozsin(a i

H!/(z) = 0 implies that z = % (neZ)orz=2mT (;me).
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(4) If a > 2, then one has Hy(z) <0 for any x € I.

Proof. 1t is obvious that H,(0) = 0. First, we assume that 0 < o < 1. In this case, since - <1
and % < a%rl < 1, we have
2 . 27 —27
0< ——<21< mln(i,i).
a+1 a+l a-1
This means that H/, (z) > 0 when z € (0, O?—j:l), and H! (z) < 0 when z € (%,277). On the other
hand, we have H,(2m) = sin(2ra) — asin(2m) = sin(2re). If 0 < a < 3, then we have 0 < 2am <
and thus Ho(2m) > 0, and if 2 < o < 1 then we have m < 2ra < 27 which implies H, (27) < 0.
Thus, we obtain the assertions (1) and (2).
Next we assume that o > 1. In this case, since %H > é, we have

0<

2 2 . 47 2

Grra i)
This means that H/ (z) < 0 when x € (0, f—fl), and H),(z) > 0 when z € (f—];l, 27). On the other
hand, we have H,(2F) = sin(27) — asin(2%) = —asin(28). If 1 < a < 2, then we have 7 < 2% < 27
and hence Ha(%”) > 0. If & > 2, then we have 0 < %’T < 7 so that Ha(%”) < 0. Therefore, we have

proved the assertion (3) and (4). O

For k > 0, we set
F.(z) :=tanx - cot(kz) (x € R).
Let us investigate the behavior of Fy(z) on the interval Iy = (0, min(Z,7)). Since F; = 1, we exclude

the case k = 1. Notice that if k < 2, then F,;(z) has a pole at x = £ in the interval Iy. At first, we
see that

jus
2

i 1
Fu(0) = Tim Fu() = lim 2o coster) L
0 z—+0 sin(kx)  cosx K

If k < 1, then it is obvious that Fj(m) = 0. On the other hand, if 1 < x < 2, then § < = < 7, and if
Kk > 2 then 0 < % < g7 and hence we have

if 1 2
lim F,(z) = oo (1 <k <2),
z—>Z—0 —oco (if kK > 2).
By differentiating, we have
F(2) = cot(kx)  Ktanxz H,(2x)

cos?z  sin(kz) 2(coswsin(kz))?’

For the case % < k<2 (k#1), Lemma 1.4 tells us that H, has a unique zero point y, in the interval
(0, min(2m, 27)). If we set x, = ¥, then we have z, € Iy and Fy(z.) = 0.

Lemma 1.5. If% < Kk < 1, then one has Fo(z,) <1, and if 1 < k < 2, then one has Fq(z,) > 1.

Proof. We first assume that % < k < 1. In this case, since 0 < 1 — k < % and since § <z, <7, we
have sin((1 — k)x,) > 0. Thus, since cosz, < 0 and sin(kx,) > 0, we obtain

sin((1 — k)z.) > 0 < sinx, cos(kz.) — cosz, sin(kzy) > 0
<= sinz, cos(kx.) > cosz, sin(kx,)
Fi(n,) = sin ., c?s(mx*) <1
COS T sin(Kxy)
Next, we assume that 1 < £ < 2. In this case, since 0 < x —1 < 1 and since § < x, < L <7, we
have sin((k — 1)x,) > 0. Thus, since cosz, < 0 and sin(kx,) > 0, we obtain

sin((k — 1)zy) >0 <= cosz,sin(kz,) — sinz, cos(kz,) >0

<= cosz,sin(kz,) > sinz, cos(kx.)

sin x, cos(Kx)
— F(r,) = ———MZ2 > 1.
w(2) COS T, sin (K, )

We have proved the lemma. O

Lemmas 1.4 and 1.5 yield the following table.
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Lemma 1.6. One has the following increasing/decreasing table of Fy.

1 z |0 g \7r
(A)0</‘0§§ F + X +
FH é /lJroo % —oo/(‘o
(B) 5 <K< 1 F) + X + 0 - Fi(ze) <1
F é ST X | oo S Fal@a) | N\ ‘0
C)l<kr<2 F! - X — 0 + Fyi(z,) > 1
F, é oo | X | TN | Fu(ms) | 0| x
(D) k>2 F! - X
EF.|L oo | X
K
For k > 0, we set
2t —2v—1 1 z—-23H 1 421 1
Je(@) = —F—— = —— 7 = - . -
drr —28—1 2k x—2H 2k 8r? g — 2t
Then, we have
1
K :17 ;{1 :—].7 li K = 1 L(r) = —. 1
Jx(0) Jx(1) Lim Je(z) = lm Je(z) = o (13)

Note that, if we set kK = %, then J% = 1. The following lemma is trivial.

Lemma 1.7. Suppose that k # % Then, J, has a pole at x = %Jr ﬁ. If0 < k < %, then it is
monotonic decreasing on R, and if Kk > %, then it is monotonic increasing on R.

We now consider the function b(6). If kK = 1, then we have b(0) = 2(1 — a) cos§. Otherwise, since
b() can be described as

b(0) = ((1 —2a) + F.(0)) cosf (if cosf #0),

the signature of b(#) can be determined by using F,. Note that, cos# = 0 occurs when k < 2, and in
this case, we have

™ KT R
(Z) =01 cot = cot .
> 0+1-co > co 5

It is positive if k < 1, and negative if 1 < K < 2. These observations together with Lemma 1.5 yield
the following table.
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Lemma 1.8. The signature of b(0) on the interval Iy = (0, min(m, Z)) is given as follows.

1 09<K()§%.. ol [nm po
2a—1>; 50 Ce (p<§
1
0§2a—1§; b(%) 0 + T
S BESr I
%</€<1
2a—1>l b(%) 0 (8 + . 90<g
Fﬁ<a*)<za_1<% b(@g) 0] T
1SR | e = ot
2a—1<0 b(%) 0 + g T (P>g
1<kr<2
%SQa—1<FH(9*) bé) 0 _ z
i< b(09> e $<3
K>2
2a712% bé) 0 - z
1 i
S b(oﬁ) : + g T

In this table, ¢ or ¢; (i =1,2) are solutions in Iy of b(6) = 0. If 2a — 1 = F,,(x4), then p1 = pa.

Let us consider the function b'(6). If x = %, then we have

0
5 0
b'(0) = (1 — 2a) cos 6 + QSinﬁc?Sg = (1—2a)cosf + 2C082(§) =2(a—1)siné.
sin £
2

Let us assume that x # 3. Since the function b(f) can be also written as

cos 0 sin(k0) + sin 0 cos(x0)

b(0) = C(.)S 0 + sin 6 cot(kf) — 2acos § = Sin(0) — 2acosf
(G L)
sin(k6)
its derivative can be written by using H, as
Huq1(0
b (0) = Howi1(0) + 2asin 6.

~ 2sin?(k0)

(14)

(15)
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In fact,
p(g) = L coslln D) sinkd — rsin((wrl))fcosnd o g
sin” k6
_ksi 1 i
_ nsme-l-CO.S(z(“"' )0) sin 10 + 2asin 6
sin” k6

_ —ksinf+ %(sig(gzn + 1)) —sin ) -+ Susing
sin” k6
sin (2 1)0) — (2 1)sin 6
_ sin((2k + 1) ) 2( K+ 1)sin + 2asind
o P 2 sin” k0
= %%1()+2asin9.
2sin”(k0)

Let us set
B(0) := 2sin® (k)b (0) = Howy1(0) + dasinOsin?(k0), L(k,a) := dak — 2r — 1. (16)
Then, the signatures of b/(0) and B(#) are the same, and the derivative of B(#) is given as, if
{(k,a) # 0 then
B'(0) = 26(k, ) cos 0 sin®(k0) (F,{(H) + Jﬁ(a)), (17)

and if ¢(k,a) = 0 then

_ 1 — 4k2

B'(9) cos 0sin’ (k). (18)

In fact, we have
B'(0) = —2(2k + 1) sin((k + 1)) sin(k6) + 4a(sin k0)(cos 8 sin(k0) + 2k sin 6 cos(kH))
= (4a — 4k — 2) cos Osin® (k) + (8ar — 4k — 2) sin O sin(k0) cos(kH)
= 2cosfsin®(k0)(2a — 2k — 1 + (4ar — 2k — 1) tan 6 cot(x0))
— 2(4ak — 2% — 1) cos O sin®(k6) (FK(G) + M)
dak — 2k —1
Note that two conditions ¢(k,a) = 0 and 2a — 2k — 1 = 0 occur simultaneously only when x = % Set

2% 43z +1
B 6z '

Lemma 1.9. (1) Suppose that 0 < k < %, or k> 1. If a > G(k), then there exists a unique @, € I
such that b' () = 0, and one has b'(0) > 0 for 0 € (0,¢.), and b'(0) < 0 for 0 € (p., 7). If
a < G(k), then one has b/ (0) for any 6 € Iy.

(2) Suppose that & < k < 1. If a < G(k), then there exists a unique @, € Iy such that V' (p.) = 0,
and one has b'(8) < 0 for 6 € (0,¢.), and b'(0) > 0 for 8 € (p., 7). If a < G(k), then one has

b'(0) > 0 for any 0 € Iy.

G(x):

Proof. Since we have (17) or (18), we can use Lemmas 1.5 and 1.7. This lemma can be obtained
by dividing cases and by elementary but tedious calculations. Note that % comes from the
equation 0 = F,;(0) + J,.(a). By differentiating b(#) by using expression (7), we obtain
in6
b'(0) = (2a — 1) sin 0 + cos 6 cot (k) — %,
sin®(k6)
and hence
V(0)sin?(kf) = (2a — 1) sin (1 — cos?(k)) + cos O sin(kh) cos(k) — rsin 6
= (2a — Kk — 1)sinf + (2a — 1) sin @ cos? (k@) + cos O sin(kH) cos(x0)
= (2a — k — 1) sin 0 + cos O sin(kh) cos(k0)((2a — 1)F(0) + 1).
If ; satisfies B'(¢;) = 0, then we have Fj(¢;) + J..(a) = 0 and hence
—(2a —1)(2a — 25 — 1) + (4ak — 2k — 1) 4a(a —1)
Uk, a) - A(k,a)
The non-trivial cases are given as (i) 1 <k <1 and 0 < —J.(a) < Fy(z,), or (i) 1 < & < 2 and
—Ju(x) > Fo(zs).
first we consider the case (i). In this case, Lemma 1.7 tells us that we have ¢(x,a) > 0. Since

—J,;(a) is monotonic decreasing when £(x,a) > 0 and since —J,;(1) = 1 by (13), we see that a need
satisfy a € (1,4 + x) because Fy(z,) < 1 by Lemma 1.5. Thus, we have 2a — x — 1 > 0. Again by

(20— )F,(pi) +1=

(19)
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Lemma 1.5, the equation B’(0) = F,;(0) + J..(a) = 0 has at most two solutions @; € (&

ﬂ,ﬂ'), 7, = 1, 2.
Set ¢1 < y. Then, since

B(0) =0, B(m) =sin(2xm) >0,

we have
0 0|--- |2 o1 | [ | -
Uk, a) + + + +
cosf + 0] — — -
F.+J. + - 10|+ 1]0]| —
B'(0) + + 10| —1]0]|+
BO) (0] 7| |/ <~ 7 B >0

We shall show that B(y;) > 0, (i = 1,2), which implies b'(f) > 0. Since a > 1, we have (2a —
1)Fe(@s) +1 >0 by (19). Since ¢; € (5-,7), we see that cos g; sin(kep;) cos(kp;) > 0 and hence we
obtain B(y;) > 0.

Next, we consider the case (ii). Then, since F,,(x,) > 1 by Lemma 1.5 and since J.(1) = —1
by (13), we need to have ¢(k,a) > 0 and a < 1, whence 2a — x — 1 < 0. Lemma 1.7 tells us that
the function —J,(a) is monotonic decreasing if #(k,a) > 0. Again by Lemma 1.5, the equation
B'(0) = F..(0) + Jx(a) = 0 has at most two solutions ¢; € (5-,7), i = 1,2. Let o1 < a. Then, since

B(0) = 0, B(f) = —2Ksin~ <0,
K K
we have
9 Ol 2] o] |ea]| - =
(K, a) + + + +
cos 6 + 0] — — —
Fotd.| | - Yo -0+
B'(9) — - 0| +]0] —
B(0) 0]\ N\ / N | B(%) <0
Since a < 1, we have (2a—1) Fy;(¢;)+1 < 0b y(19). Since p; € (3, L), we have cos @; sin(kg;) cos(kp;) >

0 so that we obtain B(p;) < 0. O

2. THE DOMAIN 2 FOR Kk < +00

In this section, we shall determine 2 for finite x > 0, which is the connected component of the set
{z=2+4yi € D(fs~); F(x,y) > 0} containing z = 0. Let r1(#) be the solutions of the equation (8)
and let «;, i = 1,2 are the solutions of the equation (10). Since F(z,y) is a continuous function, the
boundary 99 is included in the set {z = x + yi € C; F(z,y) = 0} C f;}(R). Since F is even function
on y, the domain € is symmetric with respect to the real axis, and hence we consider D := QN C™.
Proposition 2.1. Suppose that k = 1.

— _1
(1) If v > 1, then one has Q= C\ {-=}. .
(2) If 0 <y <1, then one has Q = {z:x—i—yi € D(fun); ($+%) +y? > 1;—;’}
(3) If y =0, then one has Q = {z =« + yi € D(fx); 1 +22z > 0}.
(4) If v < 0, then one has Q = {z =z +yi € D(fuy); (z+ %)2 +y? < 1;—27} In particular, Q is
bounded.

Proof. For z = x + yi, we have

fio2) = (x4 y2? +yy° +yi)(x + 1+ yi) 1 ( (z +vz? +v2) (1 +z) — 92 )
7 wy(l+2z+72% +9y%) /)

(14+72)% + %y (14 72)? +4%y°
Thus, f1,,(2) € R implies y = 0 or

2
1 2:17’y .

1+2z 4+ + 92 =0 << (w+27) +y > (if v # 0),

T=-3 (if v = 0).

Therefore, we have Q = {z € D(fx,); Rez > —1} when v = 0 because it contains z = 0. Sup-
pose that v # 0 and set C = {z=a+yi€C; 1+2x+~2? +~y> =0}. If v > 1, then C =
), which implies Q@ = C\ {f%} Assume that 0 < v < 1. Then, C # 0 and z = 0 does



Analysis on Lambert-Tsallis functions 9

not contained in the interior of C' and hence 2 is the out side of C, which is written as =
{z=2+yieC; 1+ 22+ y2* +vy* > 0}. Assume that v < 0. Then, C' # ) and z = 0 is contained
in the interior of C, and thus €2 is the interior of C, which is written as

Q= {z =x+yi € D(fen); 1+ 2z + v + vy° > 0}.

The proof is completed. O

Recall that a = k7. Set 6y := = and let Iy be the interval (0, min(m, 6p)).

Proposition 2.2. Let & > 0 with k # 1. For z € C\ {&# < —k}, one sets re’ =1+ Z. Then, @ can
be described as follows.
(1) If a < 0, then there exists a unique 0, € (0, 77) such that r1(0.) = r_(0-) and that r(0)
are both positive with r_(0) < r(0) on (0,0,). Moreover, one has
Q={2€D(fu~); 0] <. andr_(0) <r<ry(6)}.

In particular, Q is bounded. One has oy, as € 082 and —% € Q, whereas —k & .
(2) If a = 0, then one has r(0) = ry(6) = % which is positive on the interval (0, 77).
Moreover, one has

™

Q= {zeD(fnﬁ); 0] < 1 andr>r(9)}.

K+

Q has an asymptotic line y = +(x + :—fl) tanfi. One has a1 = ap = — 5 € 9Q and —k & Q.

(3) If0 < a <1, then ry(0) is the only positive solution of (8) on Iy, and one has
Q={z€D(fur~); |0] <min(fy,7) and r > r (0)}.

If k> 1, then Q has an asymptotic line y = £(tanby)(z + £ — ). One has az € 09, whereas
o, —%, —k €.
(4) Suppose that a =1 and k # 1.
(a) If 0 < k < 1, then one has r4.(0) =0 and r_(0) = —b(0) <0 for 0 € Iy, and Q = D(f ).
One has a1 € 0 and oy = —Kk = —% € 00.
(b) If Kk > 1, then one has r4(0) = —b(0) > 0 and r_(0) = 0 for 0 € Iy, and one has

Q={2€D(fun); 10] <Oy andr >r (0)}.

One has ag = —1 € 99, while a1 = —Kk = —% Q. Moreover, Q has an asymptotic line
y = *(tanfp)(z + £ — 1).
(5) Suppose that a > 1.
(a) If K > 1 with D(0) > 0, then ry(6) are both positive in Iy with r—(0) < ry(0), and one has

Q={z2€D(fun); 10] <o andr >r, (0)}.

Q has an asymptotic line y = £(tan 00)($+I€7%). One has ag € 0N), while —k, f%, ap & Q.
(b) If K > 1 and D(0) < 0, then there exists a unique 0, € (0,00) such that D(0,) = 0, and
r+(0) are both positive in the interval (0.,0y). Moreover, one has

Q={2€D(frny); 0] <0 and if |0] > 6, then 0 <r <r_(0) orr>ri(0)}.

In this case, a;, i = 1,2 are both non-real and one has o;, —k € 02 and —% € Q. Moreover,

Q has an asymptotic line y = £(tan o) (z + £ — 1).
(c) If 0 < k < 1, then there are no 0 such that D(0) > 0, and one has Q = D(fy ).

Recall that, since () is symmetric with respect to the real axis, it is enough to determine the
boundary 9% of € in the upper half plane.

Proof. (1) Assume that a < 0. Since ro(6) - r_(f) = %=1 > 0, we see that r4(f) have the same
signature if r4(¢) € R. Since a < 0, we have b(0) = 1+ 1 —2a > 0 by (11). Let 6; := T
Then, Lemmas 6.2 and 1.4 tells us that 5'(6) < 0 for any 6 € (0,61). In fact, if k does not satisfy
% < k < 1, then it is a direct consequence of Lemma 6.2, and if % < Kk < 1 then we can verify it by
Lemma 6.2 and by the fact that ¥'(01) = Hakx1(01) + 2asin6; < 0 by Lemma 1.4. Therefore, b(9) is
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monotonic decreasing on the interval (0,6;). If b(61) < 0, then there exists a unique ¢ € (0,6;) such
that b(¢) = 0, and if b(#1) > 0 then we set ¢ = ;. Since we have

B 1\2  4a D(6,) = (—2acos6,)* — 4a(a — 1) = 4a® cos® ) — 4a® + 4a
b(0) = (1 + E) K >0 and = 4a — 4a®sin® 6; = 4a(1 — asin®6;) < 0

and D’'(0) = 2b(0)b'(0), the increasing/decreasing table of D(0) is given as

0 0 o |- 0,
5(0) T 0 |-
v(0) — = |-
D'(0) 10 |+
D) [ D(0) >0 ~ | D(p) | /| D) <0

and hence there exists a unique 6, € (0,¢) such that D(f,) = 0. In particular, D is monotonic
decreasing in the interval (0,6,), and D(0, + §) < 0 for 6 > 0 such that 6, + § < . Therefore, since
r4(0) +r_(0) = —b(0)/a, the signatures of 71 () is the same as that of b(9) if r are real so that r4
are positive on (0, ,] and r4 are not real for 6 € (0., ¢). Since r1(0.) = r_(0.) by the fact D(6.) = 0,
the curves r1.(0), 0 € (0,6,] followed by r_(6, — 8), 8 € (0,6,], form a continuous curve going from
ag to aj in the upper half-plane. Let «;, i = 1,2 be the solutions of (10). Since ajas = % < 0 and
a1 < ag, we have ap < 0 < o so that

Q={2€D(fur); 0] <O, and r_(0) <r <rp(0)}.

Since q(—%) > 0 and ¢(—~) < 0 by (12), where g is defined in (11), we see that —% € Qand —k ¢ Q.
(2) Assume that a = 0. In this case, the equation (8) reduces to b(#)r —1 = 0 so that

B 1 1 _ sin(k0)
re(0) =r(0) = b(6) " cosf + sinfcot(kf)  sin((k+1)6)
Let 61 = 7. Since sin(xf) and sin((k + 1)0) are both positive in the interval (0,60:), and since
, 1i0m Osin((n +1)0) = 0, we see that
—b01—

lim 7(0) = 4.
9*)9170

Thus, it has an asymptotic line with slope tan 61, which is determined later. Since v = a/k = 0, the
solutions «;, ¢ = 1,2 are given as a; = a = — 5. Since q(0) =1>0and g(—k) = —k < 0, we see
that the domain € is given as

={z=x+yi € D(fup); |0] < b1, r>r(0)}
and —k ¢ Q.
(3) Assume that 0 < a < 1. In this case, we have

D(0) =b(0)* + 4a(l —a) >0

for any 6 € Iy so that the solutions of (8) are always real. Moreover, since 74 (6) - 7_(f) = —1=% <0,
they have the different signatures, and r(6) is the positive real solution of (8) by the fact |b(0)| <
/D(0). In particular, ro(6), 6 € I forms a continuous curve in C*. The solutions «;, i = 1,2 of
(10) are both negative because we have v = a/k > 0 and oq +az = —(1++) /v < 0. Since q(—%) <0
and ¢(—«) < 0 by (12) and since % > kK, we see that

1
oz1<—;<—/£<o<2<0. (20)

(a) We first assume that x > 1. Then, b(¢) is defined on the interval Iy = (0,6p), and we have

lim b(f) = —oo, which implies
0—06 0o— 0

9&191;1 0r+(9) = +o0.

Therefore, the curve r(6), 8 € (0,6p) has the asymptotic line with gradient tan 6y, which is deter-
mined later. By (20), we see that € is given as
Q= {2 € D(fur)i 6] < b0, 1> 11 (0)},

and a1, —=,—K & Q.
(b) Next, We assume that 0 < k < 1. Then, b(#) is defined for any 6 € Iy = (0, 7). If § = 0, then the
positive solution of (8) corresponds to as < 0, and if § = 7 then, since b(7w) = 2a — 1, the positive
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solution of (8) corresponds to —%. Thus, the curve 7, (6), § € (0,7) connects z = ay and z = —

2=

passing in the upper half plane. This means that z = —k is in the interior of the curve, whereas z = 0
is in its outside. Since (2 is the connected component including z = 0, €2 is the outside of the curve
and hence

Q={2€D(fur); 0] <m, r>ry(0)}.

(4) Assume that @ = 1 and x # 1. In this case, the equation (8) reduces to r? + b(f)r = 0, whose
solutions are r(6) = 0, —b(¢). Recall that Ip = (0,min(7, %)). By Lemmas 1.8 and 1.5, we see that
if 0 < k <1 then b(¢) > 0 and if k£ > 1 then b(f) < 0 for any 6 € Iy. This means that if 0 < xk < 1
then the equation (8) does not have a positive solution, and hence we have

Q= {Z € D(fﬁ,’y)5 |9| <7, r> 0} = D(fﬁ,fy)a

which shows the assertion (4)-(a). If & > 1, then since b'(6) < 0 for 6 € Iy and since b(0) = 1+1 -2 <0
and limg_,g,—0 b(f#) = —oo, the function D(f) is monotonic increasing on Iy and hence we have
li 0) = .
o gy T+ (B) = oo

Thus, the curve 7 (), 8 € Iy has an asymptotic line with gradient tan 6y, which is determined later.
Thus, we have

Q={z2€D(fun~); |0] <o and r >ry(6)}.
(5) Suppose that a > 1. In this case, we have b(0) =1+ L — 2a and

b(f) =(1-2a)cos~ (ifr>1), br)=2a—-1>0 (0<r<1).

K K

Note that b(0) > 0 if x> 1. Since ro () -r_(6) = <L > 0, two solutions r (#) of (8) have the same
signature if r4 () are real.

(a) We first consider the case x > 1 and D(0) > 0. Let us show that D(0) > 0 for § € Ij. Set

x 1\2 222 + 3z + 1
K@ =210 1) G- 2L
@=2(1+1) =222 hsg)
Then, the condition D(0) > 0 is equivalent to a < K(k), and hence we have a < G(x) because
G - Ky ==L it o>1
— = 1 .
x x 152 x
By the assumption k > 1, we see that b/(f) < 0 for any 6 € Iy by Lemma 6.2 so that b is monotonic
decreasing in this interval. Since b(0) < 0, the function b is negative in Iy, and hence D’(0) =
2b(0)b'(9) > 0 so that D(@) is monotonic increasing in the interval Iy, and in particular, it is positive
on Iy. By (9), we have 7/, (#) > 0, and hence the function r, (f) is monotonic increasing, whereas

r_(0) is monotonic decreasing because r_(0) = afﬁlm. Note that

lim ry(0) = +oo, lim ro(60) = 0.
94)9070 +( ) + 9%0070 O( )

Thus, r4(0), 6 € Iy draws an bounded curve connecting z = ag to oo, and r_(0), 0 € Iy draws a
bounded curve connecting z = a3 to z = —k. Since we have —k < —% < a1 < az < 0 and since 2 is
the connected component including z = 0, we have

Q= {z € D(fur); 0] < b, ¥ >rs(0)}

(b) Next, we assume that £ > 1 and D(0) < 0. According to Lemma 1.9 (1), we consider the function
b'(0) in two cases, that is, (i) @ < G(k) and (ii) a > G(k).

(i) Assume that a < G(k). Then, b(f) is monotonic decreasing. Since b(0) < 0, we see that
b(#) < 0 for any 6 € Iy and therefore D’(6) = 2b(0)b'(#) > 0 for any 6 € Iy. Thus, D(#) is monotonic
increasing with D(0) < 0. In particular, there exists a unique 6, such that D(,) =0, and r.(6) are
real for 6 € (0,,6p). In this interval, since r(0) +r_(0) = —b(6)/a > 0, we see that r.(f) are both
positive. By (9), we have r/ (#) > 0 and thus the function r(¢) is monotonic increasing, whereas

r_(#) is monotonic decreasing because r_(0) = a;?;(le)' By taking a limit # — 6y — 0, we have

li 0) = li _(6) =0.
9—>191?—OT+<) +oo, 03000 ()
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This means that 7 (f) draws an unbounded curve connecting z = «; and z = oo, and r_ () draws a
bounded curve connecting z = a; and z = —k, where « is the complex solution of (10) with positive
imaginary part. Since we have —x < f% < 0, the domain 2 is given as

Q={z€D(fur); 10| <bp, if [8] >0, then 0 <r <r_(8) or r > r (0)}.
(ii) Assume that a > G(k). Then, there are two possibilities on (). If b(p.) < 0, then we have

6 0 o] e | E
v'(0) + |0 —
b(0) - - -
D'() - 10 +
DO) [ DO <0 N Vil
and if b(p.) > 0, then there exist exactly two 1 < s such that b(y;) = 0 so that
0 0 \801\ ©x ""@2‘ z
' (0) + 0 —
b(6) — — [ 0] + 0] -
D'(0) — o +]0]-]o0] +
D(0) [ D(0) <0 ] /! N el Bt

We note that D(p;) = b(¢;)? — 4a(a — 1) < 0. Since 74 (0) +r_(0) = —b(0)/a, if D(p,) > 0, then
r4(0) are both negative so that we do not deal with this case. Thus, in both cases, there exists a
unique 6, € Iy such that D(0,) = 0 and r.(6) > 0 for any 6 € (0., 6y). By (9), we see that r4(0) is
monotonic increasing on (6., 6y), whereas r_(6) is monotonic decreasing. Moreover, we have

lim r4(0) = +oo, r_(0) =0,

lim
6—00—0 60—00—0
and hence the curves ry(0), 8 € (6.,00) form an unbounded curve connecting z = a; and z = oo.
Since —k < —% < 0, we have

Q={2€D(fu); 0] <b, and if |8] > 6, then 0 <r <r_(0) or r > r(0)}.

(c) We finally assume that 0 < x < 1. In this case, we have D(7) = (2a — 1)? —4a(a — 1) = 1. We
note that b(0) < 0 implies D(0) < 0. In fact, b(0) < 0 means 1+ 1 < 2a so that
1 4a

D(O):(1+%)2—4§<2a(1+g)—;z?a(l—%)<(). (21)

Since a > 1, the signatures of r1 (f) are the same, and they are the opposite to the signature of b(6).
Let Ip C Iy be the maximal interval such that D is positive on Ip. We shall show that there are
no suitable solutions of (8), that is, r+(#) < 0 for any 6 € Ip, which yields that Q = D(f, ). Let us
recall Lemma 1.9.
(i) Assume that 0 < k < 1 and a > G(k). In this case, we have

9 O ... (p* DRI ’7T
b'(0) + ] 0| —
b(0) | b(0) | N N | b(m) >0
If (0) > 0, then we see that b(f) > 0 for any 6 € Iy, which implies () < 0 for any 0 € Ip. If

b(0) < 0, then there exists a unique 0 < ¢ < ¢, such that b(p) = 0, and we have D(0) < 0 by (21).
Hence,

0 0 e Op | |
v () + |+ +]0 =
b(0) - 10 A AT+ N+
D'(6) —Jo]+]0]—
DO) [ DOY<O0| N[ = 7+ | |1

This table yields that b is negative on Ip, whence r4(6) < 0 for any 6 € Ip.

(ii) Assume that 0 < k < % and a < G(k). Then, Lemma 1.8 tells us that b'(6) < 0 for any 6 € I.
Thus, b(#) is monotonic decreasing on the interval Iy with b(w) > 0, and hence b(f) > 0 for any
0 € Iy. This means that D’(f) < 0 and D(€) is monotonic decreasing on Iy. Since D(w) = 1, we see
that Ip = Iy and hence r4(0) < 0 for any 0 € Ip.
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(iii) Assume that 3 < x < 1. In this case, we have we have b'(§) > 0 for any 6 € I so that

b(0) is monotonic increasing. In fact, if £ > 1, then since (H‘[ < G(k) <1lfor 2 <rk<1and
since a > 1, we always have a > G(k) so that /() > 0 by Lemma 1.8, and if £ =  then we have
b'(0)2(a — 1)sin 6 so that &'(9) > 0 b y(14). If b(0) > 0, then we have b(f) > 0 for any 6 € 6 and
hence we see that r4.(6) < 0 for 6 € Ip. If b(0) < 0 then there exists a unique ¢ such that b(¢) =0
and we have

0 ol |
b (0) + |+ +
b) |- 4]0 7|+
D'(6) - 10| +
DO) |- |~ | = /1
This table indicates that for 6 € Ip we have b(f) > 0, which implies r4 (¢) < 0.
We shall determine an asymptotic line With respect to Q when r4 (0) - 400 as § — Z or —2—. To
calculate them in a one scheme, we set ¥ = T or and denote its denominator by a. A hne havmg

n+1 ?
gradient tan ¢ can be written as x sin Y —y cos 59 = A with some constant A. Since ¢ = K(r(0) cosf—1)

and y = kr(0) sin @, we have

zsind — ycos? = k{sind(r(f) cosd — 1) — cos Ir(f)sinf }
= r{r(0)(cosfsiny — sinf cos ) — sin}
= —k{r(f)sin(6 — V) + sinv}.

When 6 — ¢, we have r, (f) — +oo and b(f) — —oo, and

ro(0) = MO+ VOO —dala— 1) __4O) <1+ 14‘1(?9)21)).

2a 2a b
Since
sin(6 — ) . sin(f — v9) . 0—9 1
m —F— = m -—— = m -—-—— = ——
0—9—0 sin(a)) 0—9—0 sin(a(f —1)) 6=9-0 af —1) a’
we have

)

lim b(0)sin(f —¥) = lim ((1 — 2a) cos O sin(6 — ) + sin 6 cos(ah) sin(0 - 19)) _ sinv

6—9—0 9—9-0 sin(ad) ao
whence
) . - b(0) sin(f — V) da(a—1)\  sin?
o r@)sin(@ =) = lim === —— {1\~ 57 | T

Thus, we have

A {—/{(—Singo +sinfy) = (% - /-f) sinfy  (if o = k),

—KZ( sin 61 + Sln91) /{Lfl sin 61 (lf a=K-+ 1)7

and therefore the proof is now complete. O

3. THE DOMAIN §) FOR Kk = +00

In this section, we deal with the case Kk = co. Since kf(z,y) is regarded as y in this case, the
equation (4) can be written as

F(m,y):x+’yx2+'yy2+ycoty:(). (22)

Assume that v = 0, that is, the case of the classical Lambert function. Then, the above equation
reduces to F(z,y) = x +ycoty = 0. Since the point z = x +yi = 0 satisfies F'(0,0) = 1 > 0, we have
Q={z=z+yieC; z>—ycoty, |yl <=}

Assume that v # 0. Then, the equation (22) can be calculated as

x2+5+y2+wzo<:>(x+i)2=i—y2—w. (23)
gl gl 2y 4vy? gl
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Let us consider the function

1 ycoty 1 coty\2 cot?y 1 coty\2
h(y):zrfﬂ—gﬁ— vy :4772_(34—" 27> + 42 :4725in2y_<y+ 27)
1= (2fyysiny + cosy)2
N 442 sin’ y )
Note that

1 11, y 1—4dy

R(0) = lim h(y) = el ;yli% Sy~ 42 lim |h(y)| = +oc.

y—m—0

and

In order that the equation (22) has a real solution in z and y, the function h(y) needs to be non-
negative, and it is equivalent to the condition that the absolute value of the function g(y) := cosy +
2y siny is less than or equal to 1. At first, we observe that g(0) = 1 and g(w) = —1, and its derivative
is

2
g (y) = —siny + 2y(siny + ycosy) = —(1 — 27) siny + 2yycosy = (2y — 1)(2 i 1y+tany) cosy.

Set ¢y = 25—11
cyy + tany.
Assume that v > %. If v > %, then we have ¢, > 1 and hence there exists a unique y. € (§,7)

such that ¢,y 4+ tany = 0 and we have

Then, the signature of ¢’ can be determined by the signatures of 2y — 1, cosy and

y |0 3 Ys m

g + + 10| -

g1}/ / |-l
If % < v < %, then we have ¢, < —1 and hence there exists a unique y. € (0,%) such that
cyYx +tany, = 0 and we have

y |0 UYse 5 T

g + - -

g1/ e | -l

If v = 3, then we have ¢/(y) = ycosy so that g is monotonic decreasing on the interval (%, ) with
g(5) > 1, and in this case we set y, = 7. These observation shows that, if v > i, then there exists
one and only one yy € (y«, m) such that g(yo) = 1 and g(yg —¢) > 1 for € € (0,y9 — y«). In this case,
h(y) is non-negative in the interval [yo, 7), and h(hg —€) < 0 for € € (0,yo — y«). Let z;(y), i = 1,2
be the real solutions of the equation (23) with z1(y) < x2(y). Then, since we have x1(yo) = x2(yo)
and

li =—
Sy T18) = o0

lim xzs(y) = +o0,

y—m—0

the curves z;(y), y € (yo,7) form a connected curve, and hence we have
Q={z=z+yi €C; |y| <mand if |y| > yo then z < x1(y) or x > x2(y)} .

Assume that 0 < v < i. Then, we have —1 < ¢, < 1 and hence there are no y € (0,7) such that
cyy +tany = 0. Thus, we obtain ¢'(y) < 0 for any y € (0,7) so that g is monotonic decreasing from
g(0) =1 to g(m) = —1. This shows that h(y) is non-negative in the interval (0,7). Let z;(y), i = 1,2
be the solutions of the equation (23) with z1(y) < z2(y). Then, since we have

li = - li =
p UL = mos T ) = e

and z1(0) < z2(0) < 0, we have
Q={z=2+yieC; |yl <mand z > zs(y)}.

s

Assume that vy < 0. Then, there exists a unique y, € (5, 7) such that c,y. + tany, = 0, and we

have
y |0 g Y 4
g - -1 0]+
g 1]\ hY -1
This observation shows that there exists one and only one yy € (0,y.) such that g(yp) = —1 and

g(yo +¢) < —1 for e € (0,y. —

yo). Thus, h(y) is non-negative on y € [0,yo], and h(yo + €) < 0 for

€ € (0,y« — yo)- Let x;(y), i = 1,2 be the solutions of the equation (23) with z1(y) < x2(y). Then,
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since 1(0) < 0 < 22(0) and z1(yo) = z2(yo), these two paths (x4 (y),y) form a continuous curve
connecting x4 (0) and z_(0) and we have

O={z=z+yi€C; |y <yoand z1(y) <z < z2(y)}.
We summarize these calculations as a proposition.

Proposition 3.1. Assume that K = 00 and let x;(y), i = 1,2 be solutions of (23) with x1(y) < z2(y)
if they are real.

(1) If y =0, then one has Q= {z =z +yi; |y| <7 and x > —ycoty}.
(2) Suppose that v > 1. In this case, there exists a unique yo € (0,7) such that x1(yo) = x2(yo)
and if y > yo then x;(y), i = 1,2 are real. Moreover, one has

NO={z=z+yi €C; |y| <m and if ly| > yo then z < z1(y) or z > z2(y)}.
(3) If0 <y <1 then z;(y), i = 1,2 are both real for any y € (0,7), and one has
Q={z=z+yieC; |y <mand x> z2(y)}.

(4) Suppose that v < 0. Then, there exists a unique yo € (0,7) such that x1(yo) = x2(yo) and if
y < yo then x;(y), i = 1,2 are real for (23). Moreover, one has

D={z=z+yi€C; |y| <yo and z1(y) <z < z2(y)}.

In particular,  is bounded.

4. PROOF OF THEOREM 1.2

In this section, we shall show Theorem 1.2 for k > 0 or Kk = co. To do so, we consider the domain
D :=QNC™", and show that f. ., maps D to C* bijectively.
The key tool is the argument principle (see [1, Theorem 18, p.152], for example).

Theorem 4.1 (The argument principle.). If f(z) is meromorphic in a domain Q with the zeros
aj and the poles by, then
1 [ f(z)
dz = E ) — E b
2 . f(Z) Z - n(’)’a%) 'I’L(’}/, k)

k

for every cycle v which is homologous to zero in ) and does not pass through any of the zeros or
poles. Here, n(v,a) is the winding number of ~y with respect to a.

We also use the following elementary property of holomorphic functions.

Lemma 4.2. Let f(z) = u(z,y)+iv(x,y) be a holomorphic function. The implicit function v(x,y) =
0 has an intersection point at z = x + yi only if f'(z) = 0.

Proof. Let p(t) = (z(t),y(t)) be a continuous path in C = R? satisfying v(p(t)) = 0 for all ¢ € [0, 1].
We assume that (2/(t),y'(¢)) # (0,0). Set

g(t) :=u(p(t)) = w(z(t),y(t)), h(t) :=v(p(t)) = v(z(t),y(t))-

Obviously, we have h/(t) = 0 for any ¢, and
h'(t

) = va'(t) + vy (1) = (v, vy) - (' (1), 4/ (1))-

Assume that ¢'(tg) = 0 for some point ¢y € [0, 1]. Then

9'(t) = uz@'(t) + uyy'(t) = (us,uy) - (2'(t),y'(t))
= (vavy) (2 ()1) ’ (x/(t)’y/(t)) = (’Ulavy) : (_yl(t)"r/(t))7

the condition ¢'(tg) = 0 implies that the vector (vs,vy) is orthogonal both to (2'(to),y'(tp)) and
(—y'(t0), 2’ (to)), which are non-zero vectors and mutually orthogonal. Such vector is only zero vector
in R?, that is, (vg,vy) = (0,0), and hence (uz,u,) = (0,0) by Cauchy-Riemann equations. Thus, if
g’ (to) = 0 then p(ty) needs to satisty f'(p(to)) = 0. O
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4.1. The case v < 0. Assume that v < 0. By Propositions 2.1, 2.2 and 3.1, it is equivalent to the
condition that  is bounded. We first consider the set S (see (5) for definition). Let oy, i = 1,2
be solutions of (10). Since v < 0, these are distinct real numbers. Set oy < ag. Then, we have
QNR = (al, 0[2).

Lemma 4.3. One has f(a2) < f(o1) <0 and S = (fr y(2), fro(1)).
Proof. Assume that k < +oo. Since v < 0, we have by (1)

z | =k |- 1 R ) _% Qs
,/{7 — 0 + |+ + X + 0 —
Jrny ¢ ffi,"{(al) S0 e X | —00 fﬁ,'y(OQ) ¢

The inequality f(c;) < 0 is obvious by the above table. We shall show f(a1) > f(as2). By the fact
that ajag = %, we have

flag)  as(l+yar) ' <1Jrc)z2/;£>"C s +1 ' <1+a2//§>'€
flen)  (T+ryag)ar \1+ai/k ar+1 \1+ai/e) "
Since 1+vyas < 0 and a; < 0, we have a; +1 = (1+~az2)ay > 0. Moreover, the facts that 1+a; /x> 0

and as > «q yield that

1 1
&2+ >1 and Jr$2/1€>1,
o +1 1+ a1/k

flaz)
(o)

whence we obtain

0> f(al) > f(ag).

> 1. Since f(az) < 0 because ag > —% and v < 0, we conclude that

Assume that Kk = +oo. Since v < 0 and 7(—%)2 + (—%) +1 =1 > 0, we have the following
variation table of f(x):
1 - 0 + X | + 0 -
FLOIN T fla)] AJ0] A1 x| /] flaz) | N ] —o0
Since ya; +1 = —a%, we see that f(o;) = —a?e® < 0. By ajas = %, we have
f(a2) — a2(1 + ’yal)eazflxl _ Q2 + ]‘60427011 > 1,
flar)  a1(1 +yaz) a1 +1
whence f(ag) < f(a1) < 0. Thus, the proof is now completed. O

Now we show that f, ,: D — CT is bijective. Since the proof is completely analogous, we only
prove the case k < +00.

We take a path C' = C(¢) (t € [0,1]) in such a way that by starting from z = —%, it goes to z = aw
along the real axis, next goes to z = «; along the curve ry _ defined by (4) and connecting as and «;
in the upper half plane, and then it goes to z = —% along the real axis (see Figure 1). Here, we can
assume that C’(t) # 0 whenever C(t) # «;, i = 1,2. Actually, the curve v(z,y) = 0 has a tangent
line unless f’ vanishes. If we take an arc-length parameter ¢, then C’(t) represents the direction of
the tangent line at (x,y) = C(t). We note that C(t) describes the boundary of D.

We show that f, , maps the boundary of D to R bijectively. We take ¢;, i = 1,2 as C(t;) = «.
Note that the sub-curve C(¢), t € (t2,t1) describes the curve ry_(t), and fi , does not have a pole or
singular point on C(t), t € (t2,%1). Set f(z) = u(z,y) +iv(z,y). By Lemma 4.2, the implicit function
v(z,y) = 0 may have an intersection point only if f/(x 4+ iy) =0, i.e. at x +iy = o; (i = 1,2) or at
x + iy = —k if Kk > 1. Then, the function g(t) = u(C(t)), t € [t2, 1] attains maximum and minimum
in the interval because it is a continuous function on a compact set. Moreover, ¢’ never vanishes
in (t9,t1) by the above argument and by the fact that f/(C(t)) # 0 for t € (t2,t1). Therefore, g
is monotone and hence it takes maximal and minimal values at the endpoints t = t5,t;. Now we
have f(a1) > f(az2) by the last claim so that the image of ¢ is [f(az), f(a1)], and the function g is
bijective.

We shall show that for any wy € CT there exists one and only one 29 € D such that f(zg) = wo.
Let us take an R > 0 such that |wg| < R. For § > 0, let C’ =Cjs be a path obtained from C' in such
a way that the pole z = —1/+ is avoided by a semi-circle f% +6e?, 0 € (0,7) of radius & (see Figure
3). Denote by D’ the domain surrounded by the curve C’.
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Then, we can choose § > 0 such that
’f(f% + 56i9)’ >R (for all § € (0,m)).

In fact, if z = f% + 0e, then we have
|1+ 72| = 116, !!—!—*+5w’>2||(ﬁ5<2w)
and 1
. KY — .
|1+ﬂ:¢yﬁg+gaﬂ>4%;f(ﬁ5<g1_$p,
so that

f(t )| > om (=) 5

Thus it is enough to take
— i 1 —1\k 1 1
0 = mln(2\ﬂ/|2R(K;n'y ) )’ 2] %|1 - ?7|>
Since f is non-singular on the semi-circle f% +68e", 0 € [0, 7], the curve 6 f(f% + 6e") does not
have a singular angular point, so that it is homotopic to a large semicircle (with radius larger than

R) in the upper half-plane (see Figure 5).
Note that

(4 @/m)? + (w/m)?) ®
(1 +72)? + 7%y
By changing variables as in (6), we have

Im f(x + yi) = {(x +y2? + yy?) sin(k0(z, v)) + y cos(kb(x, y))}

Im f(rei?) = positive factor x sin(xf) - (ar? + b(0)r +a — 1)
= positive factor x sin(k0) - a(r — r_(0))(r — r+(0)).
Note that the inside of the path C can be written as {re’; 6 € (0,6.), r € (r—(6),r(6))} in (r,6)
coordinates. Since a < 0 and sin(kf) > 0 when 6 € (0,0,), we see that Im f(z) > 0 if z is inside of
the path C. In particular, the inside set of the curve f(C’) is a bounded domain in C* including wy.
Since the winding number of the path f(C’) with respect to w = wy is exactly one, we see that

1 f(z) 1 dw

- = =1
271 Jor f(2) —wo 2mi Jpery w — wo

By definition of f, we see that f(z) — wo does not have a pole in D’. Therefore, by the argument
principle, the function f(z)—wg has only one zero point, say 2o€ D’ C D. Thus, we obtain f(zy) = wy,
and such zg€ D is unique. We conclude that the map f is a bijection from D to the upper half-plane
C*.

4.2. The case v > 0. Assume that v > 0. By Propositions 2.2, 2.1 and 3.1, it is equivalent to the
condition that € is unbounded. We first consider the behavior of |f, ,(2)| as 0 5 z — co. We have

1 ‘ z
z = — . + —
|fl-c,’Y( )| |’y+%| K

We consider the change variables 1+ £ = re'? for z € Q. Then, we have

K

1 1
Sk

1
- < - -
k| |re® —1] — I+ |&] - |r —

1’
so that
fon(2)] > —
K,y =10, 1
M+

Propositions 2.2, 2.1 and 3.1 show that, if K > 1 or v = 0, then 9Q N CT can be described as a
connected curve C(t), t € [0,1) with C'(0) = ag and lim;_,1_o C(t) = oo. In this case, if z € IQNCT,
then we have F(x,y) = 0 and

—  4oo (asr — 400).

H+5V ~y
|1 +’yz| sin(k0(x, y))
This means that, if z € C* goes to co along the path 92 N C*, then f, , must tend to —oco

frn(2) =

< 0. (24)
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We next consider S for cases kK > 1 or v = 0.

Lemma 4.4. Let o;, i = 1,2 be the solutions of (8).

(1) Assume that k > 1 or k = 00, and also D(0) > 0. Then, «; are both real and S = (—o0, fy 4(a2))
with f.(c2) <O0.

(2) Assume that v = 0. Then, one has a; = — 5 if K < +00 and a; = =1 if Kk = 00 (i = 1,2).
Moreover, one has S = (—00, fr.(a2)).

(3) Assume that k =1 and 0 <y < 1. Then, a; are both real, and one has S = (fi~(1), fr,y(a2))
with fr. () < 0.

(4) Assume that k > 1 or k = 0o, and also D(0) < 0. Then, a; are both non-real, and one has S = §).
On the other hand, one has f, (0QNC*T) = (—o0,0).

Proof. (1) If kK > 1 and D(0) > 0, then Proposition 2.2 (5-a) tells us that Q UR = (ag,+00). On
the other hand, if K = oo and D(0) > 0, that is, v < %, then we also have QUR = (ag,+00) by
Proposition 3.1 (1) and (3). Since it is easily verified that fy , is monotonic increasing on this interval
for both cases, we have f. (a2) < 0 and mgrfoo fry(x) = +o00. Thus, by definition (5), we obtain

S = (—00, fx~(a2)) for both cases.

(2) Assume that v = 0. Propositions 2.2 (2) and 3.1 (1) show that we have Q "R = («, +00) where
a=aa] = ay = _%ﬂ if kK < 400, and if K = co then @ = —1. Since it is easily verified that fy ,
is monotonic increasing on this interval, we have f. ,(a2) < 0 and LBI_POO fr~(x) = 4+00. Thus, by

definition (5), we obtain & = (—o0, f ,(a)).
(3) Assume that k = 1 and 0 < v < 1. By Proposition 2.1, we have Q NR = (—o00, 1) U (g, +00).
An elementary calculation yields that the image of this set by f. . is (—00, fr+) U (fi,4(a2), +00)
with fi 4(a1) < fe~(a2) <0, and therefore we obtain S = (fi (1), fr,4(02)).
(4) Assume that k£ > 1 or kK = 0o, and also assume that D(0) < 0. Then, Propositions 2.2 (5-b) and
3.1 (2) tell us that Q NR = (—k, +00), where if |kappa = co then we regard —x as —oo. Since we
have —k < —% < 0, we have the following increasing/decreasing table of f ..
0

T T | x|+ [+ =
Fer |0 77 % | 710 77
Thus, we obtain S = ). Let C(t), t € [0,1) be a path describing 92 N C* with C(0) = ap. Assume
that C(t1) = a1. Then, by (24) and by the discussion below of it, we see that fi ,(c1) < 0 and
limy—y1 fx,(C(t)) = —co. Thus, by Lemma 4.2, we conclude that f, ,(0QNC") = (—o0,0). O

T —K _1
8l

We note that if (k,7) = (1, 1), then we have f, ,(2) = 2, and hence we omit this case. Recall that
D = QN C*. We shall show that f, , maps D to CT bijectively. We divide cases according to the
above lemma.

4.2.1. The case (1) and (2). Assume that k > 1 or v = 0. We also assume that D(0) > 0. Let us
take a path C = C(t), t € (0,1) in such a way that by starting from z = oo, it goes to z = ay
along the curve r; defined by (4) in the upper half plane, and then goes to z = co along the real
axis (see Figure 2). Here, we can assume that C’(t) # 0 whenever C(t) # «;, i = 1,2. Actually, the
curve v(x,y) = 0 has a tangent line unless f’ vanishes. If we take an arc-length parameter ¢, then
C'(t) represents the direction of the tangent line at (z,y) = C(¢). We note that C(t) describes the
boundary of D. Lemma shows that g(t) := f. (C(f)) is a monotonic increasing function on (0,1)
such that g(t) - —oo if t — 0 and g(t) » +o0 if t — 1.

We shall show that for any wg € C* there exists one and only one 29 € D such that f(z9) = wo.
Note that we have Im f, ,(z) > 0 for any z € D by definition. Let us take an R > 0 such that
lwg| < R. For L > 0, let ', be the the circle —x + Le® of origin z = —k with radius L. Let L — &
and z7, be two distinct intersection points of C and I'y,. Let C’ := C}, be a closed path obtained from
C by connecting L — k and zy, via the arc A of I'y, included in the upper half plane, see Figure 4.

Since f is non-singular on the arc A, the curve f(A) does not have a singular point so that it is
homotopic to a large semi-circle (whose radius is larger than R) in the upper half plane (see Figure 6).
In particular, the inside set f(D’) of the curve f(C’) is a bounded domain including wg € C*. Since
the winding number of the path f(C”) about w = wy is exactly one, we see that

1 f'(z) 1 dw

— S ~ 1
210 Jor f(2) —wo 2mi ) pcry w — wo
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We know by definition of f that f does not have a pole on D’. Therefore, by the argument principle,
the function f(z) — wg has the only one zero point, say zg € D’. Then, we obtain f(z9) = wp, and
such z( is unique. We conclude that the map f is bijection from the interior set D of C to the upper
half plane.

4.2.2. The case (3). Assume that k = 1 and 0 < v < 1. Then, Q is given in Proposition 2.1. By
a simple calculation, we see that a;, ¢ = 1,2 are both real such that a; < as < 0, and we have
QNR = (—o0,a1) U (g, +00). Moreover,

fm’Y([alv +OO)) = [fﬁ,’y(al)a +OO)7 fm’)’((_OO?a?]) = (—OO, f*’w’)’(O‘Q)L

and we have S = (fx (1), fr~(a2)). Let C = C(t), t € [0,1] be a path in C* connecting z = oy
to z = ap along 9Q N C*. Then, since f/ (C'(t)) # 0 for any ¢ € (0,1) and since f.~(C(t)) €
R, Lemma 4.2 tells us that f.,(C(t)) is monotonic increasing on the interval (0,1), and hence
[~ (C([0,1])) = S. This shows that f, , maps 0D to R bijectively.

We can show the bijectivity of f, , on D to C* similarly to the case k > 1 and D(0) > 0 by taking
'z to be the semi-circle —1 4 Le® of origin z = —1 with radius L, contained in the upper half plane.
Thus, we omit the detail.

4.2.3. The case (4). Assume that £ > 1 and D(0) < 0. Then, the solutions a;, i = 1,2 of (10) are
both non-real complex numbers by D(0) < 0. Let Imay > 0. In this case, we have —x < —% <0
and

T | —K| - —% 0
.y + X + |+ +
fmm O /H_OO X —oo/‘ 0 /\+oo

Note that if kK = oo, then we regard —x as —oo. By the above table, we have S = (), and set
S’ = (—00,0). Since we have for z = z + yi € 9Q

vy
sin(k6(z,y))’

we see that f,; ,(a1) < 0. This shows that the image of the function f. ,(2(6)), 6 € (0,6) is (—o0,0).
Let us adopt a similar argument of the proof of bijectivity of the map f. -, as in unbounded cases.
since the winding number of the path of the boundary 0D is two, we see that the map f, , maps D
to C* in two-to-one, and hence f, , does not map D to C* bijectively.

Frn(2) = Cl(z +7a® + 7y?) cos(vf(, y)) — ysin(k0(z,y))) = —

4.2.4. Assume that 0 < k < 1 and « > 0. In this case, Proposition 2.2 tells us that if 0 < a = ky < 1
then Q NR = (ag2,+00), and if a > 1 then QNR = {a: eER; > —xk and z # —%} If f.. maps

D = QN CT to Ct bijectively, then it needs map 0D = T to R. However, if x € R satisfies
z < min(ay, —k), then exp,(z) to |1+ %‘K e'"™ as z — x via the arc re’® where r = |1+ £|. Since
0 < K < 1, then we see that lim,_,, f, ,(z) is not real and hence f, , cannot map D to C* bijectively.

Now we have completed the proof of Theorem 1.2 for the case kK > 0 or k = cc. O

5. THE CASE OF K <0

We shall complete the proof of Theorem 1.2 by proving it for the case x < 0. To do so, let us recall

b) € SL(2,R) and z € C*,

the homographic (linear fractional) action of SL(2,R) on C. For (CCI d

a b az+b
czi= .
c d cz+d
For each g € SL(2,R), the corresponding homographic action map C* to CT bijectively. Let k = —k
with positive &’ > 0. Consider the transformation

we set

!

2 z\ 1
K K

Then, it can be written as

7 = L0 = — L e 4= 1 0 -z’—7Z/
“\1/k 1 1+2z/k C\-1/k 1 11—k
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Note that since (1}1% (1)> € SL(2,R), it maps C* to CT bijectively. Then, since
p 10 1 0\/ 1 0\ , 1 0\
14+vz \v 1 vy 1) \~-1/k 1 y-1/k 1
2! 2!

1+ (y—=1/k)2 1+ (v+1/k")2

and
Z\ " A AN 2\
(1+2) =((1+) ) -(1+5)
K K K
(recall that we are taking the main branch so that log z = —log(271)), we obtain
2 Z\"* 2 2\
K = ]_ —) = —(1 7) = ’ / ! .
Frn(2) 1+'yz( ) TTrar e\t e) T i)

Set 4" = v + 1/k’. Since homographic actions map CT to CT bijectively, there exists a domain
such that f,,, maps D =QNCT to C* bijectively if and only if it holds for f,/ .. Thus,

1

v <0 = v< -,

K

and ' > 1 and 7/ > 0 with 7/ < 1(1+ )% is equivalent to

1 1 1 1\2 1 1\2
v>— and k< -1 with ’y—fgf(l—f) <:>’y§7(1+7).
K Kk~ 4 K 4 K

This shows the case k < 0 in Theorem 1.2, and hence we have completed the proof of Theorem 1.2.
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6. APPENDIX
6.1. Tables. This subsection contains increasing/decreasing tables of H, and b'(6).

Lemma 6.1. One has the following increasing/decreasing table of H,.

) z [0 QLL ‘ o
(A)0<a< 3 H 0| + 0 + H,(2m) >0
H, | 0] ~ Ha(aL:l) ¢ ‘ Ho (2m)
1 z |0 QQ—II ‘ 2m
(B)§<a<1 H 0] + 0 - H,(2m) <0
Hy 0] 7 Hoc(%) N\ ‘ Hq (2m)
[0 & [ ] %
C)l<a<2 | HL|O] - 0 + Ho(%)>0
Ha [0~ (B | 7 | HalZ)
(D) a>2 H (0] — 0 + H,(%2)<0
Ho |0] N | HalZD) | /| HalZ)

Lemma 6.2. The signature of V/(0) on the interval I is given as follows.

0<k< %
(1) 0 0]--- P | 0 | T (1) K(H7 CL) > 07 a > 2k%43k41
' (6) + 10| - (i) l(k,a) <0, —Ju(a) >+ 6r
(2) V(0) <0 forbel (i) Ur,a) <0, —Jo(a) <L |a< 2d3ntl
=
(1) bV(@)=0foroel l(k,a) =0 a=1
(2) b'(0) >0 foroel (k,a) >0 a>1
(3) b'(0) <0 fordel U(k,a) <0 a<l1
% <K<l
(i) L(r,a) <0, .
W | ot e | @) tna =0, 0 < g
(i) l(wk,a) >0, —Jg(a) > =
(2) b'(0) >0 foroel —J(a) <L, U(k,a) >0 a> 2"‘22#
K>1
(1) 6 101 o=l |5 U(k,a) >0, —Je(a) < L a > 243ntl
b'(0) + [ 0] — ' on " 6
(i) £(k,a) <0,
(2) b'(0) <0 foroel (ii) €(k,a) =0, a < 2Bkl
(iii) l(rk,a) >0, —J.(a) > L

If Kk =1, then one has
b'(0) =2(a — 1) siné.
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6.2. Figures. This subsection collects figures of graphs of f,. ,(x) (for real x), F;, and of shapes of
 with some deformation.

K>1

£ >0 0<ny<1 /
Ky <0

a;  —
—K _1 a3
=
Lk
. FIGURE 2. The case of (ii
FIGURE 1. The case of (i) (if),
when k > 2
k>0
Ky <0
T ok>1
O<ry<l1
7% + de*?
ap —L —k
2 g
Lk
FIGURE 3. Curve C’ in FIGURE 4. Curve C’ in
case (i) case (ii)
k>0 > 1
Ky <0

FIGURE 5. Curve f(C') in FIGURE 6. Curve f(C') in
case (i) case (ii)
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e Graphs of f, ,(x) for real z.

k>0 y
Ky <0
ai 4,
v a2 [e%] Q2
P o : / /
—K P o
_1
A |
FIGURE 7. f(z) for =z >
—k, case (i)
Y K>1
0<ky<l1
_1
w =
o z
[e%)
= @]
FIGURE 8. f(z) for = >
—k, case (ii)
e Graphs of Fj
0<r<3 1<r<l1
i ; y = Fu(x) a4 : y = Fu(2)
(0<k<d) : (z<r<l
!
1 = :
1 " 4
] . . R
z 1 ; -
o T i o) 7 T @ T
2 bl 2
l<kr<?2 K> 2
Y y=FR@ = y=Fu) |
(1<r<2) i (k>2)
1
1 ; 1
s : s
o N GE m EL S o ™ Gk
2k 32 K % K i
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e Shapes of
0fff>1and0<'y<%

The case of v < 0 The case

Y

EIr
L.
kS

':“ -k

The case of kK > 1,a > 1and D(0) >0 The case of kK > 1 and D(0) <0

7 7+0) r(8)

y y
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