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ABsTracT. We prove existence results concerning elliptic problems whose basic model is

[Vul>
u >0, T € Q,
u =0, x € 09,

where Q@ C RY(N > 3) is a bounded smooth domain, A > 0, p > 1, § > 0, v > 0 and
@ € L°°(Q). The main achievement is to handle a possibly singular (§ = 0) first order term
having a nonconstant coefficient u combined with a superlinear zero order term. Our approach
is based on fixed point theory. With the aim of applying it, a previous analysis on a related
non-homogeneous problem is carried out. Moreover, the required a priori estimates are proven
via a blow-up method.

1. INTRODUCTION

Let Q C RN (N > 3) be a bounded domain of class C2, g : 2% (0, +00) — R be a Carathéodory
function, and f : [0,4+00) — [0,+00) be a continuous function. In this work we will study the
existence of solution to elliptic problems of the following form:

—Au+ g(z,u)|Vul® = \f(u), z€Q,
(Py) u >0, zE€Q,
u =0, x € 09,
where A > 0 is a parameter. The precise conditions on functions g, f and the statements of

the main results regarding problem (P,) will be shown in Section 2. For the sake of a clear
presentation, we consider for now a model problem:

2
—Au—!—u(aj)M =P, xe€Q,

11 (u+d)

() u>0’ 1'697
u =0, x € 0N,
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2 BLOW-UP FOR SINGULAR PROBLEMS WITH NATURAL GROWTH

where § > 0,v>0,p > 1and p € L*(Q). Our main goal is to allow u to be nonconstant and
even sign-changing, paying special attention to the singular case 6 = 0.

Problem (1.1) for p = 0 becomes semilinear; as p > 1, it is usually referred to as superlinear.
This superlinear case is classical and has been extensively studied in the literature. Indeed, both
variational (in [1]) and topological (in [21,25]) methods can be used to prove the existence of
a solution to (1.1) for all A > 0 provided g = 0 and p € (1,2* — 1), where 2* = 2 Tt is
well-known that Pohozaev’s identity (see [36]) implies that the restriction p < 2* —1 is necessary
for the existence of solution to the superlinear problem if the domain is starshaped.

The study of problem (1.1) for a nontrivial x was initiated in [35]. There, the authors consider
p€ (1,2 1), > 0 and pu = constant > 0. In this setting, they prove several results which can
be divided into two classes: on the one hand, those which lead to a set of solutions similar to that
for the classical semilinear problem (i.e., existence for all A > 0) and, on the other hand, those
which present differences such as nonexistence of solution for A > 0 small. In fact, the semilinear-
like behavior is achieved provided v > 1, while the differences appear if either v € (0,1) or y =1
and g > p. In several proofs, the authors of [35] make use of the change of variable

(1.2) v =1(u) :/ e~ Jo waTdtys,
0

It is easy to check formally that, if © = constant and ¢ > 0, then the transformation (1.2) turns
(1.1) into a semilinear problem in the variable v. Thus, roughly speaking, the gradient term
is removed and semilinear techniques (such as variational methods) can be applied in general.
However, such a transformation can be performed only if p is constant.

We remark that problem (1.1) in the case v = 1 is specially interesting because of the condition
w > p that appears in [35], which shows that the interaction between the gradient term and the
superlinear term in (1.1) plays an important role. To this respect, some results concerning the
case 7 = 1 (always with § > 0 and p = constant) that improve those in [35] in some directions can
be found in [3,29]. In the first work, the authors prove nonexistence of solution for every A > 0
small enough provided p > p, while in the second one the authors prove existence of solution for

every A\ > 0 provided p < QEZigp . We point out that, in both mentioned works, no restriction

on p from above is imposed. Nevertheless, if p > 2* — 1, then the condition p < ngi;p required

by the existence result in [29] forces u to be negative. We also stress that a blow-up argument
is employed in [29] in order to obtain a priori estimates, even though the change of unknown
(1.2) is strongly used in order to get rid of a quadratic gradient term from the general problem
that the authors consider and, in consequence, non-constant functions u cannot be handled with
their approach.

Still focusing on problem (1.1) with v = 1, § > 0 and p = constant, the range 2;:5” <p<p
has not been considered in the literature to our knowledge. However, in this particular situation
it is easy to see that the transformation (1.2) turns (1.1) into a semilinear equation whose
nonlinearity presents supercritical growth at infinity and subcritical growth at zero. Therefore, |7,
Theorem 8] implies (after undoing the change of unknown) that there exists at least a solution
to (1.1) for every A > 0 large enough. Again, last (immediate) result is based on the change of
unknown, so does not cover problem (1.1) with nonconstant .

On the other hand, the singular case § = 0 has been dealt with recently in [18], one more time
for © = constant > 0 (see also [14,19] for similar singular problems that involve a nonzero source
term). The authors of [18] show that, if v € (0,1), then the situation is similar to the nonsigular
case 0 > 0. Indeed, they prove a nonexistence result for A > 0 small and an existence result for
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A > 0 large. On the contrary, for v > 1 they prove nonexistence results for all A > 0. This fact
exposes the remarkable influence of a strong singularity in the equation. As far as we know, the
1 # constant case for § = 0 has not been studied in the literature.

To sum up, in the present work we aim to develop an approach that permits to deal with
x—dependent y in problem (1.1) and also with singular lower order terms, i.e., § = 0. In order
to do so, we will employ topological methods. More precisely, we will find solutions to (1.1) as
fixed points of certain compact operator that will be defined in Section 4. The well-definition of
such an operator will require the well-posedness of the following problem:

2

—Au + u(sc)M = h(z), x€Q,

(1.3) u >0, €,
u =0, x € 09,

where 0 < h € L9(Q) for some ¢ > 5.

Singular problems of this kind have risen interest in the recent years. In fact, the existence of
solution with ||e[| .= () < % has been proven in [11], and extended to ||p|| ) < 1in [32]. As far
as the uniqueness of solution is concerned, some results are known for problems similar to (1.3),
even though they require either the singularity to be milder or u to be constant (see [4,8,16]).
In next result we show that uniqueness for problem (1.3) holds provided |||z~ < 1; the
proof is based on a comparison principle that we state in Section 2 and prove in Section 4.
Furthermore, we will show that the condition ||u[| (o) < 1 is natural by proving a nonexistence
result provided p > 1 in a neighborhood of 9€2; the proof follows the ideas in [18, Lemma 2.5].
The statement of the result reads as follows.

Theorem 1.1. Let 0 < h € L9(Q) for some ¢ > 5 and let 0 < p € L=(Q). The following
statements hold true:

(1) If ||pl| oo () < 1, then there exists a unique finite energy solution to problem (1.3).
(2) If there ezist an open domain w CC Q and a constant T > 1 such that p(z) > 7 and
h(z) =0, both for a.e. x € Q\ w, then problem (1.3) admits no solution.

We point out that existence and uniqueness results for problem (1.3) are known for general
nonnegative u € L>(Q) (i.e., without assuming that |||z~ (o) < 1) provided h is locally bounded
away from zero (see [2] for the existence and [16] for the uniqueness). Thus, we clarify that the
condition h = 0 near the boundary in Theorem 1.1 is also natural for having nonexistence of
solution.

Once we have shown that problem (1.3) is well-posed, we will be able to define a compact
operator whose fixed points are solutions to (Py) (see Section 4). A version of a result in [27]
(see [21]) will assure the existence of a fixed point of the operator.

As it is mandatory for fixed point theorems, we will prove the existence of a priori estimates
on the solutions to a problem related to (Py). To this task, we will adapt the blow-up method
due to [25]. Roughly speaking, this technique consists of assuming by contradiction that there
exists a sequence of solutions whose norms blow up as n tends to infinity. The conclusion
follows by passing to the limit in a problem satisfied by a certain normalized sequence. In fact,
the limit function is a solution to a problem which, however, does not admit any solution by
virtue of some Liouville type result. Therefore, one gets a contradiction, so any sequence of
solutions must be bounded. In this context, the difficulties that we find are twofold. Firstly,
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the normalized sequence, say {v,}, satisfies an equation having a lower order term of type

2
zi"é‘", where 0 < §,, — 0 as n — +oo. If we aim to pass to the limit, then we need to

find positive lower bounds on {v,}, otherwise the lower order term may blow up as n — +oo.
And lastly, we arrive to a limit problem, having a quadratic gradient lower order term of the
form W;’IQ, for which nonexistence Liouville type results are not known in the literature (a non-
exhaustive list of references for Liouville type results about problems depending on the gradient
is [23,24,30,34,37-39]).

We overcome the first of the difficulties by proving Holder estimates in spite of the singular
quadratic term. The proof follows the ideas of [28], which have been widely used for singular
problems (see [2,6,15,17,22,31,32], among others). We will show that these estimates yield in turn
positive lower estimates from below and this will be enough to pass to the limit. Regarding the
second difficulty, we observe that the limit equation does admit a convenient change of unknown
which gets rid of the gradient term, so that we may apply classical Liouville type results (see
Section 3 below).

We state here the main existence result for problem (1.1) in the case v = 1.

Theorem 1.2. Letp>1,v=1,6 >0 and p € L>(Q). The following statements hold true:

e . 2% _1—
(1) If p € C(Q) and there exist two real numbers 7,0 such that 20 —1 < 7 < 0 < =3

and T < p(x) < o for all x € Q, then there ewists at least a solution to (1.1) for every
A > 0. If, in addition, p > 0, then there exists at least a finite energy solution to (1.1)
for every A > 0.

(2) If 6 = 0 and there exist an open domain w CC  and a constant T > 1 such that p(z) > 7
for a.e. x € Q\ w, then problem (1.1) admits no solution for any A > 0.

Note that, in the first item of Theorem 1.2, p is allowed to change sign unless p > 2* — 1, in
which case p is necessarily negative. We also point out that the smallness condition o < 22ji§p
in Theorem 1.2 is natural since, in fact, problem (1.1) has no bounded solutions provided v = 1,

2" —1—p
2% _9

will show later that, strengthening the smallness condition conveniently (in terms of p, V), one
may assume g to be either continuous only in a neighborhood of 92, or merely bounded in €.
Also about the existence part of the theorem, it is worth to point out that we need to control p
from below in order to prove the Holder estimates that we mentioned. However, if u is constant,
i.e., 0 = 7, then the condition 20 — 1 < 7 becomes ¢ = 7 < 1, which means no restriction since
o< Q*QIi;p < 1. On the other hand, concerning the nonexistence statement for the case 6 = 0,
we stress that the case 4 = 1 remains unsolved, i.e., there are neither existence nor non-existence
results about problem (1.1) for y =1, = 0,4 = 1,p > 1 in the literature.

Next result shows that our approach allows also to prove existence for v > 1 and for all A > 0.

0 =0, 4 = constant € [ 1) and () is starshaped (see Remark 2.5 below). Moreover, we

Theorem 1.3. Letp>1,v>1,6 >0 and p € L>(Q). The following statements hold true:
(1) If 6 > 0 and p satisfies the condition

(1.4) 20|t ey = I ooy < 0771,
[t || poo ) < 6771,

then there exists at least a solution to (1.1) for every A > 0. If, in addition, u > 0, then
there exists at least a finite energy solution to (1.1) for every A > 0.
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(2) If 6 =0 and there exist an open domain w CC Q and a constant T > 0 such that p(x) > 7
for a.e. x € Q\ w, then problem (1.1) admits no solution for any A > 0.

Notice that, if 4 = constant > 0, then condition (1.4) becomes y < 5;—_1. It is known that such
a smallness condition is not needed if 4 is a positive constant (see [35, Theorem 1.2]). Therefore,
we presume that the assumption (1.4) is technical, even though we cannot avoid it since it is
used to prove the Holder estimates mentioned above. However, (1.4) means no restriction if
© < 0in . Concerning the nonexistence statement for the singular case § = 0, it is proven again
following closely [18, Lemma 2.5]. We stress that the fact that the singularity is strong, namely
~v > 1, allows to take p > 0 near 9 (in contrast to the case v = 1, for which p > 1 near the
boundary was needed).

We will be able to go beyond Theorem 1.2 and Theorem 1.3 and deal with any v > 0. Indeed,
for v € (0,1) and § > 0, we will show that existence of solution holds for every A > 0 large
enough. We will also deal with v > 1,0 > 0 and p a bounded function with arbitrary size, i.e.,
we remove the size restrictions on p in Theorem 1.2 and Theorem 1.3 as long as § > 0, even
though X\ must be large. The statement of the result is the following.

Theorem 1.4. Let p > 1, v > 0,6 > 0 and p € L>®°(Q). If v > 1, assume in addition that
0 > 0. Assume also one of the following two conditions:

(1) p < 55, B
(2) p<2*—1and 0 < p e C(Q).

Then, there exzists Ao > 0 such that there exists at least a solution uy to (1.1) for every A > Ao
satisfying imy 4 oo [|Ur|| Lo (@) = 0. If, in addition, u > 0, then uy is a finite energy solution.

If v € (0,1), last result is consistent with the known results for ;1 > 0 constant which assure
nonexistence for A > 0 small (see [35] for 6 > 0 and [18] for 6 = 0). On the contrary, as we
pointed out above, for v > 1 we would expect an existence result for every A > 0 (even for
A small) without size restrictions on u. As far as the case v = 1 and 6 > 0 is concerned, we
ignore whether an existence result for A > 0 small and general x should be expected or not. Two
exceptions are the ranges p < 2;:5” and p > p, for which existence (see Theorem 1.2 above
and [29]) and nonexistence (see [4,35]) for A > 0 small are known respectively. In other words,
the existence of solution to (1.1) for v =1, § > 0, _
an open problem, even for p > 0 constant.

We organize the paper as follows. In Section 2 we introduce the conditions on f, g and the
statements of the general results about problem (Py). Section 3 is devoted to proving some
Liouville type results as well as several propositions that provide the estimates via the blow-up
method. In Section 4 we prove the results that we state in Section 2 and in the Introduction.
Finally, in the Appendix we gather some technical results that are required throughout the paper.

22* 1§p < pu < pand A > 0 small remains as

Acknowledgments. The problems considered in this work have been proposed by T. Leonori.
The research was initiated with his collaboration during one week in Granada and another week
in Rome, when most of the ideas contained here emerged. Moreover, for the conclusion of the
paper, the interesting ideas, comments and corrections by J. Carmona have also supposed a more
than remarkable contribution. In any case, their supervision and support have been essential
during the research period. This is why the author wants to warmly thank both, collaborators
and friends, for being examples of altruism to follow in this competitive and sometimes hostile
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useful suggestions and corrections.

2. HYPOTHESES AND MAIN RESULTS

Let us consider a continuous function f : [0,400) — [0,+00) and a Carathéodory function
g: 2 x(0,400) — R. We will assume throughout this paper that g satisfies the following
condition:

(2.1) dgo € C((0,+0)) : |g(z, 8)| < go(s) ae. x€Q, Vs> 0.

Last hypothesis is essentially the minimal condition that g must satisfy so that the weak formu-
lation of (P) is well defined:

Definition 2.1. Let f : [0,+00) — [0,+00) be a continuous function and g : Q x (0,400) — R
be a Carathéodory function satisfying (2.1). A solution to (Py) is a function u € HL_(Q)NL>(Q)
such that

YwCCQ, Je>0: u(x)>cae x€w,

Fy>0: € HHN), and
/ Vuve + / o) | Vul*p = / fw)é Yo e CLQ).
Q Q Q

Besides, we will say that u is a finite energy solution to (P)) if it is a solution to (Py) with v = 1,
ie., if u € HI(Q).

Remark 2.2. Tt can be proven by following [15, Appendix] that, in the previous definition, one
can take test functions ¢ € H}(Q) N L% () with compact support. Moreover, if u is a finite
energy solution, then one can take any test function belonging to HE(Q) N L% ().

Let us fix 0 € R. The following condition, stronger than (2.1), means a more precise control
on g from above:

(91) dgo € C((0,+00)) :  —go(s) < g(x,s) < 7 aeze Q, Vs > 0.
s
Let us consider also the monotonicity condition:
(9.) s — sg(x,s) is nondecreasing for a.e. z € Q.

We state next a comparison principle that will be the key for proving the uniqueness part
of Theorem 1.1. The proof follows essentially the arguments in [15], which in turn are inspired
by [5].

Theorem 2.3. Let 0 < h € L (Q) and let g : Q x (0,4+00) — R be a Carathéodory function
satisfying (g ») and (g1) for some o € (0,1). Let u,v € C(Q2) N WEN(Q), with u,v > 0 in Q, be
such that

(2.2) /SZVuv¢+/Qg(x,u)|vu|2¢g/Qh(xm and
(2.3) [ 9ovos [ awavipo> [ nao

for every 0 < ¢ € HE(Q)NL>®(Q) with compact support. Suppose also that the following boundary
condition holds:

(2.4) lim sup(u(z)! ™7 —v(x)'77) <0 Vo € 9.

T—To
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Then, u < v in €.

We will present below four existence theorems that represent the core of this work. The proofs
are based on a fixed point result. The required a priori estimates are obtained via a blow-up
method (see Section 3).

Let us fix p > 1 and § > 0. We establish now a growth condition and two limit conditions on
f which make it behave like a superlinear power:

(f+) Ja>1: < f(s)<a(s+d)P Vs>0.
(foo) 3L € (0,4+00) : SEIJ'I:IOO %j) =L
(o) ll—%@ =0.

Observe that (fp) implies in particular that f(0) = 0.
On the other hand, for fixed § > 0 and 0,7 € R, we set the following growth restriction on g
which will allow us to prove certain Holder estimates (see the Appendix below):

(g9+)

20 -1<17<0<],
T<(s+0)g(z,s) <o ae. xz€Q, Vs>0.

We will also need the following limit condition on ¢ at infinity for p > 1:

(600) { Ju e C(Q) : max, g p(z) < 2*2:%?7,

limg 4 oo [[59(-, 8) — | Loe () = 0.
A simple limit condition on g at zero will be required too:

(90) 3 lin%)(s +0)g(x,s) ae. x €.
5—

Observe that, if 6 > 0, then (go) is equivalent to g(z, -) being continuous at s = 0 for a.e. = € Q.
We are ready to state our first general existence result:

Theorem 2.4. Let f : [0,+00) — [0,400) be a continuous function and g : Q x (0,400) — R
be a Carathéodory function. For § > 0, o,7 € R and p > 1, assume that f satisfies (f.), (foo)
and (fo), and that g satisfies (g.),(g9s0) and (go). Then, there exists at least a solution to (Py)
for every A > 0. If, in addition, g > 0, then there exists at least a finite energy solution to (Py)
for every A > 0.

Remark 2.5. We point out that the smallness condition max, g u(z) < 2*2:5” in Theorem 2.4

coming from condition (g.,) is necessary for the existence of solutions to (Py), at least in the
particular case of Q a satarshaped domain and sg(z,s) = o for some constant ¢ < 1. Indeed,

assume by contradiction that o € [T;Iigp,l) and that 0 < u € H(2) N L>(Q) satisfies

2 —o
—Au + U@ = MP in Q. Then, v = cu' ™7 satisfies —Av = v in Q for some ¢ > 0.
Therefore, since #=2 > 2* — 1 and  is starshaped, the well-known Pohozaev’s identity (see [36])
yields a contradiction.
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Let us fix again p > 1. Next hypothesis is a limit condition on g at infinity weaker than (g.o)
as it is only required to hold in a neighborhood of 0f2.

2" —1—p

) Jw CC Q, ueC(Q\w):maxmemu(x) < o5t
Yoo .
lm, 4 oo [59(5 8) = pll oo (@\w) = 0.

The following result shows that, assuming a stronger control on g from above, one can relax
the limit condition on g at infinity to obtain a solution to (Pj).

Theorem 2.6. Let f : [0,4+00) — [0,400) be a continuous function and g : Q x (0,+00) — R be
a Carathéodory function. For § >0, 0,7 € R and p > 1, assume that [ satisfies (f.), (fs) and
(fo), and that g satisfies (g«), (Goo) and (go). Assume in addition that o < w. Then,
there ewxists at least a solution to (Py) for every A > 0. If, in addition, g > 0, then there exists
at least a finite energy solution to (Py) for every A > 0.

Next theorem shows that the limit conditions at infinity are actually not essential to obtain
solutions to (Py). In return, one has to assume an even stronger control on g from above.

Theorem 2.7. Let f : [0,4+00) — [0,400) be a continuous function and g : Q x (0,+00) — R be
a Carathéodory function. For 6 > 0, 0,7 € R and p > 1, assume that f satisfies (f«) and (fo),
and that g satisfies (g«) and (go). Assume in addition that o < W. Then, there exists
at least a solution to (Py) for every A > 0. Moreover, if 6 = 0, then there exists C' > 0 such that,
for every A > 0 and for every solution u to (P)), the estimate )\ﬁHuHLw(Q) < C holds. If, in
addition, g > 0, then there ezists at least a finite energy solution to (Py) for every A > 0.

Let sp € (0,1), 0,7 € R and p > 1. Consider the following growth conditions near zero:

(f;) Ja>1: sP<f(s)<as? Vse(0,sp).

(g+)

20 -1<7<0<1,

T <sg(x,s) <o ae xze€, Vse(0,sp).
Notice that condition (f*) implies that lim,_,q @ = 0 and, in particular, f(0) = 0. On the
other hand, we point out that, if 7 > 0, then condition (g;) forces g to be singular at s = 0.
However, if (g:) holds for some 7 < 0 and ¢ > 0, then g may be rather general at s = 0 since it
can be continuous as well as unbounded from above and from below.

Our next existence theorem will require neither growth nor limit conditions at infinity on f

and g. In exchange, the existence of solution holds only for every A > 0 large enough.

Theorem 2.8. Let f : [0,4+00) — [0,4+00) be a continuous function and g : Q x (0,4+00) = R
be a Carathéodory function. For so € (0,1), 0,7 € R and p > 1, assume that f satisfies (f*) and
that g satisfies (gx). Assume in addition that there exists limg_,o sg(x,s) for a.e. © € Q, and
also that o < W. Then, there exists \g > 0 such that there exists at least a solution
ux to (Py) for every A > \o satisfying imx o |[ual|z (@) = 0. If, in addition, g > 0, then ux
s a finite energy solution.

Regarding Theorem 2.8, observe that, if p > %, then o < 0, so g(z,s) < 0 for s near zero.
Thus, for instance, the particular case g(z,s) = £ and f(s) = s? is not covered by Theorem 2.8



BLOW-UP FOR SINGULAR PROBLEMS WITH NATURAL GROWTH 9

1
particular case. In fact, for p € (1,2* — 1), next theorem allows to consider general continuous
functions satisfying

ifye€(0,1),pe {% 2% — 1) and p > 0 is constant. The result that comes next does cover this

(G) 3G € L'((0,50)) :  0<g(x,5) <G(s) VY(z,s) € Qx(0,s0).

- Juo € C(Q) : max, g po(z) < 2;:i;p,
(90) .
lim, 0 ||sg(-,5) — oll () = 0.
Remark 2.9. Notice that (G) and (go) imply that lim, o |[sg(-,5)||z~(@) = 0, i.e., po = 0 in
condition (gp). Indeed, we know that for every e > 0 there exists s. € (0,1) such that
sg(z,8) > po(x) —e Vs € (0,s:), Vo € Q.
Let us assume by contradiction that there exists zq € Q such that ug(x¢) > 0. Then we choose

@ and we obtain

£ =
G(s) = g(w,s) >

This contradicts hypothesis (G).

Vs € (0, s.).

W | ™

The result reads as follows:

Theorem 2.10. Let g : Q x (0,4+00) — R be a continuous function. For sy € (0,1) and p €
(1,2* —1), assume that g satisfies (G) and (go). Let us also consider the function f : [0, +00) —
[0 4+ o0) defined by f(s) = sP for all s > 0. Then, there exists A\g > 0 such that there exists at
least a finite energy solution uy to (Py) for every A\ > \o satisfying limy_, oo [|ux ||z () = 0.

Remark 2.11. We point out that Theorem 2.10 is valid for a very wide class of nonlinearities.
For instance, if

g(x,s) = p(x)h(s) a.e. x€Q, Vs>0,
where 0 < € L*(Q2) and h : [0, +00) — [0, +00) is continuous (also at s = 0), then g satisfies
(G) and (go). On the other hand, a prototypical example of function g singular at s = 0 satisfying
the conditions (G) and (gg) is

g(z,s) = 'us— a.e. x € Q, Vs > 0,
where v € (0,1), 0 < p € L™(Q).
The last theorem of the section will be concerned with the following problem:
—Au+ g(x,u)|Vul|? = h(z), =€,
(H) u>0, z€Q,
u =0, x € 0N.

The result provides a necessary condition for the existence of solution to (H). In order to prove
it, we will assume, for fixed 7 > 0, that g(z,u) is sufficiently large near 9 in the sense of the
following condition:

(92) JwcC Q, so€(0,1): sglx,s)>7 ae x€N\w, Vse(0,sp).

The theorem states the following;:
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Theorem 2.12. Let h € LY(Q) and let g : Q x (0,+00) — R be a Carathéodory function
satisfying (2.1) and (g2) for some 7 > 1. Then, every solution u to (H) satisfies

|h(2)]

Q u

:+Oo

3. A PRIORI ESTIMATES

We begin the section with two Liouville type results which will be the key points for proving
a priori estimates. The first of them is the following.

Lemma 3.1. Let p > 1 and let h: (0,4+00) — [0,+00) be a continuous function satisfying
sh(s) <o Vs>0

for some o € (0,1). Let us assume that there exists a > 0 such that the function ¢ : [0,400) —
[0,4+00), defined by

P(s) = / e~ JahMdrgs g >0,

0

satisfies that
"(g)gP
S — M is decreasing for all s > 0.

P(s)?
Then, the following problem

—Au+ h(u)|Vu|*> =uP, z € X,
(3.1) u >0, r e X,
u =0, T € 0X,

admits no solutions in HY (X) N C(X), where X denotes either RY or RY.

loc

2" —1—p
2*-2 -

Remark 3.2. We stress that Lemma 3.1 includes the particular case h(s) = ¢ with o <

Indeed, in this case, it is easy to check that JZ/S()SZ)*S: = ¢sP~~(1=9)2"=1) for some constant ¢ > 0.
27152 Moreover, 27252 < 1, 50 sh(s) = o < 1 for

Thus, it is decreasing if, and only if, 0 <
all s > 0.

Proof of Lemma 8.1. Arguing by contradiction, assume that there exists a solution u € H\

loc (X) n
C(X) to (3.1). Straightforward computations imply that v = ¥(u) € HL_(X) N C(X) satisfies

—Av =p(v), z€X,
(3.2) v >0, e X,
v =0, r € 0X,

where ¢(t) = ' (p=1(t))p 1 (¢)? for all ¢t € Im(¢)). Moreover, classical elliptic regularity theory
implies that v € C?(X). We claim now that, actually, problem (3.2) admits no solutions v €
C*(X)NC(X).

Indeed, one can easily deduce that
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Hence, lims_s 1o ¥(s) = +00. In consequence, the function ¢ is defined in [0,400). On the
other hand, it is clear that the function ¢ — tf*(t,)l is decreasing for all t > 0. Therefore, in case
X =R the claim follows from [9, Theorem 3].

Notice also that lim;_,q “"( ) = 0 and o(t) > cp=1(t)P° for every t > 0 and for some ¢ > 0.

Hernce, the claim also holds true in case X = RY by virtue of [20, Theorem 1.3].
In any case, we have arrived to a contradiction. The proof is now completed. (I

We present here the second Liouville type result which is valid for supersolutions.

Lemma 3.3. Letp>1 and 0 < w. Then, the following problem
2
—Au+o |Vu| =uP, xe€X,
u
(3-3) u >0, z € X,
u =0, x € 0X,

admits no supersolutions in H}_(X) N C(X) provided X = RN . On the other hand, if we
assume that o < w, then problem (3.3) with X = Rf admits no supersolutions in

Hi, (X) N C(X).

Remark 3.4. Note that N+1_(2N_1)p < N_(Z_Q)p < 2*2:i;p < 1, so the smallness conditions
on ¢ in Remark 3.2 and in Lemma 3.3 are gradually more restrictive. We also stress that such
conditions on ¢ in Lemma 3.3 are sharp. Indeed, if o > w (resp. o > Nlo )

)-

then one can find explicit supersolutions to (3.3) for X = RV, see [33] (resp. X =RY, see [10]

)
)

Proof of Lemma 3.3. Reasoning by contradiction, assume that there exists u € H.! (X)NC(X
a supersolution to (3.3). Then, there is a constant ¢ > 0 such that v = cu! =7 € H} (X)NnC(X
is a supersolution to

p—o
—Av=v1-—"7, z€X,

v >0, reX,

v =0, r € 0X.
Hence, if 0 < w, then =2 < %, so in case X = RY we arrived to a contraction
with [33, Theorem 2.1]. On the other hand, if o < w then =2 ML s0 we have
again a contradiction with [10, Theorem 3.1]. O

Let t >0, A >0, f:[0,4+00) = [0,400) be a continuous function satisfying (f.) for some
p>1and g: Q x (0,400) — [0,400) be a Carathéodory function satisfying (g;) for some

€ (0,1). From now and up to the end of the section, we will restrict ourselves to g > 0 and we
will also impose diverse upper bounds on p. However, we will show in Section 4 that, in most
cases, those restriction can be relaxed for proving existence of solution.

Let us consider the following auxiliary problem:

—Au+ g(z,u)|Vul? = A\f(u) +tu’, x€Q,

(P?) u >0, x € Q,
u =0, x € 0N
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Note that, in the term tu®, the exponent o is the same number that appears in condition (g1).
We will derive a priori estimates on the solutions to (P?) which will provide the existence of
solution to (Py).

Next proposition gives an a priori estimate on the parameter ¢ in problem (P?).

Proposition 3.5. Let A > 0, f : [0,400) — [0,+00) be a continuous function and g : Q x
(0,4+00) — [0,400) be a Carathéodory function. For p > 1 and o € (0,1), assume that f
satisfies (f«) and g satisfies (g1). Then, there exists to > 0 such that problem (P!) admits no
solution for any t > tg.

Proof. Let u be a solution to (P?) for some ¢t > 0. For a fixed smooth open set w CC €, let )\
be the principal eigenvalue to the homogeneous Dirichlet eigenvalue problem in w, and let ¢; be
any positive associated eigenfunction, i.e., A\; and ¢, satisfy

—Ap1 = A1, T Ew,

w1 >0, TrEwW

p1 =0, T € Ow.
If we extend @1 = 0 in Q \ w, then the function ¢ = £% belongs to H}(22) N L>(Q) and has

compact support. Taking ¢ as test function in (P?) (which is allowed by virtue of Remark 2.2)
we obtain

VuV Vul? Vul?
(3.4) /*u G<p1 —U/ L'gﬁ' —I—/ g(ar:,u)LI Uu| :,\/ L(g)% +t/ 1
Q u Q u Q U QU Q

On the one hand, it is clear by (g1) that
©1|Vul? ¢1[Vul?
—U/Q et Qg(az, ) e = 0.

Thus, using also (f«) we deduce from (3.4) that

(3.5) t/ <p1+A/uP‘”s01 S/ LY%-
Q Q Q u

On the other hand, let us denote as v the exterior normal unit vector to dw. Then, Hopf’s
lemma implies that ¥V¢; < 0 on dw. Hence, integration by parts in fw(—Agal)ul_U and Young’s
inequality yield

YuV l—0o l—0o l—0o A
/ uVy :/\1/ p1u +/ u N(pl</\1/ p1u Si/upfawﬁc_
Q uc w 1—0 awl—a' w 1—0o 2 Q

In sum, from (3.5) we deduce that ¢ < ¢y for some t; > 0, as we wanted to prove. O

Next lemma provides a summability property that the solutions to (P?) satisfy. The interesting
point is that such a property becomes better as the singularity of g becomes stronger.

Lemma 3.6. Let A > 0, 0 € (0,1), f : [0,400) — [0,400) be a continuous function and
g:Qx(0,400) — [0,+00) be a Carathéodory function satisfying (2.1). For some a > 0, p > 1
and 7 € 0,1), assume that
f(s) <as? Vs>0,
sg(x,8) >1 ae x€Q, Vs>0.
Let u € H} _(Q) N L>®(Q) be a solution to (P') for some t > 0. Then, u¥ € H}(Q) for every

max{l—o,1—7}

> 3
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Proof. First of all, recall that Lemma 5.2 in the Appendix below implies that u € C(£2). Now,
for any o > 0, let us consider the function v = u® € H} () N C(Q). It is easy to see that v

loc

satisfies

1—a—vag(z,va))|Vo|? o ) aclte

—Av = (1= o —vog(z,v7))[Vel —|—oz)\vT1f(vE) +atv e
av
1—a—r71)|Vo|? a=ltp a-ito
< ( o — 7)[V] + alav at + atv o , x €.
av

Moreover, if we take o > max{l — 0,1 — 7}, then
(3.6) —Av < C, z€Q,

for some constant C' > 0.

For every &,3 > 0, let us now consider the function ¢ = (v? — &)*. It is clear that ¢ €
HL ()N C(Q). Furthermore, the continuity up to 9§ implies that ¢ has compact support in
Q. In sum, ¢ € HE(Q) N C(Q) and has compact support. Therefore, even though v might not
belong to H}(Q), it follows from Remark 2.2 that one can take ¢ as test function in (3.6). Thus,

we obtain | |2
Vo
AX{UBZE}W <C,

for another constant C' > 0 independent of e. Now we let € tend to zero and, by virtue of Fatou’s
lemma, we deduce

2
[V <c
o vif T
Taking into account that
Vol? 8|2 5|2
‘1,17'6 :c‘vv% :c‘vua% ,

then we have proved that s € H(Q) for every a > max{1—o0,1—7} and every 3 > 0. This
proves the result. O

In the following result we prove a priori estimates on the solutions to (P?) if f satisfies (fy)
and (foo) and g satisfies (g.) and (goo). In the proof we adapt the blow-up method due to [25].

Proposition 3.7. Let A > 0, f : [0,+00) — [0,400) be a continuous function and g : £ x
(0,400) = [0,400) be a Carathédory function. For 6,7 > 0, 0 >0 and p € (1,2* — 1), assume
that f satisfies (f.) and (fs), and that g satisfies (g.) and (goo). Then, there exists C > 0
such that |[ul| L) < C for every solution u to (P') for all t € [0,to], where to > 0 is given by
Proposition 3.5.

Proof. Reasoning by contradiction, we assume that there exist two sequences {¢,} C [0,to] and
{un} such that uy, is a solution to (P*~) for all n and ||un || fe (o) = +00 as n — 4oco. By virtue
of Lemma 5.4, we may consider a sequence {z,} C 2 satisfying

unll oo @) = un(2n) Vn, @, = xo € Q, up to a subsequence.

We divide the rest of the proof into two parts. In the first of them we consider the case z( € €,
while the second one is devoted to the case zg € 9Q2. In turn, we divide each part into several
steps.

CASE 1) xo € Q.

Step 1.1) Scaling.
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p—1
Denoting d = dist(zq,0)/2 > 0 and n,, = Hun||;ooT(Q), we define v, : Bg/,, (0) — [0,400) by

2

UN(y) = nﬁilun(xn +nny) Yy € Bd/nn (O)
Therefore, v, € H' (B, (0)) N L>®(Bgy,, (0)) and satisfies the equation

vvn 2 U, 2(;0:0) -

n n

(37) —Av, + ungn(yvun>

where g,(y, s) = g(zn + 1ny, s) for a.e. y € By, (0) and s > 0. Moreover, ||v,|[z(s,,,, (0) =
v, (0) = 1. Our aim now is to pass to the limit in (3.7). In the next step we will prove the a
priori estimates that will provide such a limit.

Step 1.2) A priori estimates.

Let us fix R > 0 and denote w = Bg(0). It is clear that w C By, (0) for every n sufficiently
large, so v,, satisfies the equation (3.7) in w and [|v,| () = 1 for n large. Of course, the same
thing happens in Bar(0). Notice also that, if § = 0, then Lemma 3.6 implies that u] € Hg ()
for all v € (w, 1-— a] = (1_77, 1-— a], where this last equality follows from 7 < o in
condition (g.). Therefore, v} € H*(B3g(0)) for all v € (15%,1 —o]. This fact, together with
conditions (g.) and (f,), allow to apply Lemma 5.5 in the Appendix below to deduce that there
exist C' > 0, a € (0,1) such that

lvnllco.a@) < C
for every n large enough. As a consequence, there exists v € C'(w) such that, up to a subsequence,
vy, — v uniformly in @.

Observe that ||v[| () = 1 so, in particular, v # 0.

On the other hand, let us consider a function ¢ € C!(Bar(0)) such that 0 < ¢ < 1 in Bag(0)
and ¢ = 1 in w. Now we multiply both sides of (3.7) by v,¢? € Hi(Bar(0)) N L>°(Bar(0)) and
integrate by parts, obtaining

/ |V, |2¢? + 2/ Vo,V < C,
B2r(0)

B2r(0)

where we have used that g > 0, [|vn||zo(B,x(0)) = 1 and, one more time, condition (f.). Hence,
by Young’s inequality we easily deduce that

/|wn|2 <C / Vo[22 41| <C.
w Bar(0)

That is to say, ||vn||g1(w) < C, and then, up to a subsequence,
vp — v weakly in H'(w).
We will prove next that, for all wy CC w, v, is bounded from below in @y by a positive
constant independent of n. The approach by comparison due to [32] is valid here. Indeed, it is
l1—0o
straightforward to see that the function w, = 42— € H'(w) N L*°(w) satisfies

o f(un Vun|? .
/anV(ﬁ:)\/’UfL %¢+/(O—fungn(yaun))|vg# +tnnnp /Cb

w
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for all ¢ € C!(w). Therefore, using conditions (g.) and (f.), we derive

/ Vun Ve > /\/ WP
for all 0 < ¢ € Cl(w). On the other hand, let 2, € H}(w) N C(w) be the unique solution to

—Az, =77 yew,
zn =0, Yy € Ow.

It is clear that 2, — 2 uniformly in @ and z,, — z weakly in H}(w) for some z € H} (w) N C(@).
In consequence, z satisfies

—Az=XP"7 yeEw,

z =0, y € Ow.
Since v > 0 in w, the strong maximum principle implies that, for every wy CC w, there exists ¢ > 0
such that z > ¢ in wy. Besides, by comparison, w,, > z, in w. Hence, the uniform convergence

of {z,} implies that, for every € > 0, we may take n large enough so that v~ > (1 —0)(z — ¢)

in w. In sum, by choosing € = § we conclude that

(3.8) Ywg CCw, Jeyy >0 vy >y, Y E wo, Vn large.

From the previous estimates, it is straightforward to prove that {Av,} is bounded in L] _(w).
Then, [12] implies that, passing to a subsequence,

Vv, = Vv, y€w.

We are ready now to pass to the limit in (3.7).
Step 1.3) Passing to the limit.

We already know that v, > c,, > 0 in wy CC w. Moreover, ||u,| ) — +0c. Therefore,
Uy, — +oo locally uniformly in w. Then, by (go.) we deduce that |u,gn (Y, un) — (s +10y)| — 0
locally uniformly in w. In consequence, the continuity of y yields

Ungn (Y, un) = p(xzo) locally uniformly in w.

In sum, we have that

[Vol?

|V, |? .

n

(o)

0 < Uungn(y,un) pointwise in w.

Furthermore, it follows from conditions (f) and (f.) and from the Dominated Convergence
Theorem that

/vgfi%”)¢—>/vp¢ Vo € Cw).

Let us take ¢ € C!(w) such that ¢ > 0 as test function in the weak formulation of (3.7). By
virtue of Fatou’s lemma and using the convergences that we have proved, it is immediate to show

that
/w Voo + o) /w @gﬁ < / P,
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If we take now Z—‘b € H}(w) N L>®(w) as test function in (3.7), we obtain

Vv, Vv v|Vo,|? v o[ Vo ?
[y E -2

n
m 2(p—o) v
— )\/ Uﬁflvif( pn)gb + bttt / 1?0.
w w vn

Un

Observe that

v|Vup,|2¢ vIVoa|*d vol*
02 0= IV < (1 T 1 g Ve

Then, again by Fatou’s lemma we derive

[ ovo e [ A YED

That is to say, v € H'(w) N C (@) satisfies

[Vol?

—Av + p(xo) =P, yew.

v
Step 1.4) Conclusion.

Since w = Bpg(0) for arbitrary R > 0, then a standard diagonal argument (see [25]) implies
that v is well-defined in RY, it belongs to H! (RY) N C(RY) and it satisfies

loc
2

—Av + u(xo)! =P, yeRY.

Furthermore, it is straightforward to check that the function w = A7 Ty satisfies

[Vwl?

—Aw + p(xo) =wP, yeRN.

This is impossible by virtue of Lemma 3.1 (see also Remark 3.2).
CASE 2) z( € 09.
Step 2.1) Scaling.

Recall that we are assuming that there exist sequences {¢,,} C [0, to], {un} and {z,,} C Q such
that uy, is a solution to (P') for all n, ||u,| L) = un(z,) = +00 as n — +o0 and z, — xg
for some zy € 9. Taking advantage of the smoothness of 92, we are allowed to perform a
convenient change of coordinates in such a way that u,, is a solution to a similar problem except
that 9 becomes flat near z( (see Lemma 5.1 in the Appendix below for the detailed proof). In
other words, we may assume without loss of generality that wu,, is a solution to (R'*) for all n,
where

—div(M (z)Vv) + b(z) Vv + g(z,v) M (2)VoVo = A f(v) + tv7, x €,
(RY) v >0, x € Q,
v =0, x el

with Q C RY, 0 # T c 9Q N ORY and it is connected, M € C'(Q)V*N and it is uniformly
elliptic, and b € C(Q)N.
It is clear that d,, = dist(x,,0Q) = dist(z,,[') = z, n for all n large enough. Arguing as in
the previous case, we define
2

—1

Un(y) =1 un(zn + nny) Yy € Q, UL,
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Y
where 7, = ||unHL002(Q), 0€ Q= By, (0)N{yn > —dn/nn} and Ty, = By, (00 {yny = —dn /10 }
for some d > 0. It is easy to see that v,, is well-defined for all n large enough and it satisfies

i M, (y)Vv,Vv
—div(Mp(y)Vun) + bn(y)Vun + gn(y, Un)un%
2(p—o) n
- szf(zén) + Tl”IFl tnvfw (/RS Qna
Un
vn >0, z € Qp,
on =0 y €T,

where My (y) = M(zn +1ny), bu(y) = mab(@n + nny) and gn(y,-) = g(zn + nny; ).

Now, if {d,/n,} is unbounded, we can extract a subsequence such that d,/n, — +oo as
n — 4o0. In this case, [, oy 2 = RY, so we can argue as in the case z¢ € € without relevant
changes and arrive to a contradiction.

Let us assume now that {d,/n,} is bounded. Then, up to a (not relabeled) subsequence,
dp,/nm — kK for some k > 0. Thus, |J Q, = {yn > k}. Let us prove the estimates in this new
situation.

Step 2.2) A priori estimates.

Let us denote

T, = (0,..,0,d,/n,) € RN, Q) = By, (T,) NRY, T! =By, (T,) NORY.
Observe that oy, =RY and U, oI, = ORY. Let us define w, : Q, UT], — [0, +00) by

neN

wn(y) =vn(y—T,) VyeQ, Ul

Obviously, w,, satisfies

—diV(M,’L(y)an) + nnb%(y)vwn + g;’L <y7 wi > %Mé(y)V%Vun
U T
2p w 2(p—o)
(3.9) = f ?> +m " tawy, Yy €y,
U
wy, > 0, x €N,
wy, =0, yely,

where M/ (y) = M, (y — Tv), b, (y) = bn(y — T,) and ¢, (y,*) = gn(y — Tn,-). We also have that
HwnHLoo(Q;L) = w,(T,) =1 for all n.
Let us denote Ty, = (0,...,0,x) € RY and, for R > &, let us consider the sets

w= Bp(Tx)NRY, B=Bp(Tx)NORY wi=Bg(To)NRY, Bi=Byp(Ts)noRY.
It is easy to see that, for all n large enough,
T, €wCw CQ, 0epBcpcry, w C wi UpBL.

In particular, w,, satisfies problem (3.9) by changing Q/ with w; and I'), with /1, and further,
llwn || Lo (w,) = 1 for all n large enough. Thus, it follows again from Lemma 5.5 in the Appendix
(thanks to conditions (g«) and (f.) and to Lemma 3.6) that there exist C' > 0,« € (0,1) such
that

lwnllco.e@) < C
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for every n large enough. As a consequence, there exists v € C'(w) such that, up to a subsequence,
wy — v uniformly in @. In particular, v =0 on S.
On the other hand, from the Holder estimate one can also deduce that x > 0. Indeed,

1 = |wp(Ty) — wp(0)] < C|T,|* = C(dn/1n)" — Cr™.

Next, an estimate on {w,} in H._ (w) can be proven as in CASE 1, so that w,, — v weakly
in H! (w), up to a subsequence. Moreover, the same arguments are valid to prove that {w,}
satisfies also (3.8) and, furthermore, that Vw,, — Vv a.e. in w.

Step 2.3) Passing to the limit.
We can now pass to the limit as in CASE 1 and deduce that v € H} _(w) N C(®) is a solution

to the following problem:

M
—div(M (z)Vv) + MwO)M = AP, Y€ w,
v >0, Yy euw,
v =0, yEP.

Actually, as R is arbitrary, the diagonal argument (see [25]) implies that v € H}!

loc

®Y)nC (RY)
and it satisfies

M
—div(M (zo)Vv) + u(nco)M = \vP, y € RY,
v >0, y eRY,

Step 2.4) Conclusion.
Observe that, if we denote M (xzg) = (m;;) for 4, j =1,..., N, then the previous equation may
be written as

N N
0% wu(zo) ov Ov N
Myj + myj5—7— =P, yeR{.
221 Oy 0y; v Z-;l Oy; Oy;
Since ,j commute in both 852{)’;_ and %g—;, then a simple change of coordinates (see the
1 0Y; i j

conclusion of Case 1 in Section 2 of [25] for the details) leads to finding a solution w € H}.

o (@) . ioe(RY)N

Vuw|?
—Aw—i—u(yo)% =w?, y € RY,
w>(), yeRNa
w =0, yeé)Rﬁ

for some yo € 0. This contradicts Lemma 3.1 (see also Remark 3.2). The proof is concluded. O

The following result, as Proposition 3.7, provides a priori estimates on the solutions to (P?).
The difference lies on the fact that we do not impose the limit conditions at infinity (g..) and
(f) at the expense of making a stronger restriction on o, p.

Proposition 3.8. Let A > 0, f : [0,4+00) — [0,400) be a continuous function and g : Q x

+o0) — +0o0) be a Carathéodory function. For o,7 > o>0an € ~— |, assume
(0,-+0¢) = [0,+00) be a Carathéodory function. For 6,7 >0, 0 >0 and p € (1,4%1),

that f satisfies (f«) and g satisfies (g«). Assume in addition that o < W. Then, there
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exists C > 0 such that ||u| () < C for every solution u to (P') for allt € [0,o], where to >0
is given by Proposition 3.5.

Proof. The proof is very similar to that of Proposition 3.7. Here we give only a sketch.

Arguing by contradiction, we assume that there exist two sequences {t,} C [0,to] and {u,}
such that u,, is a solution to (P**) for all n and ||un || e (o) — +00 as n — +00. We also consider
a sequence {z,} C Q satisfying

unllzo (@) = Un(Tn) Vn, @, = a0 € Q, up to a subsequence;

this can be done by virtue of Lemma 5.4. We denote 7, = ||7.Ln||;::,T(;) Let us assume that
zo € 082 (we omit the simpler case xg € 2). Arguing as in the proof of Proposition 3.7, we
assume without loss of generality that u,, is a solution to (R'") for all n, with Q =V C RY and
I C 90N ORY. Thus, there exists a sequence of bounded domains {Q,} satisfying, for every n,
that 0 € Q,,, 2, + n,y € Q for all y € Q,, and |J,,cy 2n = X, where X may be either RY or
{yn > K} for some x > 0.

In any case, we define v, : 2, — R by

2
p—

Vn(y) = nn " un(Tn +ny) Yy € Q.
It is easy to prove that v, satisfies the equation
M, (y)Vv,Vu,

_diV(Mn (y)vvn) + by (y)vvn + Ungn (y, 'U'n) 0

U 2(p—o)
ﬁf( n) +0n " tavy, Y € Qn,

= \v

P
where M, (y) = M(zn + 10y), ba(y) = Mub(zn + nny) and gn(y,-) = g(zn + Nuy,-). Since
sgn(z,8) < o, Mp(y)Vu,Vou, >0 and f(u,) > ub, we deduce that

(y)vvnvvn

M,
—div(M, (y)Vu,) + by (y)Vu, + 0 > b, oy e,

no
Un

Passing to the limit in the previous inequality as in Proposition 3.7, and applying after that a
convenient change of coordinates, we find a supersolution v € HL_(X) N C(X) to (3.3), where

loc

either X = RN or X = ]Rj\_[. This is a contradiction with Lemma 3.3. O

Next proposition provides similar estimates as Proposition 3.7 and Proposition 3.8. The
novelty is that g satisfies now a limit condition at infinity only in a neighborhood of 90€). This
means that we need to impose stronger restrictions on o, p than in Proposition 3.7, but milder
than in Proposition 3.8.

Proposition 3.9. Let A > 0, f : [0,+00) — [0,400) be a continuous function and g : £ x
(0, 4+00) = [0, +00) be a Carathéodory function. For 5,7 >0, c >0 and p € (1, %), assume
that [ satisfies (f.) and (fx), and that g satisfies (g.) and (goo). Assume in addition that

o< W. Then, there exists C > 0 such that ||u| =) < C for every solution u to (PY)
for all t € 0,10], where ty > 0 is given by Proposition 3.5.

Proof. We argue similarly as for Proposition 3.7 and Proposition 3.8, so we give a sketch of the
proof.
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Assume by contradiction that there exist two sequences {t,} C [0,to] and {u,} such that wu,
is a solution to (P') for all n and |[uy,||Le(q) — 400 as n — +oo. Thanks to Lemma 5.4, we
may also consider a sequence {x,} C Q satisfying

unll Lo @) = un(2n) Vn, @, — 2o € Q up to a subsequence.

Suppose that zg € §2. Since zp might belong to w (where we know nothing about the asymptotic
behavior of ¢ at infinity), we cannot proceed as in the proof of Proposition 3.7. Nevertheless,
scaling u,, conveniently and using (g.) and (f.) we may argue as in the proof of Proposition 3.8
to find a supersolution 0 < v € HL_(RY) N C(RYN) to

loc
[Vol?

—Av+o =P, yeRN.

This is a contradiction with Lemma 3.3.

Oun the other hand, if 2o € 012, then we may take advantage of (g) to obtain, using also (f)
and arguing as in Proposition 3.7, a solution v € H} _(X)NC(X) to (3.3) for o = u(yo) and some
yo € Q, and either X = RN or X = RY. This contradicts Lemma 3.1 (see also Remark 3.2). [

Next result provides an estimate for the solutions to problem (Py) whose dependence on A is
explicit. As a consequence, it is shown that the norm of the solutions to problem (Py), if they
exist, becomes arbitrarily small as A tends to infinity.

Proposition 3.10. Let f : [0,4+00) — [0,+00) be a continuous function and g : Q x (0,400) —

[0,4+00) be a Carathéodory function. For § =0, 7> 0,0 >0 and p € (1, %), assume that f

N+1—(N-1)p
2

satisfies (f«) and g satisfies (g.). Assume in addition that o < . Then, there exists

C > 0 such that
_1
Ap—1 HU”Loo(Q) < C
for every solution u to (Py) for all A > 0.

Proof. Arguing again as in the proof of Proposition 3.7, assume that there exist two sequences
{An} C [0,4+00) and {uy} such that u, is a solution to (Py,) for all n and ||z, || () = +00 as
1

n — 400, where z,, = A T, It is easy to see that z, satisfies
1 1 _p_ 1
—Az,+ Mg <ac,)\n plzn> Ve, 2= Ao ' f (/\n Plzn) , xef.

Since z, € C(Q) by virtue of Lemma 5.4, then we may take {z,} C © such that z,(z,) =
|2 || Lo () for all n, Let 2o € © be such that, passing to a subsequence if necessary, x,, % xo € 002

(the case xo € Q is analogous, so we omit it). Let us consider the function v, (y) = nn P 2w +
nny) deﬁned for all y € Q,, with Q, ¢ RY as in the proof of Proposition 3.7 (Case 2) and

= ||zl 7 o2, Le(q)- Then, thanks to Lemma 5.1 in the Appendix below, we may assume without
loss of generality that v, € H'(,) N L>°(£2,) satisfies

Un \ Mn(y)Vo,Vu, » Un,
Ln> U - Lnf Ln 9 Yy € Qna

where LP~1 = \,n? and M,,, b,, g, are as in the proof of Proposition 3.7 (Case 2). From (3.10),
and using conditions (f.) and (g.), one can prove the same estimates on {v,} as in the proof of

(3.10) —div(M, (y)Von)+bn(y )an—l—zign <y
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Proposition 3.7. Moreover, again by (f.) and (g.) we deduce that

MTL n n
V() V0) + b (y) Ve + o VT 5 e,
Now we pass to the limit as usual and obtain a supersolution v € HL _(X)NC(X) to (3.3), where
either X =RY or X = ]Rf. This is a contradiction by virtue of Lemma 3.3. (]

In the last result of this section we impose stronger restrictions on f and g to obtain an a
priori estimate for the solutions to (Py) similar to that in Proposition 3.10. The advantage is
that p can be chosen near 2* — 1.

Proposition 3.11. Let g: Q x (0, +00) — [0,+00) be a continuous function. For § =0, 7 > 0,
o>0andp € (1,2* — 1), assume that g satisfies (g«), (9doo) and (go). Assume in addition that
there exists o > 0 such that, for each o € Q and L > 0, the function 1 : [0,4+00) — [0, +00),
defined by

w(s)z/ e T ;Lg(xo’ﬂdrdt Vs > 0,
0

satisfies that
Y (s)s?

(3.11) 5+ AR is decreasing for all s > 0.
Lastly, let us consider the function f : [0,+00) — [0,+00) defined by f(s) = sP for all s > 0.
Then, there exists C' > 0 such that

_1
AT [ufl g @) < C
for every solution u to (Py) for all A > 0.

Proof. We may reproduce the proof of Proposition 3.10 up to (3.10), where {v,} satisfies the
same estimates as in the proof of Proposition 3.7. Now, unlike in the proof of Proposition 3.10,
we aim to pass to the limit directly in (3.10). In order to do so, let us take a not relabeled
subsequence so that L, — L for some L € [0,40c]. Let us assume first that L = 0. In this case,
we can pass to the limit in (3.10) as in the proof of Proposition 3.7 and we obtain a solution
v e HL (X)NC(X) to (3.3) with o = p(yo) for some yo € Q, where either X =RY or X = RY.
This is a contradiction by virtue of Lemma 3.1 (see also Remark 3.2).

Therefore, necessarily L > 0. Assume now that L = +oo. Using (gp), we may pass to the
limit again in (3.10) and we find a solution v € HL_(X) N C(X) to (3.3) with o = po(yo) for
some yg € Q, where either X = RY or X = Rf. One more time, this contradicts Lemma 3.1
(see also Remark 3.2).

The only remaining possibility is 0 < L < 4oo. Thanks to the continuity of g, we may
pass to the limit in (3.10) once more to obtain a solution v € HL _(X) N C(X) to (3.1), where
h(s) = 19 (yo, %) for some yo € Q and either X = RN or X = RY. Again, this is a contradiction
with Lemma 3.1. O

4. PROOFS OF THE MAIN RESULTS

We start by proving Theorem 2.3.
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Proof of Theorem 2.8. Let us first define the function g : Q x (0, +00) — [0, +00) by
o—sTag (x, sﬁ>
(1—-o0)s ’

Thanks to (g1) and (g »), it is clear that § is nonincreasing in the s variable. Moreover,

O—-&-sﬁgo (sﬁ)
|g(s,z)| < o) , ae xz €, Vs>0,
—0)s

g(z,s) = ae. x €, Vs> 0.

so it is a bounded function in the x variable.
For some 0 < ¢ € H}(Q) N L>(Q) with compact support, let us take (1;73”) as test function
n (2.2). Then, if we denote % = u'!~7, we deduce that

vave < [ g avare+ [ L2,
fvaves | I

Arguing similarly, o = v~ satisfies

vive [ gwavirer [ CSDM,

—o

Q

Moreover, @, 7 € C(Q)NWEN (Q) and they satisfy lim SUp, 4, (U(x) —0(x)) < 0 for all g € O
At this point one can reproduce the proof of [31, Theorem 2.1] without relevant changes and
conclude that o < ¢ in 2. Equivalently, v < v in Q. O

Next we prove Theorem 2.12.

Proof of Theorem 2.12. Let v be a solution to (H). Recall that the definition of solution implies
that there exists v > 0 such that v7 € H}(Q). It is easy to see that u = v” satisfies the equation

(4.1) —Au+ gy (z,u)|Vul> = " h(z), z€Q,
where
1 1
svg <x,s?) +v—-1
gy (z,8) = , ae. x € Vs>0.
s

It follows from (go) that
T+y—-1
v

> 1. From now we will denote p =

(4.2) sg(x,s) > ae. € N\w, Vs e (0,s)),

and s; = sJ.

where clearly %_1

T+y—1
Y

Recall that there exists ¢ > 0 such that v > ¢5 in w. For every ¢ € (0,min{sy,c}), let us
define the function ¢, : [0, +00) — [0, 400) by
1 st —grl
- + T N, 0 S Z E’
0 (s) = s (p—1)s°
3 0 <s<e.
€
Clearly, ¢.(u) € H3(2) N L>(2). Hence, taking ¢.(u) as test function in the weak formulation
of (4.1) (this can be done thanks to Remark 2.2 because u € H}(£2)) we obtain

(4.3) /Q o (w)|Vul? + /Q 0 (2, 0) | Ve () = /Q o h(@) e ().
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Observe that, from (4.2), it follows that

t/gv@%UNVUFwAU):M/ gw@auNVuV¢AU)+l/ 0y (2, 0)| Vo ()
Q wU{u>s1} (AN\w)N{u<s1}

(44) >-C +/ pIvul® (1 et Ep_l)
. - (QA\w)N{e<u<si} u u (,0 - ]_)up .

On the other hand, it is clear that

2 2 /1 p=1 _ op—1 2
ws) [etowup= [ ATE MVM<+ue)+/ Vol
@ {u>ep U {u>e} U u  (p—1ur (u<e} €

We will now absorb the negative term in (4.5) with the last term in (4.4). Indeed,

/ OV (L e i (1 e
(Nw)N{e<u<s;} U U (p—Dur (use} U u (p— 1)ur
.y e
{e<u<si}nw]u{u>s;} U U (p—1Dur

2 p—1 _ _p—1
2—/ PV (1+“>>—C.
{u>min{si,c}} u u (p - 1)’U,p

In conclusion, from (4.3), (4.5) and from the previous discussion we deduce that

2
/ A<y / VT (@) pe(u) + C.
{u>e} U Q

Since p.(s) < (p%l)s for all s > 0, we finally deduce that

/{u ) pIZZUF §C</Q v 1Lh( ) ( |h )

Therefore, we let ¢ tend to zero and by virtue of Fatou’s lemma we obtain that

([ 220

[Vul?
2

Now, in [41] it is proven that [, = +4o0. Therefore, [, |h(f = 400 and the proof is

finished. O

We are ready now to prove Theorem 1.1.

Proof of Theorem 1.1. The existence of a solution u € H{(f2) (not necessarily bounded) is a
consequence of [32, Theorem 3.1]. Moreover, since g > %, the well-known Stampacchia’s lemma
(see [40]) implies that u € L ().

On the other hand, Lemma 5.4 leads to u € C(Q). Furthermore, u € W,..X (Q) by virtue of
Lemma 5.2 and Remark 5.3 in the Appendix below. Therefore, the uniqueness of solution follows
directly from Theorem 2.3.

Finally, it is clear that, if h > 0 has compact support, then fﬂ h(:;) < 400 for every solution
u to (1.3). Thus, Theorem 2.12 implies the nonexistence part of the theorem. d

Now we prove Theorem 2.4. Since the proofs of Theorem 2.6 and Theorem 2.7 are analogous,
we will only make some comments below.
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Proof of Theorem 2.4. We divide the proof into several steps.
Step 1) An auxiliary problem
In addition to the hypotheses of Theorem 2.4, let us further assume for now that p < 2* — 1
and g > 0. At the end of the proof of the theorem we will make the extension to general p, g.
Let us take g > %. For every 0 < v € L1(Q), t > 0, A > 0, we consider the following problem:
[Vul?
—Au+ (v+9)g(z,v) = Af(v) 4+t x € Q,
‘ u+4
(Q ) u > 0’ x € Q,
u =0, x € 09,

where o is the same real number that appears in condition (g.); note that o € (0, 1) since g > 0.
It is clear that, if u is a solution to (Q!) with ¢ = 0 and v = u, then it is actually a solution to
(Py). In this step we will show that, if v > 0, there exists a unique finite energy solution to (Q?).

Observe that, if 0 < v € L1(Q), then 0 < Af(v) + tv® € L9/?(Q), where 1> & Therefore, if
d = 0, then Theorem 1.1 implies directly that there exists a unique finite energy solution to (Q?),
that we will denote as ug. On the other hand, let us assume that § > 0. Then, ug is clearly a
subsolution to (Q?). Let us consider the unique solution w € H(Q)NC(Q) to the linear problem

—Aw = Af(v) +tv?, x€Q,
w > 0, r € €,
w =0, x € 0.

Then, w is a supersolution to (Q'). Furthermore, ug < w in Q by comparison, so [13, Théoréme 3.1]
implies that there exists a finite energy solution us to (Q!) such that 0 < ug < us < w in Q.
Moreover, every solution to (Q*) belongs to C(Q) W,k () by virtue of Lemma 5.4, Lemma 5.2
and Remark 5.3. Also, the function (z,s) — w satisfies (¢g1) and (g »). Therefore,
Theorem 2.3 implies that u; is the unique solution to (Q?).
Step 2) Existence of a finite energy solution to (Py) if p < 2* —1 and g > 0.

Let X = {w € C(Q) : w(x) > 0Vx € Q}. We have shown in the previous step that the
operator K : X x [0,4+00) — X given by

K(v,t) =u, Yve X\{0}, t>0, where u is the unique solution to (Q?),
K(0,t)=0, Vi>0.

is well-defined. We aim to prove that there exists 0 < u € X such that K (u,0) = u, which is
equivalent to finding a solution to (Py).

We first prove that K is continuous. Indeed, let {v,} C X and {¢,} C [0,400) be such that
v, — v in C(Q) for some v € X and t, — t for some t > 0. Let us denote u,, = K(v,,t,) and
hy, = Af(vy) + t,vg. Taking into account that g > 0, it is clear that

(4.6) —Au, < h,, x€Q, Vn.

We know that there exists C' > 0 such that h,, < C for all n. Then, (4.6) leads to —Awu,, < C'in Q.
From this inequality, it is straightforward to prove that {u,} is bounded in H}(2). Hence, up to
a subsequence, u,, — u weakly in H{(Q2) and u,, — u strongly in L™(Q) for some 0 < u € H}(Q)
and for all m € [1,2*). Furthermore, the inequality (4.6) yields the following estimate by virtue
of the well-known Stampacchia’s lemma (see [40]):

(4.7) unllL=(@) < CllhnllLe@), Vn.
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In particular, if v = 0, (4.7) yields directly that u,, — 0 strongly in C(Q). That is to say, K is
continuous in {0} x [0, +00).

Let us assume on the contrary that v > 0. In this case, we will prove following [32] that
{uy} is locally bounded away from zero. Indeed, first of all observe that, using that h,, < C, we
deduce from (4.7) that {u,} is bounded in L>°(Q). Hence, using (f.), (9«) and the L*>° estimate

on u,, one can easily check that the function w, = ul~7 satisfies
(I —0o)\P
uU

n

for some constant C' > 0. On the other hand, let z, € H}(Q) N C(Q) be the unique solution to
the linear problem

—Aw, > >Cvb, e,

n?

—Az, =CvP, x€Q,
zn = 0, x € 0fd.

By comparison, w, > z, for all n. Moreover, it is clear that {z,} is bounded in H{(f2) and,
following [32] (which in turn is based on [28]), we also have that {z,} is bounded in C%%(Q) for
some « € (0,1). Hence, passing to a subsequence, z, converges weakly in Hg () and strongly in
C(9) to the unique solution z € H}(Q) N C(Q) to

—Az=CvP, x€Q,
z=0, x € 0.

Since v > 0, the strong maximum principle implies that, for all w CC , there exists c,, > 0 such
that z > 2¢, in w. Furthermore, since z,, — z uniformly in €, it follows that z,, > z — ¢, in
for all n large enough. In sum,

1—0o
U, = =Wy = 2y = Cy, TEW,

as we claimed.

It is clear now that {Au,} is bounded in L} _(Q). Hence, from [12] we deduce that Vu, — Vu
a.e. in 2. We may now pass to the limit using Fatou’s lemma twice, similarly as in the proof of
Proposition 3.7 (Case 1, Step 1.3), so that u is the unique solution to (Q?) i.e., u = K(v,t).

It remains to prove that u, — u strongly in C(Q). Indeed, since {u,, } is locally bounded away
from zero, Lemma 5.2 implies that, for every w CC €2, one may take a subsequence such that
up — u strongly in C(w). Actually, the uniqueness of u assures that the original sequence {u,,},
and not merely a subsequence, converges itself to u strongly in C'(@). On the other hand, let

¢n € HYH(Q) N C(Q) be the unique solution to

_ACn = hnv T e Qa
Cn =0, x € 0f.

By comparison, u, < (, in § for all n. Moreover, ¢, — ¢ strongly in C(Q), where ( €
H () N C(Q) is the unique solution to

—A(=Af(v)+t?, zeQ,
¢=0, x € 0.

In particular, for fixed € > 0, we deduce that

[un (2) — u(x)] < Cn(2) + u(z) < ((z) + ulx) + % Vz € Q, Vn large enough.
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Therefore, since u,( € C(2) with « = ¢ =0 on 99, there exits w CC Q such that
lun () —u(z)| <e VaeQ\w, Vn large enough.
Since u,, — u strongly in C(w), we conclude that
|un(z) —u(z)| <e Vo€ Q, Vn large enough.

In other words, u,, — u strongly in C(f2), so K is continuous.

We prove now that K is compact, i.e., it maps bounded sets to relatively compact sets.
Indeed, let {v,} C X and {t,} C [0,400) be bounded sequences. Taking subsequences, v,, — v
in the weak-x topology of L>°(Q) for some v € L°°(Q), while ¢, — ¢ for some ¢t > 0. This is
enough to pass to the limit in the equations as above. We conclude that, up to subsequences,
K (v, t,) — K(v,t) strongly in C(Q). This proves that K is compact.

We will prove next that there exist 0 < r < R and t; > 0 such that
(1) u# sK(u,0) Vs € [0,1], Yu € X with |[u| ) =1,

(2) u# K(u,t) vVt >0, Vu € X with |lullp=~@) = R,
(3) u# K(u,t) Vt > t1, Yu € X with |lul g @) < R.

In order to prove item (1), let us assume by contradiction that, for all » > 0, there exist

s € [0,1] and v € X with ||u|| () = 7 such that v = sK(u,0). In particular, v > 0 in € and

—Au < sAf(u), z€Q,
u =0, x € 0N).

Since (fo) holds, we can choose r > 0 such that Af(t) < 2it for all t € [0,7], where \; stands
for the principal eigenvalue of —A in £ with zero Dirichlet boundary conditions. Furthermore,
u < rin €2, so we have that

A
—Augéu, x €,
u > 0, T €,
u =0, x € 0.

This is a clear contradiction with the definition of Aj.

On the other hand, if we take R > C, where |u| ;=) < C (see Proposition 3.7) then it is
clear that (2) holds. Moreover, if we take t; > ¢, where tg > 0 is given by Proposition 3.5, then
(3) also holds.

In conclusion, [21, Proposition 2.1 and Remark 2.1] can be applied and in consequence we
obtain a positive fixed point of Ky, i.e., a finite energy solution to (Py).

Step 3) Extension to the general case

From this point we assume only the hypotheses of Theorem 2.4, i.e., g need not be non-negative
and p might be greater than or equal to 2* — 1.

Fix A > 0. For some « > 1 that will be chosen later, let us consider the following problem:

—Av + gy(m,v)|V1}|2 = Af(s), z€Q,
(4.8) v>0, zeq,
v =0, x € 09,
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where
£(s) = b(s +07) 7 ((s+m)% —5) . Vs >0,
(s+487)7g (x (s+87)7 — 5) ty-1
V(s +67)
and b > 0 is a constant, which depends only on p,d,, that will be chosen below too. It is easy
to see that, if v is a solution to (4.8), then u = v7 is a solution to (Py). We will now choose

~ > 1 so that problem (4.8) admits a finite energy solution.
Indeed, let us first denote p, = 'V_i‘”’. Obviously, p, > 1. It is easy to see that the function

gy(z,8) = , ae x € Vs>0,

sPr

S =

y—1

(s4+07)F [(s+6m)7 —5]p

is bounded in [0, +00). Then, using that f satisfies (f«), b > 0 can be chosen (depending only
on p,d,v) such that
fy(s) >8P Vs >0.

Moreover, since f satisfies (f.), it is clear that
fy(s) < aby(s+67)Pr Vs >0.

We have proved that f, satisfies (f,). Taking into account that f satisfies (fo) and (fo), it is
straightforward to check that also f, satisfies (fs) and (fo) respectively.
On the other hand, since g satisfies (g ), then

y_mty =1
v

=0.
Le=(Q)

lim

S S
s——+00 gv( ’

2" —1—p

Using that max, g pu(r) < =%,

it is easy to see that

1 21—
ax () + - Py
meﬁ '7 2* _2

Thus, g, satisfies (goo). It is also immediate to check that g, satisfies (go) using that so does g.
Notice finally that, since g satisfies (g.), then

-1 -1
%g (5+57)g7(s,z)§% ae x €, Vs> 0.
Y v
It is clear that ) 1 1
p Rt A N e Ak e e Ak AP Y )
Y aé Y

Therefore, g, satisfies (g.).
If we now choose v > 1 large enough so that > 0 and p, < 2" — 1, then we may

apply the previous step in order to obtain a finite energy solution to (4.8). The proof is now
finished. O

T+v—1

Proofs of Theorem 2.6 and Theorem 2.7. The proofs are analogous to that for Theorem 2.4. The
only essential difference lies in how the estimates on the solutions are obtained. In fact, instead
of Proposition 3.7, we have to apply Proposition 3.9 for Theorem 2.6 and both Proposition 3.8
and Proposition 3.10 for Theorem 2.7. O
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Here we carry out the proof of Theorem 2.8.
Proof of Theorem 2.8. Let us define the Carathéodory function g: Q x (0,4+00) — R by

g(x,s) if e, se(0,sq),
g(z,s) = s09(x, s0)
s

ifx e, s> sp.

Let us also consider the continuous function f : [0, 4+0c0) — [0, +00) defined by

f(s) if s € (0,s0),
oy =1 Foo)

P
50

if s > sq.

It is clear that f and g satisfy the hypotheses of Theorem 2.7. Thus, if we write (Py) for
denoting problem (Py) with g and f instead of g and f, then Theorem 2.7 implies that there
exists a solution uy to (Py) for all A > 0 that satisfies

AT |up || g ) < C YA > 0.

In particular, there exists A9 > 0 such that [[ux|[z~) < so for every A > Xg. Hence, uy is, in
fact, a solution to (Py) for every A > Ag. The proof is finished. O

It is left to prove Theorem 2.10.

Proof of Theorem 2.10. Let o € <O,min {%, Q*QZi;p}). By virtue of Remark 2.9, we may take
6 € (0,1) such that
sg(z,8) <o V(z,s) € Qx(0,d].

Notice that § can be chosen as small as necessary. In fact, it will be taken small enough several
times throughout the proof, depending its size only on N,p,G.
Let us define the function g : Q x (0, +00) — [0, +00) by

g(z,s) if (z,5) € Q x (0,4],
glr,s) =4 6§ ) —
§(,) 99(x,9) if (z,5) € Q x (d,4+00).
s
It is clear that g satisfies (g.), (9oc) and (go). Thus, if we write (Py) for denoting problem
(Py) with g instead of g, then Theorem 2.4 implies that there exists a solution to (Py) for all
A > 0. We aim now to prove that the hypotheses of Proposition 3.11 hold true, so that there

exists C' > 0 such that
(4.9) AT ull L) < C Vu solution to (Py) with A > 0.

Observe that, if this is true, in particular there exists Ao > 0 such that |lu|~q) < d for every
solution u to (Py) with A > A\g. Hence, the solutions to (Py) with A > )¢ are, in fact, solution
to (Py). Thus, the proof will finish as soon as we prove (4.9).

We will now prove that (3.11) in Proposition 3.11 holds. Indeed, for any L > 0, 2o € Q, let
us consider the function ¢ : [0,400) — [0, +00) given by

¥(s) :/ 67% f;Lg(IO’%)drdt Vs > 0.
0
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It is straightforward to check that

s

U(s) = L/L e~ Js al@ondrgy g > 0.
0

We will prove next that s +— JE’S()‘;)S: is decreasing for all s > 0, or equivalently, that
L
(4.10) (p— sg(xo,s))q’[}(z ) < (2* = Dsy'(sL) Vs> 0.

Notice that neither w(zL) nor ¢'(sL) depends on L.
In order to prove (4.10), we distinguish two possibilities: either 0 < s < § or s > §. Assume
first that 0 < s < §. Then,

Y(sL)

(p — sg(zo, 5)) — (2" = 1)sy)/(sL)

=(p— sg(z0, %)) / e Js aleon)drgy — (27— 1)se J5 alzo)dr,
0
It follows from the mean value theorem that there exists 6 € (0,1) such that

(0= sg(aa,) [ e Sty - (2 - p)sem S atront
0

—sels 9(zor)dr [(p — sg(wo, s))elos 9@om)dr _ (o _ 1)
Thanks to (G) we derive
(p _ Sg(SC(), s))ef;s g(zo,r)dr _ (2* . 1) < pefOé G(r)dr _ (2* . 1).

Using that lims_,q f05 G(r)dr = 0 and p < 2* — 1, we are allowed to choose ¢ small enough so
that
jr)efo5 Gr)dr 9% _ 1,

Hence, (4.10) holds for 0 < s < 4.

We assume now that s > §. In this case,
5 1—7 1—
() -6
1—7 ’

W(s) = AL +0"L

where 7 = dg(z,0) and

5
A= ¢(5L) _ / eff g(:x:o,r)drdt.
L 0

—1-P  Then,

Recall that 7 < 0 < 21

p_TSP_U

< 2F —1.
1—7 1—0
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Let us denote v = 2* — 1 — 7=2. We deduce that

G(sL) .
(2 - )/ (sT)

1-7 _ 5177

(p - 5§(x07 S))

=(p-71) <A+5Ts ) —(2F —1)67s! T

1—171

1—7 _ s§1—7
S (2* o 1) ((1 —T)A+5T(817T _5177) _578177) — <A+57815>
- T

<@ -n-5-4=4(e-v(1-5) =)

-1
§

<Al@-1)|1-90 (/ et G(’”)‘”dt> —5
0

It is clear that

s ff G(r)dr f‘s G(rydr 9 — [ G(r)dr .
limu: imeO foe ’ dt:limefjﬂé

G(r)dr _ 1.
5—0 1) §—0 ) 5—0

Then, we can take § small enough so that

5 —1
(2* _ 1) 1—-9§ </ ejfé h(?“)drdt> <.
0

In conclusion, (4.10) holds for s > §, and thus, for all s > 0. B
In sum, it follows that the hypotheses of Proposition 3.11 are fulfilled for problem (P) so our
claim was true. The proof is now finished. O

We conclude the section by proving Theorem 1.2, Theorem 1.3 and Theorem 1.4 as conse-
quences of the general results in Section 2.

Proof of Theorem 1.2. The first item of the theorem is a direct consequence of Theorem 2.4,
while the second one follows from Theorem 2.12. |
w(z)

Proof of Theorem 1.3. Let us denote g(z, s) = (G In order to prove the first item, we assume

that § > 0 and that u satisfies (1.4). It is easy to see that

. [l [z @) 11 L ()
inf s+0)g(x,s) = ——————=, sup s+0)g(r,s) = —————=
(115)€Q><[07+00)( Jo(. ) 571 (z,s)EQX[07+oo)( ol ) o7t
Therefore, 7 < (s + d)g(z,s) < o for 7 = H“;‘Lﬂ and o = ”“2”7%. Hence, (1.4) implies

that g satisfies (g.). On the other hand, it is clear that [|(s + 6)g(-, s)|[z () — 0 as s = 400.
Thus, g also satisfies (goo). In conclusion, Theorem 2.4 implies that there exists a solution to
(1.1) for any A > 0.

On the contrary, let us assume now that 6 = 0 and u(z) > 7 > 0 for a.e. x € Q\ w. Then,
(g2) holds. Thus, Theorem 2.12 implies that problem (1.1) admits no solution for any A > 0. O



BLOW-UP FOR SINGULAR PROBLEMS WITH NATURAL GROWTH 31

Proof of Theorem 1.J. Let us denote g(z,s) = 22) - We know that, for every € > 0, there
exists sg > 0 such that

(4.11) slg(@, s)| < llullLe (@

S

CER
Therefore, (o) holds (in particular, lim,_,o sg(x, s) obviously exists for a.e. € Q). If we assume

that 0 < pu € C(Q) and p < 2* — 1, then the hypotheses of Theorem 2.10 are fulfilled, so we
conclude.

<e VYse€(0,s0), ae. x €.

Let us assume on the contrary that p < %ﬂ Then, in (4.11) we may take 0 = —7 = ¢ €
(O,min 3 W}) in such a way that ¢ satisfies (gx). Thus, the result follows after
applying Theorem 2.8.

The proof is finished. O

5. APPENDIX

5.1. Technical lemma. In this subsection we prove a technical result that is required by the
blow-up method.

Lemma 5.1. Let Q C RY(N > 3) be a bounded domain with boundary of class C2, X > 0,
g: Q2 x(0,4+00) = R be a Carathéodory function, and f : [0, +00) — R be a continuous function.
Then, for every xo € 09, there exist U C RY a neighborhood of xo and an injective and C? map
y: U — RY, with C? inverse, such that V =y(UNQ) CRY, T =y(UNdQ) C 9V NIRY and,
if u is a solution to (Py), then the function v =uoy~!:V — (0,+0c0) is a solution to
—div(M(y)Vo) + b(y)Vo + j(y,v) M(y) VoV = f(v),  yeV,
(5.1) v >0, yeV,
v =0, yel,
where M € CY*(V)N*N is uniformly elliptic, b € C(V)N and j(-,-) = g(y~*(-),-), being M and b
independent of u.

Proof. Since 09 is of class C?, there exist U C R a neighborhood of zy and a C? function
Y : U — R, where U' = {2/ ¢ RN"1: 3z € R, (2/,xx) € U}, such that

Y(a') <zy V(@ xn) e UNQ,
Y(a') =y V(' zy) € UNIN.
Let us define the change of variables y : U — RY by
y(z) = (2',zn —Y(a")) Vz e U.
It is clear that
y(z) eRY V(z/,zy) €UNQ,
y(z) € ORY V(' 2n) € UNIQ.

This proves that V C RY and I' C ORY. Moreover, it is a simple exercise to prove that I' C V.
It is also easy to see that the function y~! : y(U) — U given by

yH(2) = (¢ an + () Yz ey(U)

1

is the inverse function of y. Note that y~! is well defined since 2’ € U’ for every z € y(U).
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Let us now define v : VUT — R by
v(z) =u(y 1(z)) Vze VUL

Observe that v =0 on ' and u(z) = v(y(z)) for all z € UNN. We will show next that v satisfies

an equation in V.
Now we compute the derivatives that we need. We emphasize that such derivatives can be
understood in a pointwise sense due to Remark 5.3 and to the C? regularity of ). We stress also

that, as 1) does not depend on zy, it will be understood that %(m) =0forxelU.

1 o - 0 0
0 ) . .
a) Dy(z) = 0 )
0 0 1 0
_(%Ifl(x/) e _8;2:,1},1 (') | 1
ou, . 0Ov v oy, , B 3
b)
ou ov

8a:Nx _%

) [Vu(@)? = (Vo) + (2 w@) Vo) - 22 (y(2) Vol () V(')

Q)
0%u _ 0%v 0y1 0*v oyn v 0%y,
Tﬁ(x) T 92107 yir )3a:i @)+ 0zn0%; y(@)) ox; - Ozn y(x))amf (27)

8%v Oy 0*v oyn o,
- |G NG @)+ + g ) )| )
0% v o, . 0% o, 0\
= S ) 255 @) G ) + 5 o) (50
v 0%y

R — ! ] — “e. —
G W) G p (@), =1 N1,

v 02%v ov
Au=Av —2V— — 2 A
e) Au v VaZN Vi + 8212\[|V1/)| Don )
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Let us denote j(z,s) = g(y~1(z),s) for a.e. 2 € V and for all s > 0. Thus, v = v(y) (from
this point y will simply denote variable in V') satisfies the equation

9%v ov ov
—Av — —|VY|* +2V—V + A
3y12v| i dyn v dyn v
. 2 v \° 9 Ov
(52) = £0) =30 (V0P + (g ) IVOP —25-Vovy ), yeV.
YN YN
Let us define the matrix
10 - 0] —28%)
0 1 : :
0 -+ 0 1] -252-(y)
0 - O[T VP

and also the vector b(y) = (0,---,0,—Av(y’)), y € V. Then, one can check that v is a solution
to (5.1).

Moreover, let @ > 1 be such that (a — 1)||V1/)||%x(v) < 1. Then, by Cauchy-Schwarz’s and
Young’s inequalities, the following holds for every & € R™V:

M(y)€€ = |€]* — 26n Ve + €% |VY|?
> € — (a — DEVVUP — L¢P

_ <1 - i) P+ (1— (0 — DIVP)EL
1
> (1 _ ) €12+ (1= (@ = D|IVE[2 e )ER

. 1
> min {1 = 2,1~ (@~ DIV6lr, | I
Then, M is uniformly elliptic. The proof is finished. O

5.2. Local Hélder estimate and global continuity.

This subsection is devoted to proving a local Holder condition on the solutions to the problems
that concern this manuscript. In particular, the solutions are continuous in the interior of 2. We
will show at the end of the section that the solutions are, in fact, continuous up to the boundary.

Lemma 5.2. Let g : Q x (0,4+00) — R be a Carathéodory function satisfying (2.1) and let
h € LYQ) for some q > % Then, for every M > ¢ > 0 and every w CC 2, there ewist
a € (0,1), L > 0 such that every solution u € H}_(2) N L>®(Q) to

loc

{—Au + g(x,u)|Vul|® = h(z), z€Q,

(5.3)
c<u< M, x €9,

satisfies

(5.4) [ullco.e@) < L.
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Proof. Let us consider mo = max,¢[. a] go(s), where go : (0,4+00) — [0,400) is the continuous

function given by (2.1), and let us take d € (0 #) With the notation of [28, Chapter 2,

) T
Section 6, p. 81], we will show that u belongs to the class By (Q, M, ~, 6, i) for some v > 0 to
be determined later. This implies (5.4) by virtue of [28, Theorem 6.1, p.90].

Indeed, let us fix p > 0 and let B, be an open ball of radius p such that B, C Q. Let us fix
also o € (0,1), and consider a function ¢ € C2°(B,) satisfying that 0 < ¢ < 11in B,, ( =1 in the
concentric open ball B,_,,, and |V(| < Jip in B, for some constant b > 0 independent of p, o.

Let us denote k, = sup,cp, u(z) — 4, and take k > k,. We also consider the set

A, ={z € B, : u(z) > k}.

Clearly, (u —k)*t¢? € H} () N L>(Q) and has compact support in 2, so it may be taken as test
function in (5.3). Thus we obtain

2 (u— k)V(Vu +/ |Vu|?¢? +/ gz, u)|Vul?(u — k)¢ = / h(z)(u — k)¢

Ak.p Ak, p Ak.p Ak.p

On the one hand, by (2.1) and by the definitions of k,, m¢ we deduce that

—/ (@, u)|Vul2(u — k)C? < 5m0/ V22,
Ak, p A

k.p

On the other hand, Young’s inequality yields
1
-2 (u—k)VC¢Vu < 2/ (u — k)?IVC* + f/ |Vul?¢2.
Aw, Aw, 2 Jaw,
Therefore, we derive

(;—amo) |owupe<a [ w-nrvee [ RS

k.p k,p

Next, it follows from Hdélder’s inequality that

/A B — k)G < 81l gy | Anpl T

k.,p

and

2b 2b
2 / (u— k) < / (= k) < 22— 82 | e Al
Ag,p A p=o

= p202
2C(N)

<
10

1
1w = k)| oo (ar ) [ AR, 7
p

where |B,| = C(N)%p". In sum,

(5:5) [ vy ( = DPluma ) + 1) A7
Ak p—op p- a0
where
B max {26C(N), 6||h|a(0) }
B % — 5m0 '
Furthermore, notice that v = —u satisfies

—Av — g(z, —v)|Vv|2 = —h(z), z€.
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Therefore, it is straightforward to check that the inequality (5.5) also holds by substituting u
with —u. In conclusion, u € By (Q, M,~, 6, i) and the proof is finished. O

Remark 5.3. Let g : 2 x (0, +00) — R be a Carathéodory function satisfying (2.1), h € L(Q2)
for some ¢ > % and u € H} _(Q)NL>(Q). Using the local Holder regularity given by Lemma 5.2
one can prove that, if u € HL_(£2) N L>(Q) is a solution to (5.6) that is locally bounded away
from zero, then u € VVhl)’Czq(Q). The proof is based on a standard bootstrap argument, see [15,
Appendix]| for further details. Moreover, combining this local summability of the gradients with
the classical Calderon-Zygmund regularity theory one can easily prove that, if h € L% (), then

u e W24(Q) for every ¢ < co.

loc

We will show next that every solution to (H) is continuous up to 9.

Lemma 5.4. Let g : Q x (0,+00) — [0,400) be a Carathédory function satisfying (2.1) and let
h € L1(Q) for some q > 5. Then, every solution to (H) belongs to C(Q).

Proof. Let u € HL_()NL>(Q2) be a solution to (H). Clearly, Lemma 5.2 implies that u € C(£).
It is left to prove the continuity on the boundary. In order to do so, recall that there exists v > 0
such that u” € HJ(2). We may assume without loss of generality that v > 1. Let us denote

v = u”. Using that g > 0, we deduce that
—Av = =y = DUVl + 30" (= Au) < v Uh(x) < Clha)], @ e,

for some constant C' > 0. On the other hand, let us consider the unique solution w € H}(Q) N

C(9) to the following problem:

—Aw = |h(z)], z€Q,
w =0, x € 0N.

By standard comparison, 0 < v < w in €. Therefore, lim,_,, v(z) = 0 for every y € 00 and, in

particular, u € C(). O

5.3. Global Hélder estimates.

In the previous subsection we have shown that the solutions to the problems in this paper
are locally Holder continuous. In the proof, we have strongly used the fact that the solutions
are locally bounded away from zero in order to avoid the possible singularity of g(z,u(z)) as
x approaches 0f). In the present subsection we aim to prove a global Holder estimate, i.e., the
singularity cannot be avoided since we need a Holder estimate to hold even near 92. Therefore,
we perform a different proof that requires g to satisfy the stronger condition (g.).

Lemma 5.5. Let Q C RN be a smooth bounded domain. Let {M,} C L>=(Q)N*N and {b,} C
L>® ()N be bounded sequences in the norm of their respective spaces. Assume that there erists
n > 0 such that
M, ()€€ > nl¢)?  a.e. y € w, VEERYN, Vn.

For somep > 1, 6,7 >0, 0 € (0,1) independent of n, let f : [0,4+00) — [0, +00) be a continuous
function satisfying (f.) and, for all n, let g, : w x (0,400) — [0, +00) be a Carathédory function
satisfying (g.). Let {v,} C HY(Q) N C(Q) be such that 0 < v,, < C in Q for all n and for some
C > 0. For some sequences {L,} C (0,+00), {e,} C [0,1], assume that v,, satisfies

Un

1
v ()0 )V £ (1 7

) Mn(y)vvnvvn - Lflf (?)4—67102, Y € Q, Vn.
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If § = 0, assume in addition that there exists v € (1_77, 1-—- J] such that v) € HY(Q) for all n.
Let us also assume that, for some connected (possibly empty) set T' C 09,

v, =0, yel.

Furthermore, if {L,} diverges, assume additionally that 6 = 0 and ¢, = 0 for all n. Then, for
every smooth bounded domain w satisfying that w C Q UT, there exist a € (0,1), C > 0 such
that, taking a (not relabeled) subsequence if necessary,

||vn‘|co,a(w) S C VTL

Proof. Let us denote 6,, = L, and consider the function u, = (v,+0,)7—0, fory € (155,1 - o|;
if § = 0, then « must be chosen so that u,, € H(Q) for all n. It is easy to see that u, € C(Q),
0<u, <CinQ, u, =0on I, and it satisfies

(5.6) —div(M,,(y)Vuy) + b, (y)Vu, = Gn(y, un) My (y) Vu, Vu, + fn(un), y € Q,
where
5 1 5 1
1—y— )T, (y,(sf:”—é)
gn(y,s) = Y PRy ae yeQ, Vs >0, Vn,

fn(s) :’y(s—&—é;{)%l (L’T’Lf ((34'[/52)” —5) +én ((8-1—(5;:)% - 6n>a> a.e. y €, Vn.

We claim that {u,, f,,(u,)} admits a subsequence bounded in L>°(£2) and, furthermore,
(5.7) 0<sgn(y,s) <c ae ye Vs>0, Vn,

for some ¢ € (0,1). In order to prove the claim, we first observe that (f,) implies

~ p—1+y o—1+y

fa(s) <a(s+0)) 7 +en(s+3d))

On the one hand, let us assume that {L,} is not divergent. Then, it admits a (not relabeled)
bounded subsequence. Hence, taking into account that p > 1, it clearly holds that

p—1+y

atn(up, +67) + <C Vn.

Besides, since v > :l’T", then 0 —1+2v >0, so

o—14~ og—1424

Yentn(tn +0)7) 7 < (up+97) + <C Vn.

Thus, {un, fn(u,)} is bounded in L>°(Q). On the other hand, assume that {L, } diverges. Then,

~ p—1+vy ~
On =€, =0 for all n, so fn(un) <aun, * < C for all n and, again, {u, f,(u,)} is bounded in
L*>=(Q).
Let us now verify that (5.7) holds. Indeed, from (g,) and v € (57,1 — o/, it follows

l—y—71
v

0<iz1=0

< f < (3 +6;:)§n(yas) < <1

Thus, our claim holds.
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In sum, we may apply the arguments in [15, Appendix] without relevant changes to prove that

lltn | coe @) < C for some C > 0,a € (0,1). In particular, using that the function s s7 is
locally Lipschitz for s > 0, we have that

|Un($) - v”(y)| = |U7L(17) + 6, — v"(y) - 57»‘
< Cl(wn(w) +6n)" = (valy) + 6n)7|
= Clun(z) —un(y)| < Clz —y|* Va,y €w.

In conclusion, [|v,|[co.a@) < C, as we wanted to prove. O
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