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Abstract. — In [10] it is proved that any morphism from a subgroup of finite in@éxSL(n,Z) to the group of
analytic diffeomorphisms a2 has a finite image as soon@$> 5. The case = 4 is also claimed to follow along
the same arguments; in fact this is not straightforward higldase indeed needs a modification of the argument. In
this paper we recall the strategy for> 5 and then focus on the case- 4.
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1. Introduction

After the works of Margulis (4, 19]) on the linear representations of lattices of simple, teéalgroups
with R-rank larger than 1, some authors, like Zimmer, suggestudysthe actions of lattices on compact
manifolds (RO, 21, 22, 23]). One of the main conjectures of this program is the follogvi let us consider
a connected, simple, real Lie group G andllebe a lattice of G ofR-rank larger than 1. If there exists
a morphism of infinite image from to the group of diffeomorphisms of a compact manifdd then the
R-rank of G is bounded by the dimensionMf There are a lot of contributions in that directioB,#, 5, 7,
8,9, 10, 11, 16, 17]). In this article we will focus on the embeddings of subgrewf finite index of SIn,7)
into the group Dif’(S?) of real analytic diffeomorphisms &7 (see[10]).

The article is organized as follows. First of all we will rédhe strategy of 10]: the study of the nilpo-
tent subgroups of Dift(S?) implies that such subgroups are metabelian. But subgrobifisite index of
SL(n,Z), for n > 5, contain nilpotent subgroups of length- 1 of finite index which are not metabelian; as
a consequence Ghys gets the following statement.

Theorem A ([10]). — Letl" be a subgroup of finite index 8L(n,Z). As soon as i 5there is no embedding
of I into Diff ©(S2).

To study nilpotent subgroups of DHifS?) one has to study nilpotent subgroups of Bifs!) (see82) and
then nilpotent subgroups of the group of formal diffeomaspis of C? (see§3). The last section is devoted
to establish the following result.
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Theorem B. — LetI" be a subgroup of finite index 8L(n,Z). As soon as & 4 there is no embedding 6f
into Diff ®(S?).

The proof relies on the characterization, up to isomorphisfmilpotent subalgebras of length 3 of the
algebra of formal vector fields @2 which vanish at the origin.

Acknowledgements. —The author would like to thank Dominique Cerveau and EtieBhgs for interest-
ing discussions and advices.

2. Nilpotent subgroups of the group of analytic diffeomorptisms ofS*

Let G be a group; let us set
GY=aG & G" =[G,V vi>1.

The group G isiilpotentif there exists an integarsuch that @ = {id}; the length of nilpotencef G is the
smallest integek such that &) = {id}.
Set

G =6 & Gy =[G(i-1),G(i-1] Vi>1.

The group G issolvableif Gy, = {id} for a certainn; the length of solvabilityof G is the smallest integés
such that G = {id}.
We say that the group G (resp. algebjas metabeliant [G, G| (resp.[g, g]) is abelian.

Proposition 2.1 ([10]). — Any nilpotent subgroup diff ©(S?) is abelian.

Proof. — Let G be a nilpotent subgroup of Dﬁ(Sl). Assume that G is not abelian; it thus contains a
Heisenberg group

(f,0,h|[f,g] =h, [f,h] =[g,h] =id).
The application “rotation number*

Diff(S1) — R/Z, oo lim P =X

N——+o0 n
is not a morphism but its restriction to a solvable subgraeufl]). Thus the rotation number &fis zero and
the set Fixh) of fixed points ofh is non-empty and finite. Considering some iterate$ ahdg instead off
andg one can assume thatandg fix any point of Fixh). The set of fixed points of a non trivial element of

(f, g) is finite and invariant by so the action of f, g) is free(Y) on each component &\ Fix(h). But the
action of a free group oR is abelian: contradiction. O

1. The stabilizer of every point is triviale. the action of a non trivial element ¢f, g) has no fixed point.
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3. Nilpotent subgroups of the group of formal diffeomorphisms of C?

Let us denoteﬁiﬁ((CZ,O) the group of formal diffeomorphisms @2, i.e. the formal completion of the

group of germs of holomorphic diffeomorphisms at 0. For aist Diff; be the quotient ot/)ﬁ(CZ,O) by
the normal subgroups of formal diffeomorphisms tangenhéoidentity with multiplicityi; it can be viewed
as the set of jets of diffeomorphisms at ordevith the law of composition with truncation at ordierNote

that Diff; is a complex linear algebraic group. One can B/Eé((CZ,O) as the projective limit of the Difk:
Diff (C2,0) = lim Diff;. Let us denote b¥(C?,0) the algebra of formal vector fields i@ vanishing at 0.
One can define the sgt of thei-th jets of vector fields; one hailixm: X(C2,0).

Let 5(@2) be the ring of formal series in two variables andH&tC?) be its fraction field;0, is the set of

elements of0(C?) truncated at ordeir
The family (exp: Xi — Diffi)i is filtered,i.e. compatible with the truncation. We then define the expo-

nential application as follows: exp limexp : %(C2,0) — Diff (C2,0).

As in the classical case, X belongs tox(C?,0), then exjpX) can be seen as the “flow at time 1” Xf
Indeed an elemerX; of x; can be seen as a derivation@f so it can be writterg§ + N; whereS andN; are
two semi-simple, resp. nilpotent derivations which comenuiaking the limit, one get§ = S+ N whereS
is a semi-simple vector field arid a nilpotent one an{5 N] = id (see[15]). A semi-simple vector field is a

formal vector field conjugate to a diagonal linear vectordfighich is complete. A vector field is nilpotent if
and only if its linear part is; let us remark that the usual figvef a nilpotent vector field is polynomial in

o (X) = ZH (X, R € (C[t)?

sodi(x) is well defined. As a consequence é&xf) = exp(tS)exp(tN) is well defined fort = 1. Note that
the Jordan decomposition is purely formalXifis holomorphic,SandN are not necessary holomorphic.

Proposition 3.1 ([10]). — Any nilpotent subalgebra ¢f(C?,0) is metabelian.

Proof. — Let![ be a nilpotent subalgebra %fC2,0) and letZ(l) be its center. Sincg(C20) @ K(C?) is a
vector space of dimension 2 ov€(C?) one has the following alternative:

« the dimension of the subspace generated@ @yin X(C2,0) ® K(C?) is 1;
e the dimension of the subspace generated (yin X(C2,0) @ K(C2) is 2.
Let us study these different cases.
Under the first assumption there exists an elerXeoitZ([) having the following property: any vector field
of Z(I) can be writteruX with uin K(C?). Let us consider the subalgelraf [ given by
g={Xel|FueK(C?,X =ux}.

SinceX belongs taZ(l), the algebray is abelian; it is also an ideal of Let us assume thétis not abelian:
letY be an element dfwhose projection oy g is non trivial and central. Any vector field dtan be written
asuX -+ vY with u, vin K(C?). As X belongs taz(I) andY is central modulg one has

X(u) =X(v) =Y (v)=0.

The vector fields(;’—x and% being some linear combinations ¥fandY with coefficients inK(C2,0), the
partial derivatives of are zero sw is a constant. Thereforig [| C g; but g is abelian sd is metabelian.
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In the second cas(l) has two elementX andY which are linearly independent d€(C?). Any vector
field of [ can be written agX + vY with u andv in K(C?). SinceX andY belong toZ(I) one has

X(u)y=X(v)=Y(u) =Y(v)=0.
As a consequenagandyv are constani,e. [ C {uX+ VY |u, v e C}; in particularl is abelian. O
Proposition 3.2 ([10]). — Any nilpotent subgroup (ﬁﬁ(@z,O) is metabelian.

Proof. — Let G be a nilpotent subgroup ﬁ/)‘ﬁ((cz,O) of lengthk. Let us denote Gthe projection of G
on Diff;. The Zariski closurés; of G; in Diff; is an algebraic nilpotent subgroup of lengthit is sufficient to
prove thatG; is metabelian.

SinceG; is a complex algebraic subgroup it is the direct product ef shbgroupG;, of its unipotent
elements and the subgro@ps of its semi-simple elementsge for exampl2]).

An element of Diff is unipotent if and only if its linear part, which is in G2,C), is; soG; s projects
injectively onto a nilpotent subgroup of G2,C). ThereforeG; s is abelian.

Let us now conside; ,; this group is the exponential of a nilpotent Lie algebf x; of lengthk. Taking
the limit one thus obtains the existence of a nilpotent syddail of X(C?,0) of lengthk such that exf)
projects ontd5; , for anyi. According to Propositioi.1the subalgebraand thusG; , are metabelian. [

4. Nilpotent subgroups of the group of analytic diffeomorptisms ofS?
Proposition 4.1 ([10]). — Any nilpotent subgroup diff ®(S?) has a finite orbit.

Proof. — Let G be a nilpotent subgroup of DHfS?); up to finite index one can assume that the elements
of G preserve the orientation. Letbe a non trivial element of G which commutes with G. Let(gixbe the
set of fixed points of; it is a non empty analytic subspaceSsfinvariant by G. Ifp is an isolated fixed point
of @, then the orbit ofp under the action of G is finite. So it is sufficient to study tlsewhere Fifp) only
contains curves; there are thus two possibilities:

e Fix(g) is a singular analytic curve whose set of singular pointsfisige orbit for G;

e Fix(¢) is a smooth analytic curve, not necessary connected. Ohe obhnected component®#\ Fix(¢)
is a disk denoted. Any subgroup™ of finite index of G which containg fixesD. Let us consider an
elementy of ' and a fixed poinm of y which is inID. By constructiong has no fixed point i) so
according to the Brouwer Theorefgt(m)), has a limit point on the boundadp of D. Thereforey has
at least one fixed point o). The group thus acts on the circléD and any of its elements has a fixed

point onD. Thenl™ has a fixed point odD (Proposition2.1).
O

Theorem 4.2 ([10]). — Any nilpotent subgroup diff (S?) is metabelian.

Proof. — Let G be a nilpotent subgroup of DHfS?) and letl be a subgroup of finite index of G having a
fixed pointm (such a subgroup exists according to Propos#id). One can embed into Sﬁ(RZ,O), and so
into D/iﬁ(CZ,O), by considering the jets of infinite order of elementd dh m. According to Propositior3.2
the groupl” is metabelian.

One can assume that G is a finitely generated group.

Let us first assume that G has no element of finite order. ThesaGcbcompact lattice of the nilpotent,
simply connected Lie group &R (see[18]). The group G is metabelian if and only if @R is; butl is
metabelian so @ R also.



REPRESENTATIONS OF SOME LATTICES INTO THE GROUP OF ANALYTIDIFFEOMORPHISMS OF THE SPHERE? 5

Finally let us consider the case where G has at least one etahgnite order. The set of such elements
is a normal subgroup of G which thus intersects non trivithly centeiZ(G) of G. Let us consider a non
trivial elementg of Z(G) which has finite order. Let us recall that a finite group ofebfinorphisms of the
sphere is conjugate to a group of isometries. Denote byh® subgroup of elements of G which preserve the
orientation. It is thus sufficient to prove that @& metabelian; indeed @ does not preserve the orientatign,
has order 2 and & Z /27 x G*. So let us assume thatpreserves the orientatiom;is conjugate to a direct
isometry ofS? and has exactly two fixed points on the sphere. The group Ghingsain invariant set of two
elements. By considering germs in the neighborhood of thesgoints, one gets that G can be embedded
into 2. Diff (R2,0) @ and thus into 2Diff (C2,0):

1 — Diff (C?,0) — 2-Diff (C%,0) — Z/27Z — 0.

Let us remark that 2Diff (C2,0) is the projective limit of the algebraic groupsi2iff;. The end of the proof is
thus the same as the proof of Proposit®aexcept that the subgroup of the semi-simple elements Dff,
embeds now in 2GL(2,C); it is metabelian because it contains an abelian subgrouplek 2. O

Let " be a subgroup of finite index of $h, Z) for n > 5. Sincel" contains nilpotent subgroups of finite
index of lengthn— 1 (for example the group of upper triangular unipotent neatj which are not metabelian
one gets the following statement.

Corollary 4.3 ([10]). — LetI be a subgroup of finite index 8L(n,Z); as soon as i> 5 there is no embed-
ding of " into Diff (S?).

5. Nilpotent subgroups of length3 of the group of analytic diffeomorphisms ofS?

Let us precise PropositioB.1 for nilpotent subalgebras of length 3%fC?2,0). Let [ be such an algebra.
The centeiZ([) of [ generates a subspace of dimension at most}{(6f,0) @ K(C?), for elsel would be
abelian (Propositio.1) and this is impossible under our assumptions. So let usrastat the dimension of
the subspace generatedaff) in X(C2?,0) @ K(C?) is 1. There exists an elemeXtin Z(I) with the following
property: any element & () can be writteruX with uin K(C?). Let g denote the abelian ideal btlefined
by

g={Xel|3ueK(C?),X=uxX}.
By hypothesisl is not abelian. LeY be in[; assume that its projection ontgg is a non trivial element
of Z(I/g). Any vector field ofl can be written

uX + VY, u,veK(C?).
SinceX, resp.Y belongs taZ(1), resp.Z([/g) and since the length dfis 3, one has
X(u) =Y3(u) = X(v) =Y(v) =0. (5.1)

If X andY are non singular, one can choose formal coordinatasdy such thaiX = a% andY = % The
previous conditions can be thus translated as follomis:a constant and is a polynomial iny of degree 2.

We will see that we have a similar property without assunmptio X andY.

2. Let G be a group and letbe a positive integeig- G denotes the semi-direct product of By Z/qZ under the action of the
cyclic permutation of the factors.
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Lemmab.1. — Let X and Y be two vector fields %{C?,0) that commute and are not colinear. One
can assume thatX,Y) = <%, ai) whereX andy are two independent variables in a Liouvillian extension

of K(C2,0).

<t

Proof — SinceX andY are non colinear, there exist two 1-formsp with coefficients ink (C2) such that
a(X) =1, a(y) =0, B(X) =0, B(X)=1.

The vector fieldsX andY commute if and only ifa and 3 are closed (this statement of linear algebra is
true for convergent meromorphic vector fields and is alse iintthe completion). The 1-form is closed so
according to §] one has

o= z)\i%%—d(%) :d(i—i)\i log@ +%)

where(y, §i, and theg denote some formal series and thesome complex numbers. One has a similar
expression fof. So there exists a Liouvillian extensiaof K(C?) having two element® andy with a = dX
andp = dy. One thus has

X(%) = 1, X(9) =0, Y(%) =0, Y() = 1.
Ol

From (6.1) one gets:v is a constant and is a polynomial iny of degree 2; so one proves the following
statement.

Proposition 5.2. — Let[ be a nilpotent subalgebra §fC2,0) of length3. Thenl is isomorphic to a subal-
gebra of

0 0
n= {P(WO_’XJFGa_’y ‘ aeC, Pe(C[y],degP:Z},

Remark 5.3. — We use a real version of this statement whose proof is aotatitan of the previous one: a
nilpotent subalgebraof length 3 ofx(R?,0) is isomorphic to a subalgebra of

n= {P(W(%(er% aER, PeR[ﬂ,degP:Z},

Theorem 5.4. — LetT" be a subgroup of finite index &L(n,Z); as soon as n> 4 there is no embedding
of I into Diff “(S?).

Proof. — Let U(4,Z) (resp. U4,R)) be the subgroup of unipotent upper triangular matricesl.q47)
(resp. SI4,R)); it is a nilpotent subgroup of length 3. Assume that theristexan embedding from a
subgroupl™ of finite index of SL(4,7) into Diff(S?). Up to finite indexl” contains W4,Z). Let us
set H= p(U(4,Z)). Up to finite index H has a fixed point (Propositidnl). One can thus see H as a
subgroup of DiffR2,0) c Diff (R2,0) up to finite index.

Let us denotg! the morphism fronﬁiﬁ(Rz,O) to Diff;. Up to conjugationj'(p(U(4,7Z))) is a subgroup

O {[g ;\]‘)\GR*,'LER}.
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Up to index 2 one can thus assume tjiatp takes values in the connected, simply connected group Tetkfin
by
At
T:{ { 0 A } ‘)\,teR,)\>O}.

Diff(T) = { f € Diff;| j*(f) e T};
the group Diff(T) is a connected, simply connected, nilpotent and algebraigpy The morphism
Pi: U(4,Z) — Diff;
can be extended to a unique continuous morptpsnU(4,R) — Diff;(T) (see[13, 12]) so to an algebraic
morphism®. Let us note thap;(U(4,7)) is an algebraic subgroup of Difff) which containgp;(U(4,7));
in particularH; = pi(U(4,7Z)) C pi(U(4,R)). By construction the familyH;); is filtered; since the extension
is unique, the family(p;); is also filtered. Therefore K IiLnWi is well defined. Since is injective, H is a

Let us set

nilpotent subgroup of length 3; as¢K and as any; is nilpotent of length at most 3 the group K is nilpotent
of length at most 3. Farsufficiently largep;(U(4,R)) is nilpotent of length 3; this group is connected so its
Lie algebra is also nilpotent of length 3. Therefore the imaf

Dp = lim DG : u(4,R) — X(R2,0)

is isomorphic ton (Proposition5.2). So there exists a surjective maydrom u(4,R) onton. The kernel ofp
is an ideal ofu(4,R) of dimension 2; hence kér= (d14,ad13+ bd24) where thed;; denote the Kronecker
matrices. One concludes by remarking that dim(4,R)/kery) = 2 whereas dinZ(n) = 1. O

Corollary 5.5. — The image of a morphism from a subgrougsafn, Z) of finite index taDiff *(S?) is finite
as soon as > 4.

References

[1] C. Bavard. Longueur stable des commutatelrseign. Math. (2)37(1-2):109-150, 1991.

[2] A. Borel. Linear algebraic groupsvolume 126 oiGraduate Texts in MathematicSpringer-Verlag, New York,
second edition, 1991.

[3] M. Burger and N. Monod. Bounded cohomology of latticesigher rank Lie groupsl. Eur. Math. Soc. (JEMS)
1(2):199-235, 1999.

[4] S. Cantat. Version kahlérienne d’une conjecture de Rab&immerAnn. Sci. Ecole Norm. Sup. (87(5):759—
768, 2004.

[5] S. Cantat. Sur les groupes de transformations biraéthes des surface®\nn. of Math. (2) 174(1):299-340,
2011.

[6] D. Cerveau and J.-F. Mattétormes intégrables holomorphes singuliéredume 97 ofAstérisqueSociété Math-
ématique de France, Paris, 1982. With an English summary.

[7] J. Déserti. Groupe de Cremona et dynamique complexe:appeoche de la conjecture de Zimmieit. Math.
Res. Not.pages Art. ID 71701, 27, 2006.

3. Let N; and Nb be two connected, simply connected, nilpotent and algelsabgroups ofR; any continuous morphism
between N and N is algebraic.



8 JULIE DESERTI

[8] B. Farb and P. Shalen. Real-analytic actions of lattit@sent. Math, 135(2):273-296, 1999.
[9] J. Franks and M. Handel. Area preserving group actionsusfacesGeom. Topo|.7:757—771 (electronic), 2003.

[10] E. Ghys. Sur les groupes engendrés par des difféonmras proches de l'identitBol. Soc. Brasil. Mat. (N.S.)
24(2):137-178,1993.

[11] E. Ghys. Actions de réseaux sur le cerdfwent. Math, 137(1):199-231, 1999.
[12] A.l. Malcev. On a class of homogeneous spatasgestiya Akad. Nauk. SSSR. Ser. ME3:9-32, 1949.
[13] A.l. Malcev. On a class of homogeneous spaéeser. Math. Soc. Translatioii951(39):33, 1951.

[14] G. A. Margulis.Discrete subgroups of semisimple Lie growgsiume 17 ofErgebnisse der Mathematik und ihrer
Grenzgebiete (3)Springer-Verlag, Berlin, 1991.

[15] J. Martinet. Normalisation des champs de vecteursrholphes (d’aprés A.-D Brjuno). I8éminaire Bourbaki
(1980/1981)volume 901 of_ecture Notes in Mathpages Exp. No. 765, pp. 103-119. Springer, Berlin, 1981.

[16] A. Navas. Actions de groupes de Kazhdan sur le cefaie. Sci. Ecole Norm. Sup. (85(5):749-758, 2002.

[17] L. Polterovich. Growth of maps, distortion in groupsdasymplectic geometrynvent. Math, 150(3):655—-686,
2002.

[18] M. S. Raghunatharmiscrete subgroups of Lie groupSpringer-Verlag, New York, 1972. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, Band 68.

[19] E. B. Vinberg, V. V. Gorbatsevich, and O. V. ShvartsmBiscrete subgroups of Lie groups. liie groups and
Lie algebras, I] volume 21 ofEncyclopaedia Math. S¢ipages 1-123, 217-223. Springer, Berlin, 2000.

[20] R.J. Zimmer. Kazhdan groups acting on compact marstdtdent. Math, 75(3):425-436, 1984.

[21] R. J. Zimmer. On connection-preserving actions of itz linear groupsErgodic Theory Dynam. Systems
6(4):639—-644, 1986.

[22] R.J.Zimmer. Actions of semisimple groups and discsetegroups. IfProceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 19363ges 1247-1258, Providence, RI, 1987. Amer. Math. Soc.

[23] R. J. Zimmer. Lattices in semisimple groups and invatrigeometric structures on compact manifoldsDis-
crete groups in geometry and analysis (New Haven, Conn4)198lume 67 ofProgr. Math, pages 152-210.
Birkh&user Boston, Boston, MA, 1987.

JuLie DESERT], Universitat Basel, Mathematisches Institut, Rheinsgr2ih, CH-4051 Basel, Switzerland On leave from Institut
de Mathématiques de Jussieu, Université Paris 7, Projenéie et Dynamique, Site Chevaleret, Case 7012, 75205 Pari
Cedex 13, France.E-mail : deserti@math. jussieu.fr



	1. Introduction
	2. Nilpotent subgroups of the group of analytic diffeomorphisms of S1
	3. Nilpotent subgroups of the group of formal diffeomorphisms of C2
	4. Nilpotent subgroups of the group of analytic diffeomorphisms of S2
	5. Nilpotent subgroups of length 3 of the group of analytic diffeomorphisms of S2
	References

