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On the stability of equilibrium preserving spectral methods for the

homogeneous Boltzmann equation

Lorenzo Pareschi∗and Thomas Rey†

Abstract

Spectral methods, thanks to the high accuracy and the possibility to use fast algorithms, represent an

effective way to approximate the Boltzmann collision operator. On the other hand, the loss of some local

invariants leads to the wrong long time behavior. A way to overcome this drawback, without sacrificing

spectral accuracy, has been proposed recently with the construction of equilibrium preserving spectral methods.

Despite the ability to capture the steady state with arbitrary accuracy, the theoretical properties of the method

have never been studied in details. In this paper, using the perturbation argument developed by Filbet and

Mouhot for the homogeneous Boltzmann equation, we prove stability, convergence and spectrally accurate

long time behavior of the equilibrium preserving approach.

Keywords: Boltzmann equation, Fourier-Galerkin spectral method, steady-state preserving, micro-macro
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1 Introduction

Spectral methods for the Boltzmann equation are nowadays rather popular in the deterministic numerical solution
of the Boltzmann equation (see [4] for an introduction and [2,7–9,16] for some recent developments). Their main
features are the spectral accuracy for smooth solutions and the possibility to use fast algorithms that mitigate the
curse of dimensionality [12, 14]. On the other hand, being based on a Fourier-Galerkin approach, they typically
lead to the loss of most physical properties of the Boltzmann equation, namely positivity, conservations, entropy
dissipation and, as a consequence, long time behavior [4]. Typically, approaches based on smoothing to recover
positivity or renormalization to force moments conservation lead to the loss of spectral accuracy and do not
guarantee the correct long time behavior [15]. A way to overcome some of these drawbacks without sacrificing
spectral accuracy has been proposed recently in [6,13], where steady state preserving spectral methods have been
constructed. Despite their ability to capture the steady state with arbitrary accuracy, stability and convergence
of the methods have never been studied in details. In this paper, we fill that gap by showing that the general
stability arguments developed for the classical spectral methods by Filbet and Mouhot in [5] can be extended to
their corresponding equilibrium preserving approaches.

1.1 The Boltzmann equation

The homogeneous Boltzmann equation describes the behavior of a dilute gas of particles when the only interactions
taken into account are binary elastic collisions. It reads for v ∈ Rd, d ≤ 3

∂f

∂t
= Q(f, f)
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where f(t, v) is the time-dependent particle distribution function in the phase space. The Boltzmann collision
operator Q is a quadratic operator local in t:

Q(f, f)(v) =

∫

Rd×Sd−1

B(|v − v∗|, cos θ) (f
′

∗f
′ − f∗f) dv∗ dσ. (1)

In (1) we used the shorthand f = f(v), f∗ = f(v∗), f
′

= f(v′), f
′

∗ = f(v
′

∗). The velocities of the colliding pairs
(v, v∗) and (v′, v′∗) can be parametrized as

v′ =
v + v∗

2
+

|v − v∗|

2
σ, v′∗ =

v + v∗

2
−

|v − v∗|

2
σ.

The collision kernel B is a non-negative function which by physical arguments of invariance only depends on
|v− v∗| and cos θ = ĝ · σ (where ĝ = (v− v∗)/|v− v∗|). It characterizes the details of the binary interactions, and
and will take in this note the following variable hard spheres form

B(|v − v∗|, cos θ) = |v − v∗|
λb(cos(θ), (2)

where λ ∈ [0, 1] and b ∈ L1(Sd−1).
Boltzmann’s collision operator has the fundamental properties of conserving mass, momentum and energy

∫

Rd

Q(f, f)φ(v) dv = 0, φ(v) = 1, v1, . . . , vd, |v|
2

and satisfies the well-known Boltzmann’s H theorem

d

dt

∫

Rd

f log f dv =

∫

Rd

Q(f, f) log(f) dv ≤ 0.

Boltzmann’s H theorem implies that any equilibrium distribution function has the form of a locally Maxwellian
distribution

M(ρ, u, T )(v) =
ρ

(2πT )d/2
exp

{

−
|u− v|2

2T

}

,

where ρ, u, T are the density, mean velocity and temperature of the gas

ρ =

∫

Rd

f(v) dv, u =
1

ρ

∫

Rd

vf(v) dv, T =
1

dρ

∫

Rd

|u− v|2f(v) dv.

For further details on the physical background and derivation of the Boltzmann equation we refer to [3].

1.2 The Fourier spectral method for the Boltzmann collision operator

To simplify notations we shall derive the spectral method in the classical Fourier-Galerkin setting introduced
in [14], similarly it can be extended to the representation used in [12] for the derivation of fast algorithms. Thus,
we perform the usual periodization in a bounded domain of the operators L and Q and denote by LR and QR

the operators with truncation on the relative velocity on B0(2R).
Let us first set up the mathematical framework of our analysis. For any t ≥ 0, fN (t, v) is a trigonometric

polynomial of degree N in v, i.e. fN (t) ∈ PN where

P
N = span

{

eik·v | −N ≤ kj ≤ N, j = 1, . . . , d
}

.

Moreover, let PN : L2([−π, π]3) → PN be the orthogonal projection upon PN in the inner product of L2([−π, π]3)

< f − PNf, φ >= 0, ∀ φ ∈ P
N .

We denote the L2-norm by
||f ||2 = (< f, f >)1/2.
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With this definition PNf = fN , where fN is the truncated Fourier series of f given by

fN(v) =

N
∑

k=−N

f̂ke
ik·v, f̂k =

1

(2π)d

∫

[−π,π]d
f(v)e−ik·v dv.

Using multi-index notations, we can compute QR
N (fN , fN) := PNQR(fN , fN) as

QR
N (fN , fN) =

N
∑

k=−N









N
∑

l,m=−N
l+m=k

f̂l f̂mβ̂(l,m)









eik·v, k = −N, . . . , N, (3)

where the Boltzmann kernel modes β̂(l,m) = B(l,m)− B(m,m) are given by

B(l,m) =

∫

B0(2λπ)

∫

Sd−1

B(cos θ, |q|)e−i(l·q++m·q−) dω dq. (4)

In this last identity, q = v − v∗ and q+, q− are given by

q+ =
1

2
(q + |q|ω) , q− =

1

2
(q − |q|ω) .

2 The equilibrium preserving spectral method

A major problem associated with deterministic methods is that the velocity space is approximated by a finite
region. On the other hand, even starting from a compactly supported function in velocity, by the action of the
collision term the solution becomes immediately positive in the whole velocity space. In particular, the local
Maxwellian equilibrium states are characterized by exponential functions defined on the whole velocity space.
Moreover, these gaussian functions are obviously not contained in the space of trigonometric polynomials PN .
The main idea in the derivation of equilibrium preserving spectral methods is to perform a change of variables
such that the new equilibrium belongs to the approximation space [6,13]. In our case, we will see that 0 is a good
candidate.

Let us start with the decomposition
f = M + g, (5)

with M the local Maxwellian equilibrium and g such that
∫

Rd gΦ dv = 0. When inserted into the Boltzmann
collision operator, the decomposition (5) gives

Q(f, f) = L(M, g) +Q(g, g), (6)

where L(M, g) = Q(g,M) +Q(M, g) is a linear operator and we used the fact that

Q(M,M) = 0. (7)

There are two major features in the decomposition (6):

1. it embeds the identity (7);

2. the steady state of (6) is given by g = 0.

This type of micro-macro decomposition has been used e.g. in [1, 10, 11] to develop numerical methods which
preserves asymptotic behaviors of some kinetic models.

To illustrate the equilibrium preserving spectral method, let us consider now the space homogeneous Boltz-
mann equation that we rewrite using the micro-macro decomposition as







∂g

∂t
= L(M, g) +Q(g, g),

f = M + g.
(8)
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Denoting MN = PNM and gN = PNg, we then write the Fourier-Galerkin approximation of the micro-macro
equation (8)







∂gN
∂t

= LN (MN , gN ) +QN (gN , gN),

fN = MN + gN ,
(9)

where LN (MN , gN ) = PNL(MN , gN ) and QN (gN , gN) = PNQR(gN , gN).
It is immediate to show that

Proposition 2.1. The function gN ≡ 0 is an admissible local equilibrium of the scheme (9) and therefore
fN = MN is a local equilibrium state.

Moreover it was proved in [6] that the equilibrium preserving spectral method has the same spectral consistency
property that the underlying spectral method:

Theorem 2.1. Let f ∈ Hr
p([−π, π]3), r ≥ 1 then there exists C > 0 such that

‖Q(f, f)− Lλ
N (MN , gN)−QN (gN , gN )‖L2 ≤

C

N r
(‖f‖Hr + ‖M‖Hr

(10)
+‖Q(fN , fN)‖Hr + ‖Q(MN ,MN )‖Hr ) .

3 Stability of the equilibrium preserving spectral method

Consider the equilibrium preserving method written in the form







∂fN
∂t

= PNQ(fN , fN)− PNQ(MN ,MN ) = PNQ(fN +MN , fN −MN)

fN (v, 0) = PNf0(v)
(11)

where MN = PNM does not depend on time. Our main result is summarized below.

Theorem 3.1. Let us consider a nonnegative initial condition f0 ∈ Hk([π, π]d) for k > d/2. There exists N0 ∈ N

such that for all N ≥ N0:

1. There is a unique global smooth solution fN to the problem (11);

2. for any r < k, there exists Cr > 0 such that

‖f c
N(t, ·)‖Hr ≤ Cr;

3. fN converges to a solution f of equation (1) with spectral accuracy, uniformly in time;

4. there exists C, λ > 0 depending on f0 such that

‖gN(t, ·)‖L1 ≤ Ce−λt, or equivalently, ‖fN(t, ·)−MN‖L1 ≤ Ce−λt.

Proof. We want to apply the Theorem 3.1 of [5]. We rewrite (11) as a perturbed Boltzmann equation







∂fN
∂t

= Q(fN , fN ) + PN (fN ,MN)

fN (v, 0) = PNf0(v)
(12)

with the perturbation PN defined as

PN (fN ,MN ) = PNQ(fN +MN , fN −MN )−Q(fN , fN). (13)
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Our goal is to prove that this perturbation fits the framework developed in [5] to study the stability and large
time behavior of spectral methods, namely that (H1) it preserves the mass ; (H2) is smooth; (H3) is spectrally
small. Let us first notice the following identities:

∫

DL

PN (fN ,MN ) dv = 0, PN (MN ,MN ) = −Q(MN ,MN).

In particular, the only equilibrium distributions to (11) or (12) are the corresponding projections of the Maxwellian
equilibrium distribution MN . Moreover, this also proves mass preservation, namely hypothesis (H1).

For a nonnegative function f ∈ Hk, we have for r ∈ [0, k] and M = M [f ]

‖PN (f,M)‖Hr ≤ ‖PNQ(f +M, f −M)‖Hr + ‖Q(f, f)‖Hr .

Now since Q(M,M) = 0, one gets from the regularity Lemma 4.1 of [5] and Lemma 5.2 of [14]

‖Q(f, f)‖2Hr = ‖Q(f +M, f −M)‖2Hr ≤ C‖f +M‖2L1‖f −M‖2Hr

and
‖PNQ(f +M, f −M)‖2Hr ≤ ‖Q(f +M, f −M)‖2Hr ≤ C‖f +M‖L1‖f −M‖2Hr

so that get the smoothness hypothesis (H2)

‖PN(f,M)‖Hr ≤ C‖f +M‖2L1‖f −M‖2Hr . (14)

Similarly, we also have the spectral smallness (H3), namely:

‖PN (f,M)‖Hr ≤ C‖f +M‖2L1

‖f −M‖2Hk

Nk−r
. (15)

Finally, for the global stability, note that from

‖Q(f +M, f −M)‖ ≤ C‖f +M‖L1‖f −M‖L2
p

we get

1

2

d

dt
‖f −M‖2L2

p
≤ ‖Q(f +M, f −M) + PN (f,M)‖L2

p
‖f −M‖L2

p

≤ ‖f +M‖L1‖f −M‖2L2
p

Now assume ‖f +M‖L1 ≤ K we get by Gronwall inequality that there exist a constant C0(K) s.t.

‖f −M‖2L2
p
≤ C0(K).

Similarly we obtain that there exist a constant Cr(K) such that

‖f −M‖2Hr ≤ Cr(K).

Gathering this and hypotheses (H1 −H2 −H3), one obtains using the Theorem 3.1 of [5] our result.
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