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Abstract

So far physics of quantum electronic transport has not tackled the problems raised by quantum

dot intermediate-band solar cells. Our study shows that this physics imposes design rules for the

inter-subband transition. We developed an analytical model that correctly treats, from a quantum

point-of-view, the trade-off between the absorption, the recombination and the electronic transport

occurring in this transition. Our results clearly indicate that it is essential to control the transit

rate between the excited state of the quantum dot and the embedding semiconductor. For that,

we propose to assume the dot in a tunnel-shell whose main characteristics can be obtained by a

simple analytical formula. Moreover, we show that in a realistic case, the energy transition only

needs to be larger than 0.28 eV to obtain a quasi Fermi-level splitting. This quite small value

designates the quantum dot solar cell as a serious candidate to be an efficient intermediate-band

solar cell. This work gives a framework to design efficient inter-subband transitions and then opens

new opportunities for quantum dot intermediate-band solar cells.
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I. INTRODUCTION

Inter-subband transitions are widely used in infrared sensors [1] and in the concept of

intermediate-band solar cells (IBSC) [2]. From an optical point-of-view these transitions

have been the subject of numerous studies which show that the monochromatic absorption

is maximal between the ground state and the first excited state if those two are well localized

(bound-to-bound system) [3]. Nevertheless, whether in sensors or in solar cells, the objective

is to recover excited electrons in an electric current. In case of sensors this current is the

response to the absorption while in a solar cell it is at the origin of the generated power.

However, in the case where the electrons were excited on a very localized state, it will be

difficult to withdraw them in an electrical contact. On the other hand, the reduction of the

localization decreases the maximum of absorption, but also broadens it. This could be an

advantage for a wide spectrum excitation. Finally, we understand that it will be necessary

to find a compromise between absorption, recombination and extraction [4].

In this paper we propose an analytical model in which all these effects are considered rig-

orously from the point-of-view of quantum mechanics. We have developed this model based

on the non-equilibrium Green functions (NEGF) formalism that allows to treat a quantum

system with interactions [5–9]. The system, in this case a quantum dot with a tunnel-shell

embedded in a 3D material, is simplified for computational concerns. The main simplifica-

tions are a perfectly selective contact, flat bands and the effective mass approximation.

This gives an effective model which, with a reduce number of parameters, favor

the understanding of tricky but ultimately very important quantum transport

phenomena. Moreover, even if such approaches are not so precise that fully

numerical models, effective models are currently used to optimize devices as-

suming, for example, strongly confined system [10, 11], tunneling modified by

strain [12] or scattering in quantum well [13].

This analytical model is then applied to the inter-subband transition of an IBSC. The pur-

pose of these concept is to exceed the Shockley-Queisser limit [14] by using an intermediate-

band in the band-gap of the absorbing semiconductor [15, 16]. The idea is to use this

intermediate-band to absorb photons having a lower energy than the energy gap. This ab-

sorption is then supposed to contribute to the current [17] without the full loss in voltage of

a simple bandgap solar cell. To create an intermediate-band the use of nano-objects (usually
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dots) is often adopted [2, 18, 19]. Their lowest conduction state serves as an intermediate-

band while the second one is connected to the contact. But, this concept has not yet

demonstrated performances beyond the Shockley-Queisser limit [19]. The main difficulty is

that electronic populations in the intermediate-band and in the contact must not be allowed

to equilibrate, in order to maintain a quasi-Fermi level splitting. Without this splitting, the

IBSC is reduced to a simple solar cell with the bandgap defined by the energy between the

valence-band and the first conduction state of the nano-objects. This is usually obtained

experimentally. In this article, we deeply investigate this inter-subband transition, between

the two first conduction states of the dot.

We have already reported a study dedicated to this transition [4], but conclusions were

limited to a specific case (one set of parameters). With the present analytical model, it is

henceforth possible to extend this study and to draw more general conclusions. We show

that this transition must follow some rules, related to quantum electronic transport, in

order to provide the efficiency higher than an equivalent single gap cell. To the best of our

knowledge, none of these rules have ever been respected in quantum-dot IBSC proposed in

the literature. Our findings, therefore, offer new perspectives by providing a framework for

the design of IBSC.

II. MODEL AND SYSTEM

The system we model is schematically represented in Fig. 1. It is characterized by a

discrete state |1〉 of energy E1 filled with an energy-independent distribution f1 which will

be considered as an input parameter. This state represents the intermediate-band and f1 the

filling of this band. In an IBSC, f1 is also relative to the transition between the valence-band

and the intermediate-band. Even though this transition is another technological challenge

involving the holes transport, here, we only consider it through this filling parameter. In

addition to the first state |1〉, which is perfectly located in the quantum dot, we consider an

excited state |2〉 at E2 (the transition energy is given by Et = E2−E1) which has a coupling

strength to the contact tuned via a tunnel barrier. The characteristics of this barrier result

in a tunnel transfer rate σT . Tunneling can occur in both ways, either extracting generated

carriers from |2〉 to the contact, or injecting carriers from the contact into |2〉 for a retrapping.

As far as emission and absorption are concerned, both states |1〉 and |2〉 are linked by σI and
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σS the induced and spontaneous optical transition rates respectively. Moreover, as stated in

the introduction, the states |1〉, |2〉 and the contact do not share the same distribution. We

then consider a second Fermi function for the contact fc. In an illuminated IBSC the two

corresponding chemical potentials µc and µ1 must be split so that there is a gain compared

to a single bandgap cell. In our model this quasi-Fermi level splitting, S = µc − µ1,

is an input parameter. Finally the contact is also defined by its energy band-edge Ec

and we will call in the following Er = E2 − Ec the ratchet energy [20–24].

FIG. 1: Band diagram of the dot with the tunnel shell embedded in a 3D material. We assume

flat bands and a perfect selected contact (infinite barrier on the left part). The input parameters

are the energy E1 of the ground-state |1〉 (the intermediate-band), the energy E2 of the excited

state |2〉, the height and the thickness of the barrier B and L respectively and Ec the energy of the

band-edge of the contact. Concerning transport, the states |1〉, |2〉 and the contact are coupled by

tunneling (σT ), induced and spontaneous optical couplings (σI and σS). In all the present study,

the origin of energy is E1 = 0.

In order to calculate the current generated by this transition we use detailed-balance

model with radiative and tunnelling rates calculated with the NEGF formalism. It is very

powerful since it allows to consider a quantum system with interactions. The interaction

between photons and electrons is indeed processed by a self-energy which represents the

central concept to describe inelastic scattering in the Green’s functions. In the literature

this is usually done numerically [5, 7]. Here, by simplifying the description of the system
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(through the flat bands approximation in particular), we can include it analytically. For

example it allows us to calculate the tunnel transit rate from state |2〉 through the tunnel

barrier:

σT =
8E2

3~krW cosh2(Lρ)
(1)

with W = ~π/(
√

2Etm∗

3
) the side length of the cubic dot and L the thickness of the tunnel

barrier. The wave vectors of the electron at energy E in the contact (with origin E1 = 0)

and the barrier are respectively given by kr =
√

2(E2 − Ec)m∗/~ with m∗ the effective mass,

and ρ =
√

2Bm∗/~ with B the barrier energy related to E2. As expected this expression

shows that the tunnel transit rate σT decreases exponentially with L. Moreover, it shows

that when E2 is close to Ec (low kr), an interference behavior increases the tunnel rate.

Note finally that this expression is original. It is indeed related, to the tunneling between

a continuum and a quasi-continuum [25], and not to the tunneling between two continua or

to a resonant tunneling on a bound state [26, 27].

The analytical development, to obtain this expression, is exposed in the Supplemental

Material (SM), like the development of the current formula resulting in the Eq. (4) of the

present work. Before to expose this full expression, we present another formula, having a

close form, but obtained with a simpler development based on rate model. This toy model

helps to better understand the final formula of the current.

For this toy model, we assume discrete states for |1〉, |2〉 and the contact. Moreover, σT

and both optical rates σI and σS are independent of the energy. It is then straightforward

to write the variation in time of the distribution f2 on the state |2〉 knowing f1 and fc:

df2
dt

= σT {fc(1− f2)− f2(1− fc)}+ σI {f1(1− f2)− f2(1− f1)} − σSf2(1− f1). (2)

In steady state this variation vanishes. Assuming this condition, and knowing that the

current at the contact is given by J = −eσT (f2−fc) (e the elementary charge) we then have

for the current:

J = eσT
σI(fc − f1) + σSfc(1− f1)
σT + σI + σS(1− f1)

. (3)

This expression shows that the current is a competition between induced absorption and

spontaneous recombination (in the numerator). This competition is all the more favorable

for absorption as f1 is high and fc is low. The technological challenge is to have a higher
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generation than the recombination while having a higher chemical potential in the contact

than in the state |1〉. Concerning the trade-off between tunneling and optic, we note that

numerator is given by the product of σT with the summation of the optical rates, while the

denominator equals the summation of all rates. Therefore, if σT is strongly larger than the

optical rates, the current is limited by the optical processes. In the opposite situation, the

current is limited by the tunneling. This then confirms that current is a balance between

all such interactions.

The main limit of this toy model is that the density-of-states of |2〉 is a simple Dirac

peak. This state being linked to both state |1〉 and contact, lifetime is finite. This implies,

according to the relation of uncertainty, that state |2〉 is broadened [5, 28]. We will see in

the following that this broadening is the key element to obtain a maximum of efficiency. By

considering the calculation of the transit rates via the NEGF formalism, as shown in the

SM, we go beyond the previous toy model (Eq. (3)) and obtain for the current across the

system presented in Fig. 1, the following expression:

J(S) =

∫ Em

Ec

J(S,E)dE =

∫ Em

Ec

(JA(S,E) + JR(S,E))dE

=
2e

h

∫ Em

Ec

σT
σI(E)(fc(E)− f1) + σS(E)fc(E)(1− f1)
(E−E2

~ )2 + (σT + σI(E) + σS(E)(1− f1))2
dE, (4)

The absorption current JA(S,E) is related to the induced optical rate σI(E) =

M(E)
~ (CΩSbTS(E) + nrπbTR(E)), while the retrapping current JR(S,E) is related to the

spontaneous optical rate σS(E) = M(E)
~ nrπ. The electron-photon coupling is given by:

M(E) =
~E

8π3ε0

(
8e

3m∗W

)2 (n
c

)3
(5)

with n the refractive index of the considered material, bT (E) = 1
exp E

kBT
−1 the Bose dis-

tribution, TS = 6000K and TR = 300K respectively the sun and the room temperatures,

ΩS = 6.7× 10−5 the solid angle of absorption. We also have fc(E) = 1

1+exp E−µc
kBTR

. Concerning

the sign convention for the current, power is produced when J < 0. For all calculations,

we choose an initial state half-filled with f1 = 0.5, involving µ1 = E1. The upper limit Em

is a numerical parameter defined in the SM. Finally, C is the sun concentration and nr a

non-radiative coefficient that accounts for non radiative recombination: for one radiative

recombination we have (nr − 1) non-radiative ones. This parameter strongly depends on

the materials, growing conditions and shape of the dots [29]. In consequence, while ex-

perimental study shows results close to the radiative limit [29, 30], theoretical calculations
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suggest nr = 5× 104 [31]. In the following, we generally assume nr = 102 but we extended

our conclusions to the radiative limit and to the case where strong non-radiative processes

occur.

The denominator of Eq. (4) looks like that of a Lorentzian centered on E2, while the

numerator looks like that of Eq. (3). Indeed, in both Eqs. (3) and (4), the current is

proportional to the tunnel transit rate σT and is a competition between absorption and

retrapping. But compared to Eq. (3), the denominator of Eq. (4) shows a broadening

around E2 which is given by the sum of the different transition rates. A fast analysis of

this equation shows that J(0, E2) is maximum when σT = σI(E2) + σS(E2)(1− f1). If σT is

lower, the current is limited by the tunneling, while if it is larger, the current is limited by

the absorption. This condition does not involve that the current is maximal since the total

current is the result of a summation over energy. However, as we will show in the following

of this article, adjusting the design to fulfil this condition remains a good milestone.

We can note finally that this set of equations can easily be implemented in a few lines of

code as shown in the SM. Using Eq. (4) we can calculate the current spectrum and the total

current as a function of S for the junction shown in Fig. 1. If we consider this inter-subband

transition as a solar cell, we can calculate the corresponding current Jsc = J(S = 0), the

quasi-Fermi level splitting canceling the current Soc and the maximum power Pmax.

III. RESULTS

Figure 2 shows current spectra at Soc for a realistic set of parameters and different tunnel

barrier thicknesses. The negative (positive) component corresponds to absorption (retrap-

ping). The narrower around E2 these two components are, the thicker is the barrier. This

reflects the effect of the lifetime on the broadening of |2〉 controlled by the tunnel rate. For

recombination, in addition to this peak, there are also electrons injected from the contact

band-edge at Ec. This contribution is all the more important as the broadening of |2〉 is

important. Indeed, a high density-of-states in the well at the energy Ec promotes the in-

jection from the contact. In the bound-to-continuum case (L = 0 nm) shown in Fig. 2a,

the broadening is maximum and this band-edge injection is dominant. As a result, Soc is

low since it is controlled by Ec and not by E2. This band-edge also impacts the current

absorption since, as shown Fig. 2a, the spectrum is cut-off at Ec. Therefore, in case of large
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broadening of |2〉, the effective energy transition is more defined by Ec than by E2 in sense

that a low (high) Ec means a high (low) Jsc and a low (high) Soc.

FIG. 2: Current spectrum, calculated at Soc, for B = 0.2 eV, m∗ = 0.07m0 (m0 the free electron

mass), n = 3.5, nr = 102, Et = 0.6 eV, Er = 0.2 eV, Em = 1.4 eV, a) L = 0 nm, b) L = 10

nm and c) L = 5 nm. The absorption current JA(Soc, E) is represented by the green line and the

retrapping current JR(Soc, E) by the red line. For each value of L we also show Jsc, Soc and Pmax.

Figure 2b shows the current spectrum in the bound-to-bound case with a thick barrier,

L = 10 nm. The broadening being small we just have a very weak injection from Ec and

consequently a higher Soc than in the bound-to-continuum case. We recover here the broad-

ening effect introduced in a previous work [4] at the origin of Soc modification. Moreover,

the excitation component being very narrow around E2, the absorption spectrum is no-more

cut-off at Ec. In this case, the effective energy of the inter-subband transition is defined

by E2. However, despite a higher Soc, the power is just a little larger than in the bound-

to-continuum case. The current is indeed limited since the excited electrons hardly tunnel

through the contact. The best trade-off between absorption, extraction and recombination,

is obtained for the intermediate case shown Fig. 2c where L = 5 nm. The consequence

of the corresponding moderate broadening is a much larger current and an intermediate

Soc. Compared to the usually assumed bound-to-bound case, the current and the power are

increased by ratio of 3 and 5, respectively.

These results show that it is essential to control the broadening of the state |2〉 via σT to

have a good balance between all transport processes. For that, as we had already suggested

in Ref. [4], a well-designed tunnel barrier is a relevant solution. While the bound-to-

continuum case is generally considered in IBSC [32–35], some studies assume the quantum
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dot embedded in a high bandgap material [36–40]. This last solution is proposed to reduce

the strain and the corresponding structural defects, but it could also make it possible to

control the tunnel transit and hence the broadening of the excited state. It is also possible

to design a dot directly in the host-material, without shell, if both the band-offset and

the dot size are sufficient to have a localized excited state. In this case, the tunnel barrier

between the dot and the contact has to be controlled by an electric field generated by doping

and/or build-in charge [41].

FIG. 3: Maximum power Pmax versus the tunnel barrier thickness L extracted form the J − V

characteristic calculated with Eq. (4) for B = 0.2 eV, m∗ = 0.07m0 (m0 the free electron mass),

n = 3.5, Et = 0.6 eV, Er = 20 meV, C = 500 and various nr. We also report the estimation of

the optimal thickness Lopt obtain with Eq. (6). In order to estimate the precision of this equation,

these values can be compared to the top position of the corresponding curves.

The optimal barrier thickness depends on all parameters and the precedent value of 5 nm

cannot be generalized. In order to offer an extended study, it would be interesting to have

an expression estimating such an optimal barrier thickness. For that, we remember that the

current J(0, E2) is maximum when σT (E2) = σI(E2) + σS(E2)(1 − f1), and checking that

σI � σS, we propose an expression allowing to approximately estimate the best trade-off:

σT (E2) = α(nr)σS(Ec) with α(nr) = 60× exp(log10(nr)− 1). Considering this condition in

Eq. (4), we extract an expression which estimates the value of the optimal thickness of the

tunnel barrier, Lopt, according to all the other parameters:

Lopt =
1

ρ
ln


√

8Et
3krW

+
√

8Et
3krW

−M(Ec)πnrα(nr)(1− f1)√
M(Ec)πnrα(nr)(1− f1)

 . (6)
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This expression shows that, for example, in case of large non-radiative coefficient nr and/or

low f1, the retrapping is naturally large and L should be chosen small in order to preserve

a large σT . At the opposite, close to the radiative limit, L should be large. We note also

that all parameters modifying σT also play a role, which includes kr related to the ratchet

energy, Et and W both related to the dot design. Figure 3 illustrates the impact of the

recombination by representing the maximum power versus L (calculated with the Eq. (4))

for various nr. These curves, in addition to illustrating the advantage of considering a tunnel

barrier, confirm the good estimation of Lopt given by Eq. (6).

TABLE I: The minima of energy for the intermediate-band / conduction band transition calculated

for several concentration C and non-radiative coefficient nr. Equant, calculated with our model,

corresponds to the limit under which the inter-subband transition cannot produce power. Eclassic

calculated with a detailed-balance model assuming sharp absorption, corresponds to the limit under

which the IBSC is less efficient that the optimal single bandgap cell.

C nr 1 102 5× 104

1
Equant 0.15 0.27 0.43

Eclassic 0.14 0.30 0.49

500
Equant 0.11 0.27

Eclassic 0.08 0.30

104
Equant 0.03 0.19

Eclassic 0.02 0.20

Finally, we can estimate thanks to our model, the minimum of the transition energy

allowing the generation of a power with the considered inter-subband transition. Indeed,

reducing Et and consequently Ec involves an increase of the injection from the contact. If,

at V = 0V, the retrapping current is of the same order of magnitude than the absorption

current, application of any quasi-Fermi level splitting is impossible. For example, for nr =

102 and C = 1 we find that Et has to be larger than 0.28 eV. We calculate this limit, called

Equant, for several concentrations and non-radiative factors as shown in Table I.

Regardless of the present study, the optical transitions in IBSCs must be large enough for

such cells to offer higher efficiency than the optimal single bandgap cell. This limit can be
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estimated with a classical detailed-balance model (described in SM) considering

the three optical transitions of the IBSC [24]. In Table I, we compare this classical

limit Eclassic with the quantum limit Equant. These two limits are, in any case, very close.

This means that the inter-subband character of the transition, if it is well designed, does

not increase the limitation to obtain an efficient IBSC. This validates the use of quantum

dots as a judicious choice for the IBSC.

IV. CONCLUSION

In conclusion, we have presented a theoretical study on the inter-subband transition in

quantum dot IBSCs. For this, we have developed a rigorous model, but nevertheless easy

to implement. Using this model, we can give recommendations for designing an efficient

inter-subband transition. Considering a realistic recombination rate, the transition energy

Et between the intermediate-band and the excited state must be higher than 0.28 eV without

concentration and 0.13 eV under 500 suns. Under this limit, the intermediate-band is at

the thermodynamic equilibrium with the contact. Above this limit, the tunnel rate has to

be controlled by a tunnel barrier. In the radiative limit, this barrier should be thick, while

it should be all the thinner when the non-radiative processes increase. In case where the

optimal design suggests a thick barrier, an energy ratchet may be considered without any

damage because tunneling from Ec to the dot is reduced. Such a ratchet could represent

an advantage, since as we saw in another study [22, 23], degrees-of-freedom on Er make it

possible to match the different transitions of the IBSC. On the other hand, in case of thin

barrier, both Soc and Jsc are controlled by such a ratchet energy. This parameter has then

to be carefully chosen using the Eq. (4) of this letter.

This study confirms that obtaining an efficient IBSC involves significant technological

challenges, particularly for the band offsets in order to achieve a sufficiently large Et. On

the other hand, we show that the inter-subband character of the transition does not worsen

these conditions and we confirm that the quasi-Fermi level splitting can be achieved, even

if the non-radiative processes are huge.

Finally, it is important to note that the analytical model presented in this work is not only

dedicated to the IBSC. It may also be useful for other devices assuming an inter-subband

transition such as photodetector or laser.
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