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Small-time stabilization of homogeneous cascaded systems with
application to the unicycle and the slider examples *

Brigitte d’Andréa-Novel! Jean-Michel Coront Wilfrid Perruquetti?

Abstract

This paper concerns the small-time stabilization of some classes of mechanical systems which
are not stabilizable by means of time-invariant continuous state feedback laws. This is the case of
nonholonomic systems, an example being the “unicycle-like” mobile robot, or for underactuated
mechanical systems, an example being the slider. Explicit time-varying feedback laws leading
to small-time stabilization are constructed for these two control systems. The main tools are
homogeneity, backstepping, and desingularization technics.

Keywords. Nonholonomic kinematic; underactuated mechanical systems; small-time stabiliza-
tion; homogeneity; time-varying feedback.

1 Introduction

We consider nonholonomic kinematics or underactuated mechanical systems for which asymptotic
stabilization cannot be achieved through time-invariant continuous state feedback laws since they do
not satisfy the necessary condition for feedback stabilization due to Brockett (see [§], |15, Theorem
11.1]; see also [12] for a slightly stronger necessary condition).

In this paper we address the small-time stabilization problem for both systems, and the approach
will be illustrated through two examples: the first one is the so-called “unicycle-like” mobile robot
which has a nonholonomic kinematic model, and the second one is the “slider” which is an under-
actuated mechanical system. Our construction of feedback laws stabilizing in small time these two
control systems relies on three main ingredients homogeneity, backstepping, and desingularization.
Let us stress, that the so-called “unicycle-like” mobile robot covers a large class of mobile robotsﬂ
moving on the 2D-horizontal plane. Indeed, in [9], it is shown that non degenerate mobile robots can
be classified into five types, characterized by generic structures of the kinematic model equations.
One of these class has the kinematic model of a vertical rolling wheel on the plane (no skidding no
sliding). This is the reason why, in robotics, any mobile robot belonging to this class is generically
called a “unicycle” mobile robotﬂ For example, a mobile robot having two centered fixed conventional
wheel mounted on the same axel and one off-centered steered wheel (not depicted in the figure) as
described in Figure [1]is called a unicycle.

Our paper is organized as follows. In Section [2| we briefly recall modeling issues for these two
mechanical systems and the similarity between these two kinds of dynamical systems will be empha-
sized, with respect to controllability and stabilizability. In Section [3] we recall some definitions and
give results concerning small-time stabilization and homogeneous control systems, and small-time
stabilization of the double integrator. We present our feedback laws stabilizing in small time the
unicycle robot in Section [4] and, in Section [f] the slider.
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!This is a rigid cart equipped with wheels.

2In the rest of the paper, quotation marks will be omitted: such a model will be simply referred as a unicycle.



2 Modeling, controllability and stabilizability properties

In this section the dynamical behaviors of the unicycle robot and the slider are recalled.
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Figure 1: The “unicycle-like” mobile robot

The unicycle robot The unicycle is a classical example of non holonomic vehicle. It moves
on the 2D-horizontal plane. The configuration vector ¢ = (z,,¢)" is of dimension n = 3. The
instantaneous unconstrained velocity n = (1)1,1@T has dimension 2. It is made of the longitudinal
velocity vy and the angular velocity w The control variables are the angular rotations wr and wry,
of the right and left wheels, see Figure [I] The third wheel is a free wheel which does not restrict
the robot mobility (for example, an off-centered steered wheel also called a castor wheel). The
nonholonomic property of the unicycle comes from the fact that the robot cannot instantaneously
move in the lateral direction. Due to the rolling without slipping assumption, the kinematic behavior
of point G can be easily obtained from wg, wy, (angular velocities of the right and left wheels), the
wheels’ radius R, and d:

R
v1 = R(wg +wr), Q= %(wR —wr). (2.1)

The kinematic equations of the unicycle robot can then be written as follows.

& = vy cos(vp), § = vy sin(v), ¢ = Q. (2.2)

Remark 2.1 Let us emphasis, that 1s the simplest nontrivial nonholonomic kinematic system
on the plane which corresponds to the kinematic of a vertical rolling wheel (or unicycle and all mobile
robots in the class (2,0) see [9]). But many other systems are equivalent to such as the Chaplygin
sleigh kinematic model (a body that slides frictionlessly on a horizontal plane, with a knife edge that
constrains its motion so that the knife slides only longitudinally, see [6,|7]), ... In fact, it is shown
in [84)] that any kinematic completely nonholonomic system with three states and two control inputs

is equivalent to (2.2)).

The slider The slider is an underactuated vehicle, similar to marine vehicles (such as hovercrafts
or surface vessels), or to terrestrial quadrotors. For more informations about general underactuated
vehicles, see, in particular, [22] and the references therein.

The slider moves on a 2D horizontal plane and has a configuration vector ¢ similar to the unicyle’s
one: q = (z,y,v)" and n = 3. But, the instantaneous velocities of vector n are not restricted and



Ri A

Figure 2: The slider

1 has dimension 3: n = (vy, v, 1/})T, where v; and wve are respectively the longitudinal and lateral
velocities in the robot frame, and w the angular velocity. Therefore, the control vector has dimension
p = 2 < n = 3. This vehicle is described in Figure . It is actuated by two propellers producing
forces Fr, and Fr. The sum of these two forces is directly linked to the acceleration of the vehicle,
whereas the difference acts on the angular dynamics. Let us denote 7 = Fr, + Fr and 70 = Fp— FT,
the dynamics can be written:

¢ = S(q)n, mvy = muath + 11, mvp = —mueh, Ih = 1, (2.3)
with
cos(yp) —sin(y) 0

S(q) = sin(y)) cos(yp) 0 |,
0 0 1

m being the vehicle mass, and I the vehicle inertia. It should be noticed that friction terms have
been neglected. Moreover, S(g) is nothing but the rotation matrix from the inertial frame R; to the
robot frame Rp. Therefore, equations describe the dynamic behavior of the slider expressed in
the vehicle frame and can be written as follows in the inertial frame:

ma = 71 cos(v), my = 11 sin(y), ITL = 7. (2.4)

The similarity between these equations and the unicycle’s ones ([2.2)) is then obvious.

2.1 Controllability properties

The controllability properties of the two systems have been analyzed since a long time. It follows from
the Chow-Rashevski theorem (see e.g. [15, Theorem 3.18]) that the unicycle is globally controllable
in finite time as well as small-time locally controllable at any equilibrium of the form (a,0) € R3 x R2.
The global controllability in small time as well as the small-time local controllability of the slider
follows from these two controllability properties of the unicycle. (The small-time local controllability
also follows from a general theorem due to Sussmann [48].)

2.2 Stabilizability properties

Let us recall that the unicycle control system (2.2) and the slider control system (2.4) cannot be
locally asymptotically stabilized by means of time-invariant continuous state feedback laws, as it
follows from the following theorem due to Brockett [8].



Theorem 2.1 Assume that f : R™ x R™ — R"™ is continuous and satisfies f(0,0) = 0. Assume
that there exists a continuous feedback law u : R™ — R™ wvanishing at 0 € R™ such that 0 € R™ is
asymptotically stable for the closed-loop system & = f(x,u(x)). Then, for any neighborhood N of
(0,0) e R™ x R™

f(N) is a neighborhood of 0 € R™. (2.5)

Remark 2.2 The unicycle robot and the slider do not satisfy the Brockett condition (and
therefore, by Theorem 2.1, are not stabilizable by means of time-invariant continuous state feedback
laws). Indeed, for the unicycle, let us consider, as already done in [§], {e = (0,¢,0)"} with € # 0 ;
it is clear that this element of R3 does not belong to the image of B x R? where B C R3 is a ball
centered at 0 € R? of radius strictly less than 7/2 by the unicycle dynamics given by . In the
same way, for the slider, {e = (0,0,0,¢,0,0)"} with € # 0 does not belong to the image of B x R? by
the slider dynamics given by below if B C RS is a ball centered at 0 € R® of radius strictly less
than /2.

Consequently, fixed point asymptotic stabilization needs other control approaches than classical
time-invariant continuous state feedback laws which allow stabilization of excited reference trajecto-
ries. Among those control methods one can cite:

e continuous (with respect to the state) time-varying feedback laws,
e discontinuous feedback laws.

Concerning continuous (with respect to the state) time-varying feedback laws, Coron has shown
in [13] that asymptotic stabilization of the origin of a small-time locally controllable driftless affine
control system can be achieved through smooth time-periodic state feedback laws (see also [15, Chap.
11, thm. 11.14]). Moreover, this result can be extended to asymptotic stabilization of the origin of
many general nonlinear control system using continuous time-varying feedback laws; see [14], |15]
Chap. 11, thm. 11.28]. In that context, many authors have proposed stabilizing continuous time-
varying feedback laws, see for example [16,17},20,24}311/39,45,46] for the unicycle and related control
systems (as chained systems). See also [18,30,32] for the stabilization of the attitude of a rigid
spacecraft with two controls and [20},29,35[36] for stabilization of underactuated surface vessels.
Note however that among these articles the only one dealing with finite-time stabilization is [24] .

Concerning discontinuous feedback laws, let us mention [1,/11] for general results showing that
controllable systems can be stabilized by means of discontinuous feedback laws. For robustness issues
of discontinuous feedback laws, let us refer to |2/10,21,41,47]. For example of discontinuous feedback
laws for the unicycle or related control systems (as chained systems), let us mention [42,43].

In this paper, we are interested in designing small-time stabilizing feedback laws for both systems.
Before that, let us briefly recall some results concerning small-time stabilization.

3 Small-time stabilization

Let us first introduce some definitions about stabilization and homogeneity.

Definition 3.1 Let FF € C°(R",R") be such that F(0) = 0. The origin 0 € R™ is said to be
small-time stable for & = F(z) if Ve > 0, 3n > 0 such that

(& = F(z) and |x(0)] < n) = (z(¢) =0), (3.1)
(@ = F(z) and |z(0)| <n) = (Jz(t)| < e, Vt € [0,400)).

Remark 3.1 Let us point out that, as one can easily check, (3.1) and (3.2) are equivalent to (3.1))
and

(¢ = F(z) and z(0) = 0) = (x(t) =0, Vt € [0,4+00)), (3.3)



which s trivially true for system having unique solution which is not assumed here. In this paper,
we only assume continuity of ODE’s right hand. This assumption ensures existence of solutions (on
some time interval) which is an usual assumption when dealing with some stability-like property.
Moreover, let us mention that “Small-time stability” is in between the classical concepts of Finite-
time stability (see [33,[38]) and Fized-time stability (see [37,38]). “Small-time stability” is equivalent
to finite-time stability when the settling time function is continuous.

Let r = (r1,--- ,7r,) be a n-tuple of positive real numbers, thereafter called a weight. Then, let
us define A, : (0, +00) X R™ — R" by

Ar(Nx) = (Ao, oo, Ay Ay, (3.4)

VA € (0,+00), Vo = (21,...,%4,...,7,) € R™ This map A, is called a dilation. Following [26] this
map allows to define the notion of functions and vector fields which are r-homogeneous .

Definition 3.2 Let k € R. A function h : R™ — R is said to be r-homogeneous of degree k if
h(Ar(N\,x)) = N°h(z), VA € (0,+00), YV € R". (3.5)

Definition 3.3 Let k € R. A wvector field F = (Fy,...,F;,...,F,) : R® — R" is said to be r-
homogeneous of degree k € R if, for everyi € {1,...,n}, the coordinate function F; is r-homogeneous
of degree k + T;.

Among many properties of homogeneous systems, let us recall the following result which will be
useful in the sequel.

Theorem 3.1 ( [44]) Let F' be a continuous r-homogeneous vector-field on R™ of degree k € R. If
0 € R™ is asymptotically stable for & = F(x), then, for every real number o > max{ry,...,rn}, there
exists a function V : R™ — R of class C' such that

V' is r-homogeneous with degree c, (3.6)
V(z) > V(0) =0, Yx € R"\ {0},
ov

Corollary 3.1 ( [44]) Let F be a continuous r-homogeneous vector-field on R™ of degree k €
(—00,0). If 0 € R™ is asymptotically stable for & = F(x), then 0 € R™ is small-time stable for
&= F(x).

Let us now consider the control system

= f(z,u) (3.9)

where the state is * € R", the control is v € R™, and f is continuous and satisfies f(0,0) = 0.
In the sequel, we intend to design time-piecewise continuous periodic feedback laws for (3.9). Such
feedback laws are defined as follows.

Definition 3.4 A function u: RxR" — R!, (t,2) > u(t, ) is a time-piecewise continuous function
if there exists a sequence of real numbers t; € R such that:

ti <tit1, Vi € Z, (3.10)
lim ¢, = 400, (3.11)
1—>+00
lim ¢, = —o0, (3.12)
1——00
U|(t,,4,,1) xR 18 the restriction to (ti,tir1) X R"of a continuous function on [t;, t;11] x R™.  (3.13)

Moreover these feedback laws are called time-piecewise continuous time-invariant feedback laws if for
t € (ti,tiy1), u(t,z) does not depend on t.



From now on, we denote by Cip,(R x R™;R!) the set of time-piecewise continuous functions u(t,z)
from R x R™ to R’
Let us recall the definition of local asymptotic stability.

Definition 3.5 Let F' € C¢,(R x R™;R"™) be such that
F(t,0) =0, YVt eR. (3.14)
One says that 0 is locally asymptotically stable for & = F(t,x) if

(i) For every e > 0 there exists n > 0 such that, for every s € R and for every T > s
(@ = F(t,2), [z(s)] <n) = (lz(7)] <), (3.15)

(ii) there exists 0 > 0 such that for every e > 0 there exists M > 0 such that for every s € R

(@ = F(t,z), |x(s)| <0) = (Ja(7)| <€ VT >s+ M). (3.16)

Concerning small-time stabilizability by means of time-piecewise continuous periodic feedback
laws, we adopt the following definition.

Definition 3.6 The control system (3.9) is locally stabilizable in small time by means of time-
piecewise continuous periodic feedback laws of arbitrary small period if, for every positive real number
T, there exist € > 0 and u € Cy,(R x R™;R™) such that:

u(t,0) =0, Vt €R,
ut+T,xz) =u(t,x), Vte R, Vo e R",
(= f(z,u(t,z)) and z(s) =0) = (z(7) =0, V1 > s), Vs € R,
(@ = f(z,u(t,z)) and|z(s)| <€) = (x(7) =0, Vr > s+T), Vs € R.

Remark 3.2 If the control u is as in Definition then the origin of R™ is locally asymptotically
stable for the closed-loop system & = f(x,u(t,z)).

Before studying the small-time stabilization problem for the unicycle and the slider, let us first
prove a result concerning cascaded-systems and let us then apply it first to the small-time stabilization
of the double integrator.

3.1 Small-Time stabilization for homogeneous cascaded systems

Let us consider the following control system:

j; = f(.l" y)7 y = ’U, (3'21)

where the state is (z,y) € R” x R and the control is v € R. Let r = (r1,...,7n,7n+1) " € (0, +00)"*L.
For z = (21,...,2,)" € R™ and for A € (0,4+00), we use the notation Az(\,z) introduced in (3.4)
with 7 := (r1,--- ,7,). We assume that f = (f1, f2,..., fn) is of class C° on R” x R and that, for
every i € {1,...,n}, f; satisfies the following homogeneity property

filAr(A ), N y) = X fi(, ), (3.22)

Vr € R", Vy € R,VA € (0,+00). Let us define {:c}{o‘} = sign(x)|z|®, for every real number o > 0
and for every real number . The next theorem is dealing with backstepping and stabilization by
means of a continuous feedback law.



Theorem 3.2 Let us suppose that k € R satisfies
k+r;>0,Vie{l,...,n,n+ 1}, (3.23)

and that there exist a continuous feedback law y : R™ — R and | € (0,+00) such that

T

I+1> , Vie{l,...,n}, (3.24)
Tn+1
i is T-homogeneous of degree Tyy1, (3.25)
0 € R™ is asymptotically stable for & = f(x,y(x)), (3.26)
{73 is of class C'. (3.27)

Then the control law

}{l} }{(“+Tn+1)/(l7"n+l)}

v(a,y) = =k { {1} —{7(2) , (3.28)

with a sufficiently high gain k > 0, makes 0 € R*1 asymptotically stable for the cascaded system
(3.21)). Moreover, if k < 0, this asymptotic stability is a small-time stability.

Remark 3.3 Note that property (3.27) implies that, for every L € [l,4+00),
{gj}{L} is of class C*. (3.29)
Hence, (3.24)) is not an important restriction: it can always been achieved by increasing l if necessary.

Remark 3.4 Theorem is related to (30, Proposition 5]. The main improvement of Theorem
compared to [30, Proposition 5] is that Theorem can be applied in a recursive manner, which
is not the case of [30, Proposition 5] since, with the notations of this proposition, the feedback law
(r1,y,t) ER™ xR xR+ y—v(x1,t) € R is not necessarily of class C* on (R™ x R)\ {(0,0)}) x R.
To apply Theorem[3.3 in a recursive manner, let us first point out that, by Remark[3.3, increasing
if necessary, we may assume that | > 1. Then v defined by s such that

{v}{(l“‘“)/(””"“)} is of class C. (3.30)

Let us also point that v satisfies the following homogeneity property

V(Ar(\, 2), N'nHly) = ATt TRy (1 g)), (3.31)
Vo e R", Vy € R,V € (0,+00). Let
Tr42 1= Tptl + K. (3.32)
One can then apply Theorem[3.3 to the control system
i':f(l',y), y=v, 0=w, (333)

where the state is (xz,y,v) € R™ x R x R and the control is w € R, provided that (compare to (3.23]))

Tny2 + K =Tn+1 + 26 >0, (334)
I+1> " Vie{l,....n,n+1}. (3.35)
Tn+l + K

One can keep going k times (the state being then in R™*1) provided that
rn+1 + (K + 1)k > 0. (3.36)

In particular, if & > 0, one can keep going as long as desired. However in the case where small-time
stability is desired (i.e. the case where k < 0), condition (3.36) provides an upper bound on k. As
mentioned in Remark the condition on l (see, e.g., (3.35)) can always be achieved by increasing
l.



Remark 3.5 [t has been already proved in [19] that under the assumptions of Theorem and
even without the assumption , there exists a continuous feedback law satisfying the homogene-
1ty property . Compared to [19] the interest of Theorem is that it provides an explicit
asymptotically stabilizing feedback law. Forl =1 Theorem is already known: see [30, Prop. 5].

Proof of Theorem Let p: R™ — [0,4+00) be the following homogeneous “norm” associated

to the dilation (z1,...,7,)" € R* = (A\"zy,..., \'mx,) | € R™:
pla) =Y |ail'/m, Vo = (z1,...,2n) " €R™ (3.37)
=1

Let o € (0,400) be defined by
a:= 1+ 1)r,q1. (3.38)

Note that, from (3.24)), we have
a>r, Vie{l,...,n}. (3.39)

Using Theorem [B.1]with 7 := 7 and F(z) := f(x,y(x)), the assumptions of Theorem [3.2]and standard
homogeneity arguments, one gets the existence of V € C'(R™, R) and ¢; € (0,1) such that

V is 7-homogeneous with degree a > 0, (3.40)
1
c(p(x)* <V(x) < a(ﬁ(x))a, Vo € R", (3.41)
8V _ — at+K n
%(x) flx,y(x)) < —2c1(p(x))*™™", Vo e R™ (3.42)

Using the “desingularization method” proposed in [40], let us now introduce the following control
Lyapunov function candidate for the control system (3.21):

W(z,y) =V(z) + a®(z,y), (3.43)
with a chosen in (0, +00) and

L
[+1

’l+1

gy @y U (3

Bz, y) = /y; ({1 = {@)} ) ds = 1

Let us compute the time-derivative W along the trajectories of the closed-loop system

. . B {(k+rn41)/(Irnt1)}
i = f@y), i ==k { I — {5} . (3.45)
We get ‘ ' .
W=V+ad=0Q;+ Q2+ akQs + aQy (3.46)
with
oV ov
Qi) = 5 (. 5(@)), @olary) = 5 (Fle.) — fla, 5(2), (3.47)
L 63 {1} _ {1 {(5+rn41)/(Irn1)} L BE
Let us point out that Q1, @2, and Q3 are well defined and continuous. Noticing that
g(@)* = | {g(a)y D (3.49)

one sees, using also (3.27)), that Q4 is also well defined and continuous on R™. By (3.42), we have

Q1 < =219 (3.50)



Let us now deal with (2. For that purpose, let us define, for p € N*, (z,y) € R” x R\ {(0,0)}
ov _
W () (F(a9) — £, 5(a)
Gp(z,y) = —— ST : (3.51)
cr(p(x))etr + pl{y " — {g(a) 7 (o) )

Let us prove that if p is large enough, we have

G, <1, (2,9) € R x R\{(0,0)}. (3.52)

We argue by contradiction, and therefore assume the existence of a sequence (2P, y?)peny € R” X R\
{(0,0)} such that, for p large enough,

c1(p(aP)) ot + p| {yP 31 — {G(aP)} 1 |(etm)/(rn) (3.53)
<% ) (12, 99) — 10,5007 . (359

Let us point out that G), is m-homogeneous with degree 0. Hence, we may assume that p(aP, yP) =1
with

pla.y) = {3 — (g O (). (3.55)
In particular, the sequence (2, y”)pen is bounded and, extracting a subsequence if necessary, we may
assume that P — z* and y? — y* as p — +oo, with

plx*,y*) = 1. (3.56)

Note that by (3.23) and (3.38), « + x > 0. Hence, using inequality (3.54), we get that y* = y(x*)
and also that p(z*) = 0. Therefore, 2* = 0, and y* = 0 which is in contradiction with (3.56)). Hence,

we can now choose p = ¢y large enough so that we have:

1Qa(x, )| < c1(p(x))* ™ + e {y} 1 — {g(a)} 1 [V rne) (3.57)

and it should be noticed that ¢ does not depend on a, k.

Concerning Q3 we just point out that, using (3.38|), , and (3.48)), we have
Qs(a,y) = —[ {y} — (gl (0 lrme), (3.58)

Let us now deal with the last term Q4. From (3.44)), ® is r-homogeneous of degree v and therefore
Q4 is r-homogeneous of degree o + . Similarly

(p(x))* " + ply — y(a)| T+ p >0, (3.59)

is 7-homogeneous of degree a + k and is strictly positive outside the origin. Proceeding as for QQo,
one can show that there exists a sufficiently large positive constant ¢4 such that:

Q4] < (5(2))°F* + ca| {y} P — {g(a)}1 (0m)/ Urasa) (3.60)
Then, using (3.46)), (3.50)), (3.57), (3.58)), and (3.60), we get
W < (—e1 + a)(5(2)° + (c2 + acy — ak)| {y} P — {g(x)} 1 (@R Urasa), (3.61)

For a < ¢; and k sufficiently large (k > (c2 + acy)/a), we get that W is non positive and is equal to
zero if and only if x = 0 and y = 0 which allows to conclude that the origin of R” xR is asymptotically
stable for the closed-loop system . If k < 0, this asymptotic stability is a small-time stability
due to Corollary This concludes the proof of Theorem ([l

A natural question arise when f, the vector field involved in the cascade form , is not
homogeneous (i.e. does not satisfy the homogeneity property ) but admits a homogeneous
approximation fjy at the origin. Local homogeneous approximations has been investigated by Massera
[28], Rosier [44], Andrieu [3], and recently Efimov [23]. Let g : R¥ — R¥ be a continuous vector field.
Let 7 = (r1,...,7%) " € (0,+00)*. Let us assume that g has a r-homogeneous approximation of at
the origin, i.e. that there exists go : R¥ — R¥ such that for any 2 € S, = {z € R : 30 | |z[V/7 = 1}
we have limy_,o+ A™"A, (A7, g(Ar (A, 2))) = go(x) uniformly on S; (for some £ > — min<;<k 74, K is
called the homogeneous degree of gp). One has the following theorem



Theorem 3.3 If 0 € R” is locally asymptotically stable for & = go(x) then 0 € R¥ is locally asymp-
totically stable for @ = g(z). Moreover if k < 0 and if 0 € R¥ is small-time stable for & = go(z) then
0 € R* is small-time stable for & = g(x)

The asymptotical statement of this theorem is |44, Theorem 3|. The finite-stability statement follows
from the proof of [44, Theorem 3] given in [44]. As a consequence of this robustness of the small-time
stability we have the following corollary.

Corollary 3.2 Let fo : R™ x R — R™ which satisfies all hypothesis of theorem[3.3: k € R satisfies
, there exist | € (0,400) and a continuous feedback law y : R™ — R such that
holds. Let f : R™ x R — R"™ be a continuous map such that, uniformly on X := {(z,y) €
R™ x R; [yt 4+ 370 |2l V7 = 13,
lim AT"AATL F(AF(ON 2), N4 y)) = folx, y). (3.62)
A—=0t
Then the control law given by , with a sufficiently high gain k > 0, makes 0 € R™ locally

asymptotically stable for the cascaded system f). Moreover, if k < 0, this local asymptotic
stability is a small-time stability.

For the proof of this corollary, it suffices to apply the previously obtained result of [44] to k :=

n+1, R~ BT X R, g(a,y) i= (f(@,y),v(z,y), and go(z,y) = (fo(z,y),v(z,y)). In fact,
since our approach also gives homogeneous Lyapunov functions, one can prov1des a dlrect proof of

Indeed, using W (x,y) given by (3.43)), we have W‘ ‘ f fo)-
Since W is r-homogeneous of degree o and its time derivative along t !e vector H fo w1th feedback

3.28)) is r-homogeneous of degree o + r, we have (see [33]) Vi ‘-f —boW a", (see (3.61])) for

some positive constant by (take by = —max(, y)ex ( o fo(z,y) + 8Wv) W= (‘1*”)/0‘). Since fp is the

Corollary

homogeneous approximation at 0 of f in the sense that ( - ) holds and 2 871, is r-homogeneous (of
degree o — 7;) it implies that ZY(f — fo)(Ar(\, 2), \™+1y) = o(A°T") uniformly on ¥ as A — 0%.
Thus, for every (z,y) € R™ x R with |z| + |y| small enough, we have:

ow

et h)<5W71 (3.63)

Hence, for every (z,y) € R" x R with |z| + |y| small enough,

WW < ——W'a, (3.64)
@Gz~ 2

which shows that 0 € R"*! locally asymptotically stable for the cascaded system (3.21,f). When
k < 0, we have (o + x)/a < 1 and thus concludes from ([3.63)) that 0 € R"*! is small-time stable for
this cascaded system (3.21} f).

3.2 Small-time stabilization of the double integrator

Let us consider the double integrator system:
T1 = T9, To = u, (3.65)

where the state is = = (z1,22)" € R? and the control is u € R.

Some results exist concerning the small-time stabilization of system . One can cite for
example [5}19,25] for bounded continuous time-invariant small-time stabilizing feedback laws or [4]
for an output-feedback control design. These feedback laws are singular when x1 = 0 or zo = 0,
therefore in order to apply “desingularizing functions” as explained in [40] for cascaded system, and
similarly in Theorem we refer to the following result inspired by [27] and [4].
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Theorem 3.4 Let —% <k <0 and ky > 0,ky > 0 be given. Then 0 € R? is small-time stable for
the double integrator system if one uses the following feedback law:

1+2/§}

W@y, wa) = —ky {ay YIF2Y ko {ap} UT5 (3.66)

Remark 3.6 The feedback law (3.66|) is a limiting case for [25] which is not covered by [25].

Proof. The time derivative along the solutions of the closed loop system ([3.65))-(i3.66) of the following
2

ﬁml\?(”“) + %, is V = —k2]m2|21173: < 0. The LaSalle
invariance principle shows that the closed-loop system is globally asymptotically stable. Moreover,
the closed-loop system being (1, 1 + x)-homogeneous of negative degree (this degree is k), the small-
time stability of the origin follows from Corollary In fact, instead of using the LaSalle invariance
principle, one can construct an homogeneous strict Lyapunov, which is interesting for robustness

issues. Indeed, for £ > 0, let us consider

Lyapunov function: V(z1,x9) =

kq

2
x K
7 a1 [P ZE o e {2y (3.67)

Ve(xy, x2) =

which is (1,1 + x)-homogeneous of degree 2(1 + k). Then straightforward computations give the

existence of an g9 > 0 such that, for every ¢ € (0,e9), (1/2)V < V. < 2V and there exists ¢ > 0
243k

(depending on ¢) such that V. < —cV.>0H, O
We can also apply our Theorem to stabilize in small time 0 € R? for system . As already
mentioned in Remark it gives new feedback laws which are more suitable than the ones given in
Theorem when one wants to add “integrators”, as we are going to do in Section [5| in order to
treat the slider control system. Moreover using our proof of Theorem [3.2] we can get precise lower
bounds on the gain for the feedback laws as shown in the following theorem (for v = 0).
Let us consider the following “modified double integrator” system:

.fl = ‘$1’V£IIQ, fCQ = u, (368)
where 0 < v < 1 and which reduces to (3.65) when v = 0. We have the following theorem.

Theorem 3.5 Let v € [0,1), —(1—v)/2 <k <0,l>1/(1+Kk—v), k1 >0, and k2 > h(l,k,v, k1)
be given, where

20014+ Kk — 1/)2 2(l—1)((l+1)(1+~—v)+n) 1

Bl kv, k) = ISR S 3.69
N () [ e prpe ! (3.69)

Then 0 € R? is small-time stable for the system if one uses the following feedback law:

+2k—v

u(x1,x2) = —ko {{362}{1} - {962}{1}}{&1%%) : (3.70)

where
To = —k1 {:L’l}{lJrHiV} . (371)

Proof. Let us introduce (r1,7r2) = (1,1+x—v) € (0,400) x (0, +00) as the weight of the dilation.
Clearly the system (3.68) satisfies (3.22]). The proof is a straightforward application of Theorem
noticing that the origin is small-time stable for the subsystem:

i1 = |21 Za(w1) = —ky {ar (3.72)

the control law Zo(z1) being r1-homogeneous of degree rg, since 79 = 1+ k—v. Since [(1+k—v) > 1,
7, (1) is of class C'. Moreover, the vector-field associated to subsystem zj is (71, r2)-homogeneous
of degree k. Finally, the closed-loop system (3.65) with the feedback law (3.70)) is itself (ri,72)-

homogeneous of degree k. We have k +ry > 0 (because r = 1+ k — v and —(1 — v)/2 < k), so that
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condition of Theorem holds, meaning that the control law is well defined and contin-
uous. Lastly, k < 0 which implies that 0 € R? is small-time stable for the modified double integrator
system given by if ko > 0 is large enough. In fact, following the proof of Theorem one can
get the lower bound for ks given in Theorem[3.68] We set v = (I+1)(1+x—v) > 1 and we consider the
Lyapunov function W (z, x2) = %+a@(az1, x2), where ®(x1,z2) = fg({s}{l}—{a‘cg}{l})ds. Its time
derivative along the solution of the closed-loop system is W = {1 o™ |21| (22 + 22 — Z2) + ad =
Q1+ Q2 +a(Qs + Qu), where Qu = {an }1F @y = —ky o[+, Qo = {on )T (22— 22), Qs =

a+tk
%Ml\”m =11+ K — v)kl |2 |22 (29 — Tg) w2, Q4 = %u = —kolp(xq, 22)|OHr=¥) N
Selecting al(1 + & — V)kI T = 1 we get that W = —kyj|z1|*H" — aka|@(y, 22)| T+ 4
k%|x1\a*"*2+2”(a_c2 — x2)%. Using Lemma |A.1{ we get (Zo — 22)? < 221_Tl\g0(x1,x2)]% and thus
. atrk 221771 —k—249 2
W < —kifay|*F — akalp(x1, 22)[TTH—) 4 |21 [T oy, )T

Clearly W is negative when |z1| = 0 and 25 # 0. For x1 # 0 the signum of the right-hand side of this

l=1
inequality is the same as the signum of 1(2) = —k; — akoz®tF + %22(1‘“‘_”). Lemma |A.2| (with
-1

1

B=a+r>y=2014+k—-v)>1,a9 = ki,a; = aks,as = 2 o ) together with Remark |A.1{ (from
which ([3.69) is obtained) we conclude that W < 0 in R?\ {0} under the above given conditions for
l, k1, ko, k and v. Finally using Corollary we conclude that 0 € R? is small-time stable. O

Remark 3.7 Theorems provides a controller with simple gain selection. However, it does not
fit assumptions of Theorem [3.9 and thus cannot be “augmented” to deal with a higher order system
by using the “adding integrator technic” as needed in our small time stabilization of the slider. This
motivates Theorem|[3.5 which is derived from Theorem[3.3. Theorem[3.5 provides precise gain tuning
rules whereas Theorem Just ensures that large enough gains lead to asymptotic stability/small-time
stability.

4 Small-time stabilization of the unicycle robot
Let us define (z1,72,23)" € R and (u1,us)’ € R? by
T =X, g =Y, T3 :=1Y, uy := 1, ug := Q. (4.1)

Then the unicycle control system (2.2]) becomes the control system

%1 = uy cos(xs), T2 = uysin(xs), &3 = ug (4.2)

where the state is (21,22, 23)" € R? and the control is (u1,us) ' € R2.

One first observes that if x5 and x3 vanish at some ¢y and if, after time tg, us is equal to 0, then
x9 and x3 remain equal to 0. The idea is then to use a first time-invariant feedback law to steer
(x2,23)" to 0 € R? and then take us = 0 and use u; to steer 1 € R to 0.

Remark 4.1 This strategy is inspired from [14]. In [14] a preliminary time-invariant feedback law
is used to steer the control system on (a meighborhood of) a special curve which can be sent to 0
by a special feedback law. This strategy is already used in [24|]. The main novelty of our approach
compared to [24)] is to use this strategy in the framework of homogeneous approzimation systems and
homogeneous feedback laws. This will allow us to add integrators on the controls and therefore deal

with the slider control system (12.4]).

We then consider the following quadratic homogeneous approximation of the control system (|4.2])
(see [20])
1 =uy, T2 = u1x3, T3 = Uz, (4.3)
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which is a control system where the state is (21,2, 23)" € R? and the control is (u1,us) € R2.

As for , let us observe that, for , if o and z3 vanish at some ty and if, after time ¢,
ug is equal to 0, then xo and x3 remain equal to 0. The idea is then, again, to use, for , a first
time-invariant feedback law to steer (:rg,mg)T to 0 € R? and then take us = 0 and use uy to steer
z1 € R to 0.

For this homogeneous approximation, a time-piecewise continuous periodic feedback law will be
designed leading to the small-time stabilization of (Theorem [4.1]). Then, using homogeneity
arguments, we will check that the same feedback laws leads to the small-time stabilization of the
orignal model system (|5

In this first design, the control is derived using Theorem [3.5] For this, in a first step, let us choose

= |zo|”,v € (0,1) and Zs = —ky {xo} 2™} ky € (—(1 — 1)/2,0), so that the “equivalent”
dynamlcs of the subsystem x9 is 2 = —ko {xg}{H“Q} (o converges to zero in small time) and then,
the control wue is designed using Theorem (a consequence of our cascading result Theorem
: thus we obtain z2(t) = x3(t) = 0 for all ¢ > T//2 provided that x2(0) and z3(0) are small enough.
Note than on this time interval x; increases until x9 reaches zero because then u; = 0: we should just
show that x; remains bounded on a finite time interval. Then, in a second step, note that setting
ug = 0 for t € (T/2,T) then x3,x2 will remain zero (if they have reached zero). Thus in order to
stabilize 1 we can choose for t € (%,T), u; = —kp {xl}{H’“},—l < k1 < 0. This leads to the
following theorem:

Theorem 4.1 LetT >0, v € (0,1), -1 < k1 <0, —(1—=v)/2< ke < 0,1 >1/(14+Kk2—v), k1 >0,
and ky > 0. Then, for every ks > h(l, ko, v, ka) (where the function h is given by (3.69)) for the
feedback law u = (u1,us) € Crp(R x R3;R?) defined by

= |zo]” in [0, 3] xR, (4.4)
{M}
=t {{m}{l} {73 }{l}} e in [0, %] x R3, with T3 = —ko {m}“ﬂru},
=~k {o i (3,7) xR, (45)

up =0 in (£,7) x R?,

u(t +T,x) = u(t,x), Vt € R, Vo € R3,

and for f(x,u) = (u1, uixs, uz)', , , and (3.19) hold and there exists € > 0 such that
(13.20) holds too. In particular is small-time locally stabilizable by means of explicit time-varying
piecewise continuous time-invariant feedback laws.

Proof. On [0,7/2], the closed-loop system is

jjl = |$2|V7

N . v
w2 N |x2‘ x37 14+2k9—v (48)

i3 = —kg{{xg}{l} (Z3 }{l}}{l(Hn; V)

We apply the proof of Theorem to the (xg,x3)—subsystem. We set aw = (I + 1)(1 + k2 — v) and
|x2| + a®(xo, x3), where ®(z9,13) = f£3({8}{l} -
{23} ds and a is such that al(1 + kg — V)kath = 1. From the proof of Theorem [3.5( we know that

we consider the Lyapunov function W(xq, z3) =

1 atkrg

W< -G (4.9)

In (4.9) and in the following C' denotes various positive constant which may vary from line to line
but are independent of x. We also have on [0,7/2]

21| < CWoa. (4.10)
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On (T/2,T) the closed-loop system is

.%"1 = —kl{xl}l—i_m, i’g = —kl{xl}l—i_ml'g, .fg =0. (4.11)
In particular, if V(x1) := 22,
<Lyt (4.12)
—=V7z. .
- C

We also have on (7'/2,T)
1+kq

2| + |#3] < C(|wa| + [xs])V 2 (4.13)
The conclusion of Theorem easily follows from (4.9), (4.10)), (4.12), and (4.13). (Let us recall

that k1 < 0 and k2 < 0.)

O
Let us now return to the initial control system (4.2)). Let us deduce from Theorem the
following theorem.

Theorem 4.2 Let T >0, v € (0,1), -1 <k <0, —(1—v)/2 < ky <0, ky >0, and ka > 0. Then
there exists a large enough ks > 0 such that, for the feedback law u = (u1,u2) € Crp(R x R3;R?)
defined by to and for f(z,u) = (ucos(zs),us sin(xzs),uz)", (-17), B-18), and
hold and there exists € > 0 such that (3.20) holds too. In particular 1s locally stabilizable in
small time by means of explicit time-piecewise continuous time-invariant feedback laws.

Proof. The proof is a direct consequence of Corollary combined with the proof given above for
Theorem One can also proceed in a more direct way. Indeed simple computations and estimates

show that (4.9), (4.10), (4.12)), and (4.13) still hold for (4.2) at least if |x1| + |x2| + |x3| is small

enough.
= 0.4 — —
8
Il 02 —
g
0 | L | | | | | |
0 1 2 3 4 5 6 7 8 9 10
t(s)
02 ‘
g
? 0.1 -
0 ! \ | ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10
t(s)
= 0 .
3
s 4 |
I
-
2 ! ! ! ! ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10
t(s)
0oF 4~\—‘/ — 7
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Figure 3: Simulation of (4.2]) using control (4.7) with 7" = 2,v = 0.5;k; = —0.5,k2 = —0.1,] =
3,k = 10, kg = k3 = 5.
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5 Small-time stabilization of the slider

Let us define (1, 22, x3, 24, 25,76) | € RS and (u1,u2)’ € R? by

1 T2

T1 =X, Ty :=I, T3: =Y, T4:=7, T5:=1Y, Tg := T, U] := —, U = —. (5.1)
m 1
Then the slider control system (2.4) becomes the control system
il = 9, 1"2 = Ul COS(x5), ig = T4, i4 = Ul sin(x5), j35 = Te, x'(; = Uus, (52)

where the state is @ = (1, 22,23, 74, 25,26) € RS and the control is (uy,us)’ € R2  Similarly
to the unicycle, one first observes that if x3(tg) = xa(to) = z5(to) = x6(to) = 0 and if, after time
to, ug is equal to 0, then x3(t) = x4(t) = z5(t) = x6(t) = 0. The idea is then to use a first time-
invariant feedback law to steer (x3, x4, x5, mﬁ)T to 0 € R* and then take up = 0 and use u; to steer
(r1,29)" €R to 0 € R2.
As for the unicycle, let us consider the following quadratic approximation of (see, once
more, [20])
.T'Il = I, j}Q = ui, .%"3 = T4, .%"4 = U1Ts5, .f5 = T¢, ii'(; = u2, (5.3)

where the state is still 2 = (1, 29, 23, T4, 25, 76) | € R® and the control is still (u1,us)' € R2.

As for (5.2)), we have for that if x3(tg) = z4(to) = x5(tg) = x6(to) = 0 and if, after time tg, us
is equal to 0, then z3(t) = z4(t) = 25(t) = x6(t) = 0. Let us therefore choose, according to Theorem
the controls u; and ug in a first step, so that the dynamics of the subsystem (3, z4, 5, xg)T is
such that we obtain z3(t) = z4(t) = z5(t) = x6(t) = 0 for all ¢ > T'/2 provided that x3(0), x4(0),
x5(0) and z6(0) are small enough. Then we impose ug = 0 for t > T'/2, 3, x4, v5 and x¢ will remain
zero. To stabilize in small time the double integrator made of the state variables 1 and 2, we can
choose for t > T'/2, u; as in with v = 0.

Let k1 >0, ko >0, kg >0, kg >0, ks >0, k¢ > 0, k1 € (—1/2,0), and p € (0,1). We assume
that

L—p
—72(2 — M) < kg < 0, (5'4)
ri:=1,1r9:=14+k1, r3:=1, 174 := 13+ Ko, (5.5)
r5 = (7‘4 + Kvg)(l — ,u), re :=1T5 + Ko, 7 =T + Ko, (5.6)
T4 = —ks3 {xg}{%} , (5.7)
o=~ { ey - {m{?i}}{”}, 53)
roim b {2 5

Note that ((5.4)) insures that r4 > 0, r5 > 0,76 > 0, and 77 > 0. Let us then prove the following theo-
rem, ensuring the small-time stabilization of the origin for (5.3) with explicit time-varying feedback
laws.

Theorem 5.1 Let T >0, ky >0, ko >0, k3 >0, kg >0, k1 € (—1/2,0), p € (0,1) and ko < 0 be
gwen so that (5.4)) is satisfied. We assume that

1 _1
ky>h|—o ks | = 272Kz tn2 1
4 > <1+K127K'2707 3> 3 3 (5 O)

(let us recall that h is defined in (3.69). Then there exists K5 > 0 such that, for every ks > K, there
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exists K¢ such that, for every k¢ > Kg, the following feedback law u = (u1,u2) € Cpp(R x R%; R?):

a5 —{x4}{r4}’ in [0,T/2] x RY, (5.11)

= —ks {{1’6}{T6} {xg}{ }}{ } in [0,T/2] x RC, (5.12)
i1 = —koy Lo U5 ke o U5 i (1/2,7) < RS, (5.13)
uy =0 in (T/2,T) x RS, (5.14)

u(t+T,z) = u(t,z), Vt € R, Vo € R, (5.15)

18 such that, for the homogeneous approximation (m and for the slider control system ([5.2) -
, and - ) hold, and there exists € > 0 such that, for

flz,u) = (z2, wi, x4, w15, TG, U2) ' (5.16)

and for
f(z,u) = (zo, uycos(zs), x4, uysin(xs), xg, ug) ', (5.17)

one has
(@ = f(z,u(t,z)) and |z(s)| <€) = (x(r) =0), V7 > s+ 2T), Vs € R. (5.18)

In particular (5.2)) is locally stabilizable in small time by means of explicit time-piecewise continuous
time-invariant feedback laws.

Proof of Theorem The proof is an application of Theorem Theorem [3.3] Theorem [3.4]
and Theorem with v = 0. Let us first deal with (5.3). On [0,7/ 2], the quadratlc approximation
(5.3) reads as

$.3 = T4,
ﬂ
ia = o i5) {@4}{5’1}‘ ® s
P—— (5.19)
6+ 2
o= - { o) - {%}{%}}{ 3
\
Let us consider the control system
r3 3 e

i3 = 24, B4 = {m}{a} - {@}{m}‘ * s, (5.20)

where the state is (73,74)" € R? and the control is #5 € R. It follows from Theorem with
v =0 and (5.10) that 0 € R? is small-time stable for this control system if one uses the feedback law
r5 = Ts. Let us point out that if

prs T
3 T3
f(w3,274,$5) = <$4, T4 T4 ° x5> s (5.21)
one has
Fi(APasg, Nay, \oxs5) = Nsth2 £ (3,24, %5), (5.22)
fa(ABx3, Ny, Nox5) = )\T4+“2f2(x3,x4,x5). (5.23)
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Moreover, for [ := r3/r¢, one has, using (5.4)), (5.5) and (5.6]),

I+1>23>25 055 (5.24)
e T6 T6

j?5()\r31133, >\T4SL‘4) = )\T5Lf5($€3, 564), (525)

{535}{” is of class C. (5.26)

Then, by Theorem at least if k5 > 0 is large enough, 0 € R? is small-time stable for

T3 = T4,

T4 T4

{4

o=t {12 - {m}{m}}{w}

Note that {f)@}{l/} is of class C! for I’ := 73/r7. One applies once more Theorem (see also
Remark . Using once more ((5.4)), (5.5) and (5.6|), one gets
7 =16+ ko > 0, (5.28)

T T T T T
I+1=="41> LAY SIS S > S >o. (5.29)
6 Te + K2 T + K2 6 + K2 6 + K2

One gets that, under the assumptions of Theorem 0 € R* is small-time stable for (5.27). By
Theorem one gets that, under the same assumptions, 0 € R* is small-time stable for

Ty =

(5.27)

T3 = 14,

7‘4 7"4

By = sin(zs),

ds = —ks {{mg,}{:i} _ {j5}{g}}{§} ~ 7.

In particular if = : [0,7/2] — RS is a solution of the closed-loop systems & = f(x,u(t,x)) where f
is given by or by (5.17), we have x3(T/2) = z4(T/2) = z5(T/2) = z6(T/2) = 0 if |z3(0)| +
|£4(0)] + |25(0)| + |z6(0)| is small enough.

On [T/2,T], one has, if x5(T/2) = z6(T/2) = 0 for f given by and for every

(25(T/2), 26(T/2)) for f given by (B.16),

$1 = I, 1’2 —kl {wl}{ } kg {xg}{ (531)

Note that, by Theorem 0 € R? is small-time stable for (5.31). Theorem follows from the
above arguments.

(5.30)

rot+Kq }

Remark 5.1 In Theorem fort € (T/2,T) one can replace uy defined in (5.13|) by uy = u where
u is defined in (3.70)) provided thatl, K, ki, and ko satisfy the assumptions of Theorem with v = 0.
Indeed it suffices to then use in the above proof Theorem [3.5 with v = 0 instead of Theorem [3.4)

0

Conclusion

To conclude, new explicit feedback laws, based on cascaded and desingularization techniques, and
homogeneity properties, have been proposed leading to small-time stabilization of two classical exam-
ples of nonholonomic or underactuated mechanical systems: the unicycle robot and the slider, which
are known to be not asymptotically stabilizable by means of continuous feedback laws. The proposed
resulting feedback laws have been first established considering homogeneous approximations of the
mechanical systems and then successfully extended to the original ones.
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A Some useful inequalities
In this appendix we prove two lemmas which are used in previous sections.
Lemma A.1 Let 1> 1, thenVa,y € R : |o — y[2 < 220-0/1 {118 — (1 {1271

Proof. This inequality is true for z = y. Assume (z —y) # 0. For any given [ > 1, let us define
{1} _ g0 {8}

for 2,y € R (x # y) gi(z,y) = TP We have gi(a,y) = Iy (m%,) with by : 2 € R —

{1+ z}{l} - {z}{l} 2/t which is bounded below by 22(=0/! which gives the desired inequality. [

Lemma A.2 Let ag >0, a1 >0, as >0, and > v > 1, then

P(z) = —ag — a12? + axz" < 0, Vz € [0, +00), (A1)

A B
apal " > ag% <<g> . <g) 5w> . (A.2)

Remark A.1 Letapg >0, a1 >0, a2 >0, B €R, andy € R\ {0}. Then

B

if and only if

v ag
@ > g = (A.3)
vy

Qg

implies (A.2)).

1

Proof of Lemma |A.2, ¢/(z) = —a182°7! 4 aoy27~! which zeros at 0 and at 2y = (m) 77 thus

a1f
_B v
¥ on [0, +oo[ has a maximum at zo: ¥(z9) = —ap — a1 (%) T4 ag (%) "~ Which is negative if
and only if (A.2) holds. O
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