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DECREASING PROPERTIES OF TWO RATIOS DEFINED BY
THREE AND FOUR POLYGAMMA FUNCTIONS

FENG QI

Dedicated to my elder brother, Can-Long Qi, and his family

ABSTRACT. In the paper, by virtue of convolution theorem for the Laplace
transforms, with the aid of three monotonicity rules for the ratios of two func-
tions, of two definite integrals, and of two Laplace transforms, in terms of the
majorization, and in the light of other analytic techniques, the author presents
decreasing properties of two ratios defined by three and four polygamma func-
tions.
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1. MOTIVATIONS
In the literature [I Section 6.4], the function

I(z) = / t*"le7tdt, R(z)>0
0
and its logarithmic derivative ¢(z) = [InT'(z)) = 1;/((;)) are called Euler’s gamma

function and digamma function respectively. Moreover, the functions ¢’(z), " (z),
¥ (z), and 9® (z) are known as the trigamma, tetragamma, pentagamma, and
hexagamma functions respectively. As a set, all the derivatives ¥(*)(z) for k €
Np = {0} UN are known as polygamma functions.

Recall from Chapter XIII in [I3], Chapter 1 in [36], and Chapter IV in [40] that,
if a function f(z) on an interval I has derivatives of all orders on I and satisfies
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2 F. QI

(=1)"f™(2) > 0 for x € T and n € Ny, then we call f(x) a completely monotonic
function on I.
In 27, Theorem 1.1] and [28, Theorem 3], among other things, the function

[0 (2))? + X" ()
was proved to be completely monotonic on (0,00) if and only if A < 1. In [I0,
Theorem 1], it was proved that, among the functions
Fma(@) [ @)+ (@), mneN, e (0,0),
(1) the functions
fra(@) = [ (@) + 9" (z)
and
Fman1(@) = [0 @)] " (@)
are completely monotonic on (0,00), but the complete monotonicity of
fm,2n—1(z) is trivial;
(2) the functions
Fman(@) =[0) (@) 0 ()
for (m,n) # (1,1) are not monotonic and does not keep the same sign on
(0, 00).
For k € N and z € (0,00), let
YR ()
[(=1)F 1) ()] %
In [I8, Theorem 3.2], the author proved the following conclusions:

(1) if and only if g > 1 (2k)!

Fome (@) = 0 (@) + [0 P (2)]* and Fg, (2) =

the function Fj, ,, (x) is completely monotonic

2 R—D)IR!"
on (0, 00);
(2) if and only if ny < 0, the function —Fj ,, (z) is completely monotonic on
(0, 00);

(3) if and only if ¥, > 2, the function Fx v, () is decreasing on (0, 00);
(4) if and only if 95 < Qkkjll, the function § 9, (x) is increasing on (0, 00);
(5) the following limits are valid:

(2k)! 90 — 2k +1
_[(k)!](2k+1)/(k+1)’ PR
, _ 2k +1
wll)%l+ Sk, () =10, g > )
2k +1
— %
o, < k/’+ 1
and
(2k — 1)!
— Y =2
. (k=D "
Jm Sk () =4 _oc, 9y > 2
0, Y < 2;
(6) the double inequality
1 (2k)! (2k)
RGN

2 (k=D = [(~D)F 90 ()

is valid on (0, c0) and sharp in the sense that the lower and upper bounds
cannot be replaced by any greater and less numbers respectively.
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Let o = (aq,9,...,a,) and B8 = (B1,B2,-..,5n) € R™. A n-tuple « is said to
strictly majorize 8 (in symbols « > 3) if (am,a[g], cee a[n]) #* (6[1]75[2], e ,,8[“]),
Zle ap] > Ele B for 1 <k <n—1, and Z?:l oy = Z?Zl Bi, where ap >
Q) = - 2 ap) and Py = B = -+ = B are rearrangements of o and 8
in a descending order. See [I2 p. 8, Definition A.1] or closely related texts and
references in the papers [6l, B3], 37, [47].

Theorem 1.1 ([I8, Theorem 3.1]). Let p,q,m,n € Ny satisfying (p,q) = (m,n)
and let

[0 (@) ]| ()] = | ()], q=0
Fpmn,qe(T) =
[ @) [0 (@)] = e[ @ ()] [0V (@)], ¢>1
force R and x € (0,00). Then
(1) for g >0, if and only if

—1)l(n—1)!
(m-1in-1!
(p—1)!
=) =01
m - Vi =1,
(p =g = 1)!
the function F ., 5 q.c(x) is completely monotonic in x € (0,00);
(2) forq>1, if and only if ¢ > %;L!!v the function —F), p n.g.c(x) is completely

monotonic in x € (0,00);
(3) the double inequality
_ (man-nt g (a)
(m— D= 11 < 507 @)t (2)

<0 (1.1)

for m,n € N and the double inequality
(m—1(n—=1)"! ™ ()™ (z) mln!
Pp-Dlig—1! = 9@ (2)0@(z)  plg!

form,n,p,qg e Nwithp>m>n>q>1and m+n=p+q are valid on
(0,00) and sharp in the sense that the lower and upper bounds cannot be
replaced by any larger and smaller scalars respectively.

(1.2)

In [I9, Remark 6.2], the preprint of the formally published paper [18], the author
guessed that,

(1) for m,n € N, the function

Y ()
o) = e @) -
should be decreasing on (0, 00);
(2) for m,n,p,q € N such that (p,q) = (m,n), the function
™) ()™ (z
Qmnip,q(T) = (@) (@) (1.4)

should be decreasing on (0, c0).

It is clear that Qi (z) = F2(z) for k € N, which is decreasing on (0, 00).
In this paper, we aim to confirm these two guesses. We also supply an alternative
proof of Theorem
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2. LEMMAS
The following lemmas are necessary in this paper.

Lemma 2.1 ([2, pp. 10-11, Theorem 1.25]). For a,b € R with a < b, let f(z) and
g(x) be continuous on [a,b], differentiable on (a,b), and ¢'(x) # 0 on (a,b). If the

ratio g:gg is increasing on (a,b), then both ];Eg:i;((s)) and ’;Eg:;((s)) are increasing
inz € (a,b).

Lemma 2.2 ([Il p. 260, 6.4.1]). The integral representation

P (z) = (-1 /0 LAY (2.1)

1—e?
is valid for R(z) >0 and n > 1.

Lemma 2.3 (Convolution theorem for the Laplace transforms [40}, pp. 91-92]). Let
the functions fi(t) for k = 1,2 be piecewise continuous in arbitrary finite intervals
included in (0,00). If there exist some constants My > 0 and ¢ > 0 such that the
inequalities | fi(t)] < Mye*t for k = 1,2 are valid, then

/om [/ot filn (e = “)d“} et = /OOO fl(u>e‘3“du/0m fo(v) e~ dv.

Lemma 2.4 ([44, Lemma 4] and [45 Section 3]). Let the functions A(x) and

B(x) # 0 be defined on (0,00) such that their Laplace transforms exist. If the ratio

" oo —xt
B(i) is increasing, then the ratio % is decreasing on (0, 00).

Lemma 2.5. Let
t

, tF0;
g ={i—et 7
1, t=0.

Then the following conclusions are valid.

(1) The function g(t) is infinitely differentiable on (—oo,00), increasing from
(—00,00) onto (0,00), conver on (—oo,00), and logarithmically concave on
(—00,00).

(2) For fized s € (0,1), the ratio g(ig is decreasing in t from (0,00) onto (0,1).

(3) Fors e (0, %) and t € (0,00), the mized second-order partial derivative

9% Infg(st)g((1 — s)t)]
0sOt

Proof. The differentiability, monotonicity, and convexity of g(¢) come from utiliza-
tion of [22] Lemma 2.3].
Direct computation yields

> 0. (2.2)

et fet(tz + 2) +1
(et —1)22

— 1 ok t*
__mkz:f = (k= 1k =23 <0

[lng(t)]” = []n g(—t)]” _

on (0,00). Hence, the function ¢(t) is logarithmically concave on (—oo,00). See
also the proof of [I9, Lemma 2.3].
It is straightforward that
g°(t)  limy0g°(t) 1°

= =—=1
150 g(st)  limyog(st) 1
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and
g5 (t) B lim; o [g(t) /t]® lim 1 . 1

= — == =0.
500 g(st)  limy,oo[g(st)/st] tooo st s 100 1

The first derivative of the ratio 5(53 is

i 5t = 0 Lot~ 5000

Hence, for arriving at decreasing property of the ratio Z )

g(st)
that the ratio Z(—(tt)) is decreasing on (0,00). For this, it is sufficient to show that
the function g(t) is logarithmically concave on (0,00). This requirement has been
verified in last paragraph.

By Lemma [2.1] straightforward differentiation gives
dln[g(st)g((1 = s)t)] 1t +2e' +2—e*[(1 —s)t +2] — e(1=9)t (st 4 2)
ot ot (est —1)[e1=9)t —1] ’
lim [t +2e" +2 — e*[(1 — s)t + 2] — e ™) (st + 2)]
s—0

, it is sufficient to show

= lim ((e** —1)[e! =9 —1]) = 0,

s—0
[t +2e +2 —est[(1 — s)t + 2] — e(1=9)t (st 4 2)]"
(& D 1)
_ef(st+1) — e [(1 — s)t + 1]
- et — o2st

lim (ef(st+1) —e*'[(1 —s)t +1]) = lim_(e' —e*") =0
Siq}2(6(8+) (1 - s)t +1)) Hu;%(e e*') =0,

b

and
(ef(st+ 1) —e®[(1—s)t+1)), 1 o(1-29 (1 —25)t —1

(et —e25t). 2 2t

is increasing in s € [O, %] This means that the partial derivative w

is increasing in s € [0, 3] for fixed ¢ > 0. As a result, the inequality (2.2) is valid.
The proof of Lemma [2.5] is complete. O

Lemma 2.6 ([I8, Lemma 2.1]). For k € N, we have the limits

tim [2*6* ()] = (-1) (s — 1)1 (2.3)
and
Tim [256®) (2)] = (<1 (k — 1L (2.4)

Lemma 2.7. For m,n,p,q € N such that (p,q) = (m,n), the function

Sm_l(l _ S)n—l + (1 _ S)m—lsn—l
sP71(1 — )71 4 (1 — s)P—1ga—t

18 1ncreasing in s € (O, %)
Proof. Direct computation yields

St (L gm st ()"
sP1(1 —s)a1 4 (1 — s)p—tsa—1 (L- 1)q—1 + (L= 1)P—1

S

W |
I
—_

Zn—l +Zm—1 sn—q + ym—q

29—1 4 Zp—1 1+ zp—4
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and
d (22422 (b2 +cz?) (1 + 2%) — az (2" + =)
dz\ 142z ) z(1+ 29)2
bz (1—z )+cz (1—z2b)
B z2(1 4 29)2
<0,
whereszfle(l x)anda=p—gq>b=m—q>c=n—q>0witha=b+c.
The proof of Lemma [2.7] is complete. O

Lemma 2.8. Let the functions U(z), V(z) > 0, and W(x,t) > 0 be integrable in
€ (a,b). If the ratios W and XL/[E;; are both increasing or both decreasing
in z € (a,b), then the ratio

f; U(z)W (z,t)dz
[PV (@)W (2, t)da

is increasing in t; if one of the ratios % and VE g are increasing and the

other is decreasing in x € (a,b), then the ratio R(t) is decreasing in t.

R(t) =

Proof. Direct differentiation gives

[ f”U YWD g [PV (@)W (x,t) d

—fU xtdfo aw(zt)dx
U V(z)W (z t)d:v]

ﬁfU(mevu W(y,t)dzdy
—fa bU W (x t)V(y)dW(y ) dzdy

R'(t) =

Uan (x,t)dw}
S U@V W (a, W (y,t) [2G0L0t _ 20 00/01] 1 g
f; V(m)W(m,t)dJ;]2
y) [aW(m,t)/at aW(y,t)/at]> dody
<V (z)V(y)W (z, )W (y,1)
2 [V (@)W (x,t)da]?

W(z,t) W(y,t)
Uz) _ Uy)
b b -
fa fa ([V(z) V( } W (z,t) W (y,t)
The proof of Lemma [2.§]is complete. O

Lemma 2.9 ([40] p. 161, Theorem 12b]). A function f(x) is completely monotonic
on (0,00) if and only if

flx) = /000 e “'do(t), x€(0,00), (2.5)

where o(s) is non-decreasing and the integral in (2.5) converges for x € (0,00).

3. DECREASING PROPERTY OF A RATIO DEFINED BY THREE POLYGAMMA
FUNCTIONS

In this section, we prove that the function @, »(x) defined in (1.3)) is decreasing.
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Theorem 3.1. For m,n € N, the function Qu, n(x) defined in (1.3)) is decreasing

from (0, 00) onto (—%,O). Consequently, the double inequality (1.1)), that
18,

(m+n-—1)
_m < Qm,n < 0, m,n €N7

is valid on (0,00) and sharp in the sense that the lower and upper bounds cannot
be replaced by any larger and smaller numbers respectively.

Proof. By virtue of the integral representation ([2.1f), we can rearranged @, () as

B fooo tm+nflg(t) efait dt
Jootm gty em=tdt [t lg(t) et dt
By Lemma we obtain

Qm,n(x) =

_ Jo tmnTlg(t) et dt
Joo Uot w1 (t —u)"lg(u)g(t — u) du] et dat

By Lemma [2.4] we only need to prove the ratio

Qm,n(x) =

Pon(t) = b1
T (= w) g (u)g(t — w) du
_ thrnflg(t)
gmn=l [Lsm=1(1 — s)n-Lg(st)g((1 — s)t) ds
1

=T e n—19(st) g((1=s)1)
fO s 1(1_5) 1§s(t) gglfs(t) ds

is decreasing on (0,00). Hence, it suffices to show that the ratio Z(‘Zg for fixed
g(st)
g5(t)
proved in Lemma in this paper. As a result, the function @, () defined

in (|1.3) is decreasing on (0, c0).
Making use of the limits (2.3]) and (2.4) in Lemma [2.6| yields

(limx—)O"' 117) hmw—>0+ [:Em—&-n-‘rl,(/}(m-‘rn) (‘T>]

s € (0,1) is increasing in t € (0,00). This increasing property of has been

A O ) e 0 )] By e T ()
and
limy o0 m-4n,/(m+n)
oo limy, s oo [0 (™) ()] lim— o0 [2720 (™) ()]
B (=)™t m +n—1)!
(=)™ (m - 1)(=1)""(n — 1)!
_ _(m+4n-1)
m—Dln=1)
The proof of Theorem [3.1]is complete. O

4. DECREASING PROPERTY OF A RATIO DEFINED BY FOUR POLYGAMMA
FUNCTIONS

In this section, we prove that the function Q,, r.p o defined in (|1.4]) is decreasing.

Theorem 4.1. For m,n,p,q € N with the majorizing relation (p,q) = (m,n),
the ratio Qum nipq(x) defined in (L.4) is decreasing from (0,00) onto the interval
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(%,’Zﬁ;l). Consequently, for m,n,p,q € N with (p,q) = (m,n), the

double inequality (1.2] , that s,

(m = 1)l(n — 1) it
(p—1)l(g - 1)! < Qmnipalr) < plg!’

is valid on (0,00) and sharp in the sense that the lower and upper bounds cannot
be replaced by any larger and smaller scalars respectively.

Proof. By the limits (2.3)) and (2.4) in Lemma we obtain

i Qo ipg () = lim, o+ [z 10 (2)] lim, o+ [z 1) (2)]
z—0+ b lim,, o+ I:ij""ld)(P) (x)] limg,_, o+ [xq—&-lw(q) (x)]
(-1
(—1)ptipl(—1)atig!
mlin!

~ 7l
and

limy o0 [2™ 0™ (2)] limy o [0 (™) ()]
mhjn Qn.nip.q () limy o0 [qu/;(p) (x)] limmﬁoo[xqw(@(x)]
_ =y m = D)= (e = 1)
(=P~ H(p—DI(-1)7" (g —1)!
_ (g=D!(n-1)!
(p—Dlg—1)

Making use of the integral representation (2.1]) yields

Jootm gty et de [Tt g(t) et dt
Jootr gty em=tde [Tt tg(t) e tdt

Qm,nip,g (z) =

Utilizing Lemma gives
t om— e .
Oy — Ao Lo w0 gyt —w) du] = dt
m,n;p,q - ) .
Jo< Ly w1 (t =)o~ g(w)g(t — w) du] e~ dit

Employing Lemma tells us that, it suffices to prove the increasing property in
t of the ratio

Joum Mt —w)lg(wg(t —u)du [y s N1 — )" 1g(st)g((1 - s)t)ds
Jo w1t —u)1-g(u)g(t —u)du [ sp—lu—s>q—1g<st>g<<1—s>t>ds
Jo P [sm 1= 5" 4 (1= s)™ s g(st)g((1— s)t)d s
JoP[s7=1(1 — s)a=1 4 (1 — s)p—1sa 1]g<st>g<<1fs>t>ds
" Smn(s)e(s D) ds
Jo? Gpa(s)e(s,tyds

where

bii(s) = ST =8+ (1 —8) st and (s, t) = g(st)g((1 — s)t). (4.1)

Lemma implies that the ratio (z;" "(3) is 1ncreas1ng in s € (O7 2) for (p,q) >

(m,n). Further making use of the inequality (2.2)) in Lemma ﬂ and utilizing

Lemma reveal that the function O, nyp (2 ) is decreasmg in € (0,00). The
proof of Theorem is complete. O
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5. AN ALTERNATIVE PROOF OF THEOREM [L.1]

In this section, we supply an alternative proof of Theorem
For ¢ = 0, we have

Fymnoe(x) = [0 (@)] [0 (2)| — e[ ()|

o gm I A R 2
z/ ie‘“dt/ 7te_“dt—c/ —— e " dt
o l—e o l—e 0o 1-—

et

= /000 {/Ot u™ L (t —u)"g(u)g(t —u)du — cthr"lg(t)} e "tdt
[ [t SN, _ vty

where we used the integral representation (2.1)) and Lemma From the second
property in Lemma it follows that the function

bty eagsa(1 -9
/o =) PO

is decreasing in ¢ € (0,00) and has the limits

1
/1 sm1(1 = S)n_lg(st)g((l —9)t) ds o /0 sl —s)"tds, t—0;
0 9(t) 00 t — o0.
Consequently, basing on Lemma we see that, if and only if

"1 gyl = _ (m=Din—1)!
cg/o s (1=9)"""ds=B(m,n) = (mtn—1

the function F), ,,;, ,0:c(x) is completely monotonic on (0, 00).
For ¢ > 1, we have

Fymngie(®) = [0 (@)] [ ™) (2)] - c|¢<p> )| [ @ ()]

o]
/ tm= 1 —wtdt/ e 1 —:ctdt
0 0

= [T L sy g(st)gl(1 — s))d
ettt /1 11— 8)71g(st)g((1 — 5)0) ds} et dt
0

- [f& "1 =) g(st)g(L = s))ds ]
o | Jy 51— s)11g(st)g((1 — s)t)d s

1
m+n—1 spfl — g qg—1 S — g s efzt
et [t e tgtang(a - s as] et a
_ /oo [fol/z[sml(l —5)" 4 511 — )™ g(st)g((1 — s)t)d s
0

o P11 = s)a T 4 s (1 = s tg(st)g(1 - s)t) d s
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—c] [t* / L1 s g(st)g(1— 1) ds} e,

where we used the integral representation (2.1) and Lemma Employing the
inequality (2.2]) in Lemma and applying Lemmas and reveal that the

function
JoPsmH(1 = ) 4 s (1 — ) g(st)g((1 — s)t) d s
S sp=1(1 = 5)a=1 4 sa-1(1 — s)p=1]g(st)g((1 — s)t) d s
Iy bmnls)e(s, ) ds

Tor1/2
Jo' @uas)e(s.t) ds
is increasing in t € (0, 00), where ¢; ;(s) and ¢(s,t) are defined in (4.1). It is easy
to see that

im f01/2 Pmn(s)p(s,t)ds _ fol/Q[Smil(l —s)" s 1 —s)™ ds
t—0 01/2 ¢p’q(3)<p(8, t) ds f01/2[8p_1(1 _ S)q_l + Sq_l(l . S)p_l] ds
_ fol Sm_l(l — s)n—l ds _ B(m,n) _ (m —1)(n —1)!

[T i1 —spids B (- Dig— DU

. . t .
Since lim;_yso ¥ = 1, we acquire

1/2
o mn()e(s.t)ds
LA
=0 [12 0, 4(s)p(s, 1) d s
fol/Q[Sm_l(l — )l p (1 — )™ s(1 — s)d's
JoPlsr1(1 = s)a1 4 5011 — s)p1s(1— ) d s
B fol s™(1—5)"ds  B(m+1l,n+1) min!
folSp(l—S)qu B(p+1,q+1) plg!’
Combining these with Lemma [2.9] concludes that,
(1) if and only if

(m—1)(n—-1)!
(p—Dlg—1)!"
the function F), , n g;c(x) is completely monotonic in z € (0, 00);
(2) if and only if ¢ > ”;fq”!!, the function —F}, . q:c(x) is completely monotonic
in z € (0,00).
The proof of Theorem [1.1]is complete.

c<

6. REMARKS
Finally, we list several remarks on our main results and their proofs.

Remark 6.1. The papers [3, [ [7, 8 42] are related to Theorem Theorems
and [4.1] in this paper are related to some results reviewed and surveyed in [15, 26]
and closely related references therein.

Remark 6.2. Lemmain this paper generalizes the second item in [19, Lemma 2.3],

which reads that the function gg%g is decreasing from (0, c0) onto (0,1).

Remark 6.3. Taking W (x,t) = e~*! in Lemma [2.§] gives
oW (z,t)/0t _9e™®" ot
W(x,t) —  e® 7
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which is decreasing in z € (—00,00). Further setting U(z) = A(x), V(z) = B(x),
and (a, b) = (0, 00) in Lemma[2.8|leads to Lemma [2.4] which was established in [44
Lemma 4]. This means that Lemma in this paper is a generalization of [44
Lemma 4]. Lemma [2.8 has been announced in [30, Remark 7.2].

Remark 6.4. From the majorizing relation (n + 2,n) > (n+ 1,n + 1), we see that
Theorem in this paper generalizes a conclusion in [42] Theorem 2], which states

(n+1) 2
that the function % for n > 1 is decreasing from (0,00) onto the
interval (HL_H, Z—i;)

Remark 6.5. Direct differentiation gives

/

[ (@) () 2 '
The decreasing property of Q., »(z) in Theorem implies that the inequality
WO @) ) @) @] = 9D @ ) ) > 0,

equivalently,

Qi () =

W(m)(x)d,(n)(x)}’ N m+nt1) ()
Pm) () () () Plmtn)(z)
is valid on (0, 00) for m,n € N.
We guess that, for m,n € N, the function
W (@) [0 (@)™ (@)] = D (@) ) (2)y) " ()
should be completely monotonic in z € (0, 00).

Generally, one can discuss necessary and sufficient conditions on €2, , € R such
that the function

P (@) [ ™ ()] Qo ™D (@) (2 ()

and its opposite are respectively completely monotonic on (0, 00).

Remark 6.6. It is immediate that

( [0 ()3 ()] [ (I)W‘”(@])
9 (a)= [0 (2) 9™ (2)] [P () ()]’
e (@) ()3 (x)]?

The decreasing property of Qy, n.p ¢(x) in Theorem [4.1| implies that the inequality
[0 (@)™ (@)] [P (@)@ (@) = [0 (@)™ ()] [P (@)@ ()] > 0,

equivalently,

@ @)@ (@) [p0 (@)™ ()]
) (2)3p(@) (x) P (z)yp ) (z)
is valid on (0, 00) for (p,q) >~
We guess that, for (p, q) = (m,
[0 (@)™ (2)] [ @ (@)@ (@) = [0 (2)p ™) ()] [ @) (@)@ ()]
should be completely monotonic in z € (0, 00).

Generally, for (p, q) > (m,n), one can discuss necessary and sufficient conditions
on Qp, nip,q € R such that the function

[w(m)(m)w(n) (x)] [w(p) (x)w(q)(a:)]’ N [w(m) (m)w(")(x)] ’[w(p)(xw(zn ()]

and its opposite are respectively completely monotonic on (0, 00).

V

), the function
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Remark 6.7. For n > 2 and two nonnegative integer tuples a = (a1, g, ..., ap) €
Ny and 8 = (b1, 82, .-, 5n) € N, let

n

Py sic. s (z) = H ¢(ar)(l,) —Cap H w(ﬁr)(x)
r=1

r=1
and o)
_ Lo v (@)
QQ”B(I) - H:LZI w(/gr)(x)
on (0, 00), where we denote 1/(°)(z) = —1 for our own convenience. It is clear that

P(2k70)x(k)k)§c(2k,0),(k,k)('1:) = ]:k,—C(zk,o),(k,k) (), Q(2k70),(/€,k) (z) = sk,2(17)7
Q(m+n70),(m,n)(x) = Qm,n(x)v Q(m,n),(p,q) (JC) = Qm,nmq(x)-
We guess that, if o > §, the function Q4 g(z) is increasing from (0, co) onto the

interval
(ﬁ a! ﬁ (ay — 1)!>
r=1 67" r=1 (ﬁr N 1)'
Generally, for o > [, one can discuss necessary and sufficient conditions on
Ca,p € R such that the function P, g.c, ,(7) and its opposite are respectively
completely monotonic on (0, co).

Remark 6.8. Gurland’s ratio

L(s)I'(t)
[C((s +1)/2)?
was firstly defined in [II]. In appearance, we can regard the functions Q, ()
and Qpm, nip,q(x) defined in and as analogues of Gurland’s ratio T'(s,t).
In [32] B8], there existed a detailed survey and review of Gurland’s ratio T'(s,t)

and related results. In [46], the functions T(%, %) and T(%, g) with their statistical

T(s,t) =

backgrounds were mentioned.

Remark 6.9. The ratios of finitely many gamma functions and polygamma functions
have applications in differential geometry, manifolds, statistics, probability, and
their intersections. See, for example, the papers [5l [9] [33] B34} 48].

Remark 6.10. As a generalization of decreasing property of real functions of one
variable, one can consider (logarithmically) complete monotonicity and completely
monotonic degrees. For details, please refer to [14} [15] [BT] B9, 4T], [43], 49] and the
review article [26].

Remark 6.11. This paper is a revised version of the electronic preprint [16] and is
the eighth one in a series of articles including [17, 18] 20, 211, 22, 23| 24, 25| 29].

7. DECLARATIONS

Acknowledgements: The author appreciates anonymous referees for their
careful corrections to and valuable comments on the original version of this
paper.

Availability of data and material: Data sharing is not applicable to this
article as no new data were created or analyzed in this study.

Statement of conflict of interest: The author states that there is no con-
flict of interest.

Competing interests: The author declares that he has no conflict of com-
peting interests.

Funding: Not applicable.



[1]

2]
3]

[4]

[5]

[6]

[7]

(8]

[9]

(10]

(11]

(12]

(13]

14]

(15]

(16]

(17]

(18]

(19]

20]

(21]

MONOTONICITY OF TWO RATIOS BETWEEN POLYGAMMA FUNCTIONS 13

REFERENCES

M. Abramowitz and I. A. Stegun (Eds), Handbook of Mathematical Functions with Formu-
las, Graphs, and Mathematical Tables, National Bureau of Standards, Applied Mathematics
Series 55, Reprint of the 1972 edition, Dover Publications, Inc., New York, 1992.

G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, Conformal Invariants, Inequalities,
and Quasiconformal Maps, John Wiley & Sons, New York, 1997.

H. Alzer and J. Wells, Inequalities for the polygamma functions, SIAM J. Math. Anal. 29
(1998), no. 6, 1459-1466; available online at https://doi.org/10.1137/S0036141097325071.
N. Batir, On some properties of digamma and polygamma functions, J. Math. Anal. Appl.
328 (2007), no. 1, 452-465; available online at https://doi.org/10.1016/j.jmaa.2006.05.
065.

A. L. Brigant, S. C. Preston, and S. Puechmorel, Fisher—Rao geometry of Dirichlet distri-
butions, Differential Geom. Appl. 74 (2021), 101702, 16 pages; available online at https:
//doi .org/10.1016/73.difgeo.2020.101702.

Y.-M. Chu and X.-H. Zhang, Necessary and sufficient conditions such that extended mean
values are Schur-conver or Schur-concave, J. Math. Kyoto Univ. 48 (2008), no. 1, 229-238;
available online at https://doi.org/10.1215/kjm/1250280982.

P. Gao, Some completely monotonic functions involving the polygamma functions, J. In-
equal. Appl. 2019, Paper No. 218, 9 pages; available online at https://doi.org/10.1186/
s13660-019-2172-x.

P. Gao, Some monotonicity properties of gamma and q-gamma functions, ISRN Math. Anal.
2011, Art. ID 375715, 15 pages; available online at https://doi.org/10.5402/2011/375715.
B.-N. Guo and F. Qi, On the increasing monotonicity of a sequence originating from com-
putation of the probability of intersecting between a plane couple and a convex body, Turkish
J. Anal. Number Theory 3 (2015), no. 1, 21-23; available online at http://dx.doi.org/10.
12691/t jant-3-1-5|

B.-N. Guo, F. Qi, and H. M. Srivastava, Some uniqueness results for the non-trivially
complete monotonicity of a class of functions involving the polygamma and related func-
tions, Integral Transforms Spec. Funct. 21 (2010), no. 11, 849-858; available online at
https://doi.org/10.1080/10652461003748112.

J. Gurland, An inequality satisfied by the gamma function, Skand Aktuarietidskr 39 (1956),
171-172; available online at https://doi.org/10.1080/03461238.1956.10414947.

A. W. Marshall, I. Olkin, and B. C. Arnold, Inequalities: Theory of Majorization and its Ap-
plications, 2nd Ed., Springer Verlag, New York/Dordrecht/Heidelberg/London, 2011; avail-
able online at http://dx.doi.org/10.1007/978-0-387-68276-1.

D. S. Mitrinovi¢, J. E. Pecarié¢, and A. M. Fink, Classical and New Inequalities in Analysis,
Kluwer Academic Publishers, Dordrecht-Boston-London, 1993; available online at https:
//doi.org/10.1007/978-94-017-1043-5,

F. Qi, Bounds for completely monotonic degree of a remainder for an asymptotic expansion
of the trigamma function, Arab J. Basic Appl. Sci. 28 (2021), no. 1, 314-318; available online
at https://doi.org/10.1080/25765299.2021.1962060.

F. Qi, Completely monotonic degree of a function involving trigamma and tetragamma func-
tions, AIMS Math. 5 (2020), no. 4, 3391-3407; available online at https://doi.org/10.3934/
math.2020219.

F. Qi, Decreasing monotonicity of two ratios defined by three or four polygamma functions,
HAL preprint (2020), available online at https://hal.archives-ouvertes.fr/hal-02998414.
F. Qi, Decreasing property and complete monotonicity of two functions constituted via three
derivatives of a function involving trigamma function, Math. Slovaca 72 (2022), in press;
available online at https://doi.org/10.31219/0sf.1io/whb2q.

F. Qi, Lower bound of sectional curvature of Fisher—Rao manifold of beta distributions
and complete monotonicity of functions involving polygamma functions, Results Math.
76 (2021), no. 4, Article 217, 16 pages; available online at https://doi.org/10.1007/
s00025-021-01530-2.

F. Qi, Lower bound of sectional curvature of manifold of beta distributions and complete
monotonicity of functions involving polygamma functions, Preprints 2020, 2020110315,
22 pages; available online at https://doi.org/10.20944/preprints202011.0315.v1.

F. Qi, Necessary and sufficient conditions for a difference constituted by four derivatives of
a function involving trigamma function to be completely monotonic, Math. Inequal. Appl.
24 (2021), no. 3, 845-855; available online at https://doi.org/10.7153/mia-2021-24-58|
F. Qi, Necessary and sufficient conditions for a difference defined by four derivatives of a
function containing trigamma function to be completely monotonic, Appl. Comput. Math.
21 (2022), accepted; available online at https://doi.org/10.31219/0sf.i0/56c2s|


https://doi.org/10.1137/S0036141097325071
https://doi.org/10.1016/j.jmaa.2006.05.065
https://doi.org/10.1016/j.jmaa.2006.05.065
https://doi.org/10.1016/j.difgeo.2020.101702
https://doi.org/10.1016/j.difgeo.2020.101702
https://doi.org/10.1215/kjm/1250280982
https://doi.org/10.1186/s13660-019-2172-x
https://doi.org/10.1186/s13660-019-2172-x
https://doi.org/10.5402/2011/375715
http://dx.doi.org/10.12691/tjant-3-1-5
http://dx.doi.org/10.12691/tjant-3-1-5
https://doi.org/10.1080/10652461003748112
https://doi.org/10.1080/03461238.1956.10414947
http://dx.doi.org/10.1007/978-0-387-68276-1
https://doi.org/10.1007/978-94-017-1043-5
https://doi.org/10.1007/978-94-017-1043-5
https://doi.org/10.1080/25765299.2021.1962060
https://doi.org/10.3934/math.2020219
https://doi.org/10.3934/math.2020219
https://hal.archives-ouvertes.fr/hal-02998414
https://doi.org/10.31219/osf.io/whb2q
https://doi.org/10.1007/s00025-021-01530-2
https://doi.org/10.1007/s00025-021-01530-2
https://doi.org/10.20944/preprints202011.0315.v1
https://doi.org/10.7153/mia-2021-24-58
https://doi.org/10.31219/osf.io/56c2s

14

(22]

23]

24]

[25]

[26]

27]

(28]

29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

37]

(38]

(39]

[40]
[41]

42]

F. QI

F. Qi, Necessary and sufficient conditions for a ratio involving trigamma and tetragamma
functions to be monotonic, Turkish J. Inequal. 5 (2021), no. 1, 50-59.

F. Qi, Necessary and sufficient conditions for complete monotonicity and monotonicity of
two functions defined by two derivatives of a function involving trigamma function, Appl.
Anal. Discrete Math. 15 (2021), no. 2, 378-392; available online at https://doi.org/10.
2298/AADM191111014Q.

F. Qi, Two monotonic functions defined by two derivatives of a function involving trigamma
function, TWMS J. Pure Appl. Math. 13 (2022), no. 1, in press; available online at https:
//doi.org/10.31219/0sf.i0/6ar4p.

F. Qi, Some properties of several functions involving polygamma functions and originating
from the sectional curvature of the beta manifold, Sdo Paulo J. Math. Sci. 14 (2020), no. 2,
614-630; available online at https://doi.org/10.1007/s40863-020-00193-1,

F. Qi and R. P. Agarwal, On complete monotonicity for several classes of functions related to
ratios of gamma functions, J. Inequal. Appl. 2019, Paper No. 36, 42 pages; available online
at https://doi.org/10.1186/s13660-019-1976-z.

F. Qi and B.-N. Guo, Complete monotonicity of divided differences of the di- and tri-gamma
functions with applications, Georgian Math. J. 23 (2016), no. 2, 279-291; available online at
https://doi.org/10.1515/gmj-2016-0004

F. Qi and B.-N. Guo, Necessary and sufficient conditions for functions involving the tri-
and tetra-gamma functions to be completely monotonic, Adv. Appl. Math. 44 (2010), no. 1,
71-83; availale online at https://doi.org/10.1016/j.aam.2009.03.003,

F. Qi, L.-X. Han, and H.-P. Yin, Monotonicity and complete monotonicity of two functions
defined by three derivatives of a function involving trigamma function, HAL preprint (2020),
available online at https://hal.archives-ouvertes.fr/hal-02998203.

F. Qi, W.-H. Li, S.-B. Yu, X.-Y. Du, and B.-N. Guo, A ratio of finitely many gamma functions
and its properties with applications, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math.
RACSAM. 115 (2021), no. 2, Paper No. 39, 14 pages; available online at https://doi.org/
10.1007/s13398-020-00988-z.

F. Qi and A.-Q. Liu, Completely monotonic degrees for a difference between the logarithmic
and psi functions, J. Comput. Appl. Math. 361 (2019), 366-371; available online at https:
//doi.org/10.1016/j.cam.2019.05.001.

F. Qi and Q.-M. Luo, Bounds for the ratio of two gamma functions: from Wendel’s as-
ymptotic relation to Elezovié-Giordano-Pecarié’s theorem, J. Inequal. Appl. 2013, 2013:542,
20 pages; available online at https://doi.org/10.1186/1029-242X-2013-542.

F. Qi and M. Mahmoud, Some properties of a function originating from geometric probability
for pairs of hyperplanes intersecting with a convezr body, Math. Comput. Appl. 21 (2016),
no. 3, Article 27, 6 pages; available online at https://doi.org/10.3390/mca21030027.

F. Qi, C. Mortici, and B.-N. Guo, Some properties of a sequence arising from geometric
probability for pairs of hyperplanes intersecting with a convex body, Comput. Appl. Math. 37
(2018), no. 2, 2190-2200; available online at https://doi.org/10.1007/s40314-017-0448-7.
F. Qi, X.-T. Shi, M. Mahmoud, and F.-F. Liu, Schur-convezity of the Catalan—Qi function
related to the Catalan numbers, Thilisi Math. J. 9 (2016), no. 2, 141-150; available online at
http://dx.doi.org/10.1515/tmj-2016-0026.

R. L. Schilling, R. Song, and Z. Vondracek, Bernstein Functions, 2nd ed., de Gruyter Studies
in Mathematics 37, Walter de Gruyter, Berlin, Germany, 2012; available online at https:
//doi.org/10.1515/9783110269338.

H.-N. Shi, Two Schur-convez functions related to Hadamard-type integral inequalities, Publ.
Math. Debrecen 78 (2011), no. 2, 393-403; available online at https://doi.org/10.5486/
PMD.2011.4777.

J.-F. Tian and Z. Yang, Asymptotic expansions of Gurland’s ratio and sharp bounds for their
remainders. J. Math. Anal. Appl. 493 (2021), no. 2, Paper No. 124545, 19 pages; available
online at https://doi.org/10.1016/j. jmaa.2020.124545,

J.-F. Tian and Z.-H. Yang, New properties of the divided difference of psi and polygamma
functions, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM 115 (2021), no. 3,
Paper No. 147, 23 pages; available online at https://doi.org/10.1007/s13398-021-01084-6.
D. V. Widder, The Laplace Transform, Princeton University Press, Princeton, 1946.

A.-M. Xu and Z.-D. Cen, Qi’s conjectures on completely monotonic degrees of remainders of
asymptotic formulas of di- and tri-gamma functions, J. Inequal. Appl. 2020, Paper No. 83,
10 pages; available online at https://doi.org/10.1186/s13660-020-02345-5.

Z.-H. Yang, Some properties of the divided difference of psi and polygamma functions, J.
Math. Anal. Appl. 455 (2017), no. 1, 761-777; available online at https://doi.org/10.
1016/j.jmaa.2017.05.081.


https://doi.org/10.2298/AADM191111014Q
https://doi.org/10.2298/AADM191111014Q
https://doi.org/10.31219/osf.io/6ar4p
https://doi.org/10.31219/osf.io/6ar4p
https://doi.org/10.1007/s40863-020-00193-1
https://doi.org/10.1186/s13660-019-1976-z
https://doi.org/10.1515/gmj-2016-0004
https://doi.org/10.1016/j.aam.2009.03.003
https://hal.archives-ouvertes.fr/hal-02998203
https://doi.org/10.1007/s13398-020-00988-z
https://doi.org/10.1007/s13398-020-00988-z
https://doi.org/10.1016/j.cam.2019.05.001
https://doi.org/10.1016/j.cam.2019.05.001
https://doi.org/10.1186/1029-242X-2013-542
https://doi.org/10.3390/mca21030027
https://doi.org/10.1007/s40314-017-0448-7
http://dx.doi.org/10.1515/tmj-2016-0026
https://doi.org/10.1515/9783110269338
https://doi.org/10.1515/9783110269338
https://doi.org/10.5486/PMD.2011.4777
https://doi.org/10.5486/PMD.2011.4777
https://doi.org/10.1016/j.jmaa.2020.124545
https://doi.org/10.1007/s13398-021-01084-6
https://doi.org/10.1186/s13660-020-02345-5
https://doi.org/10.1016/j.jmaa.2017.05.081
https://doi.org/10.1016/j.jmaa.2017.05.081

MONOTONICITY OF TWO RATIOS BETWEEN POLYGAMMA FUNCTIONS 15

[43] Z.-H. Yang and J.-F. Tian, A class of completely mized monotonic functions involving the
gamma function with applications, Proc. Amer. Math. Soc. 146 (2018), no. 11, 4707-4721;
available online at https://doi.org/10.1090/proc/14199.

[44] Z.-H. Yang and J.-F. Tian, Monotonicity and inequalities for the gamma function, J. In-
equal. Appl. 2017, Paper No. 317, 15 pages; available online at https://doi.org/10.1186/
s13660-017-1591-9.

[45] Z.-H. Yang and J.-F. Tian, Monotonicity rules for the ratio of two Laplace transforms with
applications, J. Math. Anal. Appl. 470 (2019), no. 2, 821-845; available online at https:
//doi.org/10.1016/j.jmaa.2018.10.034.

[46] Z.-H. Yang, B.-Y. Xi, and S.-Z. Zheng, Some properties of the generalized Gaussian ratio
and their applications, Math. Inequal. Appl. 23 (2020), no. 1, 177-200; available online at
https://doi.org/10.7153/mia-2020-23-15,

[47] H.-P. Yin, X.-M. Liu, J.-Y. Wang, and B.-N. Guo, Necessary and sufficient conditions on the
Schur convezity of a bivariate mean, AIMS Math. 6 (2021), no. 1, 296-303; available online
at https://doi.org/10.3934/math.2021018.

[48] J. F. Zhao, P. Xie, and J. Jiang, Geometric probability for pairs of hyperplanes intersecting
with a convex body, Math. Appl. (Wuhan) 29 (2016), no. 1, 233-238. (Chinese)

[49] L. Zhu, Completely monotonic integer degrees for a class of special functions, AIMS Math.
5 (2020), no. 4, 3456-3471; available online at https://doi.org/10.3934/math.2020224.

INSTITUTE OF MATHEMATICS, HENAN POLYTECHNIC UNIVERSITY, JIAOZUO 454003, HENAN,
CHINA; SCHOOL OF MATHEMATICAL SCIENCES, TIANGONG UNIVERSITY, TIANJIN 300387, CHINA

Email address: qifeng618@gmail.com, qifeng618Ghotmail.com|, gifeng618@qq.com

URL: https://qifeng618.wordpress.com, https://orcid.org/0000-0001-6239-2968


https://doi.org/10.1090/proc/14199
https://doi.org/10.1186/s13660-017-1591-9
https://doi.org/10.1186/s13660-017-1591-9
https://doi.org/10.1016/j.jmaa.2018.10.034
https://doi.org/10.1016/j.jmaa.2018.10.034
https://doi.org/10.7153/mia-2020-23-15
https://doi.org/10.3934/math.2021018
https://doi.org/10.3934/math.2020224
mailto: F. Qi <qifeng618@gmail.com>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: F. Qi <qifeng618@qq.com>
https://qifeng618.wordpress.com
https://orcid.org/0000-0001-6239-2968

	1. Motivations
	2. Lemmas
	3. Decreasing property of a ratio defined by three polygamma functions
	4. Decreasing property of a ratio defined by four polygamma functions
	5. An alternative proof of Theorem 1.1
	6. Remarks
	7. Declarations
	References

