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DECREASING MONOTONICITY OF TWO RATIOS DEFINED
BY THREE OR FOUR POLYGAMMA FUNCTIONS

FENG QI

Dedicated to people facing and battling COVID-19

ABSTRACT. In the paper, by virtue of convolution theorem for the Laplace
transforms, by three monotonicity rules for the ratios of two definite integrals,
of two Laplace transforms, and of two functions, and by other analytic tech-
niques, the author presents decreasing monotonicity of two ratios defined by
three or four polygamma functions. These results confirm guesses posed by
the author.
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1. PRELIMINARIES AND MOTIVATIONS

In the literature [I Section 6.4], the function
I'(z) = / t*~le7tdt, R(z) >0
0

I'(z)
I'(z
function and digamma function respectively. Moreovérz the functions ¢’ (z), ¢¥"(2),
Y"(2), and ®* (2) are known as the trigamma, tetragamma, pentagamma, and
hexagamma functions respectively. Aa a whole, all the derivatives ¢(¥)(2) for k €
{0} UN are known as polygamma functions.

Recall from Chapter XIII in [9], Chapter 1 in [20], and Chapter IV in [22] that,

if a function f(x) on an interval I has derivatives of all orders on I and satisfies

and its logarithmic derivative ¥(z) = [InT'(z)] = are called Euler’s gamma
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2 F. QI

(—=1)"f™(z) > 0 for x € T and n € {0} UN, then we call f(z) a completely
monotonic function on 1.

Let @ = (a1, 9,...,ap) and § = (B1,P2,...,0n) € R™. A n-tuple « is said to
strictly majorize 8 (in symbols a > () if (a[1]7a[2], el a[n]) #+ (6[1},6[2], . 7ﬁ[n]),
Zle oy > Zle B for 1 <k <n-—1,and ¥} o = Y1 Bi, where apy) >
ap) = - = apy and By > B = -+ = By, are rearrangements of o and 3 in a
descending order. See [8] p. 8, Definition A.1] or closely related texts and references
in the papers [5] 19 21, 25].

Theorem 1.1 ([12, Theorem 3.1]). Let p,q, m,n € {0}UN satisfying (p,q) = (m,n)
and let

Epmongicp,mn.q(T) =

{!wm) @[ (@)] = epanng [P ()], q=0
[0 (@)] [ (2)] = cpmng| 0P (@)| [ ()], ¢>1
for ¢pmmnqg €R and x € (0,00). Then

(1) for g >0, if and only if

(m—1)!(n—1)! _0
p-n 1
Cpmn.g <
(m—1)(n—-1)! -
p-Dig-D 15
the function Fym n.gicpmn.q (T) is completely monotonic in x € (0,00);

(2) for q > 1, if and only if cpmng > %, the function —Fpm n.gicpmom.q ()
is completely monotonic in x € (0,00);

(3) the double inequality

(m+n—1)! Y (@)

- Dl — 1 S @) < -

for m,n € N and the double inequality
(m—1)n—-1)" ()™ (z)  mln!
(p—Dl(g—1)! = @ (z)p@(x) = plg!

form,n,p,g e Nwithp>m>n>q>1and m+n=p+ q are valid on
(0,00) and sharp in the sense that the lower and upper bounds cannot be
replaced by any larger and smaller scalars respectively.

(1.2)

Theorem 1.2 ([I2, Theorem 3.2]). For k € N and x € (0,00), let

) (z)
(CDME (@)

Fome (@) = 0 (@) + [0 P (2)]* and Fg, () =

Then the following conclusions are true:

(1) if and only if i, > %%, the function Fi, ., (x) is completely monotonic

on (0,00);

(2) if and only if mi < 0, the function —Fj,, (x) is completely monotonic on
(0,00);

(3) if and only if ¥y > 2, the function Fy 9, (z) is decreasing on (0,00);

(4) if and only if Oy < 2}5:—11’ the function i v, () is increasing on (0,00);
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(5) the following limits are valid:

(2K 9 = 2k+1

T R
. _ 2k+1
xliﬁ(){r Sk,ﬁk (.’L‘) - 0, 19k > m
. 90 < 2k +1
’ PR

and (2% — 1)1
—~ O, =2
. (k=12
Ilir{:o gk’ﬂk (ﬂf) - 0, Y > 2
0, I < 25
(6) the double inequality
1 (2k) (2k)
LR ™)

2 (k=1 [(=1)Fp®) (2))2
is valid on (0,00) and sharp in the sense that the lower and upper bounds
cannot be replaced by any greater and less numbers respectively.

In [12] Remark 6.2], the author guessed that,
(1) for m,n € N, the function

_ )
Qmn(z) = S0 (@) () (1.3)
should be decreasing on (0, c0);
(2) for m,n,p,q € N such that (p,q) = (m,n), the function
_ P (@)™ ()
D mipa(®) = 5 (D)D) (1.4)

should be decreasing on (0, co).
It is clear that Qg x(x) = §k,2(x) which is decreasing on (0, c0).
In this paper, we aim to confirm these two guesses. We also supply an alternative
proof of Theorem [1.1

2. LEMMAS
The following lemmas are necessary in this paper.

Lemma 2.1 ([I, p. 260, 6.4.1]). The integral representation

™ (z) = (-1)" T /OOO "

ﬁeimtdt (21)
is valid for R(z) >0 and n > 1.

Lemma 2.2 (Convolution theorem for the Laplace transforms [22, pp. 91-92]). Let
fr(t) for k = 1,2 be piecewise continuous in arbitrary finite intervals included in
(0,00). If there exist some constants My > 0 and ¢, > 0 such that |f(t)| < Myecr?
for k=1,2, then

/OOO [/Ot fi(u) fa(t - U)dU}eStdt = /OOO fi(w)e " du /OOO Falv)e*do.
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Lemma 2.3 ([24, Lemma 4]). Let the functions A(x) and B(x) # 0 be defined on
(0,00) such that their Laplace transforms exist. If the ratio Alz) 4o increasing, then

B(z)
J5° Alx)e ~Ttdx
Jo° B(z)e—=tdx

Lemma 2.4. Let

the ratio is decreasing on (0,00).

t
— t#F0
gy ={1=et 7
1, t=0.
Then the following conclusions are valid:
(1) The function g(t) is infinitely differentiable on (—oo0,00), increasing from
(—00,00) onto (0,00), convex on (—oo0, ), and logarithmically concave on
(_OO? OO)
(2) For fized s € (0,1), the ratio g((tg is decreasing in t from (0,00) onto (0,1).
(3) Fors€ (0,%) and t € (0,00), the partial derivative

9% Infg(st)g((1 — s)t)]
0sot
Proof. The differentiability, monotonicity, convexity, and logarithmic concavity of

the function g(t) have been proved in [12, Lemma 2.3].
It is straightforward that
im ? ) _ 1.1H1t—>og ) 17 _ 1
t—0 g(st)  limgog(st) 1

> 0. (2.2)

and . i e )
im 2 ®) = ,Hntﬁoo[ 9O/ lim — lim
t—oo g(st)  limy_,eo[g(st)/st] t—oo St s tooo flo

The first derivative of the ratio Z(—S(g is

i 5] = 50 L5000 )

Hence, for arriving at decreasing monotonicity of the ratio % it is sufficient to

=0.

show that the ratio < ((t)) is decreasing on (0, c0). For this, it is sufficient to show that
the function g¢(t) is logarithmically concave on (0,00). The logarithmic concavity
of the function g(t) on (—o0, 00) was proved in [I2, Lemma 2.3].
For a,b € R with a < b, let f(x) and g(z) be continuous on [a, b], differentiable
n (a,b), and ¢'(z) # 0 on (a,b). In [2], the following monotonicity rule was

discovered: if the ratio ggajg is increasing on (a, b), then both fgg 5((@)) and fgg 5((2))

are increasing with respect to x € (a, b). Straightforward differentiation gives

Olnfg(st)g((1—s)t)] 1t 42e" +2 —e¥[(1 —s)t +2] — (st 4 2)

ot ot (est —1)[e(t=9)t — 1] ’

: t st _ _ L (1—s)t — T st (1—s)t _
ll_r}r&[t—i—% +2—e"[(1—98)t+2]—e¢ (st+2)] l%((e 1)e 1])
[t+2e" +2—est[(1—s)t+2] — e (st +2)],  el(st+1)—e>[(1— s)t+1]

[(et — 1)(e(0—9t — 1)]7 = of _ p2st ’

li t t 1_28t 1— 9t 1) = i t 2st -0
Jim (st + 1) = (A = 9)t +1]) = i (<" =) =0,
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and ,
(e"(st+1) =™ [(1—s)t+1]), 1 (=20 (1 -28)t—1

(et — e2st). 2 2t
is increasing in s € [O ] This means that the partial derivative w
is increasing in s € [0 ] for fixed t > 0. As a result, the inequality (2.2)) is valid.

The proof of Lemma is complete. O
Lemma 2.5 ([12] Lemma 2.1])). For k € N, we have the limits
lim [z%p* V()] = (—1)%(k - 1)! (2.3)
z—0t
and
lim [mkzb(k)(x)] (—DF Y (k= 1) (2.4)

Lemma 2.6. For m,n,p,q € N such that (p,q) > (m,n), the function
gm— 1(1_ )n 1+(1_8)m1n1
sP=1(1 —s)a=t 4 (1 — s)p—tsa—t

18 1ncreasing in s € (0, 5).
Proof. Direct computation yields

STl (L) (5 - D"+ (E-p™
sP1(1 —s)a1 4 (1 — s)p—lga—1 (L - 1)q—1 + (L= 1)1’—1

S

Zn—l +Zm—1 2N 4 Mg

zq—1 4 op-1 1+ 2p—a

and

d (zb + zc) C(bzP 4 ez) (14 2) — az® (20 + 2°)

dz \ 1+ 2@ 2(1 4 22)2
bzb(l — 22‘3) + czc(l — 22”)
N 2(1 4 22)2
<0,

where z = %—1 €(l,0)anda=p—g>b=m—q>c=n—q>0witha=b+ec.
The proof of Lemma [2.6] is complete. O

Lemma 2.7. Let the functions U(z), V(x) > 0, and W(z,t) > 0 be integrable in
U(x

€ (a,b). If the ratios %ﬁ{at and V(w§ are both increasing or both decreasing

in x € (a,b), then the ratio

f; U(x)W (x,t)dz
[PV (@)W (x,t)dz

% and ggg are increasing and the

R(t) =

is increasing in t; if one of the ratios
other is decreasing in x € (a,b), then the ratio R(t) is decreasing in t.
Proof. Direct differentiation gives
[P U () 2D Qg [°V (2)W (2, t)da
— [P U () x,t )dz [V (z 8Wé§f’t)da:

[fab V(z)W (z,t)dz] 2

R(t) =
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1P rhug z)aw LIV (y)W (y, t)dzdy
2, 1)V (y) 224l 4y

|

:

Ju JL U@)
) ; W(x t)dx}
Erverin o~
[f V()W (x t)dx]
b b [U(z) U(y)] [8W(m,t)/6t _ aw(yyt)/at]
fa fa V(@) Vi) W (z,t) W (y,t) dxdy
XV (2)V (y)W (z, )W (y, 1)
2[[; V(@)W (2, t)da]”
(I

The proof of Lemma [2.7] is complete.
Lemma 2.8 ([22] p. 161, Theorem 12b]). A function f(x) is completely monotonic

on (0,00) if and only if
flx)= /00 e “tdo(t), =€ (0,00), (2.5)
0

where o(s) is non-decreasing and the integral in (2.5) converges for x € (0, 00)

3. MONOTONICITY OF A RATIO DEFINED BY THREE POLYGAMMA FUNCTIONS
In this section, we prove that the function Q,, »(x) defined in ([1.3) is decreasing

Theorem 3.1. For m,n € N, the function Qu, n(x) defined in (1.3)) is decreasing
) Consequently, the double inequality (L.1)), that

from (0, 00) onto (— (n(ﬁjr)?(;i)i)'v
18,
-1
(m+n—1) < Qmn <0, mmneN,

~(m=Dl(n—1)!
is valid on (0,00) and sharp in the sense that the lower and upper bounds cannot

be replaced by any larger and smaller numbers respectively
Proof. By virtue of the integral representation (2.1)), we can rearranged @, »(x) as
foo tm+nflg( ) 793tdt

Qm,n(x) = f fm— 1 6 Itdtf P 1g(t)67“dt'
By Lemma we obtain
Qun (@) = - Jo g (tetdt
T I (e — ) g(w)g(t — w)du et

By Lemma we only need to prove the ratio
tm+n_1g(t)

P () = —

®) Jo wmL(t —u)tg(u)g(t — u)du
tm—i—n—lg(t)

8)"~1g(st)g((1 — s)t)ds

B thrnfl fOl smfl(]_ _
1

=1 st 1—s)t
fO gm 1(1_ ) gg(t; 9((1 q(g)d
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is decreasing on (0,00). Hence, it suffices to show that the ratio gg?g for fixed
s € (0,1) is increasing in t € (0, 00). This increasing monotonicity has been proved
in Lemma in this paper. As a result, the function @, ,(x) defined in is
decreasing on (0, c0).

Making use of the limits (2.3)) and (2.4)) in Lemma yields

(lim, o+ ) lim, o+ [xm+n+1¢(m+n) (x)]

mli{g* Qm,n (l') - lim, o+ [$m+1w(m)(x)] lim, o+ [$n+1¢(n)(l‘)]
=0
and
z—o0 lim, s oo [0 (™) ()] limy o0 [2720 (™) ()]
B (=)™ tm +n —1)!
(=D)m(m — 1) (=1)""(n — 1)!
(m+n—1)!
RCENICE

The proof of Theorem is complete. O

4. MONOTONICITY OF A RATIO DEFINED BY FOUR POLYGAMMA FUNCTIONS
In this section, we prove that the function Oy, . 4 defined in (L.4) is decreasing.

Theorem 4.1. For m,n,p,q € N with the majorizing relation (p,q) > (m,n), the

1ati0 Qm nip,q () defined in (1.4)) is decreasing from (0, 00) onto (%, ";!!;L!!).

Consequently, for m,n,p,q € N with (p,q) > (m,n), the double inequality (1.2)),
that 1is,

m—1)(n—1)! m!n!
((p—l))!((q—l))! < Qmnip,q(®) < gl

is valid on (0,00) and sharp in the sense that the lower and upper bounds cannot
be replaced by any larger and smaller scalars respectively.

Proof. By the limits (2.3)) and (2.4) in Lemma we obtain

: limg o+ [2™ 0™ (2)] Timy 0+ [ 19 (2)]

lim Q,, n;p q(x) = .

a0t T lim, o+ [2P 1) ()] lim,, o+ [29H19(D) ()]
B (—=1)mHiml(=1)"+n!
(=1)PHipl(=1)atiq!

m!n!
plqg!

and
) im0 [a:m1/)(m)(x)] limg o0 [xnl/f(n) (x)]
mlglgo Qi nip,q(T) = hmz_)oo[quﬁ(p)(x)] 1imw_)oo[q;q¢(q)(q;)]
(=)™ '(m - DI(=1)""(n - 1)!
(=)= Hp—DI(=1)7" (¢ — 1)!
_ =D
(p—1lg— 1)1
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Making use of the integral representation (2.1 yields

JoStmg(t)emtdt [0t g(t)e e
J S trtg(t)e=tdt [T ta1g(t)ewtdt

Qm,n;p,q(l') =

Utilizing Lemma gives
Jo® L u™ A (t = u)" g (u)g(t — w)du]e~"'dt
S5 L wr=1(t = w11 g(w)g(t — u)du]e=otdt

Employing Lemma [2.3] tells us that, it suffices to prove the increasing monotonicity
in ¢ of the ratio

Jo Mt —w) T g(u)g(t —wdu [y 51— 5)" " g(st)g((1 - s)t)ds
Jo w1t = w)rlg(u)g(t —u)du [ 5P (1= 5)7Lg(st)g((1 — s))ds
L L5 g(st)g((1 — s)t)ds

Qm,n;nq(l‘) =

_ [Sm 1(1_ n— 1+( S)
ﬁ”b“%1 $)71 + (1 — s)p~1s0-1]g(st)g((1 — s)t)ds
72 ()0 (s, t)ds

by a(s)p(s t)ds

where

$i(s) =M1 —s) T+ (1 =)l and (s, t) = g(st)g((1 - s)t). (4.1)

Lemma implies that the ratio Q; "((S)) is 1ncreasmg ins € ( ,2) for (p,q) >

(m,n). Further making use of the 1nequa11ty in Lemma [2.4] H and utilizing

Lemma reveal that the function Q,, p.p.q( ) is decreasmg in x € (0,00). The
proof of Theorem [ is complete. O

5. AN ALTERNATIVE PROOF OF THEOREM [I.1]

In this section, we supply an alternative proof of Theorem

An alternative proof of Theorem[1.1l For ¢ = 0, we have
= [ (@)| [ (@)| = cpmm0| @ ()]

)
oo tm ot oo tn oo tp
= e “tdt e "tdt — ¢ e Ttdt
/0 1—et /0 1—et p,m,n,o/o 1—et

— /OOO [/Ot u (= u)"g(u)g(t — u)du — Cp,m,n,otm+”_lg(t)] gy
_ /0 h [ /0 - s)"—IWdS _ cp,m,n,o} .

where we used the integral representation (2.1) and Lemma From the second
property in Lemma it follows that the function

omeiq g1 90sDg((1 = 9)t)
f sy O

Epom,n03¢p,m.n0(

S
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is decreasing in ¢ € (0,00) and has the limits

1
[ gtz | mta— s as o0
0 9(t) 00 t — 00.
Consequently, basing on Lemma [2.8] we see that, if and only if

1

- Dlin—-1)!

Cp,m,n,0 < / Sm_l(l — S>n_1d5 = B(m’n) = M
0

(m+n—1)!
the function Fy, 1n.n,0:c, m.m.0 () is completely monotonic on (0, co).
For ¢ > 1, we have

Fpnnsgicpomna (@) = [0 (@)] [0 (2)] = ¢pomon.g [P (@)] |09 (2)]
:/ tM*lg(t)e*“dt/ t"lg(t)e " dt
0 0

—Cp,mynng / P tg(t)e " at / t9 g (t)e " dt
0 0
e%s) t
= / {/ umfl(t — u)"*lg(u)g(t — u)du] e rtdt
0 0
[e'e] t
—Cp,m,n,q /0 [/0 uP~H(t — u)qflg(u)g(t - u)du] e Tt

)

- / N [tm+”1 / Lm0 - g(st)g((1— s))ds

1
—Cpmmgt? T / P71 — 8)9 L g(st)g((1 — s)t)ds] e rtdt
0

_ /oo [fol smH(1 — )" Lg(st)g((1 — s)t)ds . 1
o L Jy st 1= s)tg(st)g(1 = s)ppas

X [mﬂ—l /O 1 P7L(1 — 5)7 Lg(st)g((1 — s)t)ds] e~tdt

B /oo [ Ol/z[sm—l(l — )" L4+ s (1 — s)™Hg(st)g((1 — s)t)ds

B JoPlsp=1(1 = 5)a1 4 s9-1(1 — s)p=1]g(st)g((1 — s)t)ds

1
m] et [ g tsng(1 - |
0
where we used the integral representation (2.1) and Lemma Employing the
inequality (2.2) in Lemma and applying Lemmas and reveal that the

function
/21 m—1 n—1 n—1 m—1 1/2
fo [5 (1 — 5) +s (1 B S) ]g(St)g((]- 7 S)t)ds _Jo d)m,n(s)@(svt)ds
Jo Plsr=1 (1 = s)1t 4 5171 (1 = s)rg(st)g (1= s)tds [y /% dpg(s)p(s, t)ds
is increasing in t € (0,00), where ¢; ;(s) and ¢(s,t) are defined in (4.1)). It is easy
to see that
1/2 1/21 m—1 _ e\n—1 n—1 _ e\ym—1
I3 dmon(s)e(s, t)ds B fo [s ) + 57711 —5) Jds

im 01/2 7
O bpa(s)e(s,t)ds JoCsPm (1 = s)a1 4 5971 (1 — s)p1]ds
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sm_1(1 - )" Yds  B(m,n) (m—1)!(n—1)!

fl
f Ji—1ds -~ B(p,q) (p—Dl(g—1)"
7)

Since lim;_, oo £ = 1, we acquire

i Jo Bmn(8)p(s,)ds 351 = )" b sm (1 - 8) ™ s(1— s)ds
o [ bpa()p(s.t)ds [y s (1= )t st (1= s s(1 - s)ds
fol s™(1—s)"ds  B(m+1,n+1) mln!
Jisp(1—s)ads  Blp+1lg+1) — plgt
Combining these with Lemma [2.§ concludes that,
(1) if and only if

(m—1)!(n—1)!
(p—DHg -1’
x) is completely monotonic in x € (0, 00);

Cp,m,n,q =

the function F m n.gicp o q(

(2) if and only if ¢) mn,qg > ’;,'”,' , the function —Fp 1 n.gicp .., () is completely
monotonic in z € (0, 00).
The proof of Theorem is complete. (I

6. REMARKS
Finally, we list several remarks on our main results an their proofs.

Remark 6.1. The papers [3, [ [6l [7] 23] are related to Theorem Theorems
and in this paper are related to results reviewed and surveyed in [I0 [I7] and
closely related references therein.

Remark 6.2. Lemma in this paper generalizes a conclusion in [12] Lemma 2.3]:

the function ggfg is decreasing from (0, co) onto (0,1).

Remark 6.3. Taking W (z,t) = ¢~ *t in Lemma gives
OW (x,t)/0t  de "' /Ot

Wi(x,t) —  e®

which is decreasing in = € (—00,00). Further setting U(z) = A(x), V(z) = B(x),
and (a,b) = (0,00) in Lemma[2.7]leads to Lemma [2.3| which was established in [24

Lemma 4]. This means that Lemma in this paper is a generalization of [24
Lemma 4].

Remark 6.4. Since the majorizing relation (n + 2,n) > (n+ 1,n + 1), we see that
Theorem u in this paper generalizes a conclusion in [23] Theorem 2]: the function

(n+1)
W for n > 1 is decreasing from (0, 00) onto (-2, Z41).

n+1? nt+2
Remark 6.5. Direct differentiation gives

Q' (x)= p(mAn ) ()00 ()2 (M) () — p(mtm) () [ (™) (36)1/}(”)(1;)]/
m,n [lb(m)(m)lb(") (z)]? .

The decreasing monotonicity of @, »(z) in Theorem [3.1|implies that the inequality
P @) [ (@) ()] = D (@)™ (2) " (2) > 0,
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equivalently,
[q/,(m)(x)q/}(n)(z)]’ N w(m-ﬁ-n-i-l)(x)
PO ()9 (M) () Plmtn)(z) 7
is valid on (0, 00) for m,n € N.
We guess that, for m,n € N, the function

G (@) [ (@) ()] — D (@)t () ) ()
should be completely monotonic in = € (0, c0).

Generally, one can discuss necessary and sufficient conditions on £, ,, € R such
that the function

P (@) [ @) (@] Qo D (2 ) ()

and its negativity are respectively completely monotonic on (0, c0).

Remark 6.6. It is immediate that

(@] o)
0 (- @RI @] @y @)
e P @)@

The monotonicity of Q, n:pq(z) in Theorem |4.1] implies that the inequality
[0 (@)™ (@)] [P (@)@ (@) = [ (@)™ (@)] [0 ()8 (2)] > 0

equivalently,

/

[P @)@ @) [P (@)™ ()]
PP) (2)3p(@) (x) P () (z)

is valid on (0, 00) for (p,q) > (m,n).
We guess that, for (p,q) > (m,n)

, the function

[0 (@)™ (@)] @) (@)@ (@) — [0 (@)™ (2)] [P (2)p@ (@)]
should be completely monotonic in z € (0, 00).

Generally, for (p,q) > (m,n), one can discuss necessary and sufficient conditions
on O, nip.g € R such that the function

[0 (@)™ @)] ) (@)D (@)] — Qg [0 (@) ()] P (@) ()]
and its negativity are respectively completely monotonic on (0, 00).

Remark 6.7. For Ny = {0} UN, n > 2, and two nonnegative integer tuples o =
(a1, 9,...,a,) € Ny and 8 = (81, B2,...,0n) € N, let

Po g0 s ( H ) (2) = Cap H ) (z)
r=1

and o)
L G
Qa,p(x) = Hnl—(ﬁ)()
L= v (2)
n (0,00), where we denote ¥(9) (x) = —1 for convenience. It is clear that

P(Zkvo)v(kvk)§c(2k,0),(k,k)(x) = ‘Fky_c(2k,0),(k,k)(x)’ Q(2k70)7(k71f) () = Sk»Q(x)’
Q(m+n.0),(mn) (¥) = Qum.n (), Qmn),(p.0) (T) = Qminip,q(2)-
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We guess that, if a > 3, the function Q4 g(z) is increasing from (0, co) onto the
interval

ﬁ ay! ﬁ (o — 1)!
r=1 BT' ,r:1 (BT - 1)'
Generally, for @ > [, one can discuss necessary and sufficient conditions on

Ca,p € R such that the function P, g.c, ,(x) and its negativity are respectively
completely monotonic on (0, c0).

Remark 6.8. This paper is the eighth one in a series of articles including [11], 12}
13| (14, [15], 16, [18].
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