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MONOTONICITY AND COMPLETE MONOTONICITY OF TWO
FUNCTIONS DEFINED BY THREE DERIVATIVES OF A
FUNCTION INVOLVING TRIGAMMA FUNCTION

FENG QI, LING-XIONG HAN, AND HONG-PING YIN

Dedicated to people facing and battling COVID-19

ABSTRACT. In the paper, by convolution theorem of the Laplace transforms, a
monotonicity rule for the ratio of two Laplace transforms, Bernstein’s theorem
for completely monotonic functions, and other analytic techniques, the authors

(1) verify decreasing monotonicity of a ratio between three derivatives of a
function involving trigamma function;

(2) find necessary and sufficient conditions for a function defined by three
derivatives of a function involving trigamma function to be completely
monotonic.

These results confirm previous guesses posed by the first author and generalize
corresponding known conclusions.
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1. INTRODUCTION
In the literature [I, Section 6.4], the function

[ee]
I'(z) :/ t*~te7tdt, R(z) >0
0
and its logarithmic derivative ¢(z) = [InT'(z)] = % are called Euler’s gamma

function and digamma function respectively. Further, the functions ¢’(z), " (z),
Y"(2), and ®* (2) are known as the trigamma, tetragamma, pentagamma, and
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hexagamma functions respectively. All the derivatives 1(®) (z) for k > 0 are known
as polygamma functions.

Recall from Chapter XIII in [4], Chapter 1 in [1I], and Chapter IV in [12] that,
if a function f(¢) on an interval I has derivatives of all orders on I and satisfies
inequalities (—1)"f™(t) > 0 for t € I and n € {0} UN, then we call f(t) a
completely monotonic function on 1.

Let ®(z) = 29’ (z)—1 = z[¢'(z) — 1] on (0, 00). In [T, Theorem 4.1] and [9, The-
orem 4], the first author turned out the following necessary and sufficient conditions
and double inequality:

(1) if and only if a > 2, the function $,(z) = &' (x) + a®?(x) is completely
monotonic on (0, 00);

(2) if and only if @ < 1, the function —$),(x) is completely monotonic on
(0, 00);

(3) the double inequality —2 < ((2)) < —1 is valid and sharp in the sense that
the lower and upper bounds —2 and —1 cannot be replaced by any bigger
and smaller ones respectively.

<I>/
P2

In [7, Theorem 1.1], the first author found the following necessary and sufficient
conditions and limits:
(1) if and only if g > 2, the function Hg(x) = (I)'(w)) is decreasing on (0, 00),
with the limits

1, =2
lim Hg(z) = {O » P and lim Hg(z) = {

z—0+ ﬁ > 2 T—00

_21 ﬁ:2
—00, fB>2;

(2) if B <1, the function Hg(x) is increasing on (0, 00), with the limits

—o00, x— 0t

Hg(x) — {

For k € {0} UN and Mg,y € R, let

0, T — 00.

(I)(Qk+1) (CL’)
[(-D)k@®) ()™

on (0,00). In [5l Theorems 3.1 and 4.1], the first author presented the following
necessary and sufficient conditions, limits, and double inequality:

T, () = ®CEHD () 4 Ay, [<I>(k)(a:)]2 and  Jy , (z) =

(1) if and only if Ay > k22! the function Ik, () is completely monotonic

RI(E+1)1
on (0, 00);
(2) if and only if Ay < %%, the function —Jg z, (z) is completely mono-

tonic on (0, 00);
(3) if and only if pp > 2, the function Jj ,, (z) is decreasing on (0,00), with

the limits
1 (2k +2)!
_DerT ey —9
lim Jy () =4 2ME+D0 M
z—0 07 L, > 9
and (2% + 2)
+ 2)!
. e e =2
301520 T () = El(k+ 1)!

—00, HE > 25
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(4) if py <1, the function Jy ,, (z) is increasing on (0, 00), with the limits

kal"k (x) - {

(5) the double inequality
C(2k+2)!  @CR(y) 1 (2k + 2)!
El(k+ 1)! (@) ()] 2 2 kl(k+ 1)

—o0, x —0F
0, T — o0

is valid on (0,00) and sharp in the sense that the lower and upper bounds
cannot be replaced by any larger and smaller numbers respectively.
For k> m >0, let
(I)(2k+2) T
Fom(@) = == )
B(k=m) () htm+1) ()
n (0,00). In [5, Remark 5.3], the first author guessed that the function Jj n,(z)
for k > m > 0 should be decreasing on (0,00) and that the double inequality
2(2k + 2)! (2k +2)!
S A B B SN/ 1.1
e < TRl < =T (L.1)
for k£ > 0 should be valid on (0, c0) and sharp in the sense that the lower and upper

bounds cannot be replaced by any larger and smaller numbers respectively.
For m,n € {0} UN and wy, », € R, let

@(m+n+1)(l‘)
Yin(2) = —/————~ 1.2
) (l‘) o(m) (m‘)(I)(") (3;‘) ( )
and
Voo, (T) = é(m+n+1)($) + Wm,nq)(m) (x)q)(n) (@). (1.3)

It is clear that

Ym,n(x) = Ynﬁm(x)a ym,n;wmyn ((E) = yn,m;wn,m (LC),
kam,k+m+l(x) = jk,m(x)v yk,k;wk,k (.’1?) = 3wk,k (.’13), y070;w0,0 (l‘) = Sjwo,o (.’13)

In this paper, we will prove decreasing monotonicity of the function Y,, ,,(x) and
find necessary and sufficient conditions on wp, , for £(=1)"F"1Y,, ., - (z) to
be completely monotonic on (0,00). These results confirm the above guesses and
generalize corresponding ones in [B} [7} 9] mentioned above.

2. LEMMAS
The following lemmas are necessary in this paper.

Lemma 2.1 (Convolution theorem for the Laplace transforms [12} pp. 91-92]). Let
fr(t) for k = 1,2 be piecewise continuous in arbitrary finite intervals included in
(0,00). If there exist some constants My > 0 and ¢, > 0 such that |f(t)| < Myecr?t
for k=1,2, then

/ [/ fi(uw) fa(t —u du} e stdt = / fi(u _S“du/ fa(v)e* dv.

Lemma 2.2 ([I3] Lemma 4]). Let the functzons A(t) and B(t) ;é 0 be defined on
(0,00) such that their Laplace transforms [, A(t)e™*'dt and [~ B(t)e *'dt exist.
Jo° A(t)e " dt

If the ratio % 18 increasing, then the ratio = Bhetdt
0

is decreasz'ng on (0,00).
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Lemma 2.3. Let x,y € R such that 0 < 2z < y.
(1) Wheny > 2x > 2(2 + ﬁ) = 6.885390..., the function

1 1 1/2v9=* 2¢ 297% 2%
Fla,y) =22 - TS -
R T 2\y—z =z (y —z)x

18 positive.
(2) For k,m € N such that 6 < 2m < k, the sequence F(m,k) is positive.

Proof. The function F(x,y) can be rearranged as

20y —2x) + 22—y + o+ (x — 2)2v 2]
z(y — x) '

Therefore, it suffices to prove 2 — y + x + (z — 2)2Y72¥ > 0, that is,

F(x,y) =

y—x—2

2y 2.1
> (2.1)
Replacing y — 2z by t in (2.1)) leads to
t+z—2 t
20> ——— =1+ —— 2.2
r—2 * x—2 (2:2)
for t > 0 and > 2. The inequality (2.2) can be reformulated as z > 2 + 5.

Since the function ﬁ is decreasing from (0, c0) onto (O, ﬁ), it is sufficient for
T >2+ ;b =3.442695. . ..

Repeating those arguments before the inequality hints us that, for proving
F(m,k) > 0, it is sufficient to show

gk—2m < k—m—2 :1+k—2m
m—2 m—2
which can be rewritten as
25_;% m—2 (2.3)
Since ﬁ is decreasing in t € (0,00) and k — 2m > 1, the largest value of the
left hand side in the inequality is ﬁ = 1 which means that the strict

inequality (2.3)) is valid for all m > 4. As a result, the sequence F(m, k) is positive
for all m > 4.
When m = 3, the sequence F'(3,k) is

28 — 32k +128  2°[2F7° — (k —4)]

F(3,k) = =
(3,%) 48(k — 3) 48(k — 3)

which is positive for all £ > 2-3 = 6. The proof of Lemma is complete. (]
Lemma 2.4. Let

etlet —1—1t)

-1 t#£0

mo =1
— t =
2’ 0
h(st)

on (—o0,00). Then, for any fized s € (0,1), the ratio he(n) US increasing in t from
(0,00) onto (zt=,1).
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Proof. Tt is easy to see that

im h(st)  limy_oh(st) i 1
t—0 hs(t)  limy_ohs(t) = - 2l-s
and
. lim_, oo h(st) 1
lim Hy(t) = ————=F = — = 1.
i H(t) limy o h°(t)  1°

Direct differentiating and expanding to power series give

(t _ 2)6(1+25)t + (t + 2)62525 + (2 _ St)e(2+s)t
se(1+s)t +4(s — 1)te 9t — (252 + 3st + 2)et
d [h(st)] —(st+2)e?" + (25t + 3t +2)e' + (s — 1)t
- (et —1)3(est — 1)3hs+1(¢)
(3k +2)s* 4+ 2(2s + 1)k + ks(s + 2)F 1
+2k2sk =1 4 4k (s + 1)k—!
o0 k—2 k+1 tk
(1+s)t +2k’(1 =+ 2 )S =+ 2 v
se kZ::7 _ [2k+1sk + 2(5 + 2)k k'
+4ks(s 4+ 1)k 4+ 2k (1 4 2~72) P!
+k(2s 4+ 1)F1 4 2k2s + 3k + 2]
(et —1)3(est — 1)3h5+1(t)
k—1
> [R2Em () 4k () 2 ()]s o
&) m=1
se(1s)t 3 +2I<:(1 — k4 2k—2) (S _ sk—l) o
=7 k—1 !
= 2 [k () + 4k (pT) + 2 ()]s

( -1 3(65t )3hs+1(t)

)
et § (S B2 G k() 42 ()] - ko))
= +20(1— 4+ 22) (5 — s771) i
a (e = 1)3(est — 1)3hst1(2)

¥ [kt - k2 (L)
3§m<2 tk

k—1 k—1 i
k=7 5 +4kg€ m ) : 4];(k—m) k k!
+27n+1(m) -9 —m+ (k m)] (Sm _ —m)
(e = e = TP
1
00 2 E (m—1)!( k m—1)! [ (E )
se(1+s)t > 3§km<’“ . 5
— —m m —m_gm m k—m !
=T +%(2kfm - 27n ) - 2(kfm)m, ](S )
(et _ 1)3(€8t _ )3hs+1( )
13—65157+ 1—s> 84 22(1— 5;)1+lo(s s )tg
4e(l+s)t +02(1 s );63(5 s th
285(1—s")+470(s—s*)+238(s%—53) ;1
_ + 302400 -

(et _ 1)3(6515 _ 1)3hs+1 (t)
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Utilizing Lemma reveals that the derivative % [2523] is positive for s € (0,1)

and t > 0. Consequently, for s € (0,1), the ratio Z(?g is increasing in ¢ > 0. The

proof of Lemma [2.4]is complete. O

Lemma 2.5 ([5, Lemma 2.2]). For k > 0, the function (—1)*®®)(z) is completely
monotonic on (0,00), with the limits

E, z—0%
(—1)kxk+1<1>(k) () = < K (2.4)
5, T — OQ.

Lemma 2.6 (Bernstein’s theorem [12] p. 161, Theorem 12b)). A function f(x) is
completely monotonic on (0,00) if and only if

f@)= [ o), we 0,00, (2.5)
0
where o(s) is non-decreasing and the integral in (2.5) converges for x € (0,00).
3. DECREASING MONOTONICITY

In this section, we prove that the function Yy, ,,(z) defined in (1.2} is decreasing.

Theorem 3.1. Form,n € {0}UN, the function Yy, ,,(x) defined in (1.2)) is decreas-
(m+n+1)! _(m+n+1)!

ing in x from (0,00) onto the interval (—2 ) Consequently, for

m!in! ’ m!n!
m,n € {0} UN, the double inequality
2 1)! 1)!
_ W < Yn(@) < _w 3.1)
mln! min!

is valid on (0,00) and sharp in the sense that the lower and upper bounds cannot
be replaced by any larger and smaller numbers respectively.

Proof. In the proof of [9, Theorem 4], the first author established that

O(x) = /00 h(t)e *'dt. (3.2)
0
Then the ratio Y;,, »(z) can be rewritten as
Jo Sttty e tde

Jo 7 tmh(t)e==tdt [F tvh(t)e=*tdt

Sttt () e tde

- I [fg wm (t — w)rh(u)h(t —u)du]e==tdt’

where we used Lemma [2.1] Basing on Lemma [2.2] in order to prove decreasing
monotonicity of ¥;,, »(z), it suffices to show that the ratio

tm+n+lh(t)
Iy um (¢ — w)h(w)h(t — u)du

Yin(z) =—

Q.)myn(t) =

(3.3)

is decreasing in ¢ € (0, 00). By changing the variable u = 1'2“’ t, the denominator of
D m.n(t) becomes

(;)m+n+1 /11(1 Fo)m(1 - v)”h<1 ;”t>h<1 5 ”t) do.
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Accordingly, we obtain

1 L0+ — o) (L) h(50 ) dv
Dimn(t) omtntip()
1 14v 1-v
ot [ o R
1 ! m 2 h(st) h((1 —s)t
gl /Jl TomL=v) hi(tg (h(l—S(ti)dv’

where s = HT” € (0,1). From Lemma , we find that the function Z(?g h}(L(llfsft))t)

is increasing in t € (0,00) for any fixed s € (0,1). Hence, the function ), »(t)
is decreasing on (0,00). Therefore, the function Y, ,(z) for m,n € {0} UN is
decreasing on (0, 00).

Making use of the limits in in Lemma yields

(_ 1)m+n+1xm+n+2¢,(m+n+l) (l‘)

Ym n = -
) = e e @)1 e ()
_(m—i—n—i—l)!’ 0%
m!n!
%
2(m+n+1)!
—— = oo
mln!
The proof of Theorem [3.1] is complete. O

4. NECESSARY AND SUFFICIENT CONDITIONS OF COMPLETE MONOTONICITY

In this section, we discover necessary and sufficient conditions on w,, , for the
function +(—=1)"*"*1 Y, 1. (2) defined in (1.3) to be completely monotonic.

Theorem 4.1. For m,n € {0} UN and wy, », € R,

(1) if and only if wmp < (mdnt DU the function (=)™ Y s () s

— m!n!
completely monotonic on (0,00);
(2) if and only if wy, n > 2(";':# the function (—1)™ "V, i o (€) is com-
pletely monotonic on (0,00);
(3) the double inequality (3.1) is valid on (0,00) and sharp in the sense that
the lower and upper bounds cannot be replaced by any larger and smaller

numbers respectively.

Proof. As did in the proof of Theorem by virtue of the integral representa-
tion (3.2) and Lemma we acquire

(71)m+n+1ym,n;wmm, (33) - |:/; tm+n+1h(t)€7wtdt

— Woom / t™h(t)e " dt / t"h(t)emdt}
0 0
0o t
/ |:tm+n+1h t) — Wi / u™(t —u)"h(u)h(t — u)du} e “tdt
0 O

/"7” n m4+n+1 —xt
t i h(t)e dt,
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where )., ,,(t) is defined by (3.3) and it has been proved in the proof of The-

orem to be decreasing on (0,00). From Lemma we conclude that the

function ZE—S?}L]SE%EL?;) is increasing in ¢ from (0, 00) onto (%, 1). Accordingly, by
B9

virtue of (3.4}, we arrive at the sharp inequalities
! /1 (Lol —o)do< — < 1 /1 (14 v)™(1 - v)"d
— v —v)"dv v —v)"dw.
2m+n+2 4 @m,n(t) 2m+n+1 4
Since

/_1(1+U)m(1—v)"dv=/o (14 0)™(1 = 0)" + (1 — v)™(1 + 0)"]dv
= 2"t B(m 4 1,n 4 1)

1 m!n!

g ey}

where we used the formula
1
/ (A+2)" ' 1—2)" '+ 1 +2) (1 —2)" |de =21 B(p,v)
0

2/L+u—1 F(M)F(V)
L(p+v)

for R®(u), R(v) > 0 in Bl p. 321, 3.214], the double inequality

1 m!n! 1 m!n!

2(m+n+1)! < Dm,n(t) = (m+n+1)!

is valid and sharp on (0,00). Consequently, by virtue of Lemma if and only

< %7 the function (—1)"*" 1Y, ... . () is completely monotonic

on (0,00); if and only if wy, , > W, the function (=1)™""Y,, nw. . (2) 18
completely monotonic on (0, co). '

The double inequality follows from complete monotonicity of the functions
+(=1)""* 1Y nw . (x). The proof of the sharpness of the double inequality
is the same as did in the proof of Theorem The proof of Theorem is

complete. 0

if Wi

5. REMARKS

In this section, we list several remarks related to our main results and their
proofs in this paper.

Remark 5.1. Lemma in this paper generalizes a conclusion in [7}, Lemma 2.3]:

the function ngg is decreasing from (0, c0) onto (1,2).

Remark 5.2. The function F(z,y) discussed in Lemma can be reformulated as

qu—z oz
1 1 15— % 9T 97
F(Iay): - 2773!1 1
T y—=x 2 ;5% s (y—z)—=z
in which the functions
qu-z oo
— P A
= — and
Py (y—z)—=
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can be regarded as special means [2] [10].
Let z,y € R such that 0 < 2 < §. Motivated by Lemma we guess that,
(1) when 2 <z < ¥, the function F(x,y) is positive;
(2) when y >4 and 0 < = < 2, the function F(z,y) is negative.
Furthermore, one can discuss positivity and negativity of the function F(z,y) for
all z,y satisfying 0 <z < 4.

Remark 5.3. When taking m = k and n = k + 1, the double inequality (3.1) in
Theorem becomes the double inequality (1.1)) guessed by the first author in [5]
Remark 5.3].

Remark 5.4. For m,n € {0} UN, direct differentiation gives
. (I)(m+n+2) (LE) [(I)(m) (JL')(I)(n) (13)] _ (I)(m+n+1) (JL‘) [(I)(m) (x)q)(n) (.ZE)]/
Yon(@) =

* @0 (@) B )P

on (0,00). The decreasing monotonicity of Y, ,(z) in Theorem [3.1] implies that,
for m,n € {0} UN, the inequality

Bt (1) [<1><m)(x)q>(")(:z;)}' > pmHn+2) (g [(I)(m)(x)fb(") ()],

equivalently,

/

[q;(m) (z)®™) (x)] P(mtnt2) ()
M ()3 (z) BlmEntD) (g’

is valid on (0, 00).
We guess that, for m,n € {0} UN, the function

(I)(ernJrl) (Q:) [q)(m) (x)q)(n) (1’)} I (I)(m+n+2) (l’) [(I)(m) (:E)q)(n) (x)]

is completely monotonic in = € (0, 00).
One can also consider necessary and sufficient conditions on A, ,, € R for m,n €
{0} UN such that the function

QD (2) [0 ()0 (2)] — Ay, n @) (2) [0 ()0 ()]
and its negativity are respectively completely monotonic on (0, 00).

Remark 5.5. This paper is the sixth one in a series of articles including 5] [6} [7, [8], ©].
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