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Abstract

We are interested here in multi-dimensional nonlinear scalar conservation laws forced by a multiplicative stochas-
tic noise with a general time and space dependent flux-function. We address simultaneously theoretical and nu-
merical issues in a general framework since we consider a large class of flux functions than the ones considered in
the literature. More precisely we establish existence and uniqueness of a stochastic entropy solution together with
the convergence of a finite volume scheme. The most significant novelty of this work is the use of a numerical
approximation (instead of a viscous one) to get both the existence and the uniqueness of such a solution. Moreover
the quantitative bounds obtained here to establish our uniqueness result constitute an important preliminary work
to the establishment of strong error estimates. We also provide a L stability result on the stochastic entropy
solution to complete this study.

Keywords : Stochastic PDE e first-order hyperbolic equation e multiplicative noise e finite volume method e
monotone scheme e Young measures.
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1 Introduction

In this paper we study multi-dimensional nonlinear scalar conservation laws forced by a multiplicative noise with
a time and space dependent flux-function and a given initial data in L? (Rd) More precisely, we are interested in
the following Cauchy problem in d space dimensions:

du +div, [f(z,t,u)]dt g(u)dW in Q xR x (0,7)
u(w,z,0) = wo(x), weQ, zeRY,

(1)

where div, is the divergence operator with respect to the space variable (which belongs to Rd), d is a positive
integer, T' > 0 and W = {W;, F;0 < t < T} is a standard adapted one-dimensional continuous Brownian motion
defined on the classical Wiener space (2, F, P). This equation has to be understood in the following way:

for almost any w in © and for all ¢ in D(R? x [0,7))

/]Rd uo(x)ap(x,O)dx—i—/Q [u(w,x,t)@tgo(x,t) + f(x,t,u(w,x,t)).vzgo(x,t)] dzdt

= /Q (/Otg(u(w,x,s))dW(s))@w(m, t)dxdt. (2)

In order to relieve the presentation of the paper, we omit in the sequel the variables w, x,t and write u instead of
u(w, z,t) and we denote by x the space variable of f, ¢t the time variable and v the third one.

The theoretical study of stochastic scalar conservation laws has been the subject of many works recently, let
us mention in chronological order the contributions of [EKMS00], [Ki03], [EN0S8|, [DeV10], [CDK12], [BVW12],
[BVW14], [BM14], [KN16], [KS17]. A time-discretization of the equation has been studied by the use of an
operator-splitting method in [HRO1| and generalized to the multidimensional-case in [B14], see also [KS17| for a
similar approach. Let us also mention the paper of [KR12| where a space-discretization of the equation is investigated
by considering monotone numerical fluxes. Full discretizations through a finite volume approach have been studied
in [BCG16-1], [BCG16-2|, [BCG17], [DoV19], [DoV18|, [FGHI8| and [M18].

The present article extends the results of [BCG16-2| to a general flux function f(z,t,v). More importantly, it
provides a new proof of uniqueness which does not rely on the use of viscous approximations at all. Indeed, in
[BCG16-1], the authors used the existence and uniqueness result proposed in [BVW12] to show the convergence of

*Aix Marseille Univ, CNRS, Centrale Marseille, LMA UMR 7031, Marseille, France
caroline.bauzet@Quniv-amu.fr

t Aix-Marseille Université, CNRS, Centrale Marseille, 12M, UMR 7373, 13453 Marseille France,
{vincent.castel, julia.charrier }@Quniv-amu.fr



their flux-splitting finite volume approximation through the unique stochastic entropy solution of the hyperbolic
problem. More precisely in [BVW12|, the authors obtained their well-posedness result by studying a viscous
parabolic approximation of the hyperbolic problem in the case where the flux function f was independent of the
time and space variable. Then, in [BCG16-2], the authors generalized such an existence and uniqueness result
to a particular time and space dependent flux function taking the form ¥(z,t)f(u), still by considering a viscous
parabolic regularization. It allowed them to show a result of convergence for a general class of monotone finite
volume schemes through the unique stochastic entropy solution of the hyperbolic problem. In [BCG17], the authors
used the existence and uniqueness result of [KN16] obtained with a viscous approximation (and by the way of
a kinetic approach) to get the convergence of their finite volume scheme in a bounded domain under Dirichlet
boundary conditions. In this paper, both existence and uniqueness of a solution are established by using only the
numerical approximation. To do so, we propose a new way to adapt the Kruzkhov doubling variable technique
to the stochastic framework by comparing any generalized solution to a limit of the finite volume approximation.
It is important to note that the estimates obtained in such a comparaison technique are expected to constitute a
crucial step towards the establishment of error estimates (as in the deterministic case, see [EGHO0] for instance).
Therefore this work provides an original proof of a theoretical result, but it also constitutes a first and important
part of the work to establish strong error estimates. Additionally we provide a L°° stability result satisfied by the
stochastic entropy solution in the case where ug is essentially bounded and g admits a compact support.

Remind that the main difficulties brought by the stochastic noise for the study of this kind of problems are the
following ones : the use of smooth entropies for the entropy formulation (mainly due to the Itd derivation formula),
the L2(Q2 x R? x (0,T)) Hilbert framework required by the stochastic integral and the predictable measurability
property of the solution due to the multiplicative nature of the noise.

The paper is organized as follows. In Section [2] we will present the problem, the assumptions made on the
data, introduce the notion of stochastic entropy solution, as well as a generalized notion of solution (namely
measure-valued entropy solution). The finite volume approximation constructed with general monotone flux will
then be introduced, as well as some useful related notations. We will conclude this first section with the statement
of the main results. The remainder of the paper will be devoted to the proof of this main result, which states
the existence and uniqueness of the stochastic entropy solution as well as the convergence of the finite volume
approximation under a stability condition on the time step. This proof relies on two key results. The first one is
the convergence of the numerical approximation towards a measure-valued entropy solution (up to a subsequence)
and will be established in Section [3] In order to prove it, we will start with classical preliminary results for this
kind of equations : stability of the scheme, Weak-BV estimates and derivation of approximate entropy inequalities.
Note that, contrary to [BCGI16-2|, it is crucial to have here explicit bounds at each step since they will be essential
in what follows. The second key result is a uniqueness one and it will be established in Section [f] by adapting the
Kruzhkov doubling variable technique to the stochastic case. Indeed we will compare a general measure-valued
solution to the numerical approximation. At the end of Section [, we will be able to prove the main result by
gathering these two keys results. Finally, the proof of the L°° stability result will be given in the appendix.

2 Main result

2.1 Assumptions

In this work, we assume the following hypotheses:
Hi: uo € L*(RY).
Hsz: g : R — R is a Lipschitz-continuous bounded function with g(0) = 0. We denote by Cy a Lipschitz constant

of g.
Hi: f € CHR? x [0,T] x R,R?) and there exists a constant Cy > 0 such that for any (z,t,v) € R? x [0,7] x R,
’g—i(x,t,v) < Cy.

Hy: For all z € R?, there exist two reals C§ > 0 and R® > 0 such that for all (¢,v) € [0,7] x R and for all
y € B(z, RY),
|f(z,t,0) = f(y, t,0)] < CFlz —yl.

Hs: There exists a real C] > 0 such that for all (z,v) € R* x R and for all (¢,¢') € [0,7]?,

|f(z,t,0) = fla,t',0)| < CF |t —¢].

d
He: For all (z,t,v) € RY x [0,T] x R, div, [f(m,t,v)] = gfl (z1,..., 24, t,v) = 0.
T
i=1

Hr: For all € R%, there exist two reals C§ > 0 and R” > 0 such that for all (t,v) € [0,7] x R and for all
y € B(z,R"),

of of

= -z < C%lz -y
‘av(xatav) av(:%tvv) _Cf|$ y|




Remark 1 (On these assumptions)

. Note that, as it is classically done in the deterministic setting for hyperbolic scalar conservation laws, for con-
venience one can assume that for all (x,t) in R x [0,T], f(z,t,0) = 0 without loss of generality thanks to
Hs.

. The existence and uniqueness result still holds without assuming that g is bounded (see [BVW12], [BCG16-2]),
but we use this assumption to get the convergence of the numerical approrimation.

. g(0) = 0 is an important condition. Indeed, if g(0) # 0, the problem is generally not well-posed in L*(Q x R? x
0,7)).

. Note that the present study can be extended to the case where divy[f(z,t,v)] # 0 (which only brings technical
difficulties) following for example the work of [CHOO] in the deterministic case.

. Finally, if additionally g has compact support and ug € L (Rd), then, as we will see in C’orollary the solution
is also bounded. Thus, our result still holds if we suppose that we only have local bounds with respect to v in
assumptions Hz, Hy and Hs (i.e. if the constants Cy,C} and CJT depend on v). It enables in particular to
treat a larger class of flux functions such as Burgers’ one.

2.2 The continuous problem: definitions and notations

First of all, let us introduce some notations and make precise the functional setting.

. We define the following sets @ = R? x (0,T) and for all R > 0, Qr = B(0,R) x (0,T), where B(0, R) denotes
the ball of R centered at 0 of radius R.

. |z| denotes the Euclidean norm of z in R? and z.y the usual scalar product of z and y in R%.
. D' (R x [0,T)) denotes the subset of non-negative elements of D(R? x [0, 7).

. For a given separable Banach space X, we denote by N2(0,T, X) the space of the predictable X-valued processes
endowed with the norm

T
161273 0x) = B [ / chl\i(dt]
(see [DPZ92] p.94).

. A denotes the set of any C3(R) convex functions such that o', " and n"”’ are bounded functions.

. For any entropy function 1 € A we introduce the function ®, defined for any a,b € R by
(e ta,t) = [ (o =03 (@000,
b v

for all (z,t) € R? x [0,T] and for all v € R. Note that ®,(z,t,-,b) is then the entropy flux associated with
n(- — b) which vanishes at b. This notation will be very useful in the proof of the uniqueness result in section
For any entropy n € A, ®,(-,-,-,0) is then an entropy flux associated with 7.

. In the sequel, we will consider a ball B(0, R) C R? for some R > 0. Using the assumptions Hy and H; we get the

existence of two constants C’;‘2 > 0 and C’;{ such that for all (¢,v) € [0,7] x R and for all (x,y) € B(0, R)?,
0 0 ~
\f(x,t,v) - f(y7 t, U)' < C?'Jﬁ - y| and aif(mztvv) - Fi(?ﬁt:v) < C?LT - y‘

Let us now introduce the concept of solution we are interested in for Problem .

Definition 1 (Stochastic entropy solution)
A function u of N2 (O,T, L? (Rd)) NL*® (O,T; L? (Q X ]Rd)) is an entropy solution of the stochastic scalar conserva-

tion law with the initial condition ug € L*(RY), if P-a.s in Q, for any n € A, and for any ¢ € Dt (Rd x [0, T))

0< [ (e 0de+ [ n(wdkple,dodt + [ @(et,0,0).V (e, Odade
R4 Q Q

+/0 /Rd n' (w)g(u)p(x, t)dzdW (t) +%/ng(u)nu(uyp(gg,t)dxdt. (3)

As it is classically done in the deterministic and stochastic setting with an entropy approach (see [BVWI2],
[BCG16-1] and [BCG16-2]), we also need to consider a generalized notion of entropy solution. In fact, in a first
step, we will only prove the convergence (up to a subsequence) of the finite volume approximate solution to a
measure-valued entropy solution. Then, thanks to the result of uniqueness stated in Section [4] and established by
using the finite volume approximation, we will be able to deduce simultaneously the existence of an entropy solution
of Problem and the convergence of our approximate solution to the unique stochastic entropy solution of .

Definition 2 (Measure-valued entropy solution)
A function . of N2 (O, T, L* (Rd x (0, 1))) N L*> (O,T; L? (Q x R4 x (0, 1))) is a measure-valued entropy solution of



the stochastic scalar conservation law . with the initial condition uo € L? (Rd), if P-a.s in Q), for anyn € A, and
for any ¢ € DT (R* x [0,T))

0 </ n(uo)p(zx,0) da:—i—/ / @))0cp(z, t) dadmdt+/ / (z,t, (., @), 0). Ve, t)dadzdt
R4

+/0 /]Rd/() 0 (1., @) g(u(., @))o(z, t)dadzdW (t) // Y (1., a)) (e, t)dadzdt.

2.3 The finite volume approximation: definitions and notations

Definition 3 (Admissible mesh) An admissible mesh T of R¢ for the discretization of Problem (1)) is given by
a family of disjoint polygonal connected subsets of R? such that R? is the union of the closure of the elements of T
(which are called control volumes in the following) and such that the common interface between two control volumes
is included in a hyperplane of RY. It is assumed that h = size(T) = sup{diam(K), K € T} < co and that, for some
a € R, we have

ah® < |K|, and |0K|<Lh?', VK €T, (4)
(e}

where we denote by
. OK the boundary of the control volume K.
. |K| the d-dimensional Lebesque measure of K.
. |0K]| the (d — 1)-dimensional Lebesgue measure of OK .
. N(K) the set of control volumes neighbours of the control volume K.
. ok,L the common interface between K and L for any L € N(K).

. nk,r the unit normal vector to interface ok 1, oriented from K to L, for any L € N(K)

From , we get the following inequality, which will be used several times later:

[OK| 1
<
|K| — a2h’ (5)

We now define monotone schemes. Consider an admissible mesh 7 in the sense of Definition[3] In order to compute
an approximation of u on [0, 7], we take N € N* and define the time step k = % € R’ In this way:

0,T] = U[nk (n+ 1)k].

The equations satisfied by the discrete unknowns denoted by u%, n € {0,..., N — 1}, K € T, are obtained by
discretizing Problem . In order to do this, we introduce a family of numerical fluxes for the discretization of the
divergence term. We also define for any n € N* and K, L € T such that L € N(K) and for all v € R the following
quantity:

" 1 (n+1)k
) p——— / / F(@ 0 e (@), (6)
k|0-K1L| nk OK,L

where « denotes the Lebesgue measure on the interfaces. Note that we have, for any v,v’ € R:

fI?,L(U) - flré,L(U/)

SCf"U*'Ul‘. (7)

Definition 4 (Family of monotone numerical fluxes associated with a flux f)

A family of functions (F}é L) from R? to R is said to be a family of monotone numerical fluzes
"/ neN,KeT,LEN (K)

associated with a flux f if for any n € N, K € T and L € N(K), Fg 1 satisfies the following assumptions of

consistency, monotony, conservativity and regularity:
(i) Consistency : for any v € R, Fg 1 (v,v) = fxg (v).
(i) Monotonicity : for any (a,b) € R?, v — Ff (v,b) is non-decreasing and v — Fi 1 (a,v) is non-increasing.
(iii) Conservativity : for any (a,b) € R?*, Fg 1(a,b) = —F[ k(b,a).
(iv) Lipschitz-diagonal property : F i is Lipschitz-continuous w.r.t the diagonal (Lip-diag) which means that there
exist Iy > 0 and F> > 0 such that for any n € N and any K € T,L € N(K), Fi ;, verifies for all (a,b) € R,

|Fr,(b,a) — Fg r(a,a)] < Fi|b—a| and |Fg (a,b) — Fg 1(a,a)| < Fa2|b— al.



The set {u?(, K € T} is given by the mean value of the initial condition on each control volume:
0 1
ug = — | wo(x)dz,VK € T. (8)
IK] Jx
Once a family of numerical fluxes F ; is chosen, the equations satisfied by the discrete unknowns uy, n €
{0,..., N — 1}, K € T are given by the following explicit scheme: for any K € T, any n € {0,...,N — 1}:

Wn+1 _ Wn

K n n n n n n
u(uxﬂ - UK) + Z low, 0| Fr o (uk, ur) = |K|g(uk) & ) 9)

k LEN(K)

where W™ = W (nk) for n € {0,..., N — 1}.
The approximate finite volume solution w7, may be defined on Q x R? x [0,T) from the discrete unknowns u%,
K eT,ne{0,..,N — 1} which are computed in @ by:

urk(w,z,t) = uk for w € Q,x € K and t € [nk, (n+ 1)k). (10)

Remark 2 Note that assumption Hg implies that: Vs € R, VK € T,

> loxi|FiL(s,s) =0. (11)
LEN(K)

Remark 3 (On the measurability of the approzimate finite volume solution) Let us mention that using
properties of the Brownian motion, for all K in T and all n in {0,...,N — 1}, v is Fnr-measurable and so, as an
elementary process adapted to the filtration (Fi)t>0, ur,k is predictable with values in L*(R?).

In what follows, we will use the following sets: for any n € {0,..., N — 1} and R >0

I, = {(K,L)eT*LeN(K)anduf >ul}, (12)
Tn = {K € T such that K C B(0, R)}, (13)
Iy = {(K,L)GT}% such thatLGN(K) and u?(>uz}- (14)

2.4 Statement of the main result

We now state the main result of this paper.

Theorem 1 (Ezxistence, uniqueness of the entropy solution and convergence of the scheme)

Assume that hypotheses Hy1 to H7 hold. Let T be an admissible mesh in the sense of Definition @ N € N* and

T
— € R% be the time step. Let ur, be the finite volume approzimation defined by the finite volume scheme

k‘ =

-@]-. Then Problem admits a unique stochastic entropy solution in the sense of Deﬁnition and the
finite volume approzimation ur . converges to this solution, in Lin.(2 X Q) for any 1 < m < 2 as (h,k/h) tends to
(0,0).

The proof of Theorem [I] constitutes the remainder of this work and will be achieved through two steps. Firstly,
Section EI will be devoted to the proof of Proposition m which states that the finite volume approximation wur
converges, up to a subsequence, to a measure-valued entropy solution. Secondly in Section El, we will establish in
Proposition |§| that Problem admits a unique measure-valued entropy solution which happens to be a stochastic
entropy solution.

Remark 4 Under the CFL Condition

k< —g)-2h

15
- P+ F (15)

one gets the "weak BV'" estimate stated in Proposition @ In the deterministic case, condition for some
& € (0,1) is sufficient to show the convergence of ur i to the unique entropy solution of the problem, whereas in
the stochastic case, as in the work [BCGI16-2], we are only able to prove it under the slightly stronger assumption
(h,k/h) — (0,0). Note that in [DoV19], convergence of finite volume approzimations is established without this
additional assumption, by using a kinetic approach.

Remark 5 This theorem can easily be generalized to the case of a stochastic finite dimensional perturbation of
the form g(u).d W where g takes values into R? and W is a p-dimensional Brownian motion. The study of the
convergence of a full discretization in the case of an infinite dimensional noise will be the subject of a further work.
Such noises are considered in [DoV19] or [FGHIS|, but in these works the question of the noise truncation is not
or not totally addressed.



Remark 6 The present work could be easily extended (under natural assumptions) to the case of random initial
value ug or to the case of a space dependent noise g(z,u), but we don’t present this general case here for the sake
of readability.

Let us now state an additional result proved in the appendix.

Corollary 1 (L°° stability of the entropy solution) Under Hi to H7 and the additional assumptions uo €
L (]Rd) and g compactly supported, the unique stochastic entropy solution u of Problem in the sense of Definition
belongs to L>°(Q x Q). More precisely for any a,b € R with a < b, if for almost every z in R? uo(z) € [a,b] and
supp(g) C [a,b], then u(x,t) belongs to [a,b] for almost all (z,t) € Q and P-almost surely in .

3 Convergence to a measure-valued solution ur

In this section, we will establish the convergence (up to a subsequence) of the finite volume approximation ur x, de-
fined by @ and , towards a measure-valued entropy solution of Problem . Following [BCG16-2|, we will start
with classical preliminary results : stability estimate on (u7r ) (used at the end of this section to get compactness
in the sense of Young measures), weak BV estimates on the discrete unknowns u% (as in the deterministic setting
to get convergence of the scheme) and finally an error bound of a time-continuous approximation. We will then
be able to provide successively discrete and continuous entropy inequalities, which, together with the compactness
property in the sense of Young measures, will enable us to prove the convergence, up to a subsequence, of the
finite volume approximation (ur ) to a measure-valued solution of Problem (). Note that we will extend here to
the case of a general flux function f(z,¢,v) the results established in [BCGI16-2] with a flux function of the form
U(z,t) f(v). To get such a generalization, we will adapt some technics from [CHO0|. The results and proofs of this
section follow closely the work [BCG16-2|, but as we will need later (Section [4]) to know explicitly the dependance
of the constants appearing in the majorations of terms involving the entropy n and the test function ¢, we will give
here the main steps of the proofs.

3.1 Stability estimate
Proposition 1 (Lt‘x’Li’m estimate) Let T > 0, uo € L*>(R?), T be an admissible mesh in the sense of Definition
T
N € N* and k = — € RY. satisfying the Courant-Friedrichs-Levy (CFL) condition:

N
_2
a‘h
k< ——rn. 16
-~ Fi+ (16)
Let ur i be the finite volume approximate solution defined by @[) and .
Then, we have the following bound:
2
||“T,k||L°°(0,T;L2(Qde)) < ech/2HU0||L2(Rd)-
As a consequence, we get:
2
HUT,kH2L2(QxQ) < T@C"T”UO”i?(Rd)-
Proof. Following [BCG16-2], we show by induction on n € {0, ..., N — 1} the following property:
> IKIE[(uk)?] < (14 kCF)"[uoll72 gy (Pn)

KeT

Set n € {0, ..., N —1} and assume that (P,)) holds. Let us multiply the numerical scheme (9 by u/, use the formula

ab = 5 [(a +b)?—a® — bZ] with a = uiH —uk and b = u}, replace (us"" —ul)? by using the finite volume scheme

@D and take the expectation. Then, thanks to the independence between the random variables (W"* — ™) and
Uy, we get:

K n n

Bl (wyey? - wg)?] = By - B2 4 D, (17)
where:

2
k2 n n n n n n n |K|k 2 n
B = —F E lor,p|Fr L (uk,ur) ,Bs = kE E lok, | Fr,p(uk,ur)uk | and D = —E[g (uK)].
2|K| 2
LeN(K) LeEN(K)

Let us now define

B3:k Z |O’K7L|E

(K,L)EL,

i { Fie (i, ul) = Fiep (ufe, wie) b — wp { PRt (ue, uf) — F;,L<u’z,uz>}] :

Using the fact that for any (a,b) € R?, Fg 1(a,b) = —F[ k(b,a), and , one gets that Z B> = Bs.
KeT



We denote by ¢% ;, the function defined for any a € R by ¢ 1 (a) = / v% (Fkﬂv,v))dv. Using this function
0

we can rewrite the terms of the sum in Bz as follows:
wle (Fion (ufe uh) = Fien (ufe, wie) ) —uf (R (uke,uf) = Fioo(uf o))
uf
= [T (FRals.9) — Fouioup))ds - (k. uie) = dien(ud).
ulk

Thus, the term Bs can be decomposed as Bs = B4 — Bs where:

wf
Bi=B| Y Mowel [ (Finlsi9) — Fioouieout))ds
(K,L)ET, uge

and

Bs=E| > Hoxul{r(uic) = dicr i) }| =0,
(K,L)eLy

thanks to .

So, B3 = Bs. In order to get an estimate of B4, we now use the following technical lemma, which is a slight
generalization of a result from [EGHO0| (Lemma 4.5 p.107) in the sense that we don’t need Lipschitz-continuous
assumption on the considered function.

Lemma 1 Let g : R — R be a monotone function such that there exists G > 0 and d € R such that for all s € R,
‘g(d) - g(s)‘ < G‘d — s‘ Then, for any c € R:

[ (st - 910}

The proof of this lemma is exactly the same as in [EGH00].
Using the monotony of Fg 1 w.r.t its variables and its regularity, we apply this lemma with d = uk, c = uf, G = F»
and g(v) = Fg 1 (ufk,v) and then with d = u7, ¢ = u%, G = F1 and g(v) = Fg 1 (v,u}). We deduce that

> % (ot - g(c))Q,VC €R.

k g n n n n n n 2 n n n n n n 2
B3=Bys > FE g 7' K’L| (FK,L(UKvuL) - FK,L(“K:“K)) + (FK,L(UKvuL) - FK,L(uLauL)) .
(K,L)ET 2(F1 + FQ)

Let us now turn to the study of B;. Using Cauchy-Schwarz inequality and , we have:

2

2
SB=NS L loxnl{ P e ud) - PR (e uk) )

KeT KeTl | LEN(K)

<FE 5525 Z Z |UK,L|{FK,L(UK7UL) — FK,L(UKvuK)}
KeT LeN(K)

Finally, using the CFL Condition , we get

2 2

Smep| Y M () - i)+ (FR ko) - PR )

P 2(F1 =+ FQ)
eT (K,L)eZ,

and so, Z B1 < Bs= Z Ba, which provides by induction the first stability estimate and the second estimate is

KeT KeT
a direct consequence of the first one. m

3.2 Weak BV estimates

In what follows, we take two real numbers R > 0 and h > 0 such that h < R.

Proposition 2 (Weak BV estimates) Let T be an admissible mesh in the sense of Definition[3 T >0, N € N*

T
and let k = ~ € R} satisfying the CFL Condition:

aZh

e s

, for some £ € (0,1). (18)

Let uwr i be the finite volume approximate solution defined by @ and .
Then, we have the three following bounds:



1. There exists Cpv,1 € RY, only depending on T, uo, &, F1, F> and Cy such that:

YEY Y

n=0 KT LeN(K)

2
B | (Pl d) = Ptk | < Cova
2. There exists Cpv,2 € R, only depending on R,d, T, &, uo,§, F1, F> and Cy such that:

Z k Z lok,L|E [ max. (FﬁyL(d, ¢) — Fr.r(d, d))+ max (Fﬁ,,;(d7 ¢) — Fg r(c, c))} < Cpyah™ V2.
K

n<e<d< wp <e<d<ul
n=0 (K,L)E€T}

3. There exists Cpv,3 € R}, only depending on R,d, T, &, uo, &, F1, F> and Cy such that:

Z Z |K‘ X B |u"+1 77.L71L<H S CBV,Q X h71/2 +CBV,3 X kil/Q.
n=0 KETR

Proof. We give here the main steps of the proof, adapted from the deterministic case (see for example [CLF93]|
or [EGHO0]). Note that points 1. and 2. are generalizations of results from [BCGI16-2|, and point 3. is a time
weak BV estimate. Similarly to the proof of Proposition [I} multiplying the numerical scheme by ku’x, taking the
expectation, summing over K € T and n € {0,...,N — 1}, using the independence properties of the Brownian

motion yields:
A1+ A2+ B=0,

where
LNt 2 2
2 n n n n
-3 {k|K|E[9 (UK):| + mE ( Z |UK,L\FK,L(UK7UL)) :|}7
n=0 K¢ LEN(K)

1 N 2 01\2
KeT

N—1

and B = Z /C|UK7L|E|:F}?’L(U?(7UE)U}L(:|.
n=0 KeT LEN(K)

Using Cauchy-Schwarz inequality, the CFL Condition 7 inequality and the stability result in Proposition
one gets:
A+ Az >

1
- 7(1 -‘rTCz T, )”UOHL? R)

n mn 2 n n 2
F1 +F2 Z Z klok,L|E { gglglgafgu;g (FKL(d, ¢) — F (d, d)) 4+  max (FKL(d7 ¢) — Fg,1(c, c)) } .

n=0(K,L)eZ, uf <c<d<ul
We now study the term B. As in the proof of Proposition [1, by using the function ¢% ;, one has:

B = Z Z k|O'KL|E

n=0 (K,L)ET,

/ L (FK r(v,v) — F}?,L(u%,ug))dv] )

We now use again Lemma the monotonicity of Fi ;, and deduce:

1

uf, 2
n _m n n > n o
/u}l( (FK,L(U,'U) FKyL(uK,uL))dv = 72(F1 T FZ) (F‘}(’L(C7 C) FK,L(d7 C))

max
uzgcgdgu;‘(

2
+ max (F;,Lw,d)—F;,L(d,c)) .

Now, since A1 + A2 + B = 0, we obtain:

N | —

N-1
(147G ol > gy Dok O |aK,L|E[ max (FiL(de) — Fio(d,d))

F1 + F: un <ce<d<u?
( )t (K,L)ETn L=f==%k

n n 2
max (FK,L(d7C)_FK,L(Cvc)) :

uf <e<d<uf
. . . R+ R 2, TC2
By reordering the summation and defining Cgv,1 = € 1+TCge ||u0||L2 (Rdys We have in particular:
2
Z k Z Z lok,L|E [(F}?,L(U?(,UZ) —FI?,L(UTIL(,U?()) } < Csvu,

= KeT LEN(K)



which proves the first point of the proposition.
Let us now turn to the second point. Let us note:

Ty =  max (F}é,L(d, ¢) — Fr.r(d, d)) and To =  max (F;?,L(d, ¢) — Fr 1(c, c))

up <e<d<uly up <e<d<ul
Using Cauchy-Schwarz inequality and the mesh properties (5)), one gets:
(Nz_lk 3 |o—KL|E[T1+T2]) < ZBO. B (Zk 3 |aKL|E{<T1+T2)2]> (19)
n=0 (K,L)€I} 7 a ath n=0 (K,L)EI? ’ ’
where the set Z3 is defined by . Using the first point of Proposition [2| one gets:

LIPS

n=0 (K,L)ET}

|:(T1 +T2)2:| <2Cgv,.

Thus, we deduce from the point 1. of Proposition

N-—1
(Zk Z UK,LE[T1+T2]> S%

n=0 (K,L)eI}
Therefore, we have:
N-1
DLEDS
n=0 (K,L)eI}

< Cpva x h™ /2, (20)

{ max . (F;?’L(d, ¢) — Fr r(d, d)) +  max (F;}’L(d, ¢) — Fg (e, c))}

up <c<d<u uf <c<d<uf

2T|B(0, R)|C

with Cgy,2 = \/M, which concludes the proof of point 2. of the Proposition.
a

Finally, we are going to prove the last point of the Proposition: the time weak BV estimate. Using the numerical

scheme @, we have:

K] x g =il = =k 3 lown Fi (i, uf) + [Klg(uio) (W™ = W)
LeN(K)
<k ST lownl| i (i, ut) = Fién (i, wio)| + 1K g i)W = w).
LeEN(K)

We sum this inequality for K € Tx (where the set T is defined by (I3)), n € {0, ..., N —1} and take the expectation.
On the one hand, we get:

Z Z Z |UKL|E“FKL uge,ur) — Fr o (ug, uk ”

n=0 KeTp LEN(K)

N-1

b5 lowal B[Pl i) - Fi i)
n=0 (K,L)ET}

[P ) P )|
< Cv,2 X hil/z»

where Cpy,2 (resp. Zg) is defined in inequality (resp. (14)). On the other hand, using Cauchy-Schwarz
inequality, one has:

N-1 N-1 /2 1/2
o] 3wl we - wel] <30 (5 ) (3 s [soors vy )
n=0 KeTgr n=0 KeTgr KeTr

<VIBORIC, < K23 (3 IKElwRy)

n=0 KecTgr

<Cpvz x k™2

with Cpy,3 = \/‘B(O,R)‘CgTeTcg/QHUOHLQ(Rd) ; then, we get that:

Z K x B [Jup™ —ukl] < Cova x b2 + Cpvg x k™2,
n=0 KE€TR

which concludes the proof. m



3.3 A time-continuous approximation

Set K € T, n € {0,...,N — 1}, as in [BCG16-2|, in view of applying It6’ formula, we introduce a time-continuous
process @ defined on Q X [nk, (n + 1)k) from the discrete unknowns u} by:

—1n n # 1 n n n s n
w(s) =ui — [ e S )t + [ glui)aw o) (21)
nk |K| LEN(K) nk
n - k n n n n n n n n
=ug — % E |UK,L|{FK,L(UK,UL)*FK,L(UK#K)}+9(UK)<W(3)*W k) (22)

LEN(K)
In this way, we can define a time-continuous approximate solution %7 x on Q x R? x [0,T) by

ark(w, o, t) = g (w,t),w € Q,z € K and t € [nk, (n + 1)k]. (23)
Naturally, our aim is to estimate in what follows the error between the approximations @7, and wr k.

Proposition 3 (A time-continuous approzimation) Let ug € L*(R%) and T be an admissible mesh in the
T
sense of DeﬁnitianH T >0, Ne N andlet k = — € R} be the time step satisfying the CFL Condition .

Let uT 1 be the time-continuous approximate solution defined by , and uT ik be the finite volume approzimate
solution defined by @D and . Then, there exists a constant Cra € R’ depending only on T,Cy, F1, F2, &, uo
and & such that:

lur ks — U7kl T2(0x0) < Crak.

Note that this estimate is sharper than the one given in [BCGI6-2|, where the bound was equal, up to a constant,
to h + k.

Proof. Using the equivalent definition of wr i, we have

lur.,x — ﬂ7’JcH2L2(QxQ)

(n+1)k 2
-3 Z/ KB [0 () (W (5) — W) ds
KeT n=0
(n+1)k s —nk 2
D Z/ K1 | (S S lomal{Faluieond) - Pt }) | ds
KeT n=0 LEN(K)

<y Z|K|k202 [ 2]+Z Zk|K||K|2 < > aK,L|{F;;,L(u;;,uz)—F;;,L(u?(,u;;)})Q

KeT n=0 n=0 KeT LEN(K)

aK n n n n n n 2
|K |< Z |JK,L|E|:(FK,L(UK7UL) _FK,L(UKauK)) ])

n=0 K€T| | LEN(K)

N-1

K| _ 1 _ (-9
K| = a2h = (F + Fa)k
2

Due to the properties of the mesh and the CFL Condition (18)), one shows that
Moreover, thanks to the first point of Proposition I 2| and the L .. estimate given by Proposition |1} one gets:

(1_6) C 1k2

HUT,k - ﬂT,k“i?(QxQ) SkCgQHuT,k||2L2(Q><Q) + m BV,
<Crak,
(1-9

CQ TC?

where Crp = max{ )CBV71 }, which concludes the proof. m

ol Gy

3.4 Discrete entropy inequalities on the approximate solution

In order to obtain entropy inequalities for (ur ), some discrete entropy inequalities satisfied by the discrete un-
knowns uf% are first derived in the upcoming propositions. Following [BCG16-2|, we start in a first step (for
technical reasons due to the stochastic noise) with the particular case of a Godunov numerical scheme. Then, we
will generalize in a second step the obtained inequality to any monotone finite volume scheme. Indeed, we will
use the fact that any monotone numerical flux can be decomposed as a convex combinaison between a Godunov
numerical flux and a modified Lax-Friedrichs’ one (the proof of such a splitting can be found in [CHOQ] for example).

10



3.4.1 The case of a family of Godunov’s numerical fluxes

We assume in this subsection that, for all K € T, for all L € N(K) and for all n € {0,..., N — 1}, Fg 1 is the
Godunov’s numerical flux defined as follows: for all a,b € R, if a > b (resp. a < b), there exists sk 1 (a,b) € [b, d]
(resp. [a,b]) such that:

Fg.1(a,b) = fr.1(sk,r(a, b)) = max{f}é,L(v)m € [b, a]} (resp. min {f}é’L(v),v € [a,b}}). (24)

Then, fixing n € A, and denoting for all v € R:
ko) = [ ©@(fi) (0)do
0

we can define the entropy numerical flux G'% ;, by G% 1 (a,b) = ®% 1 (sk (a,b)), for all a,b € R.

Remark 7 From , we deduce that for all a € R, G 1(a,a) = Pk 1 (a) and for all s € R,

S lokpl®ki(s)= > lokrl|Gk (s, s)=0.

LeN(K) LeN(K)

Proposition 4 (Discrete entropy inequalities) Assume that hypotheses Hi to Hr hold and that for all n €
{0,..,.N =1} and (K,L) € Tr, (Fg 1)nx L is the family of Godunov’s flures associated with the flur f. Let
ug € LZ(Rd) and T be an admissible mesh in the sense of Definition @ T >0, N € N and let k = % € R}
be the time step satisfying the CFL Condition with F1 = F» = Cy. Then, there exists a constant Cpg,g
depending only on R, d,d,uo,E,Fl,Fg,Cf?,CfT, llgllec and Cg4 such that P — a.s in , for any n € A and for any

p e DY (R x [0,T))

—Z 3 /("“)k/ ‘”(“K) oz, nk) dacdt+z > /(n+1 / (@, t, 15, 0). Vo p(, nk)dadt

n=0 KETR n=0 K€TRr
N-1 (n+1)k (n+1)k

+3 3 / / (w )9 (), ) drd W (1) + = Z 3 / / ()P (Y, )
n=0 KE€Tr n=0 Ke€TRr

> ReM™¥, (25)

where for any P-measurable set A:

1/2 12

i k
|B[1aRE""7] | < Comc Il 137 + I el Valloo X b

hl/2
+ (Il o0 + el 17 lo0) X 1172 + gl 7" lloe % ].

Proof. In order to prove this proposition, we are going to show firstly that inequality (| . holds for a certain
RE®™% and in a second time, we will estimate the quantity F 1 ARLE *#] for a given P-measurable set A. We will
use in particular some techniques developped in the deterministic framework (see for example [EGHO00|, [CHO0| or
[CCLE95]) and deepen their adaptation to our stochastic case.

T
Let T > 0, ugp € L*(R%), T be an admissible mesh in the sense of Deﬁnition N € N* and k = — € R}. We assume

that the CFL Condition holds for some &€ € (0,1). In this manner, the estimates given by Proposition [1| and
hold. Consider n € A and ¢ € DT(R? x [0,T)), thus there exists R > h such that supp ¢ C B(0, R — h) x [0,T).
STEP I: Existence of Ry*™%

Let K € T and n € {0,..., N — 1}. The application of Itd’s formula to the process @% and the function v € R
n(v) € R on the interval [nk, (n + 1)k] yields P-a.s in Q:

(n+1)k 1

(@i +00) =n(aren) == [ @O G X lowal o) d

LeN(K)

(n+1)k (n+1)k
[ @O + g [ @) ).

Let us multiply this equation by |K|¢%, where % = %/ o(z,nk)dz, and sum for all K € Tr and n €
K
{0,..., N — 1}. Thus, one gets P-a.s in Q:

_ AhEm,e h,k,n,e h,k,n,e h,k,n,¢
0 =AMrme _ ghk +C”’+D’ ,

11



where:

n=0 KETr n=0 KeTr "™

e N-1
=> >

n=0 KETp '™

(n+1)k n41y _ n
/ —U(UK ) — n(uk) p(z,nk)dxdt
k K k

(n+1)k ,
W @0) S loxnl i (ke uh) et
k LeN(K)

h,k i (n+l)k =y n n
e =3 3 K| / (@3 (1)) g () e dW (1)
nk

n=0 KeTg

h.k 1 = (n+Dk 1" 2
and DM =257 ST K] [ @k ) Rk
nk

n=0 KeTr
Let us analyze separately the last three terms. We decompose B"*"% in the following way:

h,k h,k Hh,k Hh,k h,k h,k h,k h,k
B™ ERUEL (B SF1, P - B™ »”MP) + (B sRs1 P _Bd W,W) + (BGY 3P _Bq)’ JNP) +Bq,’ ﬁth’

where:

Fr r(uk,ul)e(z, nk)dzdt,

Shk P (ntDk /
B =S 3 [0 g [ S e

n=0 KeTg ” "k LEN(K)

N—-1
1 n n n
BlEre =3 30 TN / S low.LlGleor (uke, uh)p(a, nk)dudt
K

n=0 KeTg * "k LeN(K)

N-1 (n+1)k
and BIFme = _ Z Z / / D, (z,t, uk,0).Vaop(z, nk)dzdt.
K

n=0 KeTp "k

(n+1)k

We first show that B™*m¢ — Bg’k’"“p > 0 almost surely.

Using Remarks [2 and [7| we can rewrite B"*m¢ — Bg’k’"’“’ in the following way:

N-1

~ k
R AR S DN Y TR D

n=0 K€Tg LEN(K)

(o) (Pt ) = P i)

_ (G}’L(u?{,uzl) — G%’L(u?(,u?())}.

Following [BCG16-2|, we use the fact that our numerical fluxes are the Godunov’s one. Indeed, thanks to their
explicit definitions given by 7 one can affirm that the numerical entropy fluxes (G’ r)n. kL, satisfy for any
(K,L) € Z,:

' (i) (i p (i, ul) = FRe (i i) ) = (G (i uf) = G (ufe, ue) ) 20, (26)

and, thus:
h,k,n,¢ h,k,n,¢ ph.k.n,e h,k,n,¢ h,k,n,¢ h,k,n,¢
B >B - B + BlRme _ ghkme o ghikne

Conclusion of STEP I: Since P-a.s in Q, AMFm¢ — ghkne . ghkne . phkne —
we get with the study of BFm%.

4)%197 s h,k,m, h,k,m, h,k,m, h,k,m, h,k,n, h,k,m, h,k,n,
e Bq: n(P-i-C "I‘P+D 77('0>(.B e B W¢)+(BG e Bq) 7790)
h,k,n, h,k,m, h,k,m, h,k,n,
+(O an—C 77<P)_|_(D "7<P_D TISD),
Where

- N-1 (n+1)k - "
ghme Z 3§ / / 7 (W) g (wi ), nk)dW (t)dz
KJn

n=0 KeTr k
R 1 N-1 (n+1)k
and D"Fme =3 Z Z / / 0" (ui)g® (Wi o, nk)dtdz.
n=0 KeTr K Jnk

In this way, we get inequality 7 with:
ngm,w _ (Bh’k’n’w . Bh’k'n’w) + (Bg,k,n,<p o Bg,k,n,g;) + (éh,k,n,gp o Ch,k,n,sﬂ) + (ﬁh,k,n,w _ Dh,k,nwp)_ (27)

STEP II: Estimate of E [ILARZ’k’""P]

Let A be a P-measurable set. In this second step, we estimate the term E [nAR’g;’“W].

12



IL1 Study of E [nA(Bhv’*v"’v — Bhkme)
For almost all w € Q, t € (nk, (n+1)k), any K € T and any n € {0, ..., N — 1}, there exists v (w,t) € R such
that:
1 (ak (8) — ' (uk) = 1" (vi (w, 1)) (@7 (t) — uk).
So, BMkme _ phkmne — Tlh’k’""'o - Tzh’k’"’“a where:
2

(n+1)k —nk N N "
ke = Z Z/ |K|/ \K\ p(z, nk)dxdt x Z lox,o|Fg L(uk,ur)

n=0 KETgr LeN(K)

N-1 (n+1)k
ke -1 Z / / (v (t K)(W(t) - W(nk))ap(x,nk)dmdt X Z lok,L|Fr L (uk, ur)

‘K| n=0 K€TR LeN(K)

We first study F [IL ATlh ’k’"‘w}. Using Remark , Cauchy-Schwarz inequality, the properties of the mesh

and the point 1. of Proposition [2 (which gives the existence of a constant Cpv,1), we get:

1 Z > / T L ) SR o, by
4 [K] S "R TR

B [rarftre]
n=0 KeTr

2

o (i, uh) — Fin (ufe, uie) } } ‘

|2

LEN(K)

k
<" ol 257 Cov

Let us now estimate F [ILATQh’k’"’“p]. Using the same arguments as previously, one gets
(n+1)k 1 v .
LY Y [ g | kO (o - W)

(B [nazpene])’ ( 22
X ( Z K, (u?{,uz))<p(:r,nk)dxdt]>
>

LEN(K)
LeN(K)

2 2 2
<lln" % llell% Gy

n=0 KE€TR |

x E[ > lownl{FR o (i uf) - F;,Lw;z,u}z)}Q}

LeN(K)

C k
C BV,1
< (Il CE e ol ey 252 ) .

Gathering these two estimates, we get

(B [1a(B" e = BYR7)]| < Jn” oo n

Cpvai k , Chava k
srak (m’mwmcnm/||uo|L2<Rd>V ) ;

I1.2 Study of E [nA(Bg”“’"*‘P - Bh’k’""")]
To begin with, we split Bg‘k’""” nd Bh R into the sum of two terms. Using Remarkland the anti-symmetry

property of the numerical flux, we can rewrite:

h,k,n,e 7 hokn,e = h,kn,e
B =T — T ,
where:

N-1
7 hk,m,
Ty TW:Z |K||UKL\{GKL ufe,ur) — Pk L UK}/ (z, nk)dz
n=0 (K,L)eT},
N—-1
andThkma :Z
(

n=0 (K,L)eT}

(uf UTLL)—CI)TIL(,L(UZ)}/Lw(I,nk)dm.

La
L]

Let us note that using Assumption Hs, we have for all (z,t) € Q and a,b € R:
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div, [(b,,(a;,t,a, b)] = 0. (28)

Then, B2%™% can be rewritten in the following way:

N-1 (n+1)k
Bldme — _ Z Z / / div, [<I> (z,t,ug, 0)p(z, nk)] dxdt

KeTr
(n+1)k
Z Z / Z / (z,t uK,O).nKyL)go(x,nk)d’y(m)dt
n=0 KETRr LEN(K)YIK,L
:Tlhykﬂh _ Tzhyk”’h‘ﬂ?

where:

(n+1)k
Thkme — Z Z / / GKL (ufk,ul) — @n(x,t,u’}(,O).nK,L}cp(x,nk)dv(;c)dt

n=0 (K,L)ET}
(n+1)k
and Th e = Z Z / / GK p(ug,ur) — Oq(z,t,ug, 0)-”K,L}Sﬂ(m7 nk)dy(z)dt.
n=0 (K,L)ET}

= h,k,m, h,k,n, i h,k,m, h,k,n, :
[Ty — TR and |To"™Y — Ty ™%, To do this, we first note that we

Now, our aim is to estimate
have:

Tlh,k,n,so _ Tlh,k,n,tp

-y 3 Blow,l{ G (uke, uf) — @ 1 (uic) } <|Il<|/ch(a:,nk)dg;— 1 S0(96,7116)(17(9@)

n=0 (K,L)eT}, K, L

(n+1)k
+ Z Z / / {@,, z, b uk,0).nk,L — Pk r(uk }gp x,nk)dy(z)dt.

n=0 (K,L)€T},

Similarly, we have:

7 h,k,n,e h,k,n,e
T —T)

NZ > k|0'K,L|{G71L<,L(UTIL<‘7U7£) - (I)TIL(,L(UZ)} (L/L o(x,nk)dz |UKL| / o(x, nk)dy(z )>

n=0 (K,L)ET}

("+1)k/ {‘I) z, t,ur,0).nk,L — Pk L(UL)} (z, nk)d(z)dt.

hok hok, hok bk,
Let us now bound |T3 """ — T"®"#| and |Tp""™% — T30 "%,

e Let us begin with the estimate of G'% r(uk,ul) — Pk (ux) and Gk 1 (uk,ul) — Pk (uf). Set (K,L) €
Iy, we then have uj > u7, which implies that there exists sf 1, (uj,ur) € [ul,uf] such that

fro(sko(uk,up)) = max  frr(s)

sE[u’i,u}L(]

and hence:
n n n n n n n n n n n K’L(uK’uL) / n !
GK,L(UKyuL) - K,L(U«K) = K,L(SK,L(UK:UL)) - q)K,L(uK) = / n (U)(fK,L) (v)dv.
wn

Using an integration by parts formula, the convexity of  and the fact that (F ;) is a family of Godunov
fluxes, we have for any (K, L) € Zg:

|G (i, wh) = Bl (i) < 2o e [Ffep(d) = Fiep(d,d)] (29)
uzgcgdgu?{

|G, (uhe,up) — ,p(up)| < 20l max Fﬁ,L(daC)—Fﬁ,L(CaC)‘- (30)
ULSCSdSUK

e We get easily that for any K € T:

1
(z,nk)d —/ z,nk)dx| <h||Vzpl oo- 31
al ., e = g [ ke <Vl (31)
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(n4+1)k
e Let us now bound Z Z / / (z,t,u5,0).nK L — @%7L(u%)}cp(x,nk)d7(x)dt.
OK,L

n=0 (K,L)ET}
First, note that, thanks to the definition of ®% ;, this term is equal to:

N-1

(n+1)k
Z / / {q),,xtuK,)nKL—<I>KLuK}g0xnkd'y )dt

n=0 (K,L)ET}

N—-1

(n+1)k (n+1)k
-y 3 / / / / ootk 0) = @005,k 0) sy s | ol i) @i
k|aKL|

n=0 (K,L)ET}
Using Assumptions Hy and Hs, we deduce that for any z,y € B(0, R), t,s € [0,7] and a,b € R
|y (w, 8, a,b) — @y (x,5,a,b)| < 2|0 CF |t = s, (32)
|y (2, 8,a,b) — By (y, t, a,b)| < 2[1 || CF |z = yl. (33)

Indeed, thanks to an integration par parts, we have

|q)77(x7t7aab) - ‘1)77(1'757(171)” < |77,(a - b)(.f(x7t7 (1) - f(-rvsaa” + ‘/a 7]”(0' — b)(f(ac,t,a) - f(xasao'))do'
b
< 20T |t —sln'(a - b)].

The proof of is similar.
Hence by denoting x, the center of the edge ok, 1, we deduce that P-a.s. in €2 we have:

(n+1)k
Z Z / / {<I> (z, ¢, uk,0).nk,L — P 1 (uk }80 x, nk)dy(z)dt

n=0 (K,L)ET}

N-1 1 (n+1)k (n+1)k
= § E / / / / {q)n(x,tﬂ//r}l(zo)_q)n(y757u?(>0)}'nK,L
k|UKvL| nk ok, Jnk OK.,L

n=0 (K,L)EL}

< Ll nk) - p(an, nk)}dv(y)dsdv(w)dt’
N —

sZ S S Hown 2Tk + CRR) | ool Vel
n=0 Ke€Tr LEN( K)

<IValloo 11 [loo 72T\B(0 R)| x 2(Cik+Cfh). (34)

e We are now ready to compare ngm,w to BLF ™ We first recall that:

h,k,n,¢ h,km,o _ /m hokmye h,k,m,e = h,k,n,p h,k,n,p
Bg - Bg = (T -1 ) — (T2 -1 )-

Using , , and , a.s. in 2, we get:

N-—-1
|73 R | <ol ol Vagllooh > S0 Mowl{ | max

uh <ce<d<u"
n=0 (K,L)eT} L="="=7K

[Vaeplloo
72

Fien(d,e) = Fiep(d,d)|}
+2T|B(0, R)(Cf k + C{h)

N-1
and [T"57% PR <ol o [Vapllch 3 S Mowul{ | max

n n
=0 (K,L)€T}, upSesdsuf

[Vaiplloo
az

n(d0) = Fié o(e,)|}

+2T|B(0, R)(C} k + C{h)
So, combining these two inequalities and using the weak BV estimate of Proposition [2] we have:

2T|B(0, R)(CTk + CFh) | Vel oo
a2 '

|B [1a(BES™? = Byt19)] | <20 o | Vapllow Cnvah/? + (35)

IL.3 Study of E [nA(éh”“’"’*’ - C"’k”’"")]

’E[ILA(C*'“'“’""P —~ Ch”“'"’“’)} ‘ =gplme y gpkne,
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where

Shokome - Z Z/ ” /n<:+1>k {n'(@%(t)) _n/(u}l()}g(unK){(p(x’nk) —Lp(a:,t)}dW(t)dw

KeTRr n=0
and

(n+1)k
spere—|p| 3 Y / wa [ o o) — o ) oo W 1)

KeTr n=0

Using successively Cauchy-Schwarz inequality on Q x B(0, R), Itd isometry and Proposition [1} one gets:

sene _|p| 3 3 / [ ot 0) o i bt [t ) — ot 0w e

KETr n=0
1/2

VETRY { Y [ [( /(n+l>k{n’(u}’<(t))n’(U’%)}g(U%){w(x,nk)w(x,t)}dW(t))T da

n=0 | KeTr

2
<VEV[B(0, R)[2C]|0vp oo [In s Te" %o uol| 2 g

Note that here the assumption on the boundedness of g is crucial. Using Proposition [3] we have:

SOy {( / [ (@rs) uTk)}g(uT,wso(x,t)dW(t))Q] s

<IB(0, B)lllellsIn"lI5 IlgllzCra x k.

2

So, we deduce that:
~ 2
| [1a(@ e — cmEno)] | < /TBIO, RY2C, 10l oclin oo Te™ 5/ ol e /2 + /T aTBEO, Rl Il gl ook,

IL4 Study of E[I[A(Dh,km#’ _ Dh,k,m«p)]
Using again the boundedness of g, Cauchy-Schwarz inequality and Proposition [3} one gets:

B (n+1)k
[Blta(prins - prene)]| = 1p [ 3 3 / | () " (w5 ()] o () o e, k) izt
KeTgr n=0 nk
T|B(0, k)|

<
- 2

2
lgllzellelioolln™ loeCra x k.

Conclusion of STEP II:
By gathering the results obtained previously, one gets that for any P-measurable set A:

CBVlk? o2 Cv,1 k
[BL1A R <l o oo 22 (In"lmlwlooc T fug gy L2 ) X 2l o IVl Ot

h
ZHVSATW(O R)|(CFh+ Cfk)
+ VIBO, R)[2s |9upllo I ow Te" 172 ol ey + v/ CraTBO, Bl 1 lscllg k™2
+ VBB 2 oo Cora x b

which concludes the proof of the proposition by using the CFL Condition (18[). m

3.4.2 The general case

Similarly to what has been done in [BCG16-2|, we prove the case of general monotone numerical fluxes by using
the previous study on Godunov’s numerical fluxes and the following decomposition lemma (see [CHO0]).

Lemma 2 Consider a family of monotone numerical fluzes (Fg 1 )n, i, in the sense of Deﬁmtzonl | with constants
F1, F>. Then, there exists a family of functions (0% 1)n,x,L taking values in [0,1] such that for anyn € N, K € T
and L € N(K), for any (a,b) € R%:

Fg r(a,b) = 0% 1 (a, ) FiF (a,b) + (1 — 0% 1.(a, b)) Fre " (a,b),
G

where (F7 )n i, 15 the family of Godunov’s numerical fluzes associated with the flux function f and (F;éﬁF)nKL
is the family of modified Lax-Friedrichs’ numerical fluzes with parameter D = max (2]*:‘1, 28, Cf) associated with
the flux function f.
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Remark 8 Note that the numerical fluzes (F;;g)nKL and (F;ﬁF)nKL satisfy Deﬁm’tion with the following
respective parameters F1 = Fo = Cy and F1 = Fo = D.

Let us recall the definition of a family of modified Lax-Friedrichs’ numerical fluxes associated with the flux
function f with parameter D (where D > Cy). Since f is a Lipschitz-continuous function, it can be decomposed in
the following way: f = fi1 + f2 where

t D t,v) — D
fi:(z,t,0) — w and fo: (z,t,v) — M#
are respectively non-decreasing and non-increasing. Then, for any n € N* and any K, L € T, the discretization
[k, of the flux function f defined by can be decomposed in the following manner: fx ; = f" S fK’(2) where
for all s € R

n, f}%,L(S)_FDS n, fIn(,L(S)_DS
(o) = HLOEDS g gy = TRl 2 De

The modified Lax-Friedrichs numerical fluxes with parameter D are then defined for any a,b € R by:
i (a,b) = FRi ™ (a,b) + Fie i (o, b),
where

n,(LF, n, n,(LF, n,
Fr 9 (a,b) = f(a) and Fi2 "% (a,0) = f123 (b). (36)

Note that for i = 1,2, Fy LF R belongs to the class of Godunov numerical fluxes as upwind numerical fluxes

(0 Hence we can naturally define the entropy numerical flux G” LF

associated with the monotomc functions fy’ KL
associated with F;IZF by:
G (a,b) = G (a,b) + G (a,h),

where for any a,b € R,

G (a,b) = / W) (DY @)dv and GLER (a,b) = / W) (f DY (v)dv. (37)

Proposition 5 (Discrete entropy inequalities) Assume that Assumptions Hy to Hy hold and that (Fg 1)n kL
is a family of monotone numerical fluzes associated with the fluz function f. Let uo € L*(R?) and T be an
admissible mesh in the sense of Deﬁm’tion@ T >0, N €N and let k = % € R% be the time step satisfying the
CFL Condition . Then, there exists a constant Cpg depending only on R, d,d,uo,f,Fl,Fg,C?,Cf, [lg]lec and
C, such that P — a.s in Q, for any n € A and for any p € DT (R? x [0,7)):

_ Z Z /("“)k/ n(uz) —nlui) o(x, nk)dzdt + Z S /(n+1 / (z,t, uf,0).Vop(x, nk)dzdt

n=0 KeTg n=0 KeTg
N-1 (n+1)k 1 N-1 (n+1)k

+ Z Z / / (uk)g(ug)p(x, nk)dzdW (t) + = 5 Z Z / / "(u)g? (u (e, nk)dxdt
n=0 KeTg n=0 KeTg

> RMEme, (38)

where for any P-measurable set A:

1/2 1/2

- k
|B [1a 5] | <Cop [In" Nl lellow 175 + 17 locl| Vaplion % A

hl/2
+ (19elloollnlloo + Nellolin”lloo) X &2 + ll@lloolln™[lee x k] (39)

Proof. Most of the proof of Proposition [4] can be applied without any modifications, since we only used the fact
that (F'g¢ ;) was a family of Godunov numerical fluxes in the following two steps: firstly when we proven in the
point I that BMFme — Bg’k’""" > 0 a.s. in © and secondly when we established (29)-(30) in the point II.2. For
these two points, we have truly exploited the fact that F ; was of Godunov’s type through the use of the numerical
entropy fluxes (G 1, )n,x,L. In order to get these inequalities in the general case, we use the decomposition given by
Lemma to define the family of entropy numerical fluxes (G'% 1 )n,x,1 associated with (F§ 1)n ko in the following
way: for any a,b € R,

Gk p(a,b) = 0% 1(a,b)G G (a,b) + (1 — 0% (a,b)) G  (a,b),

where G’ % (a,b) and G’ LF(a b) denote respectively the entropy numerical fluxes associated with F}}g and F}}EF
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I In order to show that B"Fm¢ — Bg’k’"’“" > 0 almost surely, we split the sum into two terms:

N-1
o k n n n n mn, n n n, n n
Bhkme _ghkme Z Z K /Kgo(:/v7 nk)dzx Z GK,L(UK,UL)|UK,L|{77/(UK)FK7(L;(UK,UL) — GKi(uK,uL)}

n=0 Ke€Tg LeEN(K)
N-1
Y o ewnkde Y (U O (ke ud)) o | i) FE T (ke ) - G () b
|K| X ’ , ’ > K,L ’ K,L )
n=0 KETr LeN(K)

Exactly as in the point I of the proof of Proposition |4 we get n'(u"K)F;f(u?{,uZ) - GZCE (uf,ut) > 0 for
any (K, L) € Tx. The second term can be decomposed as:

0 (i) F £ (i up) = Gl (i ul) = o (ui) P (uie, uf) = G (ulc, u)
n n,(LF,2 n n n,(LF,2 n n
0 (i) Fie ™ (e, uf) — G (e, ),
where F;i(LLF’l), F;:(LLF’m, GZ’}LLF’U, G;?(LLF’Q) are respectively defined by -. Hence the proof given in

the point I of the proof of Proposition can be applied directly to F;(LLFI
numerical flux is a Godunov’s one. We have then for any (K, L) € Ty

(LF32) . .
and F;(L ) since any upwind
1/ n n,LF / n n n,LF / n n
N (ug)Fp (ug,ur) — Gy (uk,ur) > 0.

I1.2 Let us now establish inequalities (29)-(30) in order to get bounds for the terms | T} — T/"*| and |Ty* — Ty
Set (K, L) € Zx. In order to prove (29) for a family of general numerical fluxes, we use the splitting:

G (i, wE) — @ (i) = O p (i, ui) (GRS (we, k) — @ o (we) )
+ (1= 05 o (e, u)) (G (e, u) — @ 1 (uk))
Once again, we apply directly the proof of Proposition [ for the Godunov part and get

,G G G
G (e, ) — @ p(wio)| < 2l mae |G (d,0) - F§(d,a)|
LSC2aASUE

As above, we deal with the Lax-Friedrichs part by using the decomposition of F ;iF involving the upwind

. (LF1 (LF2 : .
numerical fluxes F;(L ) and F;é(L ). For i = 1,2, we set for any v in R

W) = [ @) (o)do
0
and one gets the decomposition:
Gl (e uf) = @5 1 (uie) = (GRETD (i, i) = @R (wie)) + (G (i, uf) - @R (i) )

Using again the fact that any upwind numerical flux belongs to the class of Godunov’s ones, we can apply the
proof of Proposition [4 directly and get for i = 1,2:

,(LF,i n n J(LF,i n
|G (ke ) - @R W] < 2l max

n,(LF,i n,(LFi
Frit " (d,0) = Fei ™0 (d.d)|.

u’lf chdgu?(
Using the same technique, we obtain similar bounds for G'% 1 (ux,u7) — ®% . (uf). Then, by applying Propo-
sition [2[ with the numerical fluxes F;CL;, F;:(LLF’I) and F;:ELFQ), one gets the existence of constants CgV’Q,

LF,1 LF2
Cgvs and Cgy/; such that

2T|B(0, R)(CTk + CFh)|| Voo

B [1a(BE*% — By)]| <2l e | Vaplloe (Chvo + CEVA + CET2IRY2 + .

a
which achieves the proof since these constants depend only on R, d, &, uo,&, Fi, Fo, C’}%, C}F, llglloe and Cj.

3.5 Continuous entropy inequalities on the approximate solution u;y

The following proposition investigates the entropy inequalities which are satisfied by the approximate solution wy .
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Proposition 6 (Continuous entropy inequalities on the discrete solution) Assume that hypotheses Hi to
T
Hy hold. Let T be an admissible mesh in the sense of DeﬁnitionH N e N*, T € R} and let k = v € R% be

the time step such that the CFL Condition 1@/ holds for some & € (0,1). Then, there exists a constant CcEg,
which depends only on R,d, &, uo,§, F1, F2, C; ,CfT, llgllec and Cy, such that P-a.s in 2, for any n € A and for any
¢ € DT(R? x [0,T)):

/ n(uo)e(z, O)daz—i—/ n(ur k)Ocp(z, t)dxdt—i—/ D, (z,t,ur k,0).Vap(z, t)dzdt
Q

//Rd (wr ) g(uwr )z, t)dzdW () + / "(ur ) g® (ur ) (x, t)dzdt > R (40)

where for any P-measurable set A:

1/2

k
|E[1aR™ ]| < Con I loclelloorrrs + 10 oo Valloch™? + (192l 17 oo + @l ln” oo 2

hl/2
+ Hn”’\loolls@\lookJr/B(O . |uo(z) — ur0(@)|dz + (17l [|0:Vaipll oo + |In'/||oo||3t<ﬂ||oo)k] (41)

From here we will use the notation uro(x) = u% forz € K.

Proof. Using Proposition [f], we have:

h,k,n,¢ h,k,n,e h,k,n,¢ h,k,n,e ph.k.n,o
A +B +C +D >R ,

where:

(n+1)k
AlEme — Z Z / / (K) o(z, nk)dzdt,

n=0 KeTr

(n+1)k
Bk _ Z > / / (@, t, 0%, 0).V oo (x, nk)dwdt,

n=0 KE€Tr

Chkne _ Z > /(”“)k/ (W) g(ul ), nk)dedW (1),

n=0 KeTp

phkme — Z Z ‘/(n+1 / "(u) g (), o(x, nk)dzdt

n=0 KeTg

and R™*™% verifies inequality (139).
Let us show that inequality (40)) holds for a convenient R™*"%. To do this, we introduce the following quantities:

hokm,e
apsme [

n(uo(x))p(x, 0)da + /Q D)o, £) dadt.

=
(9

Bhome :/ &, (2, t, ur 1, 0). Va(z, t)drdt.
Q

crm? = [ v (ur g(ur)ele,dsdi ().
Q
1

D =3 /Q 0" (ur k)g* (ur i) (x, t)dud.

Therefore, if we set:
h,k,n, ph.km, h,k,m, h,k,n, h,k,m, h,k,m, h,k,m, h,k,n, h,k,m, h,k,m,
R n‘P:R "7<P_|_(A1 W‘P_A WLP)+(B1 n*P_B T’ILP)_'_(CI n*P_C TILP)_i_(Dl "I‘P_D "I*P)7

one obtains that P-a.s in Q:

/ n(uo(x))cp(a:,O)da:—i—/n(uTyk)atcp(x,t)dxdt—i—/ D, (z,t,ur k,0).Vap(z, t)dzdt
R4 Q Q

1
+/ 0 (ur k) g(ur k) e(z, t)dzdW (t) + 5/ 0" (ur k)9’ (urk)p(a, t)dodt > R,
Q Q

Now, let A be a P-measurable set. It remains to estimate E[]IARh’k’""P]. Thanks to Proposition |5| we have a

bound on E [ILARh’k‘”’*"]. Let us analyze separately each other term. Using a discrete integration by parts we get :
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ATAU(UT k)Ocp(x, t)dxdt = Z Z / { (z,(n+1)k) — cp(a:,nk)}d;r:

n=0 KeTr

D> (i) = ntwio} [ et o+ D)z = 3 naie) /K o(2,0)da

n=0 K€Tp K KeTr

Then, using the CFL Condition and the point 3. of Proposition |2} we deduce that:

|B[La(AP = — gbkme))| < \ [ /K (1o (2)) n(uro(x)))so(m,o>da:}

7] uK — (n+1)k
Z Z / / ez, (n+ Dk — ¢(z, nk))dmdt

n=0 KeTr
S/ [n(uo(2)) — n(ur o(@))le(@,0)dz + [0l 0ol Z > KIKIE [In(uit") — n(uk)l]
R n=0 KeTr

1—
< ”77/”00”90”00/ |u0(x) - u’T,O(m)‘dw + ||77/||ooH8t§0Hoo < Ig, ?, aCpv,2 + CBV,3> k1/2.
B(0,R) 1+ r2

Let us now notice that for all (z,t) € Q and a,b € R, we have:

#ateat)] =| [ (o 0001,
b

< [1'lleCrla —bl. (42)

So, one gets:

(n+1)k
n(z,t, u?(,())/ / {Vzap(x,nk) - Vzgo(;c,t)}dxdt
nk K

Then, using the stability result of Proposition [I, we obtain:

<17 lloo Crlufc] X 100V o]l | K K.

B[ — Bs1)]| <l CAlOTaplak x 3k Y IKIE[uk]

n=0 K€ETgr
2
<1l Cr |10V zplloe V/1B(0, R)Te ™ 2 [uo|| 2 st k-

Using Cauchy-Schwarz inequality, the isometric property of It6 integral and finally Proposition [T} we get :

‘E[]IA(Ch’k’nW _ o) ” ’ { NE: Z (ufk)g(ug) /(n+1)k/ {go z,nk) :c,t)}dxdW(t)”

Ng B(0, R)| (KGZT//("+1 { () g(ulk {wmnk) olz, )})2}dtdx>l/2

2
<7 |0 Cy 181000 V/TBO, R) TS/ |fuo|| 12 guay k2.

‘We bound the last term by using again Proposition
1 2
|B 14 (D% = D) | < €200l oo T 2 g b

Therefore, thanks to the estimate (39) on RMEm¢  for any P-measurable set A, we have:

L1772

|B[14R"1%] | < Con[In" loclloll K7z + 17 oo IVasplloch’? + (ol e + pllo 1) 2

i

o I ol pll ook

1—
i llelloe [ funla) = uro()ldo + Il 00l ( U8 50y +cBV,3> B2
B(0,R) 1+ b2

2 2
+ 11 oo Crl10e Vo plloo v/ B0, R)[Te™ 2 |Juol| 2 gy k + 11 o0 C |9r6lloc v/1B(O, )T ™2 Juo ]| 2y k2

1 2 c?r 2
+5H77”Hoocg\|3tsollooT6 97 [[uollz2 (gayk-
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3.6 Convergence to a measure-valued entropy solution

In order to pass to the limit in the non linear terms, we use the estimate stated in Proposition [1| which yields com-
pactness in the sense of Young measures. Following [BVW12l [BCGI16-2], we get the following result of convergence.

Proposition 7 (Convergence to a measure-valued entropy solution) Assume that hypotheses Hi to Hz

T
hold. Let N € N* and k = v € R be the time step. Let (ur k) be the finite volume approzimation defined by (9).

Then (uTk) converges (up to a subsequence) in the sense of Young measures to a measure-valued entropy solution

u of in the sense of Definition[d as (h,k/h) — (0,0).

T
Proof. Let 7 be an admissible mesh in the sense of Deﬁnition N € N* and let k = ~ € R% be the time step.

Since we are interested in the limit as (h,k/h) — (0,0) we can suppose that the CFL Condition (18) holds for
some ¢ € (0,1). Consider a P-measurable set A, n € A, ¢ € DT(R? x [0,T)) and apply Proposition [6| Multiplying
the obtained inequality by 14 and taking the expectation gives

E [nA /IR n(uo)np(x,())dm} +E {M/Qn(um)at@(x,t)dxdt] +E {ILA/Q@n(x,t,uT,k,o).vzgo(m,t)dxdt]

T
1
w2t [ dterosr et daw )] + 58 (1 [ o g et s
0o JR Q
>F [1aRM7¢]. (43)
To show the convergence of ur i towards a measure-valued entropy solution of our problem, we aim to pass to

h
Thus, it remains to study the convergence of the left-hand side of . Recall that thanks to the estimate stated
in Proposition [l w7 x converges (up to a subsequence denoted in the same way) in the sense of Young measures to
n "entropy process" denoted by p in L? (2% Qx(0,1)). Following [BCGI6-2], one gets the following convergences
as (h,k/h) — (0,0):

the limit in the above inequality. We deduce from Proposition H that E [ILARh’k””“”] — 0 as (h, E) — (0,0).

E {ILA/Qn(uTyk)atnp(:v,t)dxdt: — F :llA/Q (/01 n(p(x,t,a))da) Btap(m,t)dxdt] ,

32 [La / o (ur g )l ot | — 35 |1 / (f e, ) o t,0))do )l )]

E {ILA /OT /Rd n'(uT,k)g(uT,k)go(x,t)dde(t)- — F ILA/ /Rd/ (z,t, ) g(u(:r7t7a))go(x,t)dadde(t)} .

Let us now study the term associated with the flux function f : we introduce
Uy (w,z,t,u) €EQXXQ X R 1a(w)Py(z,t,u,0).Vaop(z,t) €R

which is a Carathéodory function. We deduce from Proposition |1| and inequality that ¥i(.,ur k) is bounded
in L?(Q x Q). Hence we have, as (h, k/h) — (0,0):

1
E {]IA/ @n(x,t,uT,k,O).Vch(x,t)dxdt] — F {]IA/ (/ @n(x,t,,u(x,t,a)ﬁ)da) .Vzgo(z,t)d:cdt} .
Q Q \Jo

By passing to the limit in , we obtain that for any P-measurable set A, for any n € A and for any ¢ €
DT (R? x [0,T))

0 §E[]IA /]Rd n(uo)tp(x,O)d:c] —|—E[]1A/Q/O1 n(p(z,t, a))atcp(a:,t)dada:dt]
]IA/ / (z,t, p(z, t, @), 0).Vch(:r,t)dadxdt}
ILA/ /Rd/ u(z, t, o) g(,u(x,t,a))go(m,t)dozdde(t)]

]1,4 / / u(z, t, o )gQ(M(x,t,a))cp(m,t)dadmdt}.

Hence, 1 is a measure-valued entropy solution in the sense of Definition [2] which concludes the proof. m
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4 Uniqueness of the solution

In the previous section, we have proven the existence of a measure-valued entropy solution of Problem through
the convergence (up to a subsequence) of the finite volume approximation (ur ) as (h,k/h) — (0,0). In order to
prove Theorem [1] we establish the uniqueness of such a measure-valued entropy solution, and that it has moreover
the property to be an entropy solution in the sense of Definition [I] The idea to get such a uniqueness result is to
adapt the method of doubling variables introduced by Kruzhkov (see [EGHO0] for example) which provides a Kato
inequality. But, as explained in [BVWI12], in the stochastic case, the use of Kruzhkov’s entropy is out of range
and it is also not possible to compare directly two generic measure-valued entropy solutions. For this last reason,
the uniqueness was obtained by comparing a parabolic approximation to a generic solution in [BVW12, [ BCG16-2].
In this work we chose a different approach : the uniqueness is obtained by comparing a generic measure-valued
entropy solution to the finite volume approximation (ur ). With this method, we do not need to introduce a
viscous approximation and moreover, we expect that the estimates obtained will enable us to get an error bound
in a further work.

4.1 Notations and preliminary results

We first introduce a family of smooth entropies in order to approach Krushkov’s entropies.

Definition 5 Let § > 0. We define the function ns: R — Ry by ns(0) = 0 and:

1 ifa>46
roN (T )
mi(a) = { sin(g5a) iflal <6
-1 ifa < —4.

Note that we can then easily show that for all a € R, we have:
[n5(a) ~ lal| <. (44)

Using the notation introduced in Section [2.2] we then have
¢7h5 (:mt,a,b) = / 771/5(0 - b)adf(x7t7 U)dU'
b

As noticed previously, ®y;(-,-,,b) is then the entropy flux associated with ns(- — b) which vanishes at a = b. We
will also denote by ®(-,-,-,b) the entropy flux associated with the Kruzhkov’s entropy | - —b| which vanishes at
a =b. We then have classically

O(z,t,a,b) = f(z,t,aTh) — f(z,t,alb) =sgn(a —b) [f(:c,t,a) - f(a:,t,b)]. (45)

This entropy flux is also such that for any z,z’ € B(0, R), t,t' € [0,T] and a,a’,b € R:

|®ps (2,t,a,b) — D(z,t,a,b)| < 4C4, (46)
|®(2,t,a,b)] < Cpla—bl, (47)
|<I>(x,t,a,b)f<1>(x,t,a/,b)| SCf|a7a/|7 (48)
and
|<I>(x,t,a,b) *‘b({l},t/,a/,b” S 20?|t7t/|7 (49)
|®(x,t,a,b) — ®(z',t,a’,b)| < QCﬂz — '] (50)

Definition 6 (Mollifier sequences) Let p, 5 € D(R) and p € D(R?) be such that: for all (a,t,z) € R x R x R%,
Suplp) € 11, p(@) 20, p(=a) = pla) and [ pla)da =1.
Sup(p) € 2501 7)) 20, p(—t=1)=p(t=1) and [ pt)it=1.
Supp(7) € BO,1), ()20, p(—z)=p(x) and /R playds = 1.

We introduce pi, pp and p, the mollifiers sequences defined for (a,t,z) € R x R x R? and I, p,q € N* by
pi(a) = Ip(la), pp(t) = pp(pt) and py(z) = ¢"p(qx).
We then have the following elementary properties on these mollifiers.

Lemma 3 For any l,p,q € N, the functions pi, pp and pq verify the following properties:
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1. Supp(pr) C [=1/1,1/1], Supp(pp) C [-2/p,0] and Supp(pq) C B(0,1/q).
2. There exists a constant C, > 0 such that:

_ - d
[otlloc SEXCpy Ipplloc <px Coy NDgllec < g% x Cp,
and ||piflee <1 x C,, [15pll0 < P* X Cpy | Viglloo < g x Cp.

3. The previous constant C, > 0 also satisfies for any a,t,x € R X R x R%:
[Via-va<ixc, . [ige-sis<pxc, . [ Vae-lds<axC,
R R R

/ lalpi(a)da < C, x L, / t5s(D)dt < Cp x & and / (@|g(2)dz < C, x L.
R l R p Rd q

4.2 Kato inequality

Proposition 8 Let v be any measure-valued entropy solution in the sense of Definition[d and p be the limit in the
sense of Young measures of a subsequence of (ut.x) given by Proposition E Then for all ¢ € DY(Q),

EUQ/@W {|u(w,t,a) —u(m7t,ﬂ)|8tcp(ac,t)+@(w,t,u(w,t,a),V(as,t,ﬂ)).Vmcp(:c,t)}dadﬁdxdt} >0. (51

Proof. Let v be any measure-valued entropy solution in the sense of Definition |2 x € R, ¢ € DT(Q) and R such
that Supp(¢) C B(0, R) x[0,T). For any (y, s) € Q, we take the test function ¥, ; : (z,t) — @(x,t)p,(t—s)pq(z—7y)
and the entropy 7s(- — ) in Definition [2} then by multiplying it by p;(ur k(y, s) — k), integrating w.r.t (x,y,s) on
R x @, applying Fubini and stochastic Fubini theorems and taking the expectation, one has:

Ar+ A+ As+As+As+As + A7 >0 (52)

where:
A —E| /Q /R /Q /0 s (st @) — 5)Owo(s Dl — 8)fal — g (urn(y, 5) — H)dadmdtdmdyds},
Ay =F /Q /]R /Q /01 ns(v(z,t, ) — K)p(x, ) pp(t — 8)pg(x — y)pr(ur K (y, s) — ﬁ)dadmdtdndyds} ,
Az =FE /Q /]R /Q /1 Dy, (z,t,v(z, t, ), k). Vap(z, t)pp(t — s)pe(x — y)pr(ur ik (y, s) — n)dadmdtdndyds} ,
L 0

r 1
A4 =F / / / / Dy (2, t,v(z, t, @), K).Vig(x — y)p(x, t)pp(t — 8)pi(ur k(y, s) — fﬁ)dadmdtdmdyds} ,
L/oJrJo Jo

As =F /Q [/ : L./ (s @) — )9t 00, Dt — ) — y)dadadW (E)(ur iy, ) — m)dndyds} ,

A()-:%E[ /Q / /Q / ln;'(wx,t,a)fn>g2<u<x,t,a>>so(x,t>pp<tfs)ﬁq(mfy)pmum(y,s)w)dadmdtdndyds}

and Ay =F /Q /R /R d /0 15 (40 (2) — 1) (2, 070 (—)Fu( — w)pr (i (3. ) — n)dadmdﬁdyds} .

Indeed, we can notice that ®, (. _.)(:,-,-,0) is equal, up to a constant, to ®,;(-,-,-, k).

Now, by fixing (z,¢, ) € @ x (0,1) and considering the test function W, : (y,s) — o(z,t)pp(t — s)pe(z — y) in
the entropy formulation satisfied by wr i, multiplying it by p;(v(z, ¢, «) — k), then integrating it with respect
to (k,z,t,a) on R x @ x (0, 1), applying Fubini and stochastic Fubini theorems and taking the expectation, we get:

B1+ B2+ B3z + By+ Bs + Bs+Br > R, (53)
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where:

B; =F :/01 /Q /R /Q ns(urk(y, 8) — K)p(z,t) X —pp(t — 8) X gz — y)p(v(z,t, Q) — H)dydsdmdxdtda},

Tt
B, =F / / / / o(x, t)pp(t — 8)Pys (Y, s, ur K (Y, 9), m)( — Vpm(z — y)) x pi(v(z,t, o) — k)dydsdrdzdtda |,
LJo JQJRJQ

s L [ s(0:9) = Wipte. Dt sl )pult — )pu(e ~ Dy ($)ova,t,0) — W)ddridal.

Bs :%E {/ / / / 0 (4, 5) — R p( g (-, )P (t — 9)5a(& — ) ({3, 1, @) — w)dydsddadida,

Bl Bg— 7—0 and
R E{/ //Rh’””(*”)q'”p( (z,t, @) — K)drdadzdt|.

Note that Proposition |§| gives the existence of the term R™F75(=%)¥o.t which satisfies for any (z,t) € Q

,N k/?
| B[R Rt < Co (|10 o 1 Watlloo 75 + 1951001V i tlloch™ + (102 Wl 17 1 + 1| W, 2
+|\n"’||m|\wz,t||wk+[3( , 10(2) = T @)ldz - (173102 9 ot 18 ol O ot o ] (54)
0,

In order to conclude, we aim to pass to the limit as h, k,d go to 0 and p, ¢, tend to +o00, but we need to be careful:

the order of the passages to the limit is crucial and h, k, p cannot be chosen independently. Hence, in this proof, we

take (hr)ren a sequence of mesh sizes such that lim h, = 0. We define then a sequence of time steps (k. )ren by
T—> 00

k. = (h.)?'. Note that (h,,k./h.) — (0,0) as r — 4oo and for r large enough, there exists & € (0,1) such that
the CFL Condition is fulfilled. We also define a sequence (p;)ren by pr = (h,-)™°. For the sake of readability,
the index r will me omitted when it is not important and from now on, we will denote by C' a constant whose value
may change from one line to another but which only depends on 7', R, d, uo, v, Cy, CJT, C’?‘, Cy,p, F1,F>,& and C,.
In order to simplify the expressions of the bounds, we suppose from now on that h,k,d < 1 and p,q,l > 1.
Summing up the preceding two inequalities, our aim is now to estimate each terms (A; + B;) for ¢ € {0, ..., 7} and
to pass to the limit with respect to r,1,d, ¢ in this order. More precisely, we prove successively that:

lim lim lim lim A;+B;=F |:/ / lv(z,t, ) — ,u(w,t,,@)8t<p(x,t)dadﬂda:dt:| ,
0,1)2

qg—+oc0 6—0 l—+oor——+oo

lim lim lim lim A+ By =0,

qg—+oo0 §—0 l—+oor—+oo

lim lim lim lim As+ Bs=F {/ / D(x, t,v(z,t, ), u(z, t, ,B)).anp(x,t)dadﬂdxdt],
0,1)2

qg—+oc0 §—=0 =400 r—+4o0

lim lim lim lim A4+ By =0,

qg—+oc0 §—=0 =400 r—+4o0

qg—+oco0 6—0 l—+oco0 r—+oo

lim lim lim lim A7 +B7; =0,

g—+oco0 6—0 l—++oco r—4oo

lim lim lim lim R =0.
qg—+4o00 6—0 l—+oco r—-+oo

4.2.1 Study of A, + B,
Firstly, since B; = 0, we only analyze the term A;. We rewrite it in the following way:
Ar=(A1 — A1)+ (A1 — A1)+ (A2 —Ars) + (A3 — Ara) + (Ara — Ais) + Ars,

where:

- 1
A1 =FE / /// ng(u(x,t,a)—m)@ttp(x,t)ﬁq(x—y)pl(uT,k(y,t)—m)dadmdtdmdy},
L/rd Jr JQ Jo
r 1
ma=p| [ [ ] na(V(w,t,a)—UT,k(yJ))@tso(w,t)ﬁq(w—y)dadwdtdy}
LJre Jq Jo
r 1
ms=e| [ [ ] \V(x7t7a)*uT,k(y:t)mtSD(%t)ﬁq(x*y)dadxdtdy],
L/RE JQ Jo

r 1
A4 =FE / / v(z,t, ) — ur i (z,t)|Orp(z, t)dada:dt} ,
L@ Jo

r 11
and A1 5 =F / / / lv(z,t, ) — p(z, t, B)|0:p(x, t)dﬁdozdxdt} .
L/@Jo Jo
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Using a change of variables, we get

1 ~ —
A =B [ ][] 0o 5.00 = urst)+ 0016w, = ) € dododsdedy]| =Ans+ A

where:

Ay, =E /Q / /Q / s (0l 5,0) — wr i, 5) + s, 5)ale — B)pu(E)p(t — s)dadxdsdgdydt]
and Ay =F :/Rd /R/Q /01 ns(v(z, s, ) —urk(y,s) +£)0sp(z, s)pq(x — y)pi(€) <1 _ /OT po(t — s)dt) dadazdsd&dy} .

Let us bound |A; — Ay 1] and |A1,1]. Using the fact that ||n}[ls = 1, one has:

=l <le[ [ ][ et - uran 0 - mivlese) < ur st +0)
X 0upla, Oyt — )z~ y)u(€)dadudsdsy] '

B[ L[ [ s - ur st + o {orete ) arete.0)

X po(t — 5)a(z — ) (f)dadxdsdfdydt] ]

1
<locclliilt| [ [ [ [ |ptotie) - o)
QJRJIQR JO

1
+\|attsauooE[ /Q / /Q / |t—s||m<u<x,s,a>—um<y,s>+£>|ﬁp<t—s)ﬁqu—y)m(&)dadxdsdadydt]

suat@HooE{/Q/QR /01 v(a,t,0)  vla,5,0)

1
+\|attso|\oox§E[ /Q [/ . / |na<v<x,s,a>—uT,k(w)+s>\ﬁq<m—y)m(f)dadwdsdyds]

Po(t = s)pg(z — y)p1 (é)dadwdsdﬁdydt}

Pp(t — 8)pg(x — y)dadmdsdydt}

The first term can be bounded as follows:

E{/Q/QR/:’V(:K,t,a)—V(m,s,oz)
gE[/OT/QR/Ol‘u(x,t,a)—u(m,s,a)

<e(2/p,v,Qr),

pp(t — 8)pg(x — y)dadmdsdydt]

pp(t — s)dadmdsdt]

where £(2/p,v,Qr) = sup{HV —v(- = T )Lt exonx 1) 1T < 2/p}. Since v € L,.(2 x Q x (0,1)) and

Qr x (0,1) is bounded, we have v € L*(Q x Qg x (0,1)) and (2/p, v, Qr) — 0 when p —— oo.
Using , Proposition (1| and Lemma we can bound the second term of the sum as follows:

E[ /Q L/ . / 1 |m<u<x,t,a>—um<y,t>+£>|ﬁq<x—y)pz(@dadmdﬁdydt}

:E[/Q /]R /B(O,R) /01 [ns(v(z,t,a) — ur k(y,t) + &)|pg(z — y)pl(f)dadxdgdydt}

oL S

1
+E[ /Q / /B - / IV(:rﬂza)—UT,k(y,t)+€|ﬁq(x—y)Pz(E)dadwdEdydt]

1 T 1
<dx E {/ / / / pq(x —y)p1 (f)dadazdfdydt} + E[/ / / lv(z,t,a)|d alphadmdt}
Q@ JrJB(O,R) Jo o JB(o,r) Jo

+E[ /Q / . |uT,k<y,t>\ﬁq<x—y)dazdydt}+E[ /Q [/ . |£\ﬁq<x—y>m<£>dmdsdydt}

1
I

2 1
<6 x T|B(0, R)| + /TIB(0, B)|Ill 2 (0x @ x (0.1 + VB0, R+ 1)[Te" "% |[uo]| 2 may + T1B(0, R)|C, 7

ns(v(@,t, @) —urk(y, t) + &) — [v(2,t, @) —urk(y, 1) + ¢

Pulz— ) (f)dadxdsdydt}

<§ x T|B(0, R)| + ¥l L1 ax@px©0.1)) + luTkll L1 @x B0, R+1)x (0,1)) + T1B(0, R)|C)
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Therefore, one gets:
- 2
|[A1 = Ava| <[10vplloo x £(2/p, v, Qr) + ];llattw\loo(5 x T|B(0, R)| + V/T|B(0, R)| V|| 2 (0x @ x(0,1))
2 1
+ VIBO, R+ DT Juol| 2 aay + TIBO, B)ICy )
1
< — .
<O(=(2/p.v.Qm) + )

T
Now, we estimate |A1,1]. Since 1 — / pp(t — s)dt is equal to 0 for s > 2/p and using again (44), we have:
0

|[A14] <

E{/Rd /R/O% /Rd /01’76(”(%8,04) —ur,k(y,8) +&)0sp(z, 5)pg (T — y)pl(f)dadxdsdfdy}

2/p 1
swssonoo{E[ Lol L st sse) —uratw )+ vt .0) —ura ) +4

2/p 1
x m(f)dadwdsd&dy} +E[ LI - [ @50 = ur sty s) + eln(e y)m(f)dadxdsdédy]}

pa(x —y)

20 2
<|854P||oo{p3(073) + HV”LOO(O,T;Ll(QxB(O,R)x(0,1))) X ;

2 2
+ ||UT,lcHLOO(O,T;LI(QxB(o,RH))) X 5 +1B(0, R)|C, x lp}

hSHR )

20
§|3S<P||oo{p3(073) + VB0, R)|[|[]| oo (0,7502 (2x B(0,R) x (0,1))) X

2 2 2
+V|BO,R¥ 1)‘6Tcg/2”u0“L2(Rd) X > + |B(0, R)|C, x lp}

Sg-
p
So, one gets:
1
— < =).
|A1 — A4 _0(5(2/1?, v,Qr) + p)

Let us now bound |A41,1 — A1,2|. Using a change of variables and Lemma |3} we have:

s = sl =[E[ [ [ [ [ {stvtot.0) =m0+ = noootc) = ur a0}

X Dup(, )7al — v (S)dadxdtdﬁdy} \

1
<oglelisl| [ [ [ [ e7te = v (€)dodsaracas|
1

<[|9eplloc 15l T B0, R)IC,p % 7
So, since ||ns|lcc = 1, we obtain:
1
|[A11 — A1z SOT
Using again , we have:

ara = val =[E[ [ [ [ {mstvt0.0) = a0 = ot ) = st Yoot 07— dodaaray

1
ganatsauooE[ [ [ uta = dadaaray].
R4 QrJO

So, we obtain:
|A12 — A1 3| < C6.

In order to bound |A1,3 — A1,4|, we start by rewriting A 4:

1
Ava=b| [ [ [ 1t.0) — urat 000ty 074c - dadudys|.
rd JQ Jo
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Using the reverse triangular inequality and Proposition [I], one gets:

|A1s — A14| < ‘E[/Rd /Q /01 {|V(x,t,a) —ur k(Y O] = vy, t, ) — uT,k(y,t)\}ﬁtcp(x,t)ﬁq(x - y)dadmdtdy} ‘
+ ’E [/Rd /Q /01 [v(y,t, ) — urk(y, t)\{atso(m, t) — Ovp(y, t)}ﬁq(:c - y)dadmdtdy} ’
Sl1eplloe B { / /QR /O (o t,a) - vy, t.0)lp(o - y)dadmdtdy}

T 1
4 ||vzatso||ooE[ [ | [ wte) = urstu. 0l — vl - y)dadwdtdy}
B(0,R+1) JO lz—y|<1/q JO

1 T 1
<0rplloe x £(1/q, 1, Q) + [[VaBrcpllow % fE[ [ [ wwte- UT,k(yat)\dadtdy}
q B(0,R+1) J0 0

_ 1
<[|0splloo X E(1/q, v, QR) + [[ V20|00 X 4 X (Hl/HLl(QxB(o,R+1)x(o,T>x(o,1)) + llurk |L1(Q><B(0,R+1)><(O,T)))a
where £(1/q,v,Qr) = sup{”l/fy(.fg, o)L @xapxo,); 1€l < 1/q}. As previously, we have &(1/q,v,Qr) —— 0
when ¢ —— o0o. Then, we deduce that:

1
s — Ava| <C(2(1/g,,Qn) + - ).

q

In order to bound |A1,4 — A1 5|, we define

(kb Qr) :’EUQ/OI/; (e, t,0) — ur (o, )] vl t,0) = (e, 5)|}5t¢(:r7t)dﬂdadwdt} ‘

1
Since H : (v,w,zx,t) — / |v(z,t,a) — v||0:p(x, t)|da is a Carathéodory function such that H(urk,.,.,.) is
0

bounded in L*(Q x Q), thus it is uniformly integrable. So, we have:

1 1
E{LH(ur,k,w,x,t)dxdt} — E|:~/Q/O /0 lv(z,t, ) — p(z, t, 6)||8¢¢(x,t)|d,8do¢dmdt},

when » —— +o00, which means that v(k., k-, Qr) = v(h2', b, Qr) —— 0 when r —— +oo0.
Therefore, one obtains finally from the above bounds that:

A1 = Aual SC(=(2/p.v.Qr) + 3+ +3+8(1/0.0,Qr) + = +7(k, 1, Qn)
gc(s(zhi, v,Qr) + h; + % +6+&(1/q,v,Qr) + é + (R b, QR)).
Finally, we can pass to the limit in the term A; + B1 and we have:
lim sup lim sup lim sup lim sup ’(Al + B1) — A175‘ <0,

q——+oo 5—0 l—+00 7—400

hence we have proven that

V(‘Tv t7 a) - M(w7 t> B)

Q J/(0,1)2

g—+00 5§ —01l—+o0 r—+oco

4.2.2 Study of As + B>

Since 15 and p; are even functions, using Fubini’s theorem, we obtain:
1
Aot o= | [ [ [ [ nstuteit.0) — uralns) + (e 070 - 954la ~ ) (€)dadrayds|
QJ/rJ@Jo

—F {/Q /R /Q /01 15 (ur (Y, 8) = v(@,t, a) = T)(2,8)p,(t — 5)pq(x — y)ﬂl(—T)dxdthdyds}
=0.
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4.2.3 Study of A3 + B3

Since B3 = 0, we only consider A3 and we start by rewriting it in the following way:
As = (As — Az1) + (As1 — Az 2) + (As2 — Asz) + (As3 — Asa) + (Asa — Ass) + As s,

where:
Az =F /Q /R /Q /01 D5 (z,t,v(z,t,0), k). Vap(x, t)pp(t — 5)pe(z — y)pi(ur k(y,s) — m)dadxdtdmdyds} ,
Az =F _/]Rd /R/Q/ol Dy, (z,t,v(z,t, o), k). Vap(z,t) pg(x — y)pi(ur k(y, t) — ﬁ)dadmdtdndy],
Aszo =F _/Rd /Q /01 O,s (x, t,v(z, t, ), ur k(y,t).Vep(z, ) pg(x — y)dadxdtdy],
Az 3z =F -/Rd /Q /01 O(x,t,v(z,t, o), ur Ky, t).Vap(x, t)pe(x — y)dadwdtdy},

r 1
Az gy =E / / O(z,t,v(z,t, a),u7—7k(m,t)).Vzgo(:c,t)dadxdt]
L/@ Jo

- 11
and A3 5 =F / / / O(x,t,v(x,t,a), u(z,t, ﬁ)).Vgch(x,t)d,Bdadxdt} .
L/ Jo Jo

Let us compare Az and Az 5. We start by bounding |As — As 1| thanks to the following splitting of Az 1:
Az :AB,I + A3,1,

where:

~ 1 _ -

el L L et svte s 0 ursm ) - Fapte nte - it - Vi (€)dadsdudedyds|.

Az, :E{/Rd /]R/Q/Ol D5 (x,s,v(z, 8, 0), ur k(y,s) —§&).Vap(x,s) (1 - /DT pp(t — s)dt) pqlx — y)pl(f)dadxdsdﬁdy].
Then, using 7 we have:

|As — Ag s\E[ /Q / /Q | {®ntotvt@ 0. ur (0.5 = ) = (ot 5.0) 0 9) = ] Tl t)

X pp(t — 8)pa( — y)pu(€) dadadtdédyds

+ E /Q / /Q / {08025, 0), 071 0,) — €) — B (025,00, 5,00, i 5) — )} Voot

X ot — $)pa( — y)or (€)daddidédyds,

+ E:LAL/01@nﬁ(ﬂc,s,u(m,s,a),ufk(y,s)—f).{vxcp(x,t)—vxcp(x,s)}

% Pt — $)7a( — y)pu(€)dadudidedyds]

T 1
§||Vzg0||ooC’fE[/ / / ‘y(x,t,a)—u(x,s,a)‘ﬁp(t—s)dadwdtds]
0 QrJo0
T T
HIV-plle20s|BORIE| [ [ slppte — syieas|
0 0
2 ! .
Hl0Faplx 28 [ [ [ [t (05,0005, (0) - (o — ) dadadsayas
p QJrJB(O,R) JO
4T

SIIVepllooCy x €(2/p,v, Qr) + IVaipll o Cr|B(0, R)| x s

2 ! -
+||atvxso||ooxfE[ / / / / |¢>n5<x,s,u(x,s,a>,m<y,s>—s>|pq<w—y)m(&)dadmdsdyds]
p QJRJB(O,R) JO

where £(2/p,v,Qr) = sup{||1/ —v(- =7 )Li@xapx©n); 7] < 2/p}, and £(2/p,v,Qr) — 0 when p —— co.
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Moreover, using and (47), one gets:
1
E[ [ ] |¢n5<x,sw(sc,s,a),um(%s)—f)\ﬁq(a:—y)m(&)dadwdfdyds}
QJrJBO,R) JO
1
SE[ / / / / (B0 (2,5, (2, 5, 0), Uk (4, 8) — €) — B, 5, (2, 5, 0), wr- (4, 5) — E)|fa (& — )1 (€)dodzdedyds
Q JrRJB(O,R) Jo

1
+E[ /Q / /B - / |<1><x,s,u(x7s,a>,uT,k<y,s>—s)mq(x—y)m(f)dadwdfdyds]

1
<iCsx 1| Ll . || #ute — v (€dadsdsayas
+0p % E[ /Q [/ - [ s.0) = urstas) + €lta —y)m(f)dadxdfdyds]

1
<4CrT|B(0, R)| + IVl L1 (ox B0, Ryx (0.1 x (0,1)) + 1Tkl L1 (@ x B(0,R+1) % (0,7)) + T|B(0, R)|Cﬂj

Therefore, we obtain that:
e 4T 2
(A5 = Aal < Vol Cye2/pn Q) + [Vl BO.R) x -+ [0Vl x > (4C5TIB(O. R x5
2 C
+ v T|B(07R)|HV||L2(Q><B(O,R)X(O,T)X(O,l)) + v |B(0, R+ 1)|T€Tcg/2||U0||L2(Rd) + T|B(0, R)|Tp)
1
<O(=(2/pv.Qr)+ ).

Now, let us estimate |As1|. Using the inequality (42)), we have:

B 2/p 1
Al =B [ 7] st 009 - Ol1Vaplo sl (€ dadrdsasas]

2 C
SHVr‘P”oon; X {”VHLOC(O,T;Ll(Sle(O,R)x(O,l))) + luT kll Lo 0,701 (0x B(0,R+1))) + | B(0, R)|Tp}

<cl
P

Finally, we get:
|As — Az SC(E(Q/Z% v,Qr) + 1)-
p

Since for any (z,t) € Q and a,b,b’ € R we have:
| @ (2, t, @, b) — By, (2, t,a,b")| < 5Cy|b— V|, (55)

hence, we get:

|As1 — As2

<-glol| [ [ [ [ 5Crilaate — vn(€dadsasicay]|

C
<||V2|lo5CyT|B(0, R)\T”.

Using , we obtain:
|As2 — As 3| SIIstoHooE{/ / (4Cf6)ﬁq(x - y)dmdtdy} < 6.
ReJQR

Thanks to , , , one gets:
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[As,5 — As 4

S‘E :/]Rd /Q /01 {@(m,t,u(m,t, a),ut k(y,t)) — <I>(1:,t,u(y,t,a),uT,k(y,t))}.Vmcp(x,t)ﬁq(x — y)dadydtdx}

+ E[/Rd/ /01 {@(w,t,u(y,t,a%uq’,k(y, t) — @(y,t,v(y, t, o), ur iy, t))}.Vztp(m,t)[)q(x — y)dadydtdm}

+ E[E{/Rd /Q /01 D(y, t,v(y,t, oz),u7—7k(y,t)).{vzgo(x,t) — Vzgo(y,t)}ﬁq(m — y)dozdydtd:v]

1
snvxsouoocfE[ [[ ] \u(m,t,co—u(y,t,anﬁq(w—y)dadydtdx]
R4 QrJO

1
+2HVm§0HOOCfE|:// /|x—y\ﬁq(x—y)dadydtdx}
4dJQRr /0
T 1
+ Vsl B L[] e~ urst0lle = sl = dadyavis|
B(0,R+1) lz—y|<1/q
_ C
< VapllooCra(1/q, v, Qr) + 2| V|l CFT|B(0, R)| x f

(QXQR+1))’

1
1 VasplloeCr x < (Il

where £(1/q,v,Qr) = sup {||1/ —v(- =& )llLi@xapx©1)); 1€ < 1/q}7 and £(1/q,v,Qr) — 0 when ¢ —— oo.
Therefore, we deduce that:

1
|As,3 — Aza| < C(E_(l/q,v, Qr) + 5)'

1
Since w7t tends to p in the sense of Young measures and H : (v,w, x,t) — / O(z,t,v(z,t,a),v).Vep(z, t)do is
0

a Carathéodory function such that fI(uT k-, .) is bounded in L?(Q x Q), if one denotes

Y(k,h,Qr)| ‘ [/ / / {@ z,t,v(z, t, o), ur Kz, t)) — @(x7t7u(w7t7a),,u(m,t,ﬂ))}.vznp(m,t)dﬁdadxdt] ,

one gets that 5(k., hr, Qr) = F(h2', hr,Qr) — 0 when r —— 4o0. Therefore, we deduce from the above
estimates that we have:

‘A3_A35|< ( 2/p7 7QR + +6+ +E(1/q7 7QR)+ +7(k7”7h7"7QR))

l

Finally, we can pass to the limit in the term Az 4+ B3 and we obtain:

1
<C(=(2h2,v,Qr) +h5+6+ + &1/, Qn) + -+ AR e, Q) ).

lim lim lim lim (As+ B3) = Ass = [/ / (z,t,v(z,t, ), (:c,t,ﬂ)).Vmcp(:c,t)dadﬁda:dt].
0,1)2

qg—+00 §—01—+o00 r—+0c0

4.2.4 Study of A4 + B4
Using the change of variables £ = ur x(y,s) — £ in A4 and € = v(z,t,a) — k in Ba, one gets

Ay =(As — Ay1) + (Aa1 — Aa2) + Asp and By = (Bs — Ba1) + (Baj — Baj2) + (Baj2 — Baz) + Buags,

1
where A4y ZE[/// d)%.(x,t,V(x,t,a),ur,k(y,s)).Vﬁq(a:—y)c,p(:v,t)ﬁp(t—s)dada:dtdyds],
0
1
Az :E[ []] @(m,t,u(m,t,a>,w,k<y,s)>.vm(m—y)so(x,tmp(t—s)dadwdtdyds},
QJQJo
r 1
Bi=-p| [ [ <I>na(y,s,m(y,sxu(x,t,a».wq(x—y)so(x,tm(t—s)dadmdtdyds},
@ Jo

r 1
Ba=-b|[ [ [ @(y,s,um@,s>,u<m,t,a>>.Vﬁq<x—y)sa(x,tm(t—s)dadwdtdyds]

- 1
and Byz3 =—FE / / / Dy, t,ur iy, s), v(z, t,a)).Vig(z — y)e(x, t)pp(t — s)dadxdtdyds] .
Let us estimate separately (A4 — A4,2) and (B4 — Ba,3). Using and Lemma we obtain:

s Aul <slelCste| [ [ [ 16lVie - nledsacay) < .
Rd JR J B(0,R)
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Similarly, we get:
1
Ba = Bl <l [ [ [ [ sCs16lViute — (e - p(dadsarasayas) < .
QJRJIQRJO
Using , one has:
|As — Asgl susonooE[ [ [ acovae - wlae- s)dxdtdyds] < g,
QJIQR
In the same way, we obtain that:
Bas  Bual <l [ [ {1058}1Viu(a ~ )lpo(c ~ ytsavdyas] < Cap
QJIQR
Thanks to , we have:
1
B = Busl =B [ [ [ {00.500m000.9).060.t,00) = D0t 07 0059000 t,0) } T =)
QRJIQJO

x p(z,t)pp(t — s)dad:cdtdyds}

snsonooE[ [ [ 2chie=sliVo - wlale - s)dwdtdyds} <ol
QJQr p
Now, using the equality ®(z,t,a,b) = ®(z,t,b,a) for all (z,t,a,b) in Q@ x R?, we have:
1
As2+ Bys =F {/ / / {@(Jc, tiurk(y, s), vz, t, o)) — ®(y, t,ur ik (y, s), v(z,t, a))}.Vﬁq(m —-v)
QJIQJO
X p(x,t)pp(t — s)dadzdtdyds|.

Moreover, using and , we obtain:

S

[/Q /Q /01 {@(m, turk(y,s),v(y,t,a)) — (y,t,urk(y,s), v(y,t, a))}.Vﬁq(ac —y)p(x,t)pp(t — s)dadwdtdyds}

1
. \E[ []] {‘P(x:t:UT,k(y,S)yl/(y,t,a))*<1>(yyt7UT,k(y,S)yl/(y,t,a))}ﬁq(fE*y)-Vzw(x,t)ﬁp(t*S)dadwdtdde]
QRJIQJO
< @
q
And so

[Aus + Basl <o+ ‘E[/Q/Q/Ol ({cp(x,t,w,k(y,s),y(x,t,a)) — (e tur sy, 9).v(y. ho)) }

— {Cb(y, turk(y,s),v(z, t,a)) — @(y, t,ur k(y, s), v(y, t, a))}) Npg(x —y)o(x, t)pp(t — s)dadxdtdyds]

Using the expression of ® we have:
Dt ur (3, 5), v(@, 1, 0)) — B, by (y, ), vy, £, )
= (f(@tour iy, ) Tr(a,t,0)) = Fla,tur iy, ) Tr(y, ,a)))
— (fa b uraly, s) Lo, t,0)) = fla,tura(y, ) Lu(y, ,a)))
:(uTyk(y, $)Tv(z, t, o) — ur,k(y, s) Tr(y, t, a))
< /O1 0uf (.1, 07 14, 8) T, 1,00 + 0wy, ) v, £, 0) — ur. iy, 8) Toly. £,0) )

+ (uT,k(y, s)Llv(z,t, &) — ur k(y, ) Lv(y,t, a))

1
< [0 (ot 5) Lo, 0) B (9 8) Lo t.0) = ur k() Loyt ) ) o,
0

31




and, similarly:
Oy, t,ur (Y, 8), (2, t, @) — (y, t,ur k(y, 5), v(y, t, @))
= (ur sy, 9) Tv(e,t,0) = ur(y,5) T(y, )

1
X / avf(y, t,urk(y,s)Tr(y, t,a) + H(UTJc(y, $)Tv(z,t, ) —ur k(y, s) Tr(y,t, a)))d@
0
+ (wr iy, ) L@, t,0) = ur iy, s) Loy, ,a))
1
< [0 (vt il s) L, )+ Our a0,5) Lo, 0) = w0 ) Ly 1. ) ) .
0

Since for all a,b,b' € R, [aTb—aTV'| < |b—¥| and |aLlb—alb'| < |b—b'|, we deduce that:

c ! - _
sz + Bag| < —+E[ [ [ wetia) = viw.t.)| 9@ - )]t 0p,(e ~ 5
q QJQRrJo
1
X <’/ &,f(x,t,uT,k(y, S)Tl/(y, t, a) +0(uT,k(y7S)TV(xataa) - uTyk(y7 S)Tl/(y,t, a)))d@
0

1
= 0 (et Tl 00 4 0 Tl = w3 ) Tl ) ) )
0
1
] [0t (ot ) L0000 + O 0:8) L0 0) = ) L .0))
0

_ /01 8vf(y7 turk(y, s)Lv(y,t,a) + 0(urk(y, s)Lv(z, t, o) — ur k(y, s)Lv(y, t, a)))d@D dadacdtdyds} .
Using Assumption Hr, we get:
|A4,2 + Ba,s| S% + ||<p\|0026~'f”E {/Q /Q /01 lv(z,t, @) — v(y,t, a)HVﬁq(x — y)|,5p(t — 8|z — y|dadmdtdyds]
R
<c G +&(1/g,v, QR)) :

where £(1/q,v, Qr) = sup {”V —v(. =& )lLr@exapx©n); 1€ < 1/(1}-
Therefore, thanks to the above bounds, we deduce that:

1
]A4 + B4‘ SC(qé + % + qh; + 4 +&(1/q, V7QR))‘

Finally, we obtain:

lim lim lim lim A4+ Bs=0.

q—>+00 §—01l—+o0 r—+o0

4.2.5 Study of A; + Br

Since B7 = 0, we consider:
ae=| [ [ ][ (o) = urata. ) + 0ot 00 (e = v)daddedyds |

In order to show the convergence of A7 to 0, we use a new entropy formulation. We fix z € R? and the idea is to
apply Proposition |§| to the entropy 7s(- — x) and the following test function:

(0, 5) > Ta(y, 5) = ol 0)fg(x — ) / " po(r)dr.

Due to Proposition@ for any z in R? there exists RMkms (=5 which satisfies and such that P almost surely
in Q:

—

ni(uo(y) — K)p(z, 0)fg(x — y)dy + /Q ns(ur 1 (0, 8) — K)o (@, 0)pa (& — ) ( I m(—ﬂdv) dyds

d

[ 0t 0ot (= Ve =) ([ ut-rar ) dvas
+ /OT /Rd ns(ur k(y, s) — K)g(urk(y, 8))e(z,0) e (z — y) (/éoo ﬁp(—r)dr) dydW (s)
-&é /Q 5 (ur k(y, 8) — K)g~ (ur (Y, 5))e(x,0) g (z — y) (/:o ﬁp(—r)dr) dyds > RMEm5C—m). e
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Multiplying it by p;(uo(z) — &) then integrating w.r.t  on R?, x on R and taking the expectation, we get:
D3+ Dy + Ds + Dg + D7 > R, (56)

where:
!

Dy, =FE

(a1 0:5) = R0 0t = )onCuole) = ) ([ pol=rir ) ayasnda].

LLL
D= [ [ [ #5709, e = ), O (unta) - ) ([ -rir ) dusas).
L)

/Rd /OT ns(ur k(y, s) — &)z, 0)g(urk (Y, 8)) e (z — y)pi(uo(z) — K) (/;O pp(fT)dT) dW(s)dyd/-cdx] ,
Ds :%E{/Rd /R/ans'(uT,k(y,S) — &)p(x,0)g° (ur £ (Y, 8))pg(x — y)pi(uo(z) — K) (/:O ﬁp(—T)dT) dydsdndx},

o= [,

and R = /d / RMFms (=) Ve pi(uo(z) — k)drdx|.
R

/R 76 (a0 (4) — K)o (@, 0)g(z — y)pr(uo(z) — m)dydisde

Since 75 and p; are even functions, one shows that Dy = — A7, then
0< A7 < D+ Ds + De + D7 — R.

In view to show the convergence of A7 to 0, we prove that each term in the right hand side of inequality
converges to 0 when passing to the limit successively with respect to r, 1,6 and q.
Using the fact that Supp(pp) C [—2/p, 0], and Proposition we have:

/
i <s [ [ [ ] astoscuratues) o) - 911Va e~ et 0ln@dudsdeas] < L.

Thanks to Cauchy-Schwarz inequality, the isometric property of the It6 integral, Jensen inequality, the fact that g
is a bounded function and that ||nj|lc = 1, one gets:

\Ds| < / d / {E< / Tns<u7,k<y,s>—uo<x>+s>g<u7,k<y75>>( /:O ﬁp<‘7)d7)dw(s>>2”1/2

< ([ ote0e - pin(€ras) dedy

< /Rd /RE{ :/OT 15 (ur (Y, 8) — uo (@) + €)g* (ur k (v, s))(/:o ﬁp(—T)ch-)zdS} }1/2
< ([ pte.0e - pin(€as) dedy
ﬂ%ﬁ

Moreover, since g is a bounded function and ||n§ ||c = 215, one has:

1D =]1E[ [ L b0 .5) = )t 0% 0o = ontnto) =) ([ (=) st

<C—
Cp5

Thanks to and the triangular inequality, we get:

Dl <l 0ed [ [ [ fnstuoy) o) +€) = o) ~ (o) 4
e L L o) =t + €laata — vy €yasdcay |

<Ol { 8B, 1]+ B0 B+ £(1/a.uo. B0, 1) |

pa(x — y)pu(§)dxdidy

SC(& + % + 5(1/Q7UO7B(O7 R)))7
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where £(1/g, w0, B(0, R)) = sup { Juo — wo(. — )|+ (50, mys €] < 1/}
Let us bound R. For each z in R, due to Proposition @ the expression of ¥, and Lemma [3| we have

k2
<CCE[H77 ool Zalloo 175 + 175100 I Vy Palloch™? + (105 W [loo 05 lloo + 1T [loo 175 [lo0 ) k2

hl/2
+||n”’||oo|\\flz\look+/B uo (@) — ur o(@)|da + (15100 05V y Palloo + [115 |00 |05V |00 ) ]

0,

’E |: hykﬂ’lé( —K), ‘I’T]

¢ k2 a g’ a pq’
<C| - + ¢ 4 pg® kT Tk luo(z) — uro(x)|dz + pg® 'k + Sk | .
5 hi2 T o 5

We deduce the following bound for R by integrating with respect to x and = the above inequality:

IR :E{/( )/Rh’k’né(‘_”)’@”m(uo(az)—H)d/{dz}
B(0,R) JR

k,l/2 d
<C <q + ¢ TR 4 pgt kP + d k+/ luo () — wro(z)|dz + pg® Tk + %k .
B(0,R)

) h1/2 52

Finally, since ~
0 < A7+ B7 < |Ds+ Ds + Dg + D7| + |R|,

and since we have chosen to take p = p, = (h,«)_5 and k = k, = h?', one gets that

\A7+B7|gc(€ 1/2+76+5+ L 2(1/g, w0, B(O, R))

+ 4 R + ¢ hY? 4 pgkt? + k+/ luo(x) — uro(x)|dz + pg* ™k + ]ﬁk)
5 hiz 52 B(0,R) ’ 0
h2 1 hy°
<O(aht+n + " 4+ L e s/g 0, B0, R) + B2 g
a2, PRt apiae  ahe®
+ q“h; +672+q he” +q 5 |u7—70(y)—u0(y)|dy)-
B(0,R)

Using the fact that uo € L? (Rd) and passing successively to the superior limit with respect to 7,1, and g, one
concludes that
lim lim lim lim A7+ By =0.

q—+00 §—01l—+o0 r—+00

4.2.6 Study of the stochastic terms: A; + Bs + Ag + Bg

Let us now turn to the study of terms coming from the stochastic integral. Since Supp(p,) C R_, and using the
martingale property of the stochastic integral, we have:

= [ bt t00) = Rt 0t 00 1 = )W ) w1, 0) — )]
-/ [#]] [ urats9) = 0ot st Dt (e~ s (s) [ oo, a1, ) — W)t

By the same type of martingale arguments and since Supp(p,(. — 5)) N [0,7] C [(s — 2/p)", 5], one gets that:

= [ / / L/, /( o 1"1206)*H)g(l/(m’t»a))so(fﬂzt)ﬁp(t*S)ﬁq(w*y)dW(t)Pl(uT,k(y,S)*H)dﬂdfvdadsdy}

—E[ / / [/, /( T £.0) = R0t st = )7t~ W 1)
< [pu(ur i (9.9) = ) = pr(ur (o, (s — 2/p)) — )] dmdmdadsdy] .

Set s € (0,T) and p € N*, thus there exist n1,n2 € {0,..., N — 1} such that s € [n1k; (n1 + 1)k) and (s — 2/p)*
[n2k; (n2 + 1)k). One has then ur x(y,s) = tr.x(y,n1k) and urx(y, (s — 2/p)") = 47 1 (y,n2k). Remind at this
point that @7 i is the solution of the following equation:

dur k(y, 1) = Ay, t)dt + g(uT x(y, 1))dW (2),
where A is defined on @ x 2 by:
1

A(yvt) == m

Z lok,L|Fi 1 (uk,ur) = —

> lownl{ Fin (i, ut) = Fien (uie, uio) },
LEN(K)

LeN (K)

L
K|
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for y € K and t € [nk; (n + 1)k].
Note that if n1 = na, thus urk(y,s) = urr(y,(s —2/p)"), so As = Bs = 0. Else, if n1 > n2, we have

2
(n1 — n2)k < = + k, and by applying 1t6’s formula to p; (i1 ,x(y,.) — k) between n2k and n1k and using a theorem
p
of derivation of stochastic integrals with respect to parameters (see for example [Ku82] Theorem 7.6), one gets:
pu(tr k(y, nk) — k) — pi(ur (Y, n2k) — k)

nik

nik
- / P (@i (y, ) — 5) Ay, T)dr + / P (g 7) — R)g(ur i (y, 7)) AW (7)

2k nak

1 nik _
by [ At ) = 0wy sl )
nok

nik nik
:—i( / o7 1y, 7) — £) Ay, 7)dr + / pu(r i (9, 7) — K)g(ur i (g, 7)) AW ()

ok nok

nik
7 it atw7) = 0 ar sty ) ).
So, we obtain that:

As + By ——E [ /Q / 1 / / d /( :_QW i (v, 1, 0) — R)g(v (@, £, 0))p(, Ot — $)falw — y)AW (1)

nik nik
X (/ pu(ar Ky, ) — K)A(y, T)dT+/ pui(Urk(y, ) — K)g(ut,K(y, 7))dW (T)
nok nak
1 nik L 9
+3 pi(Ur k(y, 7) — K)g” (ur K (y, 7))dT | drdrdodsdy
nok
=l + 1> + I3,

where:

I =—E[ /Q / 1 / / d /(/) i (v, 1, @) — K)g(v(w, £, ), )t — ) — y)dW (1)
nik

X /n?]c ou(ar iy, 7) — K)A(y, T)drdxdmdadsdy},
h=-E| /Q e /( o B0 100~ Rl 1)l D — )l — )W (D)
X /m pi(ark(y, 7) — K)g(ur (Y, T))dW(T)dmdndadsdy}

ok
maty == [ [ [ [" et - motvle oot 0l - e )i 0
1

nik
3 [ pltaratnn - n)g%w,k(y,T>>dfdmdndadsdy}.
nok
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Using the isometric property of the It6 integral and the fact that Supp(ny) C [—§; 4], we find

</ [ ][ { ([, [hewra n)g(u(ut,a))w(x,wﬁp(t—s)ﬁm—y)dadW(wﬂ}1/2

1/2

x {E K /n :;k pu(uT (Y, 7) — K)A(y,f)df)?} dzdrdsdy
<ALATAA;{EL@?MWﬂf%%maum—nm%w%umw%@nﬁa—@ﬁ@—ymmﬂ}U2

1/2
nik
X v/ (n1 — ng)k{E {/ pi(aTx(y, ) — H)AZ(y,T)dT] } dxdrdsdy

2k

T 1 s
SC’pqdl, [k + 2 / / / / / E {/ ns?(v(x,t, o) — k)g*(v(x,t, a))dt] drdydzdads
p o Jo JB(O,R) J|z—y|<1/q /R (s—2/p)t
T niky 9

+/ / / /E{/ Lgjar ) —ri<1/pA (y,T)dT:| dndydmds)

B(0,R) J|z—y|<1/q noky
C,pq oy Jk+ = / / / / [/ g (v(z,t, a))dt} dydxdads

B(0,R) J|z—y|<1/q (s— 2/79)+
nik

+ C’pqd—d\/;/ / E {/ A (y, T)dT:| dyds.

q PJo JB(O,R+1) nak

The first right-hand side term can be dominated in the following way:

a2 mot ° 2
L S k_|_,/ // / E{/ g (y(m,t,a))dt]dyd:rdads
PJo Jo JB(O,R) Jiz—y|<1/q (s—2/p)*
2
Cpql’/k—i—f /// { ms,a))]dmdads
p pg? B(0,R)

!
<C-= —.
<C5 k—i—p

For the second one, we propose to decompose the interval (n2k,n1k). Using Cauchy-Schwarz inequality, the Lip-
diag property of (Fg 1) (stated in Definition , the property of the mesh (F]), the stability result of Proposition

and the inequality (n1 — n2)k < = + k, we obtain that:
p

/T /B(O RH)E{/WAQ(Z/,T)dT] dyds
—E[/O > LS

KeTr+y1 LeN(K)

< [mzlkz S>> |0KL|{FKL(uK,uL) F}é,L(u}?,u%)}ﬂ

n=ny KEcTr41 LEN(K)

2
. (U, ur) — F}éL(u?(,u?()}) d‘rdyds}

n 1

IZ k Z | E Fn n n Fn n n 2 Fn n n Fn n n 2
th UK,L| K,L(UKJLL) - K,L(quuK) + K,L(quuL) - K,L(UL7UL)

n=nz (K, L)EIR_*_1
ny—1 2 2
DY IUK,LIE[<F2)2\u’;{ —up| 4 () [k — }

n=nz (K,L)ETR

R+1

<2T( _2h Z k Z Z |(TKL|E[ UK) }

n=nz KETr41 LEN(K)

(F1)? + (F2)? o2y 1o 1
<8TT g ||U‘OHL2(Rd)ﬁ 5 +k .

Therefore, we have:
hy? 1/2
<
1| C( Tt )

Using the same type of arguments, we obtain the following estimate on I3:
1 s/2 (12
|Is| <C +l S4k)<on = +1).
5 P 1)
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It remains to consider I2. The idea is to compare it later on with Ag + Bs. We start by decomposing I2 in the
following way

ne—p[ [ [ e Rt 0= e~ v ()

niky
< [ iy m) = 0g(ur (g, )W (r)dadrdadsdy

2kr

=12 — f2) + Iy,

L

nik
([ ot st ) = watur st r))dw<r>>] al — y)dadndydsdo.

2ky

where:

( /( T e ta) — Rgle o))l Ot - s)dW(t>)

s—2/p)t

Using the martingale property of the stochastic integral and Ité isometry, since n2k, < (s —2/p)* < nik, < s, one
gets thanks to Proposition [3]

g =| [ [ e[ et - uenaetem - -
X {pl (ark(y,t) — &) — pr(ur k(y,t) — k) }g(uﬁk(y7 t))dt} dydrdxdsda
<Col’k?.

By denoting

X(xv t, o, y, 5) = 771/5/(1’(337 t, a) - H)g(l/(l‘, t, a))@(xv t)ﬁp(t - 5)/)1 (uT,k(:% t) - H)Q(UT,k(y, t))ﬁQ(x - y):

and using again the isometry and martingale properties of Itd integral, the fact that supp(p,) C [—%, 0], one can

decompose fz in the following manner:

1 T 1 s
—/ / // E{/ X(a:,t,ogy,s)dt} d:rdndydsdoe—i—/ / // E{ X(z,t, a,y, s)dt | dzdrdydsda
0o JQJrJ/B(O,R) 0 0o JQJrJ/B(O,R) n1kr

=l — L)+ (o —Ion) + Do,

/ / / /B(O ) / [ (z,t, .y, 5 )}dtdmdmdydsda

= [ B[ ot et 0 wr40.0) = 07 . 0o )| dedsayo

where:

and Iz = / /]Rd /QR [ v(z,t,a) — urk(y,t)g(v(z, t, @) g(urk(y, t)e(z, t)pg(z — y)} dtdzdydo.

Since 0 < s — n1k < k, we have:

1 s

|Iz—f2\:’/ /// E{/ X(:U,t,a,y,s)dt}dmdﬁdydsda
o JQ JrRJB(O,R) nikr
2

Using the fact that ||n§’||e = 15z e set:

pk
<C—.
*05

=l =| [ [ [ B[t —urio.0) + €atete. . )gtur . 0)ete. 00 €)7o - ) ey

[ L B[ s )atete 0 s )t 07— ) syl
1

<C-—.
_0152
Therefore, one has:

= 1
— < 1/2 Lah
|12 — 12,1 C( k 5—|— —|— 152)
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Now let us show that |Ag + B + I2,1] — 0 when passing to the limit successively with respect to r,[, 6, q. Using the
parity of n§ and p; we decompose Ag and Bg in the following way:

A = (A6 — Ag,1) + (A1 — A6,2) + As2 and Bs = (Bs — Bs,1) + (Bs,1 — Bs,2) + Bs,2,

where:
Aus =B [ [ a0t = at000) + 05wt o = ) € sty
Aos =3 B[ [ [ [ btvto,0) = ur ) o)t ) o — )|

ond Box =3 B [ [ [ [ 0let.0) = wrs(0n0) + O ur el )t )0 o~ )€ dtdedyal

1 ~
Boa =y [ [ [ 00100 = ur (0 0)g% er Dt o~ )yl
R

The idea is to show that |As — As 2|, |Bs — Bs,2| and |As,2 + Bs,2 + I2,1] tend to 0.

We start by rewriting Ag,1 = 1216,1 + Ag,1, where

A61—*E[ / d / / / / oz, 5,0 fum(y,S)+E)QQ(V(w»S,a))sO(wvs)ﬁp(t*S)ﬁq(w*y)m(é)dtdadxdsdédy}

an

Ael—*E[ [/ / / T (2, 5,0) = ur 13, 8) + )8 (2, 5,2)) 0l 5) (1— / Tﬁp(t—S)dt) ﬁqu—y)m(a)dadwsdwy]

Using the same type of arguments as previously, the change of variables kK = £ — ur 1 (y, s) in Ag and the fact that
2

sl we obtain the following estimates:

I -
77 00_4627

2|A¢ — Ag| <E[

o (2, t,0) —uri(y,s) + &) —ns (v(z, s, 0) — urx(y,s) + &) ‘gp z,t) g’ (v(z, t, )

X Byt — )P (@ — y)pu(€) dadadtdgdyds

el [ [ [ |n:;<u(z,s,a>—uT,k<y,é>+£>|\w<z,t> ol )| (v, 1,)

X pp(t — 8)pa( — y)pu(€) dadadtdédyds

+F /Q/R/QR /01 Ins (v(z,s,a) — ur k(y, s) +£)|<p(x,s)’92(u(x7t7a)) — ¢ (v(z,s,a))

X pp(t — 8)pg(z —y)p1 (E)dadwdtdﬁdde]

7[_2 T 1
<ilellolie [ [ ] ata) - vies0)
0 0 JQgr

T T T B
+ X ldrglloollgll2| B0, R)|E / / It — slpy(t — s)deds
20 o Jo

T T 1
5 lelelol<CoE | [ [ [ [utatia) = vtasia)
0 Jo JQr

§C(€(2/p’V’QR) n 1 )’

pp(t — s)dazdtdads}

pp(t — s)dmdtdads}

62 po
where &(2/p, v, Qr) = sup {lv = v, = 7, )l @x@px 0.1 || < 2/p}-

T
Since / pp(t —s)dt =11if s > 2/p, one gets:
0

2|46, <

B[ [ L [ tes0) — ratys) + 0 s et e~ i (©dodsinacay

2/p
Slellelolbl2 | [ [ [ ] e - pi(euisasan)

Cﬁ
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Moreover:

2hos — sl =|E[ [ [ [ ["ikwt0.0.0) = wr .0+ 001 0.00)ole. 074~ 9 dadoatacn]

_J%Amééﬂgﬁ@@ﬁﬂ%ﬂWﬂ%Wﬁ@@t@M@ﬁm@—@MQMW&%@H

2
s 2 1
<Z —.
< el gl TIB0, B)] x 1
Finally,
1 1 6(2/p7V7QR) 1

Ag — A <|Ag — A A Ag1— A < T — 4
| A 6,2] <|As 6,1] + |A4s,1] + | 46,1 6,2|_C( 5 p5+l62>

As previously, we start by decomposing Bg,1 in the following way: Bg,1 = Be,1 4 Bs,1, where:

Bor =B [ [ [ [ 000500 = 6) + 0% )00~ )7 sl

and
Bos =g [ [ [ [ hiwteso)uratns) + O wrstyn ot s) (1= [ pule = )t) s~ pin(@pdodsacdya)

We have then:

2\36—361\<E[/ ///

X pp(t — 8)pa(x — y)p (adxdtdﬁdydsda}

+E{/01/Q/R/QR Ins (v(z, s, o) _uT,k(y,S)+f)|g2(uT,k(y,3))’sp(x’t) _¢(x’5)’

X Pt — 8)ia(z — y)pr (5)dxdtd£dydsda}

1
<l llellalez| [ [ [ [ Jptate) = vios.a)
0 JQJRIQR

1
+||n§||oo||atsa||oongnioE[ / /Q / /Q ) |t—s|pp<t—s)ﬁq(x—y)m(f)dxdtd&dydsda}
Sc<5(2/p7V7QR) + 1)

v(w,t,0) = ur (Y, ) +€) = 1§ (U(, 5,0) = ura(y,s) + 6|9 (ur.a(y, 5)e(a,1)

Polt — )pa(z — y)p (5)dzdtdsdydsda}

02 pé/’

_ _ 1
and, as for the estimate of |Ag 1|, we obtain: |Bs 1| < C—é. Moreover,
p

21801~ Bual =|E[ [ [ [ [ sh010.0.0) = wr .0+ 0% s 000,05 — i (€ o]

—F {/Rd /R/Q /01 15 (V(@, b, @) = ur (Y, 1)g” (ur iy, 1)) (@, 1) pg(x — y)p1 (E)dadxdtdgdy] ’

2
s 2 1
< oo o ) .
< el gl T, B x 1

Finally,

PR

e(2/p,v,Qr) 1 )
52 ps 152

|Bs — Bs,2| < |Bs — Boa| +|Boa| +[Bsy — Be| < C(
In order to study |As,2 + Bs,2 + I2,1|, we start by noticing that:

As2 4 Bo2 + Izn = — [/Rd/ / / 5 (v(a,t, @) —ur i (y, 1) g(v(z,t,a))g (UT,k(y7t))<P($7t)/3q($—y)dadwdtdy}

[ L[ et - w0 0ot ot 0o oz
B[ L 0t 0) = st ) )0 s o]

1 [ w0 = ur s 0) (a0, 0) = i(00)) (o e — y)dadodidy).
rREJQJo Jo
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Then, using the compact support of n5, we obtain:

’A62 + Be2 + 1_2 1

2
<LpleCiE [ [/ / / It () — wr iy )]s 1, ) — wr (9, ) @(w—y)dadmdtdy}
QR
< ol C3TIB(0. B)| x
Finally, one has:

|As + Bs + As + Bs| < |I1| + | I3 + | I2 — I2,1] + |A6 — Ag 2| + |Bs —

1 (thl/ QR)
5 152 52 ts ”)

which gives, after passing successively to the superior limits with respect to r,1, 9, q:

< (O x (h,i/2

lim lim lim lim As+ Bs+ A¢ + Bs = 0.

qg—+400 §—01l—+o00 r—+00

4.2.7 Study of the rest R
Remind that R is defined by:

1
= E{/ / /Rh’k‘"é('fn)"yz'tpl(z/(m,t,a) —n)dndadwdt].
0o JoJr

Using , we deduce that:

1/2

k
R| < CCE/ [Hn 5 lool1Wastlloo 375 + [Imslloo |V @ 2 4 (105 W, + W oo 175 o0 )2

+ 1175 lloo [P,

/f+/ [uo(2) — u,0(2)dz + (|115]]00 105 Vy War oo + (115 [ oo |05 et 00) ]dmdt- (57)
B(0,R)

Note that if we combine directly this estimate on |R| with standard ones on p,, g and ns, the right hand-side
gt

term / IV, ¥, t||oo|\n5||ooh1/2dxdt’ will be bounded by C’ which blows up when r goes to infinity, then it

is, in our case, a useless estimate. For each (z,t) € @, this term comes from the estimation (35) in the proof of
Proposition | I Let us improve such an estimate in the particular case where the function ¢ in (35) is replaced by
the function ¥, ;: for each (x,t) € @Q, using the notations introduced in the proof of Proposition [4] we get:

hyp,krms, Wy, hy kr,ms, ¥, - -
BG' 5718 EN Bq;.T 7§ x,t — T1 _ T1 _ (TQ _ TQ)

DY oo () — B o (u) oo, 07t~ k)(ul('/pq( vty [t vt >)

n=0 (K,L)eT},

N-1 (n+1)k,
2 S [T s 0 — B (i) b 08,0~ 1)@ — y)r()ds
n oK, L

n=0 (K,L)eTp * "hr

Four) — ¢%,L(UE)}¢(w»t)ﬁp(t —nk) <i| /L pq(x —y)dy — ﬁ /UK)L pg(x — y)dv(y)>

+ Z Z /(n+1)k/ {<I>mS —x) (W, 8,u7,0).nKk L — Pk (u] }4/: x,t)pp(t — nk)pg(z — y)dvy(y)ds

:Ulhr,kr,p,q,na(f )(% £) + Vlhr,kmp,q,ns(-—ﬂ)(x,t) + Uglr,kr,p,qms(-—ﬂ)(m,t) + VQhT’k"’p’q’”“('_'“)(gc7 t).

Let us study each term of this sum separately. By multiplying them by pi(v(z,t,a) — k) then integrating with
respect to K, x,t,a and using the estimates —, we have:

1
/ //Ulh’k’p‘q’"‘s('N)(x,t)pl(z/(x,t,a)—fi)dfida:dtda:|
o JoJr

N—
<h]|Valloc B { Z
N—

e (i, uE) — @ (o) |l ) (¢~ nk)dmdt}
(K L)eI"

H

<Ch¢*™'E

E g k\aK L max
u <e<d<ul
n=0 (K,L)€

FR1(d, ) — Ft 1 (d, d)@ :
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Similarly, one gets:

1
E / //U;’k‘p’q‘%('”)(x,t)pl(y(m,t,a)n)dndmdtda]
0o JoJr

N—
E E klox,L| = max
up <e<d<uf

n=0 (K,L)ET}

<Ch¢**'E

r.r(d, ¢) — Fx (¢, c)‘:|

Using the same arguments as for the obtention of the estimates -, which gives in our particular case:
(@né(_n)(:{:, t,a,0) — @y () (4, 5, 0, 0)’ <2(CTk+ CFh) < Ch,

for all (z,y) € ox,1?, (t,5) € (nk, (n+ 1)k), a € R, and if we denote by y, the center of the edge ok 1, we have:

1

‘E |:/ / /‘Gh’k’p’q’né('_n)(x,t)pl(u(m,t, a) — n)dndxdtda:|
0 R

[/QR n=0 (K,L)ET}

xz,t)pp(t — nk n = .
E / W/ / {@ns(.,n)(y,s,ux,o) - CI>,76<.,N)(Z,5,UK,O)}.7IK,L
Q k|O'K7L| [nk,(n+1)k]2 J (o, 1)?

R n= O(KLeZ"

(n+1)k
D B I i3] U AL y)dw(y)dsdmdt}

< {pule =) = pule - yo>}dw<z)d§dw<y>dsdmdt]

N-1

> kO’K,L|:|

n=0 (K,L)ET},

<[l¢llo| B(0, R)|Cpg™ ' h x Ch x E

chd+lh2.

Using the same arguments one gets

1
E[/ //\/Qh’k’p’q’"5(‘_K)(x,t)pl(u(ac,t,a)—n)dndmdtda
o JoJr

Therefore, using Proposition [2] we find that:

/ / / hr’k“n“( _H)(m t) — Bh“kr’n“( _“)(az t)) 1(v(z, t, @) — kK)drdzdtda

< qu+lh2.

< C’quhl/Q.

Finally, using this estimate which enables us to improve (57)), Lemma the bound and the fact that we have
chosen to take p = h.®, k. = h2!, one gets:

k1/2 1/2
IR| < CCE/ [||77 5 ool Wastlloo 2575 + (105 Watllool 0 lloo + [Wat oo 05 [loo) &

Qr

+ ||77"'||oo\|\1’z,t||ook+/ [uo(2) — ur,0(2)ldz + (|[15]]00 105 Vy War oo + (115 [ oo |0 T,

B(0,R)

)k ]dxdt+ CqttipY/2

kl/Qp q d+171/2 2 dy1/2 , P qdkl/2 prq k 2 d+1 p2qd
<O e + ¢ TR 4 plgtht P P 4 R 2 e+ k7-+/ |ur.0(2) — uo(z)|dz
hr/ ) J 9 g B(0,R)

d+1h2 dh16

hiqd d+151/2 dp1/2 | 4 r d+1411 qdhalnl
<C(—=+q¢"h 2+ ¢'h 2+ — 4 +q R+ + |uT,0(2) — uo(z)|dz).
13 1 62 1) B(0,R)

Using the fact that ug € L*(R?) and the compactness of B(0, R), we deduce that lim R = 0.

T—+00

4.2.8 End of the proof of Kato inequality
By summing and , one gets:
(A1 + B1) + (A2 + B) + (A3 + B3) + (A4 + Ba) + (As + Bs) + (A6 + Bs) + (A7 + Br) > R,

by passing to the limit successively with respect to r,1, d, ¢ and due to the previous computations, we get

[/ /0 e v(z,t,a) — p(x,t, B)|Orp(x, t) + ®(x,t, v(z, t, a),u(ac,t,ﬁ)).Vch(m,t)}dadﬁdwdt} > 0.
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4.3 Uniqueness result

Proposition 9 Assume that hypotheses H1 to Hr; hold, then Problem admits a unique measure-valued entropy
solution, which is moreover a stochastic entropy solution in the sense of Definition[1]

Proof. Arguing as in [BVW12], we take R > C;T and set ¢ € C2 (R4, [0,1]) such that ¢(r) = 1if r € [0, R+CT],
P(r)=0ifr € [R+C¢T +1,00) and ¢'(r) < 0 on R4. Thanks to a regularization procedure, we apply Proposition
to the following test function:

T—-t

7 ifreRYand t < T,

¥(|z] + Crt)
(,D({Lt) = (58)

0 ifreRYand t > T.

We obtain then:

B[ [ et t0) = w1 T e+ Ot - ot + )

T

+ O(z, t, p(z,t, @), v(x,t, 5))%w’(\x| + Cyt) }dadﬂdmdt} > 0.

||

Since ¥’ < 0 and thanks to , we deduce that:

Bl [ [ e t.0) = ot Blt=lel + Cpt)dadpadt] > 0

and hence

T
E[/ / / (e, t, ) — V(-’E»tﬁ)\dadﬁdxdt} —0.
0 JB(0,R+CsT) J(0,1)

Then, since R is arbitrary large, one concludes thanks to Propositionthat on the one hand p(z,t, ) = v(x,t, B)
for a.a. x,t,a, 8 and P-a.s, which proves that there exists a unique measure-valued entropy solution. On the other
hand, setting

1 1
u(e, t) = / n(a, t, B)dB = / (s 1, 0)dB,

then P-a.s and for almost all o, we have p(z,t,a) = u(z,t), thus u is independent of a, hence w is the unique
stochastic entropy solution in the sense of Definition [T} which concludes the proof of Theorem[J] ®

Proof of Theorem The proof of the main result is a direct consequence of Proposition [7] and Proposition
[ Firstly, the uniqueness of the stochastic entropy solution is given by Proposition [0} Secondly, we know from
Proposition [7| that, up to a subsequence, the finite volume approximation converges (in the sense of Young mea-
sures) to a measure-valued entropy solution. Using again Proposition [9] (and arguing as in [BVW12]), we deduce
that the whole sequence converges to a stochastic entropy solution in Li,.(Q x @), which gives in particular the
existence of a stochastic entropy solution. To conclude, since (ur k) is bounded in L?(©2 x Q), we deduce that it
converges to the unique stochastic entropy solution in L (2 x Q) for any 1 < p < 2.

loc

A Appendix

A.1 Proof of Corollary

Proof. Set a,b € R such that a < b. Let u be the unique stochastic entropy solution of and suppose that
uo(x) € [a,b] for almost every = in R? and that supp(g) C [a,b]. Since u is a stochastic entropy solution, we have
by definition for any 7 € A and any ¢ € DT (Rd x [0, T))

0 S/ n(uo)ap(m,O)der/ n(u)atap(m,t)dxdt+/ D, (z,t,u,0).Vop(z,t)dedt
R4 Q Q

+/0 /Rd n/(u)g(u)ap(x,t)dxdW(t)+%/ng(u)nu(u)@(z,t)dxdt. (59)

We consider an entropy 7 € A such that for any = € [a,b], n(z) = 0 and for any = ¢ [a,b], n(z) > 0. We also
consider R > CfT, and the test function ¢ defined by . Note that for any (z,t) € Q and v € R we have

T

0 < Cyn(v) + ®y(z, t,v,0) 2]
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Then using the assumptions on g and uo and the properties of the chosen entropy and test functions, by applying
the above inequality (59) (thanks to a regularization procedure since ¢ is not smooth enough), one gets:

0< /Q n(u(z,t))0cp(z,t) + Oz, t,u(z,t),0).Vap(z, t)dedt

T T—1t 1

< [ (ntute00C; + 0ot 0,0) - 57 ) /el + Cot) Tt = Fntuta, D)0l + )

1 e
<= [ G )del + Cptzar <~ [ [ gt opasae <o

We deduce that, for arbitrary large R and for any (z,t) € B(0, R) x [0,T], we have n(u(z,t)) = 0 which implies
that u(z,t) € [a,b] for almost all (w,z,t) €2 x Q. m
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