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Outline

1. Higher-order quantum computation
§ The “quantum switch” – coherently controlling gate order

2. Hadamard Promise Problem

3. Experimental 4-switch
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Quantum Computing with Black Boxes

§ Black box access to unknown unitaries (oracles)

§ Property to determine:

3

...3

<latexit sha1_base64="SUnHmZwSFuWDRx32vtJCV2kdaLI="></latexit>
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Quantum Computing with Black Boxes

§ Black box access to unknown unitaries (oracles)

§ Property to determine: 

§ Example: Grover’s problem

3

...3

<latexit sha1_base64="SUnHmZwSFuWDRx32vtJCV2kdaLI="></latexit>

f(U1, . . . , UN )



Higher-Order Quantum Computation

§ Black box access to unknown unitaries (oracles)

§ Higher-order computation: how can the operations be composed?
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[Chiribella, D’Ariano, Perinotti, PRL (2008)]
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Higher-Order Quantum Computation

4

U1

UN

U1 U2 UN

Parallel

Quantum circuit (quantum comb)

U1

U2

Uk

UN

Quantum supermap
(process matrix)

...3

[Oreshkov, Costa, Brukner, Nat. Commun (2012)]
[Wechs, AA, Branciard, NJP (2019)]

[Chiribella, D’Ariano, Perinotti, PRL (2008)]

§ Black box access to unknown unitaries (oracles)

§ Higher-order computation: how can the operations be composed?



The Quantum Switch

§First example of a “causally indefinite” supermap

5

UA

UB
control

target

§Cannot be represented in quantum circuit model
§ Would need to query one box twice

<latexit sha1_base64="yYhkJ7SdnUbsAUTcqvCQZBepB+g="></latexit>

S2(UA, UB) = |0ih0|c ⌦ UBUA + |1ih1|c ⌦ UAUB

[Chiribella, D’Ariano, Perinotti and Valiron, PRA 88 (2013); arXiv:0912.0195] 
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The Quantum Switch

§First example of a “causally indefinite” supermap

5

UA

UB
control

target S2

§Cannot be represented in quantum circuit model
§ Would need to query one box twice

<latexit sha1_base64="yYhkJ7SdnUbsAUTcqvCQZBepB+g="></latexit>

S2(UA, UB) = |0ih0|c ⌦ UBUA + |1ih1|c ⌦ UAUB

[Chiribella, D’Ariano, Perinotti and Valiron, PRA 88 (2013); arXiv:0912.0195] 



Quantum Switch: A Tool for Quantum Info?

UA

UB
control

target

6

§Quantum switch provides advantages in 
several settings
§ Query complexity
§ Communication complexity
§ Metrology
§ Communication through noisy channels

[Guérin et al., PRL (2016); Zhao, Yang, Chiribella, PRL (2020); Ebler et al., PRL (2018)] 



§ In a quantum circuit must use UA or UB twice
§ With the quantum switch, one query to each is enough

Quantum Switch: A Tool for Quantum Info?

UA

UB
control

target

6

§Quantum switch provides advantages in 
several settings
§ Query complexity
§ Communication complexity
§ Metrology
§ Communication through noisy channels

Discriminating commuting vs anticommuting UA,UB

[UA,UB]=0 or {UA,UB}=0

<latexit sha1_base64="W2jtiFRzJM6kjqVGE81zpN5b1B4="></latexit>

1p
2
(|0ic + |1ic)⌦ | it ! 1p

2
(|0ic ⌦ UBUA| it + |1ic ⌦ UAUB | it)

= |+ic ⌦ 1
2{UA, UB}| it + |�ic ⌦ 1

2 [UA, UB ]| it

[G. Chiribella, PRA (2012)] 

[Guérin et al., PRL (2016); Zhao, Yang, Chiribella, PRL (2020); Ebler et al., PRL (2018)] 



Experimentally Achieving Causal Indefiniteness

§Optical-table experiments based on conceptually simple interferometers

7

[Procopio et al., Nat. Commun. (2015)]

One d.o.f. of photon acts 
as control, another as the 

target system

How to go beyond the 2-operation quantum switch?

[Procopio et al., Nat. Commun (2015)]
[Rubino et al., Sci. Adv. (2017)]

[Goswami et al., PRL (2018)]
[Wei et al., PRL (2019)]
[Guo et al., PRL (2020)]



Quantum N-Switch

§ N-switch quantum supermap

8

<latexit sha1_base64="0ZbIeGJrcd3HJpP3BY0Db97zUlQ="></latexit>

⇧x := U�x(N) · · ·U�x(1)

<latexit sha1_base64="h1DB/+MyJwWJ0stV++cDZDml1JA="></latexit>

SN (U1, . . . , UN ) =
X

x2[N !]

|xihx|c ⌦⇧x

<latexit sha1_base64="kUKXuXV8SRrdPYsrAkMAZsFgqBA="></latexit>

[N !] := {0, 1, . . . , N !� 1}
x th permutation of {1,…,N}

§ Recall the quantum 2-switch UA

UB
control

target
<latexit sha1_base64="yYhkJ7SdnUbsAUTcqvCQZBepB+g="></latexit>

S2(UA, UB) = |0ih0|c ⌦ UBUA + |1ih1|c ⌦ UAUB

[Colnaghi, D’Ariano, Perinotti, Facchini, PLA (2012)] 
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[N !] := {0, 1, . . . , N !� 1}

<latexit sha1_base64="W/fpQd0ZxFhNLNsWG9gsyIe7fUA="></latexit>

dc := dim(Hc) � N !
<latexit sha1_base64="m209+UjUgIUxdiyAzbAPhc4eUH0="></latexit>

dt := dim(Ht)

x th permutation of {1,…,N}

§ Recall the quantum 2-switch UA

UB
control

target
<latexit sha1_base64="yYhkJ7SdnUbsAUTcqvCQZBepB+g="></latexit>

S2(UA, UB) = |0ih0|c ⌦ UBUA + |1ih1|c ⌦ UAUB

[Colnaghi, D’Ariano, Perinotti, Facchini, PLA (2012)] 



Fourier Promise Problem

9

Setting:  Oracle access to N unitary quantum gates U1, U2, …, UN

Promise: The unitaries obey, for some y, the property

Goal:      Find y

...

§ N-switch can solve with N queries (quadratic advantage)   !

<latexit sha1_base64="uVTjpnUlLeGfK1BsfUFR8HqtCk4="></latexit>

Py : 8x ⇧x = !xy ⇧0, with ! = ei
2⇡
N!

[Araújo, Costa, Brukner, PRL (2014)]



Fourier Promise Problem

9

Setting:  Oracle access to N unitary quantum gates U1, U2, …, UN

Promise: The unitaries obey, for some y, the property

Goal:      Find y

...

§ N-switch can solve with N queries (quadratic advantage)   !

§ Promise can only be satisfied when dt ≥N ! "
§ (Take determinant of both sides of promise statement)

<latexit sha1_base64="529udy8a7A3v7x53u88f88e55QE="></latexit>

det⇧x = !xdt det⇧0 =) ei
2⇡
N!xdt = 1

<latexit sha1_base64="uVTjpnUlLeGfK1BsfUFR8HqtCk4="></latexit>

Py : 8x ⇧x = !xy ⇧0, with ! = ei
2⇡
N!

[Araújo, Costa, Brukner, PRL (2014)]



Outline

1. Higher-order quantum computation
§ The “quantum switch” – coherently controlling gate order

2. Hadamard Promise Problem

3. Experimental 4-switch
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Towards the Hadamard Promise Problem

11

Promise: The unitaries obey, for some y, the property

Goal:      Find y

§Now: permutations  
<latexit sha1_base64="osY7TmOasHeBIdUYFiLvHw3Jo8U=">AAACJXicbVBLSwMxGMzWV62vVo9eokXwUMpuUay3ogc9SRX7gLaUbPbbNjT7IMmKZdkf4VV/gL/Gmwie/Cum2x5s60BgmPmGDGOHnEllmt9GZmV1bX0ju5nb2t7Z3csX9psyiASFBg14INo2kcCZDw3FFId2KIB4NoeWPbqe+K0nEJIF/qMah9DzyMBnLqNEaalV73LAd0f9fNEsmynwMrFmpIhmqPcLRrbrBDTywFeUEyk7lhmqXkyEYpRDkutGEkJCR2QAHU194oHsxWnfBJ9oxcFuIPTzFU7Vv4n4eXo4pxFPyrFn67RH1FAuehPxP68TKbfai5kfRgp8Ov3cjThWAZ4Mgh0mgCo+1oRQwXR/TIdEEKr0bLlc1wFXb5sWir2xACeJH26ukti6rJTMkpno7azFpZZJs1K2zsvm/VmxVp2tmEWH6BidIgtdoBq6RXXUQBSN0At6RW/Gu/FhfBpf09OMMcscoDkYP7804aNH</latexit>

P  N !
<latexit sha1_base64="ssFaYt3eUBviNlRN5JLW+itfcpA="></latexit>

⇧0
x, x = 0, . . . , P � 1

<latexit sha1_base64="o4GWYZkXNQqLzJN1dw7JSgeTIZQ="></latexit>

with mx,y = ±1 the elements
of a P ⇥ P matrix M

§Determinant condition:
§ dt must be even qubits ok!

§What kind of matrix should M be?

<latexit sha1_base64="VMKpzGPLdmWtSdViht/Xi+j0/kg="></latexit>

det(⇧0
x) = mdt

x,y det(⇧
0
0)

<latexit sha1_base64="0/aj+DVVUvyqKqp1UuZVC/cLdZo="></latexit>

Py : 8x ⇧0
x = mx,y ⇧

0
0,



Hadamard Promise Problem

12

Promise: The unitaries obey, for some y, the property

Goal:      Find y

§Answer: A Hadamard matrix!
§±1-valued matrices with orthogonal rows and columns
§Half of values in each row/column are +1, half –1
§ Satisfies 
§Only possible for P = 1, 2 or a multiple of 4
§Conjectured to exist for all multiples of 4

<latexit sha1_base64="lfUEn7xaLvg3wTrSBN9kOCaijOE="></latexit>

with mx,y = ±1 the elements

of a P ⇥ P Hadamard matrix M

<latexit sha1_base64="93tjPt0a1/NsGGCQXauGv6GcUhM="></latexit>

1
P M ·MT =

<latexit sha1_base64="0/aj+DVVUvyqKqp1UuZVC/cLdZo="></latexit>

Py : 8x ⇧0
x = mx,y ⇧

0
0,



Solving the Hadamard Promise Problem

§Can solve perfectly with the N-switch
§N-switch now coherently controls the permutations 

<latexit sha1_base64="qegYKTSP522FkSroO2TWKR8VpGM=">AAACNXicbVBLT8JAGNziC/EFejJeGonRAyEt0Yg3ogc9opFHAoRst19hZbdtdrcG0vQ/eNU/4m/x4M149S+4PA4CTrLJZOabZHackFGpLOvDSK2srq1vpDczW9s7u3vZ3H5dBpEgUCMBC0TTwRIY9aGmqGLQDAVg7jBoOIObsd94BiFp4D+qUQgdjns+9SjBSkv1dpWedofdbN4qWhOYy8SekTyaodrNGYdtNyARB18RhqVs2VaoOjEWihIGSaYdSQgxGeAetDT1MQfZiSd1E/NEK67pBUI/X5kT9W8iHk4P5zTMpRxxR6c5Vn256I3Ffz3H4Qt1lFfuxNQPIwU+mbbxImaqwBwPZLpUAFFspAkmguoPmaSPBSZKz5jJtF3w9NaThjEfCXCT+OH2Oontq1LBKliJHtNenG6Z1EtF+6Jo3Z/nK+XZrGl0hI7RGbLRJaqgO1RFNUTQE3pBr+jNeDc+jS/je3qaMmaZAzQH4+cXhDaqUg==</latexit>

⇧0
x

HP HP
SN

where
<latexit sha1_base64="ZcdT4KAlNehYcCm8VLCLU1vgHtE="></latexit>

HP = 1p
P
M

<latexit sha1_base64="8e7iqFPGFcHm3k+7GIYvV5TrmLc="></latexit>

|0ic| it HP��! 1p
P

X

x2[P ]

|xic| it

SN��! 1p
P

X

x2[P ]

|xic⇧0
x
| it

=

 
1p
P

X

x2[P ]

mx,y|xic
!
⇧0

0| it

H
†
P��! |yic⇧0

0| it
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Solving the Hadamard Promise Problem

§Can solve perfectly with the N-switch
§N-switch now coherently controls the permutations 

<latexit sha1_base64="qegYKTSP522FkSroO2TWKR8VpGM=">AAACNXicbVBLT8JAGNziC/EFejJeGonRAyEt0Yg3ogc9opFHAoRst19hZbdtdrcG0vQ/eNU/4m/x4M149S+4PA4CTrLJZOabZHackFGpLOvDSK2srq1vpDczW9s7u3vZ3H5dBpEgUCMBC0TTwRIY9aGmqGLQDAVg7jBoOIObsd94BiFp4D+qUQgdjns+9SjBSkv1dpWedofdbN4qWhOYy8SekTyaodrNGYdtNyARB18RhqVs2VaoOjEWihIGSaYdSQgxGeAetDT1MQfZiSd1E/NEK67pBUI/X5kT9W8iHk4P5zTMpRxxR6c5Vn256I3Ffz3H4Qt1lFfuxNQPIwU+mbbxImaqwBwPZLpUAFFspAkmguoPmaSPBSZKz5jJtF3w9NaThjEfCXCT+OH2Oontq1LBKliJHtNenG6Z1EtF+6Jo3Z/nK+XZrGl0hI7RGbLRJaqgO1RFNUTQE3pBr+jNeDc+jS/je3qaMmaZAzQH4+cXhDaqUg==</latexit>

⇧0
x

HP HP
SN

where
<latexit sha1_base64="ZcdT4KAlNehYcCm8VLCLU1vgHtE="></latexit>

HP = 1p
P
M

§ Solves the problem using exactly N total queries
§ Asymptotic O(N2) advantage over best known quantum circuits

§ P-dimensional control, qubit target system

<latexit sha1_base64="8e7iqFPGFcHm3k+7GIYvV5TrmLc="></latexit>
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Outline

1. Higher-order quantum computation
§ The “quantum switch” – coherently controlling gate order

2. Hadamard Promise Problem

3. Experimentally solving the HPP with a 4-switch

14



Example: N=P=4

§Fix 4 permutations and a Hadamard matrix M

15

M =

0

BB@

1 1 1 1
1 1 �1 �1
1 �1 �1 1
1 �1 1 �1

1

CCA

<latexit sha1_base64="7u2mxl6wV46pHSXvX44QA9ZjtS8=">AAACTHicbVBNSwMxEM1WrXX9qnr0EiyKl5ZdUfQiiF68CBVsK3SXks1O29BsdkmyYln6A7148Oav8OJBEcG0XYpfD2Z4eTOTTF6QcKa04zxbhbn5heJiacleXlldWy9vbDZVnEoKDRrzWN4GRAFnAhqaaQ63iQQSBRxaweBiXG/dgVQsFjd6mIAfkZ5gXUaJNlKnTK9OvQB6TGRJRLRk9yPbxXt4Fp43O1enKVeqs/RDmRLbAx HObuyUK07NmQD/JW5OKihHvVN+8sKYphEITTlRqu06ifYzIjWjHEa2lypICB2QHrQNFSQC5WcTM0Z41ygh7sbShNB4on6fyEik1DAKTKfZr69+18bif7V2qrsnfsZEkmoQdPpQN+VYx3jsLA6ZBKr50BBCJTO7YtonklBt/LeNCe7vL/8lzYOae1g7uj6snJ3ndpTQNtpB+8hFx+gMXaI6aiCKHtALekPv1qP1an1Yn9PWgpXPbKEfKBS/AIlFp0o=</latexit>

<latexit sha1_base64="AMMLgZe9mOiV+4JlGorwUW+OxqA="></latexit>

⇧0 = U4U3U2U1
<latexit sha1_base64="07YvbjsQ859H5f2gtXMH9mqBojg="></latexit>

⇧1 = U3U4U1U2
<latexit sha1_base64="7uZcd3K3Hy5BjfteCS9/n9fZmaY="></latexit>

⇧2 = U1U4U2U3
<latexit sha1_base64="J6HbcI0qy5DSPxp53QpYWEb6z50="></latexit>

⇧3 = U2U3U1U4



Experimental High-Dimensional Hadamards

§A sequence of 2k

balanced beamsplitters
gives a Hadamard 
matrix

16



Experimental High-Dimensional Hadamards

§A sequence of 2k

balanced beamsplitters
gives a Hadamard 
matrix

16

§More compactly: multicore fibre 4-port beamsplitter

Single-mode
fibres

Spatial demultiplexer unit 4-core fibre Evanescent-wave coupling

Implements 
<latexit sha1_base64="xMGs2+fowk+59JmkqUWL2PiqdVU="></latexit>

HP =
1

2

0

BB@

1 1 1 1
1 1 �1 �1
1 �1 �1 1
1 �1 1 �1

1

CCA

[J. Cariñe et al., Optica (2020)]



Photonic 4-switch Implementation

§Control system = path ququart;   target system = polarisation

17[M. Taddei et al., arXiv:2002.07817]



Experimentally Solving the HPP

§ Implemented two different sets of unitaries

18

§Solved the problem with 4 total queries with <latexit sha1_base64="00uThqd+it6aC9XT2iLEK9psPUo="></latexit>

Psucc ⇡ 0.95



Experimentally Solving the HPP

§ Implemented two different sets of unitaries

18

§Solved the problem with 4 total queries with 
§ Is there an advantage over causally definite computations?

<latexit sha1_base64="00uThqd+it6aC9XT2iLEK9psPUo="></latexit>

Psucc ⇡ 0.95



Bounding Causal Strategies

19

§Best Psucc with 4 queries in well-defined order (e.g., circuit):
Given unitaries for each y, and prior distribution qy,i

§Finding “causal bound” is a semidefinite program!

<latexit sha1_base64="AFIHB3bTsAGOdkT9o+S351RrCA8="></latexit>

{Uy,i
1 , . . . , Uy,i

N }i

<latexit sha1_base64="lqfmrZUx+8vBEBQlNZM6XcMpr28="></latexit>

maxPsucc =
X

y,i

qy,i Tr[W · (|yihy|c ⌦ C(Uy,i
1 , . . . , Uy,i

N ))]

s.t. W 2 Wcausal Process matrix

Class of computations with well defined query order

[Araújo et al., NJP (2015); Wechs, AA, Branciard, NJP (2019)]



Bounding Causal Strategies

19

§Best Psucc with 4 queries in well-defined order (e.g., circuit):
Given unitaries for each y, and prior distribution qy,i

§Finding “causal bound” is a semidefinite program!

§For the sets of unitaries experimentally 
implemented, can have Psucc=1 with a 
quantum circuit!
ØUntrusted regime

[Araújo et al., NJP (2015); Wechs, AA, Branciard, NJP (2019)]

<latexit sha1_base64="AFIHB3bTsAGOdkT9o+S351RrCA8="></latexit>

{Uy,i
1 , . . . , Uy,i

N }i
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X

y,i

qy,i Tr[W · (|yihy|c ⌦ C(Uy,i
1 , . . . , Uy,i

N ))]

s.t. W 2 Wcausal Process matrix
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Bounding Causal Strategies

20

§60 sets of unitaries taken from

§Bound: 

§ If unitaries given in a random basis:

<latexit sha1_base64="6DZoP0z83VkNFNQo+IHzNSojdro="></latexit>

G = { , Z,X, Y, Z+Xp
2
, Z+Yp

2
, X+Yp

2
, +iZp

2
, +iXp

2
, +iYp

2
}

<latexit sha1_base64="bpZ3JvSY+AnHnwLIGb9pJgba0sM="></latexit>

Psucc . 0.92

<latexit sha1_base64="kEnlPt1B0/KtWy0spwLNrAF4PQw="></latexit>

Psucc . 0.84



Bounding Causal Strategies

20

§60 sets of unitaries taken from

§Bound: 

§ If unitaries given in a random basis:

ØViolation of bounds assuming “fair” implementation
ØNo prior knowledge of sets of unitaries

Ø Experimentally implementing full set time-consuming, possible

<latexit sha1_base64="6DZoP0z83VkNFNQo+IHzNSojdro="></latexit>
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2
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2
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2
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2
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Psucc . 0.92
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Conclusions

§Query complexity advantage from superposition of query order 
in a problem with softer dimension constraints

§First implementation for N>2 gate orders
§ (modulo philosophical discussions)

§Outlook:
ØNeed more choices of unitaries to properly violate causal witness
ØMore applications: communication complexity, …
ØCoherent control of gate order beyond the N-switch

21

[J. Wechs, H. Dourdent, AA, C. Branciard, in preparation]
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§First implementation for N>2 gate orders
§ (modulo philosophical discussions)

§Outlook:
ØNeed more choices of unitaries to properly violate causal witness
ØMore applications: communication complexity, …
ØCoherent control of gate order beyond the N-switch
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arXiv:2002.07817
Experimental computational advantage from superposition 

of multiple temporal orders of quantum gates

[J. Wechs, H. Dourdent, AA, C. Branciard, in preparation]


