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We present an experimental study on the viscous to inertial mode of shear thickening in
dense non-Brownian suspensions. We design a model suspension consisting of mono size
spherical particles within a Newtonian suspending fluid. We develop a protocol for the
rheological characterization of dense suspensions using the conventional rheometry tech-
nique. Our results provide constitutive laws for suspensions with solid volume fractions
close to jamming when both viscous and inertial effects at the particle scale are present.
We perform atomic force microscopy to measure forces between the particles immersed
in the suspending fluid and show that our system of study corresponds to the frictionless
regime of dense suspensions in which viscous and collisional forces dissipate the energy.
Finally, we show that the proposed empirical constitutive laws, when approaching jam-

ming, predicts the dynamics of dense suspensions in a transient boundary driven flow.
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I. INTRODUCTION

Suspensions of particles in a viscous liquid display a wide spectrum of non-Newtonian rheology
including shear thickening, shear thinning, yield stress, and viscoelasticity!=. Suspensions can
be engineered to design smart materials that respond to external stimuli such as, pressure, light,
vibration, electric field, temperature, and shear rate*’. In shear thickening suspensions, viscosity
appears to increase when the shear rate increases. These suspensions have many technological

applications such as shock absorbing systems®?, protective clothings!?, flexible body armor!!

, etc.
Therefore, understanding the physics underlying the shear thickening phenomenon is of practical

interest.

In non-Brownian suspensions, for which thermal fluctuations are negligible, different modes of
shear thickening behavior have been identified. These modes are attributed to different physical
mechanisms, which include: (i) hydrodynamic interactions between particles, (ii) transition from
frictionless to frictional rheology, (ii1) transition from viscous to inertial regime (Bagnoldian shear
thickening!?), and (iv) micro-structural effects. The third mode of shear thickening, i.e., Bagnolda-
ian shear thickening, is the focus of this work. We introduce a non-Brownian model suspension
and provide the force measurements between the particles while immersed in the solvent. Also,
we perform a comprehensive rheological study to show the transition from viscous to inertial shear
thickening behavior in dense regimes. We show that our rheological constitutive law predicts the
suspensions dynamics in a transient flow while the suspension transitions from viscous to inertial
regime.

From this, we can now review existing literature on the shear thickening behavior in non-
Brownian suspensions. In a shear thickening behavior, the rise in viscosity may happen in a
continuous or discontinuous fashion leading to the Continuous Shear Thickening (CST) or Dis-
continuous Shear Thickening (DST) behaviors. In CST, a possible explanation for this behavior is
the formation of hydro-clusters due to lubrication forces, the first mode of shear-thickening identi-
fied above!>!4. Two approaching particles in a shear flow can be strongly coupled together under
the action of lubrication hydrodynamics, which leads to the formation of these aforementioned
hydro-clusters. The difficulty of particles flowing around one another and these hydro-clusters
results in the extra rate of energy dissipation and consequently an increase in viscosity. In DST
the apparent viscosity increases by several orders of magnitudes at a critical shear rate J,.. This

framework comes short in explaining DST which occurs at a critical timescale.
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A new promising way to understand CST and DST points to a transition from a frictionless to
a frictional state of the suspension, the second mode of shear-thickening identified above>!>-17.
The hypothesis is that there exists a short range repulsive force, Fr, among the grains preventing
formation of a contact. This repulsive interaction will be overcome by hydrodynamic forces at
large stresses or shear rates, i.e., ¥ > 7., converting the system into an assembly of frictional
grains with a viscosity that diverges abruptly. The critical shear rate of transition is therefore . =
Fr/Fg, where the denominator shows the typical hydrodynamic force. This hypothesis of friction-
induced shear thickening is supported by recent experimental measurements'-2! that validate the
model and simulations. Particularly, in the recent work of Comtet et al.>!, a unique experimental
procedure is developed, based on quartz-tuning fork atomic force microscopy, to directly measure
inter-particle forces between particles in a suspending fluid.

For the third mode of shear-thickening, as we increase the shear rate, 7, or solid volume fraction,
0>23  inertia at the particle scale becomes important and we transition from the viscous to inertial
regime. In this third mode of shear thickening, the viscosity of the suspension increases linearly
with the shear rate as proposed initially by Bagnold'?. Several recent studies have focused on this

inertial shear thickening, aiming to characterize the rheology of the suspensions (see'>?>730 ) as

well as investigating the solid dispersion in flows with shear inhomogeneity?>3!.

Boyer et al.?2, have unified the rheology of dense suspensions to that of granular media. There-
fore, a frictional view can be adopted to provide a better understanding of the key dimension-
less numbers and the underlying physics when the viscous to inertial transition occurs in a non-
Brownian suspension?’-*3. When an assembly of particles (with mean diameter d » and density p,)
is suspended in a viscous fluid (with viscosity 1 and density pr) and it is subjected to a steady
shear under a confining particle pressure P, there is only one controlling dimensionless number
associated with the shear rate. This shear rate can be interpreted as the ratio of the flow shear rate
to the microscopic shear rate. Microscopic shear rate is defined by the time scale for particles to
rearrange due to the pressure P.

Futhermore, the microscopic shear rate can be determined by writing the second law of Newton
when the forces applied on a particle are the imposed pressure, P, and the drag force. In cases with
negligible drag force, the rearrangement of particles is solely governed by the imposed pressure
leading to the dimensionless number [ = yd,,/ \/Tpp. This is associated with the granular regime
when momentum transport in the system is due to contacts and collisions among particles. When

the imposed pressure balances the viscous drag force, the governing dimensionless number is
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J = nyy/P. This is associated with Stokesian suspensions when the viscous stresses are the main
mechanism for the transport of momentum. Finally, when the turbulent drag at the particle scale
balances P, the governing dimensionless number is J; = pf(dpq'/)2 /P and the dynamics of the

suspensions is governed by the inertia of the fluid phase.

In this work, our focus is on the viscous to inertial mode of shear thickening which corresponds
to dense suspensions which transition from Stokesian (J/ dominated regime) to granular regime (/
dominated regime). In the Stokesian regime stresses scale viscously while in the granular regime
stresses scale inertially resulting in a viscosity proportional to the shear rate. Recently, there
have been several numerical (via performing Discrete element method simulations) and theoretical
works on this mode of shear thickening. On the macroscopic front, the closures for the shear
stress and particle stress in terms of ¢ and y are found. In terms of frictional view, it is equivalent
of saying, the solid volume fraction and stress anisotropy, u, are found as a function of / or
J?328.34-36 " The transition from the viscous to inertial regime has been characterized to occur
at the Stokes number, St = I?/J = ppdg}'// Ny of order of unity. On the microscopic front, the
macroscopic quantities such as y and ¢ are shown to depend on the microscopic quantities such
as the relative velocity between particles, the strain scale beyond which a particle loses memory of
its direction relative to its neighbors, the coordination network, the fraction of frictional contact,
and the forces at the contact!62323-3742 " There exists a discrepancy among these works due to
the assumption of different closures for inter-particle forces (friction and repulsive forces), type
of weak contacts, the range of solid volume fraction explored, etc. For example, some numerical
results show that a dense suspension transitions from viscous to inertial regime at St ~ 1253,
while others show that as we approach the jamming volume fraction, St of the transition strongly
depends on the value of solid volume fraction®>37#2. The objective of this work is to explore
experimentally the viscous to inertial transition in dense suspensions close to jamming while inter-

particle forces are known via atomic force microscopy measurements.

The fourth mode of shear thickening corresponds to cases when weak hydrodynamic inertia at
the particle scale affects the pair distribution function around a particle. Due to the presence of
inertia, the Stokesian rheological measurements of non-Brownian suspensions are no longer valid,
yet inertia of the fluid phase is not dominant and consequently J; is not a relevant dimensionless
number. For suspensions with particle Reynolds number of Re, = p fdf,}'// Ny, in the range Re), €

[.02, 10], and solid volume fraction ¢, in the range ¢ € [0.1,0.4], the suspension viscosity increases

43-47 44,46,48-50

as Re, increases Due to the improvement of computational methods, see e.g.,
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interface resolved simulations of solid particles in Newtonian fluids can now reveal details of the
suspension’s micro-structure, and shed light on the role of inertia in the overall dynamics’!. More
precisely, the study of Picano et al.*3 shows that inertia affects the suspension’s microstructure,
resulting in an enhancement of effective shear viscosity. As Re, increases, the average particle-
pair relative motion in the suspension becomes increasingly anisotropic forming a wake region
behind the particles with an almost zero probability of finding a second particle. These excluded
volumes enhance the effective solid volume fraction as we increase the shear rate (or equivalently
Rep) and consequently the effective shear viscosity, leading to a shear-thickening behavior. This
micro-structure effect has been shown to also be the case for non-Brownian suspensions with
generalized Newtonian interstitial suspending fluids*’.

FIG. 1 summarizes the above studies that we explained in the plane of the solid volume frac-
tion ¢ and particle Reynolds number Re, = p f)'/dlz, /M when dealing with the suspension of non-
Brownian particles in a Newtonian viscous fluid. It is noteworthy to mention that we might have
not included all the existing work due to the space limitation, and the main objective of presenting

FIG. 1 is to show where our present study stands in terms of the ranges for ¢ and Re,,.

FIG. 1: The map of existing work. Due to the space limitation, the names of the leading authors

of existing work are presented.

The main novel contributions of our study are as follows. Firstly, we introduce in detail the
design of a model non-Brownian suspension that can be used in conventional volume imposed
rheometry setups for investigating the physics of dense suspensions. The model suspension is
composed of mono size spherical particles with the same density as the suspending fluid. There-
fore, the rheology results exclude the effects of irregular shapes, polydispersity, and solid volume
fraction inhomogeneities due to gravity (section II). Secondly, we develop a protocol for rheolog-
ical characterization of dense suspensions using conventional rheometry setups. Our experimental
method provides understanding about the distribution of velocity and solid volume fraction within
the domain without using high-tech experimental tools such as magnetic resonance imaging??,
X-ray radiography, or computed tomography scan”? (sections II, IT A and Supplementary Mate-
rial). Thirdly, we provide constitutive laws for the suspensions with solid volume fractions ap-
proaching jamming (¢ < ¢,, ~ 0.605) and we explain the underlying physical mechanisms for the

transportation of momentum via providing atomic force microscopy measurements between the
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particles immersed in the suspending fluid (section III). This comprehensive experimental study
from a microscopic force measurements to a macroscopic rheological characterization provide
benchmark data for the refinement and development of ongoing theoretical and computational re-
search regarding viscous to inertial transition in dense suspensions>>>>>7-42_ Finally, we show that
our proposed constitutive law predicts the dynamics of dense suspensions in a transient boundary
driven flow when the transition from Stokesian to inertial regimes of suspensions occurs (section

III D). We summarize the present work in section I'V.

II. EXPERIMENTS

This section includes our experimental protocol. We encourage the experimental reader to
see the Supplementary Material for steps that need to be taken into account to reproduce these
results. The Supplementary Material includes the details of the sample preparation, the calibration
of the vane tool geometry and instrument, inertial correction, and discussion on the critical Taylor

number.

The model suspensions are made up of Polystyrene spherical particles (Microbead Dynoseeds,
TS40 and TS80 with the company reported density of 1.05 g/cm?) and an interstitial aqueous
solution. Experiments are performed with two particle size ranges of 38 —45 um and 75 — 90 um
with the average particle diameter of d,, = 41.5, 82.5 um, respectively. The interstitial aqueous
solution, mixture of Sodium Iodide (Sigma Aldrich, U.S.A.) and deionized water, was chosen to
match the density of the particles. We added a small amount of Triton X-100 (laboratory grade,

from Sigma Aldrich, U.S.A.) to remove the effect of polystyrene particles being hydrophobic.

We perform volume imposed rheometry tests on the suspension with a constant concentration,
¢. We use vane tool geometry in a cup with an inner radius of R, = 14.0 mm, an outer radius of
R, = 15.2 mm, a gap of H = 1.2 mm, and a height of L =42 mm. Using a vane tool enables us
to work with very dense suspensions. It eliminates the wall slip effect compared to the cup and
bob geometry. Additionally, the vane and cup geometry requires a larger sample size compared to
the parallel plates. This helps to ensure that we have a relatively insignificant evaporation over the
duration of our experiment. We calibrate the vane tool via performing rheometry with cone and

plate geometry.
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The rheometry test that is chosen for these experiments is a stress imposed step or creep test.
This involves imposing a constant stress for a set period of time. At the beginning of the ex-
periments, for all imposed torques, we apply a pre-shear step, 7 = 0.18 uN.m for a short time
(strain < 500%). This ensures the suspension is in an anisotropic state at the beginning of the
test>>. In addition to this, we use fast sampling mode. This feature provides us with high frequency
data acquisition rate at the start of the experiment and gradually decreasing rate as time passes.
This is necessary due to the importance of having a sufficient amount of data points collected at

the transient regime, which occurs at the beginning of the experiment.

A. A typical example of rheometry measurements

FIG. 2 shows a schematic and a typical output of our experimental method. We impose a
constant stress on the vane tool after slight pre-shearing of the suspension. The applied pre-shear
history ensures that the suspension is at the anisotropic state at the start of the rheometry test. As
the constant stress is applied a transient boundary driven flow establishes itself with a Neumann
boundary condition in terms of velocity at the inner boundary (or equivalently a constant local
shear rate) and no-slip velocity at the outer boundary. While the radial derivative of the azimuthal
velocity is imposed at the inner boundary, the velocity itself varies and diffuses across the gap until
steady state is achieved. Therefore, the average shear rate increases as the velocity increases, see
FIG. 2(a).

The output of the rheometer is the average shear rate and it is shown in FIG. 2(b). We explain
more about measured shear rate in Supplementary Material. We can see that the average shear rate
at the inner boundary increases with time or applied strain and reaches a plateau, signifying steady
state, shown in FIG. 2(b). This steady state shear rate is associated with the stress imposed at the
boundary. After some time, we observe a departure from the steady state plateau. Since the shear
rate is not homogeneous across the gap, particles migrate from the inner boundary (the region of
high shear rate) to the outer boundary (the region of low shear rate). This phenomenon is known as
shear induced migration and the reader is referred to the following initial studies as well as more
recent work 324 We emphasize that the migration occurs very rapidly in dense suspensions??.

A consequence for our experiments is that only a single measurement can be taken from a given
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FIG. 2: (a): Schematic view of the stress imposed experiment and velocity evolution in the
domain. (b): Three regimes of transient, steady state, and migration for the suspension of
¢ = 0.58 and imposing constant torque of 7 = 1.5 uN.m. The figure shows the average shear

rate, 7(s—!), versus time, £(s).

sample. For any other creep test, a fresh sample has to be used.

A series of experiments have been carried out for a wide range of stress imposed on the prepared
dense suspensions (described in section III A), with various solid volume fractions and two particle
sizes of d, = 41.5 and 82.5 um. These experiments are performed with Pe number in the range
of 3.66 x 10% —7.33 x 108. We have also checked that our measurements are reproducible within
5% error. The steady state shear rate associated with the applied stress is measured to provide

constitutive laws for dense suspensions.

III. RESULTS

This section presents our results and provides constitutive laws close to jamming, section III A.
We have carried out atomic force microscopy measurements to understand the physics underlying
the proposed constitutive laws, sections III B and IIIC. We show the validity of the constitu-
tive laws in predicting transient boundary driven flow of dense suspensions in settings where the
transition from viscous to inertial regimes takes place, section

IID.

A. Constitutive law close to jamming

First, we start with presenting the relationship between the stress and shear rate in the dense
suspensions used in the present work. FIG. 3 (a) & (b) show the plot of stress versus shear rate
when performing experiments with particle size d, = 41.5 um and d, = 82.5 um, respectively.
The results indicate that, for all volume fractions and particle sizes, stress increases with the ap-
plied shear rate in a linear fashion, shown by filled circles that follow a solid line of slope 1 .
However, after a critical shear rate, stress enhances quadratically with shear rate. It is shown by
open circles which follow a dashed line of slope 2. Therefore, the suspensions transition from

viscous to inertial regime at the critical shear rate denoted by %,_,;, with the values reported in
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TABLE I. It is evident that the shear rate of transition depends on both the solid volume fraction

and the particle size.

We have plotted the data in terms of particle Reynolds number Re), = pfdlz,’}'// 7y to better un-
derstand the onset of transition from viscous to inertial regime. FIG. 3 (¢) & (d) show that the

transition occurs at values of Re,, << 1, contradicting what has been shown numerically>>>>-58,

Here, we argue that, in our system of study focused on volume fractions close to jamming,
the local particle Reynolds number is the relevant dimensionless number for the viscous to in-
ertial transition. In dense suspensions, particularly close to jamming, the local shear rate ¥j,cqs
in the interstitial fluid at the particle scale is much larger than the bulk shear rate, ¥, applied on
the boundaries of suspensions. The local shear rate is the sole function of geometry and linked
to 7 as follows: V,cas = % (¢)7. There exist both experimental and theoretical closures for the
geometrical function .7 (¢)?>3%60_ On the experimental front, .7 (¢) is measured via a pressure
imposed rheometer for dense non-Brownian suspensions>. The theoretical estimate of .7 (¢) is
given via the homogenization approach®, as well as the perturbation method around the jammed
state?3. .% (¢) is a monotonically increasing function of ¢ and diverges at jamming volume frac-
tion ¢,,. Here, in our calculations, we used the following relations for obtaining .% (¢) which is
experimentally obtained by Dagois-Bohy et al.,® with constants reported to be & = 4.6, B = 6,
Kk =0.75, yp = 0.3 and ¢,, = 0.605.

F(¢) =2.8v/n5(9)
Ns = W(P)Nu(0)

On— 0 2
P )+ B( )

Therefore, the velocity scale at the particle scale is ¥j,.4d, and the relevant particle Reynolds

O — ¢

p(e) = po+ o

number for which the transition occurs is (Rep)iocar = Pfd,%'}"local /My, which is larger than Re,
particularly as ¢ — @,,. This has been shown in FIG. 3 (e) & (f). This dependency of Reynolds of
transition from viscous to inertial regime on the solid volume fraction is in line with the theoretical

23,37,39-42

results of Wyart and co-workers , 1.e., perturbation close to jamming. We will further

discuss this matter in section III C.
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FIG. 3: Presenting transition from viscous to inertial regime; (a)&(b): Stress, 7, Vs. shear rate for
two particle sizes of d, = 41.5 um and d, = 82.5 pm, respectively. (¢)&(d): Stress, 7, Vs.
particles Reynolds number Re), for two particle sizes of d, =41.5 um and d,, = 82.5 um,

respectively. (e)&(f): Stress, T, Vs. local particles Reynolds number (Re),) o4 for two particle
sizes of d, = 41.5 um and d,, = 82.5 um, respectively. Solid lines are indicating slope 1. Dashed

lines are indicating slope 2.

TABLE I: The transition shear rate from viscous to inertial regime, },—,;, shown for two particle

diameters and for variation of particle concentration.

d,=41.5 um
¢ 0.56 0.57 0.58 0.59 0.595
Tosi 2.499 1.6 1.1

d,=82.5 um
¢ 0.56 0.57 0.58 0.59 0.595
Tosi 321 221 0.82 0.31

It is noteworthy to mention that we have about 15 to 29 particles across the gap size of
H = 1.2 mm; therefore, the relationship between shear rate and stress does not depend on the gap
size between the vane tool and the outer cylinder. We validated this point by obtaining a good
agreement in comparison of our results with those reported by Fall et al.,?> where the experiments
were carried out in a wide-gap Couette geometry with a large gap size of 1.9 cm, see the Sup-
plementary Material for more details about this comparison. We would like to mention that the
scope and method of this work are different from that of Fall et al.,>? in a sense that we merely
enlighten on the viscous to inertial mode of shear thickening in dense non-Brownian suspensions
(using conventional rheometry technique). We examine it for a range of solid volume fractions and
different particle sizes. Additionally, we provide atomic force microscopy measurements (section
III B) to show this mode of shear thickening is different from those caused by the significant role

of frictional forces15-17,
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Here, we fit a curve to our data presented in FIG. 2 to provide the following relationship be-

tween the shear rate and shear stress at the dense regime.

T= (1 —%”(7’—YMi))’?s(ﬁb)’?f?"ﬂLﬁ(‘P)de;zﬂ"Z%(Y—T’Hi)- (D

The Heaviside step function is denoted by 7. In order to understand the physical origin of the
terms in equation (1), we have performed atomic force microscopy to provide a measurement of

inter-particle forces.

B. Atomic force microscopy

This section provides measurements of the dissipative forces (both of hydrodynamic and fric-
tional origins) and repulsive forces of polystyrene spherical particles, of size d, = 140 um, im-

mersed in the suspending fluid used in this study.

FIG. 4: Force measurement using atomic force microscopy. (a): Tangential measured force, Fr
Vs. distance, z. (b): Normal measured force, Fr Vs. distance. (c) Tangential measured force, Fr

Vs. normal measured force, Fr.

The dissipative and repulsive forces of the suspension are measured via a unique experimental
tool. The reader is referred to the work of Comtet et al.,>! for a detailed description of the exper-
imental tool and procedure. In summary, the interactions of two particles in a flow are measured
by using tungsten tip glued to a millimeter quartz fork, a force sensor. Using a nano-manipulator
integrated in a scanning electron microscope, a particle is attached to the end of this tip. This
attached particle is immersed in a solvent and brought into contact with another particle on a sil-
ica wafer. To measure the force profiles between two approaching particles, the tuning fork is
excited at two distinct resonance frequencies corresponding to the normal and shear modes of the
quartz fork. The normal and tangential forces between the two approaching particles are measured
via analyzing the variations of the resonance of each mode. The hydrodynamic and friction origin
forces are distinguished by relaxation properties. In addition, repulsive forces are measured before
the particles come into contact.

FIG. 4 shows the results of characterizing pairwise inter-particle interactions through the tan-

gential friction force Fr (FIG. 4 a) and the normal dissipation force Fy (FIG. 4 b) versus distance
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z, values where z > 0 correspond to the hydrodynamic lubrication regime and z < 0 correspond to
the hard contact. We plot, in FIG. 4 c, the tangential dissipative force Fr versus the normal load
Fy. Small values of Fy correspond to the regime of hydrodynamic lubrication. Data shows a line
of slope almost zero indicating negligible friction coefficient in the hydrodynamic regime. As we
exceed a critical normal load FS = 11.644 uN, the particles come into a hard contact and friction
becomes important. This regime is well characterized by Amontons-Coulomb law, with a line of
slope 0.0144 which shows the friction coefficient. It is noteworthy to mention that the value of the
critical normal load FA§ =11.6 =4 uN can also be seen in FIG. 4 b when z = 0. The atomic force
microscopy measurements have been repeated 9 times. Moreover, the repulsive force is a surface
force and, therefore, it is proportional to the particle size that is taken into account in our following
calculations of stresses®!.

The critical value of stress at which the particles come into contact and transition from fric-
tionless to frictional regime occurs at 7€ = CoFY; / (n(dlz, /4)). Where, C,, denotes a multiplier that
relates the microscopic force measurements to the macroscopic stress values and it is of order of
0.013. Therefore, the transition from a frictionless to a frictional system occurs at the stresses of
order 20Pa and 10Pa for the particle sizes of d, = 41.5 um and d, = 82.5 um respectively. These
values of stresses are well beyond the range of stress in our system of study (see FIG. 3). More
precisely, our model suspensions transition from viscous to inertial regime at the stress of order
Ty—i ~ 0.1 Pa, which is much less than the required stresses for the hard contact to occur. There-
fore, our study explores viscous to inertial transition in a frictionless state of dense suspensions.
Such a system shows DST or transitions to a frictional regime at much larger values of stress (i.e.,
larger than 20Pa and 10Pa for the particle sizes of d, = 41.5 um and d, = 82.5 pm respectively).
We refer the reader to the computational work of Ness and Sun®, where three different systems
with (1) 7€ ~ 7,3 (2) 7€ > 7,_; and (3) 7€ < 7,_; have been studied. It is educative to see, from
the work of Ness and Sun?>, how stresses vary with Stokes number in the aforementioned three
systems. In system (2), which is the focus of our study, the critical Stokes number for the transition

from viscous to inertial regime is not of the order of unity. We discuss this point in section III C.

C. Scaling argument

Here, we follow the work of Degiuli et al.,>* and Bagnold!? to provide scaling arguments for the

form of constitutive laws of dense suspensions in both Stokesian and inertial regimes in the absence
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of friction. The scaling argument of Degiuli et al.,??

is based on the energy conservation while the
scaling argument given by Bagnold!? is based on the momentum exchange. Here, we explain
both of the arguments and show they are similar. Moreover, we compare the predictions of these
scalings to our experimental measurements and we disclose questions that should be answered
via theoretical, computational, and experimental approaches to have a full understanding of the
problem.

The conservation of energy imposes a strong constraint on the over-damped dynamics of dense
suspensions with ¢ — ¢,,. We assume that the total power &' = Q17 is injected to the system
of volume Q via imposed shear stress 7. This power dissipates within the system through viscous
and collisional forces. The dissipation due to the viscous lubrication can be estimated as &7V ~
nsNo V2d,, where n rand N denote the viscosity and number of particles. Here, 0V is the velocity
scale at the particle scale and is given by .7 (¢)7d,, (see section IIL A).

In inertial suspensions, a part of energy dissipates due to collisions among particles. Each time
a particle changes its direction with respect to its neighbors, a finite fraction of its kinetic energy
dissipates. This is proportional to mPSVze, where e is the coefficient of restitution and m,, is the
mass of the particle. As we approach jamming ¢ — ¢,,, the time interval of a collision decreases.
Moreover, the strain scale €., at which velocities of particles decorrelate, approaches zero. Here,
€. 1s the strain scale beyond which a particle loses memory of its direction relative to its neighbors
and its estimate is given as & ~ W,B. The power dissipated within the system due to collision
is approximately &% ~ N(7/€&.)m,8V?,

The total power injected in the system is equal to the dissipation of power through viscous and

collisional effects as shown below
Py =11Q = P+ P = CNSV2d, + CoN(7/€)m 8V (2)

Where C, and C, are constant multipliers and their values depend on the shape of particles.
There are several implications of equation (2). First, the scaling for the suspension stress can

be obtained by dividing this equation by Y€ to have a constitutive law of the following form:

T=15(@)Ns7+ () ppdii. 3)

Our empirical constitutive law given in equation (1) can be written in the form similar to equation
(3) which is in line with the conservation of energy. More specifically, the form of equation (1)

was initially adopted to have the best curve fitting to our experimental measurements (mainly for
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the modeling purposes that we explain in the next section). Second, we can balance the energy

dissipation due to the viscous effects and collision effects to give an estimate for the shear rate of

nfdpe Ly 1
mpy ¢ dezza F(9)

shows that the shear rate of transition from the viscous to inertial regime approaches zero as we

transition from the viscous to inertial regime as follows: ,_,; ~ 5. This scaling
get close to the jamming volume fraction, i.e., %,; — 0 as @ — ¢@,,. Therefore, the suspension
transitions from the viscous to inertial regime at a very small particle Reynolds number or Stokes
number as we approach jamming, which is consistent with our experimental measurements shown
in FIG. 3 (c) & (d). Third, as a consequence when close to jamming, the relative shear viscosity,
Ns(9), and inertial viscosity, 1;(¢), are not identical. Therefore, the transition from the viscous
to inertial regime occurs at a particle Reynolds number which depends on the value of the solid
volume fraction and the transition does not necessarily occur at Re,, ~ 1.

Alternatively, the above scaling argument can be explained based on momentum exchange in
the system. Here, we follow the explanation of Bagnold'? and we show that the scaling argument
based on momentum exchange results in the same conclusion as that of conservation of energy.

Bagnold assumed the following estimation for the local shear rate between grains of particles
Yiocat = Vf'(A). Where, A is the linear grain concentration and it is defined as A = d,,/(dsep —
dp) ~ [(qu /9)1/3 — 1] _1, where dj,), is the center to center distance between the particles. In the
collision dominated regime of suspensions during a collision, a particle experiences a total change
of momentum of the order of m,yd,. An estimate for the number of collisions was assumed
by Bagnold to be of the order of f(A)7d,/S, where S denotes the surface to surface distance

between the particles. Therefore, the scaling for the stress in the collision dominated regime is

1 f(l)j/dp
dszep S

WT”U f'(A). The main assumption of Bagnold is as follows f(A) = f’(1) = A. Therefore, we can

myYd,. In the viscous dominated regime, the scaling for the stress is of the order of

balance the exchange of of the momentum in the collision dominated regime and in the viscous

nd, 1

dominated regime and show that %,_,; ~ Ty A7

showed that %,_,; ~ nm—if’ 3,7(1(,,)2-

The only difference between the scaling of Bagnold!? and Degiuli et al.,3 is in the choice of

% or W The difference between .# (¢) and A can be seen in FIG. 5. The values of .7 (¢) are

our experimental estimate from the previous work>®. It is noteworthy to mention that Bagnold’s

Similarly, following the energy argument, we

assumption in defining shear velocity fluctuations is based on the fact that the particles do not
deform and consequently, the local shear rates enhance in the suspension in accordance to the

relative values of particle size and surface to surface separation. Therefore, a naive enhancement
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FIG. 5: (a) The ratio of the mean local shear rate to the average shear rate in the suspensions: (red
line) Jjoca1/¥ = A proposed by Bagnold'?, (black line) Joca;/¥ = -Z (), an experimental estimate
from the measurements of the pressure imposed rheometry by Dagois-Bohy et al>® (b) Plot of the
ratio of A to .% () to show the difference between the estimates of Bagnold'? and Dagois-Bohy

et al’® for the values of the mean local shear rate.

of the local shear rate, for a pure shearing motion can be given by Bagnold’s estimate, i.e., Vjpcqas =
yA. However, recent works>>#?°%62 have shown that the local shear rate is mainly controlled
by the dynamics of particles which mainly depends on the geometrical constraints in the dense
regime of suspensions. Therefore, the local shear rate is related to the average shear rate in the
suspension via a geometric function Jj,cq; = 7-% (¢). This geometric function .%(¢) has been

23,42

measured theoretically, computationally?>#2and experimentally>°.

In summary, following the scaling argument based on momentum exchange or energy con-
servation gives the same result, i.e., %—; — 0 as ¢ — ¢@,. This conclusion is in line with our
experimental measurements showing that the transition from the viscous to inertial regime occurs
at Re, << 1 as we approach ¢, (FIG. 3 (c) & (d)). There exists a discrepancy between our obser-
vation and the results from discrete element method simulations in dense suspensions®>>>. These
results show that the transition from the viscous to inertial regime occurs at Re, ~ 1. However,
apparently our observation (i.e., %,—; — 0 as @ — @,,) is in agreement with the above scalings and

hybrid methods, i.e., simulation and theory, of perturbation close to the jamming!6-2337-42,

On the other hand, it seems to be a difference between our experimental data and the prediction
of the scaling arguments about the dependency of ¥,_,; on the particle size. Both scaling laws show
Tooi~ 1/ dg. Therefore, we expect a decrease in the values of J,_,; by a factor 4 as we enlarge
the size of our particles from d, = 41.5 um to d, = 82.5 um. However, we have an increase
of %,—,; by about a factor of 2. This is a significant difference between the scaling laws (i.e., the
predictions of Degiuli et al.,23 and Bagnoldlz) and our observation. Nevertheless, FIG. 3 (e) & (f)
show the collapse of data (for all the volume fraction) for a given particle size when we plot the
stress vs the local particle Reynolds number. This means that the effect of the volume fraction in
Yiocal = F ()7 is properly taken into account. This validates the approaches based on the local
shear rate and the estimate value of the mean local shear rate, i.e., Yjpcat = & ((])))'/59. It is also

noteworthy to mention that a version of what we define in this work as the local particle Reynolds

15



Shear thickening in dense non-Brownian suspensions

number has been also defined by Bagnold in his work!? and it is called the Bagnold number,
Ba = ppj/d;/ll/ 2/ny (in our present study p, = py). Although, (Rep)ocqr and Ba are not exactly
the same but they both include local shear rate at the particle scale.

Based on the above explanations and several discussions that we have had with other scientists
in the field (see the acknowledgement), the following might be the physical underlying mechanism
of this viscous to inertial transition at such small values of shear rate. Because our data is above the
random loose packing and our experiments are performed at the constant solid volume fraction,
ephemeral force chains might span the flow and form and break as the shearing proceeds. Perhaps,
it is the breaking of these chains to release elastic energy that will enhance the velocity of the
colliding spheres. Consequently, the particle Reynolds number based on a relative velocity that is
proportional to the shear rate alone will underestimate the velocity of collisions (as FIG. 3 (c¢) & (d)
show that transition from the viscous to inertial regime occurs at Re, << 1). So, in this view, the
function of volume fraction (¢4 (9 )) adjusts the velocity of collisions to include the contribution
associated with the elasticity of the force chains. This physical hypothesis is left to be validated
experimentally. However, if such a hypothesis is correct, it might also explain the failure of the
scaling arguments with the particle size alone as the length scale of the force chain should be taken
into account. Testing this hypothesis requires an extensive study and perhaps design of a different
experimental system that we intend to pursue in the future. Therefore, the current experimental
measurements can provide a basis for the refinement and improvement of the future experimental,
computational and theoretical works as we approach the jamming.

To conclude, our experimental results show while the proposed scaling laws successfully pre-
dict the dependency of };,_,; on the solid volume fraction through using Yj,cqs = F (9)7, they fail
in predicting the relationship between },_,; and the particle size. Therefore, we speculate there
seems to be a need for another length scale. However, currently we have no experimental or

computational proof.

D. Transient flows of dense suspensions

Here, we adopt the limiting constitutive laws proposed in section III A and solve a boundary
value problem and compare to our experimental results. The objective is to show the proposed
equation (1) can predict the flows of suspensions in a transient setting. We impose a constant stress

on the vane tool and solve the one dimensional momentum equation across the gap, equation (4),
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FIG. 6: Prediction of the transient flow by the constitutive law for d, = 41.5, ¢ = 0.57,

T—i = 1.6(shown as green lines); (a): stress, T, Vs. shear rate, ; (b): average shear rate evolution
(7) with time for all the imposed torques; (c)-(f): average shear rate evolution with time
individually presented for the data points depicted in (a) and a comparison with the constitutive
law prediction. (c)& (d): Two typical data points in viscous regime. Black solid lines:
experimental data; Blue solid lines: the prediction of the flow using equation 1. (e)& (f) Two
typical data points with the steady state shear rate in the inertial regime. Black solid lines:
experimental data; Red lines: the prediction using the equation 1, Blue lines: Case 1, when

suspension behaves viscously; Gray solid lines: Case 2, when suspension behaves inertially.

to calculate the velocity field.

Here, p is the density of suspension which is the same as solid and fluid phases and the azimuthal
velocity is denoted by u and 7 is given in the equation (1), where ¥ = 7,¢. For the initial condition,
we adopt the initial velocity distribution of the form Cy /r+Cyr with C; = u pmhearRsz /(R2— Ri)
and Cy = —upreshearRb/ (R? — Ri). The upegneqr 18 the steady state velocity of the vane in the pre-
shear step. We apply the inertially corrected stress as the boundary condition, see the Supplemen-
tary Material for details of inertial correction. We have performed such an analysis for all the data
points shown in FIG. 2, and we obtained a very good agreement between our experimental results
and the prediction of the 1D momentum equation (4) coupled with the constitutive law of equation
(D).

FIG. 6 shows a typical example of our results for particle size of d, = 41.5um and solid volume
fraction ¢ = 0.57. Our experimental measurements for the relationship between shear stress and
shear rate are given in FIG. 5 where §,_,; = 1.6 s~'. When imposing a constant stress, the rheome-
ter measures the rotational velocity of the vane tool and reports the average shear rate over the gap,
7. See the Supplementary Material for more details about calibrating the vane tool and calculating
the correct value of the average shear rate from the rotating speed of the vane. FIG. 6 (b) shows
the evolution of the average shear rate by time for all the imposed stresses. As explained before,
there exists two timescales, one is associated with the transient time scale of the flow and the other

is associated with the shear induced migration of the particles, i.e., final rise in the average shear
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rate.

FIG. 6 (c)-(f) show the transient evolution of ¥ for four data points depicted in FIG. 6 (a).
For those cases that the suspensions behave viscously during the transient time, S (y — Ji—;) is
always zero. In these cases the steady state shear rate is always below the ¥,_,;. We have solved the
equation (4) and calculated 7. FIG. 5 (c) & (d) show that the calculated average shear rates (shown
in the blue solid line) follow the average shear rate data collected from the rheometer (shown in
the black solid line).

In FIG. 6 (e) and (f), the steady state shear rate is larger than the value of ¥,_,;, meaning that the
suspension transitions from viscous to inertial regime during the evolution. Again our experiments
follow the prediction of our 1D model, equation (2). To elaborate more on this we have solved
the equation (2) twice by fixing the values of 0 (case 1) and 1 (case 2) for JZ(y — %), which
correspond to a viscous and inertial suspension, respectively. The results are shown in FIG. 6
(e)&(f) as blue and gray lines, respectively. We note that the suspension is initially viscous and the
true solution (red line) follows the case 1 solution. When the shear rate exceeds the value of ¥,_;,
the suspension behaves inertially and the true solution follows case 2. This is another indication
that the system transitions from the viscous regime to inertial regime at a critical shear rate of ;.
In this section we have shown that the proposed constitutive laws in the dense regime can give a

good prediction of a dynamic suspension flow that transitions from viscous to inertial regime.

IV. SUMMARY

This work explores the viscous to inertial mode of shear thickening in dense non-Brownian
suspensions. A model suspension is designed in which spherical and mono-sized particles are sus-
pended within an interstitial density matched fluid. Moreover, the interparticle forces are measured
via a recently developed atomic force microscopy techniques. The rheology of this suspension is
characterized via developing a unique protocol using volume imposed rheometry. The results show
that our system of study is in the frictionless regime. Therefore, collisional and viscous forces are
responsible for the dissipation of energy and transportation of momentum within the suspension.

We provide an empirical constitutive law (i.e., relationship between shear stress and shear rate)
close to jamming volume fraction and show that this law coupled with momentum equation pre-
dicts the dynamics of dense suspensions in a transient flow. The simplicity of the proposed model

suspension in conjunction with accurate force microscopy measurements make it a unique experi-
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mental system to study non-Brownian suspensions exhibiting shear thickening. In near future, we
will address several other interesting features of these suspensions in transient and inertial flow
settings. This comprehensive experimental study from microscopic force measurements to macro-
scopic rheological characterization provide a basis for the refinement and development of ongoing

theoretical and computational works in dense suspensions.
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V. SUPPLEMENTARY MATERIAL

The detailed description of model suspension and sample preparation, vane tool calibration,
explanation of average shear rate as the output of the rheometer, inertial correction, finding the
rheometer’s moment of inertia, Taylor Couette instability criteria, steady state viscosity behavior
and results’ size dependency and confinement is provided in the Supplementary materials. Addi-
tionally, the full set of experimental steady state data that are shown in FIG. 3 is presented in Table

S1 of the Supplementary Materials.
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