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ALUTHGE OPERATOR FIELD AND ITS NUMERICAL RANGE
AND SPECTRAL PROPERTIES

GILLES CASSIER!* AND THOMAS PERRIN 2

ABSTRACT. For an arbitrary operator 1" acting on a Hilbert space we consider
a field of operators (A,(T')) called the Aluthge operator field associated with
T. After giving preliminary results, we establish that two fields (left and right),
canonically linked to the Altuthge field (A, (7)) and a support subspace, are
constant on each horizontal segment where they are defined. This result leads
to a positive solution of a conjecture stated by Jung-Ko-Pearcy in 2000. Then
we do a detailed spectral study of (A, (7)) and we give a Yamazaki type formula
in this context.

1. INTRODUCTION

Let H be a Hilbert space and let B(H) be the algebra of all bounded operators
acting on H. We write KC(H) for the ideal of compact operators, C(H) for the
quotient algebra B(H)/K(H) (called the Calkin algebra) and 7 for the canonical
surjection from B(H) onto C(H). If T € B(H) we denote by o(T') the spectrum
of T and by r(T) its spectral radius. Among familiar sets associated with T,
recall that the numerical range of T" is defined as

WAT) = {(Tx [ z) = ] = 1}

As usual, we write 6,(T"), Oapp(T'), Ores(T), 0e(T), 01e(T), 0ve(T) and o4y, (1) for
the point spectrum, the approximate point spectrum, the residual spectrum, the
essential spectrum, the left essential spectrum, the right essential spectrum and
the surjective spectrum of 7', respectively. Recall that an operator T' € B(H) is
said to be Weyl if it is Fredholm of index zero and Browder if it is Fredholm of
finite ascent and descent. The Weyl spectrum o,,(7") and the Browder spectrum
oo(T) of T € B(H) are defined by

ow(T) ={Ae C: A\ —T is not Weyl}
op(T) = {A e C: X\ — T is not Browder} .
Denote by S the open strip of the complex plane defined by
S={2eC;0<R(z) <1}.
Let T e B(H) and let T' = U|T| be its polar decomposition, we define the Aluthge
field of operators associated with T" by setting
A.(T) = |TIFUT|"*
Date: 20/10/2020.
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for any z € S (for u such that R(u) > 0, the complex power |T[* of |T| is
defined bellow in Section [2). The operator A(T') := Ay(T) is called the Aluthge
transform of 7" and was introduced in [I]. Since then, the Aluthge transformation
has been studied by many authors in many areas of operator theory (see for
example [2 B, 4, B, [7, 8, @, 10, 12, 18] 20, 21, 22, 23, 24] and the references
therein, the list is far to be exhaustive). In [I], A. Aluthge proved that if T is p-
hyponormal with p € [1/2, 1] then A(T) is hyponormal, and if T" is p-hyponormal
with p € 10, 1/2[ then A(T') is (p+1/2)-hyponormal, thus showing the regularizing
effect of the Aluthge transformation. For z = 1, the operator A{(T") corresponds
to the Duggal transform of 7. For a € ]0,1[, it seems that the transformation
A, 2 T — A,(T) was firstly considered in [20].

In Section [2) we provide preliminary results which will be used throughout the
paper. Some of them are of own interest (see for instance Theorem 2.5).

Section [3]is devoted to numerical range properties of the Aluthge field associated
with an operator 7' € B(H). I. B. Jung, E. Ko and C. Pearcy (2000) have
conjectured (conjecture 1.9 of [18]) that

W(A(T)) < W(T) (1.1)

for any 7' e B(H). In [22], P. Y. Wu has given the first result in this direction
which is W(A(T')) < W(T) (see also [23]). In the finite dimensional case, it gives
. Later in [3], it is shown that W(A,(T")) <€ W(T) for each « € [0, 1]. Notice
that almost all results which are concerned with closure of numerical ranges are

based on the following Hildebrandt’s characterization of W (T') established in [16]
W(T) = [ D¢ I¢ =]

¢eC

The main result of this paper is Theorem asserting that the two fields of
operators (left and right), canonically associated with the Altuthge field (A,(T))
and a support subspace (defined bellow in Subsection , are constant on each
horizontal segment included in S. As a direct consequence, a positive answer to
conjecture is given. Even more, the inclusion

W(A.L(T)) < W(T) (1.2)

is obtained for each z € S.

The last section deals with spectral properties of the Aluthge field (A,(7)),.5
associated with an operator 7' € B(H). We carefully study different spectra of
A, (T), showing that most of them are preserved by the transformation A, when
z € §. Using counter examples we prove that some of these spectra are not
preserved when z belongs to the boundary of §. Finally, by means of a short and
direct proof, we show that a Yamazaki type formula holds for every z € S.

2. PRELIMINARIES

Let T' € B(H), as usually we write N (T) for the nullspace of T', R(T) for its
range, Lat(T) for the set of invariant subspaces of T" and ~(T) for the reduced
minimum modulus of 7.
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2.0.1. Power operator field associated with a positive operator. Let R be a positive
operator, using the spectral measure ET associated with R we can define the
power operator field z — R? defined on P, = {z € C;R(2) = 0} by setting

R = f t*dER(t).
10,1 R

The next proposition is a direct consequence of functional calculus associated
with a positive operator and Lebesgue theorem.

Proposition 2.1. Let R be a positive operator acting on a Hilbert space H. Then
the operator field

2z — R*
is strongly continuous on the half plane P, holomorphic on {R(z) > 0} and

uniformly bounded on any closed strip of the form {z € C;a < R(z) < b} where
0<ac<b.

Let R € B(H) be a positive operator, the following proposition summarizes a
number of useful properties of the power operator field associated with R.

Proposition 2.2. Let R be a nonzero positive operator acting on a Hilbert space
H. Then, we have:
(i) R® = P =P and R*7% = R* o R = R* o R* for any (21, 2) € P2;
(ii) N(R?) = N(R) for any z € Py;
(111) R(R?) = R(R) for any z € Py;
(iv) y(R*) =1 for any t € R and v(R?) = v(R)**?) for each z € P, \iR.
(v) Let zg € P.. Assume that R* is semi-Fredholm, then R* is Fredholm.

Moreover, if zg € P, then R* is Fredohlm for any z € P...
(vi) Let Q be a Borelian subset of R with positive Lebesgue measure. Assume

that E € () Lat(R"“), then E € Lat(R?) for any z € 730+.

UEIS2

3

Proof. (i) For any z € P, and any t € [0, | R[], set ¢.(t) = 1y0,r)1(t)t* (©-(0) = 0).
Notice that ¢o(t) = 1joryj(t), hence R = Py Since ¢ui4z = ¢z X ¢y, the
equality R***2 = R* o R = R* o R* follows from the Borelian functional
calculus associated with R.

(ii) Let = € N(R?), then we have
0= f exp (2R(z) In(t)) dEL,(1).
10, 1R[]

Therefore we have necessarily Ef, (]0,|R[]) = 0 and then EF (]0,|R[]) = 0
for any y € H, so Rx = [ gR” tdER(t)] z = 0. Thus, z € N(R). Conversely, if
z € N(R) we have Ef, = (x| y)d for any y € H. Then we get (R°z | y) =
(H)R” ©-(t)dEf, = 0 for each y € H and hence R*z = 0.
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(iii) The equality R(R?) = R(R) follows from (ii).

(iv) Recall that the reduced modulus of an operator T' € B(H) is defined by
setting

Y(T) = inf {|Tz|;2 € N(T)*" and |z = 1}.

Let z € P, \iR. On the one hand, from (i) we infer that |R*|?> = R*R* = R**()
and hence |R*| = R®*). On the other hand, since R is a positive operator,
using Theorem 1.5 of [I9], we see that v(R®®)) = inf {t;t € o(R*®)\ {0}} =
inf {"=);t € o(R)\ {0}} = inf {t;t € o(R)\ {0}}" = v(R)R). Let » = it € iR,
then we have |R"| = R = P (P # 0 because R # 0 ). It implies that
A(RY) = A(|R) = 7(P) = 1.

(v) Assume that R* is semi-Fredholm for some zy € P, then the range of
R* is closed and from (ii) we derive that dim(N(R%)) = dim(N(R*)) < +oo,

so R* is Fredholm. Now suppose that zp € P, and let z € P,. If z € ¢R, then

the range of R* is closed. Thus, we may supposed that z € P,. By (iv) we have
R(z)

v(R?) = v(R*)®:0 > 0, and hence the range of R* is closed. By (ii), we also

have dim(N(R?)) = dim(N(R?)) = dim(N(R®)) = dim(N(R*)) < 4oo. The

conclusion follows.

(vi) Let E € () Lat(R*) and z,y be two vectors of H. Without loss of
u€eifd
generality, we may suppose that |R| < 1. We introduce the function f defined
on the open unit disk D by f(w) = <R1+wx | y) (1+w € 73+) Using Proposition
2.1 we see that f is an analytic function. Besides, we have

1—w
£ (2)] < J]O ; [P |d| B |(r) < f]o , d|E;,[(r) = |EZ,[(10,1]) < [«]]y].

Therefore, the function f belongs to the space H* of bounded analytic functions
on D. Then, the function f admits nontangential limits almost everywhere (see
for instance [I5]). Using again Proposition 2.1 we see that for any w e T\ {—1},

we still have lim f(rw) = <R1+wx | y). Let 2y € 77+ and wy be such that
r—1-

20 = };—zg Since f € H* (see [15]), f(wp) is the Poisson integral of the boundary

values of f. Then, we have

dt

ot (2.1)

@%ww=£ R )Puyfe)

Now, suppose that z € E and y e E+. Then f(w) = 0 for any w € O =

{ueT\{-1};1 To€ Q}. Clearly Qis of positive Lebesgue measure on the torus T.

As f € H®, we necessarily have f(e) = 0 for almost every t €] —m, 7[. From (2.1])
we infer that (R*z | y) =0, thus R*z € E. Consequently E € Lat(RZO). O



ALUTHGE FIELD OF OPERATORS 5

2.0.2. Ultrapower of a Hilbert space. Recall that a Banach limit £ is a state
on [®(C) which is shift invariant (that is £ ((ups1)n=0) = £ ((Un)n=0)). If the
sequence (uy,),>o converges to [, we have necessarily

L ((un)nz0) = 1. (2.2)

Recall also that 0 < u,, < v, implies 0 < £ ((tn)n=0) < L ((vn)n=0). The associ-
ated ultrapower of a Hilbert space H was firstly considered by S. K. Berberian
in [6] and is constructed in the following way:

We consider the space [*(H) of bounded sequences = = (z,,) of H, and define a
positive sesquilinear form by setting

(@ y) = L(((xn [ yn)))
and the corresponding Hilbertian seminorm
n(w) = /(x| y) = VL ((|z]?))

We set N = {x €l®(H) : n(z) = 0}. The completion H := H, of [®(H)/N is
called the ultrapower of H associated with £. For any z = (x,) € [®(H), we

denote by z = @ the associated point in 4. The map

y'—’yz@ ( where y,, = y for all n)

is a canonical isometric embedding of H into H. We consider the unital C*-
morphism @, from the von Neumann algebra (*(B(H)) (I*(B(H)) can be identify
with the algebra of diagonal operators acting on [*(H) = H®---®@H@®---) into
B(H), which is defined by setting

(1)) = (Tu(w))
Notice that |®((7,))] < SUP,,=g |T,|. We set T = ®((T,)) where T, = T for each

neN. The map ¢ : T — T is a C*-embedding of B(H) into B(#). The next
Proposition gives some useful properties.

Proposition 2.3. Let (T,,) € I*(B(H)) and let T € B(H), then we have
(1) [®((T))] € [liminf [T, lim sup | T5,]];

(it) [2((Tn))[* = ©((|Tn]*)) for any z € Py;
(iii) A; (P ((Th))) = P((A(T5))) for any z € S;
(iv) o(T) = o(T);

(v) 0p(T) = Tapp(T) = Oapp(T);

(vi) Assume that the sequence (|Ty||)ns0 is convergent, then there exists x =

(xn) € I*(H) such that |®((T,))|(z) = |®(Ty))|z with ||z| = 1.

Proof. (i) For convenience we set R = ®((7,)). Let z = (x,) € [*(H), then for
any p € N we have

rnwmﬂv<[wmmﬂlmwﬂa
nzp

which implies |Rz|*> < sup,-, |T,[?||Z|* and hence | R| < sup,, [T, ]. Letting p
goes to +oo, we get |R| < limsup |7,. Now, for each n € N we choose a unit
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vector x,, such that |T,,z,|> = ||T,/|* — 1/(n + 1) and consider z = (x,,) € {*(H).
Then, we have

. 1 i
IR > IR = £ ((Tosprassl®) > £ ((Tuepl? = o)) = inf TP

and hence |R| = liminf ||T,,].

(i) Using the continuous functional calculus associated with positive operators,
we see that it is a direct consequence of the fact that ® is a continuous morphism
which preserves the composition and the adjonction.

(iii) Let (7,,) € {*(B(H)). For each n € N, consider the polar decomposition
T, = U,|T,|. Set A = ®((T,)), B = ®((A,(T,))) and Us = ®((U,)). Since
z €8, we have R(z) > 0 and R(1 — 2) > 0 and hence |A|* = ® ((|T,,[*)) for
we {z,1— 2z} by (ii). It follows that B = |A|*Us|A|'~*. Let A = U|A| be the po-
lar decomposition of A. On the one hand, we have A, (A)|A| = |A]FU|A||A|'™* =
|A|?Us | A||A|'* = BJA]|, so A (A)lzgag= Blzgayy- On the other hand, we have
0 = AL(A)|n(ap= Blna) by using Proposition (ii). Therefore, we get the
desired equality A,(A) = B = @ ((A,(T,))) for any z € S.

~

(iv) The inclusion p(7T") < p(7T') is clear. For the reverse inclusion, consider the
canonical isometric embedding of H into H. With this identification, we see that
H is a reducing subspace for T|y= T and hence p(T) < p(T).

(v) The equality oapy(T) = Gapp(T) follows directly from the fact that a complex
number A does not belong to the approximate point spectrum o,,,(A) of a oper-
ator A if and only if there exists p > 0 such that (A\] — A*)(AI — A) = pI and the
fact that the application T — 7' is a C*-embedding of B(H) into B(H). Taking

~

into account the construction of H, we easily see that o,,,(T") < 0,(7"). Then,

the equality 0,(1T") = 04pp(T) comes from the previous equality o4,,(1) = apy(T)
and usual properties.

(vi) In this case, observe that (i) implies that |®((7,))| = lim |T},|. For each
n € N, let z,, be a unit vector such that |T,z,|* = |T,|* —1/(n + 1) and consider
x = (z,) € ”(H). Then, we have |z| =1 and

(T = 1 9(T)[il? = (Tl = £ (ITonl?)
> £ (I - 7 ) = 1 = [ = (T

Thus, we get |[|®((T,,))|z] = [[|@((T5))[| which forces |®((T5))|& = [[@((Tu))2 =
|®((T}))|x, since |®((T,))| is a positive operator. O

Remark 2.4. (1) In general, we do not have |®((7},))| = L ((|T,]))- Indeed, set
T, = I if nis even and T,, = 0 if n is odd, then we see that ®((T,,) is a non-zero
orthogonal projection and hence |®((7},))|| = 1 while we have £ ((|75.])) = 1/2.

(2) Consider a positive operator A € B(H) which is one-to-one but not invertible.
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Let 2z = it € iR and set T}, = A for each n € N, then we easily check that ®((T%))
is a unitary operator, but ®((|7}]))" is not a unitary operator because 0 € o, (| A|)
since 0 € 0,(A) = 04pp(A) = Tapp(A). Thus, Property (ii) cannot be extended to
whole P, .

(3) By keeping the notations used in proof of (iii), we can remark that Up may
be different from U. Indeed, let us consider any one-to-one operator 7' € B(H)
whose range is dense in H but not equal to H, and set T,, = T for each n € N.
Then, the operators U, are all unitary and hence Uy is a unitary operator. But

U can not be a unitary operator since 0 € 0,(7"). Thus, ® does not preserve the
polar decomposition.

The next result establishes some links between the iterated Aluthge fields as-
sociated with T" and the powers of T'.

Theorem 2.5. Let T € B(H) be an operator of norm 1, then we have

(i) N (I —|T"|) = N (I — |A™(T)]|) for each z € S;

(ii) Let z € S, then |A™(T)| = 1 if and only if | T" | = 1.
Proof. (i) We proceed by induction. Denote by T' = U|T'| the polar decomposition
of T'. Forn = 0, it is obvious. Assume that assertion (i) is true for some n € N. Let
x be a unit vector in N' (I — [T™2|), then we have 1 = |[T""U|T|z|| < ||T|x]| < 1.
Thus, we get 1 = |[|T|z|| = ||T]|| which forces that |T|z = z, because |T| is a
positive operator. We infer that

L= T2 = [T" ' UIT|" | T | = [UIT]' AV T)|T 2]
= [UITF AT HD)z] < |AL(T)" ] = [|A(T)" z] < [AL(T)] < 1.

Set A = A,(T), then we see that |A| = 1 and that z € N (I — [A""1]). We

can apply the induction assumption for A, this yields x € N (I —|A”(A)|) =
N (I — |A™(T)]). Conversely, assume that

veN (I —[AVHT)]) = N (I -[AL(A))).

By the induction assumption, it implies that z € N (I — |A""]), then we have
1 = [|[A"H 2| = [|[A™Tlz|| = |AL(T)" 2z||. We write z = a + ib with a € 0, 1.
We get 1 = |A(T)""HT|FU|T 2| < |||T|'*2z| < ||T]* x| < 1. Since |T|'~% is
a positive operator, it leads to |T|*z = z. As 1 —a > 0, we see that C[t'7] is
dense in the space C[0, 1] of continuous functions on [0, 1]. Then, the continuous
functional calculus associated with |T'| ensures that |T|*z = z for any u € S.
Then,
L= [A(T)" HTPUIT) 22| = |TF T U | T2
= [ITFT™UIT 2| = [ITFT™ 2] < [T ] = [|T")2] < 1,

which implies that x € A/ (I — [T™"?|) and this completes the induction proof.

(ii) Assume that |AZ(T)| = 1. Using Proposition ((), (iii) and (v)), we
obtain

L€ 0up(|AL(T)]) = 0p(p (IAL(T)]) = ap(l (AZ(T)) ) = o, (JAZ(D)])).
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Hence, there exists a unit vector x € H which belongs to N (I — |AZ(T)|) =

N (I — \T"+1|> (by (i)). Therefore, we get = |T"!|x and hence 1 = [T"+!|| =

|T"*1|. Using again (i) and Proposition [2.3] we prove in a similar way that the
converse implication holds. (]

2.0.3. Support lines and support subspaces. Reccall that a infinite straight line L
in C may be written as : R(e?z) = r with (r,0) € R% Let C be a convex set
in C, we say that L is a support line of C' if R(e?z) < r for every z € C and
LnoC # @. Let T € B(H), the well known theorem of Toeplitz and Hausdorff
asserts that the numerical range W(7T') is convex. Therefore, we can consider
support lines associated with W (7T') and observe that we have

Proposition 2.6. Let T € B(H) and L a support line for W (T) whose equation
is R(ez) = r, then the set of points v € H satisfying R(e®(Tx | 2)) = r || z||* is
a closed vectorial subspace of H.

Proof. Since L is a support line for W (T'), we see that the operator r1 — R(e?T')
is a positive operator and then admits a square root. Thus, we have

((r] = R(e"T) x| x) = |\/r] — R(e?T)z|>.
It easily implies that the set of points x € H satisfying R(e(Tz | 2)) = r|z|?* is
exactly N'(rI —R(e®T)), and the conclusion follows. O

Such subspaces will be called support subspaces for T.

3. ALUTHGE FIELD OF OPERATORS AND NUMERICAL RANGE PROPERTIES

The following result is due to the first author. Let T' € B(H), the most striking
fact is that the two fields (left and right), canonically associated with the Aluthge
field (A.(T)),.5 and a support subspace, are constant on each horizontal segment.

Theorem 3.1. Let T € B(H), zo€ S and A € W (A, (T)) n dW(T), then there
exists a support subspace E for A, (T) associated with a support line containing
A, not reduced to {0}, and such that the two operator fields z € S — PpA.(T)
and z € S —> A,(T)Pg are constant on each horizontal segment contained in
S. Moreover, if T is one-to-one and has a dense range, then the operator A :=
PeA,(T)Pg is normal. In particular, we always have

W (A(T)) = W(T)
for every z€ S and any T € B(H).
Proof. Let z = a +ib be in S and A be in W(A,(T)), then there exists a unit

vector € H such that A = (A, (T)z | ). Using Proposition [2.1| and Proposition
2.2 we can write

A= DT [|T]72) = (Au(T) [ITI™"2 + Q] | [|T1"2 + Qz])
where Q = Pyr) = I — P. Observe that |||T|"z + Qz|? = |P|T|™" Pz + Quz|* =

|PIT|"*Pa|? + |Qz|?* = |T|7*Pz|? + |Qz|* = [Pz|* + |Qz|* = || = 1.
Therefore A € W(A,(T)). Conversely, assume that A = (A, (T)z | z), in a
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similar way we can see that A = (A, (T) [|T["z + Qz] | [|T]"z + Qz]) with
|7z + Qx| = 1, and hence A € W(A,(T)). Consequently, for each z € S, we
have

W(AL(T)) = W(Ag()(T)). (3.1)
From (3.1) and the fact that A,(T) = |T|"™¥® A, (T)|T) =), it suffices to prove
Theorem [3.1]in the case where zy = o €]0,1 [ .

On the one hand, since W(T) is convex and A € W (T'), we know that there
exists a support line L for W(T') which contains A. On the other hand, we
have Ag(eR) = e®Ag(R) and W (e R) = W (R) for any triple (R, 3,0) €
B(H) x [0,1] x R. Then, we are reduced to the case where there exists a unit
vector zg € H and a real number r such that

Vze W(T) R(z) <r A= {An(T)zo | 29) and R(N) = 1. (3.2)

Since W(AL(T)) <€ W(T) for any « € [0,1], L is still a support line for A, (7)
(A e W (A, (T))). Let E be the support subspace for A, (7") associated with L
(now L is determined by the equation $(z) = r). Observe that E is not reduced
to {0} because g € E. Let T' = U|T| be the polar decomposition of T" and let =
be a unit vector in H, we consider the function f defined on the closed strip S
by setting

f(z) = exp ((TFUITI "z | 2)) - (3-3)
Using Proposition we see that the two operator fields z — |T'|* and z —
|T|'~* are strongly continuous on S. Since the strong convergence is preserved by
products, it implies the strong continuity of the operator field z — |T|*U|T|*~*
and hence the continuity of f on S. Besides, f is analytic in S.

Let s € R. On the one hand, since R(T") < rI we have

|f(is)] = exp (R (|T["UITI'™) x| 2))
= exp (QR(D)|T| 2 | 1T]72)) < exp (7T 2]?) < exp(r).
On the other hand, we get
[f(1—is)| = exp (R (|T|'UIT|*) x| ))
= exp ((R(T|0)|T["x | |T|"x))
= exp ((U*R(DU|T |z | |T|*z)) < exp (r|UT|"z|?) < exp(r).
Then, the Hadamard three-lines theorem tells us that

F(2)] < (exp(r)™ (exp(r)' ™" = exp(r)
for any z € S. This inequality leads to the next operatorial inequality
R (|T);PUITI"?) <, (3.4)
valid for any z € S. Let x be a unit vector in £ and let ¢ be the function on
S given by g(z) = (R(|T)PU|T|*"*)z | ). As z is a unit vector in F, we have

glag) = R(As(T))x | 2y = r. Using (3.4), we derive that ¢ is a harmonic
function in the open set & that is bounded above and attains its maximum at
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ap € S, therefore g is constant in S, and by continuity, in fact in all S. Thus, we
get
R (TFUTI) y = ry (3.5)
for every y € E and every z € S.
Let ¢t be a real number and let y € F, then (3.5 ensures that
ITI_“% (Dao (TN IT[My = R (Dag—ie(T)) y = 1y.
As |TMT|™" = Prgzy and R(N(Agy(T))) < R(|T]), we deduce that [T|"y € E
for any t € R. Applylng Proposition (vi), we derive that |T'| is necessarily of

the form |T'| = Ly @ Lo with respect the orthogonal sum H = E@® E*, and where
L, and L, are two positive operators. Let

(U W
U= (V Uz)
be the matrix representation relative to the direct sum H = E@® E* of the partial
isometry U associated with the polar decomposition T' = U|T|. Then, we get
1 (LU Ly + Ly PUsL) LYWLy P + Ly PveL)
R(As(T 3.6
( ,3( )) (LBVLl ,3+L1 5W*Lﬁ LﬁUQLl ,3+L1 BU*Lﬁ ( )

for any g € [0,1]. According to , we have R (A(T))y = ry for any couple
(B,y) € [0,1] x E. It forces %(Aﬁ(T)) to be of the form

rl; 0
ram) - (5 ). (37)
Using (3.6) and ({3.7)), we obtain the following system of equations
LY LY P + Ly PurLl = orly
VL P+ Ly Pw+L? = o

for every § € [0,1]. Let o € [0,1], then by successively taking f = « and
S =1—ace]0,1] in the first equation of the system (3.8]), we get the system of
equations

(3.8)

LYULN LT + Ly ULy = 2r],
{ Ly *U\L§ + LYUF Ly = 2r]y
Summing the two equations of the system (3.9) we get
LYR(Uy) Ly + Ly “R(Uy) LS = 2r1,. (3.10)
Set Ay = R (U1) and Py = Py, and let Ay = PyA, Py and Ly = P L Py be the

respective compressions of A; and L, that act on the subspace R(L;). Since the
operators P, and L; commute, we derive from (3.10) that

2rP, = PL8P AP LI“P, + PlLl‘O‘PlAlPIL?Pl
= ElaAl.Ell + L1 AlLl .
Then, taking a = 0 we obtain 2rP, = P AL, + LA P Multiplying this last
equality by Ly, once on the left and once on the right, we obtain 2rL1P1 =L, =

L1P1A1L1 + L1 Alpl = L1A1L1 + L1 Al and 27“.[/1 = P1A1L1 + L1A1P1L1 =

(3.9)
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-2~ ) s o~2 -2 )
PA Ly + L1A;Lq, from which we deduce that AL, = Ly A;. Then, using the
continuous functional calculus associated with the positive operator L, we derive
that

ALy = LA, (3.11)
Subtracting the two equations of the system (3.9), we obtain LS (U) L™+
L (=S (U)LY = 0. Set Ay = $(U;) and denote by A, the compression of
Ay to R(Ll) we see that L, A2L11 - Ell_aﬁgfla. Then, making « to be 0
we have P A;L; = L; A, Py, and hence

ALy = Ly As. (3.12)

Taking into account (3.11)) and (3.12)), we finally obtain

UL, = LU, (3.13)

where U, is the compression of Uy to R(L1).
Now, we exploit the second equation of (3.8)). Taking successively 8 = « and
£ =1 — « in this equation, we deduce

LoVE 4 Ly WL, = 0
~l-ar~ ~ « S~y .~ l-a (314)
L2 VLl + L2 W*Ll = 0
where P, = Pri, Ly = PyLyP,, V = PBVP, and W = PLWP,. Set C =
VW, by summing the two equations of the system ([3.14]) we get EgaClillfa +
~21_aC[:1a = (. Thus we obtain

CL, = —LyC (3.15)
by taking a = 0. Similarily, by subtraction, we get from (|3.14))
DL, = LyD (3.16)

where D = 1% - W*. Using (3.15) and (3.16), on the one hand we can see that
(D + C)Ly = Ly(D — C), and hence

VL, = —L,W*. (3.17)
On the other hand, we derive that (D — C')Ly = Ly(D + C), and hence

LV = —W*L,. (3.18)
Combining (3.17)) and 1 we see that I~/L~12 = —L,2W*L, = [:2217 which
implies Vp L1 V for any complex polynomial p. Let § €]0,1] and

consider a sequence pn of complex polynomials converging to the function ¢ in
the space C [0, | T[], where ¢ is defined by setting (t) = t?. Using the functional
calculus associated with the two positive operators L and Ly, we easily get

VL =L,V (3.19)
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Ty 2 A N o
We also observe that W*L, = —L,V Ly = Ly W*. By working in the same way,
we come to the second intertwining relation

W, = L, W (3.20)

valid for any 3 €]0, 1]. Let o €]0, 1[, by substituting the two intertwining relations
(3.19) and (3.20]) into the Second equation of the system (3.14]), we see that 0 =

~ l—a

L VIS + LWL = DLV 4+ L UL W = Ly (V4 W) . Since
by construction we have R (V + W*) < R(L,), we deduce that (\7 + W*) x €
N (L) n R(Ly) = {0} for any = € E, and hence

W=-V* (3.21)
Combining (3.13), (3.19), (3.20) and (3.21)), we successively obtain

LoU LY = L°U\L' " = UL, = PUL Ly,

~ l—« ~a~ l—a x

LOWLLY® = LWLy, “=L Ly "W
= LW =—L\V*=—-LPV*P, = —[,V*P,,

From the above equalities, the strong continuity of (A.(T)),.s and the fact that
AL(T) = |T|S®) Aqey(T)|T|75E), we obtain that the two operator fields z €
S — PgA.(T)and z € S —> A,(T)Pg are constant on each horizontal segment
contained in S.

Now, assume that 7" is one-to one and has a dense range. Then, the operator
U in the polar decomposition of T" is unitary. Therefore, using we derive
that Iy = U,Uy + WW* = UyUf + V*V, and that Iy = U;U; + V*V. Thus U
is normal (in a similar way, we can prove that U, is also normal). In this case
U, = Ul commutes with L = El, and then A = P\U;L; = UL, is normal.

Let T € B(H), the last step in the proof consists in showing that

W (A:(T)) = W(T)

for every z € S. Taking into account , we are reduced to prove this inclusion
for z = ap € [0,1]. When oy € {0,1}, we easily check this inclusion. Thus, we
may assume that ag € ]0,1[. Since W(AL(T)) < W(T), we can suppose that
A€ W (Ay(T)) n dW(T). In this case we have shown that there exists a unit
vector w such that A = (A,,(T)w | w), and a support subspace E containing w
such that the operator field (A (1) Pg) e, i constant. We derive that

A=Ay (Tw | w) = (Ao (T) Prw | w) = (Ao(T) Prw | w) = (PrygyTw | w).

Two possibilities occurs:

- Firstly, if T" is one-to-one, then PW = [ and there is nothing to do.

- Secondly, if T" is not one-to-one, then 0 € W (T'). So, we may assume that A # 0
and hence me # 0. We can write

Psor P
3= (1= 1Prgpel?) x 0+ | Pl r | 20 ) | ROy
R(T) R(TY) Hp | Prrrs |T|wH
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and then the Toeplitz-Hausdorff theorem tells us that A € W (T'). This achieves
the proof of Theorem 3.1. 0

Remark 3.2. (1) For o = 3, the inclusion W (A(T)) = W(T') given by Theorem
answers positively to Conjecture 1.9 of [18].

(2) Assume that T is one-to-one and has a dense range. Let E be a support
subspace for A,(T) (z € §) wich is associated with a complex scalar A and U be
the partial isometry given by the polar decomposition of 7. Then, we have seen

in the proof of Theorem [3.1] that U takes the form

_ (U o+
- (% a)

with respect to the orthogonal decomposition H = E @ E*, where the two oper-
ators U; and U, are normal.

4. SPECTRAL PROPERTIES FOR ALUTHGE OPERATOR FIELDS

4.0.1. Different type of spectra and Aluthge operator fields. Some spectral results
are known for A%(T) = A(T) where T € B(H) (see for instance [17], and
Theorem 1.3 and Theorem 1.5 of [I8]). In the next theorem, we extend a number
of useful spectral properties of A(T) to the Aluthge operator field (A.(T)),.5
and establish some new spectral properties in this context.

Theorem 4.1. Let T' be an operator acting on a Hilbert space H. Then the
Aluthge operator field associated with T satisfies the following properties:
(i) We have 0puri (A(T)\ 0} = Fuurs (T {0} and 040rs(T) € 0urs (AL(T)) for
any z € 8. The last inclusion may be strict.
(i3) o(A(T)) = o(T) for any z € S;
(iii) (a) For any z € S we have oo(A.(T)) = 0o(T);
(b) Let z € S\ [1 + iR] then we have 01o(A.(T)) = 01(T). When z € 1+iR,
we have 01.(A,(T)) € 01(T) and the inclusion may be strict;
(c) For any z € S, we have 0,(T) S 0,.(A.(T)). Moreover the inclusion

may be strict for all z€ §;
() 0u(A(T)) = 0,(T) for any z € S;

(v) 04(AL(T)) = 0u(T) for any z € S;
(vi) o,(AL(T)) = 0,(T) for any z € S;
(Vii) Capp(AL(T)) = app(T) for any z € S\[1 +iR]. If z € 1 + iR, we have
Tapp(D2(T)) S 0upp(T) and the inclusion may be strict;
(viii) Ores(AL(T)) = 04es(T) for each z € iR and 0,es(AL(T)) S 0ves(T) for any

z € S\[iR]. Moreover, in this latter case, the inclusion may be strict.

Proof. (i) Let A, B be two operators acting on H and let A be a nonzero com-
plex number such that A\I — AB is surjective. Then A\ — AB admits a right
inverse X € B(H). Set Y = 1[I+ BXA], then we have (A — BA)Y =
$[M — BA+ B(AM — AB)XA] = £ [M — BA+ BA] = I, thus A\l — AB ad-
mits a right inverse. As the operators A and B play a symetric role, we deduce
that o (AB)\ {0} = 0ur;(BA)\{0}. Then, using Proposition (i), we see
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that 0 (AL(T)\ {0} = 0surj(T)\ {0}. Now, suppose that A,(T") is onto, then
it implies that |T'|* is onto and that |T'|* is one-to-one. By Proposition (ii),
we have {0} = N(|T|?) = N(|T|?), we finally get that |T|* is invertible. Thus
T = (|T)?)"" A.(T)|T| is onto. Taking into account the two previous proper-
ties we get 0 (1) S 0gurj(AL(T)). Let T be a pure coisometry, then we have
0 ¢ 0surj(T). As in [7] (Proposition 4), we can see that A,(T)) = T*T? which
is clearly not surjective and hence 0 € 04;(A,(T")). Therefore, the inclusion
Osurj(T) S Osurj(A(T)) may be strict.

(ii) Since o(|T)FU|T|'*)\{0} = o(U|T|'**|T|*)\ {0} = o(T)\ {0}, it remains
to prove that 7T is invertible if and only if A.(T") is invertible. Assume that
T is invertible, then we successively see that |T'| and |T'|* are invertible, hence
AL(T) = (|T)?)"'T|T|? is invertible. Conversely, assume that A,(T') is invertible,
then there exists X € B(H) such that |[TFU|T|'*X = X|T|*FU|T|'™* = 1, it
implies that |T|* is onto and {0} = N (|T|'™*) = N(|T|?), thus |T|* is invertible
and hence T' = |T]*A,(T)(|T|?)~" is invertible.

(iii) Let A € C* and suppose that there exists X such that X (A —AB) = [+ K,
(resp. (Al — AB)X = I + K5 ), where K, K3 belong to the space K(H) of all
compact operators on H. As in the proof of (i), set Y = % [I + BX A], then we
casily check that Y(AI — BA) = I + + BK A (vesp. (A — BA)Y =1 + ;BK,A)
with $BK;A € K(H) (i € {1,2}). It follows that oo(A.(T))\{0} = o.(T)\ {0},
01 (AL(T)\N{0} = 00 (T)\ {0} and ,.(A.(T))\ {0} = 0,(T)\ {0}. Consequently,
To prove (a) (b) and (c), it suffices to examine what happens at the point 0.

(a) In the sequel, we denote by F (resp. SF) the class of Fredholm (resp. semi-
Frdohlm) operators in B(H). Assume that 0 € p.(T), then 7' € F and hence |T| €
F which implies in turn that U € F. By Proposition[2.2)(v) , we see that |T[* € F
for any u € S. Therefore m(A.(T)) = 7(|T|?)x(U)x(|T|'~*) is invertible in C(H)
as a product of elements of GL(C(H)), equivalently 0 € p.(A,(T)). Conversely,
suppose that 0 € p.(A.(T)), then we derive that |T|* and |T|'~* are both in
SF. Since R(z) and R(1 — z) are not both zero, using Proposition 1 (v) we see
that |T|* € F for any u € S, and hence 7(U) = n(|T]*) ‘7 (A(T))7(|T|*7*)"' e
GL(C(H)). Thus n(T) = n(U)n(|T|) € GL(C(H)) which gives that 0 € p.(T).
(b) Assume that 0 € p.(7T), then |T| € SF which implies, as we have seen
before, that |T|* € F for any u € S. Thus, 7(U) is left invertible in C(H) and
hence 0 € pi(A.(T)) for any z € S. Now, let z € S\[1 +iR] and suppose
that 0 € pi(A.(T)), it implies that |T|'7% is in SF. As R(1 — 2) # 0, we get
that |T|* € F for any u € S and hence U € SF. We derive that 0 € p(T).
Summarizing, we obtain o;.(A.(T)) = 01.(T) for each z € z € S\ [1 + iR] and
01(A(T)) € 01(T) when z € 1 +iR.

Let (e,)n=0 be the canonical orthonormal basis of the Hilbert space H := [*(N).
One may then define operators A and B in B(H) by setting Ae,, = 2%62%1 and
Be,, = es,. We consider the operator T" acting on H = H @ H which is given by
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0 0
T = ( 0 B).
We can check that |Ale, = sme, and that A*B = 0. Notice also that B is an

21’1,
isometry, then we get
_ (A0
- (5 9)

Let T'= U|T| be the polar decomposition of T'. Since R(A) nR(B) = {0} and A
is one-to-one, we derive that 7" is one-to-one, and hence U is an isometry. Taking
into account that U is the unique isometry W such that T' = W|T'|, we see that

U is necessarily given by
0 0
U= (V B)

where V' is the partial isometry (here V' is an isometry) associated with the polar
decomposition of A = V|A|. Then, for any z € 1 + iR we obtain

0 0

On the one hand, we see that A,(7") is an isometry and hence 0 ¢ o.(A.(T)).
On the other hand, let @ be the orthogonal projection on the subspace H @ {0},
then we get

the 2 x 2 matrix

TQ - (,91 8) e K(H).

Then, from Theorem 1.1 of [I1] we deduce that 0 € 0;(T"). Thus the inclusion
01(AL(T)) € 01(T) is strict for each z € 1 4 iR.

(c) Let z € S and suppose that 0 € p..(A.(T)). We infer that =(|T|?) is
right invertible in C(H) and hence invertible (Proposition (v)). It succes-
sively implies that 7(U|T|'"*) and «(T) = «(U|T|*"*)x(|T|?) are right invert-
ible in C(H), thus 0 € p,(T). Since 0,.(A,(T))\{0} = o.(|TFU|IT|'*"*)\ {0} =
0re(U|T#|T1F)\ {0} = 0,(T)\ {0}, we finally get 0,.(T) S 0,.(A,(T)). Let T
be a pure coisometry of infinite dimensional null space. Using Proposition 4 of
[7], we can see that A,(T)* = T**T has an infinite dimensional null space, and
hence 0 € 0,.(A,(T)), but clearly 0 ¢ 0,.(T) because T is right invertible. It
follows that the inclusion may be strict for all z € S.

(iv) We have seen before ((iii) (a)) that A\I—A,(T) € Fifand only if \I =T € F.
Besides that, we know that dim(N (A — AB)) = dim(N (A — BA)) for any non-
zero A, and for any pair (A, B) € B(H). It leads to 0, (A, (T))\ {0} = 0,(T)\ {0}.
Suppose now that T is a Weyl operator, then we have seen that U € F and
IT|* e F for any u e S (see (iii) (a)). Then A.(T) € F and using the multiplica-
tive property of the index we get ind(A.(T)) = ind(|T|?) +ind(U) +ind(|T|*~*) =
ind(T) = 0, so A,(T) is a Weyl operator. In the same manner, we prove that
A,(T) is a Weyl operator implies that T is a Weyl operator. Finally, we have
obtained the desired equality o, (A.(T)) = 0, (T) for any z € S.
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(v) Recall that A is a Browder operator if and only if A is a Fredholm operator
and zI — A is invertible for sufficiently small z € C\ {0} ([I3] Theorem 7.9.3).
Thus, the desired equality follows from (ii) and (iii) (a).

(Vi) As op(|TFUITI =)\ {0} = op(UITI"*TF)\{0} = op(T)\ {0}, it rests to
prove that 0 € 0,(T) if and only if 0 € 0,,(A,(T)) for any z € S . Assume there ex-
ists  # 0 such that Tz = 0. By Proposition 2.2 (ii), we know that x € N(|T?) =
N(|T|*7#), thus z € N(A,(T))). Conversely, suppose that 0 € 6,(A,(T)) and let
z € [H\{0}] n N(A,(T)), then 0 = U|T|*"*A,(T)x = TU|T|**z. On the one
hand, if y = U|T|'* *z # 0, we have N(T) # {0}. On the other hand, y = 0,
using Proposition[2.2] we see that |T|'*z € N'(U) = N(|T|) = N(|T|*) and hence
z e N(|T|) = N(T). Consideration of both cases leads to 0 € ¢,,(T"). This con-
cludes the proof of this assertion.

(vii) Having in view that o4,,(A) = 0,.(A) U 0,(A) for each A € B(H) and
using (iii) (b) and (vi), we get 0upp(AL(T)) = Tapp(T) for any z € S\ [1 + iR] and
Tapp(A2(T)) S 0app(T) when z € 1 4+ iR. Moreover, let z € 1 + iR and consider
the operator T acting on [?(N) @ [>(N) and defined in (iii) (b). Since A,(T) is
an isometry, we clearly have 0 ¢ 0,,,(A,(T)) but |T(e, @ 0)| — 0 which implies
0 € 04pp(T). Therefore the inclusion gy, (A, (1)) S 04p(T) may be strict when
zel+iR;

(vii)) We have opes(|TIU|T|' )\ {0} = 0ves(U|T['*T]F)\ {0} = 0ves(T)\ {0}
for each z € S. Let z = ib € iR, taking into account that 7T is one-to-one if and
only if A,(T) is also (see (vi)), we remark that A, (T) = |T|*T|T|~® is unitarily
similar to 7" as soon as 0 € 0,.¢s(T) U 0pes(Aip(T)). We infer that 0 € 0,..s(Awp(T))
if and only if 0 € 0,¢5(T"), and hence 0,¢5(Aip(T)) = 0res(T). From now on, we
suppose that z € S\[{R]. Assume that 0 € 7,,(A.(T)), then A,(T) is one-to-one
and there exists a non-zero x € H such that A,(T)*z = 0. It implies that |T'|*
is one-to-one for any u € P, and hence that U*|T|*z = 0. Obviously, we have
y = |T|Pz # 0 and y € N(U*) = N(T*). Finally, it leads to 0 € 0,.s(T), thus
Ores(D:(T)) € 0ves(T) for any z € S\[iR].

Now, let z € S\[iR], H be L?([0,1]dt), R be the positive operator defined by
R(f)(t) = tY®= £(t) for any f e H. Consider an isometry U acting on H whose
range is {1}7, and set T = UR. We easily check that T is one-to-one and that
T*(1) = 0, 80 0 € 0,¢5(T). Observe that R = |T| and that N (U) = {0} = N (T),
it follows that 7' = UR is exactly the polar decomposition of 7" and then A,(T") =
R*UR'~*. Suppose that 0 € 0,.,(A.(T)), then there exists a non-zero f € H such
that 0 = R'2U*R?(f), it implies that R*(f) € N(U*) = C1. So R*(f) is almost
everywhere equal to a non-zero constant a. It forces the function ¢ : t — at~! to
be in L*([0, 1]dt), a fact which is absurd. Consequently, in this case, the inclusion
Ores(D.(T)) S 0,e5(T) is strict for any z € S\ [{R]. This completes the proof of
Theorem [4.1]

0
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Remark 4.2. Note that we have proved in passing (see (iv)) that if 7" is a Fredholm
operator, then A,(T') € F for any z € S and the index is constant on the Aluthge
operator field (A.(T)), s

4.0.2. Generalized Yamazaki formula. Let T € B(H) and denote by r(T) its
spectral radius. Recall the famous Gelfand formula

r(T) = lim |T"| = inf |T"]=.

In [23], T. Yamazaki gives an alternative formula involving the Aluthge transfor-
mation Ay, :
(T) = lim | A(7)] = inf |A(T)]|.

Notice that a simpler proof is given in [2]. See also [8] for other spectral radius
formulas via Aluthge transformation. In [3], the authors proved that for any
square matrix M and any « €]0, 1] we have

r(M) =lim [AG(M)[ = inf [A(M)]. (4.1)

In [21], it is proved that Formula holds if we replace M by any invertible
operator acting on an infinite dimensional Hilbert space. In the next theorem, we
show that we can drop the assumption that 7" is invertible and we can consider
A, for any z € S.

Theorem 4.3. Let T be a operator acting on a Hilbert space H, then we have
r(T) = lim |AZ(T)| = inf |AZ(T)]

for any z€ S.

Proof. Firstly, from Proposition |4.1| we know that o(AZ(T")) = o(T), so r(T) =
r(AX(T)) < |AZ(T)| and hence r(T') < inf,>o ||AZ(T")|. Thus from now on, by
homogeneity we may assume that inf,>o |AZ(T)| = 1. We set z = a + ib with
a €]0,1[. Let A, B be two positive operators acting on H and X € B(H). Recall
that Heinz inequality (see [14] ) tells us that

|AX B < JAX]T|X BT
for each r € [0, 1]. Using Heinz inequality, for any m > 1 we get
[A(T)™ | = WTFFT U =) < |71 T 0T
< [[TiTmtu Tt e < et = 11 (4.2)
By (4.2), we see that the sequence (|AZ(T)™|),,s, is decreasing for any m e N*.

On the one hand, it implies that the operator R = ®((A%(T"))n>0), acting on the
ultrapower of H associated with a Banach limit £, is well defined. On the other

hand, by Proposition (i) and by (4.2) we get
IR = tim [AXT)"] < |77,

a fact which leads to r(R) < r(T). Let m > 1, observe that |A”(R)| =
Hm(|AT*T™(T)]) = inf,=o |[AZ(T)| = 1 = |R|. Applying Theorem 2.5 (ii), we
obtain that |[R™*!|| = 1. Tt follows that 1 = r(R) < r(T) and finally that
r(T) = 1. It ends the proof of Theorem [4.3] O
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Remark 4.4. Let T € B(H) be a one-to-one operator with dense range such that

r(

T) < ||T|. In this case, we have
[ A (D) = [ITIU] = [IT]] = [T = [Ax(T)]

for any t € R. If T is one-to-one with dense range, then A, (T) is still one-to-one
with dense range. So, by iteration we obtain AT, (T)|| = [T = [|AL(T)]| for
each n € N. Therefore, a Yamazaki type formula is not true in general when z
belongs to the boundary of S.
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