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Abstract

This paper studies the statistical query (SQ) complexity of estimating d-dimensional sub-
manifolds in R™. We propose a purely geometric algorithm called Manifold Propagation, that
reduces the problem to three natural geometric routines: projection, tangent space estima-
tion, and point detection. We then provide constructions of these geometric routines in the
SQ framework. Given an adversarial STAT(7) oracle and a target Hausdorff distance preci-
sion € = 9(72/ (d“)), the resulting SQ manifold reconstruction algorithm has query complexity
O(n polylog(n)e~%/?), which is proved to be nearly optimal. In the process, we establish low-
rank matrix completion results for SQ’s and lower bounds for randomized SQ estimators in
general metric spaces.

1 Introduction

In the realm of massive data acquisition, the curse of dimensionality phenomena led to major
developments of computationally efficient statistical and machine learning techniques. Among
them, topological data analysis, which refers to a collection of statistical methods that find intrinsic
structure in data, has recently garnered a lot of attention and proved fruitful in both theoretical and
applied areas [ |. This field is based upon the idea that data described with a huge number
of features n may be subject to redundancies and correlations, so that they include only d < n
intrinsic and informative degrees of freedom. This low-dimensional paradigm naturally leads to
the problem of recovering this intrinsic structure, for data visualization or to mitigate the curse of
dimensionality. This problem is usually referred to as support estimation | | or dimensionality
reduction | ].

Linear dimensionality reduction techniques, such as Principal Component Analysis and LASSO-
types methods | |, assume that the data of interest lie on a low-dimensional linear subspace.
This assumption appears to be often too strong in practice, so that one may use problem-specific
featurization techniques, or other non-linear methods. On the other hand, non-linear dimension-
ality reduction techniques such as Isomap [ ], Local Linear Embedding [ ] and Maximum
Variance Unfolding [ |, work under the relaxed assumption that the data of interest lie on an
embedded d-dimensional manifold of R” with d < n, hence allowing natively for non-linearities.

1.1 Context

Geometric Inference from Samples. The classical general statistical framework, based on
data points, is usually referred to as PAC-learning | | or sample framework. In this setting,
the learner is given a set {x1,...,x5} of s samples drawn, most commonly independently, from an



unknown distribution D. From these samples, the learner then aims at estimating a parameter of
interest #(D), which in our context will naturally be taken as the support 6(D) = Supp(D) C R™.
As described above, for this problem to make sense, D shall be assumed to be concentrated on
a low-dimensional structure, i.e a d-dimensional submanifold with d < n. Here, the precision is
usually measured with the Hausdorff distance, a L*°-type distance between compact subsets of R".
The Hausdorff estimation of manifolds in the noiseless sample framework is now well understood.
The first minimax manifold estimation results in the sample framework are due to | ,
]. At the core of their work is the reach, a scale parameter that quantitatively encodes
C? regularity of the unknown manifold M = Supp(D) C R”, and that allows measuring the
typical scale at which M looks like R? [ | (see Definition 6). Under reach assumptions, the
estimator of [ ] achieves a worst-case average precision at most O((log s/5)%/?), but with
a computationally intractable method. This rate was later shown to be log-tight optimal by | .
Given a target precision € > 0, these results hence reformulate to yield sample complexity of order
s = O(e=%¥?/log(1/¢)). Later, | ] gave a constructive estimator combining local PCA and
the computational geometry algorithm from [ |, which outputs a triangulation of the sample
points in polynomial time, and linear time in the ambient dimension n. More recently, [ ]
proposed a computationally tractable minimax adaptive method that automatically selects the
intrinsic dimension and reach. Let us also mention that by using local polynomials, faster sample
rates can also be achieved when the manifolds are smoother than C? | ]
Manifold estimation in the presence of noise is by far less understood. The only known sta-
tistical method able to handle samples corrupted with additive noise is intractable | ].
Currently, the best algorithmically tractable estimator in this context requires the noise level to

vanish fast enough as the sample size grows | |. To date, the only computationally tractable
sample method that truly is robust to some type of noise is due to | |, in which the authors
consider the so-called clutter noise model introduced by | ]. In this model, the samples

are generated by a mixture of a distribution D on M and a uniform distribution in the ambient
space, with respective coefficients 5 € (0,1] and (1 — ). That is, the s-sample consists of unla-
belled points in R", with approximately (s informative points on M and (1 — 3)s non-informative
ambient clutter points. In | , ], the optimal sample complexity was shown to be
s = O(B7'e=%2/log(1/¢)), but this rate was obtained with an intractable method. On the other
hand, | ] proposed to label the non-informative data points, which allows to apply a clutter-
free estimation procedure to the remaining decluttered points. This results in a computationally
tractable minimax optimal method, with an additional computational cost due to the decluttering.
However, the success of this extra step relies heavily on the assumption that the ambient clutter is
uniform.

Overall, the existing reasonable manifold estimation methods are heavily attached to the indi-
vidual data points and do not tolerate much noise, as the change of a single point may have the
method fail completely. Let us mention from now that in sharp contrast, the statistical query frame-
work considered in this work is inherently robust to clutter noise without an artificial decluttering,
no matter the clutter noise distribution (see Remark 4).

Private Learning. Beyond the classical sample complexity, the modern practice of statistics
raised concerns that naturally bring up to consider quantitative and qualitative estimation con-
straints | |. For instance, in many applications of learning methods, the studied data is
contributed by individuals, and features represent their (possibly) private characteristics such as
gender, race, or health history. Hence, it is essential not to reveal too much information about any
particular individual. The seminal paper [ ] on this topic introduces the notion of private



learning, a learning framework inspired by differentially private algorithms [ ]. Given sam-
ples {z1,...,zs}, this framework imposes privacy to a learner by requiring it not to be significantly
affected if a particular sample z; is replaced with an arbitrary z.

In contrast to precision, which is analyzed with respect to a model, the level of differential
privacy is a worst-case notion. Hence, when analyzing the privacy guarantees of a learner, no
assumption should be made on the underlying generative model, since such an assumption could
fall apart in the presence of background knowledge that the adversary might have: conditioned on
this background knowledge, the model may change drastically.

There are two main types of differentially private algorithms. Global differential privacy as-
sumes that there is a trusted entity (i.e. a central data aggregator) that can give private an-

swers to database queries | ]. This approach was used by LinkedIn to share advertisements
data | |, by Uber’s system for internal analytics | ], and is about to be implemented
by the U.S. Census Bureau for publishing data | ].

In contrast, local differential privacy, as defined by | , ], even further restricts

the learners. It requires that even if an adversary has access to the personal revealed data of
individuals, this adversary will still be unable to learn too much about the user’s actual personal
data. The simplest example of a locally private learning protocol was originally introduced to
encourage truthfulness in surveys [ . In local differential privacy, a trusted entity is not
necessarily present, and each individual protects their own privacy, for instance, by adding noise
to their data separately. On the applied side, Google’s RAPPOR used this approach on their
Chrome browser | ], Apple for iOS and MacOS diagnostics | ], and Microsoft for update
telemetry data in Windows 10 | ]-

Statistical Queries. Instead of sample complexity, this paper considers the notion of statistical
query complexity, which was proved to be equivalent to the locally private learning complexity

up to a polynomial factor [ ], and that naturally enforces robustness to clutter noise (see
Remark 4).
First introduced by Kearns | ], the statistical query (SQ) framework is a restriction of

PAC-learning, where the learner is only allowed to obtain approximate averages of the unknown
distribution D via an adversarial oracle, but cannot see any sample. That is, given a tolerance
parameter 7 > 0, a STAT(7) oracle for the distribution D accepts functions r : R" — [—1,1]
as queries from the learner, and can answer any value a € R such that [Ey~p[r(z)] —al] < 7.
Informally, the fact that the oracle is adversarial is the counterpart to the fact that differential
privacy is a worst-case notion. We emphasize that in the statistical query framework, estimators
(or learners) are only given access to such an oracle, and not to the data themselves. Limiting the
learner’s accessible information to adversarially perturbed averages both restricts the range of the
usable algorithms, and effectively forces them to be robust and efficient.

Kearns showed that any statistical query learner can be transformed into a classical PAC-
learning algorithm with robustness to random classification noise [ |. Conversely, many com-
monly used PAC-learning algorithms appeared to have statistical query implementations | ,

, |. Though, Kearns also showed that there are information-theoretic obstacles that are
specific to the statistical query framework; e.g. parity functions require an exponential number of
queries | ]. In other words, PAC-learning is strictly stronger than SQ-learning.

We have already mentioned the connection between statistical queries and private learning. On
top of this, the simplicity of the SQ framework allowed its application in several other fields, such
as (theoretical and practical) learning algorithms for distributed data systems. Indeed, a problem
has an efficient SQ algorithm if and only if it has an efficient distributed learner | , ].



Another incentive to study statistical queries arises from quantum computations: general quantum
PAC learners can perform complex entangling measurements which do not seem realizable for
near-term quantum computers. To overcome this issue, Arunachalam, Grilo, and Yuen | ]
introduced the notion of quantum statistical query learning, for which practical implementations
would only require to measure a single quantum state at a time.

Overall, certainly the most interesting property of statistical query algorithms is the possibility
of proving unconditional lower bounds on the complexity of statistical problems. Considering
the number of learning algorithms that are implementable in the statistical query framework,
these lower bounds provide strong evidence of hardness of these problems. Moreover, for many
learning problems, the known unconditional lower bounds for the statistical query framework closely
match the known computational complexity upper bounds. For instance, | ] proved that
SQ algorithms require a quasi-polynomial number of queries to learn DNF’s, which matches the
running time upper bound by Verbeurgt [ ]. Similar results were proved by [ | for the
planted clique problem, and by [ ] for high-dimensional Gaussian mixtures learning. Finally,
some problem-specific statistical query lower bounds directly imply lower bounds against general
convex relaxations of Boolean constraint satisfaction problems | , ], lower bounds on
approximation of Boolean functions by polynomials | |, and lower bounds on dimension
complexity of Boolean function classes | , ).

1.2 Contribution

This paper establishes nearly matching upper and lower bounds on the statistical query complexity
of manifold learning. As a corollary, it provides an efficient and natural noise-tolerant sample man-
ifold estimation technique; as another side-product, it also provides, to the best of our knowledge,
the first private manifold estimation method. In some regimes of the parameters, it also exhibits
another example of a natural statistical problem with different sample and statistical query com-
plexities.

1.2.1 Main Results

Upper bounds. The main contribution of this paper is the construction of a low-complexity
deterministic SQ algorithm that estimates the compact connected d-dimensional C?-manifolds M C
R™ with reach rchy; > rchy,i, > 0 (i.e. curvature roughly bounded by 1/rchyi,), from distributions
D with support Supp(D) = M that have a Lipschitz density function bounded below by fmin > 0
on M (see Definition 10). The estimation error is measured with the Hausdorff distance, which
plays the role of a sup-norm between compact subsets of R™.

In Proposition 11, we prove that without any prior information about the location of the
manifolds, SQ algorithms cannot estimate them, even with an unlimited number of queries. It
is worth noting that this phenomenon is specific to the SQ framework and does not occur in the
sample framework. We consider two ways to “localize” the model. Namely, we either assume: that
the manifold contains the origin (fixed point model), or that the manifold lies within the ball of
radius R > 0 centered at the origin (bounding ball model).

[Fixed point model] Theorem 22 presents a deterministic algorithm which, given the information
that 0 € M, achieves precision € using

4= 0 n polylog(n) 1 d/2
Jmin rchpmine




queries to a STAT(7) oracle, provided that ¢ = Q <rchmin(+)2/(d+l)>, and 7 =

fmianh(riﬂin
O(fminmh%in) :

[Bounding ball model] Theorem 25 shows that the same estimation problem can still be solved
using O(nlog(R/c)) extra queries to STAT(7) if M is only assumed to be contained in the
ball B(0, R). That is, it shows that manifold estimation with precision ¢ in the bounding ball
model can be done deterministically with

Iyl 1 \%?
0= 0 [niog (B 4 mpolylos(n)
3 fmin I'Chming

queries to a STAT(7) oracle, under similar conditions as above.

Notice the limited quasi-linear dependency in the ambient dimension n. Actually, in the fixed
point model, the given query complexity corresponds to the sample complexity up the n polylog(n)
factor [ , ]. This apparent discrepancy can be explained by the fact that a single sample
of M C R"™ corresponds to n coordinates, while statistical queries are forced to be real-valued. More
interestingly, the extra cost O(nlog(R/¢)) in the bounding ball model is specific to the statistical
query framework and does not appear in the sample framework | |, although this term would
dominate only in the regime where R is exponentially bigger than rchyy.

The insights underlying these upper bounds are described in Sections 1.2.2 and 1.2.3, and the
formal statements in Sections 3 to 5.

Differentially private manifold estimation. As a direct corollary, from | , Theo-
rem 5.7, these SQ upper bounds transform into private learning upper bounds. They yield, to
the best of our knowledge, the first private learning algorithms for manifold estimation. More
precisely, we proved that for any e, there is a local §-differentially’ private algorithm estimating
the d-dimensional C?>-manifolds M with precision e that requires no more than

heo N\
~ n IrClmin
Ss-private(€) = O
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samples in the fixed point model, where O hides the logarithmic terms of the complexity.

Lower bounds. Complementing these upper bounds on the statistical query complexity of man-
ifold estimation, we prove nearly matching lower bounds. To examine whether or not randomness
may facilitate manifold learning, the below lower bounds apply to randomized SQ algorithms, which
are allowed to use randomness and to fail with probability at most o € [0, 1). Recall that the above
upper bounds stand for deterministic (a = 0) SQ algorithms.

[Fixed point model] Theorem 24 asserts that any randomized SQ algorithm estimating M with
precision € and probability of error at most « in the fixed point model requires at least

n 1 d/2
Jmin (I‘Chmina> + log(1l — @)

=Q
1 log(l—i-%)

queries to a STAT(7) oracle.

! As the present paper uses e for precision, we use § as the privacy parameter, contrary to the standard notation.



[Bounding ball model] Theorem 27 states that any randomized SQ algorithm estimating M
with precision € and probability of error at most « in the bounding ball model requires at
least

/2
nlog (?) + fniLin (m) +log(l — )

=Q
1 log(l—i-%)

queries to a STAT(7) oracle.

In words, this proves that for any fixed probability of error o < 1, the above manifold estimators
are optimal up to a polylog(n, 1/7) factor. Hence, randomized algorithms are not significantly more
powerful than deterministic ones in these models.

Finally, we establish informational lower bounds (Theorems 23 and 26) that advocate for the
necessity of the requirements on ¢ and 7 made in the upper bounds. More precisely, they assert
that if either € = o (rchmin (M)Q/d)a or 7= Q(fminl"Chdmin) and ¢ = o(rchmin) , then no SQ
algorithm (even randomized) can estimate manifolds in these models with precision €, regardless
of its number of queries.

The high level exposition of these lower bounds stands in Section 1.2.4, and all the necessary
details and formal statements in Section 5.

1.2.2 Manifold Propagation Algorithm

The core component of the upper bounds (Theorems 22 and 25) is a purely geometric algorithm,
which we call Manifold Propagation, parametrized by an initialization method zy and two rou-
tines 7'(+) and 7(-) related to the manifold M:

(Seed point) This initialization method finds a point g that is 7-close to M, for some n > 0.

(Tangent space) Given a point g that is n-close to M, this routine finds a linear subspace T'(o)
that is (sin #)-close to the tangent space T M at its projection mys(xg) (i.e. the closest
point on M), for some 6 > 0.

M (o)

(Projection) Given a point xg that is A-close to M, this routine finds a point 7(xg) that is n-close
to its projection mys(zg), where A > 7.

Then, given a tuning scale parameter A > 0, Manifold Propagation iteratively explores the
connected manifold M starting from the seed point, and constructs a Q(A)-sparse and O(A)-dense
point cloud O of points close to M (see Theorem 15). This algorithm is reminiscent of breadth-first
search and can be roughly described as follows:

1. Start with the seed point Zg in the vicinity of the manifold and initialize a queue of points to
Q = {Zo}, and the final output point cloud to O = (.

2. Pick a point zg € Q, remove x(y from Q and add it to O. Compute the approximate tangent
space T'(xg) of M at x.

3. Consider a covering y1, ..., yr of a sphere of radius A in T (zg). To avoid backtracking,
remove all of these points that are too close to (the already-visited) points from Q U O.
To account for the linear approximation made and the past estimation errors, “project” the
remaining points y;’s on M with 7(-) and add them to Q.



4. If Q is empty, terminate and output O. Otherwise go to Step 2.

Note the importance of the proximity check of Step 3, without which the algorithm would not
terminate, even with infinitely precise routines.

Then, given such a point cloud O that forms a O(A)-dense sample of M, existing algo-
rithms from computational geometry (Theorem 14) allow to reconstruct a manifold with precision
O(A?/rchyiy). This quadratic gain is made possible by the C2-smoothness of M | , .
Hence, running Manifold Propagation with step size A = O(y/rchyse) and applying Theorem 14
yields a dynamic method to estimate a manifold M with reach rchy;;, > 0. Namely, to estimate
M with precision ¢ in Hausdorff distance, it shows that it is sufficient to design routines for M
that have precision n = O(e) for the seed point, sinf = O(y/e/rchy;,) for the tangent spaces, and
1n = O(e) for the projection.

To our knowledge, this provides the first computational geometric result involving the three
routines above only. It also does a single call to Zg for initialization, and provably no more than
O(HHM)/AY) = O(H (M) / (rchpmine)¥?) calls to the routines #(-) and T(-), where H%(M) stands
for the surface area of M. In particular, this number of calls is blind to the ambient dimension.
Overall, Manifold Propagation manages to have this possible ambient dependency supported by
&9, T(-) and 7(-) only. See Section 3 for the formal statements and further discussion.

1.2.3 Statistical Query Algorithms for the Routines

In order to plug Manifold Propagation in the SQ framework, we then provide SQ implementations
of its geometric routines.

Projection Routine. As mentioned above, the projection routine should allow to find a point
7(xp) that is n-close to mas(zp), provided that zg is A-close to M. To implement this using a
STAT(7) oracle, we first note that the conditional expectation of D in the neighborhood of z( has
small bias for estimating mas(x¢). That is, ||7ar(x0) — Ez~p [z |B(z0, h)] || is small for a properly
tuned bandwidth h (see Lemma 37). Hence, it is enough to estimate

(z—2x0)
h
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Written as a ratio of two means, one easily sees how to estimate mp(zo,h) in STAT(7). The
denominator only requires one query r = I, ) to the oracle. As about the numerator, which is
a n-dimensional mean vector, the naive approach that would query each coordinate of its integrand
separately would end up with the dimension-dependent precision y/n7 in Euclidean distance. In-
stead, by using tight frames, an algorithm of Feldman, Guzmén, and Vempala | | allows to
get precision O(7) in only 2n queries.

At the end of the day, we achieve precision n = O (A?/rchmin) with O(n) queries to STAT(7),

1/(d+1)
provided that A = Q (rchmin (W) ) (see Theorem 19).

Tangent Space Routine. Here, the tangent space routine should allow to estimate the tangent
space Ty, ()M of M at map(xo), provided that zq is n-close to M. Inspired by the local Principal
Component Analysis that proved fruitful in the sample framework | |, we notice that the local
covariance matrix of D at zg

ED(:EOv h‘) = E

E 2 Ljiz—zol|<n

[(96 — 20)(T — JBO)T

7



allows to approximate Ty, (,)M. That is, Xp(wo,h) is almost rank-d and its first d principal
components span a d-plane close to Ty, (4,)M, for a properly tuned bandwidth A (see Lemma 38).
Next, aiming at estimating ¥ p(xo, h) € R**" in STAT(7), we note that seeing it as a mean vector

of R and using tight frames | ] directly would cost O(n?) queries for precision O(7), but
would not exploit the low-rank (hence redundant) structure of X p(zg, k). Instead, we use matrix
compression arguments [ | to present a new general SQ algorithm estimating low-rank mean

matrices (Lemma 43). This allows to mitigate the query complexity from O(n?) to O(dnlog®(n))
while keeping precision O(7) in Frobenius norm.
At the end of the day, coming back to our initial problem of tangent space estimation in STAT(7),

we achieve precision sinf = O (x/ n/rchmin> with O(dn polylog(n)) queries to STAT(7), provided

B 2/(d+1)
that n = Q | rchuin (m> (see Theorem 20).
Seed Point Detection. Finally, the seed point Zg should be 7-close to M. In the fixed point
model, this method is trivial since 0 € M by assumption. In the bounding ball model, where it is
only assumed that M C B(0, R), we proceed in two stages:

e First, we use a divide and conquer strategy over B(0, R) (Theorem 44). The algorithm (SQ
Ambient Binary Search) recurses down over a discretization of B(0, R) with unions of small
balls, maintained to intersect M = Supp(D) by querying their indicator functions, i.e. by
checking that they have non-zero mass for D. It stops when there is only one ball left and

»raw

outputs its center £(*". Unfortunately, the output point £(;*" of this simple strategy might only

be O(rchmin (7' /( fminrchﬁﬁn)) Y d)—close to M, since this procedure does not use the C?-smoothness
of M.

e Starting from ", the algorithm applies iteratively the projection routine 7(-) described above.
Since 27" is already close to M, the procedure is guaranteed to improve precision quadratically

at each step, and to output a point Z( that is n-close to M after a logarithmic number of iterations.

At the end of the day, we achieve precision n with O(nlog(R/n)) queries to STAT(7), provided
2/(d+1)
that n = Q <rchmin (%) > (see Theorem 21).

fmianhmjn

1.2.4 Lower Bound Techniques

The standard SQ lower bound techniques naturally involve distribution discrepancies such as
Kullback-Leibler or chi-squared [ , ]. However, these discrepancies appear to be poorly
suited to non-dominated statistical models such as manifolds ones. Indeed, two low-dimensional
submanifolds My, M1 C R" that are not equal would differ in a non-trivial area, yielding distribu-
tions are not absolutely continuous with respect to one another. This results in infinite Kullback-
Leibler and chi-squared divergences, and hence non-informative lower bounds.

To overcome this issue, we present a two-step technique — involving a computational and an
informational lower bound — that does not involve these quantities. The method applies in general
metric spaces (see Appendix G), although we shall limit its exposition and application to the case
of manifolds with Hausdorff distance in this introduction.

Computational Lower Bounds. Aiming at lower bounding the number ¢(¢) of queries neces-
sary to achieve precision ¢, we observe that since a SQ algorithm should cope with any adversarial
oracle, it has to cope with the oracle that answers roundings of the true queried mean to the nearest



integer multiple of 7 in [—1, 1], which roughly writes as a = 7 |Ez~p[r(x)]/7]. As this oracle only
generates (1 4+ 1/7) different answers, any SQ manifold estimation algorithm that makes only ¢
queries to this discrete oracle produces at most N < (1 4+ 1/7)? possible outputs M. Hence, if
this estimator has precision ¢, these outputs should form an e-covering of the manifold class of
interest M. Hence, deriving a lower bound on ¢ = ¢(¢) > log N (¢)/log(1 + 1/7) boils down to
deriving a lower bound on the e-covering number of M for the Hausdorff distance, or equivalently,
by duality, on its e-packing number. This argument also extends to randomized SQ algorithms (see
Appendix G.2).

We then explicitly build e-packings of the manifold classes associated to the models, with a
general combinatorial scheme (see Proposition 63) based on a single initial manifold My. The
construction bumps My at many different locations, with bumps of height 2(¢) scattered in all the
available (n — d) codimensions of space, as shown in Figure 1. Note that the C2-like assumption

N VAN .CYERN
\/ Mo Q(y/rchmme) \/

Figure 1: Construction of an e-packing of the manifold class by local bumping. Here, in dimension
n = 1 and codimension n — d = 1, each bump has the two options “upwards” and “downwards”
within each of the N > 1 locations, yielding 2V e-separated manifolds.

rchys > rchyi, forces to spread each of these bumps on a ball of radius Q(y/rchyine). Intuitively,
in this construction, the larger the surface area H%(My) of the base manifold My, the more room
to include many bumps on it, and hence the stronger the lower bound. Hence, in the bounding
ball model, we exhibit manifolds that can have large volume, while remaining in B(0, R) and with
reach rchys > rchy;,. This is done by gluing next to each other linkable widgets along a long path
in the cubic grid in B(0, R) (see Appendix H.2). Overall, this construction allows to get the correct
dependency in 1/ fmin — which plays the role of a maximal volume, see Section 2.2.3 — in the
bounds.

[Fixed point model] If 0 € My, the above construction is possible while preserving the point
0 € R™ within all the bumped manifolds, yielding the lower bound (Theorem 24).

[Bounding ball model] As in this model, no point is fixed, we build another type of e-packing by
translating a base manifold My C B(0, R/2) in the ambient space by all the possible vectors
of an e-packing of the ambient ball B(0, R/2), which has size Q((R/e)™). This yields the
first term of the lower bound, while the second term follows as described above, by locally
bumping a manifold My C B(0, R) (Theorem 27).

Informational Lower Bounds. In addition, forgetting about the number of queries SQ algo-
rithms may do, they have a limited precision € given tolerance 7. Hence, aiming at lower bounding
this best precision e(7) achievable in STAT(7), we notice that two distributions that are closer
than 7/2 in total variation distance allow an adversarial oracle to swap their respective answers,
and hence make them — and their supports — indistinguishable using SQ’s. This idea is at the
core of standard lower bounds in the sample framework [ |, and is formalized in the so-called
Le Cam’s lemma for SQ’s (Theorem 46).

To build such indistinguishable manifolds, we locally bump a base manifold My at a single
location. As My supports a d-dimensional measure with density lower bounded by fiin, the largest
possible width of such a bump is of order § = Q((7/ fuin)*/?), since the d-volume of this area
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Figure 2: Indistinguishable manifolds for the informational lower bound. The measure on which
they differ being of order O(7), an adversarial STAT(7)-oracle may fool the learner and force them
to make an error proportional to the Hausdorff distance between them.

multiplied by fuin (i.e. total variation) gets of order Q(7). Similarly as above, given the width
2/d
0 of this bump, its largest possible height is ¢ = ((52 /rchmin) = Q (rchmin (W) >,

which provides the e-separated manifolds indistinguishable in STAT (7). This yields the announced
informational lower bounds (Theorems 23 and 26), after picking manifolds My in the fixed point
and bounding model respectively that have volume of order 1/ fuin, and the uniform distributions
on them.

1.3 Further Directions

As mentioned above, a byproduct of these results is that manifold estimation is possible in a
locally private way. However, the transformation used to pass from statistical query learning to
locally private learning has a polynomial blowup [[XLLN"11]. Hence, the derived locally private
upper bound may not be optimal, so that a close study of the private framework directly is still
necessary. Coming back to SQ’s, the derived bounds on the best achievable precision ¢ in STAT(7)

2/(d+1)
do not match, as they are respectively ¢ = O (rchmin (f#) ) for the upper bounds,

Frminrchiy;,
Finally, the case of smoother C¥ manifolds (k > 2) would be of fundamental interest, as their
estimation is at the basis of plugin methods of higher order [BHIS20]. In this case, local linear
approximations are not optimal [A1.19], and local polynomials of higher order — that were shown
to be optimal in the sample framework — might adapt to statistical queries.

2/d
and e = Q <rchmin (4) > for the lower bounds, so that this gap remains to be breached.
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2 Preliminaries

2.1 Statistical Query Framework

To begin with the formal presentation of this work, let us define the statistical query (SQ) framework
used throughout the paper. In the SQ framework, the algorithm (or learner) is allowed to access to
the unknown underlying distribution D over R™ via an adversarial oracle O who knows it perfectly.
The learner also has access to some prior information on D via the knowledge of a model D,
i.e. a set of probability distributions over R™ assumed to contain D. For a measurable function
r: R™ — [—1,1], called query, the oracle answers the mean value E,.p[r(z)] of  with respect to
D, up to some adversarial error 7 known to both parties.

More formally, let § denote the set of Borel-measurable functions from R™ to [—1, 1]. Roughly
speaking, an oracle provides answers a : § — R. Given a query r € § and a tolerance parameter
T > 0, we say that O is a valid STAT(7) oracle for the distribution D over R™ if its answers are
such that |a(r) — Ez~p[r(z)]| < 7. Let us insist on the fact that the oracle is adversarial, meaning
that it can answer any such values. Its adversarial strategy can also adapt to the previous queries
made by the learner (see precise Definition 2).

We now describe the estimation framework using SQ’s. Given a metric space (0O, p), a target
precision € > 0 and a parameter of interest 6§ : D — O, the learner aims at estimating (D) with
precision ¢ for the metric p with a minimum number of queries r : R” — [—1, 1], uniformly over the
model D. The present framework is a particular case of the search problems considered in [Fell7],
where a metric on © is not necessarily available.

Remark 1. Manifold estimation will naturally bring us to consider the support 8(D) = Supp(D) C
R™ as the parameter of interest, and the Hausdorff distance p = dp. However, we present the
broader setting of a general metric space (0, p) of estimation, to also cover the intermediate results
required by the SQ versions of the routines of Manifold Propagation (see Section 4). Namely, it
will involve the Euclidean space (R", ||-]|) for point estimation, and the matrix spaces (R"*", ||-||x)
and (R™™, |-].).

This paper considers interactive SQ algorithms, meaning that the learner is allowed to interact
with the oracle dynamically and does not have to send all their queries at once before any answer.
That is, query functions are allowed to depend arbitrarily on the previous answers given by the
oracle. More formally, we give the following Definition 2.
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Definition 2 (Deterministic Statistical Query Estimation Framework).
e A statistical query (SQ) algorithm making q queries is a tuple A = (rq,...,7q, é), where

rmeEF rRoF, -, 7R 5 F and 6: R — O,

eleta :F—oR, a3 =R, ..., ag : §7 = R. We say that O = (a1,...,a4) is a STAT(7)
oracle for SQ algorithms making q queries on the distribution D, if for all 1 € §, 0 : R — §,
...,Tq:]qul—H?,

a1 (ry) — E [r1(2)]] <,

[ra(a1 (1)) (2)]| < 7,

|lag(r1,m2) — E
T

‘aq(rl, ceyTq) — zINED[TQ(al(Tl)’ ... ,aq_l(rl))(x)] | <

e The output of A = (r1,...,7¢, é) when it interacts with the oracle O = (a1, ...,a,) is defined by
é(rl, oo rg;0) = é(al(rl), s ag(ry, ., mg)).

e Given a model D over R" (i.e. a set of probability distributions), we say that a SQ algorithm A
is a STAT(7) estimator with precision € for the statistical estimation problem 6 : D — O if for
all D € D and all valid STAT(7) oracle O for D,

p(@(D),é(rl, ., 1g;0)) <e.

Beyond deterministic algorithms, one may allow the learner to access randomness, and to fail
at estimating the parameter of interest with some controlled probability o < 1 | ) |. This
gives rise to the following Definition 3.

Definition 3 (Randomized Statistical Query Estimation Framework).

e A randomized SQ algorithm A is a distribution over SQ algorithms.

e Given a model D over R", we say that a randomized SQ algorithm A is a STAT(7) algorithm
with precision € and probability of failure (or error) a over D, if for all distribution D € D and
all valid STAT(r) oracle O for D,

Pr {p(G(D),é(rl,...,rq;O)) gs} >1—a.
A=(r1,...,rq,0)~A
A priori, randomized algorithms may require significantly less queries than deterministic ones
to achieve an estimation task | ]. However, we will show that this phenomenon does not occur
for manifold estimation, as soon as the probability of error « is not considerably close to 1. For
this, we will exhibit upper bounds using deterministic algorithms, and matching lower bounds on
randomized algorithms. See Section 5 for the precise statements.
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Remark 4 (About Noise). The statistical models considered in this work (Definition 10) are
noise-free, in the sense that the STAT(7) oracle — although adversarial — has access to the exact
underlying distribution D. Beyond such an exact model, a noise model that is particularly popular
in the manifold estimation literature is the so-called clutter noise model [ , ].
Given a nuisance parameter § € (0,1] and a fixed noise distribution Qo over R" — usually the
ambient uniform distribution over a compact set of R” —, the associated clutter noise model is the
set of mixtures

DI — (8D + (1 - B)Qo, D € D}.

In particular, Dgil;tg? coincides with D. For § < 1, in the i.i.d. sampling framework, it yields

samples with a proportion of approximately 5 informative points and (1 — /3) of non-informative
clutter points.

As mentioned in the introduction, this type of noise model gave rise to subtle iterative declutter-
ing procedures that rely heavily on the properties of Qg (i.e. being ambient uniform) [ ]. This
noise-specificity is also a limitation of the (intractable) estimator of | ], which would
also fail with clutter distributions )y other than uniform. In contrast, in the statistical query
framework, if 8 and @y are known, then estimation techniques need not be much more elaborate
for the case 8 < 1 than for 8 = 1. Indeed, the statistical query complexity of an estimation problem
in STAT(7) over Déﬁggter) coincides with its counterpart in STAT(7/3) over D.

The correspondence is explicit: algorithms designed for § = 1 naturally generalize for 5 < 1 and
vice-versa. To see this, let r : R™ — [—1, 1] be a query to a STAT(7) oracle with true distribution
Dlelutter) — 31 4 (1 — B)Qq. Say that the learner gets answer a € R, then the function returning
a’ = (a— (1 — B)Eq,[r])/B, which can be computed by the learner who knows Qo and 3, clearly

simulates a valid STAT(7/3) oracle to the query for the distribution D. For the same reason,
clutter)

conversely, any STAT(7/f)-algorithm over D yields a STAT(7)-algorithm in Dé,QO .

This shows that the statistical query complexity in STAT(7) over D coincides with its counter-
part in STAT(7) over Dgigzmr) for any fixed 0 < 8 < 1 and clutter distribution Q. Conversely,
any SQ algorithm in the clutter-free model can easily be made robust to clutter noise, as soon as
the clutter distribution )¢ and noise level 0 < 5 < 1 are known to the learner.

As a first illustration of a non-trivial SQ estimation problem, let us describe that of the mean
Es~p[F(z)] of a bounded vector-valued function F : R® — R¥ where ||F(z)|| <1 [ ]. Here
and below, ||-|| stands for the Euclidean norm. This example will be central in the construction of
our SQ geometric routines (Theorems 19 to 21), and hence for the final SQ manifold estimation
algorithms (Theorems 22 and 25).

One query to a STAT(7) oracle allows to compute the mean value of a function ranging in [—1, 1]
with precision 7. Hence, the k coordinate functions r;(x) = (e;, F(z)) € [—1,1] are valid queries,
and allow to estimate each coordinate of E,~p[F'(z)] with precision 7. This naive strategy results
in a deterministic SQ algorithm making & queries to STAT(7) and precision 7 for the sup-norm,
but only vk7 for the Euclidean norm. The following Lemma 5 shows that the learner may ask 2k
queries to a STAT(7) oracle, while still preserving a precision of order 7 for the Euclidean norm. The
strategy consists in querying F in a suitable frame of R¥ [ , Section 1.3|, i.e. a redundant
family of vectors of R¥ which avoids the extra vk factor of the non-redundant coordinate-wise
queries.

Lemma 5. Let D be a Borel probability distribution over R", and F : R® — R* be such that
|F(z)|| <1 for all x € R™.
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There ezists a deterministic statistical query algorithm making 2k queries to a STAT(7) oracle,
and that estimates Ey~p [F(x)] with precision Ct for the Euclidean norm, where C > 0 is a
universal constant.

Proof of Lemma 5. Let us denote by D’ the pushforward distribution of D by F. As for all mea-
surable function r : R¥ — [—1,1],

E
z/'~D’ xz~D

any valid STAT(7) oracle for D simulates a valid STAT(7) oracle for D’. Hence, applying | ,
Section 1.3 (Theorem 3.9 in full version)] to D', we get the desired result. O

2.2 Manifold Regularity and Distributional Assumptions
2.2.1 General Notation and Differential Geometry

In this article, n > 2 is referred to as the ambient dimension and R” is endowed with the Euclidean
inner product (-,-) and the associated norm ||-||. The closed Euclidean ball of center x and radius
r is denoted by B(x,r). The volume of the d-dimensional unit ball B4(0,1) is denoted by wy, and
that of the d-dimensional unit sphere S%(0,1) C R by oy.

We will consider compact connected submanifolds M of R", without boundary, and with di-
mension d < n | |. Given a point p € M, the tangent space of M at p, denoted by T),M, is the
d-dimensional linear subspace of R” spanned by the velocity vectors at p of C! curves of M. The
Grassmannian G™? is the set of all the d-dimensional linear subspaces of R”, so that T,M € G
for all p € M. In addition to the Euclidean structure induced by R™ on M C R", we also endow M
with its intrinsic geodesic distance dps, with Bas(p, s) denoting the closed geodesic ball of center
p € M and of radius s. More precisely, given a C' curve c : [a,b] — M, the length of ¢ is defined

as Length(c) = ff | (t)|| dt. Given p,q € M, there always exists a path ~,_,, of minimal length

joining p and ¢ [ |. Such a curve 5,4 is called geodesic, and the geodesic distance between
p and ¢ is given by das(p,q) = Length(vy—q) | , Chapter 2]. In particular, (M,dys) is a
length space [ , Remark 5.1.7]. A geodesic v such that [|[7/(¢)|| = 1 for all ¢ is called arc-

length parametrized. Unless stated otherwise, we always assume that geodesics are parametrized
by arc-length. For all p € M and all unit vectors v € T),M, we denote by -, ., the unique arc-length
parametrized geodesic of M such that v,,(0) = p and 7, ,(0) = v | ]; the exponential map is
defined as expéw (vt) = vpw(t). Note that from the compactness of M, exp;‘,/f : TpyM — M is defined
globally on T, M | , Theorem 2.5.28].

2.2.2 Geometric and Statistical Models

Let us detail the geometric assumptions we will make throughout. Besides the differential structure
given by low-dimensional submanifolds, the core regularity assumption of this work will be encoded
by the reach, a central quantity in the statistical analysis of geometric structures (see [ ]
and references therein), and that we now describe.

To this aim, let us define the medial azis Med(K) of a closed subset K C R™ as the set ambient
points that have at least two nearest neighbors on K. Namely, if we let d(z, K) = infpek ||p — 2||
denote the distance function to K,

Med(K) = {2 € R" | 3p £ q € K, |lp— 2]l = llg - 2I| = d(2, K)}.
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By definition of the medial axis, the metric projection onto K, given by

mic(2) = argmin [lp — 2|

peK
is well defined exactly on R™ \ Med(K'). The reach of K is then defined as the minimal distance
from K to Med(K).

Definition 6 (] , Theorem 4.18]). The reach of a closed subset K C R™ is defined by

rchg = inf d(z K).
z€Med(K)

Furthermore, if K = M C R" is a C?-submanifold, then its reach can be written as

2
f llg — pl|

rCh = n _—
M ptgem d(q — p, T,M)

The second formulation of Definition 6 assesses how a large positive reach testifies of a quan-
titative uniform regularity of M C R". Indeed, the submanifold M being C2-smooth essentially
means that locally, M deviates a most quadratically from its tangent spaces. Adding the condi-
tion rchys > rchyin > 0 yields the quantitative bound d(q — p, T,M) < |lq —p|]2/(2rchmin) for
all p,q € M. In particular, this condition bounds curvature and intrinsic metric properties (see
Lemma 8). The interested reader shall refer to | | for further discussions on the reach.

Definition 7. We let M?C’ffmin denote the set of compact connected d-dimensional C?-submanifolds
M of R", without boundary, that have reach bounded below by rchy; > rchpyy.

Among the key properties shared by submanifolds M with reach bounded below rchy; > rchpyi,
are a quantitative equivalence between the Euclidean and geodesic distances, and the fact that
their curvature is uniformly bounded by 1/rchpip.

Lemma 8. Let M € ./\/lfc’fllmin and p,q € M. If ||g — p|| < 2rchyin, then

lg = pll < dar(p; q) < 2rchpin arcsin (M)

In particular, for all r < 2rchpin,
B (p.r (1= (r/rchin)’ /24) ) 0 M € Bus(p,7) € B(p,7) 0 M € Bag (p,r (14 (r/rehn)? /4) )

Furthermore, if v : [a,b] — M is an arc-length parametrized geodesic, then for all t € [a,b],
||7//(t)|’ < 1/rChmin-

Proof of Lemma 8. We clearly have ||¢ — p|| < das(p, q), and the upper bound comes from [ ,
Lemma 3]. The ball inclusions then follow from the elementary bounds sin s > s(1—s%/6) for s > 0,
and arcsinu < u(l 4 u?) for 0 < u < 1. The last claim is a rephrasing of | , Proposition
6.1]. 0

These estimates will be used to compare, in a quantitative way, the (curved) geometry of M
with that of the (flat) Euclidean d-dimensional space. Finally, we present the following uniform
estimate on the massivity of submanifolds M € Mfc’gmin, which we will use below to show that
Manifold Propagation terminates. For § > 0, the d-packing number pk,,(§) of M C R™ is the
maximal cardinal k of a set of points {p;}, ., € M such that B(p;,d) N B(p;j,0) = 0 for all i # j

(i.e. |lpi — pil| > 20) (see Appendix B.2 for more details).

16



Lemma 9. Let M € M™® . Then for all § < rchyin/8,

rchimin

HA(M)
PO = L

where HY(M) denotes the surface area of M.
Proof of Lemma 9. Follows from Proposition 32 and Proposition 33. O

Based on the geometric model above (Definition 7), we now describe the statistical model
(i.e. set of probability distributions) of this work. Every M € M?C’ffmm inherits a non-trivial finite
measure induced by the d-dimensional Hausdorff measure %% on R” O M, defined by voly; = 1/H?,
and called the volume measure of M. Note that with this normalization, voly (M) = H(M)
corresponds to the d-dimensional surface area of M, so that voly /H®(M) corresponds to the
uniform measure on M.

Definition 10. We let ch’fllmm( fmin, fmax, L) denote the set of Borel probability distributions on

R™ such that M = Supp(D) € ./\/lfc’ffmm, and such that D has a density f with respect to vol; such
that

e f is bounded away from zero and infinity: 0 < fiin < f(2) < fiax < oo for all z € M.
e fis L-Lipschitz over M: |f(z) — f(y)| < L ||z — y|| for all z,y € M.

As Di’ﬁmin( fmin, fmax, L) is invariant by translations in R™, this model actually provides insuffi-
cient prior information to derive any uniform SQ complexity bound over it. This contrasts sharply
with the sample framework [ , ], where the sample points provide automatic loca-
tion information and yields finite sample complexity over D;Lc’fllmin( Smin, fmax, L)-

Proposition 11. Assume that o4 fminrchl, < 1. Then for all € > 0, manifold estimation over
Dﬁf (fmin, fmax, L) with precision € has infinite randomized statistical query complezity.

min

The assumption that oy fminrchfnin < 1 is made to preclude degeneracy of the model. It can be

shown to be necessary (see Section 2.2.3 below for a more detailed discussion). The proof of Propo-
sition 11 relies on the fact that the supports Supp(D) of distributions D € ch’gmin( Smin, fmax, L)
form an unbounded class for the Hausdorff distance. It is therefore natural to add an extra location
constraint to the model. We study two different such constraints. The first one fixes membership
of a distinguished point to M, which we take to be the origin 0 € R™ without loss of generality. The
second one bounds the problem in an ambient ball of radius R > 0, which we take to be centered

at the origin B(0, R) without loss of generality.
Definition 12. Completing the framework of Definition 10, we consider the two following models.
e Fixed point model:

— {0} uM™  denotes the set of manifolds M € M™? such that 0 € M;

rchmin rchmin
- {O}LIDZ:’g  (fmin, fmax, L) stands for the set of distributions D € ch’ﬁl ~ (fmin, fmax, L) with

support such that 0 € M = Supp(D).

e Bounding ball model: given R > 0,
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- B(O,R) M M?C’ffmm denotes the set of manifolds M € M?C’fllmin such that M C B(0, R);

— B(0,R)M Dlzgmin (fmin, fmax, L) stands for the set of distributions D € ch’gmin( Jmin, fmax, L)
with support such that Supp(D) = M C B(0, R).

Let us now discuss some features imposed by the above models.

2.2.3 On Some Implicit Bounds on the Parameters

Although not explicit in Definition 12, parameters of the models are not arbitrary. That is,
ch’ffmm (fmins fmaz, L) might be degenerate or even empty in some regimes of parameters, making
the manifold estimation problem vacuous. The reason for this resides in implicit volume bounds
imposed by the reach. Indeed, if D € D?C’gmin( fmins fmaz, L) has support M, then since D is a
probability distribution,

fmian(M) <1l= / ded < fma:de(M)'
M

As a result, the volume estimates of Proposition 35 yield

1 1 1

Jmin < < < :
T HAM) T ogreh® T wareh?

If furthermore, D € B(0, R) M chfmm (fmins fmaz, L) (i.e. M C B(0, R)), then

f > 1 > 1
mar — d - n d’
H (M) ( 18R ) Ry (rch2min )

rChmin

Note that Proposition 35 also yields that R > rchuyi,/v/2. Consequently, to ensure non-vacuity
of the models, and without loss of generality, it is natural to take the following setup. Here, Ch
stands for a constant depending only on [1.

n,d
I‘Chmi

e When Wol“king over {O} uD n(fminy fmaxa L)7 assume that fmin < fmaw R > CrChmirm and

d -1
wdfmianhmin < Cd s

for some large enough constant Cy > 0.

e When working over B(0, R) 1 D?C’gmin (fmins fmaz, L), assume that foin < finaz, B > Crchpin,

rchoin \ "
R bl

d -1 d
Wdfmianhmin < Cd and wdfmaerhmin > Cn,d <

for some large enough constants C, Cy, C;, g4 > 0.

See Appendix B for a more thorough exposition of the technical properties of the models {0} L
IDZ”@C’}IIimin (fmim fm(zma L) and B(Oa R) r ID;Lcﬁmin (fminy fmaza L)
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2.3 Manifold Reconstruction from Point Clouds

Following the recent line of research on manifold estimation [ , , ,

, |, we will measure the accuracy of estimators M of manifolds M via the so-called
Hausdorff distance, which plays the role of an L°°-distance between compact subsets of R™. To this
aim, we will need the following piece of notation. For K C R™ and r > 0, we let K" denote the
r-offset of K:

K'={zeR"d(z,K) <r},
where we recall that d(z, K) = inf,cx ||[p — z|| is the function distance to K.

Definition 13 (Hausdorff Distance [ , Section 7.3.1]). Given two compact subsets K, K’ C
R"™, the Hausdorff distance between them is
dH(Kv K/) = Sup ’d(.ﬁlf, K) - d(.’IJ, K/)|
TER™
=inf{r>0,K C (K')" and K'C K"}.

Manifold reconstruction from point clouds has been extensively studied in the area of compu-
tational geometry [ , ]. In this field, the learner is given a sample of M, usually seen
as deterministic, and the goal is to build efficiently a reliable triangulation M of M, either topo-
logically, geometrically, or both. Such a construction actually is always possible, provided that the
point cloud is sufficiently close and dense in M, and that the learner is provided with tangent space
estimates at these points. This is formalized in the following Theorem 14, where ||-[|,, stands for
the operator norm over the set of matrices.

Theorem 14 (Adapted from | , Theorem 4.4]). There exists \g > 0 such that for all ¢ <
Agrchmin and all M € ./\/lfc’ffmin, the following holds.

Let X C R"™ be a finite point cloud and Ty = {Tx}xeX C G™® be a family of d-dimensional
linear subspaces of R™ such that

e maxd(z, M) < ° _
A (z, M) <mn, I;lea/‘)fi T @M — Ty

<sinf.
op

d(p, X) <A
* maxd(p, &) <A,
If 0 < A/(1140rchyin) andn < A%/(1140rchyin ), then one can build a triangulation M = M (X, Tx)
with vertices in X such that

e dy (M7 M) < C’dAQ/rchmin, e M and M are ambient isotopic.

Proof of Theorem 14. We apply | , Theorem 4.4] on a sparsified subset X’ of X, which is a
pruned version of X’ that is e-sparse but still dense enough in M. This subsample X’ can be built
explicitly by using the so-called farthest point sampling algorithm to X’ [ , Section 3.3]. For this,
initialize X’ with X’ = {z0}, where xy € X is chosen arbitrarily. Then, while max,cx d(z, X’) > A,
find the farthest point to X’ in X', and add it to A’. That is, X’ + X’ U {argmax,cy d(z, X’)}
(and if the argmax is not a singleton, pick an arbitrary element of it). The output X’ C X of this
algorithm clearly satisfies ming s, cxr |y’ — 2’| > A, and furthermore,

maxd(p, X’) < maxd(p, X) + maxd(x, X’) < 2A.

peEM peM reX
Therefore, | , Theorem 4.4] applies to X’ and Ty, and M (X', Tx/) provides the announced
triangulation. O
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Although we will not emphasize on exact topology recovery in the present work, let us mention
that the triangulation M actually exhibits the extra feature of sharing the same topology as M,
ie. M and M are isotopy equivalent. Let us also mention that the triangulation can be built in
linear time in n, with an explicit polynomial time and space complexity | , Section 4.6].

Said otherwise, Theorem 14 asserts that manifold reconstruction with precision € can be achieved
if a sample that is (v/rchpine)-dense and e-close to M, together with associated estimated tangent
spaces with precision y/e/rchyin, are available to the learner. As opposed to the sample framework,
the statistical framework does not provide the learner with such data directly. In STAT(7), our
strategy will therefore be to build such a point cloud and tangent spaces iteratively from queries,
using the following purely geometric Manifold Propagation algorithm.

3 Manifold Propagation Algorithm

We now present the Manifold Propagation algorithm and its properties, which works in a setting
where only geometric routines are available to the learner. Although we will eventually apply this
algorithm in the context of statistical queries (see Section 5), let us insist on the fact that the
framework detailed in this Section 3 is purely geometric, and does not rely specifically on statistical
queries.

As mentioned in the introduction, the idea is to explore the unknown manifold M via the
access to only three complementary geometric routines. Roughly speaking, Manifold Propagation
explores M in a greedy way, while building a point cloud with associated tangent spaces, by using:

e A seed point Zy € R™, known to be close to M, and that allows to initialize the process.

e A tangent space routine T:R" — G™, that allows to make linear approximations of M nearby
points, and hence to provide local candidate directions to explore next.

e A projection routine 7 : R” — R™, that compensates for the errors made by the previous steps,
by approximately projecting points back to M.

To avoid redundancy, all this is done while checking that the new candidate points are not too
close to some already-visited region of the space. More formally, the algorithm runs as described
on page 21.

In spirit, Manifold Propagation is similar to the marching cube algorithm of | ] and the
tracing algorithm of | |, which use calls to an intersection oracle answering whether a candi-
date element of a partition of the ambient space intersects the manifold. However, the approaches
of [ ] and [ | use static partitions of R™ (cubes and a Coxeter triangulation respec-
tively), which translates into an exploration complexity of M — measured in the number of calls
made to the oracles/routines — that strongly depends on the ambient dimension [ , Theo-
rem 24]. In contrast, Manifold Propagation builds a point cloud nearby M dynamically, which
allows to adapt to its intrinsic low-dimensional geometry. This results in an exploration complexity
that is completely oblivious to the ambient space. That is, the overall dependency in the am-
bient dimension is fully supported by the geometric routines themselves. This can be explained
by the intermediate tangent space estimation routine, that allows the algorithm to only explore
the d local (approximate) tangent directions of M only, while being oblivious to the (n — d) > d
non-informative codimensions. As a counterpart, Manifold Propagation needs to compensate for
these local linear approximations which, although possibly negligible at each iteration, may cumu-
late into substantial deviations from the manifold after several steps. This possible global drift is
taken care of via the projection routine, which somehow reboots the precision of the process when
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Algorithm 1 Manifold Propagation

Require:
Seed point g € R"
Tangent space routine T:R" — Gnd
Projection routine 7 : R” — R"
Tuning parameters A,d > 0 (scales) and 0 < a < 7/2 (angle)
1: Initialize Q « {Z¢}, O < 0 and T «+ 0
2: while Q # () do
3: Pickx € Q
Set T+ T'(z) and T + To U{T}
Consider a maximal (sin a)-packing vy, ..., vy of the sphere S$1(0,1) C T
forie {1,...,k} do
if d(:v + Awv;, QU (’)) > § then
Q<+ QU {fr(a: + Avi)}
end if
10: end for
1 Q<+ Q\{z}and O + OU{z}
12: end while
13: return O and Tp

—

a point is added. To the best of our knowledge, Manifold Propagation is the first instance of an
algorithm working only with the three geometric routines described above. We now state the main
result presenting its properties.

Theorem 15 (Properties of Manifold Propagation). Let M € M?C’gmin, and assume that there
exist 0 <n < A < rchyi, and 0 < 0 < w/2 such that:
(i) d(Zo, M) < n;
(it) For all x € R™ such that d(x, M) <n, |71, M — T | < sin 6.
op

(iii) For all x € R™ such that d(z, M) < A, ||mp(x) — 7(2)]| < n;

Assume furthermore that A < rchpin/24, n < A/64, max {sin o, sinf} < 1/64, 5A2/(8rchyin) +
n+ Asinf <A, and 3A/10 < § < 7A/10.

Then, Manifold Propagation terminates, and the number Nioop, of iterations performed in the
while loop (Lines 2-12) satisfies

H(M)
wd(5/32)d’

Furthermore, it outputs a finite point cloud O CR"™ that:

1. Nigop < where H(M) denotes the surface area of M.

2. Is n-close to M: max,co d(x, M) < n;
3. Is a (A +n)-covering of M: max,cp d(p, O) < A+n;

together with a family To = {T(m)}zeo C G™? of linear spaces that:

< siné.

4. O-approximate tangent spaces: max,co HT‘-T""]\I(Z)M = ()
y op
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To get to Theorem 15, we will need the following series of lemmas, which are proved in Ap-
pendix A. The first statement asserts that the point clouds Q and O that the algorithm builds
remain 7-close to M at all times. The reason for this resides in the fact that this property holds
for the seed point g by assumption, and that the projection routine 7 maintains this 7-closeness
when points are added to Q, and hence to QU O.

Lemma 16. Let M € Mrch o and assume that n < rchpyin, A < rchyi, /4 and 2 8rch +n+
Asinf < A. Then when runmng Manifold Propagation, the following inequality is mamtamed.

max d(x, M) <
zeQUO ( ) -

The second statement ensures that points in @ U O remain far away from each other, so that
they always form a packing with fixed radius. This property, maintained by the proximity test at
Line 7 of Manifold Propagation, is the key ingredient for the termination of the algorithm and
its complexity.

Lemma 17. Let M € ./\/l]rCh o and assume that n < rchpyin, A < rchyi, /4 and 2 Srch +n+
Asinf < A. Then when runmng Manifold Propagation, the following inequality is mamtamed.

A2
min ||z —y|| >6d§d— =
z,yeQUO ” yH - 8 I'Chmin
TFY
The third and last statement roughly asserts that if Manifold Propagation terminates, then
all the A-neighborhoods of M have been visited by the output O, i.e. that the greedy tangential

exploration strategy is somehow exhaustive at scale A.

—2n — Asiné.

Lemma 18. Let M € Mrch and assume that A < rchmyin/24, n < A/64, and max {sin o, sin 0} <

1/64. Assume furthermore that, 8 rch +77—|—A sinf < A andd < 7A/10. If Manifold Propagation
terminates, then its output O satzsﬁes

d <A
gé%(gélg m(p,ma(z)) <A,

where dps(+,-) is the geodesic distance of M.

We are now in position to prove Theorem 15.

Proof of Theorem 15. 1. By construction of Manifold Propagation, any visit of the while loop
(Lines 2-12) finishes with the addition of a point to O@. Since O = () at initialization, the
number of already performed loops is maintained to satisfy Njoop = |O| when the algorithm
runs. Furthermore, by Lemma 16 and Lemma 17, we have at all times

mler(lg |7ar(x) — mar (y)||

)

T7Y
> i —
> nin 7 (x) — 7ar(y)]|
Ay
> ' —qyll = |lx = —ly —
> min (e —yl = llz = mu @)l = ly ~ ma W)
z7y
5 A2
>(6— = —2n — Asinf ) — 2
173 17310 5
> _——A> —5>->0.
=960 ~ 960 7 > >
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This shows that was : O — 7 (O) is one-to-one, and that the set m3/(O) C M is a (§/8)-packing
of M. As a consequence, we have at all times

HA(M)

Nigop = |O] = |mar(O)| < pkys(6/8) < wa(8/32)7"

where the last inequality follows from Lemma 9.
As Nigop < 00, this first item also shows that Manifold Propagation terminates.

2. This statement follows directly from Lemma 16.

3. We have already shown that Manifold Propagation terminates. Therefore, Lemma 18 applies,
and combining it with Item 2, we get

d(p, 0) = in [|p —
max (p,0) gé%ggl\p z||

< i - —
< maxmin [p — ms ()| + max o — 7 ()]

< maxmindps(p, mar(z)) + 7

peEM €O
<A+
4. Follows straightforwardly from Item 2 above, and the assumption that HwTwM M = T <
op
sin@ for all z € R™ such that d(z, M) <n. O

4 Geometric Routines with Statistical Queries

Coming back to manifold estimation with SQ’s, we notice that combined together, a) the point
cloud-based reconstruction method of Theorem 14 and b) the greedy point cloud construction
of Theorem 15 using geometric routines only, reduce the problem to constructing SQ algorithms
emulating these routines with a STAT(7) oracle. We now present constructions of SQ algorithms
for the projection routine #(-) (Section 4.1), the tangent space estimation routine T'(-) (Section 4.2),
and the seed point detection g (Section 4.3).

4.1 Projection

Given a point zy € R™ nearby M = Supp(D), we aim at estimating its metric projection 7y (o)
onto M with statistical queries to STAT(7). As mentioned earlier, the reasoning we adopt is as
follows:

e For a properly chosen bandwidth A > 0, the local conditional mean

(z—x0)

(z0,h) = E_[z|B(xo,h)] ] i)
mp(xg,h) = x |B(xo, =z
D0 x~D 0 0 D(B(l’o,h))

of D around x has small bias for estimating mys(xg) (Lemma 37).

e As mp(xzp,h) € R™ writes as a ratio of the two means Ez.p [(xfo)ﬂux—xough} € R™ and

D(B(z0,h)) = EznD|[Ljjz—z0|<n] € R”, it can be estimated using 2n + 1 queries (Lemma 5).
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The proof of these results are to be found in Appendix C. Combined together, we then prove the
correctness of the SQ projection estimation procedure (Theorem 19) in Appendix C.2.

Theorem 19 (SQ Projection Estimation). Let D € ngmin(fminvfmar’L) have support M =

Supp(D). Assume that

I“Chmin
)

T

—— < AN gng A <
wdfmianhmin

for some small enough absolute constant ¢ >0, where I' =Ty . ¢ | = fmm(%

Then for all g € R™ such that d(xo, M) < A, there ezists a SQ algorithm making 2n+1 queries

to STAT(7), that outputs a point w(xg) € R"™ estimating mwpr(xo) with precision

2

d A? T
Hﬁ'(.%'()) - 7T]\/[('%'O>H S n S % max{ h 7Fﬁr0hmin <T> } ’

. d
I'Cllimin wdfmianhmin

where C' > 0 is an absolute constant.

4.2 Tangent Space

Given a point xg € R™ nearby M = Supp(D), we aim at estimating the tangent space Trrr(wo)M
with statistical queries to STAT(7). The strategy we propose is based on local Principal Compo-
nents Analysis, combined with low-rank matrix recovery with SQ’s. This local PCA approach is

similar to that of [ ) |. As described above, the reasoning is as follows:
e For a properly chosen bandwidth kA > 0, the local (rescaled) covariance matrix
T

Sp(an ) g | @m0z
x~D h

Ljz—goli<n| € R™"

of D around =z is nearly rank-d, and its first d components span a d-plane close to T,

o (z0)M €
G™? (Lemma 38).

e Principal components being stable to perturbations (Lemma 39), estimating ¥ p(xg, h) € R™*"

is sufficient to estimate T} ()M € G™4.

e Estimating $p (2o, k) € R™" = R" using O(n?) queries (Lemma 5) is too costly and would be
redundant since ¥.p(xg, h) is nearly rank d < n. Instead, we use matrix compression arguments
(Theorem 41) and an explicit construction of a matrix sensing operator (Lemma 42) to derive
a general mean low-rank matrix SQ algorithm (Lemma 43). This result roughly asserts that a
mean matrix ¥ = Egp[F(z)] € R™"™ of a bounded function F' : R” — R™ " that has nearly
rank d can be estimated with precision C'7 using nd polylog(n) queries to STAT(7).

The proof of these results are to be found in Appendix D. All combined together, we then prove
the correctness of the SQ tangent space estimation procedure (Theorem 20) in Appendix D.4.

Theorem 20 (SQ Tangent Space Estimation). Let D € Dﬁfmm (fmin, fmaz, L) have support M =

Supp(D). Assume that
T 1\t rchmin
< - and n < .

d P—
wdfmaa: rChmin




Then for all z9 € R™ such that d(xo, M) < n, there exists a deterministic SQ algorithm making
at most Cdnlog®(n) queries to STAT(7), and that outputs a d-plane T(xg) € G™? estimating
Trrr(wo)M with precision

1
' ) . a1
H’]T,j—,(x = T oy M < sin 6 < de max N , < P ) )
0 M (zg op fmin rchimin wdfmaerhmin

where C > 0 is an absolute constant.

4.3 Seed Point

Given a ball of radius R > 0 guaranteed to encompass M = Supp(D) C B(0,R), and a target
precision n > 0, we aim at finding a point that is 7-close to M with statistical queries to STAT(7).
The strategy we propose is as follows:

e Starting from B(0, R), we use a divide and conquer strategy (Theorem 44). The algorithm (SQ
Ambient Binary Search) queries indicator functions of an interactively chosen union of balls,
stops when there is only one ball left and outputs its center £3*. This method only uses estimates
on the local mass of balls for D (Lemma 30), and forgets about the differential structure and
C%-smoothness of M. Hence, although efficient, it only obtains a precision O(max{n,Tl/ d}),

that can be much larger than the prescribed one O(max {17, 72/(6”1)}).

sSraw

e Starting from Z{*", we then refine this detected point by iterating the SQ projection routine 7(-)
(Theorem 19), which does use extensively the C2-smoothness of M. As 25 is close to M, this
procedure is guaranteed to enhance precision quadratically at each step, and is hence satisfactory
(i.e. has precision 7n) after a logarithmic number of iterations.

The proof of these results are to be found in Appendix E.

Theorem 21 (SQ Point Detection). Let D € B(0, R) M ch’{fmm(fmin,fmam,L) have support M =
Supp(D) C B(0, R). Assume that

T . —1/2)¢ rchp;
— 7 < I min {cd, (nlog (R/(T'rchmin)) 1/2} , and n < %
W fmintchyiy
for some small enough ¢ >0, where I' =Ty . ¢ 1 = fmx_{%,

Then there ezists a deterministic SQ algorithm making at most 3nlog(6R/n) queries to STAT(7),
and that outputs a point To € B(0, R) such that

2
2 1
d(zo, M) < max {77, Cdfdﬂ—lrchmin (T> } :

d
wdfmianhmin

where C > 0 is the absolute constant of Theorem 19.

5 Manifold Estimation with Statistical Queries

We are now in position to state the main results of this work, namely bounds on the statistical

query complexity of manifold estimation in STAT(7). We split the results into the two studied
models {0} U D:gffmm( Jmins fmaz, L) and B(0, R) M Dgffmin( Jmins fmaz, L). For each model, we get an
upper bound by combining the results of Sections 3 and 4. It is followed by an informational and a
computational lower bound, coming from the general lower bound techniques of Appendix G and

the constructions of Appendix H.
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5.1 Fixed Point Model
In {0} U Dféfll (fmin, fmaz, L), the origin 0 € R™ is known to belong to M. The SQ algorithm we

propose consists in running Manifold Propagation with seed point £y = 0 and the SQ projection
and tangent space routines of Theorems 19 and 20. This leads to the following upper bound. Let
us mention that one could easily extend this result and relax the assumption that 0 € M to d(0, M)
being small enough.

Theorem 22. Let D € {0} U prd (fmins fmaz, L) have support M = Supp(D). Writing T' =

rchmin
fmin

Lt Fmaw L = S s let us assume that

Faminrch? < ATTED2 gnd ¢ < ET3rchpin,
minTCly,ipn

for some small enough absolute constants c,¢ > 0. Then there exists a deterministic SQ algorithm

making at most
d/2
q < n 10g6 n Cd (I"Chmin) /
B mianhﬁlin €

queries to STAT(7), and that outputs a finite triangulation M C R" that has the same topology as

M, and such that
A O - 2/(d+1)
d M, M < max g, 7I'Chmin W - d )
H( ) { I‘3 ( fmianhgnin )

where Cy > 0 depends on d and C > 0 is an absolute constant.

The algorithm of Theorem 22 has a statistical query complexity comparable to the optimal
sample complexity s = O(e~%/%/log(1/¢)) over D?C’gmm (fmin, fmazs L) | : : ],
and can provably achieve precision O(72/(**1)). Furthermore, the assumptions made as well as
the final precision are completely insensitive to n. The ambient dimension n only appears as a
quasi-linear factor in the query complexity. This contrasts with the sample complexity which does
not depends on n. However, notice that a single sample nearby M C R™ consists of n coordinates,
while statistical queries are forced to be real-valued (one dimensional) pieces of information, which
explains this apparent discrepancy.

Discussing its optimality, one may first wonder if the assumption made on 7 is necessary,
and whether the precision barrier of order O(7%(4+1)) is improvable in STAT(7). The following
statement answers to these questions, regardless the statistical query complexity.

Theorem 23. Let a < 1/2 be a probability of error. Assume that fimin < fmaz/4 and
2d+10dfminrchiﬂn < 1.

Then no randomized SQ algorithm can estimate M = Supp(D) over {0} U prd (fmins frmazs L)

rchyin
with precision
- rchyin . 1 ( T >2/ d
min ,
221 22d%" \ wy frinrchip,

and probability 1 — a, no matter its number of queries.
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This result justifies why the quantity 7/(wqfminrch, ) is required to be small enough in The-

orem 22: this actually is necessary so as to reach a precision of order at least O(rchpyi,). Second,

this informational lower bound shows that the learner cannot hope to achieve precision better than
Q(rchmin (7/(wq fminrchfnin))z/ d), even with the most costly randomized SQ algorithms. In turn, the
precision 0(72/ (dH)) of Theorem 22 is nearly optimal. Here, the assumptions made on fmin, fmaz
and rchy, are also necessary to ensure non-degeneracy of the model {0} LI ng}‘fmin(f mins fraz, L),
as mentioned in Section 2.2.3. Beyond the above informational considerations, we turn to the
computational one, i.e. to the minimal number of queries to STAT(7) that a learner must make to

achieve precision ¢.

Theorem 24. Let a < 1 be a probability of error, and ¢ < rchy,/(234d?). Assume that fuin <
fmaz/4 and
29 5y fninrchd < 1.

Then any randomized SQ algorithm estimating M = Supp(D) over {O}I_IDn’d n(fmin, fmaz, L) with

rchm;
precision € and with probability of success at least 1 — a must make at least

rchos d/2
.5 (n 1 < hmm> +log(1—a)> /log(1+1/7)

wa fuminrchy, \ 2%
queries to STAT(7).

For deterministic SQ algorithms (o = 0), the statistical query complexity of the algorithm of
Theorem 22 is therefore optimal up to polylog(n,1/7) factors. It even performs nearly optimally
within all the possible randomized algorithms, provided that their probability of error « is not
too close to 1, which would allow for a naive random pick among an e-covering of the space
({0} U M ,di) (with zero query to STAT(7)) to be a valid algorithm.

rChmin

5.2 Bounding Ball Model

In B(0,R) M D:ggmin( fmins fmaz, L), no distinguished point of R™ is known to belong to M, but a
location area B(0, R) containing M is available to the learner. Hence, the strategy of the previous
section cannot initialize directly. However, Theorem 21 allows to find a seed point zg close to M
using a limited number of queries to STAT(7). Starting from &y and, as above, running Manifold
Propagation with the SQ projection and tangent space routines of Theorems 19 and 20 leads to
the following upper bound.
Theorem 25. Let D € B(0,R) N D?C’}?min(fmin,fmaxal/) have support M = Supp(D). Writing
L'=T¢ . fmee, L = %, let us assume that
T
fmianh?nin

for some small enough absolute constants c,¢ > 0. Then there exists a deterministic SQ algorithm

making at most
hmin 4/2
qg < Cnlog <R) +nlogbn Ca i <rc )
€

fmianhmin €

queries to STAT(7), and that outputs a finite triangulation M C R" that has the same topology as

M, and such that
. Ccrd - 2/(d+1)
M, M) < —rchpin | ————— ,
du(M, M) < max ( €, R <fmianh(rinin>

< min {ch7(d+1)/2, e (nlog (R/(I‘rchmin))_d/Q} and & < ET3rchpmin,
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where Cy > 0 depends on d and C > 0 is an absolute constant.

Compared to Theorem 22, observe the extra O(nlog(R/¢)) queries made in Theorem 25, which
come from the seed point search performed at initialization. Passed this difference, the two results
are tightly similar. In the same fashion as above, we first discuss the necessity of the assumptions
made on 7 and the precision threshold O(7%/(¢+1)),

Theorem 26. Let a < 1/2 be a probability of error. Assume that rchyi, < R/48 and fuin <
fmaz/24, and

min

1<k<n min

( 96rch,invVE

k
= > <18 x 49 fyinrchd. < 1.

Then no randomized SQ algorithm can estimate M = Supp(D) over B(0, R)l_'D;lcfmin(fminv fmaz, L)

with precision
- rchpmin . 1 < T >2/ d
€ min
9227 222d2 ’ wdfmianhglin

and probability 1 — o, no matter its number of queries.

As above, we emphasize the fact that the assumptions made on fuin, fimaz, 'Chmin and R are
necessary to guarantee the non-degeneracy of the model B(0, R) I‘ID?C’fllmin( fmin, fmazs L), and hence
a non-trivial estimation problem (see Section 2.2.3). As for the fixed point model, we hence see that
the assumptions made on 7 and the precision € cannot be omitted. Let us though notice the slightly
more stringent assumption made on 7 that depends on n in the upper bound (Theorem 25) but
not in the lower bound (Theorem 26). This dependency originates from the seed point detection
method that we developed (Theorem 21) and we do not claim it to be optimal. As about the
computational lower bound for this model, we state the following result.

Theorem 27. Let o < 1 be a probability of error, and € < rchmin/(234d2). Assume that rchyi, <
R/48) fmin < fmam/24, and

min <18 x 4% fjarehd . < 1.

1<k<n

k
96rchyin VE
R

Then any randomized SQ algorithm estimating M = Supp(D) over B(0, R) D™ (fmin, fmaz, L)

rchuyin
with precision € and with probability of success at least 1 — o must make at least

(Z > 1aX 1() / 1() (1 (1) /1() (1 1/7)

queries to STAT(7).

As a result, the extra O(nlog(R/¢c)) queries of Theorem 25 are necessary in the SQ framework.
This contrasts sharply with the sample model, where no prior location information is necessary
appears in the sample complexity | , , ]. Roughly speaking, this is explained
by the fact that a single sample (the first, say) does provide location information for free, while
in the SQ framework, the learner is left with the whole ball B(0, R) to explore at initialization.
However, as mentioned above, note that the term (nlog(R/e) attributable to this initialization
step would only dominate in the regime where R is exponentially bigger than rchpyy.
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A Proofs of the Properties of Manifold Propagation

When running Manifold Propagation, linear approximations of the manifold are done via its
(approximate) tangent spaces. A key point in the proof of its correctness is the (quantitative)
validity of this approximation, which is ensured by the reach assumption rchy; > rchy,, which
bounds curvature.

Lemma 28. Let M € M?C’gmm, and x € M" with n < rchyy. Toke T € G™ such that
<sinf. Then for all A < rchyin/4, and all unit vector v € T,

HﬂTw(z)M I [

2

d(m+Av,M)<§ + 71+ Asin.

-8 I'Chmin

Proof of Lemma 28. By assumption on T, there exists a unit vector v € Trrr(z)M such that
|lv —v'|| < sinf. Hence, since d(-, M) is 1-Lipschitz, we have
d(m + AU,M) < d(:v + Av’,M) + Asinf
< d(mp(x) + AV, M) +n+ Asind
< HTrM(:E) + Av' — exp%\l(w)(Av')
2

+n+ Asiné

— Asin6
_8rchmin+n+ sin 0,

where the last inequality follows from | , Lemma 1]. O

We are now in position to prove Lemma 16, that guarantees that Manifold Propagation builds
point clouds that do not deviate from M.

Proof of Lemma 16. The points added to O are all first added to Q: therefore, it is sufficient to
check that all the points x added to Q satisfy d(z, M) < 7. To see this, proceed by induction:

e As Q is initialized to {Z¢} with d(Zg, M) < 7, the inequality holds true at Line 1, before the first
loop.

e If Z # &y was added to Q, it can be written as & = 7 (z+ Awv;), for some point 2y € Q and a unit

vector v; € T'(x0). By induction, we have d(zg, M) < 7, and therefore ’ﬂ-Tﬂ'IM(xO)M — T

zo) op

sin @ because T'(-) is assumed to have precision sin§ over M". Hence, from Lemma 28,

2

)
d({L‘Q + Avi,M) <=

Asingd < A
= Srehyy, T Asmrs A,

and therefore
d(z, M) < ||z — mp(zo + Avy)|| = [T (20 + Avi) — mar(zo + Avy)|| <

since 7(+) is assumed to have precision 1 over M*™,
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This concludes the induction and hence the proof. O

Next we show Lemma 17, asserting that the radius of sparsity of the point clouds built by
Manifold Propagation is maintained at all times.

Proof of Lemma 17. At initialization, Q U O = {Z}, so that the inequality trivially holds at Line
1. Then, if a point Z is added to Q at Line 8, it means that it can be written as & = 7 (zg + Awv;,),
with d(zo + Avi,, QU O) > 4. Consequently, by induction, we have

min Hx—yH:min{ min Hm—yH,d(a?,QU(’))}

z,ye QUOU{Z} z,y€ QUO
TH£Y T#£Y
5 A?
Zmin{é—f —2n — Asin#,
8 rchmin

(w0 + Aviy, QUO) || (0 + Avyy) — 7| |

_ 5 A? . .
> min 5_§rChmin —2n—Asin®,§ — ||(zo + Avi,) — Z|| ¢ -

In addition, Lemma 28 and Lemma 16 combined yield

(w0 + Aviy) — Z|| = || (w0 + Aviy) — 7 (0 + Aviy) ||
< |17 (wo + Avig) — mar (w0 + Avyy) ||
+ |7 (2o + Avyy) — (w0 + Avyy)||

5 A2

<n+|g +n+ Asinf | .
8 I'Chmin

As a result, after the update Q <— QU {z}, the announced inequality still holds. Finally, we notice

that Line 11, which swaps a point from Q to O, leaves Q U O unchanged. By induction, this

concludes the proof. O

Finally we prove Lemma 18, that states that if Manifold Propagation terminates, it outputs
a point cloud dense enough nearby M.

Proof of Lemma 18. Assume for contradiction that there exists pg € M such that for all z € O,
dys (po, TI'M(:L‘)) > A. Let xg € O (which is not empty since 2y € O) be such that

das (po, mar(20)) = ggng(po,TrM(ﬂﬂ)) =19 > A,

and write yo := mar(xo). Let v 1= yyo—p : [0,70] = M denote an arc-length parametrized geodesic
joining yo and po. Finally, set go :=v(A) € M and vg :=+/(0) € T,,, M.

Consider the sets @ and O of Manifold Propagation right after zyp was removed from Q and
added to O (Line 11). By construction, all the elements vy, ..., v, of a maximal (sin «)-packing of

S;l{; ) were tested to enter Q (Loop from Line 6 to Line 10). Because the packing is maximal, it is
0
~1

. . d
also a (2sin a)-covering of 7 ()

the precision of T'(zg), there exists v;, in this packing such that ||vg — vs,|| < 2sin o + sin 6.
As 7 is a distance-minimizing path on M from yq to qo, so it is along its two sub-paths with end-
point qg, as otherwise, one could build a strictly shorter path between yg and gg. In particular, since

(see the proof of Proposition 32). As a result, by assumption on
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A < ro = dpm(yo,po), we have dar(yo, o) = dar(yo,7(A)) = A and das(po, qo) = dar(po,7(A)) =
ro — A. As a result,

dar (po, T (7 (w0 + Avyy))) < dar (Po, qo) + dar (o, mar (7 (w0 + Avyy)))
=710 — A+ dar (go, mar (7 (x0 + Avyy))) - (1)

But from Lemma 8, we get

_ Av;
das (qo, mar (T (xo + Awvyy))) < 2rchpin arcsin (qu FM2(rc}(1x0 + A 0))”)

llg0 — s (7 (o + Aviy))|

2 )
\/1 ) <|rqo—m<ﬁ<xo+mio>>|r>
2rchynin

llgo = mar (7 (x0 + Avig))|| < llgo — (yo + Avo) || + [ (o + Avo) — (o + Avy)]|
+ [[(wo + Avig) — & (w0 + Aviy )|
+ 17 (o + Avig) = m (7 (0 + Avig)) || - (3)

<

and furthermore,

We now bound the right hand side of Equation (3) term by term. The first term is bounded by

2

llao = (yo + Awg) || = [7(A) = (+(0) + Ay'(0))]| < orchpmin

where the inequality follows from a Taylor expansion and Lemma 8. For the second term, write
(5o + Avo) — (z0 + Aviy)[| < [lyo — moll + A flvo — vip | <7+ A(2sina + sind).
For the third term, we combine Lemma 28 and Lemma 16 to get
|(xo + Aviy) — 7 (zo + Aviy) || < d (20 + Avyy, M)
+ |7 (o + Avy) — T (20 + Avyy)||

5 A?
< —
-8 I'Chmin

+2n+ Asiné,

and for the fourth term, applying again Lemma 28 and Lemma 16 yields

17 (20 + Aviy) — s (7 (z0 + Avyy))|| = d(7 (w0 + Avyy) , M)
<.
Plugging these four bounds in Equation (3), we have shown that

2

= h +4n + 2A(sina + sin 6). (4)

llgo — 7ar (7 (w0 + Avyy))[| <

Combining Equation (4), Equation (2), and the assumptions on the parameters A, 7,6, a hence
yields

dar (yo, mar (7 (2o + Avig))) < 2|lgo — mar (7 (zo + Aviy))[| < A/2,
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so that Equation (1) gives

dwr (Yo, (7 (o + Awvig))) <10 = A+ A/2
<70

= dum(po, T (w0)) = géing(po,WM(x))-

In particular, 7 (xg + Awv;,) was not added to Q in the Loop of Lines 6 to 10 investigating the
neighbors of g (i.e. when xy was picked Line 3). Since Q U O is an increasing sequence of sets as
Manifold Propagation runs and that at @ = () when it terminates, this means that there exists
x1 in the final output O such that ||zg + Av;, — 21| < 0.

The existence of this particular point z; in O which is d-close to zp + Awv;, will lead us to a
contradiction: we will show that 7y (z1) will be closer to pg than my/(xg) is in geodesic distance.
To get there, we first notice that any such x; € O would satisfy d(x1, M) < n from Lemma 16, so
that

[7ar (w0 + Avig) — mar(w1)]| < [[mar (w0 + Aviy) — (20 + Avgy) ||

+ (o + Avig) — @1l + llz1 — mar (1)
2

S(S-i-? :

8 rchin

+2n+ Asinf

17 25
<O+ — A<= rehy
<0+ 7952 = 1gp " hmin,

where the last-but-one line follows from Lemma 28, and the last one from the assumptions on the
parameters A, n, 0 and §. As a result, from Lemma 8§,

[ (2o + Avig) — mar (1) |

dar(mar (zo + Avyy) , mar (1)) <

3 17
< — 0+ —A|.
- (1 + 10000> ( UETE > )

Furthermore, using a similar decomposition as for Equation (4), we have

g0 — mar (o + Avsy)|| < llgo — (Yo + Aviy)[| + || (yo + Avo) — (zo + Awvy,) ||

+ [[(wo + Aviy) — mar (zo + Avgy) ||
2

= Drh + (n+ A (2sina +sind))

5 A? .
+ (8rchm-m +n+ Asin 9>
11

<AL 711 rchyg;
— 64 — 1536 MW

from which we finally get

g0 — 7o (o + Ay )|
2
11
1- <2><1536)

3
< —=A.
- 16A (6)

das (0, s (w0 + Aw;y)) <

This takes us to the desired contradiction, since:
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e on one hand, z; € O forces to have

dar(po, mar (1)) > ro = ;TéiéldM(po,WM(ﬂc)) = das(po, mar(0));

e on the other hand, Equation (5) and Equation (6) combined yield

dar(po, mar (1)) < dar(po, o) + dar (qo, Tar (w0 + Avyy))
+ das(mar (o + Avyy ), T (1))

3 3 17
< ro — = - _
<ro-Ad A+ <1+ 10000) (5+ 192A>

< 7o,
where we used that 6 < 7A/10.
As a result, we have proved that

ind <A
232‘2%18 M(pﬂTM(x)) ==

which is the announced result. O

B Preliminary Geometric Results

B.1 Local Mass of Balls Estimates

To prove the properties of the statistical query routines, we will need the following two geometric
results about manifolds with bounded reach.

Proposition 29 (][ , Proposition 8.2]). Let M € M?C’gmin, x € R™ such that d(z, M) <
rchiin /8, and h < rchy,in /8. Then,

B (mp(x),r, ) "M C Bz, h) N M C B (mp(x),r7) N M,

where r, = (h? —d(z, M)Q)im, (r;)* = (1 — d(x’M)> r2, and (rjf)% = (1 + Qd(x’M)> re.

rChmin rChmin

As a result, one may show that any ball has large mass with respect to a measure D €
Dn,d . L
rchmin (fmlIU fmaxa )

Lemma 30. Let D € ch’ﬁmin (fmin, fmax, L) have support M = Supp(D).
e Forallp e M and h < rchpin/4,
aqfminh® < D(B(p, h)) < Adfmaxh?,
where ag = 2 %y and Ag = 2%w,.
e For all zg € R™ and h < rchp, /8,
@ funin(h? — d(z0, M)*)Y? < D(B(x0, 1)) < A frnax(h? — (2o, M)?) ¥,
where al; = (7/8)%%aq and A, = (5/4)42 A,.

Proof of Lemma 30. The first statement is a direct consequence of | , Propositions 8.6 & 8.7].
The second one follows by combining the previous point with Proposition 29. O
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B.2 Euclidean Packing and Covering Estimates

For sake of completeness, we include in this section some standard packing and covering bounds
that are used in our analysis. We recall the following definitions.

A r-covering of K C R" is a subset X = {z1,...,2x} C K such that for all z € K, d(z, X) < r.
A r-packing of K is a subset ) = {y1,...,yr} C K such that for all y,v' € Y, B(y,r)NB(y/,r) =0
(or equivalently ||y" — y|| > 2r).

Definition 31 (Covering and Packing numbers). For K C R™ and r > 0, the covering number
cvi(r) of K is the minimum number of balls of radius r that are necessary to cover K:

cvi(r) = min {k > 0 | there exists a r-covering of cardinality k} .

The packing number pky (r) of K is the maximum number of disjoint balls of radius 7 that can be
packed in K:

pky(r) = max {k > 0 | there exists a r-packing of cardinality k} .

Packing an covering number are tightly related, as shown by the following statement.

Proposition 32. For all subset K CR" and r > 0,
Pk (2r) < cvi(2r) < pkg(r).

Proof of Proposition 32. For the left-hand side inequality, notice that if K is covered by a family
of balls of radius 2r, each of these balls contains at most one point of a maximal 2r-packing.
Conversely, the right-hand side inequality follows from the fact that a maximal r-packing is always
a 2r-covering. Indeed, if it was not the case one could add a point xy € K that is 2r-away from all
of the r-packing elements, which would contradict the maximality of this packing. O

We then bound the packing and covering numbers of the submanifolds with reach bounded
below. Note that these bounds depend only on the intrinsic dimension and volumes, but not on
the ambient dimension.

Proposition 33. For all M € Mfc’gmin and r < rchyin/8,

HI(M)
wq(4r)d’

pks (1) >
and
HA(M)
wa(r/4)d

Proof of Proposition 33. First, we have pk,,;(r) > cvp(2r) from Proposition 32. In addition, if
{piticicy © M is a minimal (2r)-covering of M, then by considering the uniform distribution

cvar(r) <

Dy = 1yHE/HE(M) over M, using a union bound and applying Lemma 30, we get
1= Dy (U, B(p;, 2r)) ZDM (pi, 2r)) < N2%wg(2r)d /HA(M).

d
As a result, pky,(r) > cvp(2r) = N > Z(i%f)l'
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For the second bound, use again Proposition 32 to get cvas(r) < pk,;(r/2). Now, by definition,
a maximal (r/2)-packing {g;}, <jent €M of M provides us with a family of disjoint balls of radii
r/2. Hence, from Lemma 30, we get

Nl
1> Dy (uﬁZjB@j,r/m) =" Dy (Blgj.7/2)) > N'27 wa(r/2)" /H (M),
j=1

so that cvas(r) < pkyy(r/2) = N' < ::Elr(%))‘i' ;

Bounds on the same discretization-related quantities computed on the Euclidean n-balls and
k-spheres will also be useful.

Proposition 34. e Forallr >0,
R\" n
Pkp(o,r)(r) = o and cvpo,p)(r) < (1 + =)

o For all integer 1 <k <n andr <1/8,

LK
Pk (o,1)(r) > 2 (M) :

Proof of Proposition 34. e From Proposition 32, we have pkg(g g)(7) > c¢vp(o,r)(2r). Furthermore,
if UN,B(x;,2r) D B(0, R) is a minimal 2r-covering of B(0, R), then by a union bound, w, R" =
H(B(0, R)) < Nun(2r)", 50 that ppp) () > cvp (2r) = N > (R/(20)".

For the second bound, we use again Proposition 32 to get cvpr)(r) < pkp(or)(r/2), and
we notice that any maximal (r/2)-packing of B(0, R) with cardinality N’ provides us with a
family of disjoint balls of radii /2, all contained in B(0, R)"/? = B(0, R 4+ r/2). A union bound
hence yields wy, (R + r/2)" = H"(B(0,R + r/2)) > N'H"(B(0,7/2)) = N'w,(r/2)", yielding
cvp(o,r)(r) < Pkp(o,r)(r/2) = N' < (1 +2R/r)".

e Notice that S*(0,1) € R™ is a compact k-dimensional submanifold without boundary, reach

rchgk (g1 = 1, and volume H*(S*(0,1)) = op. Applying Proposition 33 together with elementary
calculations hence yield

k
o (1
pksr(o,1)(1) = (4T)
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B.3 Global Volume Estimates

The following bounds on the volume and diameter of low-dimensional submanifolds of R™ with
positive reach are at the core of Section 2.2.3. They exhibit some implicit constraints on the
parameters for the statistical models not to be degenerate.

Proposition 35. For all M € Mfc’ﬁ

HYM) > oqreh?

min>

with equality if and only if M is a d-dimensional sphere of radius rchy,. Furthermore, if M C
B(0, R) then rchym < V2R and

18R \" rchpig \ ¢
d min
HYM) < w

(M) <rchmin) d< 2 )

Proof of Proposition 35. For the first bound, note that the operator norm of the second fundamen-

tal form of M is everywhere bounded above by 1/rchmin | , Proposition 6.1], so that | ,
(3)] applies and yields the result.

For the next statement, note that | , Theorem 3.26] ensures that M is not homotopy
equivalent to a point. As a result, | , Lemma A.3] applies and yields

rchmin < rchpy
< diam(M)/V/2
< diam(B(0, R))/V2
= V2R.
For the last bound, consider a (rchmin/8)-covering {z;}, ;< y of B(0, R), which can be chosen so that
N < (1 + 20 )n < ( 18R )n from Proposition 34. Applying Lemma 30 with h = rchy,;, /8, we

I'Chmin/8 rChmin

obtain

HAM N B(21, rchmin/8)) < (5/4)%2 x 2%wy((rchumin /8)? — d(z;, M)?) %

< wy <rc}12min>d :

for alli € {1,...,N}. A union bound then yields
HAM) = H (UL, M N B(2i, rchmin/8))

. d
< Nuwy <rCh2m1n>

_ (18R n rchpig \ ¢
— \ rchmyin wd 2 ’

which concludes the proof. O

C Projection Routine

We now build the SQ projection routine 7 : R™ — R™ (Theorem 19), which is used repeatedly
in the SQ emulation of Manifold Propagation (Theorems 22 and 25). Recall that given a point
xo € R™ nearby M = Supp(D), we aim at estimating its metric projection mys(z¢) onto M with
statistical queries to STAT (7). We follow the strategy of proof described in Section 4.1.
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C.1 Bias of the Local Conditional Mean for Projection

In what follows, we will write

EonD (21 gy <h]
D(B(wo, h)) v

mp(ao.h) = B [o[B(eo,h)] =

for the local conditional mean of D given B(xg,h). In order to study the bias of mp(zg, h) with
respect to mar(xp), it will be convenient to express it (up to approximation) with intrinsic geodesic
balls Bys(+,-) instead of the extrinsic Euclidean balls B(-,-) that appears in its definition (Equa-
tion (7)). This change of metric is stated in the following result.

Lemma 36. Let D € D?C’gmm(fmm,fmax,L) have support M = Supp(D), and p € M. Recall

that wg = H? (B4(0,1)) denotes the volume of the d-dimensional unit Buclidean ball. Then for all
r < rchyin /4,

E_[21p,, @ (2)] — D Bu(p, r))pH < Cuy ( Jmax L) 2

z~D rchpmin

and for r <7 < rchpin /4,
D (BM(p’ f) \ BM(p7 T)) < (Cl)dwdfmaxfdil(f — 7’)7

where C,C" > 0 are absolute constants.

Proof of Lemma 36. First apply the area formula | , Section 3.2.5] to write the mean of any
measurable function G defined on M as
E [G(x)lp,, @ / / J(t,v)f (exp, Mtv)) G (expfgw(tv)) dvdt,
z~D Sd—1

where J(t,v) is the Jacobian of the volume form of M expressed in polar coordinates around p
for 0 < t < r < rchyin/4 and unit v € T,M. That is, J(t,v) = t4-1, /det (A—r Atv) where
Apy = dey expé\/[. But from [ , Proposition A.1 (iv)], for all w € T, M, we have

( 12 t2
- ) ol < [ Al < (1 n ) .
6 h121111’1 I‘Chglin

2 \¢ 2 \¢
1-— < ,/det A WAtw) < 1+ ——
( 6rehZ, > ¢ ( b ) - ( * rch? . )

min min

As a consequence,

and in particular,

I"Chmin

2
t
Ry(t,v) :== ‘J(t,v) — tdfl‘ < oddl <) :
where C' > 0 is an absolute constant. Also, by assumption on the model, f is L-Lipschitz, so

Ry (t,0)] = | f (expy! (tv)) — £(p)] = | (expp! (tv)) — <exp;” (0))]
<L Hexpp (tv) — expp Ol
< LdM(eXpZ])V[(O), exp, M (1))
= Lt.
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Finally, from | , Lemma 1], we have
| Rexp (t, )] := Hexpﬁ,\/‘[(tv) —(p+ tv)H < 5t2/(8rchmin).

Putting everything together, we can now prove the first bound by writing

B [ )] = D (Bl )

/Or /Sdl J(t,v)f (expéw(tv)) (expljjw(tv) - ) dvdt”

/OT /3 (71 4+ Ry (t,0)) (F(0) + Ry (t,0)) (0 + Rexp(t, ) dvdtH

Ol (1)

I‘Chmin
where the last inequality used the fact that for J -1 tf(p)vdvdt = 0. Similarly, to derive the
second bound, we write

D (By(p,7) \ Byp(p, 7)) = /T /Sdl J(t,v)f (exp]]y(tv)) dvdt

< (C"0 41 fmax / =Lt

< (C" g frnaxTd (7 — 7). O

We are now in position to bound the bias of mp(xg, h).

Lemma 37. Let D € Dfégmin(fmin, fmax, L) have support M = Supp(D), and zo € R™ be such that
d(zg, M) < h < rchyin/8. Then,

)

max L hmin
||7rM<xo>—mD<xo,h>||scd(f + e )h’“h

f min

where 1, = (h? — d(zo, M)*)'/? and C > 0 is an absolute constant.

rchmin

Proof of Lemma 37. For short, let us write pg = mas (). All the expected values E are taken with
respect to x ~ D. Before any calculation, we combine Proposition 29 and Lemma 8 to assert that

Bas (po,r;,) € B(zo, h) N M C By (po, Ry (8)

where we wrote (r; )% = (1 — d(zo, M) /rchmin) i and R} = r;f (1 + (T,T/rchminf), with (r;)? =
(1 + 2d(xg, M) /rchmin)r%. We note by now from the definition 0 < r,” < R;f < rchyin /4 since
d(zg, M) < h < rchyiy /8, and that

Cry,

rChmin

2Chry,

RF—r- <
h h = I‘Chmin7

(d(wo, M) + r%/rchmin) <

for some absolute constant C > 0.
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We can now proceed and derive the asserted bound. From triangle inequality,

[mp(wo, h) — mar(zo)|
_ |Eonn [(& = P0) LB (g1 (@)] ]

D(B(xo, h))
< E [(.’E - pO)ﬂB(mo,h)(x)] _ E [(x - pO)ILBM(IDO,RZ)(x)}
- D(B(zo, h)) D(Bus(po, R;}))

HE (@ = 0) g, . 1) (@) H
D(Bas(po, Ry)))

_l’_

Combining Equation (8), Lemma 36 and Lemma 30, the first term of the right hand side can be
further upper bounded by

E[(z — po)Ipon(@)] E [(w - po)ﬂBM(pO,Rp(w)]

D(B(xo, b)) D(Bur(po, B})))

|E [(z = p0) Lp(ag,m (@)] |
= D(B(z0, h)) DB (po, B;f))

=) (a0 @~ 150 @)]|
D(Bu(po, R;f))
2R} D (Bas(po, By \ Bas(po, 7))
B D(Bus(po, R}))
Clwa fax (R YRy — 1)
S g fmin (R
= (Cl)dﬁ: rc}lﬁin’

|D(Bas(po, R})) — D(B(zo, h))|

where the last bound uses R;Lr < 4rp. For the second term, we use Lemma 36 and Lemma 30 to
derive

E (m_pO)]lBM(po,R;)(x) (C") gy rfﬁmx + L) (R )™+
<

DB (po, R))) - tw g fmin (B})4
< éd (fmax + LrChmin> T}%
o fmin rchmin ’
which concludes the proof. O

C.2 Metric Projection with Statistical Queries

We finally prove the main announced statement of Appendix C.

Proof of Theorem 19. First note that under the assumptions of the theorem, d(xg, M) < A
rchmin /8. We hence let h > 0 be a bandwidth to be specified later, but taken such that d(xg, M)
\/>A <h< rChmln/4
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Consider the map F(z) = (37;”0) 1jig—go|<n for z € R". As ||[F(z)|| <1 for all z € R, Lemma 5
asserts that there exists a deterministic statistical query algorithm making 2n queries to STAT(7)

and that outputs a vector W = V/h € R™ such that HExND [F(z)] — V/hH < C7. Furthermore,
with the single query 7 = g4, ) to STAT(7), we obtain a € R such that [D(B(zo,h) —a| < 7.
Let us set 7t(xg) := xo + V/ a and prove that it satisfies the claimed bound. For this, write

lmp(xo, k) — 7 (zo)|

Eonp [(& = 20)Ljo—ao<n]  V
D(B(wo, h)) a

< [DB@o 1) — al[Eawp [ = 20)Vja—agiall] [Eanp (@ — 0) e sata] =V
= D(B(xo, h))a P
. |D(B(zo,h)) — alh + ‘ Eonp [(@ = 20) Ljjz—zo|<n] — V
- D(B(zo,h)) — [D(B(xo, h) — al
(C+1)th

~ D(B(xo,h)) — 7

(C+1)th
N 6dwdfmin(h/\/ﬁ)d - 7—,

where the last inequality comes from Lemma 30, and r, = (h? — d(zo, M)?)¥? > h/\/2 since
h > v/2A. If in addition, one assumes that éwgfiin(h/v/2)? > 27, the previous bound further
simplifies to

nd
HmD(x()v h) — ﬁ(l’o)” < Ode).Thld'

On the other hand, Lemma 37 yields that the bias term not bigger than

~ max L hmin h
70z (20) — mp(wo, h)|| < C (f —;mijc ) I“Chiﬁin

with rp, < h. As a result,

|8 (20) — 7 (@o) || < [|wae(wo) — mp(xo, h)|| + [[mp(zo, h) — 7 (20)|l

(' v C)4 h T
< — max L hmin 0 —7a .
- fmin (f & +hre ) I'Chmin + Wdhd h

Taking bandwidth

1

1

rChmin >d+1 < T )d-&-l
h = max < 2A, —
{ <fmax + Lrchpin Wd

1 1
. a+1 d+1
= max { 2A, rchyin < Jmin ) (Td> ,
Jmax + Lrchpyin wdfminrchmin

we have by assumption on the parameters of the model that rchy,in /4 > h > 2A > V2A, and that
Wy fmin(h/V2)% > 27 as soon as ¢ > 0 is small enough. Finally, plugging the value of h in the
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fmin
+Lrchpyin

o A2 pan)
||7rM<:cO>—ﬁ<mo>||§Fmax{ - ,rdilrchmin<7> :

. d
I'Cllymin wdfminrchmin

above bound and recalling that I' = s yields

which concludes the proof. O

D Tangent Space Estimation Routine

We now build the SQ tangent space routine 7" : R — G4 (Theorem 20), which is used repeatedly
in the SQ emulation of Manifold Propagation (Theorems 22 and 25). Recall that given a point
rg € R" nearby M = Supp(D), we aim at estimating the tangent space T, (»,)M with statistical
queries to STAT(7). We follow the strategy of proof described in Section 4.2.

To fix notation from now on, we let (A, B) = tr(A*B) stand for the Euclidean inner prod-
uct between A, B € RF**. We also write ||X||z = 1/(X,3) for the Frobenius norm, 1Z]lop =
max||,| <1 ||Xv]| for the operator norm, and ||X|, = max||x|| <1 (32, X) for the nuclear norm.

D.1 Bias of Local Principal Component Analysis
In what follows, we will write
-

(z — mo)(x — x0)
ZD(xo, h) = xLED 12

Ljo—zo|<h 9)

for the re-scaled local covariance-like matrix of D at zg € R™ with bandwidth h > 0. Notice that
for simplicity, this local covariance-like matrix is computed with centering at the current point xg,
and not at the local conditional mean E,~p [z||z — zo|| < h]. This choice simplifies our analysis
and will not impact the subsequent estimation rates. Let us first decompose this matrix and exhibit
its link with the target tangent space T, M e G,

M (z0)

Lemma 38. Let D € szfmin(fmin, fmax, L) have support M = Supp(D), o € R™ and h > 0. If

d(zo,M) < n < h/vV2 and h < rchmin/(8\/3), then there exists a symmetric matriz Xy € R™*™
with Tm (Xo) = Ty, (wq)M such that

ZD(I‘Q, h) =9+ R,

with 11q(Xo) > Wafmin(ch)? and IR, < W fmax(Ch)? (% + L ), where ¢,C > 0 are absolute

rchmin
constants.

Proof of Lemma 38. This proof roughly follows the ideas of | , Section E.1], with a different

centering point in the covariance matrix and finer (nuclear norm) estimates on residual terms. For

short, we let pg = mpr(z0). We first note that the integrand defining h2%p (o, h) decomposes as

T T T

(z —2o)(x — o) = (z = po)(z —po)  + (2o = po)(wo — po) (10)
+ (2 = po)(xo — po) " + (z0 — po) (@ —po) ",
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for all © € B(xzg,h) N M. After integrating them with respect to z ~ D, we bound the last two
terms, by writing

E [(w — po)(@o — Po)Tﬂnx—xOHSh]

.
[ (z0 — po)(z — po) ]]-||xf:v0||§h}
*

*

| A

[H zo — po) (@ — po) H Lyjz— xOH<h}

= [llzo = poll Iz — poll Ljjz—zo|<n]
IND

< dedfmaxnhd+17

where the last inequality uses Lemma 30. Similarly, for the second term of Equation (10), we have

= [lzo — poll* D(B(zo, h))

*

S dedfmaxn2 hd

E [(950 —po)(zo — pO)T:ﬂ-Hx—onSh]
x~D

Given v € R", write vy = 77, m(v) and vy =v—wvy = T, M (v). We now focus on the first term
of Equation (10), which we further decompose as
T_ T T
(—=po)(@—po) =(@—po)y(@—po)y +(x—po)L(®—po)L (11)
+(z—po)i(z—po)y +(z—po)ylx—po)i .

for all z € B(xzg,h) N M. Note that for those points x € B(xzg, h) N M, we have H(m —po)//H <

|z — pol| < 2h, and from | , Theorem 4.18], ||(z — po) || < ||z — pol|* / (2rchmin) < A2/ (2rchmin).-
Hence, for the last two terms of Equation (11),
L

< E [[l@=po)yll 1 = p0) L] Loy <]

< dedfmaxhd+3/r(3hmin7

E [(z=p0)i(z=p0)y Lja—aol<n]
x~D

= HfD [(CU —po)y(z - pO)J‘T]lHﬂE*onISh}

*

where we used Lemma 30 again. Dealing now with the second term of Equation (11),

E [(z—po)L(z —po)s Ljs—soj<n)

< E [z =po)Lll I(z = po) Ll Ljo—azo|<h]
z~D x~D

*

< C%g frnaxh®™™* /(4rch? ;).

min

Finally, let us write

(@ —po)y(z—po)y"
o= E 12 Lyjz—ao|<n

x~D

The matrix 3 is symmetric and clearly has image Im 3¢ C T}, M. Furthermore, since d(zq, M)

0 <
n < h/v2 and h < rchpyi,/8, Proposition 29 and Lemma 8 yield that M N B(xzg,h) 2 M N
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B(po, V'7Th/4) 2 Bas(po, h/2). Hence, for all u € Ty, M,

W (Souw) = B [{(@ = po)jsu)’ Ljomag<n)

= E [(x — po,u)’ 11||x7x0|\§h]
2 d
Z fmin/ (x_p07u> dH (l’)
B (posh/2)

- fmm/ <exp%(v) — Po, u>2 |det (dv exp%)‘ dv,
B4(0,h/2)

where H? is the d-dimensional Hausdorff measure on R™, and exp% s TpoM — M is the ex-
ponential map of M at py. But [ , Proposition 8.7] states that there exists ¢ > 0 such
that for all v € By(0, rchyin/4), |det (dv exp% )‘ > ¢, and | , Lemma 1] yields the bound

Hexp%(v) —(po+v)|| <5 |v]|? /(8rchmin). As a result, using the fact that (a —b)? > a2/2 — 3b? for
all a,b € R, we have

R (Sa) = i | (o) = (expBt(0) =+ o))" do
B4(0,h/2)
> i [ fna? 2= 3 (el (0) = (o + 0)u) do
B4(0,h/2)
2
> i [ o 2= 3l (5 ol /(Srchnin)) o
B4(0,h/2)
s, 1 3(5/82( R\ (R e
minTd L 9d(d+2)  d+4 \ 2rchmm 2

> () %wa fminh®? |Ju)?,

as soon as h < rchyn/ Vd. In particular, the last bound shows that the image of ¥y is exactly
TyoM, and that 114(X0) > wyfmin(c'h)?. Summing up the above, we have shown that

Yp(wo,h) =0 + R,

where Y is symmetric, Im (3¢) = Tr, (@) M, pa(X0) > Wa fmin(¢'h), and

2 h h?
R < wafma( 1) 7+ L5
R[], < wafmax(Ch) (h+h2+rchmin+rch2

min

< Wdfmax(cﬂh)d (77 + h > ;

h  rchmin

which is the announced result. O

D.2 Matrix Decomposition and Principal Angles

The following lemma ensures that the principal components of a matrix A are stable to perturba-
tions, provided that A has a large-enough spectral gap. For a symmetric matrix A € R™*"™ we let
1i(A) denote its i-th largest singular value.
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Lemma 39 (Davis-Kahan). Let A, A € R™*™ be symmetric matrices such that rank(A) = d. If
T € G™® denotes the linear space spanned by the first d eigenvectors of A, and T =Im A € G™¢,
then

. 2 HA — AHF
Z(T,T) = ||« s < — /7"
( ) H T THop 11a(A)
Proof of Lemma 39. 1t is a direct application of [ , Theorem 2| with r = 1 and s = d. O

D.3 Low-rank Matrix Recovery

Proceeding further in the strategy described in Section 4.2, we now explain how to estimate the
local covariance matrix ¥ p(xo, h) € R**" (Equation (9)) in STAT(7).

Because Yp(xg,h) € R™™" = R can be seen as is a mean vector with respect to the un-
known distribution D, (2n)? queries to STAT(7) would yield error O(7) from Lemma 5. However,
this would not use the low-rank structure of ¥p(zg,h), i.e. some redundancy of its entries. To
mitigate the query complexity of this estimation problem, we will use compressed sensing tech-
niques | ]. Mimicking the vector case (Lemma 5), we put our problem in the broader context
of the estimation of ¥ = E,wp[F(z)] € R¥* in STAT(7), where F : R" — RF** and % are
approximately low rank (see Lemma 43).

D.3.1 Restricted Isometry Property and Low-Rank Matrix Recovery

Let us first present some fundamental results coming of matrix recovery. Following | , Section
I1], assume that we observe y € R? such that

y=L(X)+ z, (12)

where ¥ € R¥** is the matrix of interest, £ : R¥** — RY is a linear map seen as a sampling
operator, and z € R? encodes noise and has small Euclidean norm |z|| < &.

In general, when ¢ < k?, £ has non-empty kernel, and hence one has no hope to recover ¥ only
from y, even with no noise. However, if ¥ is (close to being) low-rank and that £ does not shrink
low-rank matrices too much, £(X) may not actually censor information on ¥, while compressing
the dimension from k2 to ¢. A way to formalize this idea states as follows.

Definition 40 (Restricted Isometry Property). Let £ : R¥*¥ — R be a linear map, and d < k.
We say that L satisfies the d-restricted isometry property with constant § > 0 if for all matrix
X € RF*k of rank at most d,

(1 =0) [ X[lp < [[LX)] < (1 +0) [ X]lE -
We let 04(L) denote the smallest such 4.

To recover ¥ only from the knowledge of y, consider the convex optimization problem | ]
over X € RF*F:

minimize || X]|,

subject to ||y — L(X)|| < ¢&. (13)

Let ¥opt denote the solution of Equation (13). To give insights, the nuclear norm is seen here as
a convex relaxation of the rank function | |, so that Equation (13) is expected to capture a

low-rank matrix close to ¥. If £ satisfies the restricted isometry property, the next result states

44



that it is indeed the case. In what follows, we let (4 € R¥*F denote the matrix closest to ¥
among all the matrices of rank d, where closeness is indifferently measured in nuclear, Frobenius,
or operator norm. That is, (@) is the truncated singular value decomposition of ..

Theorem 41 (] , Theorem 4]). Assume that d5q < 1/10. Then the solution ¥,y of Equa-
tion (13) satisfies

= — 29
* +CI§>

X opt — X < COT

where Cy, Cy > 0 are universal constants.

D.3.2 Building a Good Matrix Sensing Operator

We now detail a standard way to build a sampling operator £ that satisfies the restricted isometry
property (Definition 40), thereby allowing to recover low-rank matrices from a few measurements
(Theorem 41). For purely technical reasons, we shall present a construction over the complex
linear space C¥*¥. This will eventually enable us to recover results over R¥*¥ via the isometry
kak N (Ckxk.

First, we note that given an orthonormal C-basis W = (W7, ..., Wj2) of C**¥ for the Hermitian
inner product (A, B) = tr(A*B), we can build a sampling operator Lg : C¥** — CY by projecting
orthogonally onto the space spanned by only ¢ (randomly) pre-selected S C W elements of the
basis.

When k& = 2¢, an orthonormal basis of C**¥ of particular interest is the so-called Pauli ba-
sis | |. Its construction goes as follows:

e For k=2 (¢ =1), it is defined by Wi(l) = 0;//2, where

(01 (0 i /10 /(10
T=\10) 27\ o) 7 \o —1) 7 \o 1)

Note that the o;’s have two eigenvalues, both belonging to {—1, 1}, so that they are both Hermi-
WZ-(I) =1/v/2 and HW;I)HF =1forallie {1,...,4}. One

tian and unitary. In particular,

op

easily checks that (W-(l) is an orthonormal basis of C2*2.

i )1§i§4

e For k = 2° (¢ > 2), the Pauli basis (I/Vi(f))1 <j<o¢ 18 composed of matrices acting on the tensor

space ((Cz) R (Cze, and defined as the family of all the possible ¢-fold tensor products of elements

of (Wi(l))l <<y From elementary properties of tensor products, we get that (Wi(e))1 <j<or 1S an
orthonormal basis of Czéxzf’ such that for all ¢ € {1, ce 25},

el () - e

the value 1/ Vk actually is the smallest possible common operator

Since [Wllg < VE[W/lqp,
norm of an orthonormal basis of CF¥**. As will be clear in the proof of Lemma 42, this last
property — called incoherence in the matrix completion literature | ] — is key to design a

good sampling operator.
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Still considering the case k = 2f we let Lpaui : CF** — C? denote the random sampling operator
defined by

(ko
Erwn(X) = (22 (W ’X>>1§igq’ (15)
where (I;)i<i<q is an ii.d. sequence with uniform distribution over {1, ... ,k2}. Up to the fac-
tor k/ V@ Lpauli is the orthogonal projector onto the space spanned by (Wl(f), e Wl(f)). This
normalisation k/,/q is chosen so that for all X € CF*¥,

Bl1run (X)) =3 aPr(r =) [(w0. )]

2
-y (w0, x)[ = x|
=1

That is, roughly speaking, Lp,y; satisfies the restricted isometry property (RIP, Definition 40) on
average. Actually, as soon as ¢ is large enough compared to d, the result below states that Lpay;
does fulfill RIP with high probability.

Lemma 42. Assume that k = 2¢, and fit 0 < o < 1. There exist universal constants cg,c1 > 0
such that if ¢ > cokdlog®(k)log(ci/a), then with probability at least 1 — o, the following holds.
For all X € RF*F such that | X|, < V5d||X||p,
[ X|
20
In particular, on the same event of probability at least 1 — «, 954 (Lpauii) < 1/10.

[ £Paui (X) | = [[X]lg] <

Proof of Lemma 42. The Pauli basis is an orthonormal basis of C¥** and from Equation (14), its

elements all have operator norm smaller than 1/v/k. Hence, applying | , Theorem 2.1] with K =
VEmax; << HWZ@ =1, r =5d, C = ¢glog(c1/a), and § = 1/20 yields the first bound. The
op

second one follows by recalling that any rank-r matrix X € RF** satisfies | X||, < /7 || X|lp. O

D.3.3 Mean Matrix Completion with Statistical Queries

The low-rank matrix recovery of Appendices D.3.1 and D.3.2 combined with mean vector estimation
in STAT(7) for the Euclidean norm (see Lemma 5) lead to the following result.

Lemma 43. For all o € (0, 1], there exists a family of statistical query algorithms indezed by maps
F :R"™ — R¥*k sych that the following holds on an event of probability at least 1 — o (uniformly
over F).

Let D be a Borel probability distribution over R™, and F : R® — R*** be a map such that for
allx € R, ||F(2)|ly <1 and |F(2)|, < V5d||F(x)||p. Write ¥ = Eeup [F(2)], and 9 for the
matriz closest to ¥ among all the matrices of rank d < k. Assume that ¥ € =, where = C RF¥k s
a known linear subspace of RF*F.

Then, there exists a statistical query algorithm making at most codk log®(k)log(c1/c) queries to
STAT(7), and that outputs a matriz 3 € E that satisfies

= - =],
Vd

on the event of probability at least 1 — « described above, where Cy, C1 > 0 are universal constants.

fo -, <= 5% o
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Proof of Lemma 43. Without loss of generality, we can assume that k& = 2¢. Indeed, one can always
embed R¥** isometrically into RQZXQZ, with 2¢ = 2/leg2(W)] < 9k via the linear map

RkaBAt—>Az<€ 8>€R2£X247

which preserves both the rank, the Frobenius and nuclear norms.
Let ¢ > 1 be a fixed integer to be specified later, and (I;)1<i<4 be and ii.d. sequence with

uniform distribution over {1, e kz2}, and for X € R¥¥k write
Lpauii(X) = (k <W}Z) X>> €C?=R¥ (16)
Vi ' 1<i<q

as in Equation (15). For x € R", write G(z) = Lpawi(F(z))/2 € R?%. From Lemma 42, with
probability at least 1 — « (over the randomness of (I;)1<i<q),

1G(@)[| = [ £paws (F ()] /2 < (1 +1/20) [F(2)][p /2 < | F(2)][p <1

holds simultaneously for all the described F : R¥** — R27. Hence, on this event of probability at
least 1 — o, Lemma 5 applies to G and provides a deterministic statistical query algorithm making
4q queries to STAT(7), and that outputs a vector y € R?? such that

where C' > 0 is a universal constant. But on the other hand, by linearity,

RG] = B e F)] = Lo B [F@)]) = Lows(D),

where all the expected values are taken with respect D, conditionally on (I;)1<ij<q. As a result, from
Theorem 41 and Lemma 42, the solution Yy to the convex optimization problem over X € RFExk
given by

minimize || X,
subject to  ||2y — Lpaui(X)|| < 20T,

satisfies, on the same event of probability at least 1 — « as before,

550, o
T+ 1( 7'),

as soon as ¢ > codklog® (k) log(c1 /). Hence, the projected solution 3 = 7= (Zop;) onto E C RF*K
belongs to E and satisfies

||20pt - ZHF < (o

|- = Im=(Zopt = Z)llp < 1Topt — Zlle

o lE=sey,
= OT

which concludes the proof. O

+ O,
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D.4 Tangent Space Estimation with Statistical Queries
We finally prove the main announced statement of Appendix D.

Proof of Theorem 20. Let h > 0 be a bandwidth to be specified later, such that n < h/v/2 and
h < rchyin/(8V/d). First note that Xp(zg,h) = Ezwp [F(x)], where the function F(z) = (v —
xo)(x — Jzo)T/hZ]l”I_xO”Sh is defined for all z € R™, and is such that || F'(z)||p < 1 and rank(F(x)) <
1. In particular, |F(z)|, = |F(2)|lp < V5d|F(z)|p for all # € R”. Furthermore, ¥p(zo,h)
belongs to the linear space = of symmetric matrices. Working on the event on which Lemma 43
holds (with a = 1/2, say), yields the existence of a deterministic SQ algorithm making at most
codnlog®(n)log(2¢1) queries to STAT(7), and that outputs a symmetric matrix 3 that satisfies

HED(aro,h) — 2@ (0, h)

Vd

with probability at least 1 — o. On the other hand, from Lemma 38, provided that v/2n < h
rchmin/(8v/d), one can write

A

S — p (o, h)HF <0y 4Oy,

IN

Yp(xo,h) =29 + R,
where the symmetric matrix %o satisfies Im (3o) = T, (@) M, pa(X0) > Wa fmin(ch)? and || Ry
|R]|, < wdfmax(Ch)? (% + b > As rank(Xy) = d, we have in particular that,

rchuyin

IN

|=o(@0, ) == @o.1)|| < IZ0 (0. 1) = Zol, = IR

Therefore, taking T(a:o) as the linear space spanned by the first d eigenvectors of ﬁ], Lemma 39
yields

A(TWM(IO)M’T(;UO)) = Hﬂf(xo) T Ty (o) M

op
2[5 =|
F
— pa(Xo)
£ = =p(@o, n)||_+I=p (w0, h) = Dol
<2 .
pa(Xo)

2 (a
- wdfmin(Ch)d \/g

c' n h T
< S — .
o wdfmin <Wdf * {h * I'Chmin} * hd)

1/(d+1)
Setting h = rchypn {, /5 Ch?Znin \Y, ( s ) } in this last bound, value which does satisfy

d
wa fmaz I‘Chmin

+ CiTm+ HRHF)

d+1
V20 < h < rchpin/(8V/d) since n < rchpi,/(64d) and W < (8—\1/3> , then yields the

announced result.

E Seed Point Detection

We now build the SQ point detection algorithm Zy € R™ (Theorem 21), which is used to initialize
in the SQ emulation of Manifold Propagation yielding the SQ reconstruction algorithm in the
model B(0, R) M ch’lfmm (fmin, fmax, L) where no seed point is available (Definition 12).
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Recall that given a ball of radius R > 0 guaranteed to encompass M = Supp(D) C B(0, R),
and a target precision 1 > 0, we aim at finding a point that is n-close to M with statistical queries
to STAT(7). We follow the strategy of proof described in Section 4.3.

E.1 Detecting a Raw Initial Point

Starting from the whole ball B(0, R), the following result allows to find a point nearby M using a
binary search, with best precision of order Q(Tl/ 4), Let us note that it does not explicitly rely on
any differential property of M, but only the behavior of the mass of balls for D (Lemma 30).

Theorem 44. Let D € ch’ﬁmm(fmin,fmax,L) have support M = Supp(D) C B(0,R). Let Ay <
Ao

1/d
rchy,in /8 be fized, and assume that JosGRne > 21rchpiny/n (W) .
og 0 min min
Then there exists a deterministic statistical query algorithm making at most 3nlog(6R/Ao)

queries to STAT(7), and that outputs a point ;™" € B(0, R) such that
d(z5™, M) < Ao.

Proof of Theorem 44. The idea is to use a divide and conquer strategy over a covering {z;},,«n
of B(0, R). The algorithm recurses over a subset of indices Z C {1,..., N} that is maintained to
fulfill U;ezB(x;, h) N M # () for some known h > 0. This property can be checked with the single
query r = 1y,_;B(z,n) to STAT(7), provided that D(UjezB(xi, h)) > 7. To ensure the later, the
radius h > 0 is dynamically increased at each iteration. The algorithm stops when 7 is reduced to
a singleton. More formally, we consider SQ Ambient Binary Search.

Algorithm 2 SQ Ambient Binary Search
Require:
Model parameters d, rchyin, fmin
Precision Ag >0

1: Initialize value h < Ay/2, and set A = 6rchp, (W)I/d

2: Consider a minimal (Ag/2)-covering {z;}; ;< of B(0, R[)n,mwhere N = cvg(o,r)(Mo/2)
3: Initialize sets Z + {1,...,N}, L+ @ and R «+

4: while |Z| > 1 do

5. Split Z =L UTR into two disjoint sets LN R = ) such that ||£] — |R|| < 1
6:  Query r = ILUZELB(%\/W) to the STAT(7) oracle

7:  a < Value answered by the oracle

8 if a> 7 then

9: T+ L

10: else

11: T+ TR

12:  end if

h < Vh? + A?
13: end while
14: return The only element of Z(* of {x;};.1

Because |Z| is a decreasing sequence of integers, it is clear that SQ Ambient Binary Search
terminates, and that [Zf;nq| = 1 so that the output 2" is well defined. As each while loop does
only one query to STAT(7), and that N = cvp(g r)(Ao/2) < (6R/Ag)" from Proposition 34 and
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Ao < R, it makes at most |logy(N) + 1| < [nlog(6R/Ag)/log(2) + 1] < 3nlog(6R/A¢) queries in
total.

Let us now prove that the output z(*" satisfies d(2{*", M) < Ag. For this, we show that when
running SQ Ambient Binary Search, the inequality min;c7 d(z;, M) < h is maintained (recall that
both Z and h are dynamic), or equivalently that U;czB (z;,h) N M # 0. At initialization, this is
clear because Z = {1,..., N}, h = Ag/2, and {z;}, ., is a (Ag/2)-covering of B(0, R) O M. Then,
proceeding by induction, assume that U;ezB (z;, h) "M # () when entering an iteration of the while
loop. Let ig € Z be such that d(z;,, M) < h. From Lemma 30, provided that v'h? + A% < rchpin /8,

we have
D (UiexB (i V2 + A2) ) = D (B (i, V17 + 47))
o T fuin (B + A2) — (w0, M)
> /7/24 Wi fnin A

_ J7724%
/

> 27. (17)

d/2

Hence, if we let a denote the answer of the oracle to the query r = ]]'U'GZ;B(IE' JRTTAT)) We have:

e If a > 7, then
D (UiegB (xi, v h? +A2>) >a—T1>0,

so that after the updates Z < £ and h + v h2 + A2, we still have U;ezB (z;, h) N M # ().

e Otherwise a < 7, so that from Equation (17),

D (UieRB (ifi, Vh?+ AZ)) >D (UiGIB (fb’i, \/W)) -D (UiGEB (33@', VvV h? + Az))
>27—(a+71)
> 0.

So as above, after the updates Z <+~ R and h <+ vh? + A2, we still have U;ezB (z;, h) N M # ().

Consequently, when the algorithm terminates, we have

d(@gaw’ M) < hfinal

2
< \/<A2()> + 3nlog(6R/Ag)A?

N - 1/d
< > + +v/3nlog(6R/Ag)6rchpyin <)

d
wdfmianhmin

< A07

1/d

. Ao T .

since ——=L—— > 21rchyin\/n <7> . The above also shows that when running the
V10g(6R/Ao) e wa frmintchiy;,

algorithm we have VA% + A? < hpina < Ao < rchpin/8, which ensures that Equation (17) is valid
throughout and concludes the proof. O

50



E.2 Refined Point Detection

We finally prove the main announced statement of Appendix E.

Proof of Theorem 21. The idea is to first detect a possibly coarse base point Z(*" using a divide

and conquer strategy in the ambient space (Theorem 44), and then refine it by considering iterated
projections of Z(*" given by the local conditional mean (Theorem 19). More precisely, let Z(*" be

the output of the point detection SQ algorithm of Theorem 44 applied with parameter

1 r
Ap = max {17, <8 A QCd) rChmin} )

where C? T' > 0 are the constants of Theorem 19. From the assumptions on the parameters, we
have Ag < rchyi, /8 and

Ao

1/d
r
——— > 21lrchpinvVn| ——— )
log(6R/Ao) f( )

d
W fminrchi iy

so that Theorem 44 applies and guarantees that Z{*" can be obtained with at most 3nlog(6R/Ao)
queries to STAT(7) and satisfies d(z5™, M) < Ag.

If A = n — condition which can be checked by the learner since the parameters are assumed
to be known —, then g := 2" clearly satisfies d(2o, M) = d(£;™", M) < 1, and has required
at most 3nlog(6R/Ag) = 3nlog(6R/n) queries to STAT(7). Otherwise, n < Ag, and we iterate
the SQ approximate projections 7 (-) given by Theorem 19. Namely, we let gy = Z;* and for
all integer k > 1, g = 7(Jx—1). In total, note that the computation of g requires at most
3nlog(6R/n) + k(2n + 1) < 3n(log(6R/n) + k) queries to STAT(7). Similarly as above, from the
assumptions on the parameters, one easily shows by induction that since d(gg, M) < Ay < rChTmi“,
Theorem 19 applies to each ¢ and guarantees that

2

CUGe1, M) capin g, ()™
FI‘Chmin Wdfmianhﬁlin

2
< max {d(y’“‘l’M) O Lrehy, <T> o }

’ d
2 wdfmiHrChmin

2
A 2 T d+1
< max —]?, C’dF d+1 1rChmin — i .
2 wq fminrchmin

As a result, after kg = [logy (Ao/n)] < log (6Ag/n) such iterations, if we let & := J,, we have

1
d(io, M) < max { 1, CTTT  rchypin <Td> ’
W4 fminrchy;,

with Zo requiring at most 3n(log(6R/n) + log (6A¢/n)) = 3nlog(6R/n) queries to STAT(7) to be
computed, which concludes the proof. O
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F Proof for the Main Statistical Query Manifold Estimators

This section is devoted to the proof of the two SQ manifold estimation upper bounds: the first
one in the fixed point model {0} LI Dl (fmin, fmaz, L) (Theorem 22), and the second one for the

rChmin

bounding ball model B(0, R) M ch’ﬁlmin(fmin, fmaz, L) (Theorem 25).

Proof of Theorem 22. Let us write A := rchyi, max {s/s/(rchminéd), C: (T/(wdfminrchﬁlin))ﬁ},
for some large enough Cy > 0 depending on d and C to be chosen later, and § = A/2. We will run
Manifold Propagation with scale parameters A, J, angle sina = 1/64, and initialization point
Z9g = 0 € M, the SQ projection routine 7(-) of Theorem 19 and the SQ tangent space routine
T() of Theorem 19. If we prove that these routines are precise enough, then Theorem 15 will
assert that the output point cloud O and associated tangent space estimates Ty of Manifold
Propagation fulfill the assumptions of Theorem 14. This will hence allow to reconstruct M with
a good triangulation, as claimed.

Note by now that at each iteration Manifold Propagation, exactly one call to each SQ routine
#(-) and T'(-) are made, yielding at most (2n + 1) + Cdnlog®(n) < C’dnlog®(n) statistical queries.
But if Theorem 15 applies, we get that the number of iteration Njyo, of Manifold Propagation
satisfies

H(M)
Nloop < wd(5/32)d
< Ca
N fmin(\/ I“Chmins)d
ch (rchmin)d/ 2

- d
fmianhmin €

where the second inequality comes from the fact that 1 = f M fd’Hd > fmian(M ). In total, the
resulting SQ algorithm hence makes at most

C_«/
< (C'dnlog® d (
4= ( s (n)) fmianh(rinin

6 Cy (rchmin ) /2
=nlog’n <
fmianh €

min

I'Chmin 4/2
=)

queries to STAT(7), which is the announced complexity. It only remains to verify that the SQ
routines 7(-) and 7'(-) are indeed precise enough so that Theorem 15 applies, and to bound the
final precision given by the triangulation of Theorem 14.

To this aim, we notice that the assumption made on 7 puts it in the regime of validity of
Theorem 19 and Theorem 20. Let us write

“nd
C := max {Cdfdill, C’dfmax} < © \;C) )
where C' > 0 is the constant of Theorem 19 and C' > 0 that of Theorem 20. For short, we also let
7 := 7/(wqfminrch?, ). At initialization, and since D € {0} LU ch’gmm( fmin, fmaz, L), the seed point

Zo = 0 belongs to M, meaning that

rchmin

. 1 A \? 2
d(zg, M) = 0 < n := rchy;, max o\t ,CTa+ 3 .
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Note that from the assumptions on the parameters, 7 < rchpyin/(64d). Hence, on the n-offset M"
of M, Theorem 20 asserts that 7'(-) has precision

. ~ fma:v 1 A '*dfmaa: JUp
0 < o — C VCrar
ST = ax { fmin C rChmin7 fmin T

A 3.1
< max ,C27d+
rchpin

for estimating tangent spaces. As a result, we have

A2 A2 A
> + 714 Asinf < 3rchpy, max { ( > n sin 9}

81“Chmin I‘Chmin ’ l“Chmin7 I“Chmin

< 3rchy;, ma A i n sin® 6
= J1CHmin * I‘Chmin 7I'Chminj '

A N\ g2
< 3rchpin max , CoTd+1
rchpyin

= A.

Using again the assumptions on the parameters, we have A < rchyi,/8. Hence, applying Theo-
rem 19 and elementary simplifications given by the assumptions on the parameters yield that, over
the A-offset M? of M, the projection 7(-) has precision at most

, - 970‘1 A 2 A 2 9C?Cs ~2/(d+1) ~dpa2r—1 | ~2/(d+1)
7 < rchmin max{( r \ran o , max —T 7 ,CoIMa+t T
d 2 2
= rchy;, max { <916: < hA > ) < hA ) ,CdI‘dill%Q/(dH)}
I'Cllmin I'Cllmin

1 A 2 ~2/(d+1
< rchpyjn max {02 <rchmin> ,CT /(d+1)

Additionally, one easily checks that A < rchpin/24, n < A/24 and max {sina, sinf} < 1/64, so
that Theorem 15 applies: Manifold Propagation terminates and outputs a finite point cloud O
such that maxgzeo d(z, M) < n and max,cp d(p, O) < A+ n < 2A, together with tangent space
estimates T with error at most sinf. Hence, applying Theorem 14 with parameters A’ = 2A, 7
and sin @, for which one easily checks that they fulfill its assumptions, we get that the triangulation
M of Theorem 14 computed over O and Ty achieves precision

2
< max {5, C3rchyin 7T } ,

which yields the announced result since C < (C'v C)4/T. O

Proof of Theorem 25. The proof follows the same lines as that of Theorem 22, except for the seed
point Zg which is not trivially available, and requires extra statistical queries. More precisely, we let
Zo be the output point given by the SQ detection algorithm of Theorem 21 applied with precision
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parameter /2. This point requires no more than 3nlog(6R/c) statistical queries to STAT(7).
Furthermore, adopting the same notation as in the proof of Theorem 22 we have

2
d+1
d(zo, M) < max E, CdFdil_lrchmin <Td>
2 wdfmianhmin

1 AN 2
S I'Chmin max {(}2 <rchrﬂln> 7C’]'dJrl } ,

so that the rest of the proof runs exactly as that of Theorem 22, and yields the result.

G Statistical Query Lower Bounds in Metric Spaces

In spirit, the lower bound techniques developed below are similar to the statistical dimension
of [ ], developed for general search problems. However, when working with manifold models,
this tool appears difficult to handle, due to the singular nature of low-dimensional distributions,
yielding non-dominated models. Indeed, if Dy and D; are distributions that have supports being d-
dimensional submanifolds My, M1 C R™, and that My # My, then Dy and Dy cannot be absolutely
continuous with respect to one another. As a result, any lower bound technique involving Kullback-
Leibler or chi-squared divergences becomes non-informative (see for instance | , D).
Instead, we present proof techniques that are well-suited for non-dominated model. They apply
for SQ estimation in metric spaces (0, p) (see Section 2.1), as opposed to the (more general) setting
of search problems of | |. We decompose these results into two different types of lower bounds:

e (Appendix G.1) The information-theoretic ones, yielding a maximal estimation precision ¢ = &(7)
given a tolerance T;

e (Appendix G.2) The computational ones, yielding a minimal number of queries ¢ = ¢(¢) to
achieve a given precision ¢.
G.1 Information-Theoretic Lower Bound for Randomized SQ Algorithms

The proofs of the informational lower bounds Theorems 23 and 26 are based on the following
Theorem 46, which is similar to so-called Le Cam’s Lemma | ]. To introduce this result we
define the total variation distance between probability distributions.

Definition 45 (Total Variation Distance). Given two probability distributions Dy and D; over
(R™, B(R™)), the total variation distance between them is defined by

TV(Do, D1) = sup )‘DO(B) — Dyi(B)|

BeB(R®
1
= sup  S|E[]- E[]].
rR™—[—1,1] 2'Dy Dy

measurable

The second formula above for the total variation suggests how it can measure an impossibility
of estimation with STAT(7) oracles: two distributions that are close in total variation distance
provide a malicious oracle to make them — and their parameter of interest — indistinguishable
using SQ’s, . This lower bound insight is what underlies Le Cam’s Lemma | ] in the sample
model, and it adapts easily to (randomized) SQ’s in the following way.
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Theorem 46 (Le Cam’s Lemma for Statistical Queries). Consider a model D and a parameter of
interest 0 : D — © in the metric space (0, p). Assume that there exist hypotheses Dy, D1 € D,
such that

TV(Do,D1) < 7/2 and § < p(6(Dy),8(D1)) /2.

If a« < 1/2, then no STAT(7) randomized SQ algorithm can estimate 6 with precision ¢ < 6 and
probability of success 1 — a over D (no matter how many queries it does).

Proof of Theorem 46. We prove the contrapositive. For this purpose, assume that a randomized
SQ algorithm A ~ A estimates 6 with precision € < § and probability at least 1 — a over D. We
will show that a > 1/2.

Consider the oracle which, given a query r : R" — [—1,1] to the distribution D € D, returns
the answer:

e a=FEp,[r] if D= Dxy;
e a=Ep[r]if De D\ {D1}.

As for all query r : R” — [—1,1], | Ep,[r]—Ep, [r]| < 2TV(Dy, D1) < 7, it is a valid STAT(7) oracle.
Furthermore, notice that the answers of this oracle are the same for D = Dy and D = D;. Writing

A= (r,...,7q,0) ~ A, we denote these answers by aj,...,a,. The a;’s are random variables,
driven by the randomness of A ~ A. For i € {0, 1}, let us consider the event

B; = {p (G(Di),é(al, N .,aq)) < s}.

The fact that A estimates @ with precision € and probability at least 1 — a over D translates into
Pryoa(B;i) > 1 — «, for i € {0,1}. But since € < 0 < p(6(Dy),0(D1))/2, the events By and B; are
disjoint. As a result,
1> Pr (BpuB;)= Pr(B Pr (By) > 2(1 —
> Pr (BoUBi) = Pr (Bo)+ Pr (By) 2 2(1 - a)

which yields @ > 1/2 and concludes the proof. O

G.2 Computational Lower Bound

This section is dedicated to prove the following Theorem 47, that provides a computational lower
bound for support estimation in Hausdorff distance. It involves the generalized notion of metric
packing, which is defined right below.

Theorem 47. Given a model D over R", any randomized SQ algorithm estimating M = Supp(D) C
R™ with precision € for the Hausdorff distance, and with probability of success at least 1 — a, must
make at least
log ((1 — )pk( g, ayp)(€))
log(1+ [1/7])
queries to STAT(7), where M = {SuppD, D € D}.

Similarly to Appendix G.1, we put Theorem 47 in the broader context of SQ estimation in
metric spaces (see Section 2.1), and state the more general Theorem 48 below. To this aims, and
similarly to the Euclidean case (Definition 31), let us recall the definitions of metric packings and
coverings. We let (O, p) be a metric space, M C O a subset of 0, and a radius € > 0.
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e Ane-covering of M C R" is asubset {61,...,0;} C M such that for all § € M, min;<;<j p(0,6;) <
e. The covering number cv(uq ) (€) of M at scale ¢ is the smallest cardinality & of such an e-
covering.

e An e-packing of M is a subset {01,...,0,} C M such that for all 1 <i < j <k, Bg ,)(0i,) N
B(o,p)(0j,€) =0 (or equivalently p(6;,0;) > 2¢), where B(g ,)(0,¢) = {0 € ©,p(0,0') < e} is the
closed ball in (O, p). The covering number pk, ,)(€) of M at scale ¢ is the largest cardinality
k of such an e-packing.

Theorem 48. Given a model D and a parameter of interest 6 : D — © in the metric space (O, p),
any randomized SQ algorithm estimating 0(D) over D with precision € and probability of success
at least 1 — o, must make at least

log ((1 — a)pkgpy ) (€))
log(1+ [1/7])
queries to STAT(7), where (D) = {6(D), D € D}.

Proof of Theorem 47. Apply Theorem 48 with parameter of interest §(D) = Supp(D) and distance
p=dg. O

G.2.1 Probabilistic Covering and Packing Number

To prove Theorem 48, we will use the following notion of probabilistic covering. Given a set S and
an integer k > 0, we denote by ( <Sk) the set of all subsets of S of cardinality at most k.

Definition 49. Let (O, p) be a metric space. We say that a probabilistic measure p over ( <® d) is a

probabilistic (g, av)-covering of (O, p) by d points if for all § € O, -

Pr
p~p

0 e U B(@ﬁ)(q, 8)] >1—-a.
qep

We denote by cv(g ,) (e, @) the minimal d such that there is a probabilistic (e, @)-covering of (6, p)
with d points.

This clearly generalizes (deterministic) coverings, since cv(g (¢, = 0) coincides with the
standard covering number cv(g ,)(¢). However, this quantity might be involved to compute since
it involves randomness. Before proving Theorem 48, let us show how to lower bound CV(@hO)(S, a)
in practice.

Theorem 50. Let (©,p) be a metric space. Assume that there is a probability measure v on ©
such that for all q1,...,q0 € O,

14
v (U B(@,p)(qi’€)> <1l-a.
=1

Then cv(g,p)(e, ) > .

Proof of Theorem 50. Take any probability measure p over (2), and consider the map f(p,0) =
]quepB(@ p>(q75)(9) for all p € (?Z) and # € ©. By assumption, for all fixed p € (2),

l—a>v (U B(@J,)(q, E)) = /@f(p,@)V(d@),

qEp
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hence, by integration with respect to p(dp) and Fubini—Tonelli,

o [ (o oman) s = (., st

As v is a probability distribution, this yields the existence of a fixed § = 6, € © such that

0 e |)Boylae )].

pp
qep

o> /( o) (PDte) = Py

In other words, we have shown that no probability distribution p over ( S 4) can be an (g, a)-covering

of (O, p) (Definition 49). Hence, cv(g (g, a) > L. N O

As a byproduct of Theorem 50, we can now show that probabilistic coverings are closely related
to the usual notions of metric covering and packing numbers.

Theorem 51. Let (O, p) be a metric space, and o < 1. Then,

Ve, (€) > evig ) (e, a) > (1 — a)pkg ,)(e)-

Proof of Theorem 51. If (O, p) is unbounded, then all the terms involved clearly are infinite, so
that the announced bounds hold. Otherwise, if (©,p) is totally bounded, the any e-covering
of (©,p) is also a (e, a)-covering, which gives the left-hand bound. For the right-hand bound,
write k = pk(&p)(a) < oo, and let {f1,...,60,} be an e-packing of (0, p). That is, for all i # j,
p(@i,ﬁj) > 2e.

Take v to be the uniform probability distribution over this packing, i.e. v(S) = [{f1,...,0k} N
S|/k for all S C ©. Note that since {61, ...,0;} is an e-packing, v(Bce,,(p)) < 1/k for all 6 € ©,

and as a result,
‘ ¢
v (H Bz—:,@,p(@)) < E
for all 01,...,0, € O©.
Taking £ = [(1 — a)k] — 1, Theorem 50 implies that cv(g ,)(e,a) > [(1 — a)k] — 1, and hence

V(e a) > [(1-a)k] > (1-a)k=(1- a)pk(@7p)(s).

G.2.2 Proof of the Computational Lower Bounds for Randomized SQ Algorithms

We are now in position to prove the lower bounds on (randomized) SQ algorithms in general metric
spaces.

Proof of Theorem 48. For alli € {0,...,[1/7]}, write L; = min{—1+ (2i + 1)7,1}. The L;’s form

a 7-cover of [—1,1], meaning that for all ¢ € [—1,1], there is a least one 0 < ¢ < [1/7] with

|L; —t| < 7. Hence we can define f:[—1,1] — [-1,1] by f(¢) = L;,, where L;, is smallest L; such

that |L; —t| < 7. Note that f takes only |1/7]| + 1 different values, and that |f(t) — t| < 7 for all
€ [-1,1].

Let us now consider the oracle O which, given a query r : R” — [—1,1] to the distribution

D, returns the answer ap(r) = f(Ep[r]). Roughly speaking, the oracle discretizes the segment
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[—1,1] into |1/7] + 1 points and returns the projection of the correct mean value Ep|r] onto this
discretization. Clearly, O is a valid STAT(7) oracle since |f(t) —t| < 7 for all ¢t € [-1,1].

Let A be a randomized SQ algorithm estimating 6 over D, and A = (rq,...,7q, é) ~ A. Let us
write d = (|1/7] + 1)4, and consider the random subset of © given by

C(a) = {é(ap(rl), . ,aD(r1)> }DGD.

Note that by construction of the oracle O, C'(A) C ( f d)‘ Let us consider the probability distribution
p over Up<0° such that the measure of a set S is equal to Pry.4[C(4) € S].

It is clear that if a deterministic algorithm Ay estimates (D) with precision ¢ using the oracle
O, then 0(D) € Uiecag)B(o,p)(t,€). As A estimates 6 with precision ¢ and probability at least 1 —a
over D, this means that p is a probabilistic (e, «)-covering of (D) = © with (|1/7] + 1)? points
(Definition 49). As a result, by definition of cv(g ) (€, a), we have (|[1/7] + 1) > cv(g (€, a).
Finally, from Theorem 51 we have cv(g ) (€,a) > (1 — a)pkg ) (€), which gives the announced
result. O

H Lower Bounds for Manifold Models

H.1 Diffeomorphisms and Geometric Model Stability

The following result will allow us to build different elements of M?C’gmm in a simple way, by consid-
ering diffeomorphic smooth perturbations of a base manifold My. Here and below, I, is the identity
map of R”. Given a regular map ® : R — R”, d,® and d?® stand for its first and second order
differentials at x € R"™.

Proposition 52. Let My € ./\/l2rch and ® : R" — R™ be a C* map such that lim,|_q [|®(x)]] =
00. If supyepn [[In — dz®|l,, < 1/(10d) and SUp,cpn Hdi‘I)Hop < 1/ (4rchpin), then @ is a global

diffeomorphism, and ®(My) € M:ﬁﬁmin. Furthermore, 1/2 < HY(®(My))/H (M) < 2.

Proof of Proposition 52. As sup, ||d;® — Ip|,, < 1, d;® is invertible for all z € R™. Hence, the in-
verse function theorem yields that ® is everywhere a local diffeomorphism. As, lim|, o0 [|P(7)[] =
oo this diffeomorphism is global from the Hadamard-Cacciopoli theorem [ ]. In particular,
® (M) is a compact connected d-dimensional submanifold of R™ without boundary. In addition, by
Taylor’s theorem, ® is Lipschitz with constant bupm |d®@]|,p < (1 +sup, [[In — ds®|,,) < 11/10,

op =
®~! is Lipschitz with constant sup, ||d,®~ 1“ (1 —sup, [[In — do®||,,) "~ 1 <10/9, and d® is
Lipschitz with constant sup,, Hd2<I>HOp < 1/(4rchmm) < 1/(2rchpy,). Hence, | , Theorem 4.19]
yields

(2rChM0)(1 — SUDPy HIn - dﬂC(I)Hop)2
supy [[d2® |, (2rchar) + (1 + sup, [[In — d®|,,)

rche () 2> > (2rchpy,)/2 > rchpin.

As a result, we have ®(M,) € Mrch . For the last claim, we use the properties of the Hausdorff
measure H? under Lipschitz maps | , Lemma 6] to get

HA(@(M)) < sup o @IS, HE(M)

< (1+1/(10d)* HA (M)
< 2HY(M),
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and symmetrically,

7#%A4)gsgpud$®*Wﬁp?ﬂ%¢mA4»

1 d
S iy )

21 (B(M)),

which concludes the proof. O

Among the smooth perturbations ¢ : R” — R™ nearly preserving M4

I'Chmin
ized bump-like functions will be of particular interest for deriving lower bounds.

, the following local-

Lemma 53. Let §,n > 0 be positive reals. Fiz pi,...,py € R™ be such that ||p; — pj|| > 26 for
alli # 5 € {1,...,N}. Given a family of unit vectors w = (w;)1<i<nN € (RN, we let By, be the
function that maps any x € R™ to

N
L —DPi
(DW = I 1]
(@) w+n<;¢< . )w>
where ¢ : R™ — R the real-valued bump function defined by
¢:R" —R

y— exp (=llylP/ (= 1)) T ().

Then @y is C*° smooth, lim| oo [ Pw(Z)|| = 00, and @y satisfies sup,cgn || — Pw ()| <7,
51 2 231
wseuﬂgl [ — doPwl|op < % and :gugz deCDwHOp < =

Proof of Lemma 53. Straightforward calculations show that the real map ¢ : R — R is C*®
smooth over R", equals to 0 outside B(0, 1), and satisfies 0 < ¢ < 1, ¢(0) = 1,

sup ||dy¢| <5/2 and sup “d§¢“op < 23.
yeB(0,1) y€B(0,1)

By composition and linear combination of C* smooth functions, ®y, is therefore C*° smooth.
Also, @, coincides with the identity map outside the compact set U, B(p;, §), so that @, is C*.
Furthermore, for ¢ # j € {1,..., N}, B(pi, ) N B(p;j,d) = 0, since ||p; — pj|| > 20. Therefore, if
z € B(p;, 8), we have @y (z) = z +n¢ (52 ) w;. This directly gives sup,cgn ||z — ®w(z)|| < 7, and

by chain rule,
(o (5) )

sup ||, — dy®ywl|, = max  sup 77‘
SUp 1 = de®wllop 1<i<SN 2eB(p;,0)

op
n
= max sup sz dyd T -
1<i<N 4B (0,1) (dyo) op 0
Ui
= sup |yl !
y€B(0,1)
<o
- 20
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and

2 _ 12 n

Sup 4 ®ully, = v, sup flwidy @], 5
= 5727

which concludes the proof. O

H.2 Building a Large-Volume Submanifold with Small Euclidean Diameter

The proofs of Theorems 26 and 27 will involve the construction of submanifolds M C R™ with
prescribed, and possible large volume H?(M). Informally, this will enable us to build hypotheses
and packings with large cardinality by local variations of it (see Propositions 59 and 63) under nearly
minimal assumptions on fui, (which can be seen as an inverse volume, for uniform distributions) For
the reasons mentioned in Section 2.2.3, one easily checks that the volume of M € B(0, R) I_IM?C’ﬁmin
can neither be too small nor too large, when rchy;, and R are fixed (Proposition 35). Conversely,
this section is devoted to prove the existence of submanifolds M € B(0, R) M Mféﬁmm that nearly
achieve the minimum and maximum possible such volumes of Proposition 35.

H.2.1 The Statement
Namely, the goal of Appendix H.2 is to prove the following result.
Proposition 54. Assume that rchy, < R/12. Writing Cq = 9(2%4_1), let V > 0 be such that

1% R ¥
1< i <max ([ ——= ] .
Cyrch®.  — 1<k<n \ 24rch,inVk

Then there exists My € M?C’fllmin such that My C B(0, R) and
V/6 < HY M) < V.

Proof of Proposition 54. Consider the discrete grid Go in R™ with vertices (12rchy,;nZ™")NB(0, R/2),
centered at 0 € R™ and composed of hypercubes of side-length 12rchy,;,. By considering a k-
dimensional sub-grid parallel to the axes, we see that the grid Gy contains a square grid G with

k
side cardinality x = {ﬁ—‘, where ko = argmax;<j<, (W) . Let us write ¢ =
LV/ (Cdrchfnin)J. By assumption on V, rchyi, and R, we have
k
1§€§Ld§ max (R) < ko,
Cyrch® .~ 1<k<n \ 24rchy,inVk

Hence, Lemma 58 asserts that there exists a connected open simple path L,(¢) in G C Gy with
length |L,,(¢)] = ¢. Furthermore, Lemma 56 provides us with a submanifold M, € M?C’fllmm such
that Mo = M(L,(¢)) C G5min C B(0, R/2)"Pmin C B(0, R) since rchyy, < R/12, and

H(Mo) < (Carchiyn)|La(6)]
d V

min)

< (Cyreh
>~ ( d dI‘Chgnin

=,
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and

H(Mo) > (Carchiy, /3)|Ln(0)]
_v
20, rch?

min

> (CdrChrdnin/3)
— /6,

where we used that |t| > t/2 for all ¢ > 1, which concludes the proof. O

H.2.2 Widget Gluing: From Paths on the Discrete Grid to Manifolds

Lemma 55. Given rchypin > 0 and d > 1, there exist four d-dimensional C?-submanifolds with
boundary Mg, Ms, Mrg C [—6rchpyin, 6rchmin|t and Myp C [—6rchmyin, 6rchmin]72, called re-
spectively end, straight, tangent bend and normal bend widgets (see Figure 3), that:

e are smooth: rchys,,rcharg, rchas, 5, rchyy ;> rchming
e have the following topologies:

— Mg is isotopic to a d-ball B4(0,1),
— Mg, Mrp and Myp are isotopic to a d-cylinder S*1 x [0, 1];

e are linkable: writing s = 6rchyi,, we have

— For the tip widget Mg:

« Mg ([—s/2,5/2)%1)" = Mpn ([s/2,s] x RY) = [s/2, 5] x S71(0, 5/3).
For the straight widget Mg:

« Mg ([—s/2,5/2)1) = Mg (([—s, —s/2] x RY) U ([s/2, s] x RY)),

x Mg N ([—s,—5/2] x RY) = [—s,—5/2] x §471(0,5/3),

x Mg N ([s/2,s] x RT) = [5/2,s] x S471(0, s/3).

— For the tangent bend widget Mpp:

« Mrp N ([—s/2,5/2]71) = Mpg 0 (([—s,—s/2] x RY) U (RY x [—s,—5/2])),
* Mpp N ([—s,—s/2] x RY) = [—s,—s/2] x S¥71(0, s/3),

* Mpp N (R x [—s,—s/2]) = 8471(0,5/3) x [—s,—s/2].

For the normal bend widget Mnp:

« Myp N ([—s/2,5/2]72)" = My 0 (([—s,—s/2] x R? x {0}) U ({0} x R? x [—s, —s/2])),
* Myp N ([—s,—5/2] x RY x {0}) = [—s,—s/2] x ST71(0,5/3) x {0},

+ Myp N ({0} x R x [—s,—5/2]) = {0} x ST71(0,5/3) x [—s,—s/2].

Furthermore,
(Ca/3)rehiy, < HY(MEg), H (Ms), H(Mrp), H(Myp) < Carchiy,,

where Cq = 9(2%04_1) depends only on d.

Proof of Lemma 55. First notice that by homogeneity, we can carry out the construction in the
unit hypercubes [—1, 1]4t! (respectively [—1,1]%+2) and conclude by applying an homothetic trans-
formation. Indeed, for all closed set K C R™ and A > 0, rchyg = Archg and HYAK) = MHY(K).
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(a) End widget Mg.

(d) Normal Bend widget Mnp.

Figure 3: The widgets built in Lemma 55 and used in the proof of Lemma 56.

e End widget: the idea is to glue in a C? way a half d-sphere with a d-cylinder. Namely, let us
consider

MO = (Sd(O, 1/3) N ([—1,0] x [-1, 1]d)) U <[o, 1] Sd*1(0,1/3)) .
Elementary calculations yield the intersections Mg))ﬂ([—l/2, 1/2]441) = Mg))ﬂ([l/Q, 1] x RY) =
[1/2,1] x S%71(0,1/3). In addition, its medial axis is Med(MJ(EO)) = [0,1] x {0}%, so that rchy o) =
E
infzeMed(M]gO))d(Z’Ml(?O)) = 1/3. Finally, Mg)) is isotopic to the half d-sphere S%(0,1/3) N
([-1,0] x [~1,1]%), or equivalently to a d-ball.

e Straight widget: a simple d-cylinder satisfies our requirements. Similarly as above, the set

MY =[-1,1] x §71(0,1/3)
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clearly is (isotopic to) a d-cylinder, has reach rch o = 1/3, and all the announced intersection

properties with s = 1.

e Tangent Bend widget: we will glue two orthogonal straight d-cylinders via a smoothly rotating
(d — 1)-sphere. More precisely, consider the d-cylinders C; = S471(0,1/3) x [~1,—1/2] and
Cy = [-1,-1/2] x 8¥1(0,1/3). We will connect smoothly their tips, which are the (d — 1)-
spheres S = S971(0,1/3) x {—~1/2} C C; and Sy = {—1/2} x 8471(0,1/3) C C5 of same radius.
To this aim, take the trajectory of S; via the affine rotations of center z, = (—1/2,0ga-1,—1/2)
and linear parts

cosh@ 0 --- 0 —sind
0 1 --- 0 0
RQ — . . c R(d-ﬁ-l)x(d-ﬁ-l)’
0 0 1 0
sinf 0 0 cos@

when 6 varies in [0, w/2]. Hence, letting fp(x) = zc+ Ro(7 — ), we have fo(S1) = S1, fr/2(51) =
Sy. In addition, for all § € [0,7/2] and = € [~1/2,1/2]x{—1/2}, we have fo(z) € [-1/2,1/2)¢+L.
Hence, letting

M}B_clu< U Sl>ucz,

0<0<m/2

we directly get that MC(F(E is isotopic to a d-cylinder, and that it satisfies all the announced
intersection properties with s = 1. To conclude, by symmetry, the medial axis of this widget
writes as

Med(M{%) = {0} x [~1,-1/2] U <:c + | J(~t, 0ga s, t)> Ul-1,-1/2] x {0}%,

>0
so that straightforward calculations yield rch, (o) = min {1/3, d(ze, M:(F(g)} =1/6.
TB

e Normal Bend widget: same as for the tangent bend widget, we glue the two orthogonal straight d-
cylinders C7 = {0} xS8%1(0,1/3) x [~1,—1/2] and Cy = [~1,—1/2] x S971(0,1/3) x {0}. via their
respective tips, §1 = {0} xS471(0,1/3) x {~1/2} C Cy and Sy = {—1/2} xS¥1(0,1/3) {0} C C».
To this aim, take trajectory of Sp via the affine rotation of center x. = (—1/2,0pa, —1/2) and
linear parts Ry € RU@+2*(@+2) for 9 € [0,7/2]. As before, letting fo(x) = . + Ry(z — x¢), we
have fo(S1) = S1, fr/2(S1) = S2. Also, for all § € [0,7/2] and z € {0} x [-1/2,1/2]% x {-1/2},
we have fp(x) € [~1/2,1/2]F1. Hence, letting

MJ(\?B_Cl < U f951>UC'27
0<h<m/2

we get the announced results with s = 1, and similarly as above, rch, ©) = min{1/3,1/2} =1/3.
NB

Also one easily checks in all the four above cases that
o 3d—2
d 1?/) < Hd( ( )) Hd(M(O)) Hd( (0)) Hd( ( )) < o4 1/3d 2
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Finally, letting

C~! = min {rchMg)),rchMéo),rChM;o};,rchMmg} =1/6
and considering the dilations Mg = (Crchmm)MéO), Mg = (Crchmin)Méo), Mrp = (Crchmin)M}%
and Myp = (Crchmin)M](\?l)g yields the result by homogeneity, with Cy = C%04_1/3%72 = 9(2%04_1).
]

Lemma 56. Let G be a discrete grid in R™ composed of hypercubes of side-length 12rchyi,. Then
any connected open simple path L in G (see Lemma 58) defines a submanifold, denoted by M (L),
such that:

° M(L) C GGrChmin;

M(L) € M™¢

rChmin ’

HO(M(L))
Caf3 < T hrend

min

< Oy, where Cy is the constant of Lemma 55;

If L and L' are two different such paths in G,

dH(M(L), M(L/)) > 2rchpin.

Remark 57. The construction of Lemma 56 shows that, given one discrete path L, one could
actually define several different manifolds M (L) with the same properties. We will not exploit this
fact as the construction is enough for our purpose.

Proof of Lemma 56. For short, we let s = 6rchyi,. Let L be a fixed connected open simple path
on G. If |L| = 1, take M (L) to be a d-sphere of radius 2rchy,, centered at the only vertex of
L. Assuming now that |L| > 2, we will build M (L) iteratively by adding appropriate widgets of
Lemma 55 along the consecutive vertices that L goes through. We pick one of the two degree 1
vertices (endpoints) of L arbitrarily, and denote the consecutive vertices of L as x1,. .. s T[L|—1-

(i) The path L has exactly one edge at xg, called var , which is parallel to the axes of R™ since
G is the square grid. In the cube xg + [—6rchyip, 6rchpyiy)”, we define M (L) to coincide
with the End widget Mp x {0}"7(d+1), rotated in the (e1,vy) plane so that —e; is sent
on U(J{ . In this first cube, M (L) hence presents a d-cylinder, obtained by a rotation of
[—s,—5/2] x S¥71(0,5/3) x {0}”_(d+1) around g, and pointing towards vy . Let us call this
cylinder C’J .

(ii) Assume now that we have visited the consecutive vertices xy, ..., z;_1 of L, for some k > 1,
and that in the cube around xp_1, M (L) presents a cylinder C,j_l in the direction v,j_l. If
x) is not the other endpoint of L, there are exactly two edges at x, represented by the axis-
parallel vectors v, = (zp—1 — T1) = —v,j_l and v,j = (241 — x). There are three possible
cases depending on the turn that L takes at xj:

(a) If v, and v} are aligned, take M (L) N (zj + [—s,s|™) to coincide with the Straight
widget Mg x {0}”_(d+1), rotated in the {61, v,':}—plane so that e; is sent on v .

(b) If v: belongs to the (d+1)-plane spanned by C,j_l but v, and v,': are not aligned, proceed
similarly by rotating the Tangent Bend widget Mrp X {0}”_(d+1) so that (e1,eqy1) is
sent on (—vy_,,v;)
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(¢) Otherwise, if v;” does not belong to the (d+ 1)-plane spanned by C}_,, then {v,C{, }
defines a (d+2)-plane. Hence, we proceed similarly by rotating the Normal Bend widget
My x {0}~ 5o that (e1, eg2) is sent on (—v;_4, ;). Note that this case can only
occur if n > d + 2.

(iii) If we reached the other endpoint of L (k = |L| — 1), add a rotated End widget oriented in
the direction of C,j_l.

Now that the construction of M (L) has been carried out, let us move to its claimed properties.

e By construction of the widgets and the fact that all of them are centered at points of the grid
G, M (L) is included in the offset of G of radius 6rchyip.

e By induction on the length of the path, it is clear that the union of the straight and bend widgets
(without the ends) is isotopic to a cylinder S¢~1(0,1) x [0,1]. As a result, adding the two end
widgets at the endpoints of the path yields that M(L) is isotopic to a d-dimensional sphere
S5%(0,1). Tt is also clear that M (L) connected, by connectedness of L. In particular, M(L) is a
compact connected d-dimensional submanifold of R™ without boundary.

What remains to be proved is that rch M(L) = rchyiy. To see this, notice that by construction,
the widgets connect smoothly through sections of facing straight cylinders C* = S%1(0,5/3) x
[0,+s/2] x {0}”_(d+1) (rotated), which are included in the boxes [—s/2,s/2]" centered a the
midpoints of the grid. Apart from these connected ingoing and outgoing cylinders, the widgets
are included in boxes [—s/2,s/2]", which are separated by a distance s. Hence, if two points
z,y € M(L) are such that ||y — z|| < s/2, then they must belong to either the same widget or
the same connecting cylinder C~ U Ct. As a result, from | , Theorem 4.18] and the fact
that d(y — z, T, M (L)) < ||y — z|| for all z € M (L), we get

b — i ly — ||
M@I) = ey 2d(y — z, T, M(L))
i d i ly — =] - ly — =|*
zweM (L) 2d(y — x, Ty M (L))’ a#yeMm (L) 2d(y — z, T, M (L))
ly=al>s/2 ly—al<s/2

> min {s/4, min {rchp,, rchag, rchas,,, rehar, 5
> min {6rchpyin /4, rchpin }

= I‘Chmin )

which ends proving that M (L) € M

rChmin '

e As M(L) is the union of |L| of the widgets defined in Lemma 55, it follows

HAM(L)) < |L|max {H! (M), H!(Ms), K (M), H' (Mxp) |
< |L|Cyrchd

min>

and similarly, as the intersection of the consecutive widgets (i.e. (d—1)-spheres) is H%negligible,
we have

HA(M(L)) > |L| min {Hd(ME),Hd(Ms),Hd(MTB),Hd(MNB)}
> |L|(Cy/3)rche

min*
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e Let us now fix two different connected open simple paths L and L’ in G. Since L # L', L passes
through a vertex, say xg € R", where L’ doesn’t. Regardless of the widget used at z( to build
M (L), this widget contains, up to rotation centered at g, the set g + {—s/2} x S4~1(0,s/3) x
{037 A a result, d(zo, M(L)) < V/(5/2)% + (s/3)2. On the other hand, M (L) does not
intersect the cube zg + [—s, s]™, so d(xzg, M(L')) > s. Finally, we get

An(M(L), M(L')) = sup |d(z, M(L')) - d(z, M(L))

> |d(xo, M(L')) — d(wo, M(L))]
> 5 —/(5/2)% + (5/3)?
= 6(1 — V13/6)rchmin

> 2rchpin,

which concludes the proof.

H.2.3 Existence of Long paths on the Grid

In order to complete the construction of Proposition 54, we need the existence of paths of prescribed
length over the n-dimensional discrete grid. Although standard, we include this construction for
sake of completeness.

Lemma 58. Let k > 1 be an integer and consider the square grid graph Gy, on {1,...,k}". Then
forall € € {1,...,Kk"}, there exists a connected open simple path L, (¢) of length ¢ in G,,. That is,
L, (¢) is a subgraph of Gy, such that:

o L,({) is connected;
e L,(¢) has vertex cardinality ¢;
o if{>2, L,(¢) has mazimum degree 2, and exactly two vertices with degree 1.

Proof of Lemma 58. For k = 1, G, consists of a single point, so that the result is trivial. We hence
assume that x > 2. Let us first build the paths L,, = L, (x") by induction on n. For n = 1, simply
take Li to be the full graph G,. We orientate L; by enumerating its adjacent vertices in order:
L77[i] =i for all 1 <i < k. Given an orientation L™ of some L in Gy, we also L [i] = L7[|L| — i]
denote its backwards orientation. Now, assume that we have built L, for some n > 1, together
with an orientation L. To describe L1, we list an orientation L.’ ; of it: an edge of G, hence
belongs to L, if an only if it joins two consecutive vertices in L’ ;. Namely, for 1 <1i < ", we let

Ly li] = (L[], 1)
L [6" +i] = (L[], 2)

Lpal(s = DR" 4] = (L[], £)

n

where for the last line, <+ stands for — if k is odd, and < otherwise. L, clearly is connected and

visits all the vertices {1,...,x}". Its edges all have degree two, except (L;’[1],1) and (L{’["], k)
which have degree 1, which concludes the construction of L, = L, (x™). To conclude the proof,
take L, (¢) (1 < ¢ < k™) to be the first £ consecutive vertices of L, (k™). O
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H.3 Informational Lower Bounds: Hypotheses for the Le Cam’s Lemma

This section is devoted to prove the two informational lower bounds Theorems 23 and 26. We will
use the general informational lower bound Theorem 46 with models {0} Lprd (fmin, fmax, L) and

rchmin

B(0, R) I_ID?’d (fmin, fmax, L) respectively, and parameter of interest (D) = Supp(D) that lies in

Chmin

the metric space formed by the non-empty compact sets of R equipped with the metric p = dp.

H.3.1 Construction of the Hypotheses

First, we show how to build hypotheses, i.e probability distributions for Le Cam’s Lemma (Theo-
rem 46). We present a generic construction in the manifold setting by perturbing a base submanifold
My. Note that the larger the volume Hd(MO), the stronger the result. See also Proposition 63 for
a result similar in spirit, and used to derive computational lower bounds instead of informational
ones.

Proposition 59. For all My € Mgr’?hmm’ 29 € My and 7 < 1, there exists a manifold My € /\/lfc’ﬁlmin
such that xg € My, HY(Mp)/2 < HY(My) < 2HY (M),
2/d
rchmin . 1 HE(Mo)T
518 Wil { S (wdrchd < du(Mo, M1) < rchpin/10,

min

and so that the uniform distributions Dy, D1 over My, My satisfy TV (Do, D1) < 7/2.

Proof of Proposition 59. Let pg € My be an arbitrary point such that ||pg — xo|| > rchpn. For
instance, by taking the geodesic variation pg = Yz v, (2rchmin), where vy € Ty My is a unit tangent
vector, a Taylor expansion of v, », and Lemma 8 yields

[P0 — zol| = [[2rchminvo || — [[7zo,00 (rChmin) — (2o + 2rchminvo) ||
> 2rchpin — (2rchmin)2 /(2rchyyin)
= rChmina

since rchpy, > 2rchpyin. Let us denote by wy € (TpOMo)l a unit normal vector of My at py. For
d,m > 0 to be chosen later, let ®,,, be the function that maps any = € R” to

o) =40 (25 )

where ¢ : R” — R is the real bump function ¢(y) = exp (—HyHQ/(l - Hsz)) Ig(o,1)(y) of Lemma 53.
We let My = ®,,,(My) be the image of My by ®,,. Roughly speaking, My and M; only differ by
a bump of width ¢ and height 1 in the neighborhood of py. Note by now that ®,,, coincides with
the identity map outside B(pp,d) and in particular, pg = ®,,(po) € M; as soon as § < rchpyip.

Combining Proposition 52 and Lemma 53, we get that M; € M?C’ffmin and H4(My)/2 <
HY( M) < 2H(Mp) as soon as

5 _ 1 23y _ 1

25 ~ 10d ¢ 52 = drchp

Under these assumptions, we have in particular that duy (Mo, M1) < [[Pwy — In|lo < 7 < rchmin/10.
Also, by construction, ®,,(po) = po + nwo belongs to M, so that

du(Mo, My) > d(po + nwo, My) = n,
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since wy € (TpOMO)J‘ [ , Theorem 4.8 (12)]. Let us now consider the uniform probability
distributions Dy and Dy over My and M respectively. These distributions have respective densities

fi = HUM;)" 1y, (i € {0,1}) with respect to the d-dimensional Hausdorff measure H? on R™.
Furthermore, ®,,, is a giobai diffeomorphism that coincides with the identity map on B(pg,0)¢. As
a result, since gg’ < < < (24 -1), | , Lemma D.2] yields for 6 < rchyi,/2

TV (Do, D1) < 12Dy (B(0,9))
= 1214 (Mo N B(0,6)) /H (M)
< 12(2%wg6%) /HY( M),
where we applied the upper bound of Lemma 30 to get the last inequality, using that rchz,, >
2rchpmin .

Finally, setting 7 = §2/(92rchyy) yields a valid choice of parameters for all § < rchyin/(2300d).
Consequently, we have shown that for all § < rchuyi, /(212d) < rchpyin /(2300d),
2

du (Mo, M) > ———

Equivalently, by setting 7/2 = 12(2%wq6?) /H%(Mo) and 7(g) := 24wq(rchmin/(211d))?/H(My), we
have shown that for all 7 < T(0)» there exists M7 € Mfc’g‘mm such that

1 Hd(MO)T 2/d
d TV(Do, D1) < 7/2.
= 92rchyin (24(2dwd) and TV(Do, D) <7/

and TV (Do, D1) < 12(2%wg0%) /H(Mo).

du (Mo, My) >

We conclude the proof for 7 < 7y by further bounding the term
1 (M M)\
dy (Mo, M

n(Mo, M) = 92rchpmin (24(2dwd)

. rchmin Hd(Mo) 2/d
368 x 242/d
2/d
> Irce mln <Hd(M0) > / )

- 288 warehd,

wgrchd

Otherwise, if 7 > 7(g), then the above construction applied with 7(g) yields the existence of some

M, € ./\/lrch with the same properties, and

du (Mo, M) >

rchmin ( Hd(MO)T(O

2/d
7% )> and TV(Dy, D) < 70/2 < 7/2.

wgrchd .

Summing up the two cases above, for all 7 < 1 we have exhibited M; € Mfc’ffmm with properties
above, TV(Dy, D7) < 7/2 and

p 2/d
rchyin [ H*(Mo) min{T (0 }

dg(My, M) >

H( 0 1) 918 ( WdI'Chmm

S rchmin in 1 H(Mo)T 2/d
— 918 222d2’ W hd ) ’
dTClmin

which concludes the proof.
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Applying the technique of Proposition 59 with manifolds My having largest possible volume (typ-
ically of order 1/ fuin) in the models {0} I_IDrCh (fmin, fmax, L) and B(0, R) I_IDFC’}(fmin(fmin, fmax, L)
yields the following result. The proof follows the ideas of [ , Lemma 5]. To our knowledge, the
first result of this type dates back to | , Theorem 6].

Lemma 60. e Assume that fimin < fmaz/4 and that

d+1 d
2 + Udfmianhmin S 1.

Then for all T < 1, there exist Dy, D1 € {0} U Drch (fmin, fmax, L) with respective supports My
and My such that

dr (M, M)>7C2 2 i 992 ’ d TV (Do, D1) < 7/2
min and TV .

o Assume that rchp, < R/48 and fuin < fmaz/24. Writing Cy = 9(2%4_1), assume that

( 96rchmin VE
min | ————

1<k<n

R ) 2d+1 Cdfmerhmln >

Then for all T < 1, there exist Dy, D1 € B(0,R) M D:Z’ffmin(fmm, fmax, L) with respective supports

My and My such that

rchpin . 1 T 2/d
dH(M(),Ml) Z 226 Hlll’l{222d27 <wdf . rchd. ) } and TV(DQ,Dl) S 7’/2.

Proof of Lemma 60. For both models, the idea is to first build a manifold My € /\/l2rch with
prescribed volume close to 1/ fiin, and then consider the variations of it given by Prop051t10n 59.

1/d
e Let My be a d-dimensional sphere of radius ro = (ﬁ) in R x {0}~ @D ¢ Re

containing o = 0 € R™. By construction, rchyz, = rg > 2rchyin, so that My € ./\/lhchI . and

one easily checks that H%(My) = 1 /(2fmin). From Proposition 59, for all 7 < 1, there exists a
manifold M € M?C’gmin such that zg € M7, with volume

1/fmax S 1/(4fm1n) § Hd(MO) S Hd(Ml) S QHd(MO) § 1/fmin7

- 2/d
22242’ (2wdfminr0hflnin> }

S rchpin . 1 ( T )2/ d
> min ) )
220 22242 Wdfmianhgnin

and such that the respective uniform distributions Dg, D1 over My, M; satisfy TV (D, D1) <
7/2. Since the densities of Dy, Dy are constant and equal to "z'-[d(]\io)_1 HY(M;)~!, the bounds
on the volumes of My and M; show that Dy, D1 € {0} U Drch (fimin, fmax, L =0) C {0} U

mln
n,d
rchmln

such that

rchin
218

du (Mo, My) >

\4
.
=
—
—_

(fmin, fmax, L), which concludes the proof.

69



e Let My C R™ be a submanifold given by Proposition 54 applied with parameters rch! ;, = 2rchpyn,

V = 1/(2fmin) and R' = R/2. That is, My € My% is such that 1/(12fmin) < H4(Mp) <
1/(2fmin) and My € B(0,R/2). From Proposition 59, for all 7 < 1, there exists a manifold
M € M™ guch that d (Mo, M) < rchyin/10, with volume

rChmin

1/ fnae < 1/(24fmin) < HY(Mp)/2 < HU(My) < 2HY(Mo) < 1/ funin,

such that

V

Mo M rchpmin . 1 T 2/d
dH( 0, 1) = 9l8 min 92272’ 120 funi I‘Chd '
min min

S rchmin in 1 ( T )2/ d
= 792 22202 \ oy frumrchi g

and such that the respective uniform distributions Dy, D1 over My, My satisfy TV (Dy, D1) <
7/2. Because My C B(0, R/2) and du(Mo, M;) < rchpin/10 < R/2, we immediately get that
M; € B(0,R/2+ R/2) = B(0,R). As a result, this family clearly provides the existence of the
announced e-packing of (B(O7 R) Fl/\/l?c’gmin, dH). As above, the bounds on the volumes of My and
M show that Do, Dy € B(0,R) MDY (fumin, fmaxs L =0) € B(0,R) M D (fnin, frnaxs L),
which concludes the proof. ]

H.3.2 Proof of the Informational Lower Bounds for Manifold Estimation

With all the intermediate results above, the proofs of Theorem 23 and Theorem 26 follow straight-
forwardly.

Proof of Theorem 23 and Theorem 26. These are direct applications of Theorem 46 for parameter
of interest (D) = Supp(D) and distance p = dy, with the hypotheses Dy, D1 of the models
{0} UD  (fmins fmaxs L) and B(0, R) MDY (fmin, fmax, L) given by Lemma 60. O

rchpin

H.4 Computational Lower Bounds: Packing Number of Manifold Classes

We now prove the computational lower bounds Theorems 24 and 27. For this, and in order to
apply Theorem 47, we build explicit packings of the manifold classes. To study the two models
and the different regimes of parameters, we exhibit two types of such packings. The first ones
that we describe (Proposition 62) use translations of a fixed manifold My in the ambient space,
and are called ambient packings (see Appendix H.4.1). The second ones (Proposition 63) use a
local smooth bumping strategy based on a fixed manifold My, and are called intrinsic packings
(see Appendix H.4.2). Finally, the proof of the computational lower bounds are presented in
Appendix H.4.3.

H.4.1 Global Ambient Packings

To derive the first manifold packing lower bound, we will use translations in R™ and the following
lemma.

Lemma 61. La K be a compact subset of R™. Given a vector v € R", let K, = {p+v,p € K} be
the translation of K by the vector v. Then du(K, K,) = ||v].
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Proof of Lemma 61. If v = 0, the result is straightforward, so let us assume that v # 0. Since K is
compact, the map g defined for p € K by g(p) = (v/ ||v||,p) attains its maximum at some py € K.
But by definition of K,, pg + v € K,, so

dH(K) Kv) Z d(po + v, K)
= min [(po +v) — pll

> min<v (po +v) —p>

pek \ ||v]|’
— o] +min<”,po —p>
P\ Tl
~ .

On the other hand, for all p € K we have p + v € K, yielding d(p, K,) < ||v||, and symmetrically
d(p + v, K) < ||v||. Therefore dy (K, K,) < ||v||, which concludes the proof. O

As a result, packings of sets in R™ naturally yields packings in the manifold space, by translating
a fixed manifold My C R™. With this remark in mind, we get the following ambient packing lower
bound.

Proposition 62. Assume that rchy;, < R/24. Writing Cq = 9(2%04_1), let V > 0 be such that

1% R b
1< ——— < max ([——— ] .
Carch.  ~ 1<k<n \ 48rchminVk

Then for all e < R/2,

R
log pk(B(O’RmM”,d ax) (€) = nlog <45> :

rchpin?
and such a packing can be chosen so that all its elements M have volume V)6 < HE(M) < V.

Proof of Proposition 62. Let z1,...,zy € B(0,R/2) be a r-packing of B(0, R/2). From Proposi-
tion 34, such a packing can be taken so that N > (R/(4r))"™. Applying Proposition 54 with parame-
ters rchyin, V and R’ = R/2, we get the existence of some My € M?ijfmm such that V/6 < H¥ (M) <
V and My C B(0, R/2). Note that for all z € B(0, R/2), the translation M, = {p+ z,p € My} be-
longs to Mfcjffmin, has the same volume as My, and satisfies M, C B(0,R/2 + ||z||) € B(0, R).
In addition, from Lemma 61 asserts that for all z,2’ € B(0,R/2), du(M,,M,/) = ||z —Z||. In
particular, for all i # j € {1,..., N}, da(M.,, M.;) = |lzi — zj|| > 2r. As a result, the family
{M.,}, ;< provides us with an r-packing of (B(0, R) I_I/\/lfc’gmin, dy) with cardinality N > (R/r)",
and cor;u;osed of submanifold with volume V/6 < H?(M) <V, which concludes the proof. O

H.4.2 Local Intrinsic Packings

In the same spirit as Proposition 59 for informational lower bounds, the following result allows to
build packings of manifold classes by small perturbations of a base submanifold My. Note, again,
that the larger the volume H?(Mp), the stronger the result.
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Proposition 63. For all My € M;ﬁhmm and r < rchyin/(234d?), there exists a family of subman-
ifolds {Ms}y < cn C M:Lc’ffmin with cardinality N such that

Hd(Mo) I“Chmin d/2
| >
ogN 2 wdrchﬁlin 219y ’

and that satisfies:
e My and {Ms}lgsgj\/ have a point in common altogether: My N (ﬁ1§s§NMs) #.
e Forallse{l,...,N},

du (Mo, M) < 23r and HY(My)/2 < HE(M,) < 2H4(My).

o Foralls#s €{l,...,N} du(Ms, My) > 2r.

Proof of Proposition 63. For § < rchmin/4 to be chosen later, let {p;}, ., be a maximal §-packing
S M)
wq(46)

Let n > 0 be a parameter to be chosen later. Given a family of unit vectors w = (w;)1<i<n €
(R™)™ normal at the p;’s, i.e. w; € (TpiM)L and ||w;|| = 1, we let ®y be the function defined in

Lemma 53, that maps any = € R™ to

Pw(z) =2 +n (éqﬁ (T) wi> :

where ¢ : R” — R is the real bump function ¢(y) = exp (—Hy”2/(1 - HyHZ)) Ig(o,1)(y) of Lemma 53.

We let My, = &y (Mp) be the image of My by ®yw. The set My, C R™ hence coincides with My,
except in the d-neighborhoods of the p;’s, where it has a bump of size n towards direction w;. Note
by now that up to rotations of its coordinates, the w € S"~%(0,1)". Combining Proposition 52
and Lemma 53, we see that My, € M?C’ffmm and H(My)/2 < HU(My) < 2H(My) as soon as

Sy _ 1% 1

26 10d 52 4rchpin
In the rest of the proof, we will work with these two inequalities holding true. In particular,
because || ®w — I||, < 71, we immediately get that dg (Mo, Mw) < 1. We note also that all the
®y’s coincide with the identity map on (say) My N dB(p1,0), so that My N (NwMyw) contains
My N 0B(x1,9) and is hence non-empty.

We now take two different families of unit normal vectors w and w’ (i.e. w;, w) € (Tp, My)™
and [Jw;|| = ||w}|| =1 for 1 <i < N), and we will show that their associated submanifolds My, and
M, are far away in Hausdorff distance as soon as maxj<ij<n [|w; — w}|| is large enough. To this
aim, we first see that by construction, @y (p;) = p; + nw; € ®w(Mp) = My, for all i € {1,...,N}.
In particular,

of My. From Proposition 33, this maximal packing has cardinality N >

(M, My) = max d(pi+nuwi, My:).
Let us fix a free parameter A; € [0,1] to be chosen later. As || @y — I,||, <7, we can write for all
ie{l,...,N} that

d(pi + nwi, M) = d (pi + nw;, @y (Mo))
= d (pi + nwi, P (Mo \ B(pi, Mid))) A d(pi + nwi, wr (Mo N B(pi, \id)))
> (X6 — 1) Ad(ps + nwi, Pw (Mo N B(pi, Xid))).
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Further investigating the term d (p; + nw;, ®w (Mo N B(ps, Aid))), we see that for all z € My N
B(pi, Aid) € B(pi, 6), Pw/(z) = 2+ n¢ (*52) w; But from | , Theorem 4.18], rchypz, > 2rchpyin
ensures that any = € My N B(p;, \;id) can be written as x = p; + v + u, where v € T, My with
lvll < Aid, and u € (Tpi]Wo)l with |lu| < (\i6)?/(4rchpin). As a result, we have

v+u ,
coven(o(5) =)

But in the above minimum, v is orthogonal to w, w; and w}, so

G e N A AC E

Also, in the above bounds, ¢ (”fT“) ranges in a subset of [0, 1] since 0 < ¢ < 1. In particular,

d (pi + nw;, Py (Mo N B(ps, Aid)))

> min
UETpi M(),H’U”S)\its
u€(Tp; Mo) ™ [|ull <(Ai6)? / (4rchmmin)

d (p; + nw;, Py (Mo N B(p;, Aid))) > min u+n (tw, —w;
(B: + 1, B (Mo 11 B{ir 20))) ue(TmMO)L,||u||s<xi5>2/<4mhmm>H (tt =)
0<t<1
(Nid)?
> _ _
0@1&@1”“2511} wZH 4rchpmin
(Nid)?

=n[[(0V (wi, wi)) wi — wi -

lwi —will — (Nid)?
2 n - )
\/5 4rchpyin

where the second line follows from triangle inequality, and the last two from elementary calculations.
Putting everything together, we have shown that for all \q,..., Ay € [0,1],

lw! — w;| (Ni6)?
) > i0 — - '
dp (M, Myr) > 12‘%’5\, {()‘15 n) A (77 V2 4rchumin

One easily checks that under the above assumptions on the parameters,

\/ V2l ] — i
i S

4rchpin

provides valid choices of A; € [0,1]. Plugging these values in the previous bound yields

An(0 M) > o (Vo = will =) (512

so that if we further assume that [w} — w;|| > 4v/2n/rchpn, we obtain

/— .

1<i<N 22
S
2\/§1<1<N ’

where the last line follows from ||w; — wi|| < [Jw;|| + |Jw}| < 2.
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Setting n = §2/(92rchyiy), which is a value that satisfies all the requirements above as soon
as 0 < rchumin/(2300d), we have built a family of submanifolds {My},, of ./\/lfc’ffmin indexed by
w € S"40,1)N, such that H4(My)/2 < HUMy) < 2H%(M,), and which are guaranteed to
satisfy

dyg(My, Myr) > o ><1>2< & )
B w2 /2 (92rchn) 4~ \ 2082rchn )’

provided that max;<;<n ||w} — w;|| > 1/4 = 2/8. As a result, if we consider (1/8)-packings of the
unit spheres S, p7)+(0,1) = S"=40,1) for i € {1,...,N}, then for all § < rchy,/(2300d), it
n,d

rChmin

naturally defines a (Wﬁhm»packing of M with cardinality A a least

#% (M)

N > pkgn-a(o,1)(1/8)" > pkgn-a(o)(1/8) a7,

and composed of elements My, such that HI(Mp)/2 < HUMy) < 2HY(My) and dy(Moy, My) <
n = 62/(92rchyiy). In particular, by setting r = %, then for all 0 < r < rchmin/(234d2), we
have exhibited a r-packing of Mféffmin of cardinality N/ with

H(Mo)
log pkgn- 1/8),
wq(4y/2082rchpyinr)? 0g Pkgn-d(o,1)(1/8)
composed of submanifolds having volume as above, and dy(My, My, ) < 2082r/92 < 23r. From

Proposition 34, log pkgn-a(g1)(1/8) > (n — d) log2. Finally, by considering the cases d < n/2 and
d > n/2, one easily checks that (n — d) > n/(2d). In all, we obtain the announced bound

log N >

HY( M) nlog2
wq(44/2082rchyinr)?  2d

. HA(My) ( rchmim \ V>
n
~ wyrch? 2197 '

min

log N >

which yields the announced result. O

Applying the technique of Proposition 63 with manifolds My having a large prescribed volume
{0} uM™  and B(0,R) M?éffmm respectively yields the following result.

rChmin

Proposition 64. Let V > 0 and & < rchyn/(234d?).
o Assume that
v
~ 2d+1lg rchd

Then,

% I"Chmin d/2
g PK(gpimmd — ay) () zn d < 22l¢ ) ‘

rchiin’ wdrChmin
Furthermore, this packing can be chosen so that all its elements M satisfy

V/4<HYM) < V.
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o Assume that rchy, < R/48. Writing Cq = 9(2%4_1), assume that

: (sot)
< <max [—— ) .
24+1C rch® .~ 1<k<n \ 96rchminVk

Then,

)% rchmin d/2
log pk > .
98 PX (50, mymmryt dH)(g) = nwcerhmm < 927, )

min

Furthermore, this packing can be chosen so that all its elements M satisfy

V/24 < HUM) < V.

Proof of Proposition 64. For both models, the idea is to first build a manifold My € ./\/l2rch with

min

prescribed volume close to V, and then consider the variations of it given by Proposition 63.

1/d
e Let My be the centered d-dimensional sphere of radius rg = (‘fj—{f) in R x {0}~ (d+1) C R™.
By construction, rchys, = rg > 2rchyn, so that My € Mgr’ghmm' Furthermore, one easily checks
that H(My) = V/2. From Proposition 63, there exists a family of submanifolds {M,}, ;.\ C
M?C’ffmm with cardinality A such that

N d)2
log A > V/2 (rchmm>

wgrchd .\ 2%

S v (rchmin > d/2
~ wgrchd \ 2% ’

that all share a point z9p € Ni<s<nyMs, and such that dp(Ms, My) > 2e for all s # §' €
{1,...,N'}, with volumes V/4 = H4(My)/2 < HY( M) < 2HU(My) = V. As a result, the family
given by the translatlons M! = M, —x clearly provides the existence of the announced e-packing

Of ({O} L Mrch dH)

. Let My C R” be a submanifold given by PI‘OpOSlthH 54 applied with parameters rch! .. = 2rchpy,
=V/2 and R' = R/2. That is, My € M2rch is such that V/12 < H4(My) < V/2 and My C

B(O,R/ 2). From Proposition 63, there exists a famlly of submanifolds { M} .\ C Mrch
with cardinality A/ such that

min

o\ /2
log A > V/12 (rchmm>

wgrchd, \ 2%

LV <rchmm>d/2
~ wgrchd, \ 2%¢ ’

such that dg(Mo, Ms) < 23e and dg(Ms, My) > 2¢ for all s # ¢ € {1,..., N}, with volumes
V/24 < HY(Mp) /2 < HEU(M;) < 2HA(My) < V. Because My C B(0, R/2) and dg (Mo, Ms) < 23¢
for all s € {1,..., N}, we immediately get that My C B(0, R/2+23¢) C B(0, R). As a result, this
family clearly provides the existence of the announced e-packing of (B(0, R) M:Légmin’dH)' O
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H.4.3 Proof of the Computational Lower Bounds for Manifold Estimation

We are now in position to prove the computational lower bounds presented in this work. First,
we turn to the infeasibiliy result of manifold estimation using statistical queries in the unbounded
model ch’gmm( Jmin, fmaz, L) (Proposition 11).

Proof of Proposition 11. Since og4 fmmrchmm < 1, the uniform probability distribution Dg over the
centered unit d-sphere My C R4 x {0}~ (@41 of radius rchp, belongs to Drch ( fmins fraz, L)-
Given a unit vector v € R", the invariance of the model by translation yleld ‘that the uniform
distributions Dj, over M}, = {p + (3ke)v,p € My}, for k € Z, also belong to Drch (fmin, fmaz, L).
But for all k # k' € Z, dg(My, M) = 3|k — k’|e > 2. Hence, writing

min

M:{Supp( ), D € DL (fuiny Frnaxs )},

we see that the family {M}}, ., forms an infinite e-packing of (M, dn). From Theorem 47, we

get that the statistical query complexity of manifold estimation over D ’ ( fmin, fmax, L) with
precision ¢ is infinite, which concludes the proof. ]

We finally come to the proofs of the computational lower bounds over the fixed point model {0}U
D (fmin: fmazs L) (Theorem 24) and the bounding ball model B(0, R) MDY  (fumin, fmaz: L)
(Theorem 27).

Proof of Theorem 24 and Theorem 27. For both results, the idea is to exhibit large enough e-
packings of M = {Supp(D), D € D}, and apply Theorem 47. In each case, the assumptions on the
parameters of the models ensure that the uniform distributions over the manifolds given by the
packings of Proposition 64 (and Proposition 62 for Theorem 27) applied with V = 1/ fyin belong
to the model, and hence that M contain these packings.

e To prove Theorem 24, let us write

My = {Supp(D) D e {0} L Drch (fmlnvfmaxa )} C {O} U Mrch

min

From Theorem 47, any randomized SQ algorithm estimating M = Supp(D) over the model
{0} Drch ( fminy fmaz, L) with precision € and with probability of success at least 1 — o must
make at least
log ((1 — )Pk ptg,a,)(€))

log(1+ [1/7])

queries to STAT(7). Furthermore, let {M;}, ., be an e-packing of {0} U Mfégmm given by
Proposition 64, that we apply with volume V = 1/ fin. Recall that these manifolds are guaran-
teed to have volumes 1/(4 fmin) < HE(M;) < 1/ fmin. From the assumptions on the parameters of
the model, we get that the uniform distributions {DZ =1 Mﬂ-[d / Hd }1 <i<p OVer the M;’s all

q=z

belong to {0} U Dmh (fmin, fmaz, L). In particular, the family {M;},; is also an e-packing
of My, and therefore

. ( ) (5)) o loa A > 1 rchmin d/2
n
E\PX(Mg,dy) = 08 B Wdfmianhdmin 2%le 7

which yields the announced result.
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e Similarly, to prove Theorem 24, write

Mp = {Supp(D), D e B(O, R) M Dg}ilmin (fminy Jmaz, L)} - B(Oa R) M M?(;}Ufmmv

and apply Theorem 47 to get

log((l — a)pk(MR,dH)(E))
log(1+ [1/7])

qz

The assumptions on the parameters ensure that the packings exhibited in Proposition 62 and
Proposition 64 applied with volume V = 1/ fini, are included in Mg, so that

R 1 rchmin d/2
1og(pk(MR’dH)(€)) - nmax{log <4€> " Wy frintchd; < 227¢ ) 7

which concludes the proof. ]
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