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Design, manufacturing and testing of a Beta Stirling machine for refrigeration applications
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As the concern for CO2 emissions and global warming raises, the Stirling machine appears as a candidate alternative technology to vapour compression cycles that use refrigerant fluids. In this paper, we present the design, manufacturing and testing of a Beta Stirling machine for refrigeration applications. The first part of the paper presents the principle of the Stirling cycle, the mechanical configuration of the designed machine, and the key design parameters. The second part describes the experimental test bench and instrumentation of the Stirling machine. The last part of the paper presents experimental results. The prototype typical performance is a 450 W heat lift at 4°C and a COP of 0.9 when Nitrogen is used as the working gas. Cold end temperature variation as a function of heat lifts and charge pressure are presented. Coefficient of performances are also discussed. Mechanical power, instantaneous torque and velocities curves are reported.
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The Stirling machine is an external heat engine invented by Robert Stirling in 1816 [START_REF] Walker | Stirling engines[END_REF]. By reversing the cycle, the Stirling machine can operate as a heat pump or refrigeration machine. The first mention of the operation of the Stirling engine as a refrigerating machine dates back to J. Herschel's works in 1834, and the first refrigerating machine was built by A. Kirk in 1874 [START_REF] Walker | Low-capacity cryogenic refrigeration[END_REF]. Subsequently, as in the case of engine mode machines, great advances were made by the Philips company, which developed a machine for the liquefaction of air of 1 kW at 80 K in the 1950s. Miniature machines then found a significant commercial development for cryogenic applications and numerous research works were published in a wide variety of applications [START_REF] Radebaugh | Development of the pulse tube refrigerator as an efficient and reliable cryocooler[END_REF][NTO+04] [START_REF] Jr | An overview of NASA space cryocooler programs[END_REF][HSH+09] [START_REF] Duband | Space cryocooler developments[END_REF]. A complete review can be found in [GLBA].

Concerning the refrigeration application at moderate temperature, the research works on design machines and prototypes are much less numerous and complete experimental data are scarcer. Sunpower developed free piston machines operating with Helium as working gas at temperatures between -30 ° C and + 5 ° C [START_REF] Morrison | Stirling Renewal[END_REF]. The tests of these machines in the 1990s showed that they could reach Coefficient Of Performances (COP) similar to those obtained by machines operating on vapor compression cycles [START_REF] David | Free-piston Rankine compression and Stirling cycle machines for domestic refrigeration[END_REF]. In addition, the improvement of the insulation of the walls of the cooled volume caused a reduction in the required cooling capacity and moved the operating point to low power where the Stirling machine can have very interesting performances [START_REF] David | Stirling coolers for solar refrigerators[END_REF][OO00]. In parallel, other companies developed prototypes between 1990 and 2000. A review of these designs is given in Kagawa's book [START_REF] Kagawa | Regenerative thermal machines(Stirling and Vuilleumier cycle machines) for heating and cooling[END_REF]. More recently, in 2002, Otaka et al. designed and manufactured a Beta refrigerating machine [START_REF] Otaka | Study of performance characteristics of a small Stirling refrigerator[END_REF][OKO08] of 100 W operating with Helium. They reported a COP between 1.4 et 2.1 for a cold and hot temperature of 233 K and 303 K respectively. In 2009, Le'an et al. [START_REF] Le'an | Performance of a prototype Stirling domestic refrigerator[END_REF] designed an Alpha Stirling refrigeration machine where the cold end is at a temperature of 238 K. They obtained a cooling capacity of the order of 50 W and a COP of the order of 0.4 when the machine uses Nitrogen. In 2018, Batooei and Keshavarz [START_REF] Batooei | A Gamma type Stirling refrigerator optimization: An experimental and analytical investigation[END_REF] experimented a 500 W Gamma ST05 G engine, originally designed by D. Viebach in 1992, as a refrigeration machine. They obtained a power of the order of 50 W for a COP ranging from 0.03 to 0.1. The design parameters and the experimental published data of these 3 works are summarized in Table 1. 2 Stirling machine design

Theoretical Stirling cycle

The reversed Stirling theoretical cycle includes 4 thermodynamic transformations [START_REF] Walker | Stirling engines[END_REF]:

• an isothermal expansion where heat is absorbed from the cold source at a temperature TC,

• an isochoric heating where the heat stored in the regenerator is transmitted to the working gas,

• an isothermal compression where heat is rejected to the hot sink at a temperature TH,

• an isochoric cooling where the gas transmits heat to the regenerator.

The ideal COP of this theoretical cycle is the Carnot Coefficient of Performance:

= (1)

Mechanical configuration

In its original configuration, the Stirling machine is a single-cylinder architecture that includes a working piston, a displacer piston, a compression volume, an expansion volume and a volume occupied by a regenerator. This configuration, called the Beta configuration, is the configuration we developed (Figure 1). The working piston compresses and expands the fluid, while the displacer piston displaces the gas between the hot and cold parts of the machine, thus ensuring the isochoric transformations of the Stirling cycle. The presence of the regenerator makes it possible to store the heat of the fluid during the transfer of the gas from the hot part to the cold part and to restore it in the opposite direction. Two heat exchangers, one at the cold source and one at the hot sink are also necessary. At the hot sink, the exchanger is water-cooled. The lower part of the machine contains the connecting rods and the crankshaft. The volume of the lower part is also pressurized and called the bounce space. 

Design and manufacturing

The machine is designed to operate at a mean pressure between 15 and 20 bar and a rotational frequency between 5 and 13 Hz. The working gas is Nitrogen. Fluid friction losses are expected to be greater when using Nitrogen compared to Helium or Hydrogen because of the higher viscosity of Nitrogen. However at a rotational frequency of 10.2 Hz, Otaka observed that the performance of its machine operating with Nitrogen or Hydrogen was similar [START_REF] Otaka | Study of performance characteristics of a small Stirling refrigerator[END_REF]. Indeed, the Nitrogen molecule is larger than the Hydrogen molecule resulting in a reduction of the leakages that are observed with Hydrogen. Therefore, working with Nitrogen is relevant. The power piston diameter is 6x10 -2 m and its stroke is 4x10 -2 m. Using the kinematic relationship of the crankshaft mechanism, we derive that the piston swept volume is 120 cm 3 , the compression volume 160 cm 3 and the expansion volume is 120 cm 3 . The volume ratio Vco/Ve is 1.33. The material used is stainless steel for the cold end and aluminum for the radiator at the hot sink. The regenerator is made from stainless steel wire mesh. The temperature ratio TH/TC varies from 0.9 to 1.44. The main parameters of the machine are summarized in Table 2. 

Experimental setup

The test bench scheme and its instrumentation are presented in Figure 2. The different parts: electric drive, source and sink, and instrumentation are detailed below.

Electric drive

The Stirling machine is driven by an 11 kW asynchronous electric motor associated with an 11 kW AC drive (Parker AC30 variable frequency drive). The rotational frequency is controlled in open loop by the frequency drive. This drive indicates its delivered electric power. A torque and speed sensor (Dataflex 32 -300 N.m +/-0.5%) is inserted in the shaft. The top dead center of the displacer is detected by a magnetic sensor mounted on the shaft and is used as the reference angle 0 radians. A flywheel is mounted on the shaft.

Source and sink

The compression volume is water-cooled. The flowrate is adjusted by valves and is measured by a variable area flowmeter (Brooks GT1024 22000 l.h -1 accuracy 2% of the full scale). An electric heated collar is used to apply a thermal load on the cold head. Its electric power is adjusted with a variable transformer and measured by a wattmeter. This value is considered as the heat lift L of the refrigerating machine.

Pressure and temperature measurements

The pressure of the compression and expansion volumes is dynamically measured by two pressure transducers Kulite ETM-DC-375 35 bar and EWCTV-31-35 bar respectively. The pressure sensor at the cold end is heated by a water circulation at ambient temperature to prevent its damage due to the low temperature. Therefore, it applies an additional thermal load on the cold end and is removed when the expansion pressure measurement is not used. The temperature is measured at the outside of the cold head of the machine (Text), at the inlet and outlet of the cooling water (Twater,in and Twater,out ), in the expansion and compression space (Te and Tco), and at the edges of the regenerator (Treg,inf and Treg,sup).

All the temperatures are measured by K thermocouples (accuracy +/-1.5°C) of 3 mm diameter. Therefore, they measure mean values of the thermodynamic cycle. An acquisition system National Instruments DAQ 9172 equipped with modules for the thermocouples and for the analog inputs (torque, speed, pressure, top dead center position) is used. The sampling period is 1 ms. 

Experimental results

Two types of measurements are performed. No load tests where no heating is applied on the cold end of the machine, and tests with a thermal load where the electric band heater heats the cold end of the machine.

"No load" tests

In these tests, the cold head of the Stirling refrigerator is simply insulated. Therefore, the heat load corresponds to the heat exchange with the environment due the imperfection of the insulation. We make the assumptions of heat exchange by natural convection only on a cylinder of height 66x10 -3 mm and of diameter 100x10 -3 mm. We neglect the curvature of the wall. The Nusselt number is calculated as:

= 0.59 !."# (2)
and the heat transfer rate is found to be of the order of 12 W when the machine achieves its coldest temperature. Therefore these tests are referred as "no load" tests.

Detailed description of the machine parameters during one test at 17.5 bar and 12.1 Hz

In this test, the mean pressure is 17.5 bar, the cooling flowrate is 9 l.min -1 and the machine mean rotational frequency is 12.1 Hz. We observe a decrease in the temperature of the expansion space, external surface of the cold end and the superior edge of the regenerator (Figure 3). After a transitional phase, the temperatures level off at -71°C, -62°C and -54°C respectively. The temperature of the compression volume raises in the transition phase to 34°C then levels off. The inferior edge of the The pressure in the expansion and compression spaces Pe and Pco are plotted in Figure 4 versus the crank angle θ. The curves of Figure 4 are averaged values over 10 periods. We observe periodic variations. The pressure in the compression space varies between 11.5 bar and 21 bar, and between 12.5 and 19 bar in the expansion space. The difference between the pressure amplitude in the compression and expansion spaces is due to the pressure losses. The same order of magnitude for these pressure losses were reported by Le'an et al for a machine using Nitrogen as working fluid [START_REF] Le'an | Performance of a prototype Stirling domestic refrigerator[END_REF]. The shaft instantaneous rotational velocity and torque are plotted in Figure 5. The values are averaged over 10 periods. The measured shaft torque results from the contribution of the electric drive, the torque of the crank mechanism due to the Stirling machine and the flywheel. The mean measured torque is 23 N.m and the mean rotational speed is 76 rad.s -1 (i.e. 12.1 Hz), therefore the mean mechanical power is 1700 W. The electric power indicated by the AC drive is 2030 W, therefore we can infer that the electric machine losses are 330 W. The Pressure-Volume diagrams of the expansion and compression spaces are plotted in Figure 6. The thermodynamic work W associated to the expansion and compression transformations is computed by numerical integration:

= -% &' (3) 
and the power is computed as:

= ( (4) 
where f is the rotational frequency of the Stirling machine. The computed thermodynamic work and power of the compression and expansion spaces are 96 J, 1140 W, and -52 J and -615 W respectively. The compression, expansion, cooling water and mechanical power are presented in absolute values in the Table 3. The mechanical power measured on the shaft is 1700 W. The heat lift L is 25 W and the power rejected to the cooling water QH is 1380 W. We observe that: The difference between the left and right hand side of equation ( 5) may be due to the fact that the applied mechanical power on the compression volume is the shaft mechanical power minus the crank mechanism losses and the friction losses as the piston is not lubricated. Thus, the applied mechanical power is less than 1700 W.

) * + , > Q / (5)
The estimated heat lift L is inferior to the power of the expansion transformation that is 615 W. The discrepancy between these values may be due to several causes. Firstly, the heat lift is a calculation and not a direct measurement. Moreover, both the regenerator and the heat exchanger present inefficiencies. Indeed, we observe that the temperature at the superior side of the regenerator is only -54°C whereas the expansion space temperature is -71°C. Various losses may also account for this observed difference: direct conduction between the hot and cold parts of the machine, shuttle and hysteresis losses [START_REF] Li | Parameter effect analysis for a stirling cryocooler[END_REF].

Designation Symbol Value

Heat lift L 25 W 

Shaft mechanical power

Influence of the rotational frequency

The influence of the rotational frequency on the performance of the machine is illustrated in Figure 7. The temperature achieved in the expansion volume Te and the surface temperature of the cold end Text are plotted versus the rotational frequency. The dotted lines are plotted to help in visualizing the trend. The pressure sensor of the expansion space is removed to avoid heating the cold end by heating the sensor. We observe an optimum operating rotational frequency at about 7.3 Hz. At this rotational frequency, the external temperature of the cold end is minimum. At a lower speed, the achieved temperatures are higher due to a lack of power. At a higher speed, the temperatures also raise probably due to an increase in the fluidic and mechanical losses. This kind of curves where an optimal operating speed appear has also been reported in Stirling engines [START_REF] Thieme | Low-power baseline test results for the GPU 3 Stirling engine[END_REF] or refrigerating machines. Indeed, in their experimental works, Batooei et al. [START_REF] Batooei | A Gamma type Stirling refrigerator optimization: An experimental and analytical investigation[END_REF] and Lea'n et al. [START_REF] Le'an | Performance of a prototype Stirling domestic refrigerator[END_REF] reported optimal rotational frequencies for the COP or cooling capacity of their prototypes. The expansion space temperature curve shows the same trend with the same optimal measured temperature (triangular dots) at 7.3 Hz. 

Influence of the charge pressure

In these tests, the influence of the charge pressure on the performance of the machine is analyzed. The Stirling refrigerator is pressurized at different pressures at room temperature before start up. The results are illustrated in Figure 8 where the temperature achieved in the expansion space Te is plotted versus time for different charge pressures. The tests are performed at 7.3 Hz, as it is the optimal rotational frequency of the machine. We observe an increase in the cooling rate with the raise in pressure. This result is expected as the charge pressure increases the power of the refrigerating machine. The achieved temperature Te after 10 minutes and the steady state temperature achieved after 60 minutes are plotted in Figure 9. The linear trends of the temperature evolutions are plotted in dotted lines for the 3 lower pressures and the 3 higher pressures. For both curves, we observe a change in the trend for the higher pressures. The raise in pressure does not lead to a linear decrease of the temperature suggesting that additional losses occur [START_REF] Le'an | Performance of a prototype Stirling domestic refrigerator[END_REF]. These losses may be due to mechanical losses, inefficiencies of the heat exchangers or to a lower extent gas leakage losses. 

Tests with thermal loads

In all these tests, the electric band heater is assembled on the cold head of the Stirling machine enabling a heating load to be applied. The electric power of the heat load represents the heat lift of the machine. The ambient temperature is 21°C. The charge pressure is 17.5 bar and the cooling water inlet temperature is 11°C.

Performance of the machine at 550 W of heat lift, 17.5 bar and 12.1 Hz

In this test, the Stirling refrigerator is started alone, then after 4 minutes, the electric heater power is set at 550 W. The mean pressure is 17.5 bar, and the rotational frequency is 12.1 Hz (725 rpm). We observe a decrease in the cold end temperatures, then a raise when the heater is on. After 22 minutes since the beginning of the test, we observe that an equilibrium in temperature is achieved (Figure 10). The expansion volume mean temperature Te is -5°C, the external surface of the cold end Text is 1°C. The gas in the superior part of the regenerator is at a mean temperature Treg,sup of 7°C, the gas in the inferior part is at a mean temperature Treg,inf of 22°C. The gas in the compression volume is at a mean temperature Tco of 35°C. The cooling water inlet temperature Twater,in is 10°C and the outlet temperature Twater,out is 12°C. When the equilibrium is achieved, we observe the pressure in the expansion and compression spaces Pe and Pco in Figure 11. As in the test described in §4.1.1, the sensor in the expansion space is heated by a water flow to ensure that its temperature is always above 0°C. The pressure varies between 13.5 bar and 19.5 bar in the expansion space and 12.7 and 21.5 bar in the compression space. As before, pressure losses are responsible for the pressure difference between the spaces. The Pressure-Volume diagrams of the expansion and compression spaces are plotted in Figure 12. The thermodynamic work and power of the compression and expansion spaces transformations are 96 J, 1160 W, and -50 J and -607 W respectively. These results are in accordance with the results of the "no load" test at the same pressure, rotational frequency and cooling flow rate. Applying a heat load results in the raise of the cold end temperature. The compression, expansion, cooling water and mechanical power are presented in absolute values in the Table 4. The mechanical power ) * is 1360 W, the heat lift L 550 W and the heat rejected to the cooling water 0 1 is 1470 W. As observed in the "no load" test, W 456 + , is larger than 0 1 . As in the preceding case, this difference may be due to the mechanical and friction losses. Moreover, thermal losses of the band heater to the environment at 21°C may result in a lower applied thermal load. The heat lift is 550 W whereas the power of the expansion transformation is 607 W. These values are closer than in the "no load" case due to the fact that the cold and hot temperatures are also closer. 

Influence of the thermal loads

In these tests, the Stirling machine drive, the cooling flowrate and the electric heater are started simultaneously. Different heat loads are applied to the cold end of the machine by varying the power of the electric heater. The rotational frequency is set at 7.3 Hz as it is the speed that provides an optimal performance of the machine at no load. The pressure sensor at the cold end is removed to avoid additional heating. The Figure 13 presents the evolution of temperature on the external surface of the cold end Text versus time for thermal loads between "no load" and 450 W. Without any thermal load, the temperature rapidly decreases down to -85°C. For a thermal load of 250 W, the decrease is slower and the equilibrium temperature is -42°C. As the thermal load raises, the equilibrium temperature also raises and is 4°C for 450 W. It is plotted versus the heat lift in Figure 14. The temperatures at the cold end of the machine Text are also reported on the graph. As expected, the experimental COP raises as the cold end temperature raises to achieve 0.9 at a heat lift of 450 W and 4°C. The values lie between 0.4 and 0.9 for an operation at 7.3 Hz, with Nitrogen as a working fluid, and cold temperatures between -42°C and 4°C. These values are comparable to the COP reported by Otaka et al. (Table 1) for a machine operated with Helium. This ratio is plotted in Figure 15. The temperatures at the cold end of the machine Text are also reported on the graph. We observe that this ratio is better for the lower values of the ideal COP, meaning that the efficiency COPexp/COPideal of Stirling engine is better at low refrigeration temperatures. This fact was also observed for example by Berchowitz et al. [START_REF] David | Stirling coolers for solar refrigerators[END_REF]. 

Influence of the rotational frequency

This test was performed in the same conditions except for the rotational frequency that was set at a higher value of 9.7 Hz. With the speed increase, the power of the refrigerating machine increases. The heat lift is greater: 530 W are lifted at 0°C for 9.7 Hz compared to 450 W at 4°C for 7.3 Hz (Figure 14). However, at 9.7 Hz, the machine experimental COP is lower for all heat lifts. At a rotational frequency of 9.7 Hz, the efficiency of the machine is about 1% lower than that at 7.3 Hz (Figure 15). This result is in accordance with the optimal rotational frequency of 7.3 Hz determined in the "no load" tests. As in the preceding case, we make the hypothesis that the decrease in the efficiency at high frequency is due to the increase in mechanical and fluidic losses.

Conclusion

In this paper, we have presented the design and experimental results of a Beta Stirling machine for moderate temperature refrigeration application. The aim is to study alternative technologies to vapour compression machines and provide experimental results to assess the performances of Stirling machines in this application. The designed machine typical performance is a 450 W heat lift at 4°C with a COP of 0.9. Results at lower heat lifts and temperatures are also presented. Nitrogen is used as the working gas. The evolution of the performance of the machine with the rotational frequency was studied and an optimal speed was determined. The influence of the charge pressure was also analyzed. The experimental Coefficient of Performance was determined and compared to the Carnot Coefficient of Performance. Its variation with rotational frequency and heat lift was discussed. The experimental results are a basis to model validation will lead to improvements in the machine design in order to achieve higher performances.
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 1 Figure 1: Mechanical configuration of the machine

Figure 2 :

 2 Figure 2: Experimental setup for the measurement of the Stirling prototype.

  , therefore a difference of 69°C is observed across the regenerator. The ambient temperature is 21°C, the cooling water temperature is 10°C at the inlet.
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 3 Figure 3: Evolution of the temperature in the various volumes of the machine. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9l.min -1 . No electric heat load
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 4 Figure 4: Pressure in the machine Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9l.min -1 . No electric heat load
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 5 Figure 5: Instantaneous rotational velocity and torque Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9 l.min -1 . No electric heat load
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 6 Figure 6: PV diagrams of the expansion and compression spaces Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9 l.min -1 . No electric heat load

Table 3 :

 3 Power in the Stirling machine. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9 l.min -1 . No electric heat load
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 7 Figure 7: Influence of the mean rotational frequency on the external cold end temperature. Charge pressure 17.5 bar-Cooling flowrate 9 l.min -1 . No electric heat load
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 89 Figure 8: Evolution of expansion temperature versus time for different charge pressures. Rotational frequency 7.3 Hz -Cooling flowrate 3 l.min -1 Charge pressure 17.5 bar -No electric heat load
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 10 Figure 10: Evolution of the temperature in the various volumes of the machine. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9 l.min -1 . Heat load 550 W
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 11 Figure 11: Pressure in the machine. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9l.min-1. Heat load 550 W
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 12 Figure 12: PV diagram. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9 l.min -1 . Heat load 550 W
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 13 Figure 13: Cold end temperature versus time for different heat loads. Rotational frequency 7.3 Hz. Cooling flowrate 9 l.min -1 . Charge pressure 17.5 barThe experimental COP of the machine is computed as the heat lift L divided by the mean mechanical power of the drive at steady state: 578 = 9 :;.⍵
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 14 Figure 14: Experimental COP versus heat lift. Rotational frequency 7.3 and 9.7 Hz. Cooling flowrate 9 l.min -1 . Charge pressure 17.5 bar The ideal COP is computed with the temperatures of the expansion Te and compression Tco spaces at steady state. The experimental COP is compared to the ideal COP by introducing an efficiency of the Stirling machine: < = =>? @AB =>? CD@EF
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 15 Figure 15: COPexp/COPideal versus COPideal. Rotational frequency 7.3 and 9.7 Hz. Cooling flowrate 9 l.min -1 . Charge pressure 17.5 bar

Table 1 :

 1 As the concern for CO2 emissions and global warming raises, the Stirling machine for moderate refrigeration application appears as a candidate alternative technology to vapour compression cycles that use refrigerant fluids. Therefore, more studies are needed to assess the performance of Stirling machines in this application. In this paper, we present the design and experiments of a Beta Stirling engine for moderate temperature refrigeration. The characteristics of the proposed machine "FEMTO 60" and experimental data presented in the paper are summarized in Table1.

	The prototype typical

Published and proposed experimental data for moderate refrigeration Stirling machines. func( ) means "as a function of".

Table 2 :

 2 Main characteristics of the prototype

Table 4 :

 4 Power in the Stirling machine. Charge pressure 17.5 bar-Rotational frequency 12.1 Hz -Cooling flowrate 9l.min -1 . Heat load 550 W

	Designation	Symbol	Value
	Heat lift	L	550 W
	Shaft mechanical power	) *	1360 W
	Power rejected to the	0 1	1470 W
	cooling water		
	Power of the expansion		607 W
	transformation		
	Power of the compression	*2	1160 W
	transformation