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COMPLETE MONOTONICITY AND MONOTONICITY OF TWO
FUNCTIONS DEFINED BY TWO DERIVATIVES OF A
FUNCTION INVOLVING TRIGAMMA FUNCTION

FENG QI

Dedicated to my PhD supervisor, Prof. Sen-Lin Xu, retired at USTC in China
on his 80th birthday anniversary

ABSTRACT. In the paper, by convolution theorem for the Laplace transforms,
Bernstein’s theorem for completely monotonic functions, some properties of
a function involving exponential function, and other analytic techniques, the
author finds necessary and sufficient conditions for two functions defined by
two derivatives of a function involving trigamma function to be completely
monotonic or monotonic. These results generalize corresponding known ones.
The author also poses several guesses related to these results.
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1. INTRODUCTION

In the literature [T, Section 6.4], the function
IL(z) z/ t*~te7tdt, R(z) >0
0

and its logarithmic derivative

¥(z) = [InT'(2)] =

are respectively called Euler’s gamma function and digamma function. Further, the
functions 1'(2), ¢ (z), ¥"(z), and ¢¥®*(z) are known as trigamma, tetragamma,
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2 F. QI

pentagamma, and hexagamma functions respectively. As a whole, all the derivatives
() (2) for k > 0 are known as polygamma functions.

Recall from Chapter XIII in [4], Chapter 1 in [1I], and Chapter IV in [12] that,
if a function f(x) on an interval I has derivatives of all orders on I and satisfies
(=1)"f™)(z) >0 for z € I and n € {0} UN, where N denotes the set of all positive
integers, then we call f(z) a completely monotonic function on I.

In [7, Section 4] and [8, Theorem 4], the author turned out that,

(1) if and only if @ > 2, the function

Hal(z) = (2) + 29" (2) + a2y (z) — 1]

is completely monotonic on (0, co);

(2) if and only if o« < 1, the function —$),(z) is completely monotonic on
(0, 00);

(3) the double inequality

2

(1.1)

V' (z) + 2" (2)
[z (z) — 1]?
is valid on (0, 00) and sharp in the sense that the lower and upper bounds
—2 and —1 cannot be replaced by any bigger and smaller ones respectively.
For 8 € R, let

—2< <-1 (1.2)

Y (x) + =" (x)
H =

)= L - 17
on (0,00). In [7, Theorem 1.1], the author generalized the double inequality (|1.2)
by finding the following necessary and sufficient conditions:

(1) if and only if § > 2, the function Hg(z) is decreasing on (0, c0), with the

(1.3)

limits
-1 =2
lim Hﬁ(.’ﬂ) = » B
z—0t 0, B> 2
and
-2 =2
lim Hg(z) = P

(2) if B <1, the function Hg(zx) is increasing on (0, 00), with the limits

—o00, x— 07
H — ’
5(@) {0, T — 00.
Let ®(x) = x¢)'(x) — 1 on (0,00). It is easy to see that
M (z) = k™ (2) + 2D (z), ke N. (1.4)

The functions 9, (z) and Hg(z) in (L.1) and (1.3) and the double inequality (1.2)

can be reformulated in terms of ®(z) and its first derivative as

R C) @ (2)

= 98(z)’ 2 (z)

Ha(z) = ¥'(2) + ad?(2), < -1

For k € {0} UN and Mg,y € R, let
Tk (@) = 0D () 4+ A, [0 ()] (1.5)
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and
(I)(2k+1)(.fc)

J] )=
k,ﬂk( ) [(_1)]6@(]@)(56)}’““
n (0,00). It is clear that Jo.x, (z) = 9, (z) and Jo u (2) = Hyy ().
In this paper, we mainly find necessary and sufficient conditions on A and py,
such that

(1) the functions £Jj x, (z) for k£ € N are completely monotonic on (0, c0);
(2) the function Jj ., (z) for & € N is monotonic on (0, 00).

(1.6)

These results generalize corresponding ones in [7, [§] mentioned above.
In the last section of this paper, we pose several guesses related to our main
results in this paper.

2. LEMMAS
The following lemmas are necessary in this paper.

Lemma 2.1 ([7, Lemma 2.3]). Let

et(et —1—1t)
C(et—1)2 7
1

3

on (—o00,00). Then the following conclusions are valid:

h(t) =

(1) the function h(t) is increasing from (—oo, 00) onto (0,1), convez on (—o0,0),
concave on (0,00), and logarithmically concave on (—o0, 00);

(2) the function 22%3 is increasing from (—o00,0) onto (0,2) and decreasing
from (0,00) onto (1,2);

(3) the double inequality

h(2t)
h2(t)
is valid on (0,00) and sharp in the sense that the lower bound 1 and the
upper bound 2 cannot be replaced by any larger scalar and any smaller scalar

respectively;
(4) for any fized t > 0, the function h(st)h((1— s)t) is increasing in s € (0,3).

1< <2 (2.1)

Lemma 2.2. For k > 0, the function (—1)*®®¥)(x) is completely monotonic on
(0,00), with the limits

E, z—0%
(—1)kxk+1fl>(k) () = < K (2.2)
5, Tr — OQ.

Proof. In the proof of [8, Theorem 4], the author established that
/ h(t)e™*'dt.

(—D)ko®) (z) = / h h(t)tre~tdt (2.3)

0

This means

which is completely monotonic on (0, c0).
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For R(z) > 0 and k > 1, we have

PEDE 1) = () + (-1
See [T, p. 260, 6.4.6]. Considering (1.4]), we have

k!
PR a) = o (ka4 1) - (1)

+ l‘|:l/1(k+1)(x 1) (1M (k+ 1)1)

R
— (=1)*k!

as © — 01, The first limit in (2.2)) follows.
In [I p. 260, 6.4.11], it was given that, for |argz\ <7, as z — 09,

_ (2k _
w(n)(z> ~ (=)t [(n 1) o+l + ZBQ’“ 22]:"71%;1) }’

Zn

where By, for k > 1 stands for the Bernoulli numbers which are generated [5] by

z
= _,_|_Z 2/{" |z| < 2.
Considering (|1.4]), we have

0 (1) A/xk+1<k[(_l)k—1[(k-;1)!+‘2liL1'+-.,}}

x
k! (k+ 1)
k
er[(l) L?IH_I + Qpk+2 +”>

k!

1)

(1)
as £ — 00. The second limit in (2.2 is thus proved. The proof of Lemma is
complete. O

Lemma 2.3 (Convolution theorem for the Laplace transforms [12} pp. 91-92]). Let
fr(t) for k = 1,2 be piecewise continuous in arbitrary finite intervals included in
(0,00). If there exist some constants My > 0 and ¢, > 0 such that |fi(t)| < Mye®?
for k=1,2, then

/000 [/Ot Ji(u) fo(t — u)du} e stdt = /OOO F1(w)e * du /OOO Fa(0)e*dv.

Lemma 2.4 ([6, Theorem 6.1]). If f(x) is differentiable and logarithmically con-
cave on (—o0,00), then the product f(x)f(xo — x) for any fized number zo € R is

increasing in x € (—oo, %) and decreasing in x € (m—;, oo)

Lemma 2.5 (Bernstein’s theorem [12] p. 161, Theorem 12b)). A function f(x) is
completely monotonic on (0,00) if and only if

flx) = /000 e “do(t), x € (0,00), (2.4)

where o(s) is non-decreasing and the integral in (2.4]) converges for x € (0,00).
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Lemma 2.6. For k,m € N, the function

L Mg (x4 2k
(x+1)m  zk 4 (z+2)k
is decreasing on [0,00), with Uk 1, (0) = 2™ and limy_yo0 Ug,m(z) = 1. Equivalently,
the function

Uk,m (1‘) =

(2.5)

(1 —2)F+m 4 (1 + g)ktm
V =
b (@) 1—a)F + (1 +2)F
is increasing in x € [0, 1], with Vi n,(0) =1 and Vi, (1) = 2™

Proof. Direct differentiation gives
(2K + m)x + 2K] [(z + 2)™ — &™)z (2 + 2)F
—2maktm (x4 2)F
+maz(x + 2) [(:17 +2)2k+m—1 _ x2k‘+m71:|

Utm(®) = = z(z + 2)(z + 1)+ [k + (x + 2)F]?

[(2k + m)z + 2k][(z + 2)™ — a™]z* (z + 2)*
—2maktm(x 4 2)*

+2max(x + 2) 2k+m (@ 4 2)lg2htm—2-L

T 2(z+2)(z + 1)m+1[xk + (1 2)F2
[(2k + m)z + 2k][(z + 2)™ — ™| 2" (z + 2)*

( +2m Zogégéillsﬂnﬂ(x 4 2)fH1g2k+m—(E+1) )
- 2(z +2)(z + 1) gk + (z + 2)F]2
<0

n (0,00). Hence, the function Uy, ,, () is decreasing on [0, 00).
It is straightforward to verify

(1) = B

+1
Since Uk m(x) is decreasing on [0, 00), the function Vi ,,(x) is increasing on [0, 1].
The proof of Lemma, is complete. O

3. NECESSARY AND SUFFICIENT CONDITIONS OF COMPLETE MONOTONICITY

In this section, we find necessary and sufficient conditions on g such that the
functions £z, (x) defined in (1.5)) are completely monotonic on (0, 00).

Theorem 3.1. For k € {0} UN and X\, € R,
if and only if \p > 13 r, the function Ji ., () s completely monotonic
1) if and only if \ ,52(’;+21>) he § RN letel
n (0,00);

(2) if and only if A\ < %lfr’Z(,;:c-‘,-Ql)” the function —Ji . (z) is completely mono-

tonic on (0,00).
First proof. If Jj x, (z) is completely monotonic on (0, 00), then its first derivative
Jeo (@) = @FF (2) 120,06 (2) S+ () < 0
n (0,00). Hence, we have

1 (I)(2k+2)(x)
200 (z)®Kk+D) ()

k=
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1 (2k + 2)92E+2) (1) 4+ 2op(PR+3) (1)
— 2 [kpW (@) + 2T @)][(k + DPE (@) + 242 (2)]
1 22k+3 [(2k + 2)1/)(2k+2)(;v) =+ x¢(2k+3)($)]

T 22 kg ® (2) + 2 D ()]ab 2 [(k + D)D) () + 242 ()]
1 (—1)2r22ki2)!

k !
R R

(2k+2)!
TRk 1)

as x — 00, where we used the second limit in (2.2]). Consequently, the necessary

condition for Ji x, (z) to be completely monotonic on (0,00) is Ay > %

Similarly, if —Jg x,(z) is completely monotonic on (0,00), then 3;97/\k () > 0,
that is,

< 1 p2k+3 [(2k+2)1/)(2k+2)(:z:)—|—xz/)(2k+3)(z)]
220 kM () + 2y ()] 2 [(k + DY () + 292 ()]
1 (=1)%k+2(2k + 2)!
2 (—DREN(=DF (k4 1)!
1 (2k+2)!
T 2Kk +1)!

as * — 0T, where we used the first limit in (2.2). Consequently, the necessary

condition for —Jj x, (z) to be completely monotonic on (0, c0) is Ay < %7,5!2(12':21))!!.

By virtue of the integral representation (2.3)), we arrive at

0o 2 I
dn @)= [ [T el [T e
0 0

By Lemma we obtain

oo t [e’e}
Treae () = A / [/ uF(t —w)*h(u)h(t — u)du} e "tdt — / 2R p(t)e "t dt
0 0 0
oo t
= / [/\k / uF (t — u)*h(u)h(t — u)du — t2k+1h(t)] e~ "tdt. (3.1)
0 0
By logarithmic concavity of h(t) in Lemma and by Lemma we acquire

A\ / "t — )RRt — u)du — P R(E)
0

<\ /Ot uk(t — u)kh<;)h(t - ;)du 100
— {h(;)r — t2Fn (1)

- [h(mQ(A’“ (2l(ck!+)21)! B [h}z(;))f)tzkﬂ

~




COMPLETE MONOTONICITY AND MONOTONICITY OF TWO FUNCTIONS 7

and
Ak /t uF (t — u)*h(u)h(t — u)du — t**T1h(t)
0
> A\ /t uF (t — u)*R(0)h(t)du — 2T 1h(t)
0
= )\kﬂtzk“h(o)h(t) — 2k (1)
(2k +1)!

e (kD)2 2kt 1
- [;(2k+1)! _1]t R,

where we used the computation

t 1
/ uf (t — w)kdu = 2+ / sk(1 — s)Fds
0 0

s 0 o
= Bk o+ LE+ Dt =
By the double inequality in Lemma , when \;, < (2(12,*);) , we deduce
Ak /Ot ub (t — w)*h(u)h(t — u)du — t**T1h(t) <0, t € (0,00);
when A\, > 2(2(];32 , we have
Ak /075 uF (t — w)*h(u)h(t — u)du — t**TTh(t) >0, t € (0,00).
Consequently, when Ay > 2 (2(1751)' = }g?(ljcfl)),, the function Ji x, (z)(z) is completely

monotonic on (0,00); when A, < (Q(IZT)? = élgf(];cj-?)!!’ the function —Jg z, (z)(z) is

completely monotonic on (0,00). The proof of Theorem is complete. ]
Second proof. The integral representation (3.1) can be alternatively reformulated

Tk () = /0 [ fot t_;kﬁ(h()})l(t_u)du 1]t2k+1h(t)e_“dt

f k(1 —v)kh(vt)h((1 — v)t)dv ek ot
_/0 l 0 ") 1} th(t)e " dt.

By the last conclusion in Lemma the sharp lower bound in (2.1), and the
equation (3.2 in sequence, we obtain the sharp inequalities

Jo 01— ) R(ut)h((1 —v)t)dv _ h(0)h(t) [, v*(1 —v)fdv 1 (k)2
10 ~ 10 T 202k + 1)

and
fol P (1 —v)*h(vt)h((1 — v)t)dv _ [h(%t)]Q fol (1 —v)Fdo - (k)2
h(t) h(t) (2k + 1)!
for t € (0,00). Due to the sharpness of these inequalities, making use of Lemma

immediately leads to necessary and sufficient conditions on Ay in Theorem 3.1} The
proof of Theorem is complete. O
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4. NECESSARY AND SUFFICIENT CONDITIONS OF MONOTONICITY

In this section, we find necessary and sufficient conditions on g such that the
function Jy ., (z) defined in (1.6 is monotonic on (0, co).

Theorem 4.1. For k € {0} UN and puj € R,
(1) if and only if i > 2, the function Jy ., (x) is decreasing on (0,00), with

the limits
1 (2k+2)! .y
lim Jip(2) =4 2KE+ 1) Pk = (4.1)
x—0 07 [, > 9
and
2k +2)! ,
lim Jo (2) =4 kE+D0 T (4.2)
e -9, e > 2;

(2) if pi < 1, the function Jy ,, (z) is increasing on (0,00), with the limits

—o0, = —0F
T, (z) = {0 7 - 0o (4.3)
(3) the double inequality
2k +2)! @D 1 (2k +2)!
(2 +2) () __1(2k+2) w

THEFD S Jem@)” 2K+ D)

is valid on (0,00) and sharp in the sense that the lower and upper bounds
cannot be replaced by any larger and smaller numbers respectively.

Proof. If the function Jj ,, (x) is decreasing on (0, 00), then its first derivative

L B[ DRE)] (<) e )
o (%) = [(—1)k®) (I)}Hk*‘rl aS

that is,
(I)(k:) T (I)(2k+2) T
fe = (I)(k+1() (i)q)(ZkJrl() (i)
[(fl)kkarl(I)(k)(x)] [(71)2k+2x2k+3@(2k+2) (x)]
T [(—1)F LR 20 ) (2)][(— 1) 2RI 2R 2 H (2R D) (1)
k(2% + 2)!
(k+ 112k + 1)!
=2

as ¢ — 0% or z — oo, where we used the limits in (2.2]). Hence, the necessary
condition for Jj ,, (z) to be decreasing on (0, 00) is py, > 2.
By the integral representation (2.3), the function Jj ,, () can be rewritten as
fooo t2k+1h(t)€7:rtdt
- o *
[Jo " thh(t)e—=tat])"™

kaﬂk (‘T) =
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Since
fO t2k+2h( —wtdtf tkh _wtdt
W) _ (ot e e o 6 e

da [ thh(t)e—tdt] "

in order to prove that the function Jy ,, () is decreasing on (0, 00), it is sufficient
to show the inequality

Mk/ t”““h(t)e—”dt/ th L (t)e "t dt
0

0

)

(oo} oo
2/ t2k+2h(t)e_””tdt/ thh(t)e "tdt.  (4.5)
0 0

By Lemma the inequality (4.5) can be reformulated as
oo t
i / {/ uw? L (t — u)* L h(u)h(t — u)du} e tdt
0 0

> / h { / t u2k+2(t—u)kh(u)h(t—u)du]e_“dt. (4.6)
Let tO i
Pu(t) = / W2~ ) ()t — w)du
and ’ .
Qu(t) = / W22 — Q)RR () h(t — u)du,
Then the inequality (4.6]) can l(;e rewritten as

t) 1} ot
— —|e "'t > 0. 4.7
/ Onlt [Qk ) - .7
Changing the variable u = M results in
k+1 v —v
Put) _ Jo[A=0)* + (1) (1 =) () (15 dv

Qi(t) — [l(1— v)kw + (14 0)H+2](1 — )k (21) h(5528) do
I O A A SO [ 2"y
fo [(1—v)k+2 4 (14 v)k+2](1 — v2)kdo (4.8)
23k3B(2k + 2,k + 2)

T BRBB(2k+3,k+ 1)
1

2

as t — 07 or t — oo, where we used the fact in Lemma that the function h(t)
is increasing from (0, 00) onto (4,1) and used the formula

/1 [+ "1 —2) '+ (1 +2)" (1 —2)* ]de =2 B(u,v)
0

= 2H+V—1w
L(p+v)

(4.9)

for R(p), R(v) > 01in |2, p. 321, 3.214].
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Let
Sk(t)—/01[(1—1))k+(1—|—v)k](1—v2)k+1h<1gvt)h<121}t>dv
_;/01[(1—11)k+2+(1+’0)k+2](1—UQ)kh(ngvt>h(l2Ut>d’u
:/()1Tk(v)[(1—v)k+(1+v)k] (1—v2)’“h<1;”t>h<12”t>dv,
where

1(1— k+2 1 k+2

Tk(v)zl—’UQ—*( U) +( +U)
2 (1-v)F+(1+0)k

with 73 (0) = 1 and T}, (1) = —2. By Lemmafor m = 2, we see that the function

T (v) is decreasing on [0, 1] and has only one zero vy € (0,1). As a result, by the

fourth conclusion in Lemma 2.1 we obtain

Sk(t)—/ovonL/v:Tk(v)[(lv)k+(1+v)k] (lvz)kh<1;vt>h<12vt>dv
>h<1zv°t>h<1_2v°t> /OUOTk(u)[(l—v)’“+(1+v)’“](1—v2)kdu
+h(1zv°t)h<1_2v°t> /1Tk(v)[(1—v)k+(1+v)k](1—v2)kdv

vo
1 1- !
:h( +2“°t)h< 2”%)/ To(0) [(1 = 0)* + (1 + 0)*] (1 = v?)"dv
0
= 0’
where we used the formula (4.9)) to obtain

/01 T(v)[(1 —v)* + (L +0)*] (1 - v2)kdv

— /1 [(14+ o)1 (1 — 0)2H 4 (14 0)21 (1 — )] dy
0

1t
- 5/ [(1 4+ w)F(1— 0)2F+2 4 (14 0)*42(1 — )] do
0
=283 B(k + 2,2k 4+ 2) — 2572 B(k + 1,2k + 3)
=0.
Consequently, considering the limit in (4.8), we conclude an inequality S’Z((?) > %

for t > 0, which is sharp in the sense that the lower bound % cannot be replaced by
any larger number. This sharp inequality shows that the inequality is valid
for all ur > 2. Accordingly, the condition p > 2 is sufficient for Jy ,, (z) to be
decreasing on (0, 00).

It is easy to verify that

(1= 0)% + (1 + )] (1= o)™ = [(1 = 0)"*2 4 (1 + 0)F2] (1 —0?)"
= —20(1=0®)" [(1+0)" = (1 =) +0((1 —v)* + (1 +0)")] <0
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for v € (0,1). Combining this negativity with the positivity of h(t) on (0,00), we

deduce an inequality 0 < 5’:((?) < 1 on (0,00). This means that, when u; < 1, the

function Jj ,,, () is increasing on (0, c0).

The limits in (4.1)), (4.2), and (4.3)) follow from applying the limits in (2.2)).
The double inequality (4.4) and its sharpness follow from monotonicity of J_,,, (x)
and the limits (1)) and (4.2)) for s, = 2. The proof of Theorem [4.1]is complete. [

Corollary 4.1. For k € {0} UN and py, € R, the function
(_1)k [Hkq)(k+1) (Z‘)‘I)(Qk+1)($) _ (I)(2k+2) (x)‘l)(k) (Z‘)]

is completely monotonic on (0,00) if and only if ux > 2, while its negativity is
completely monotonic on (0,00) if py < 1.

Proof. This follows from the proof of Theorem [4.1] O

5. SEVERAL REMARKS AND GUESSES

Finally, we list several guesses related to main results in this paper in the form
of remarks.

Remark 5.1. Corollaryin this paper generalizes [7, Corollary 3.1].

Remark 5.2. For k,m € N, we guess that the function Uy, ,,(x) defined in (2.5
should be completely monotonic on (0, co).

Remark 5.3. For k> m > 0, let
@(2k+2)($)

- B(k=m) () hm+1) ()
on (0,00). Motivated by the proof of necessary conditions in Theorem [3.1} we
guess that the function Jj ., (z) for & > m > 0 should be decreasing on (0, cc).
Consequently, the inequality

_2(2k+2)! B (2k + 2)!

Elk + 1)! ElNk 4+ 1)!

for k > 0 should be valid on (0, 00) and sharp in the sense that the lower and upper
bounds cannot be replaced by any larger and smaller numbers respectively.

jk,m(x)

< Tkolz) <

Remark 5.4. For k > 0, we guess that the function of (—1)F2*®®*)(z) should be
completely monotonic on (0, 00), but the function (—1)*z¥t1®®*)(z) should not be
completely monotonic on (0,00). In other words, the completely monotonic degree
of (—=1)k®*)(z) with respect to x € (0,00) should be k& > 0. For the concept and
new results of completely monotonic degrees, please refer to the papers [3}, [6l 9] 10,
11] and closely related references therein.

We also guess that the function (—1)*2*+1®*)(2) for £ > 0 should be decreasing

n (0,00). Consequently, considering the limits in , the double inequality
k1

5@ < (—1)k®(k)($) < k!

okl

for k > 0 should be valid on (0, c0) and sharp in the sense that the scalars % and k!
in the lower and upper bounds cannot be replaced by any bigger and smaller ones
respectively.
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Remark 5.5. By virtue of the integral representation (2.3)), integrating by parts
yields

oo —xt
xk(—1)kq><k>(x):—xk*1/ N0
0 dt
t—00 o0
_ k-1 k —axt . k ! —xt
=z ([t h(t)e ]‘Hw /O [t°h(t)] e dt)
:x’H/ [t*h(t)] e~ dt.
0

By induction, consecutively integrating by parts results in

:Z:k(fl)k(b(k) (l‘) _ x/oo [tkh(t)] (kfl)efztdt
0

oo —xt
_ k (k—1)de
/0 [t°h(t)] Tl

_ {([tkh(t)] (k_l)efzt)
- /oo [ten(t)] M etar
0

t—o0

- /OO [th ()] Ve dt
0

t—0+

and
' o0
F 1)k (1) = % +/ [t’fh(t)](’““)e—“dt.
0

Utilizing the last two integral representations, considering the necessary and suffi-
cient condition expressed in (2.4]), and basing on those guesses in Remark above,

we guess that, for given k € N, all the derivatives [tkh(t)]m for 0 < ¢ < k should
be positive on (0, 00), but [tkh(t)](kH) should change sign on (0, c0).

Remark 5.6. We guess that the sufficient condition pj < 1 in Theorem [4.1] should
be pr < p(k) with 1 < p(k) < 2.

Remark 5.7. This paper is the third one in a series of papers including [7] [§].
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