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Computational design of energy-efficient legged robots:
Optimizing for size and actuators

G. Fadini1, T. Flayols1, A. Del Prete2, N. Mansard1,3, P. Souères1

Abstract— This paper presents a computational framework
for the design of high-performance legged robotic systems. The
framework relies on the concurrent optimization of hardware
parameters and control trajectories to find the best robot design
for a given task. In particular, we focus on energy efficiency,
presenting novel electro-mechanical models to account for the
losses of the actuators due to friction and Joule effects. Thanks
to a bi-level optimization scheme, featuring a genetic algorithm
in the outer loop, our framework can also optimize for the
duration of the motion, the actuators, and the size of the robot.
We present a novel approach to scale both the actuators and
the robot structure in a way that ensures structural integrity
by maintaining constant the normalized deflection of the links.
We validated our approach by designing a two-joint monoped
robot to execute a jumping task. Our simulation results show
that our framework can lead to remarkable energy savings (up
to 60%) thanks to the concurrent optimization of robot size,
motion duration, and actuators.

I. INTRODUCTION

With the rise of advanced robotic platforms in many
domains of human activities, robot design is becoming a
key challenge. Robots must be able to fulfill specific task
requirements without sacrificing efficiency. These two goals
are not easy to meet simultaneously and designing a robot
that optimizes both of them cannot be simply guided by
the experience or the intuition of engineers. Systematic and
versatile approaches need to be developed to cope with this
multi-objective problem. On top of this, a crucial requirement
for any robotic platform is to be properly sized for the task
it is intended to perform. Finding the good size requires
to consider several questions at a time: a bigger robot
may require different actuators to work, a different control
strategy, or both. In addition to the scaling problem, the
drive for better autonomy motivates the need for efficient
actuation capabilities. This requires proper models, both for
energy dissipation and for energy recovery from the motor
in case of motion inversion. As energy efficiency, also task
performance and scale are highly interconnected, thus the
need for tools that can explore all these design dimensions
simultaneously is of paramount interest.

In this sense, the co-design approach, which aims at
optimizing together hardware and control of the system,
has proven in the literature to provide better solutions than
standard iterative design that addresses only one side of
the problem at a time [1–4]. For instance co-design was
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Fig. 1. Structure of the monoped and the real platform, courtesy of Max
Planck Gesellschaft

used to generate motions that could better exploit the under-
actuated dynamics to build passive walkers thus resulting
in minimal control energy [5, 6]. Other studies focused on
the effect and trade-offs of various energy minimization
strategies of hopping system [7, 8]. At the same time,
to obtain more natural and robust motions on bio-inspired
systems, optimization was also used in various works. In this
sense, a study was conducted on a quadruped avatar to find
the proper control sequence by exploiting a flexible spine
to obtain more realistic motions [9]. The method relied on a
genetic algorithm and the optimization variables were related
to the gait timings and the actuation of the flexible spine. A
genetic algorithm was also exploited for a biped with the aim
to perform both timing and plant modifications. A model of
muscular actuators was used to this end and the minimization
dealt with timing and topology [10].

In the light of these previous contributions, this paper
proposes a fully integrated approach to optimally design
robotic platforms for specific tasks, given a model of their
dynamics and their actuation, under the co-design paradigm.
Our first contribution is to rely on a energy-driven cost
function based on a novel electro-mechanical actuator model.
The latter describes the losses due to Joule effect in the motor
winding as well as viscous and Coulomb friction as functions
of the design parameters (motor and gear-box). Thanks to
this, we do not need to add hand-tuned regularization terms,
which is a typical approach to obtain more natural-looking
motions. The second contribution is a consistent method to
scale the robot. Understanding how the robot size impacts
the power consumption is of utmost interest to obtain the
design that allows for the most efficient motion, but has been



mostly overlooked in the literature. The modification of the
robot size should be carefully performed in order to avoid
weakening the robot structure. Our method encompasses this
problem by suggesting a proper structural change in which
the size, mass and inertia are adapted consistently while
conserving the structural integrity. A case study involving the
test bed of the Solo [11] quadruped leg is used to illustrate
the consistency of the method (see Fig. 1). This work is
carried out within the framework of the Open Dynamic
Robot Initiative, which aims at developing an open torque-
controlled modular robot architecture for legged locomotion
research. The objective of this co-design study is to develop
a versatile framework for improving the robot design to
increase its mobility performance.

II. METHODOLOGY

A. Problem statement and proposed solving strategy

The proposed approach is suited to enable the design opti-
mization for a large variety of robots. The main investigated
physical features D are the following ones:
• Structure length, mass and inertia.
• Actuator peak capabilities, torque and velocity limits.
• Gear ratio =.
• Motor mass << and rotor inertia �<.

On the other hand the control parameters C to be optimized
are in the form of phase timings for the task (e.g contact
time). In literature the controller parameters have already
been optimized with this approach [12].

The problem is stated as a standard Optimal Control Prob-
lem (OCP) augmented with the additional decision variables.
The task is fixed (e.g., a target position to reach, and a
fixed time to reach it) and the terminal cost enforces it. The
problem is to minimize the cost function in Eq. 1 by selecting
the best trajectories of the control u and state x, and the best
parameters of the design D and control C.

minimize
x,u,D,C

Φ(x) ,u) ,D,C) +
∫ )

C0

L(x(C),u(C),D,C)dt

subject to
¤G(C) = 5 (C,x(C),u(C),D,C)
ℎ(C,x(C),u(C),D,C) ≤ 0
6(C0,),x(C0),x()),D) ≤ 0

(1)

The optimization is performed by a two-stage algorithm
on a discrete version of problem (1). Splitting the problem
makes it tractable and was first proposed to study gait timing
in [13]. Moreover the approach is chosen because it is fairly
general and can be readily adapted to the study of more
complicated problems. The algorithm is structured as follows
(Fig. 2):
• A genetic optimizer randomly samples the physical

design and control parameters D,C for a given problem,
the set of such combinations is called population.

• For each combination of parameters of the population
(individual), a model of the problem is instantiated for
the given task and cost function. At this stage, all the
parameters are fixed and the problem takes the form of a

Genetic algorithm
Pagmo CMA-ES

Minimized cost function value

Dynamic robot model + Friction model
Generation

under dynamics and task constraints

Trajectory optimisation
Crocoddyl FDDP

motors, gear ratio, link scaling, timing

Fig. 2. Simplified scheme of the bi-level optimization.

standard OCP. The trajectory optimization is performed
by using a DDP-like approach [14].

• The final values of the cost function are sent back to
the genetic algorithm, which in turns generates the next
population. This last step is connected to the first one
and this loop is reiterated until convergence or an ending
condition are met.

The selection of the most suited designs at each iteration
enables a more efficient exploration of the different combi-
nations of all parameters.

B. Energy minimization

The considered cost function takes into account the
electro-mechanical parameters of the actuation in order to
evaluate the power losses. The goal of the optimizer is to
find the motion that achieves the task while minimizing
the required electrical energy. A straightforward way would
be to include all friction effects in the system dynamics.
However, equivalently, we consider a friction-less dynamics
(as often done in robotic trajectory optimization) and account
for friction in the cost function. The idea behind evaluating
the energy losses is that, on the real system, where friction
torques are compensated by the actuator, the generated
motion becomes indistinguishable from the one obtained
with an idealized friction-less model. Indeed, to execute a
reference motion, in the real case, the motors always need to
win some friction torque 3 5 . Thus the difference can just be
seen in terms of the additional energy necessary to overcome
the friction torque. From the control u the total motor torque
can be computed:

3C = 3< +3 5 =
u

=
+3 5 (2)

with = the gear ratio (see Fig. 3). As a result the friction
is just present in the cost function, and not in the dynamics,
and the goal of the optimizer is to minimize energy expense
by choosing proper trajectories of u and x.

C. Power cost function components

The energy consumption should account for the energy
losses due to the non-ideal behaviour of the actuators. If the
task consists in moving from a fixed initial state to a fixed
fully specified state, the integral of the mechanical power %<

supplied is equal to the difference of total mechanical energy
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Fig. 3. Scheme of the compensation of friction in the cost function

between the final and the initial state. Hence the mechanical
energy is fixed (i.e. independent of the chosen trajectory).
This holds for any conservative energy component (e.g
elastic energy [15]), therefore %< is not a quantity that needs
to be added to the cost function.

The two dissipative mechanisms that we consider are
expressed in form of Coulomb and viscous friction at the
transmission level, and Joule effect from the winding resis-
tance of the motor. The friction reported to the motor axis
is then:

3 5 = g`sign(l<) + 1l< ≈ g`tanh(Wl<) + 1l< [Nm], (3)

where l<

[ rad
s

]
is the motor angular speed, g` [Nm] is

the Coulomb friction parameter, 1 [Nms] is the viscous
friction parameter. To approximate the non-differentiable
sign function we use the hyperbolic tangent with W� 1. The
value of 3 5 allows to compute the value of the losses as:

% 5 = 3>5 8< [W] (4)

The losses due to Joule effect must be expressed by
considering the total torque at the motor

%C = 3>C K3C [W] (5)

where Q is a diagonal matrix mapping the motor torques
to the power dissipated by Joule effect. The main diagonal
contains the squared reciprocal of the motor constants  <.
The quantities introduced in Eq. (4) and Eq. (5) are non-
negative and the formulation is also able to encompass the
non-perfect regeneration of the electrical energy Joule when
the system is in a regenerative phase. In that case, even if the
current is back-flowing, there is still a non-null dissipation
at the level of the winding resistance of the motor and at the
joint level.

D. Modeling of the actuators and actuation bounds

a) Motor parameters: Following the methodology pro-
posed in [7, 8], the characteristics of the PMSM motors
are interpolated from the values of the Antigravity, Turnigy,
MultiStar and PropDrive datasheet in order to have a good
model of the properties of the actuators used in the Open
Dynamic Robotic Initiative [11] (see Fig. 4). All the motor
characteristics are parametrized with respect to the mass of
the motor << [kg]. Note that, after the optimization, for any
optimum << ∈ R, the final design can either be chosen (e.g.
off-shelf availability) or custom-built (e.g. motors of MIT
Cheetah [16]) to most closely match it. Using an exponential

Fig. 4. Actuation module from the Open Dynamic Robot Initiative.
It consists in a lightweight PMSM motor associated with two 3:1 gear
reduction stages. Key parameters: 160mm link, weight of 150g for an output
torque of 2.5Nm

regression Eq. (6), the peak torque of the real actuator was
found with about 15% surplus:

Stall torque g<0G = 5.48 < 0.97
< [Nm]

Motor constant  < = 0.15 < 1.39
< [Nms]

Rotor inertia �< = 7.19 ·10−4 < 1.67
< [Kg m2]

(6)

The choice of the motors modifies the plant dynamics as
well. Indeed all the bodies to which the motors are attached
have an additional localized mass << and the effect of the
rotor inertia �< is included in the dynamics as suggested
in [17].

b) Friction: We want to understand how scaling the
transmission (i.e. the gear ratio) affects the friction param-
eters with respect to a nominal gear ratio [ = 3 for which
we have measurements of viscous friction 10 and Coulomb
friction g`,0 on the input side. By stacking in series several
stages with the reference transmission [, we can obtain an
overall gear ratio =, such that = = [: , with : the number of
stages. We consider the friction of each stage proportional to
its input torque. In order to obtain an higher input torque, we
can imagine to increase the number of actuators working in
parallel with the same belt type and reduction [, this way the
friction will be scale proportionally to the torque. Similarly,
also in practice, higher torques will need wider belts and
pulleys thus increasing the friction. A similar consideration
was used in [7] for gearboxes, stating that the Coulomb
friction of a stage is proportional to the maximum input
torque. By reporting the Coulomb friction for each stage 8 to
the motor axis, considering the reduction stack, the overall
Coulomb friction on the motor side is:

g` =

:∑
8=0

g`,0[
8

[8
= :g`,0, with : ∈ N g` ∝ g<0G (7)

Hence g` is at the same time linearly proportional to the
number of stages and to the motor torque. Extending this
reasoning to a continuous space yields that : = log(=)

log([) ∈ R
and g` = :g`,0 1. For the viscous friction constant, across the
stages, each subsequent axis 8 has a lower angular velocity
and the torque reported to the motor axis is also reduced
by the same factor. So the overall torque on the motor axis
resulting from all the viscous friction in the transmission is

1Note that any reduction ratio corresponding to a non-integer number of
stages can always be approached with slight variations in the number of
teeth of the pulleys.



given by:

g1 =

:∑
8=0

10l<

[28 =

(
1+ 1−[−2:

[2−1

)
10︸               ︷︷               ︸

1

l< (8)

The damping coefficient 1, from the analytical form, is
almost equal to 10 since for [2 � 1 each stage is adding
a negligible contribution.

E. Robot size and scaling choices

We focus now on how change in sizing impacts the
dynamics. There are some caveats when dealing with the
modification of the structure: the robot cannot be shaped
freely because this might yield to weak and unusable design.
Thus, we exploit the current knowledge of the system under
the following simplifying assumptions:
• The same material is used, no material property will

change (e.g., density d, Young modulus . ).
• The shape of the system is fixed, only the aspect ratio

can change: for each body we consider an homothetic
scaling along the principal length with a ratio _; and
uniform cross-section dimension scaling ratio _B with
respect to the nominal sizes.

• For structural integrity the deflection X, normalized with
respect to the principal link length ;, must be kept
constant across the scaling.

X

;
∝ �;

2

.I ∝ �
_2
;

_4
B

∝ <0
_2
;

_4
B

∝ 0
_3
;

_2
B

(9)

Such a quantity depends on section inertia moment of
area I[m4]and the inertial load �, which scales linearly
with the mass (< ∝ _;_2

B), and the acceleration of the
link 0.

The last requirement, under Froude dynamical similitude
[18] (0 constant across scaling), results in the relationship

_B = _
3/2
;

(10)

If the scaling law is used as a constraint, the design variables
are reduced and structural integrity is enforced. Note that
this choice penalizes larger structures more than an isotropic
scaling _B = _; . We are thus aware that more favourable
scaling choices, that would not make the moving inertia
increase as much, exist and may be adopted with the loss
of conservatism. Under these assumptions, the mass and the
inertia tensor of the bodies that build the model are modified
consistently to the transformation as well as all the lengths
that are involved in the problem.

III. RESULTS: MONOPED JUMP

A. Case Study Description

a) Model: We present an application of the presented
approach to the case of a jumping monoped, whose body
is constrained to move along a vertical prismatic joint (see
Fig. 1). This model reproduces the testbed of the Solo robot
leg [19]. Under-actuated dynamics, contact constraints and
timing make it a minimal—yet interesting—benchmark case

of legged robot. The leg includes two actuated revolute joints
and a body with mass <1 = 0.37[kg]. The reference robot
model is instantiated with the nominal design parameters
and in the optimization its size and actuators are modified
according to the design parameters.

b) Software Framework: For trajectory optimization,
this work uses Crocoddyl, a cutting-edge open source library
developed for the optimal control of legged robots [14].
In particular we use the FDDP algorithm, which is more
robust to the initial guess than the classic DDP. For the
robot dynamics modeling and computations the Pinocchio
library is used [20]. The gradients and Hessians of the highly
nonlinear power cost are analytically derived. For the genetic
optimization the Pagmo library from ESA [21] is exploited
for its versatility and the variety of already implemented
algorithms. Among them, the black-box CMA-ES [22] is
selected to optimize the co-design parameters. The reasons
for this choice are its good convergence properties and its
capacity to avoid local minima. The same algorithm was
previously chosen for the design of robotic feet [23] and
other integrated design problems [10].

c) Task Formulation: The task that the robot should
perform consists in jumping, with a fixed overall completion
time ) = 1[s]. Initially the robot is standing still on the
ground with a straight leg. After a contact phase of variable
duration )2 , during which the robot can propel its body
upwards by pushing on the ground, it breaks the contact
and jumps to reach the target position p = [0,0,0.64]> [m]
with its foot. The reaching task is expressed as a terminal
cost on the complete state: the foot must reach p with a
fully stretched vertical leg configuration and null velocities.
This is actually necessary just because Crocoddyl cannot
handle hard equality or inequality constraints. The latter are
approximated with penalty functions that are null as long as
the values are within the limits and grow quadratically when
the limits are violated. In particular, we have introduced
penalties on the control bounds and the penetration of the
ground as running costs. Also joint position and velocity
limits can be added, but for this application, they were
neither critical nor exceeded. The energy term is computed
as a running cost, consisting in the integral of the power
losses. To calculate friction we used the identified values
of 10 = 1.5 · 10−5 [Nms] and g`,0 = 5.3 · 10−3 [Nm] [11].
The weights of the different terms in the cost function are
reported in Table I. For integrating the system dynamics we
have used an explicit Euler integration scheme with time-
steps of ΔC = 10−3 [s].

The following intervals of the design parameters are con-
sidered: motor mass m< ∈ [0.05,1] [kg], low-reduction gear
ratios n ∈ [3,20] and scaling of the links ±20% with respect
to the nominal leg design ,; ∈ [0.8,1.2], )2 ∈ [0.2,0.8] [s].
In all the tests, in order to reduce the number of design
variables, we use the same motor and gear ratio for all joints.

B. Numerical Results

With respect to the optimal solution found fixing )2 =

0.7[s] and using the current design version of the actuator



TABLE I
JUMP PROBLEM WEIGHTS

Type Cost component Value
Terminal cost Task completion 5e3
Running cost Power 2e0

Torque bounds 1e1
Penalty Ground violation contact phase 1e6
Penalty Ground violation flying phase 1e3

module Fig. 4, that will be referred to as Case A, the
following two optimizations are considered:
• Case B: The scale and the timing are fixed (_; = 1 and
)2 = 0.7[s]), whereas the actuator parameters << and =
are optimized.

• Case C: The size, the timing and the actuator parameters
are optimized.

The results obtained for these cases are described and com-
pared in the following.

a) Case B: To better understand the impact of the
actuator choice, a preliminary study was made by fixing )2 =
0.7s and _; = 1. In this case, given the small dimension of
the search space, the optimization was performed directly by
sampling the space <<×= with a 19×18 uniformly spaced
grid as shown in Fig. 7. In this case the routine took 1 hour
and 19 min, with an average time for trajectory optimization
of 14.72s. This figure depicts the trade-off between = and
<<. It appears that small motors with very low reduction
lead to high costs because they produce 3< at the expense
of an increased %C . At the same time high values of << and
= seem to be sub-optimal since they induce an increase of % 5

and of the mass to be moved. Therefore, for fixed scaling and
timing, the best combination was obtained in between those
extreme cases, with << = 0.1[kg], = = 12. Additionally, for
any choice of << there seems to exist an optimal value of =,
ideally providing the best trade-off between higher friction
torque 3 5 and increased output 3<. The optimal trajectories
of the robot links (Fig. 5) and of x,u (Fig. 6) highlight how
the system in the contact phase converts the potential energy
of the floating base into kinetic energy by letting it slide
downward. At the same time bending the knee provides a
way to apply a reaction force to push the system upward in
the flying phase.

b) Case C: Here the idea is that, by exploiting addi-
tional degrees of freedom, we can find optimal design and
control for the system. In this case, after evolving a popula-
tion of 102 individuals for 10 times, for solving the co-design
optimization, for 103 trajectory optimization problems, the
overall time was about 9 hours, taking on average 33.72[s]
for each Crocoddyl solver call. The optimum is found for:

<< = 9.85 ·10−2 [kg]
= = 4.5
,; = [0.83,0.99]
)2 = 0.729[s]

(11)

The actuators have a higher mass and a lower gear ratio.

Frame Trajectories

Case B Case C
Fig. 5. Optimized joint trajectories
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Fig. 6. Optimal solution in terms of state and control, Case B

While the second link is close to the nominal length, the
first one almost hits the lower bound of its search space. The
optimal trajectories of the frames (Fig. 5) and of x,u (Fig.
8) are quite different from to the ones found as the optimal
solutions of Case B. In Case C, having a lower = allows
higher joint velocities without incurring in an excessive % 5 .
This, together with the structural change, allows the joint
torque to be reduced compared to the result of Case B, Fig.
6.

c) Discussion: The total energy in Case C is reduced
with respect to both the nominal design (Case A) and the
optimized actuator design (Case B) as shown in Table II. As
expected, Case C is showing the best improvement, around
61.5%, with to Case A. The mechanical energy for Case C is
higher than the reference because motors are twice as large,
while the limb size is only slightly changed (17%). This
is counter-intuitive and reflects the fact that Joule effects



Fig. 7. Cost landscape versus << and =, Case B
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Fig. 9. Effect of timing on the cost, CMA-ES, Case C

may be extremely detrimental for small motors, as it can
be seen in Case A. Case C has much lower friction losses,
which can be explained by a lower reduction and lower u
with respect to Case B, which minimizes the losses for Joule

Fig. 10. Cost evolution versus number of iteration for CMA-ES, Case C

TABLE II
BENCHMARK OF THE ENERGY MINIMIZATION

Type Case A Case B Case C
Mechanical Energy 0.96 J 1.32 J 1.47 J

Joint friction 0.87 J 1.60 J 0.38 J
Joule dissipation 4.37 J 1.87 J 0.53 J

Total 6.19 J 4.79 J 2.38 J

effect. The effect of timing (Fig. 9) is less trivial to observe
and discuss, but there seems to exist a minimum around
0.729[s]. Higher values may not give enough time to the
flight phase to reach the goal, while smaller values would
not allow to apply efficiently a force on the ground. In Fig.
10 we can appreciate the convergence of the optimization in
Case C, as the number of iterations increases there seems to
be a diminishing return in the improvement of the cost.

IV. CONCLUSIONS AND FUTURE WORK

This paper presented a computational method to design
legged robots that can achieve a given task with minimal
energy consumption. The results show that the presented
framework is able to exploit the trade-offs between the robot
structure, the actuators, and the control strategy, in order to
minimize the energy consumption of the task.

This work comes as a first step towards designing the next
prototype version of the Open Dynamic Robot initiative actu-
ator. Beyond this objective, our goal is to make this approach
applicable to a variety of legged systems, considering even
more complex design choices and trade-offs. For instance,
various scenarios of locomotion, the topological optimization
of the structure, or even the selection of the best actuator
typology. Since the optimization seems to be already compu-
tationally expensive and the complexity of the problems may
increase even further, we intend to parallelize computation
in the genetic algorithm. Additionally, more complex multi-
objective strategies may be necessary to find the best design
as in [2, 24]. Regarding the actuator model, in this work
we neglected the actuation bandwidth. This is a crucial
information to obtain realistic motions on real systems. We
are currently investigating a strategy to include bandwidth
limits in the framework, without increasing significantly its
computational complexity.
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