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Abstract
The question of classicality is addressed in relation with the shape of the nuclear skeleton
of molecular systems. As the most natural environment, the electrons of the molecule are
considered as continuously monitoring agents for the nuclei. For this picture, an elemen-
tary formalism of decoherence theory is developed and numerical results are presented for
few-particle systems. The numerical examples suggest that the electron-nucleus Coulomb
interaction is sufficient for inducing a blurred shape with strong quantum coherences in

compounds of the lightest elements.
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I. INTRODUCTION

We would like to better understand the status of the permanent chemical observables
by starting from a fully quantum mechanical description of a molecule, i.e., by
including both the electrons and the atomic nuclei in the quantum treatment. The
present work is concerned with the recognition of elements of the classical molecular
shape. A fundamental difficulty is associated with the fact that the classical shape
(unless spherically symmetric) breaks the rotational symmetry of the molecular wave
function of an isolated molecule [1].

There exist quick shortcuts to this problem. First (case I), pieces of information
regarding the molecular shape (and structure) can be obtained by fitting an effec-
tive model Hamiltonian to the isolated molecule’s rotational spectrum [2]. Second
(case II), in many chemical experiments the molecules are in some environment, and
thus, the isolated-system symmetries are not longer relevant.

Nevertheless, we remain interested in the original theoretical problem, that had
became famous as the molecular structure conundrum [3-6]: we consider an isolated
molecule and aim to explore the furthermost point regarding the molecular shape
(and structure) without considering any kind of an environment (as in case II) or
making any a priori assumption on the hierarchical separation in the spatio-temporal
behaviour of the internal dynamics to build model Hamiltonians (as in case I).

But we have said that the classical molecular shape breaks a fundamental sym-
metry of the isolated quantum system. So, how can we expect to see the emergence
of a symmetry breaking feature without actually breaking the symmetry?

The core of this work rests on understanding what is quantum, what is classical,
and how they are connected. We borrow tools from decoherence theory [7, 8] and
use them for the molecular problem. Interference is one of the key concepts for un-
derstanding quantum behavior. If interference vanishes, then the quantum system
has classical-like features. In practical terms, we have to consider the system’s re-
duced density matrix (RDM). If its off-diagonal elements (interference terms) are
suppressed in some representation, then the RDM is formally identical with that of a
classical mixture (Fig. 1). Based on this mathematical equivalence, we may say that

a quantum system resembles a classical statistical ensemble. Science philosophers



FIG. 1: Ilustration of a rotationally symmetric object with (a) strong rotational interfer-
ence and (b) vanishing rotational interference. If the interference vanishes (b), the quantum
system resembles a collection of (rotated) classical objects.

[9, 10] as well as pioneers in decoherence theory [7] have noticed that suppression
of interferences between selected states is not a sufficient condition to fully reduce
the quantum world to one amenable to a classical treatment. It is a necessary one.
In the present work, we will follow this common and fruitful interpretation of the
quantum-classical relation that is based on the suppression of the interference terms.

Pursuing decoherence ideas for the molecular problem is not new and has always
started with the definition of an environment model. Pfeifer [11, 12] considered the
vacuum state of the electromagnetic field as a general environment to model local-
ization of enantiomers. It was later shown that this mechanism was only valid at
zero temperature, for a review see Ref. [13]. Claverie and Jona-Lasinio [14, 15] used
external random noise to simulate localization in a double-well problem to model
molecular chirality. Joos and Zeh studied simple scattering models [16], and Hon-
berger and co-workers simulated the stabilization of chiral molecules upon collisions
[17-19]. More recently, change of the environment model parameters were studied
on the localization of mesoscopic quantum objects [20]. A systematic and accurate
calculation of the decoherence times for molecular processes in interaction with a
series of environment models is very interesting and may turn out to be useful for
designing better quantum computers (with molecular qubits).

For solving the molecular structure problem, one would like to find the most gen-
eral possible environment model for a molecule. When we think about the structure
of a molecule, we rarely have to specify the corresponding environment. This desire

led Pfeifer in 1980 [11] to pick the electromagnetic vacuum state as an environment.



In the present work, instead of setting out to design the most general environment
for a molecule, we will take a closer look at the molecular wave function. We have
said that we did not want to introduce any a priori dynamical assumptions in the
molecular quantum treatment. But when we have the full molecular wave function
at hand, we can, of course, exploit the different properties of the particles during
the course of an a posteriori analysis of the wave function. So, in the present work,
we study the spatial coherence or decoherence of the nuclear skeleton induced by
the continuous monitoring effect of the electron cloud. This information is encoded
in the molecular wave function, and we will write down the formalism that makes
this ‘visible’.

The present study of spatial (de)coherence within the molecule adds a missing bit
to our earlier understanding [21-26] that followed a path proposed by Claverie and
Diner [27]. According to them, elements of the molecular structure can be recognized
as nuclear configurations for which the particle density is large. Large values of the
particle density certainly indicate configurations that are the most probable, but it
does not tell us whether an assembly of particles have the classical-like features that
we know about in chemistry.

In Sec. IT we work out the basic decoherence formalism for spatial localization of
nuclei in the molecule. Sec. III makes the formalism specific for the molecular shape

and Sec. IV presents numerical results computed from molecular wave functions.



II. MOLECULAR DECOHERENCE THEORY

When a property of a quantum system is measured, the needle of an idealized mea-
suring device points to one of the possible outcome values. In an ideal quantum me-
chanical description of measurement, the (macroscopic) experimental setup should
be included in a quantum treatment [28, 29]. The quantum states corresponding
to the positions of the measuring needle were termed ‘pointer states’ by Zurek [30]
and their apparent classical behaviour is ensured by the decoherence effect of the
measuring environment.

Nowadays, the concept of pointer states is used in a more abstract sense without
associating an actual experimental setup to them. In the pointer basis representation,
the off-diagonal elements of the reduced density matrix, which represent quantum
coherence between the states of the system associated to the environment pointer
states, are suppressed.

In general, we do not know a prior: the pointer states of a quantum system in
a given environment. For each microscopic environment model, one has to find the
proper pointer states that will point to the classical-like (environmentally stabilized)
states of the quantum system [18, 30]. Localization of macroscopic objects in space
(e.g., translational localization) is studied in a so-called ‘direct representation’ using
a set of Dirac delta distributions over the configuration space.

By molecular shape (and internal structure), we understand the localization of
the nuclei in the three dimensional space. So, our ‘measuring needles’ are functions
located in the three-dimensional space (‘position basis’). Hence, we will be concerned

with the ‘direct representation’ of the density matrix.

Let |¥) be a normalized molecular wave function. The associated (pure-state)
density operator is denoted by p = |¥)(¥|. Let us multiply p both from the left and
from the right with the resolution of identity written in the position basis of the

electrons and the nuclei, y, and xg, respectively. Hence, the molecular (pure-state)



density operator is written as
p=w)(w
— (|- i
- / dr dR [x,xm) (voxl - [0)(0] - / ' AR’ [xom) o
_ / dr dR dr' AR o) - o rl O (T ) - o]

= /dr dR dr" AR |xvxr) (XrXr| ¥(r, R)U*(r', R') (1)

Since we are interested in the nuclear structure, we integrate out the electronic

degrees of freedom, and obtain the nuclear reduced density matrix,

Prue = Trer [9]
— [ (i)
= [ (o) o)
= /dr" ved [/ dr dR dr’" dR" [x»Xr) (X xR/ O (r, R)W(r', R') | Xxr)
= / dR AR’ [xr)(xr| / drdr’ dr'” (xo|x:) (O Ix) W (r, R) (1, RY)
= /dR AR’ [xr)(xXr] /dT dr’ dr” 6(r — ") 6(r — ") U (r, R)V*(r', R')

_ / AR AR’ |xr) (x| / &’ (", RV (", R @)

where the element of the reduced density matrix in the position representation is

denoted as

pnuC(R> R,) = <XR|,anuc|XR/> = /dlrﬂ ‘;[](TN>R)‘I]*(T”a R/) . (3)

It is worth making explicit the diagonal and off-diagonal contributions to ppuc

ﬁnuc :/dR |XR><XR| pnuc(R> R)

+ / AR AR’ [xa){xw| [1 - 6(R — R)] pue(R. R . (4)



where the second term describes the interference between the nuclear structures at

R and R'. If the pu.(R, R) off-diagonal elements are small, then

P / AR ) (x| pne(R, R) (5)

that is mathematically equivalent with the density matrix of a classical mixture
of localized structures at R (a mixed state). According to decoherence theory and
based on this mathematical equivalence, we may say that the quantum system has
classical features corresponding to the yg basis representation that becomes a good
pointer basis if pyue (R, R') = 0. In this case, the xg basis representation is a pointer
basis for the nuclei, and the classical properties associated to a given g function
are dynamically stable.

We have selected xr as a basis set over the nuclear configuration space (or more
precisely, for practical purposes, a dense mesh of Dirac delta distributions over nu-
clear configurations), because we would like to study molecular structure and check
whether the interference terms are suppressed between nuclear configurations. It is
necessary to study whether and under which circumstances pyc(R, R') ~ 0 (R # R'),
i.e., the nuclear structure will be dynamically stable as a classical property.

a. Born—-Oppenheimer molecular wave function It is interesting to note that
all arguments are applicable not only for the (pre-Born-Oppenheimer) molecular
wave function, but also for the conventional Born—Oppenheimer (BO) product of
the electronic and nuclear wave functions, WEO(r, R) = Wy (r, R) ¥, (R). In this
case, the off-diagonal reduced density matrix is

pL%?](Ra Rl) - <XR‘ﬁnuc‘XR’>

nuc

_ / dr” U (r", RV (R) U (r", R) W (R)

_ [ [ a7 e ROV B W (R R) . (6)

Thus, the interference amplitude between the R and R’ nuclear structures depends
on the overlap of the BO electronic functions corresponding to the R and R’ nuclear

configurations.



b. All-particle molecular wave function The molecular wave function can be
represented as linear combination of many-particle electron-nucleus basis functions,
most commonly using variants of an explicitly correlated Gaussian basis set [1, 31—
33]. Electrons and nuclei are handled in such a ‘pre-Born-Oppenheimer’ or ‘all-
particle’ treatment on an equal footing. The nuclear reduced density matrix is ob-
tained by direct evaluation of the integral in Eq. (3). Due to the equivalent treatment
of all particles, it is straightforward to calculate reduced density matrices correspond-
ing to different kinds of partitioning of the molecule to a subset of (a,b,¢,...) par-
ticles as the ‘system’ and the remaining (z,y, z,...) particles as the ‘environment’.

In the present work we use the electron-nucleus partitioning.
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FIG. 2: Shell or rotating dumbbell? [Figure reproduced from Ref. [1] under Creative Com-
mons CC-BY-NC-ND license.|

III. ORIENTATIONAL LOCALIZATION: THEORETICAL FRAME-
WORK

For a start, let us consider a diatomic molecule in its ground rovibronic state with
zero total angular momentum. This is a stationary state and the wave function is
spherically symmetric. The one-particle nuclear density, pon(R, R) calculated from
this wave function shows that the nuclei (‘n’) are within a shell around the molecular
center of mass, ‘0’ (Fig. 1 of Ref. [21] and Fig. 2 of Ref. [22]). The two-particle density,
pon (R, R), is strongly peaked at 180° degrees for the included angle of the position
vector of the two nuclei, n and n’, measured from the center of mass, ‘0’ (Fig. 2 of
Ref. [22]).

The one- and two-particle density functions describe well the internal nuclear
structure but an additional question remains [1]: does the nuclear structure in the
ground-state wave function resemble a shell with strong quantum coherences among
the positions (Fig. 2a) or a rotating dumbbell with a classical-like shape (Fig. 2b)?

We ask this question within the stationary-state, isolated molecule quantum treat-
ment, because we would like to know whether this property is encoded in the molec-
ular wave function itself, or is induced by the environment. This question can be
mathematically studied using the arguments and formalism developed in Sec. II.

So, we have to asses the orientational coherence or decoherence of the nuclei
induced by the electrons. For this purpose, we consider nuclear configurations, R
and R’ that have the same internal structure and are connected by spatial rotation,
R = O,R.

To quantify the interference between rotated structures, we will use the

{&1, &, ...} basis set (Fig. 3) that consists of Dirac delta distributions over a dense
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FIG. 3: Visual representation of the ‘orientational basis’ that we use to measure the emer-
gence of the shape of the nuclear skeleton: Dirac delta distributions are located at molecular
structures connected by rotation (shown in 2D).

mesh in the configuration space of rotated nuclear structures, rather than a gen-
eral xgr configuration basis distributed over the entire configuration space (Sec. II).
Hence, our measuring needles are §, = x_p (Fig. 3). So, in Eq. (4) we consider the
rotational degrees of freedom for a selected R nuclear structure (alternatively, the
non-rotational part can be integrated out), and write the nuclear reduced density

matrix operator corresponding to the rotated structures as

ﬁx[fffi] :/da |£a><£a| pHuC(ROM Ra)

+ [ da da’ 626l [1 = 80 = @) poelBas Rer) @
where da collects the volume element for three Euler angles and the integrals are
understood with the appropriate integration bounds. The R, = O.R is a short

notation for the rotated structure.

If the off-diagonal elements of the nuclear reduced density matrix for the rotated

structures (R # R,,),

poe(Ro Ro) = / d U R (1", R,) | (8)
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are small with respect to the diagonal elements,
e R, R) = / & U R (1" R) | (9)

then

ple / der €2} (€al poe(Ras R (10)

i.e., the interference of the rotated nuclear structures is negligible. This nuclear
reduced density matrix is mathematically identical with that of a classical mixture
of rotated nuclear structures. This case corresponds to Fig. 1b in a diatomic molecule,
the coherence of the rotated structures vanishes, and we may observe the emergence
of a dumbbell-like shape of the nuclear skeleton. If the off-diagonal elements are
large with respect to the diagonal ones, then there is a strong interference among
the rotated nuclear structures and we cannot observe any new feature emerging
beyond (within) the quantum mechanical rotational symmetry. In this case, the
shell-like picture of Fig. la is appropriate. We note that both cases respect the
original rotational symmetry of the molecular wave function. Either the classical-
like or the quantum-like (as well as all intermediate) cases may be encoded within the
molecular wave function depending on the strength of the interparticle interactions.
The sole difference is in the suppression or existence of the coherence between pairs

of rotated structures within the spherically symmetric molecular wave function.

When do the interference terms get small and the localization of the nuclei by the
electrons efficient? It happens, if pyuc(R, Ra), Eq. (8), is small. It is easier to under-
stand the meaning of this condition within the Born-Oppenheimer approximation

(when it is qualitatively correct), Eq. (6):

nuc

pBON(R, O, R) = { / Ar" W (r", RYUL(" OpR) | Wnue(R)UE (OoR) . (11)

If the overlap of the BO electronic wave functions corresponding to the rotated

nuclear structures is small, then pL%?}(R, R') is also small.
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IV. NUMERICAL STUDY OF ROTATIONAL LOCALIZATION OF THE
NUCLEI IN THE MOLECULAR WAVE FUNCTION

We have computed the ground-state wave function for four-particle systems, includ-
ing Ps,, a series of Hy-like systems, and HeH™, to illustrate the ideas formulated in
the preceding sections.

The molecular wave function was computed using an explicitly correlated Gaus-
sian basis set and the QUANTEN computer program [1]. In the present work, we
use a plain ECG representation similarly to Refs. [21, 22] and the center-of-mass-
centered translationally invariant coordinates [1, 22, 33| to evaluate the diagonal
and off-diagonal particle densities referenced to the molecular center of mass. We
have converged the studied structural density features for the ground state of these
systems with zero total angular momentum (N = 0), natural parity (p = +1), and
zero spin for the pair of electrons, protons, and positrons (S, = 0, S, = 0). The
corresponding energies were converged within ca. 1 % that was sufficient to obtain
density plots converged within the resolution of the figures.

To answer the question of Ref. [1] highlighted in Figure 2, we have calculated the
off-diagonal elements of the nuclear reduced density matrix in the rotational basis
(Sec. I1I), po.n(R, OgR), where Oy is the operator for the rotation. The rotation axis
goes through the molecular center of mass and 1 parameterizes the rotation angle
about this axis. Figure 4 shows the effect of the relative mass and electric charge on
the orientational (de)coherence for a series of Ho-type systems including Psy, j1o, the
deuterium and tritium isotopologues of Hy and hypothetical (bound) systems with
an increased nuclear charge.

We may observe in the figures that Ps, is qualitatively different from the other
‘homonuclear’ systems. Its diagonal ‘nuclear’ (positron) density, pp,(R, R) has a
maximum at the origin (R = 0 bohr). Regarding the off-diagonal density, it shows
a 360° periodicity and has a small local maximum at 180°(%: - 360°) and shallow
local minima at 139° and 221 ° with a 1 % suppression compared to the maximal
(diagonal) value.

For ps, Hy, Do, and Ty, the diagonal density functions differ but they all have a

maximum (of different value for the different systems) near |R| = 0.7 bohr. Within
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FIG. 4: Off-diagonal normalized density matrix elements connecting rotated nuclear struc-
tures in Ho-type systems. The rotation axis for 6 goes through the molecular center of mass
that is the origin of the coordinate system used in the calculations. The diagonal density
matrix elements are also plotted. (a) Effect of varying the mass of the positively-charged
particles (‘nuclei’), m;/me = 1,206.768, 1836.15, 3670.48, and 5496.92 for Pss, ue, Ha, Do,
and T9, respectively. (b) Effect of varying the electric charge of the proton.

the resolution of the figure, the off-diagonal density matrix elements normalized with
the diagonal density value (shown for |R|=0.7 bohr, Fig. 4a) cannot be distinguished
for the four systems that may be surprising at first sight. We may understand this
observation by remembering that the suppression is induced by the electron’s mea-
suring effect that depends on electronic structure around the positive particle [Eq.
(11)] that is very similar in the four systems (the BO approximation is qualitatively

correct). For this series of systems, the off-diagonal density shows a 180° periodicity
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FIG. 5: Off-diagonal normalized nuclear density in HeH" connecting rotated nuclear struc-
tures. The diagonal nuclear density is also shown.

and it is minimal at 90°(+£¢ - 180°). Its minimum value is ca. 5 % smaller than its
maximal (diagonal) value.

Regarding the Hs-like systems with an increased nuclear charge (Fig. 4b), we
observe a behavior similar to Hy, but a stronger, up to 8 %, suppression at the
90°(+: - 180°) minima for Z = 1.65. This observation is in agreement with the fact
that the orientational de-coherence of the nuclei is induced by the monitoring effect
of the electrons, and for an increased nuclear charge this monitoring effect is stronger
due to the stronger interaction. (We note that for Z > 2 the Hs-like systems are
unbound.)

In summary, we may say that all Hy systems show dominant orientational coher-
ences. Ps, is an almost perfect quantum ball with an only 1% maximal suppression
among the rotated structures. In the Hj-like systems, the 180° periodicity and max-
imal suppression at 90°(=£i - 180°) suggest a symmetric dumbbell shape (within the
spherically symmetric molecular wave function), but due to the small value of the
suppression (5 %), this dumbbell shape is blurred by quantum coherences.

HeH™ is a heteronuclear diatomic molecule with an asymmetric dumbbell shape
in the BO theory, while its rotational ground-state molecular wave function is, of
course, spherically symmetric. The question arises whether this asymmetry can be
recognized within the spherically symmetric molecular wave function. Figure 5 shows

the diagonal and off-diagonal nuclear density functions. The off-diagonal normalized
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FIG. 6: Orientational (de)coherence measured by the suppression of the off-diagonal nu-
clear density with respect to the diagonal elements, pg (R, OgR)/pon(R, R). The figure
shows the xy cut of the three-dimensional function (the width of the shells is arbitrarily
chosen to visualize the change of the off-diagonal normalized density with the angle). The
upward (downward) vertical direction correspond to zero rotation angle ¥ for the positron

and the proton (a-particle).

density functions are plotted for |R| values that correspond to the diagonal density
maximum value for the proton and the alpha particles. The off-diagonal density
function is periodic by 360°, it has equivalent minima at ~ 120°(4i - 360°) and
~ 240°(+i - 360°), and small local maxima at 180°(%: - 360°) with an overall 10 %
suppression for ¥ € [100, 300]° with respect to the maximal (diagonal) density value.

Figure 6 summarizes the three qualitatively different behavior observed in this
work. Ps, is an almost perfect quantum-ball with a maximal 1 % suppression among
rotated structures, Hy has a symmetric dumbbell shape, while HeH" has an asym-

metric dumbbell shape, but both dumbbells are blurred by quantum coherence.
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V. SUMMARY AND CONCLUSIONS

This work has been devoted to the study of the emergence of the classical molecu-
lar shape of an isolated molecule described by its ground-state rotation-vibration-
electronic wave function. To mathematically formulate this, at first sight, paradoxical
problem, we have studied the orientational decoherence of the nuclear skeleton under
the continuous monitoring effect of the electrons of the molecule, serving as the most
natural environment for the nuclei. Orientational (de)coherence is measured by the
off-diagonal nuclear reduced density matrix in the (direct) spatial representation.

If the reduced density matrix elements connecting rotated structures are small,
then the nuclear reduced-density matrix is mathematically equivalent to the classical
sum of rotated nuclear structures, and thus, we may say that the nuclei behave as
if they formed a classical-like skeleton with a given shape that rotates in space.
We have formulated the corresponding equations and computed the nuclear reduced
density matrix elements over the nuclear configuration space for a series of Ho-type
(homonuclear) systems and for the heteronuclear HeH™.

We observe a small, 10 % maximal suppression of the off-diagonal density con-
necting rotated nuclear structures (due to the measuring effect of the electrons), and
thus we may say that Hy and HeH™ have a symmetric and asymmetric dumbbell-like
shape, respectively, that is blurred by the strong quantum coherences. The decoher-
ence effect in Psy is almost negligible and it is seen in this analysis as an almost
perfect quantum ball.

We consider molecular rotation and the study of the emergence of the classical
molecular shape (in the restricted sense of suppression of interferences), as a proto-
typical example for the broader problem of reconstruction of isomers, enantiomers,
conformers, rotamers, etc. from the molecular wave function (including the electrons
and nuclei on an equal footing). Isomerism, handedness, and related phenomena are
linked to larger molecules, while already the smallest molecules have rotational de-
grees of freedom and they are attached with the picture of a classical shape in
chemistry.

The present framework uses a spatial basis for the representation of the nuclear

reduced density matrix that can naturally be adapted for studying other space-
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localized features. Regarding another challenging aspect of the molecular structure
problem, the study of the quantum mechanical indistinguishability vs. the classical
distinguishabilty of the identical atomic nuclei and implications of the spin-statistics
theorem [34, 35] will require perhaps a different framework, but almost certainly a
different representation for the reduced density matrix.

The developed ideas will gain more practical significance, if computations without
the Born—Oppenheimer approximation become more widespread, which may happen
within a new type of quantum chemistry approach perhaps on the future hardware

of quantum computers [36].

The data that support findings of this study is included in the paper.
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