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We report experimental bifurcation diagrams of a semiconductor laser, biased well above threshold, subjected
to external optical feedback. As feedback is increased, we see a quasiperiodic route to chaos interrupted by several
windows of periodicity corresponding to limit cycles, differing in frequency by multiples of the external-cavity
free-spectral range that have developed around external-cavity modes (ECMs) whose frequency is slightly larger
than that of the solitary laser. Successive windows correspond to the transition between two limit cycles either
on the same or neighboring ECMs. For larger feedback, the laser operates in a chaotic regime around numerous
negatively shifted external-cavity modes. These experimental observations detail the bifurcations leading to fully
developed chaos in this system, and further provide detailed insight on the standard theoretical framework applied
to these lasers.
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In an external-cavity semiconductor lasers (ECL), the light
produced by a laser diode (LD) is reinjected into its active
layer upon reflection by an external mirror. The external-
cavity time of flight τ creates an optical delay that leads
to a high-dimensional dynamical system in which a variety
of regimes have been observed and in particular chaos of
various complexities [1,2]. The tunability of the behaviors,
depending on operating and design parameters, as well as
their high-speed dynamics, have given ECLs, especially in
the long-cavity case, a prominent role for fundamental studies
of nonlinear dynamics [3] as well as for applications such
as tunable laser sources [4], physical-layer security [5],
light detecting and ranging (LIDAR) [6], high-speed random
number generation [7], and reservoir computing [8].

Understanding the sensitivity of LDs to optical feedback is
of fundamental importance to achieve an adequate understand-
ing of the route to chaos in ECLs as well as more generally for
control of ECL dynamics for applications. Consequently, ECL
dynamics have been widely investigated [1–3,9–12], typically
analyzed with the Lang and Kobayashi (LK) model [13]. On
its basis, numerous authors have plotted bifurcation diagrams
(BD) [3,14–17] as a BD is of utmost importance in the
dynamical-system analysis. These theoretical BDs show a
complex sequence of bifurcations, characteristic of high-
dimensional systems, in which the route to fully developed
chaos is typically interrupted by windows of periodic or
quasiperiodic behaviors and/or by a switch to a different
attractor or set of attractors. Surprisingly, experimental support
of those theoretical results is sparse. Contrary to the LK model,
some experiments have reported simpler routes to chaos:
quasiperiodic [14], period doubling [18], and subharmonic
cascaded bifurcation [19], typical of low-dimensional sys-
tems [20]. These claims are based on the observation, usually
relying on a spectral analysis, of a succession of dynamical
regimes for a few discrete parameter values rather than for a
continuously tuned parameter. Thus a complete, experimen-
tally verified understanding of the dynamical regimes of an
ECL, and of the bifurcations between them, has not yet been
attained.

Recently, we reported an experimental, partly resolved
BD [21,22]. Injection current I just above threshold Ith was

used, for which spontaneous-emission noise obscures the
details of the bifurcations, and thus reliable identifications
were not easily made.

In this Rapid Communicaiton, we consider the high-
I case where spontaneous-emission noise plays a smaller
role. We show fully resolved BDs of an ECL biased well
above Ith and unambiguously identify the bifurcation cascade
leading to chaos. Thus, we report a conclusive experimental
demonstration of a full route to chaos in a Distributed feedback
laser (DFB) ECL initiating with a Hopf bifurcation. The
LD is biased at I ∼ 2–3Ith with external-cavity length L

chosen so that the external-cavity free-spectral range (FSR)
fτ = c/(2L) is lower than, and not a submultiple of, the
relaxation-oscillation frequency of the solitary LD fRO. We
observe a quasiperiodic route to chaos interrupted by windows
of periodicity or quasiperiodicity and emphasize that the
first two bifurcations seen are Hopf bifurcations as correctly
predicted by the LK model in the common case in which
fRO is not an integer multiple of fτ =τ−1 [14,17]. Also, in
the periodic windows, we observe coexistence of several limit
cycles on the same external-cavity mode (ECM) for successive
increasing feedback strengths, and on neighboring ECMs,
separated in frequency by small multiples of fτ .

The experiment is shown in Fig. 1(a) [22]; Ith =9.27 mA.
Temperature and I are stabilized. An oscilloscope (12 GHz
bandwidth) captures the optical intensity I(t) emitted by the
laser. We also measure the RF spectrum with a spectrum
analyzer (23 GHz bandwidth) and the optical spectrum with a
high-resolution optical spectrum analyzer (APEX AP2440)
(10 MHz optical resolution); L is set to 30 cm, τ =2 ns,
and fτ =500 MHz with fRO in the multi-GHz range. The
experimental feedback strength η is proportional to the optical
intensity fed back into the LD; η is varied via the angle of the
quarter-wave plate (QWP) in the feedback loop. We control the
QWP angle in 0.01◦ increments, giving 4500 possible different
η values with a motorized rotation stage under high-stability
conditions. Maximum feedback (η = 1) is when the QWP
angle is such that the electric field is not subjected to any
rotation. In that case, the percentage of threshold reduction
(Ith−I )/Ith is ∼0.066 and ∼20% of the optical power is fed
back onto the collimating lens.
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FIG. 1. (Color online) (a) Experimental setup. LD, laser diode;
BS, beam splitter; PD, photodetector; P, polarizer; QWP, quarter-wave
plate; OI, optical isolator; OSA, optical spectrum analyzer; and L,
external-cavity length. LD is an intrinsically single-longitudinal mode
InGaAsP DFB laser at 1550 nm with maximum power of 15 mW.
(b) Ellipse structure of fixed points in �φ-vs-N plane. Circles
represent ECMs; crosses represent antimodes. Labels indicate mode
number.

The experimental results are analyzed and compared with
the LK model, which is widely used to describe the effect
of optical feedback and has proven successful in predicting
many aspects of the dynamics [9,10,16,23], though some
inconsistencies persist [24]. Still, due to its considerable
success we use the LK to analyze our experiments. According
to LK, as feedback is increased, steady-state CW solutions
appear in pairs as a result of saddle-node bifurcations: ECMs
and antimodes that are unstable saddle points [9,12]. These
may be thought of as the nonlinear modes of the ECL.
The ECMs and antimodes are known to lie on an ellipse
in the plane formed by the carrier density (inversion) N (t)
versus phase difference �φ(t) = φ(t) − φ(t − τ ) plane, with
φ the slowly varying phase of the electric field, as shown in
Fig. 1(b) [25]. Two ECMs stand out: the minimum linewidth
mode (MLM) and the maximum gain mode (MGM). The
MGM has the lowest frequency (high-gain end) and is always
stable [9,26,27]. The MLM is the closest ECM in frequency
to the solitary LD mode. ECL dynamics can be visualized in
terms of the trajectory moving among the ECMs and antimodes
on this ellipse. Simulations of the LK model [3,14–17] predict
complex routes to chaos which typically start, when fRO is not
an integer multiple of fτ , as quasiperiodic routes but which
are also typically interrupted by windows corresponding to
periodicity, quasiperiodicity, or attractor switching.

Figure 2(a) shows the experimental BD (ramping η up)
with I =22.08 mA and L=30 cm, giving fRO ∼ 7.4 GHz
and fτ ∼ 500 MHz. This BD is obtained by taking the local
extrema of I(t) at each η. Density is high in white but low
in black regions. The corresponding time-averaged voltage
drop across the injection leads of the LD VLD is shown in
Fig. 2(b). It has been shown [28,29] that VLD tracks the
changes in N . A reduction (increase) in N caused by η

reduces (increases) the difference between quasi-Fermi levels
in the p- and n-type quasineutral regions of the LD. Thus, the
overall reduction (increase) in N in the active region leads to a
reduction (increase) in VLD. Thus VLD provides information on
dynamical variable variable N [29], complementing the more
conventionally probed optical intensity.

FIG. 2. (Color online) (a) Experimental forward BD for I =
22.08 mA and L = 30 cm and (b) corresponding VLD.

To further elucidate the ECL dynamics, experimental RF
spectra of I(t) (left column), optical spectra (right column),
and I(t) (inset) at various η are plotted in Fig. 3 for I =
22.08 mA; 0 GHz on the optical-frequency scale corresponds
to the ECM at 193.271 THz. We see from Figs. 2 and 3 that
the ECL is initially in ECM 1. In the corresponding region
α (η ∼ 0.05) of Figs. 2(a), 2(b), 3(a1), and 3(a2) only one
fixed point (ECM 1) participates in the output, and the ECL
displays CW behavior. From Fig. 2(b), one sees VLD decrease
with increasing η in this regime, indicating a decrease in N and
an increase in power, consistent with predictions of LK [14].

As η is increased above 0.12, it is clearly seen in the BD and
from the shape of I (t) in Fig. 3(b2) that the ECL undergoes
periodic oscillation. This oscillation is manifested as sidebands
±8 GHz from ECM 1, a frequency that also stands out in the RF
spectrum [Fig. 3(b1)]. Also, VLD is monotonically increasing
in η [region β of Figs. 2(a) and 2(b)]. This transition in the
dynamics corresponds to a Hopf bifurcation leading to a limit
cycle with frequency close to fRO , as predicted by LK [10,30].

With increasing η, additional sidebands near ±fτ appear
in the optical spectrum [Fig. 3(c2)], revealing the presence
of a second frequency in the dynamics. This other frequency
is confirmed by the RF spectrum [Fig. 3(c1)], and the corre-
sponding time series of I(t) exhibits quasiperiodic oscillation.
The undamping of a second frequency close to fτ corresponds
to a secondary Hopf bifurcation predicted by LK [14,17] and
corresponding to the development, in phase space, of a torus
attractor. Note that both the limit cycle and the torus result from
the destabilization of ECM 1 and are located around it in phase
space. This experimental observation of this sequence of two
Hopf bifurcations provides a fundamental point of comparison
with the LK model.

For a further increase in η, another limit cycle appears in
the BD. The optical spectrum shows [Fig. 3(d2)] that this
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FIG. 3. (Color online) Experimental RF spectra (first column),
and optical spectrum with OSA of I(t) (second column), and
associated I(t) (inset): (a1) and (a2) η = 0.05, (b1) and (b2) 0.13,
(c1) and (c2) 0.2, (d1) and (d2) 0.26, (e1) and (e2) 0.28, (f1) and (f2)
0.35, (g1) and (g2) 0.5, and (h1) and (h2) 0.8.

cycle is still centered on ECM 1 and has now a frequency
of approximately ±7.5 GHz, evidenced both by the RF
[Fig. 3(d1)] and optical spectra [Fig. 3(d2)]. Interestingly, the
dominant ECM (1) does not change in between Figs. 3(b2) and
3(d2), thus providing experimental evidence of the existence,
at different feedback levels, of two periodic solutions with

different frequencies, 8 and 7.5 GHz, whose separation is
∼fτ . Mork et al. [10], Ritter and Haug [31], and Erneux [32]
had demonstrated, based on LK, the existence of two limit
cycles originating in the same ECM but differing in frequency
by approximately fτ . These previous works show that our
observation of several limit cycles with different frequencies
around the same ECM is compatible with LK. Pieroux
et al. [33] have shown that, more generally, multiple periodic
solutions can occur in class-B lasers subjected to delayed
feedback and that their interaction can lead to quasiperiodic
solutions. As η is further increased, and region ε of Figs. 2(a)
is reached, one observes a small discontinuity in the BD, as
well as a discontinuity in the slope of VLD [Figs. 2(b)]. The
optical spectrum [Figs. 3(e2)] reveals that this discontinuity
corresponds to a shift from ECM 1 to 2. As shown by the
corresponding I(t), the ECL still oscillates periodically, and
both the optical [Fig. 3(e2)] and RF spectra [Fig. 3(e1)] confirm
that the frequency of the oscillations is still 7.5 GHz. The
previous observations indicate that the trajectory moves in
the positive-frequency direction and transits to another limit
cycle, of the same frequency, on a different ECM. Increasing
η further, another limit cycle at fRO ∼7 GHz is seen [region
φ of Figs. 2(a), 2(b), 3(f1), and 3(f2)]. The active ECM
2 does not change in the transition from region ε to φ of
Fig. 2(a), indicating the existence of two different oscillation
frequencies, 7.5 and 7 GHz, again separated by ∼fτ on ECM 2.

It must also be noted that to this point, a monotonic increase
of VLD is seen and VLD is higher than for the initial condition
(ECM 1) with η∼0.02. This indicates that the trajectory moves
toward higher frequencies [right half in the �φ-vs-N plane
in Fig. 1 (b)]. The optical spectrum [Figs. 3(e2) and 3(f2)]
also confirms that the dominant mode is ECM 2, which is
at larger frequency. These observations are fundamental to
understanding the route to chaos on the basis of the LK
model. This confirms experimentally that the trajectory moves
toward higher frequency at low η for high I . Our experimental
results agree with Masoller and Abraham [9], who calculated
that initially, for small η, the dominant peak is shifted by
a multiple of the ECM frequency spacing towards positive
frequency. They attributed this behavior to the fact that ECMs
that are close to the MLM (e.g., ECM -1 and -2) but of lower
frequency have very small basins of attraction compared to
positive ECMs at low η for high I , while ECMs with large
positive frequency shifts are highly unstable.

As η is further increased, two sudden drops in VLD are
seen, one at η∼0.38 and the other at ∼ 0.45. The values
reached by VLD are lower than the initial ECM 1 at η=0.02,
indicating that the trajectory has abruptly moved toward ECMs
at lower frequencies than the MLM [left in the �φ-vs-N plane
in Fig. 1(b)].

Figure 3(g) shows the behavior of the ECL just after
the second dropout [region ι of Figs. 2(a) and 2(b)]. The
optical spectrum shows that the ECM is now near −10
[Fig. 3(g2)], whereas the RF spectrum highlights that the
frequencies involved in the dynamics are ∼7 and 3.5 GHz
[Fig. 3(g1)]. We interpret this region as a period-doubled
limit cycle oscillation around ECM −10. It is interesting to
note that other period-doubling observations reported in the
literature [18,19] correspond to the doubling of a period close
to that of relaxations oscillations. Additionally, we interpret the
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previous region γ of Figs. 2(a) and 2(b), as corresponding to a
region where intermittency is observed between regions φ and
γ of Figs. 2(a) and 2(b). This interpretation is corroborated by
the experimentally observed nonstationarity of ECL behavior
in this region.

Finally, when η exceeds ∼0.5, thus reaching the maximum
values of η explored here, the trajectory wanders among
several ECMs located at lower frequencies than the MLM,
as indicated both by the optical spectrum and VLD. I(t)
undergoes rapid chaotic fluctuations on the subnanosecond
time scale [Fig. 3(h2)] and the broad RF spectrum [Fig. 3(h1)]
indicates the excitation of a continuous range of frequencies.
This regime is usually called in the literature fully developed
coherence collapse (CC). This evolution of the laser dynamics
around several negatively shifted ECMs is the typical predic-
tion of the LK model under fully developed CC [1,3,9].

We have observed the main features of the BD presented in
Fig. 2 for various large ranges of values of L (fτ �fRO) and
for values of I �1.8Ith. When I �1.8Ith, qualitative changes
occur as windows of stability corresponding to the settling of
the trajectory on the MGM typically appear, as reported in
Refs. [16,22].

In this work, we measured BDs of the optical intensity
of an ECL with large L and I . We observed that initial

instabilities correspond to the first steps of a quasiperiodic
route to chaos that develops around a single ECM. This
ECM loses stability first via a Hopf bifurcation to limit-cycle
behavior at a frequency close to fRO, which undergoes a
secondary Hopf bifurcation corresponding to the undamping
of a second frequency, close to fτ , and leading to quasiperiodic
oscillations. The quasiperiodic route is then interrupted by
various windows of periodicity, as well as by intermittent
behavior. In addition, we observe the existence of several
limit cycles of different frequencies around the same ECM as
well as transitions between two different limit cycles existing
around the same or two different neighboring ECMs. Finally,
for larger η, the merging of numerous attractors corresponding
to different ECMs dictates the dynamics which correspond to
a chaotic region of fully developed CC. Our results provide
detailed experimental observations of the bifurcation of a LD,
biased well above Ith, subjected to external optical feedback,
and moreover provide detailed confirmation of some of the
predictions of the LK model concerning the route to chaos for
ECLs.

The authors acknowledge the financial support of the
Conseil Régional de Lorraine.
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