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On-line force capability evaluation based on efficient polytope vertex
search

Antun Skuric1, Vincent Padois1, David Daney1

Abstract— Ellipsoid-based manipulability measures are often
used to characterize the force/velocity task-space capabili-
ties of robots. While computationally simple, this approach
largely approximate and underestimate the true capabilities.
Force/velocity polytopes appear to be a more appropriate rep-
resentation to characterize the robot’s task-space capabilities.
However, due to the computational complexity of the associ-
ated vertex search problem, the polytope approach is mostly
restricted to offline use, e.g. as a tool aiding robot mechanical
design, robot placement in work-space and offline trajectory
planning. In this paper, a novel on-line polytope vertex search
algorithm is proposed. It exploits the parallelotope geometry
of actuator constraints. The proposed algorithm significantly
reduces the complexity and computation time of the vertex
search problem in comparison to commonly used algorithms.
In order to highlight the on-line capability of the proposed
algorithm and its potential for robot control, a challenging
experiment with two collaborating Franka Emika Panda robots,
carrying a load of 12 kilograms, is proposed. In this experiment,
the load distribution is adapted on-line, as a function of the
configuration dependant task-space force capability of each
robot, in order to avoid, as much as possible, the saturation of
their capacity.

I. INTRODUCTION

Robotics manipulators and their environments are tradition-
ally optimised for a set of specific tasks and their efficiency
is based on long-term task execution. Recently, with the intro-
duction of collaborative robots in human environments, robots
need to be adaptable to unexpected events, flexible in both task
definition and execution and provide high degree of safety for all
humans involved. Therefore, evaluating robot capabilities and
optimising their performance in advance, with tools designed for
more traditional robots, is no longer a suitable approach. New
on-line capable and accurate evaluation techniques are needed
to account for constantly changing environments, flexible tasks
and interaction requirements of collaborative robots.

There are several types of metrics developed to characterise
robot’s kinematic, kineto-static and dynamic capabilities. The
characteristics of robots are related to their kinematics, me-
chanical design and actuation/joint limits. Kineto-static capa-
bilities of robots characterize the ranges of achievable twists
and wrenches in arbitrary directions while in static conserva-
tive conditions[1]. Dynamic capabilities characterise ranges of
achievable accelerations and link elastic deformations.

Arguably the most widely used metrics are kineto-static
capacity metrics based on dexterity indices, expressing robot’s
ability to move and apply forces and torques in arbitrary di-
rections with equal ease [1]. The widely used implementation
of this metric are velocity and force manipulability ellipsoids,
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Fig. 1. 2D and 3D force polytopes and their ellipsoid counterparts for a 7
degrees of freedom (DoF) Franka Emika Panda robot. Both polytopes and
ellipsoids are calculated separately for the 3D and for each of the 2D reduced
task-space cases. Both polytopes and ellipsoids take in consideration the true
joint torque limits provided by the manufacturer. The underestimation of the
true force capabilities of the robot by ellipsoids appears clearly.

introduced by Yoshikawa [2]. On the one hand, velocity manip-
ulability ellipsoids are often used as a performance measure to
optimise robot trajectories and avoid unwanted configurations.
On the other hand, force manipulability ellipsoid characterises
the forces the robot can apply or resist based on its kinematics.
It is used during the design stage of robotic manipulators [1] as
well as for off-line trajectory planning [3] or for on-line control
adaptation [4].

Even though manipulability ellipsoids are widely used
(mostly because of their calculation efficiency), they are just
an approximation and can lead to a drastic underestimation of
the real kineto-static capacities of robots [5]. In the context
of collaborative robotics, the margin between the actuation
capabilities of the robot and the requirement of the task is largely
reduced with respect to more classical, oversized, industrial
robots. Thus, any over/under-estimation of the true capabilities
of the system has strong negative implications either in terms or
safety or in terms of efficiency.

Chiacchio et al.[6] demonstrated that the exact wrench and
twist capacities have the form of polytopes. Polytopes do not
underestimate the robot capacity [7], can easily integrate vari-
able and non-symmetric limits, dynamics and external forces
[5]. Additionally, in the context of collaborative robotics, when
evaluating capacities of multiple robots, sum and intersection
of ellipsoids becomes a complex problem to solve and interpret
[8][9][10] whereas these operations are well-defined for poly-
topes. Figure 1 illustrates the difference of force capability es-
timation between polytope and ellipsoid characterization. How-
ever, evaluating twist and wrench polytopes relies on a vertex
enumeration problem [11] which is a computationally intensive
task and is the main obstacle for wider uses of polytopes instead



of ellipsoids in practice.
In this paper, a brief overview of polytope-based task-space

capability characterization is given in section II. Then, a new
on-line capable polytope vertex finding algorithm for efficiently
calculating twist and wrench polytopes is proposed and de-
scribed in section III. The new algorithm is capable of cal-
culating polytope vertices for 6DoF and 7DoF robots under
3ms in Python as illustrated in section IV. This opens many
doors in terms of on-line usage of such capability indicators. To
demonstrate the benefits of our method for on-line robot control,
an experimental setup with two collaborating Franka Emika
Panda robots is proposed. It is shown that by leveraging the real
carrying capacity on-line measure of the robots, it is possible
to design a control strategy allowing to carry, a voluntarily
exaggerated, mass of 12 kilograms. Discussions on the potential
applications of the results of this work in collaborative robotics
are then proposed in section V.

II. TASK-SPACE TWIST AND WRENCH FEASIBILITY
POLYTOPES BASICS

For a serial robotic manipulator with n degrees of freedom,
with joint space generalized coordinates q ∈ Rn and with
Jacobian matrix J(q) ∈ Rm×n (with m = 6 in the 3D case
and m = 3 in the planar one), the task space Cartesian twist v
can be calculated from generalized velocities q̇ using

v = J(q)q̇ (1)

The dual relation relaying the Cartesian wrench f ∈ Rm with
the generalized forces τ ∈ Rn is given by

J(q)Tf + τ0 = τ (2)

τ0 is a generalized force that does not “produce” any task space
wrench, i.e. τ0 belongs1 to the kernel Ker(J(q)) of J(q).
Conversely, (τ − τ0) lies in the image Im(J(q)T ) of J(q)T ,
i.e. “produces” task space wrenches.

While equations (1) and (2) describe the kineto-static be-
haviour of a robot, generalized forces τ and velocities q̇ are
constrained due to the physical limits of the robot construction
and actuators

q̇
i
≤q̇i ≤ q̇i (3a)

τ i ≤τi ≤ τ i (3b)

Given these constraints, the feasible twist polytope defined by
equation (1) can be written

Pv =
{
v ∈ Rm

∣∣ q̇ ∈ [q̇, q̇], v = J(q)q̇
}

(4)

Similarly, the feasible wrench polytope is defined as2

Pf =
{
f ∈ Rm

∣∣τ ∈ {[τ , τ ] ∩ Im(JT )
}
, JTf = τ

}
(5)

Equations (4) and (5) provide compact yet implicit represen-
tations of the feasible twist and wrench polytope of a robot. The
characterization of these capabilities require an explicit defini-
tion of these polytopes, i.e. a computation of their vertices. In the

1We recall here that Ker(J(q)) = Im(J(q)T )⊥.
2The dependence of J to q is dropped here and when further needed for

the sake of clarity.

 

Fig. 2. Example representation of force polytope Pf vertices in joint and
task-space for a redundant 3DoF planar robot: n=3, m=2.

case of Pv , computing the vertices boils down to determining
the convex-hull of the image of the vertices of the constraints
polytope defined by equation (3a) through the linear mapping
J(q). The case of Pf yields an extra difficulty as one first needs
to determine the intersection between the constraints polytope
defined by equation (3b) and Im(J(q)T ).

Over the years many vertex search (enumeration) methods
have been proposed [12]. Most of the approaches in literature
are optimised to solve high dimensional problems and provide
an abstraction from the actual system that is being analysed. One
of the most commonly used method for vertex enumeration is
the double description method [11] which formulates the vertex
search problem as transformation of a half-space representation
H − rep to a vertex representation V − rep. This formulation
generalizes well in between different high dimensional prob-
lems but lacks the flexibility to incorporate information about
the physical system being analysed.

Therefore, various methods have been introduced in order to
leverage specific problem formulation and improve the com-
putational performance of vertex search. The scaling factor
method has been developed for planar parallel robots [13] and
later adapted to planar serial manipulators [10]. This method
reduces the search space with one scaling factor to an exhaustive
search in the scalar space. A very efficient algorithm for planar
robots has also been proposed by Gouttefarde et al. [14] which
navigates the polytope boundaries in search for extremities.
Both the scaling factor and boundaries navigation methods are
designed for planar vertex search and do not scale to three
dimensional world.

Chiacchio et al. in their original paper [6] propose an al-
gorithm for finding the vertices of task-space polytopes by
introducing slack variables and performing an exhaustive search
through the joint space limits. This algorithm, although signif-
icantly improving the evaluation still remains too complex for
on-line execution. This algorithm has been improved by Sasaki
et al. [15] where the computational complexity has been signifi-
cantly reduced by introducing the geometrical representation of
actuator constraints as an n-dimensional parallelotope.

The next section introduces additional improvements of the
algorithms proposed in [6] and [15]. The resulting algorithm
significantly reduces the computation time and complexity of
the vertex enumeration problem for task-space polytopes. The
proposed description is restricted to the most complex case of
Pf but the method is also computationally beneficial in the sim-
pler case of computingPv . Also in order to ease illustrations, the



considered task-space wrench is limited to its force component
without any loss of generality.

III. VERTEX FINDING ALGORITHM FORMULATION

For an nDoF serial manipulator, the feasible space of joint
torques τ forms an n-dimensional parallelotope with n pairs
of parallel faces defined by the joint limits (3b). The image of
the Jacobian transpose matrix Im(J(q)T ) is a r-dimensional
subspace of the parallelotope (where r is the rank of J(q)T

and r=m for non-singular configurations3), which corresponds
to set of torques yielding non zero task space wrenches. Sasaki
et al. [15] have shown that the extreme values of joint torques
τvert ∈ Im(J(q)T ) belong to the n-m dimensional faces of
the constraint parallelotope. Furthermore, there is a one-to-one
correspondence between τvert torque vertices and the fvert
vertices of polytope Pf can be computed as

fvert = J(q)T+τvert (6)

where J(q)T+ is the pseudo-inverse of J(q)T which provides
the unique and exact solution of the inversion problem in this
specific case.

Figure 2 shows the example of a 3DoF planar robot (n=3,
m=2) for which the joint torque space is a cube and Im(J(q)T )
is a plane. The extreme values of feasible joint torques are found
on its n − m = 1 dimensional faces, i.e its edges. For the
example shown in figure 3, n=3 andm=1 so the vertices belong
to the n−m = 2 dimensional faces of the cube, i.e. its 2D sides.

Therefore, state-of-the-art algorithms such as [6] and [15]
propose an exhaustive search over all the n-m dimensional
parallelotope faces to find the extreme values of joint torques
τvert and consequently the vertices of force polytope Pf . In
this paper, a new representation of joint torque vector τ is pro-
posed enabling an efficient navigation of the n−m dimensional
parallelotope faces, reducing the complexity of the exhaustive
search.

A. Proposed algorithm

Consider a joint torque vector τ meeting constraints 3b. It
can be defined as

τ = τ + α1τ1 + α2τ2 + ...+ αnτn (7)

where αi ∈ [0, 1] are scalars weights and vectors τi are
orthogonal base vectors in joint space aligned with i-th axis of
the parallelotope, defined as τi =

[
0 . . . τ i − τ i . . . 0

]T
.

Since the vertices τvert ∈ Im(J(q)T ) belong to the n-m
dimensional faces of the joint torque parallelotope, representa-
tion (7) provides an elegant way to navigate them, by fixing m
out of n scalars αi either to 0 or to 1.

An n-dimensional parallelotope has
(

n
m

)
sets of 2m parallel

n-m dimensional faces. Each set of parallel faces can be repre-
sented with the linear combination of the same set of n-m base
vectors τi or in other words with a set of n-m scalars αi. The
remaining m scalars are set either to 0 or 1 and define the origin
τo of each one of the 2m faces from the set

τo = τ + α1τ1 + ...+ αmτm (8)

3In the remainder of this paper, the robot is, without loss of generality,
assumed to be in a non singular configuration.

Fig. 3. Example of joint space interpretation of the vertex search algorithm
solution for n=3 and m=1.

Therefore, each n-m dimensional face can be reached by parti-
tioning α =

[
αT

1 α
T
2

]T
, α1 containing m scalars αi fixed to 0

or 1 and α2 containing the remaining n-m scalars which define
the linear combination of n-m base vectors τi.

Figure 3 illustrates the case where Im(JT ) is a line in joint
space. In this case the intersection space is n-m=2 dimensional.
In this case, two scalars α1 and α3 are enough to characterise
both vertices of interest with α2 fixed to 0 or 1.

In order to find the vertices of the force polytope Pf , equa-
tions (2) and (7) are combined to restrict the search to the set of
torques τ ∈

{
[τ , τ ] ∩ Im(JT )

}
J(q)Tfvert = τ + α1τ1 + α2τ2 + ...+ αnτn (9)

For each ( n
m ) combination of the m scalars, 2m values of τo

can be calculated. For each possible value of τo, a linear system
deriving from equation (9) can be solved to find the n-m scalars
α2 and the corresponding force polytope vertex fvert

[
J(q)T −τm+1 . . . − τn

]︸ ︷︷ ︸
Zn×n


fvert
αm+1

...
αn

 = τo (10)

If Z is invertible and if α2 ∈ [0,1], fvert is a vertex of the
polytope Pf [

fvert
α2

]
= Z−1τL, α2 ∈ [0,1] (11)

Overall, in order to navigate all possible combinations of the
n-m dimensional faces which may contain vertices of the force
polytopePf ,

(
n
m

)
= n!
m!(n−m)! inversions ofZ and 2m n!

m!(n−m)!

checks that α2 ∈ [0,1] have to be performed.
In the case depicted in figure 3 (n=3, m=1), Z is inverted

only
(

3
1

)
=3 times and conditions are evaluated 6 times, which

exactly corresponds to the number of faces of the parallelotope.
Taking the example of the 3DoF planar robot (n=3, m=2)
the number of Z inversions is 3 and the number of condition
evaluation is 12, which exactly corresponds to the number of
edges of the parallelotope. One of the nice features of this
approach is that it does not require an explicit inversion of
J(q)T as in equation (6) to actually obtain the set of vertices
composing Pf .

B. Improvement using the SVD

In order to further improve the efficiency of the proposed
algorithm the Singular Value Decomposition (SVD) [16] of



J(q) is used

J(q) = U
[
S Om×(n−m)

]︸ ︷︷ ︸
Σ

[
V T

1

V T
2

]
︸ ︷︷ ︸
V T

(12)

where S = diag(σ1 . . . σm) is a diagonal matrix containing the
m singular values of J(q). V T

1 ∈ Rm×n projects the space of
generalized torques onto the preimage of Im(J(q)) and V T

2 ∈
Rn−m×n is a basis of Ker(J(q)). V T

1 and V T
2 are orthogonal

vector subspaces yielding V T
2 V1 = O and thus

V T
2 J(q)Tf = 0 (13)

This allows to reduce (10) to

V T
2

[
−τm+1 · · · − τn

]︸ ︷︷ ︸
T(n−m)×(n−m)

α2 = V T
2 τo (14)

If T is invertible, α2 can be computed by

α2 = T−1V T
2 τo (15)

When the computed α2 ∈ [0,1], the corresponding force
polytope vertex can be calculated as

fvert = J(q)T+
(
τ + α1τ1 + · · ·+ αnτn

)
(16)

This new approach requires the calculation of the SVD
and the Jacobian matrix pseudo-inverse J(q)T+. Nevertheless,
since the Jacobian transpose pseudo-inverse can be efficiently
calculated from the SVD as J(q)T+ = UΣT+V T and since
both the SVD and pseudo-inverse are calculated once and of
all per algorithm run, the computation efficiency is greatly
improved due to the matrix dimension reduction from n to
(n−m) when inverting T instead of Z.

C. Matrix inverse condition

Due to the constrained nature of α2, it is possible to effi-
ciently calculate some bounds tub and tlb such that Tα ∈
[tlb, tub]. These bounds are found by row-wise summing only
positive and only negative elements tij of T

ti,lb =
∑
j

max(tij , 0), ti,lb =
∑
j

min(tij , 0) (17)

This creates a bounding box around the space defined with
the vector Tα2. Therefore, one can conclude that if all the 2m

combinations of τo /∈ [tlb, tub], the system (14) cannot have
a solution which satisfies α2 ∈ [0,1], and there is no need to
invert T to figure it out.

D. Extension to residual polytopes

When evaluating the capability of a robot, it is a common
practice to take into consideration the joint torques necessary to
compensate for gravity τg = g(q) [17]

J(q)Tf = τ − τg (18)

Furthermore, the same can be done to include the effects of
the robot dynamics. For a fixed-base, serial manipulator the
dynamics can be written as

M(q)q̈ + C(q̇, q)q̇ + g(q) = τ − J(q)Tf (19)

Algorithm 1 New vertex search algorithm pseudo-code
Require: J , τ , τ (Eq. 3b or Eq. 22)
U,Σ, V T ← svd(J)
JT+ = UΣT+V T

V1, V2 ← V
calculate n base vectors τ1 . . . τn (Eq. 7)
for all

(
n
m

)
combinations of m fixed αi do

construct T matrix (Eq. 14)
find bounds tlb, tub (Eq. 17)
for all 2m vectors τo do

if V T
2 τo ∈ [tlb, tub] then
α2 = T−1V T

2 τo
if α2 ∈ [0, 1] then
τvert = τ + α1τ1 + · · ·+ αnτn
fvert = JT+τvert

end if
end if

end for
end for

where M and C are respectively the mass and Coriolis-
Centrifugal matrices. The residual joint torque vector τ can then
be expressed as

J(q)Tf = τ − τg −
(
M(q)q̈ + C(q̇, q)q̇)

)︸ ︷︷ ︸
τd

(20)

Finally, in many cases it is useful to evaluate the residual force
ability of a robot already applying a certain nominal wrenches
fn which imply to generate joint torques τn

τn = J(q)Tfn (21)

The residual force polytope [18] corresponding to the feasible
space of Cartesian wrenches f that can be applied and rejected
by the robot end-effector, taking into consideration the torque
necessary to overcome gravity τg , robot dynamics τd and any
nominal joint torque τn, can be computed using algorithm 1 and
the updated joint constraints

τ ′ = τ − τg − τd − τn
τ ′ = τ − τg − τd − τn

(22)

IV. EXPERIMENTS AND RESULTS

In this section, the complexity of the proposed algorithm is
evaluated for different robots and compared to state-of-the-art
algorithms. Furthermore, a real-time control strategy for dual
arm collaborative object handling using the proposed on-line
polytope estimation is introduced and experimentally validated
in section IV-B.

A. Complexity analysis

To demonstrate the efficiency of the proposed polytope vertex
search algorithm, it is compared to the polytope vertex search
algorithm introduced by Chiacchio et al. [6]. Furthermore the
comparison is extended to the algorithm proposed by Sasaki
et al. [15] which is, to our knowledge, the only algorithm
exploiting the geometric structure of the problem.
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Fig. 4. Images 1 to 4 on the right show the sequence of poses the manipulators are placed by a human operator during the course of the experiment.
On left side, on the top is the graph showing the time evolution of applied manipulator forces f1, f2. The middle graph provides the evolution of the
maximal applicable forces fi,max of each manipulator separately and their joint capacity Fmax, based on the proposed polytope evaluation algorithm.
In this graph, the time periods when the constant strategy λ=0.5 (dashed line on all graphs) would not be feasible for at least one of the two robot are
indicated with red background. The bottom graph shows the evolution in time of the control parameter λ for the proposed adaptive strategy.

The three algorithms have been tested to find vertices of the
force polytope Pf for three different robots: a 4R planar robot
(n=4,m=2), the Universal Robots UR5 6DoF robot (n=6,m=3)
and the Franka Emika Panda 7DoF robot (n=7,m=3). The
results are averaged over 1000 randomly selected robot configu-
rations. All algorithms have been implemented in the program-
ming language Python and tested on a laptop equipped with a
1.90GHz Intel i7-8650U processor. The code of the proposed
algorithm is publicly available4.

Table I shows the results of this complexity evaluation. The
proposed vertex search algorithm drastically reduces the number
of matrix inversions and thus reduces the processing time con-
siderably: 4-10× faster execution than Chiacchio’s algorithm
and on average 20% faster than Sasaki’s. Results show that even
for the cases of 6DoF and 7DoF industrial robots our approach
is capable of evaluating the polytope vertices under 3ms. Such
a low processing time opens numerous opportunities for the on-
line use of polytope based capacity evaluation especially in the
area of robot control.

4https://gitlab.inria.fr/askuric/polytope_vertex_
search

TABLE I
COMPLEXITY AND EXECUTION TIME (IN MILLISECONDS) COMPARISON

FOR THREE DIFFERENT VERTEX SEARCH ALGORITHMS.

Robot Chiacchio[6] Sasaki [15] Proposed

(n,m) inversions: 2n!
m!(2n−m)!

n!
m!(n−m)!

≤ n!
m!(n−m)!

mat. size: 2n× 2n m×m n-m× n-m
time[ms]: t± sd (max)

(4, 2) 24 6 4.2±1.4 (6)
8×8 2×2 2×2

2.7±0.1 (3.6) 0.93±0.1 (1.1) 0.64±0.1 (1.5)
(6, 3) 220 20 2.8±2.5 (10)

12×12 3×3 3×3
14.2±0.9 (20) 2.1±0.2 (3.4) 1.5±0.2 (2.7)

(7, 3) 364 35 7.3±4.2 (20)
14×14 3×3 4×4

25±0.5 (27) 3.5±0.1 (5.4) 2.6±0.2 (4.3)

B. Dual arm collaborative object carrying
In this section, the real-time force capability evaluation is

employed in the context of robot control. An experiment is
designed using two Franka Emika Panda robots involved in a
collaborative load carrying task for an object of mass M . Each
robot is contributing to the compensation of the overall gravity
forceG = Mg applied at the end-effector by the carried object,
with forces f1 and f2 respectively such that

f1 + f2 = G (23)

Additionally, a human operator is moving the object freely
through the common work-space, implicitly changing both
robots positions and configurations in real-time. As a conse-
quence, the task space trajectory and the evolution of the robot
configurations are not known in advance.

The experiment has been implemented using the ROS pro-
gramming environment. Both robots are torque controlled at
1kHz. The update of the force capability estimation are per-
formed at 40Hz. All the control software is run from one
computer with the 1.90GHz Intel i7-8650U processor. This
experiment is illustrated in the accompanying video.

Panda robots are rated to a maximal carrying capacity of 3kg
which corresponds to the absolute minimal carrying capacity of
the robot evaluated in one of its near-singular configurations. It
is, by definition, an underestimation of the real robot task space
wrench capacity and relying on it, as it is commonly done, limits
the scope of the possible tasks and applications.

The goal of this experiment, it is to demonstrate the fact that,
taking into account the true force capabilities of each robot, it
is possible to considerably go beyond the robots conservative
rated capacity without comprising safety nor exceeding any
of the actuation limits. The weight of the object chosen for
the experiments is M = 12kg, voluntarily far above the
recommended joint carrying capacity M ≤ 6kg.

Evaluating the maximal applicable force in the vertical direc-
tion can be viewed as a special case of the force polytope Pf

vertex search problem where the task-space force of interest f

https://gitlab.inria.fr/askuric/polytope_vertex_search
https://gitlab.inria.fr/askuric/polytope_vertex_search


is a scalar andm = 1. The proposed algorithm described in sec-
tion III is used to efficiently find fi,max, the limits (vertices) of
the maximal applicable force in z-axis direction, for each robot
separately. Their overall carrying capacity can be calculated as
the sum of the two Fmax = f1,max + f2,max.

To efficiently distribute and adapt the carried load in between
robots, each robot compensate for a part of the object’s weight
G which is proportional to its force capacity fi,max

f1 = λG f2 = (1− λ)G, λ =
f1,max

f1,max + f2,max
(24)

A straightforward control strategy, requiring each robot to
compensate for half of object mass f1 = f2 = 0.5G is taken as
baseline to evaluate the performance of the new method.

Figure 4 (right) shows one possible manipulation trajectory,
where a human operator displaces the carried object in the
common workspace in four discrete locations over a 20 seconds
period of time. On the left side of the figure 4 the evaluated
maximal forces and force applied by each robot during the
experiment are shown. Additionally, the 0.5G strategy line is
shown for comparison.

The proposed control strategy is successful in ensuring com-
pensation of the object weight during the full length of the
experiment. In the starting pose t = 0s, robot 2 (robot on the
left) is close to it’s singular configuration and its load carrying
capacity is close to 5kg. Controlling it to compensate for half of
the weight of the object would result in a security exception and
could damage the robot hardware. The same is true for pose 4
at t = 17s. Robot 1 (robot on the right) is not be able to com-
pensate for half of the object weight but thanks to the proposed
adaptive control law, the task can successfully be achieved. This
may not be the case over the entire common workspace of the
two robots but this example is a good illustration of the interest
of accounting for the true capabilities of the system at the con-
trol level. An additional interesting result from the experiment
is the transition between pose 3 and 4 (t ∈ [12s, 16s]). Even
though the object is much closer to robot 2 (right), robot 1 has
a much higher carrying capacity. This illustrates the fact that
force capabilities are highly nonlinear functions which are very
hard to predict. This provides an additional argument in favor of
on-line force capacity evaluation.

V. DISCUSSIONS

In this section, the potential of applying the on-line capacity
evaluation for collaborative robots and the human-robot interac-
tion is discussed.

A. Polytopes for multi-robot systems
Up to recently [19], the estimation of task-space capabilities

of multiple robotic manipulators was largely depending on
manipulability ellipsoids [9][20][8].

However as the number of robots grows, the ellipsoid ap-
proach, which rely on a Euclidean norm rather than an infin-
ity norm [5], provides a less accurate approximation and the
question of what is the best practice to sum [9][10] or intersect
[21][8] multiple ellipsoids becomes problematic.

Figure 5 shows one example of two collaborating 4DoF
planar robots joint force capacity based on ellipsoids and poly-
topes. The ellipsoids are calculated using the approach proposed

 polytope
 ellipsoid
 polytope
 ellipsoid

polytope
ellipsoid

Fig. 5. 4DoF planar robots collaboration: polytopes and ellipsoids. Link
lengths li=0.5, torque limit |τi|<1 and joint angles qi=−π/8 for R1 and
qi=π/8 for R2.

by Chiacchio [9] and the joint polytope is calculated as the
Minkowski sum of the individual force polytope of each robot.

Pf⊕ = PfR1
⊕ PfR2

(25)

This example clearly demonstrates that even though ellipsoids
can reasonably well provide an approximation of the force
capacity of each robot separately, the same is not the case for
the capacity of the dyad.

A similar conclusion can be drawn for use cases where
the joint capacity of multiple robots can be represented by
the intersection of their polytopes [19], i.e when the robots
are working in opposition, both applying a similar force f in
opposite directions5

Pf = PfR1
∩ PfR2

(26)

In that case, the polytope intersection problem can be elegantly
transformed into the vertex enumeration problem for the ex-
tended system

J∩ = [JR1
JR2

], τ =
[
τT
R1
τT
R2

]T
, JT

∩ f = τ (27)

B. Polytopes for human-robot collaboration
Several authors have studied the use of robotics performance

measures such as manipulability ellipsoids and polytopes for
human arms using 7DoF manipulator models [22][23][24][25]
or full musculoskeletal model [26]. A promising approach for
leveraging the efficient on-line polytope evaluation algorithm
is to estimate the joint capacity of the robot and human and
adapt the robotic assistance as a function of the evolution of
human capabilities. One of the associated challenges is to extend
the proposed vertex search algorithms to actuation constraints
which result from more complex actuation mechanisms such as
muscles and can thus no longer be represented as parallelotopes.

VI. CONCLUSION

The proposed vertex search algorithm provides a computa-
tionally efficient tool for the polytope-based, online evaluation
of task-space robot capabilities. As illustrated in this work, the
ability to accurately evaluate on-line the capabilities of robots
leverages several possibilities in modern robotic applications
where oversizing robots is no longer an option.
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