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A laser diode subjected to optoelectronic feedback in which some light is converted to photocurrent
that is fed back into the laser injection terminals can display periodic oscillations in its optical intensity.
We demonstrate experimental and numerical evidence that, as the feedback level is varied, a stepwise
change in the oscillation frequency manifests itself in the output optical intensity. These transitions in the
dynamics can either correspond to an abrupt jump between two limit cycles, associated with a subcritical
torus bifurcation of a limit cycle, or to a progressive switching mediated by an intermediate quasiperiodic
state. Finally, when ramping the feedback level down, hysteresis is observed in the sequence of switch-
ing events between the limit cycles. Such devices are of interest for photonic microwave sources for
wavelength-division multiplexed radio-over-fiber systems.

DOI: 10.1103/PhysRevApplied.13.064038

I. INTRODUCTION

Semiconductor laser diodes (LDs) subjected to opto-
electronic (OE) feedback on their injection current J have
been a testbed for studying nonlinear dynamics in time-
delayed systems for decades [1–4]. On the one hand, they
provide an opportunity to study rich dynamical behav-
iors [5–7]; on the other, optoelectronic feedback systems
have diverse applications ranging from microwave pho-
tonic generation [8,9] to controlled wideband frequency
chirps [10] as well as in communications [11]. Optoelec-
tronic oscillators with time delayed feedback and their
applications are reviewed in Ref. [12].

Radio-over-fiber (ROF) is one such application of
microwave photonics in which microwave-modulated
optical signals are transmitted over fiber links [13]. ROF
thus avoids expensive antennas, is not subject to losses
of microwave waveguides or free-space propagation, and
can provide access to areas where radio links might other-
wise be infeasible. Specifically, wavelength-division mul-
tiplexed (WDM) systems can be used [14] to maximally
exploit the optical bandwidth of fiber. Such WDM ROF
systems clearly benefit from microwave-modulated optical
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sources that can be tuned to the center microwave fre-
quency of the relevant bands. Such frequency bands may
be a few hundreds of MHz to a few GHz apart depend-
ing on the modulation of the center microwave frequency.
This contribution explores a photonic microwave source
based on a LD with OE feedback whose microwave fre-
quency can be discretely tuned in steps on the hundred
MHz to few GHz range. The device is based on a LD with
optoelectronic feedback. For appropriate conditions of the
feedback strength η, relaxation oscillations (ROs) become
undamped resulting in a modulation of the output optical
intensity I(t) in the GHz range. The RO frequency fRO is
modified by the nonlinear response of the gain medium as
well as by the feedback, and the modulation frequency can
be tuned in approximately 100-MHz steps. The tuning is
achieved based on the switching of the device dynamics
between limit cycles that occur in certain regimes when
the feedback strength is varied.

In retrospect, one of the earliest reports on the nonlinear
dynamics of LDs with OE feedback is Ref. [1]. In a rela-
tively simple setup, light output by the LD is incident on
a photodiode (PD), which produces a current that is rein-
jected into the LD. References [2,3] explore the situation
theoretically, where various pulsing states, bistability, and
chaos are predicted.

Subsequent works consider the distinction between neg-
ative [6,15,16] and positive [5,17] OE feedback. In the case
of negative feedback, the fed-back current is subtracted
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from J and is reported to be useful for tunable microwave
[9] and optical short-pulse generation [18] by stabilizing
the dynamical states. In this instance, the dynamics result-
ing from a locking between the RO frequency fRO and
the feedback-loop frequency fτ (inverse of the delay time
τ ), and rational fractions of fRO and fτ participate in var-
ious dynamical states [6,19]. In most of these reports, a
quasiperiodic (QP) route to chaos is observed. An excep-
tion is presented in Ref. [16] where a period-doubling route
to chaos is observed, albeit for a ring laser. For positive
feedback, the fed-back current from the OE loop is added
back to J , which results in early pulsing states explained by
a gain-switching mechanism [20]. The most common route
to chaos with positive feedback is also QP [5]. Although
the dynamics are not radically different from negative feed-
back, positive-feedback setups have been found to lack
a few of the frequency-locked states that are common in
negative feedback.

This study presents experimental and theoretical results
for negative OE feedback showing discrete switching
events between two dynamic states corresponding to stable
limit cycles (LCs) as the feedback strength η is gradually
varied. These switching events are manifested in the fre-
quency dynamics observed in the power spectrum of the
photodetected optical intensity I(t), i.e., the rf spectrum.
Although discrete switching events in the rf are well inves-
tigated for optical feedback and can correspond to jumps
between two limit cycles located around the same external-
cavity mode (ECM) [21–24] or different ECMs [25], the
dynamics of OE feedback, and frequency switching in par-
ticular has been relatively sparsely explored. In Refs. [21–
23], rf switching with optical feedback is attributed to
noise-induced hopping to a neighboring attractor sepa-
rated by the feedback frequency around the same ECM. In
Ref. [25], also with optical feedback, switching between
LCs (also separated by fτ ) is experimentally observed
around the same ECM as well as two different ECMs as η

is varied, which is closer to the scenario reported here. To
our knowledge none of the reports on OE feedback [5–7,9]
have presented the analysis of switching between periodic
states with distinct microwave frequencies.

Specifically, we focus on discrete transitions between
limit cycles, manifested as stable periodic state with multi-
GHz oscillations in both the rf spectrum and in the optical
modes. The rf spectra exhibit sharp peaks at distinct fre-
quencies close to fRO, whereas the optical spectra present a
number of equidistant lines separated by fRO in optical fre-
quency. We observe transitions between LCs separated in
frequency by small multiples of fτ that can either be abrupt
or progressive as η is ramped up. In the latter case of a
progressive transition, a mediating quasiperiodic regime is
involved. The optical spectrum however, shows shifting of
the optical modes towards the solitary laser frequency at
the switching events. These two types of transitions are
still observed when η is ramped down; however, the values

of η where a given switching event occur are lower, reveal-
ing hysteretic behavior. Of note, although the rf switching
can correspond to a frequency jump of about fτ , as in the
case of optical feedback, the underlying physics is found
to differ significantly as no external-cavity modes exist in
the case of optoelectronic feedback.

The paper is organized as follows. Section II presents
the experimental setup; Sec. III describes the experi-
mentally observed transitions between LCs; Sec. IV is
devoted to the investigation of the results on the basis of
a rate-equation model; finally, results are discussed and
conclusions are drawn in Sec. V.

II. EXPERIMENTAL SETUP

A single-mode edge-emitting In-As/In-P quantum-dash
(Qdash) distributed-feedback LD has been used for the
experiment. The LD operating at 1550-nm wavelength
contains an active region stacked with six In-As Qdash
layers embedded within a In-Ga-As-P quantum well and
partitioned by In-Ga-As-P barriers. The internal cavity has
a length of 500 μm, and the facets are antireflection coated.
The threshold current is measured Jth ∼ 33 mA at room
temperature. The experimental setup is depicted in Fig. 1
(see Ref. [9] for device and equipment details). The feed-
back loop is composed of optical free space (red), optical
fiber (blue), and electronic (black) parts with total delay
(τ ) of 9.85 ns. The electronic path that is composed of
the SMA cable, photodetector, amplifiers, and microwave
splitter contributes approximately 6.9 ns to the delay.

FIG. 1. Schematic diagram of experiment. The red line cor-
responds to optical free space, blue to optical fiber, and black
to electrical cable. CL, collimation lens; BS, beam splitter; OI,
optical isolator; FC, fiber coupler; PD, photodiode; Amps, ampli-
fiers; BOSA, balanced optical spectrum analyzer. A 50:50 beam
splitter is used to monitor the optical spectrum, whereas a 50:50
rf splitter is used to monitor simultaneously the signal with
the oscilloscope (12-GHz bandwidth) and rf spectrum analyzer
(26.5-GHz bandwidth). The multimeter provides a means to
monitor the effective feedback level by measuring the PD bias
voltage.
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A regulated current source drives the thermally stabi-
lized LD. A linear polarizer (LP) mounted on a rotation
stage is included in the optical path before the PD to tune
η. The optical isolators (OIs) are introduced to improve
the operating stability by preventing back reflections into
the LD. The PD (12-GHz bandwidth) includes a low-noise
amplifier that preamplifies the photodiode output before
sending it to the cascade of amplifiers. The 18-dB non-
inverting amplifier (Newport 1422-LF—20 GHz) and a
30-dB inverting amplifier (Microsemi UAOL30VM—30
GHz) boost the signal to a level that can perturb the steady
state of the laser. The output of the latter amplifier is
directly added to J using a bias tee (26.5-GHz bandwidth).

The experimental feedback level η here is a relative
measure of the feedback strength and cannot be directly
compared to the theoretical η used in the model presented
in Sec. IV. The parameter η is experimentally controlled
through the linear polarizer; it is affected by the responsiv-
ity of the photodetector and the net gain of the components
in the electronic loop. Conventionally, η = 1 corresponds
to full transmission by the linear polarizer. Rotating the
LP allows a nonlinear control of the feedback level, since
the attenuation introduced varies as the cosine square of
the angle (φ) between the LP and the direction of polar-
ization of the laser. Indeed, the effective feedback level
is proportional to the quantity presented as η (= cos2 φ).
For instance, full transmission (i.e., η = 1) corresponds to
26%, whereas η = 0.5 represents only 8.4% of the root-
mean-squared current fed back to the injection terminal as
determined from the PD bias monitor.

The loop delay frequency is determined as fτ = τ−1 =
101 MHz. The lower cutoff frequency of the feedback loop
is set by the 18-dB amplifier, which is approximately 50
MHz, whereas the upper cutoff is limited by the bandwidth
of the 12-GHz PD.

III. SEQUENCE OF DYNAMICAL REGIMES

Figure 2 shows (a) the experimental bifurcation diagram
(BD), (b) the rf spectra of I(t), and (c) the optical spec-
tra of the laser obtained by and presented as a function
of η ramping up for J ∼ 2Jth. The BD, representing the
colormap for the histogram of the local extrema of I(t)
at each η, reveals a sequence of dynamical regimes. Dis-
crete changes in rf trending downward, occur at η = 0.52,
0.82, and 0.87 corresponding to switching between LCs.
In the next paragraphs, we describe the sequence of events
associated with these discrete changes in rf.

To begin with Fig. 2(a), the OE system shows a cw
lasing for η < 0.47; afterwards a LC (LC1) appears as a
periodic modulation of I(t) with frequency 6.165 GHz
[Fig. 2(b) shows the rfs]. As a result of increasing η fur-
ther (η ∼ 0.52), the laser switches abruptly to another LC
(LC2) with a different dominant rf (6.067 GHz) separated
by fτ .

(a)

(b)

(c)

FIG. 2. (a) Experimental BD, (b) rf spectrum, and (c) optical
spectrum with increasing η, on a logarithmic color scale. cw,
continuous waves; LC, limit cycle; QP, quasiperiodic.

The LC2 persists until η ∼ 0.80, where another dynami-
cal regime is reached, with the same main rf as in LC2, but
numerous, strong, sidebands appear in the rf spectrum, cor-
responding to QP behavior (QP1) as reported in Ref. [5].
Thereafter, at η ∼ 0.82, we observe a jump to a differ-
ent LC (LC3) with dominant rf 5.649 GHz. We refer to
this jump as a progressive switching event, as the transi-
tion does not occur directly between LC regimes. After the
jump, for even larger η, LC3 gives way to another mediat-
ing QP state (QP2) and finally, for η ∼ 0.87, LC4 with rf
5.442 GHz is observed.

Meanwhile, the corresponding progression of optical
lines, as shown in Fig. 2(c), is going to be addressed now.
The optical frequency in the η → 0 limit is the solitary
laser frequency f0(η = 0); for convenience, f0(0) is used
to define the zero of the optical-frequency scale. As η

increases, additional optical lines appear, as is evident in
Fig. 2(c). These lines occur at frequencies fm(η) ≈ mfRO,
with m an integer defining harmonics of fRO.

Indeed, the jumps in the rf spectra towards some lower
frequency can be related to the jumps in optical lines
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towards f0(0). Since the spectral separation between any
two optical lines are fRO, with a downward jump in rf
spectra, the optical lines recoordinate themselves with a
similar jump multiplied by their respective harmonic posi-
tions [e.g., if f1(η) jumps by fτ , f2(η) evidently would have
a jump of 2fτ ]. Another point to be noted in Fig. 2(c),
at η = 0.58 the dominant optical frequency changes from
f−1(η) to f−2(η) when the BD hints the start of a period
doubling regime.

In summary, we see one abrupt switching at η = 0.52
and two progressive switching at η = 0.82 and 0.87
between two LCs in the LD dynamics. In the ensuing
sections, we focus on these two different types of switch-
ing for detailed explanation and analysis, exploiting the
simultaneous measurement of I(t), the rf, and optical
spectra.

A. Abrupt switching between two limit cycles

We focus here on the jump from LC1 to LC2 at η = 0.52.
In order to elucidate the nature of this jump, Fig. 3 shows
the rf and optical spectra just before (LC1) and after (LC2)
with the corresponding time series for I(t) as the inset,
which are approximately sinusoidal for both LC1 and LC2.
The rf of oscillation switches abruptly from 6.165 GHz
for LC1 to 6.067 GHz for LC2. The frequency difference
of 98 MHz is slightly less than fτ , which is similar to
the case of optical feedback where the jumps in rf spectra
are slightly smaller than fτ [21]. In the optical spectra, we
see a similar jump of the optical lines closer to the mode

(a) (b)

(c) (d)

FIG. 3. Abrupt jump between LCs. (a),(b) η = 0.518 (LC1),
(c),(d) η = 0.525 (LC2). (a),(c) rf spectra (inset: corresponding
intensity time traces). (b),(d) Optical spectra. From (a),(c), a
downward jump of 98 MHz (∼fτ ) in rf oscillating frequency is
observed between the two LCs.

near f0(0); evidently, distant modes jump in bigger steps
(depending on their location) to make the frequency sepa-
ration between optical lines same as the new fRO. We refer
to this jump evidenced in the rf spectrum as an abrupt jump
between two LCs.

B. Progressive switching between two limit cycles

In this section, we describe the two progressive jumps
observed in Fig. 2. The first progressive jump occurs at
η ∼ 0.82. Figure 3 shows the rf and optical spectra before
and after the jump. We notice a different type of transi-
tion from LC2 to LC3, as it involves mediating dynamics
QP1. QP1 gives way to limit cycle LC3, whose frequency
is smaller than that of LC2 by approximately 4fτ . Heuris-
tically, the sidebands in the QP1 regime seem to favor
the appearance of jumps in frequency to distant bifurca-
tion branches, leading to frequency hops of more than
fτ . Specifically, the fundamental frequency of LC3 (5.649
GHz) corresponds to the frequency of one of the sidebands
of QP1. There appears to be a 1:15 resonance between
the fast and slow frequencies of the QP1 dynamics, sim-
ilar to the frequency-locked regimes reported in Ref. [19]
by some of the co-authors. The locking is manifested in
the time domain by the appearance of pulselike oscillation
with a 100-MHz repetition rate.

The optical spectra of the regimes involved (LC2, QP1,
LC3), reveal a series of optical lines separated by 6 GHz,
before the jump, corresponding to the rf of LC2 and after
the jump, optical lines are separated by 5.6 GHz. In addi-
tion, the optical lines fm(η) jump closer to f0(η) by m times
4fτ . For the dominant optical line f−2(η), it jumps towards
f0(η) by approximately 2 × 4fτ since it is the second har-
monic of f0(η). Besides that, some of the optical lines of
QP1 have a multipeaked appearance [inset of Fig. 4(b)] that
evidence the emergence of additional optical frequencies.

The last jump at η ∼ 0.87, is shown in Fig. 5. The rf
spectrum and its intensity time series [Fig. 5(a), inset]
highlight the quasiperiodic (QP2) nature of the dynamics
before the jump, with a main frequency at 5.649 GHz and
sidebands separated by 100 MHz. After the jump, limit-
cycle dynamics LC4 is reached, with a dominant frequency
of 5.442 GHz. We thus observe again a jump of 207 MHz
in rf, corresponding to approximately 2fτ . To be noted, QP1
in the previous progressive jump appears instantly after
LC2, whereas QP2 evolves gradually from LC3 as we keep
increasing η. Limit cycle LC3 develops increasingly more
sidebands, turning into a quasiperiodic state QP2, before
finally shifting by approximately 2fτ [to the less promi-
nent second major sidebands, indicated by a red arrow in
Fig. 5(a)] and ended up yielding an ideal LC (LC4) all of a
sudden.

Similar to the other bifurcations, the optical spectra
before and after the jump [Fig. 5(d)] show a series of opti-
cal lines and f−1(η) and f1(η) that are both separated by
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(a) (b)

(c) (d)

FIG. 4. First progressive jump. (a),(b) η ∼ 0.81 (QP1), (c),(d)
η ∼ 0.824 (LC3). (a),(c) rf spectra (inset: corresponding intensity
time traces). (b),(d) Optical spectra. From (a),(c), a downward
jump of 418 MHz (∼4fτ ) in rf oscillating frequency is observed
between a QP and a LC. The inset in (a) is presented for a longer
range of time to show the presence of secondary oscillation in
the time series. The inset in (b) shows an enlarged peak at f−2
evidencing the emergence of additional optical frequencies.

approximately 5.67 GHz from f0(η) before the jump scale
down to 5.44 GHz after the jump. All the optical lines jump
closer to f0(η) by a multiple of 207 MHz depending on
their harmonic positions as before.

C. Hysteresis and robustness

We now discuss the presence of hysteresis in reference
to the switches and the robustness of our observation in
this section. First, Figs. 6(a) and 6(b) show the BD of I(t)
and the rf spectrum ramping η down adiabatically, in con-
trast to what is seen in Figs. 2(a) and 2(b) in which η is
ramped up. The frequencies of LCs seen in the rf spectra
are the same as those in Fig. 2 but the jumps tend to occur
at different values of η.

Moreover, when η is ramped down, the first jump
appearing at η = 0.73 is an abrupt jump between two LCs;
the second jump appearing at η = 0.62 is a progressive
jump involving a strong mediating QP state; and the last
jump appearing at η = 0.55 is an abrupt jump between two
LCs as well. Therefore, we observe two abrupt jumps and
one progressive jump ramping η down, whereas there are
one abrupt and two progressive jumps in ramping η up.

In addition, the BD also shows a qualitatively different
trend when η is ramped down. Indeed, when ramping η up
the peak magnitude of I(t) increases steadily, then a sharp
increase in magnitude occurs parallel to the rf spectral

(a) (b)

(c) (d)

FIG. 5. Second progressive jump. (a),(b) η ∼ 0.874 (QP2),
(c),(d) η ∼ 0.876 (LC4). (a),(c) rf spectra (inset: corresponding
intensity time traces). (b),(d) Optical spectra. From (a),(c), a
downward jump of 207 MHz (∼2fτ ) in rf oscillating frequency is
observed between a QP and a LC. Similar to the previous figure
the inset in (a) is presented for a longer range of time to show the
presence of secondary oscillation in the time series.

jumps; when ramping η in the opposite direction, how-
ever, the magnitude gradually decreases to a minima before
jumping up abruptly to a higher magnitude for all of the
switches [compare Figs. 2(a) and 6(a)].

(a)

(b)

FIG. 6. (a) Reverse BD where η is ramped down from the
maximum. (b) Corresponding rf spectrum. Red arrows indicate
the jumps in the ramping up direction of η.
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We also verify experimentally the robustness of the
results for different pump currents J in the range 50 to 70
mA and find similar sequences of bifurcations, including
the jumps discussed above. Of note, while abrupt transi-
tions can either be a jump in frequency by small multiples
of fτ , progressive transitions are always found to imply
frequency jumps of nonunit multiples of fτ .

IV. LASER MODEL

Dynamical studies of delayed feedback systems have
been investigated within the Eckhaus instability frame-
work [26–29] as well as a rate equation model [21–24]. We
employ a rate-equation model for the laser with optoelec-
tronic filtered feedback, which allows only high-frequency
signals to pass through the feedback loop. The model is
based on that in Ref. [30], and consists of the following
equations for the normalized optical intensity I(t), the car-
rier density N (t), and the high-pass filtered intensity signal
IF(t). They are given by

İ(t) = 2N (t)I(t), (1)

İF(t) = −τF
−1IF(t) + İ(t), (2)

ε−1Ṅ (t) = P − ηIF(t − τ) − N (t) − [1 + 2N (t)]I(t).
(3)

The dot means differentiation with respect to t = t̂/τph

where t̂ is time, and τph is the photon lifetime. P =
J/Jth − 1 is the pump above the threshold parameter; η

is the feedback strength (for consistency with experimen-
tal description, η > 0 is for negative feedback, and η < 0
is for positive feedback); τ is the feedback delay; ε is the
ratio of the carrier and photon lifetimes; τF

−1 is the low-cut
(high-pass) filter bandwidth.

We determine the characteristic equation from the lin-
earized Eqs. (1)–(3) for the nonzero intensity steady state
(I = P, IF = 0, N = 0) and find

(1 + τFλ)
{
λ2 + ε[λ + 2P(1 + λ)]

} − 2εητFPλe−τλ = 0.
(4)

The stability boundaries correspond to the Hopf bifurca-
tion condition λ = ±iωH , and the Hopf frequency ωH can
be determined from the transcendental equation, which is
given by

arctan
[1 + 2P(1 + τF)]εωH − τFω3

H

[1 + ετF(1 + 2P)]ω2
H − 2εP

= ωHτ + π

2
− πM ,

(5)

where M is a non-negative integer number and indicates
the existence of multiple Hopf bifurcation branches in the

dynamics. M is odd for the negative feedback (η > 0), and
is even for the positive feedback (η < 0).

The Hopf bifurcation point ηH can be determined ana-
lytically,

ηH = ε + 2εP(1 + τF) − τFω2
H

2ετFP cos ωHτ
. (6)

The discretization of the frequencies in Eq. (5) is parity
asymmetric with relation to the feedback sign since differ-
ent resonant conditions are formed by the parity of M in
Eq. (5), and the cos ωHτ term in Eq. (6).

In the long delay limit τ � 1 and when the filter cutoff
frequency is smaller than the RO frequency, i.e., ωROτF �
1, where ωRO = 1

2

√
8εP − ε2(1 + 2P)2 is the RO angular

frequency of the free-running laser (η = 0) [30], Eqs. (5)
and (6) can be approximated, leading to the following
expressions:

ωH =
√

ω2
RO − γ 2

RO, (7)

ηH = ±γROωRO

εP
, (8)

where γRO = 1
2ε(1 + 2P) is RO damping rate. Using

Eqs. (7) and (8) and knowing the frequency of the first
limit cycle it is possible to easily determine the value of
the ratio of the carrier and photon lifetimes ε, and we
estimate the following parameter values for the system:
ε = 0.095, τ = 1000, τF = 2000. It is worth mentioning
that the bifurcation border in this limit is symmetric with
respect to the sign of η, which is not the case when the fil-
tering is initially absent from the system [i.e., IF(t) = I(t)]
because then the steady-state intensity depends on η, and
reads I = P/(1 + η).

Figure 7 shows the Hopf bifurcation curves in (η, P)

plane obtained by solving Eqs. (5) and (6) within the range
relevant to the experimental parameters, and the bifurca-
tions of the steady state at the value of pump about twice
exceeding the threshold (P = 0.945). This steady state
undergoes a sequence of the bifurcations each leading to
the appearance of a limit cycle, which we discuss further.

We analyze the stability of the limit cycles arising
from the Hopf bifurcations in Fig. 7 using the numeri-
cal continuation package DDE-Biftool [31] (see Fig. 8).
The limit cycles originating from the Hopf bifurcations
having frequencies higher than the frequency of the first
Hopf bifurcation are ever unstable for the full range of η

variation while the limit cycles arising from the Hopf bifur-
cations with lower frequencies become eventually stable.
The limit cycles stabilize (destabilize) through torus bifur-
cations indicated in Fig. 8 by blue circles. This forms the
wide range of multistability, and hysteretic effects under

064038-6



STAIRCASE DYNAMICS OF A PHOTONIC MICROWAVE... PHYS. REV. APPLIED 13, 064038 (2020)

(a) (b)

FIG. 7. Hopf bifurcation boundaries (black lines) in the (η, P)

parameter plane calculated from Eqs. (5) and (6). (b) The
enlarged region delimited by the dashed rectangle in (a). Bold
lines define the first bifurcation of the steady state. The thick
(thin) red line is the stable (unstable) cw solution at P = 0.945.
The red circles (triangles) are the Hopf bifurcation points leading
to eventually stable (ever unstable) limit cycles. The labels (1–4,
B1–B4) correspond to the Hopf points leading to the limit cycles
observed in numerical integration, and shown in Fig. 9. The other
parameters are ε = 0.095, τ = 1000, τF = 2000.

cyclic η as shown experimentally. The mechanism respon-
sible for stabilization (destabilization) of the limit cycles
as the feedback parameter η increases (decreases) is sim-
ilar to the Eckhaus instability (see the Appendix for more
detail).

To reproduce the experimental situation we directly
integrate Eqs. (1)–(3) using the fourth-order Runge-Kutta
method. Parameter η is varied in a stepwise manner, with a
step change δη = 5 × 10−4 every 4000τ . The integration

(a) (b)

FIG. 8. Bifurcation diagrams showing the maxima and min-
ima of intensity (a) and frequency (b) of limit cycles arising
from the Hopf bifurcations of steady state at P = 0.945 shown in
Fig. 7. Thick (thin) blue lines are stable (unstable) limit cycles,
and blue circles are torus bifurcations. The insets demonstrate
enlarged areas delimited by dashed lines in the corresponding
figures. The upward (downward) arrows in (b) show the tran-
sitions for η increase (decrease) during numerical integration
as demonstrated in Fig. 9. For simplicity, the Hopf bifurcations
lying beyond the η range in Fig. 7, and corresponding limit cycles
are not shown. The other notations and parameters are the same
as in Fig. 7.

time step is fixed to τ/5000. A white-noise term with
amplitude 10−5 (10−4) is added to Eq. (1) [Eq. (3)] to
model the spontaneous emission (feedback parasitic varia-
tions).

We follow the bifurcation sequence with increasing η

as shown in Fig. 9. Similar to the experiment, the cw
state undergoes a supercritical Hopf bifurcation resulting
in a small amplitude stable limit cycle LC1 with frequency
approximately 60τ−1. The cycle grows in amplitude with η

increase, and undergoes an abrupt transition to a limit cycle
LC2 having the frequency approximately 59τ−1. LC1 and
LC2 are, therefore, separated by the feedback frequency
τ−1 as is experimentally observed. In turn, LC2 devel-
ops into a quasiperiodic state QP1 through a supercritical
bifurcation, and eventually collapses to the limit cycle LC3
with the frequency approximately 54τ−1. Therefore, QP1
is mediating transition from LC2 and LC3, which are sep-
arated by approximately 5τ−1, again very similar to the
experiment. Finally, LC3 abruptly switches to the limit
cycle LC4 with the frequency approximately 49τ−1.

Changing η in the opposite direction, we find a
bifurcation sequence, which is more complicated and
indicates a hysteresis effect. The system follows the pro-
longated branch of the limit cycle LC4 until a transition
to a quasiperiodic state QPB4. It then follows a sequence
of progressive switching between limit cycles LCB3 →
LCB2, LCB2 → LCB1, LCB1 → LC2 intermediated by the
quasiperiodic states QPB3, QPB2, and QPB1 correspond-
ingly. The transition ends with the limit cycle LC2 fol-
lowed by a steady-state solution. As seen in Fig. 8, the limit
cycle LC2 has a very narrow region of instability between
its origin and the stabilizing torus point. As far as the sys-
tem is drastically slowing down near the Hopf bifurcation
points, this is the reason why we observe transition from
LC2 to the steady state instead of LC1 for η decrease in
Fig. 9.

The performed bifurcation analysis allowed us to iden-
tify and to classify multiple periodic and quasiperiodic
solutions, which are dense in space. It is worth emphasiz-
ing here that switching between the limit cycles appears
through torus bifurcations, which either form mediating
stable quasiperiodic state or lead to abrupt transition to
a limit cycle. Both types of transitions we experimen-
tally confirm. The stability analysis also explains why the
experimental switching happens to the limit cycles with
lower frequencies, which become eventually stable with
the feedback strength increase as consistent with the Eck-
haus mechanism. The rf staircase scenario seen ramping η

down fully corresponds to the major experimental features.
However, one notes that the middle traces of the experi-
mental intensity of some limit-cycle regions appearing in
the bifurcation diagrams of Figs. 2 and 6 are not present
in Fig. 9. This difference might be attributed to a number
of factors such as the way filtering is modeled, nonlin-
ear effects such as gain compression, and specificities of
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(a) (b)

(c) (d)

FIG. 9. Numerical bifurcation diagram obtained by integration of Eqs. (1)–(3) when η is increased (a),(b) and decreased (c),(d).
(a),(c) Local extrema of intensity I , and (b),(d) the frequency f defined as the inverse of time intervals between two adjacent intensity
maxima, where bold dots stand for the average values. cw, steady state; LC, limit cycle; QP, quasiperiodic state. The insets in (a),(c)
show the exemplary intensity time traces at η values given by the corresponding colored arrows: green, LC1 at η = 0.621; purple, QP1
at η = 0.66; red, LC4 at η = 0.74; orange, QPB1 at η = 0.6175; blue, LCB3 at η = 0.66; yellow, QPB4 at η = 0.67.

the quantum-dash medium that are not included in the
model. Nevertheless, the overall one-parameter bifurca-
tion scenario is in excellent qualitative agreement with
the experiment, showing the same characteristic dynam-
ics, abrupt and progressive switching between limit cycles
as well as the hysteretic behavior.

V. DISCUSSION AND CONCLUSION

The nonlinear dynamics of a laser diode with time-
delayed optoelectronic feedback are explored with a focus
on switching events between limit cycles. These are man-
ifested in a change of the dominant frequency of I(t).
One possible type of switching is abrupt and corresponds
to a subcritical torus bifurcation of a limit cycle. Of
note, similar abrupt switches between limit cycles have
been observed in lasers subjected to optical feedback,
and can involve, in this case, either different limit cycles
born from the same external-cavity modes or limit cycles
from different neighboring, modes. The switching between
microwave frequencies in steps in the 100-MHz range
(shorter feedback times are expected to result in larger fre-
quency steps) is of interest to produce photonic microwave
sources for WDM ROF systems.

A progressive switching between two limit cycles is also
observed in a certain range of η. This transition involves
a mediating quasiperiodic regime that bridges limit-cycle

branches. In all scenarios the frequency of limit cycles
decrease when η is increased. Hysteresis is observed in the
modulation frequency as the feedback strength η is ramped
up or down. The possibility to control discrete switching
between microwave frequencies in the GHz range could
find applications in the field of microwave photonics.

Although we report discrete tunability from 5.44 GHz
to 6.17 GHz in 100-MHz steps as a function of feedback
strength, the number of switching events and the range
of LC dynamics are observed to increase at higher J .
The proposed photonics MW generator is based on read-
ily available off-the-shelf telecommunications components
and is more compact compared with arrangements based
on optical injection [32–34]. The range of tunability can
be further improved by choosing appropriate lasers (e.g.,
vertical-cavity surface-emitting lasers), which may have
fRO of several tens of GHz as demonstrated in Ref. [32]
using dual-beam orthogonal optical injection. The system
performance can also be improved by employing low-
noise electronic components (e.g., amplifiers). With this in
mind, we point to our recent report [9], where utilization
of optoelectronic feedback enabled sub-ps jitter and typ-
ical phase noise in the range of −107 dBc/Hz at 10-kHz
offset. A similar approach could be used to improve the
phase-noise characteristics of the present oscillator. That
said, the current work is not focused on designing an ultra-
stable photonics MW source, but rather on the discrete
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switching events between limit cycles exhibiting dominant
frequencies separated by a distinct frequency. Exploiting
this phenomenon is of potential interest for future dis-
cretely tunable photonic microwave sources that can be
used in multichannel communications.
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APPENDIX: ECKHAUS INSTABILITY

Eckhaus instability refers to the generic scenario
observed in spatially extended and delayed dynamic sys-
tems when multiple periodic regimes coexist, and their
stability depends on the frequency [35]. The general frame-
work used to explore this scenario extends from photon-
ics, ecological, and neural-network-based instances, and is
based on analysis of multiple time scales in the vicinity of
a Hopf bifurcation point as was demonstrated for a delayed
system in Ref. [26]. Figure 10 illustrates that the observed
sequence of torus bifurcations leading to the stabilization

FIG. 10. Bifurcation diagrams obtained by numerical contin-
uation for two different values of delay τ : 1000 (blue) and 500
(orange). The vertical axis is given in units of τ−1 = 0.001 for
consistency with Fig. 8. The red line is the Hopf bifurcation line
given by Eq. (A1). Thick (thin) blue and orange lines correspond
to stable (unstable) limit cycles, and the circles correspond to
torus bifurcations. Green lines delimit the region of stable peri-
odic solutions. Periodic branches with lower frequencies are born
from subcritical Hopf bifurcations and extend beyond the red
line. The other parameters are the same as in Figs. 7 and 8.

of the limit cycles, and corresponding hysteretic behavior,
when the feedback strength η is decreased, are consistent
with this generic mechanism.

Figure 10 shows an extended bifurcation diagram from
Fig. 8(b) complemented with a bifurcation diagram calcu-
lated for a smaller delay value τ = 500, which can still be
considered large for the parameter range under considera-
tion. The red line shows a continuity of the Hopf frequency
ωH described by

η =
√

ω4
H − 4εPω2

H + ε2
[
4P2 + ω2

H (2P + 1)2
]

2εP
, (A1)

which is derived from Eqs. (5) and (6) under the assump-
tion of ωROτf � 1.

The green lines in Fig. 10 connect the torus bifurca-
tion points that lead to stabilization or destabilization of
the limit cycles, and approximate well the Eckhaus curve
similar to those demonstrated in Refs. [26] and [35].
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