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ENTANGLEMENT IN THE FAMILY OF DIVISION FIELDS OF ELLIPTIC CURVES
WITH COMPLEX MULTIPLICATION

FRANCESCO CAMPAGNA AND RICCARDO PENGO

ABSTRACT. For every CM elliptic curve E defined over a number field F containing the CM field
K, we prove that the family of p™-division fields of E, with p € N prime, becomes linearly
disjoint over F after removing an explicit finite subfamily of fields. If F = K and E is obtained as
the base-change of an elliptic curve defined over Q, we prove that this finite subfamily is never
linearly disjoint over K as soon as it contains more than one element.

1. INTRODUCTION

Let E be an elliptic curve defined over a number field F, and let FQOF be a fixed algebraic
closure. The absolute Galois group Gal(F/F) acts on the group Eis := E(F)iors of all torsion
points of E, giving rise to a Galois representation

Pk : Gal(F(Etors)/F) < Autz(Eiors) = GLy(Z)

where F(E;q) is the compositum of the family of fields {F(E[p*])}, for p € N prime. Each
extension F C F(E[p™]) is in turn defined as the compositum of the family {F(E[p"])}nen,
where, for every N € N, we denote by F(E[N]) the division field obtained by adjoining to F the
coordinates of all the points belonging to the N-torsion subgroup E[N] := E[N](F).

For an elliptic curve E without complex multiplication (CM), Serre’s Open Image Theorem
[29, Théoréme 3] asserts that the image of pg has finite index in GLy(Z). However, explicitly
describing this image is a non-trivial problem in general which is connected to the celebrated
Uniformity Conjecture [29, § 4.3]. A first step in this direction is to study the entanglement of
the family {F(E[p™])}, for p prime, i.e. to describe the image of the natural inclusion

(1) Gal(F(Eiors)/F) = | | Gal(F(E[p™])/F)
p

where the product runs over all primes p € N. For each non-CM elliptic curve E/f this has
been done in [7] by Stevenhagen and the first named author. They identify a finite set S of “bad
primes” (depending on E and F) such that the map (1) induces an isomorphism

Gal(F(Eiors)/F) —> Gal(F(E[S™])/F) x | | Gal(F(E[p™])/F)
pES

where F(E[S]) denotes the compositum of the family of fields { F(E[p*])}es. In this case one
says that the family {F(E[S™])} U {F(E[p™])}, is linearly disjoint over F. The first goal of this
paper is to prove the following analogous statement for CM elliptic curves.

Theorem 1.1. Let F be a number field and E/r an elliptic curve with complex multiplication by
an order O in an imaginary quadratic field K C F. Denote by bg := fo Ar Npg(fg) the product of
the conductor fp := |Ok: O| of the order O, the absolute discriminant Ar € Z of the number field
F and the norm Npg(fg) := |Or/fE| of the conductor ideal fg C Of.
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Then the map (1) induces an isomorphism

Gal(F(Erors)[F) — Gal(F(E[S™])/F) x | | Gal(F(E[p™1)/F)
PES

where S C N denotes the finite set of primes dividing bg.

A key ingredient in the proof of Theorem 1.1 is Proposition 3.3, which can be seen as an
explicit version of Deuring’s analogue, for CM elliptic curves, of Serre’s Open Image Theorem
(see [29, § 4.5]). More precisely, if E/r is an elliptic curve with complex multiplication by an
order O in an imaginary quadratic field K, the extension F C F(E;) is abelian. This shows
that the image of pg has infinite index in Autz(Es) = GL; (i), and in particular the conclusion
of Serre’s theorem does not hold in this setting. Nevertheless, the elements of Gal(F/F) act
on Eis as O-module automorphisms, so that the image of pg is contained in the subgroup
Autp(Eiors) C© Autz(Erors). Then Proposition 3.3 says that pg(Gal(F(E[p"])/F)) = Auto(E[p"])
for every prime p ¢ S and every n € N. Hence one has the inclusion

ﬂAutO(E[p‘x’]) C Im(pg) := pp(Gal (F(Etors)/F))
pES

which can be used to show, as Deuring did, that Im(pg) C Autp(Eiors) has finite index. Proposi-
tion 3.3 is proved using some results concerning formal groups attached to CM elliptic curves,
which are recalled in Section 2. We point out that another proof of Proposition 3.3 can also be
deduced from previous work of Lozano-Robledo, as explained in Remark 3.4.

While Proposition 3.3 (combined with Lemma 3.1) gives the identification

(2) Gal(F(E[N])/F) = (O/NO)"

forevery N € N coprime with bg, we prove in Theorem 4.3 that, if the extension K C F is abelian
and F(Ers) € K2, the isomorphism (2) does not hold for infinitely many N € N not coprime
with bg. Theorem 4.3 extends results of Coates and Wiles (see [9, Lemma 3]) and Kuhman (see
[15, Chapter II, Lemma 3]) using a class of abelian extensions of K which are constructed in
Appendix A. These extensions are a generalisation both of the usual ray class fields for K (see
[26, Chapter VI, § 6]) and of the ray class fields for orders defined in [37] and [38, § 4].

The condition F(Egors) € K was introduced by Shimura in [32, Theorem 7.44]. The author
also shows in [32, Page 217] that if K is an imaginary quadratic field with absolute discriminant
Ax # —1(3), then there exists an elliptic curve E defined over the Hilbert class field Hx with
complex multiplication by Ok such that Hyx(Eir) € K. We generalise Shimura’s result in
Theorem 4.8 by proving that, for every imaginary quadratic field K and any order O C K,
there exist infinitely many ellipic curves E;y, with complex multiplication by O which satisfy
Shimura’s condition, i.e. such that the extension K C Hp(Es) is abelian. Here Hp denotes the
ring class field of K relative to O (see [11, § 9]), which is an abelian extension of K coinciding
with the Hilbert class field Hx when O = Og. We also show in Theorem 4.9 that there exist
infinitely many elliptic curves Ep,, which have complex multiplication by O and do not satisfy
Shimura’s condition. For these elliptic curves, we show in Corollary 4.6 that the whole family
of division fields {Hp(E[p*])}, is linearly disjoint over Hp.

In the final section, we use Theorem 1.1 and Theorem 4.3 to prove Theorem 5.5, which pro-
vides a complete description of the image of (1) when F = K is an imaginary quadratic field
and E/ is the base-change of an elliptic curve defined over Q. In particular, as we note in Re-
mark 5.6, Theorem 5.5 shows that the finite set of primes S appearing in Theorem 1.1 cannot
be made smaller in general. However, see Remark 3.7 for a general discussion about this topic.

We finally remark that our work, despite having different objectives, bears a connection with
Lozano-Robledo’s recent work [20], which provides an explicit list of subgroups of GL3(Z,) that
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can occur as the image of the p-adic Galois representations associated to a CM elliptic curve.
We comment more punctually on this relation in Remark 3.6, Remark 4.7 and Remark 5.2.
The results contained in this article are applied by the authors in two different ways. The
first named author uses Theorem 1.1 in [6] to study, jointly with Stevenhagen, cyclic reduction
of CM elliptic curves. The second named author uses Theorem 1.1 in [27] to provide explicit
planar models of CM elliptic curves defined over Q and to compute their Mahler measure.

2. FORMAL GROUPS AND ELLIPTIC CURVES

2.1. Formal groups. The aim of this subsection is to recall, following [34, Chapter IV], some

of the main points of the theory of one dimensional, commutative formal group laws defined

over a ring R, which we call formal groups for short. Roughly speaking, these are power series

F € R|z1, z2] for which the association x +# y := F(x, y) behaves like an abelian group law.
Given a formal group ¥ € R[z1, z2]] we denote the set of endomorphisms of ¥ by

Endr(F) :={f € tR[t] | f(x +ry) = f(x) +# f(y)}

which is a ring under the operations (f +¢ g)(t) := F(f(t),g(t)) and (g o f)(t) := g(f(t)). We
write Autg(¥) for the unit group Endg(#)* and we denote by [-]# the unique ring homomor-
phism Z — Endg(¥). For every ¢ € Endg(F) one has that ¢ € Autg(¥) if and only if ¢’(0) € R*
where ¢'(t) := %(/’) € R[t] (see [34, Chapter IV, Lemma 2.4]). Moreover, every ¢ € Endg(F) is
uniquely determined by ¢’(0) whenever R is torsion-free. More precisely, there exist two power
series exp, logs € (R ®z Q)[t] such that

(3) ¢(1) = expy(¢'(0) - log(1))
as explained in [34, Chapter IV, § 5].
Let us now recall that if (R, m) is a complete local ring there is a well defined map

+5
mxm-—m

(x,y) = F(x,y)

endowing the set m with the structure of an abelian group, which will be denoted by ¥ (m).
We will sometimes refer to () as the group of m-points of ¥. Every ¢ € Endg(¥) induces an
endomorphism ¢,,: F(m) — F(m), and for every ideal & C Endg(F) we define the ®-torsion
subgroup F(m)[®] € F(m) as

F(m)[@] = ] ker(gpn).
ped
These ®-torsion subgroups generalise the usual N-torsion subgroups #(m)[N] € ¥ (m) defined
for every N € Z. The following lemma provides some information about the behaviour of
F (m)[p"] under finite extensions of local rings with residue characteristic p.

Lemma 2.1 (see [34, Chapter IV, Exercise 4.6] and [35, Page 15]). Let R C S be a finite extension
of complete discrete valuation rings of characteristic zero with maximal ideals mg C mg and
residue fields kg C ks. Let p := char(xg) > 0 be the residue characteristic of R and S, and suppose
that mg = pR. Then for every formal group ¥ € R|z1,z2] and every x € F (mg)[p"]\ F (ms)[p" ]

with n € Zs1 we have that
vs(p)

ph(n—l) . (ph _ 1)
where vg denotes the normalised valuation on S, and

h=ht(F) = maX{n EN‘[P]?G KR[[fpn]]}

Us(x) <

is the height of the reduced formal group F € xg[z1, 22].
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Proof. Using that h = ht(¥) and that my = p - R we see that there exist f,g € R[t] such that
[plF = f(tph) +p g(t). We can assume that f,g € t R[t] and ¢’(0) = 1 because [p]|# € t R[t] and
[p]’T(O) = p. Now fix x € F(ms)[p"] \ F(ms)[p" '] and proceed by induction on n € Zs;.

If n = 1 then f(xph) + pg(x) = [plg(x) = 0, hence vs(p) + vs(g(x)) = vs(f(xph)). Now
vs(g(x)) = vs(x) because g(0) = 0 and ¢’(0) = 1, and vs(f(xph)) > vg(xph) = p/ vs(x) because
£(0) = 0. Hence vs(p) > (p" — 1) - vs(x), which is what we wanted to prove.

If n > 2 we know by induction that

ph(n—zz)js.(g,)h =) > vs([ply(x)) = vs(FF") + pg(x)) = min(vs(x""), vs(px))

because [p]#(x) € F(mg)[p" 1]\ F (ms)[p"?2]. This implies that min(vs(xph), vs(px)) = vs(xph).
Otherwise we would get the contradiction vs(p) > p"*? - (p" — 1) - vs(px) > vs(p) because
n > 2, vs(x) > 0 and h > 1. Hence we have that

o(x) = z)s(xp ) < vs(p) B vs(p)
Usix ph ] (ph(n—z) . (ph ~-1)) - ph(n—l) . (ph —1)

which is what we wanted to prove. O

2.2. Formal groups and elliptic curves. Given an elliptic curve E defined over a number field
F by an integral Weierstrass equation one can construct, following for example [34, Chapter IV],
a formal group E € OF|[z1, z;] which can be thought of as the formal counterpart of the addition
law on E. The association E — E is functorial and in particular induces a map

Endr(E) — Endr(E)

(4) ~
¢ ¢

between the endomorphism rings of E and E. The power series lying in the image of (4) have
integral coefficients, as proved in the following theorem, due to Streng.

Theorem 2.2 (see [39, Theorem 2.9]). Let E be an elliptic curve defined over a number field F and
let E € Or|z1, 2] be the formal group law associated to a Weierstrass model of E with coefficients
ai,...,as € Op. Then for every ¢ € Endr(E) we have that ¢ € OF[t].

Proof. One can show by induction that [n]; = [n]z € Z[ay, . .., as][t] S Op[t] for every n € Z,
where [n]g € Endp(E) denotes the multiplication-by-n map. This proves the theorem when
Endp(E) = Z. Otherwise E has complex multiplication by [34, Chapter III, Corollary 9.4], and
one can combine [33, Chapter II, Proposition 1.1] and [34, Chapter IV Corollary 4.3] to see that

there exists a unique isomorphism [-]g: O = Endp(E) such that [ ] E(O) = o for every a € O
where O is an order in an imaginary quadratic field K C F.
Let {{)j}jen C F[s] be the polynomials determined by the equality

Zl//](s) ¥ = expz(s - logz(t)) € F[t,s]

and observe that /;(Z) C OF for every j € N because (3) shows that

Z Yi(n) - ¢/ = [n]5(t) € O[]

for every n € Z.
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To conclude it is sufficient to show that 1/;(O) C OF, forevery j € N and every prime  C O,
where Fy denotes the completion of F at *B. Indeed, in this case /j(O) C Of for every j € N,
and again (3) gives

+00
[#](1) = expp(Talz (0) - logz(1) = expz(a - logz(t) = > (@) -/ € Op[1]
=0
for every @ € O. The inclusion 1/;(O) C OF, is easily seen if 8 lies above a rational prime p € N
which splits in K, because under this assumption O C Z,, and y;(Z,) € Op, since Z is dense
in Z, and ¢;: Fy — Fy is continuous with respect to the *B-adic topology. For the remaining
cases we refer the reader to the original proof contained in [39]. O

Let now ¥ C O be a prime of F with residue field xy and corresponding maximal ideal
mg C OF,, where Fy denotes the completion of F at *p. Then [39, § 2] shows that there is a

unique injective group homomorphism g : E(mqg) — E(Fy) making the following diagram

E(my) —— E(Fy)

©) A I

E(my) —— E(Fy)

commute for every ¢ € Endp,(E), where g&p = (q/ﬁ\)m% (see Section 2.1). Moreover [34, Chap-
ter VII, Proposition 2.1 and Proposition 2.2] imply that iy fits in the following exact sequence

0 — E(my) = E(Fy) —> E(xy) — 0

in which E denotes the reduction of E modulo P and g E(Fg) — E(Kq;) is the canonical
projection. Taking torsion and using (5) we get a left-exact sequence

—~ ~_ Iy TR~
(6) 0 — E(my)[®] — E(Fp)[®] — E(kp)[P]
for every ideal ® C Endp, (E). Here E(Fy)[®] C E(Fy) is the ®-torsion subgroup

E(Ry)[@] = (| ker(¢)
ped
and E(Kq;)[@] is defined analogously, noting that the map Endg, (E) — Endy, (E)is injective (see

[33, Chapter II, Proposition 4.4]). We remark that E\(mq,)@] is well defined since ® C Or[t] by
Theorem 2.2. Sequence (6) will be extensively used in the next section.

3. D1visION FIELDS OF CM ELLIPTIC CURVES: RAMIFICATION AND ENTANGLEMENT

The goal of this section is to prove Theorem 1.1 by studying the ramification properties of
primes in division field extensions associated to CM elliptic curves, as described in Proposi-
tion 3.2 and Proposition 3.3. The proof of these results is an application to the CM case of the

theory of formal groups outlined in Section 2. We work in a fixed algebraic closure Qof Q.

Let F C Q be a number field and let E/r be an elliptic curve with complex multiplication by
an order O in an imaginary quadratic field K, which means that End@(E) = (. One can always

fix, combining [33, Chapter II, Proposition 1.1] and [34, Chapter IV, Corollary 4.3], a unique
isomorphism [-]g: O = End@(E) normalised in such a way that [@]z(0) = « for every a € O,
where Ex\] £ € End@(E) denotes the endomorphism of the formal group E associated to [a]g by
(4). We will assume throughout this section that the field of definition F contains the CM field
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K. This assumption implies in particular that all the endomorphisms of E are already defined
over F, as proved in [31, Chapter II, Proposition 30].
For any field extension F C L € Q and any ideal I € O we write

E(L)[I] :=={P € E(L) : [a]g(P) = 0 for all « € I}

for the set of I-torsion points of E defined over L, which is naturally a module over O/I. When
I = - O for some a € O we write E(L)[a] := E(L)[I] and E[«] := E(Q)[«]. For any ideal I € O
the groups E[I] := E(Q)[I] are always finite and they give rise to finite extensions F C F(E[I])
obtained by adjoining to F the coordinates of every I-torsion point. We refer to the number
field F(E[I]) as the I-division field of E/r. The next result summarises the main properties of
the extension F C F(E[I]) when I is invertible (see [26, Chapter I, § 12]).

Lemma 3.1. Let F be a number field and E;r an elliptic curve with complex multiplication by
an order O in an imaginary quadratic field K C F. Then for every ideal I C O the extension
F C F(E[I]) is Galois and there is a canonical inclusion Gal(F(E[I])/F) < Autp(E[I]). Moreover,
if I is invertible, the group E[I] has a natural structure of free O [I-module of rank one and, after
choosing a generator, one gets an injective group homomorphism

pe: Gal(F(E[I])/F) = (O/D)

which will be denoted by pgx whenI = N - O for some N € Z. Under the further assumption that

I is coprime to the ideal fp - O generated by the conductor fp := |Ok: O| of the order O, one has
that O/I = Ok [10k.

Proof. Since F contains the CM field K, the endomorphisms of E are all defined over F and this
implies that Gal(Q/F) acts on E[I] by O-module automorphisms. In particular F C F(E[I])
is Galois and there is a canonical inclusion Gal(F(E[I])/F) < Autp(E[I]). If I is invertible,
E[I] has the structure of free O/I-module of rank one by [5, Lemma 2.4], and the choice of a
generator induces an isomorphism Autp(E[I]) = (O/I)* which gives the map pg  appearing in
the statement. The last assertion follows from [11, Proposition 7.20]. O

With the next proposition we start our study concerning the ramification properties of the
extensions F C F(E[I]) by finding an explicit finite set of primes outside which these are un-
ramified.

Proposition 3.2. Let F be a number field and Er an elliptic curve with complex multiplication
by an order O in an imaginary quadratic field K C F. Denote by fp := |Ok: O| the conductor of
the order O and by fr C OF the conductor ideal of the elliptic curve E. Then for every ideal I € O
coprime with fo the extension F C F(E[I]) is unramified at all primes not dividing (I - OF) - fE.

Proof. Since I is coprime with the conductor of the order O, it can be uniquely factored into a
product of invertible prime ideals of O (see [11, Proposition 7.20]). The field F(E[I]) is then the
compositum of all the division fields F(E[p"]) with p" the prime power factors of I in O. Hence
it suffices to prove that for every invertible prime ideal p € O and n € N, the field extension
F C F(E[p"]) is unramified at every prime of F not dividing (p OF) - fg.

Fix an invertible prime p € O and write L := F(E[p"]). Let q { (p OF) - fg be a prime of F and
fix a prime Q C Oy lying above q, with residue field k. Since g does not divide the conductor fg
of the elliptic curve, E has good reduction E modulo q and we then denote by 7: E(L) — E(x)
the reduction map. Take o € I(Q/q), where I(Q/q) € Gal(L/F) denotes the inertia subgroup of
q € Q, and fix a torsion point Q € E[p"] = E(L)[p"]. By definition of inertia ¢ acts trivially on
the residue field x, hence

(7) m(Q7 - Q) = m(Q7) — 7(Q) = 7(Q) - 7(Q) = 0
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i.e. the point Q% — Q is in the kernel of the reduction map 7. We are going to use the exact
sequence (6) to show that the only p"-torsion point contained in this kernel is 0. To this aim,
we embed L in its Q-adic completion Ly with ring of integers Or, and maximal ideal mg.
Notice that the set (p” N O) \ (Q N O) is non-empty because p { fp and q 1 (p Of). Consider
then the formal group E € Of [z1, z2] associated to an integral Weierstrass model of E, and let
a € (P NO)\ (QNO). The endomorphism E;]E € Endp(E) corresponding to [«a]g € Endp(E)
via (4) becomes an automorphism over Lg, because [’05\];5(0) =ac€ Of; Hence taking ® = [p"]g
in (6) shows that E[p"] N ker(x) C E[a] N ker(r) = {0}, where the last equality holds because
E(mg)[’a\]E = 0. Combining this with (7) we see that Q° = Qforevery Q € E[p"]and o € I(Q/q).
Since L is generated over F by the elements of E[p"], we deduce that the inertia group I(Q/q) is
trivial. In particular, F C L is unramified at every prime not dividing (p - Of) f, as wanted. O

We now turn to the study of the primes which ramify in F C F(E[I]). To do this it suffices to
restrict our attention to the case I = p" for some prime p C O and some n € N, as we do in the
following proposition.

Proposition 3.3. Let F be a number field and Er an elliptic curve with complex multiplication
by an order O in an imaginary quadratic field K C F. Denote by bg := fo Ar Np/q(fg) the product
of the conductor o := |Ok: O| of the order O, the absolute discriminant Ap € Z of the number
field F and the norm Npo(fg) := |Or/fE| of the conductor ideal f € Op. Then for anyn € N and
any prime ideal p C O coprime with bg O the extension F C F(E[p"]) is totally ramified at each
prime dividing p Op. Moreover, the Galois representation

pEpn: Gal(F(E[p"])/F) — (O/p")* = (O /p"Ok)"

defined in Lemma 3.1 is an isomorphism.

Proof. The statement is trivially true if n = 0, hence we assume that n > 1. Fix E € Og[z1, 2] to
be the formal group associated to an integral Weierstrass model of E, and let p C O be as in the
statement. The hypothesis of coprimality with bg O implies that p is invertible in O and that it
lies above a rational prime p € N that is unramified in K. We divide the proof according to the
splitting behaviour of p in O, which is the same as the splitting behaviour in K, since p 1 fo.

First, assume that p is inert in K so that p = pO. In this case, L := F(E[p"]) coincides with
the p"-division field F(E[p"]). The injectivity of the Galois representation

pEpr: Gal(L/F) = (O/p"0)* = (Ox/p"Ok)™
shows that the degree of the extension F C L is bounded as

[L: F] < |(Ox/p"0x)| = p**V(p* - 1).
Let* € O; be a prime of L lying above p and denote by Ly the B-adic completion of L with ring
of integers Of,,, maximal ideal my; and residue field k. We want to determine the ramification

index e(B/(P N OF)). _
Since p is inert in K, the reduced elliptic curve E is supersingular by [16, § 14, Theorem 12],

hence E(qu)[p”] = 0. Taking ® = [p"]E in (6), we see that the group E(img) contains a non-zero
point of exact order p". We can now use Lemma 2.1 and the hypothesis p 1 Af to get

©®) PV - 1) < v (p) = e(B/p) = e(B/(B N Op)) < [L: F] < p?I(p? - 1).

where h € N denotes the height of the reduction modulo 8 of the formal group E. Since the
latter is precisely the formal group associated to E, we have that h = 2 by [34, Chapter V,
Theorem 3.1]. Thus all the inequalities appearing in (8) are actually equalities, and we see at
once that e(B/(P N Of)) = [L: F] = p*™ D (p? — 1), which implies that PEpn is an isomorphism
and that P N Or is totally ramified in L. This concludes the proof of the inert case.
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Suppose now that p splits in K, so that pO = pp, where p is the image of p under the unique
non-trivial automorphism of K. If we put again L := F(E[p"]), the injectivity of pg ,» gives

[L: F] < |(Ox/p"Ox)*| = p" ' (p — 1)

It is convenient in this case to work inside the bigger division field F:=F(E [p"]), which contains
both L and L’ := F(E[p"]). We then fix 5, B C Og two primes of F lying respectively above
POk and pOk, and we denote by £ := f N Op and P .= BN O; the corresponding primes in
L. For every prime ideal q € {9, P} we denote by Fq the g-adic completion of F with ring of
integers qu and residue field x,, and by E, the reduction of E ,F modulo q. We use analogous
notation for  and . The goal is to compute the ramification index e(? /P N Of), and we
divide our argument in three steps.

First of all, we prove that the reduction map E[p"] — EE(K@ is injective. This is
equivalent to say that ker(sr) N E(Lz)[p"] = 0, where

denotes the reduction modulo . Since p is coprime with the conductor of the order O by
assumption, it is possible to find @ € p" such that @ ¢ p. The endomorphism [a]; € Endr(E)

corresponding to [a]r € Endf(E) via (4) becomes an automorphism over L, because [a]5(0) =
a € OF . Hence taking ® = [p"]g in (6) shows that
P

ker(nz) N E(Lz)[p"] C ker(nz) N E(Lp)[a] = 0

where the last equality holds because E(ma)i;] £ = 0. In exactly the same way, using L’ in place
of L, one shows that the reduction map E[p"] — Eq;(l(qg) is injective.

We now claim that ker(zp) N E[p"] = E[p"] where my : E(F) — ESB (kg ) denotes the

reduction modulo B. Since pO = pp, there is a decomposition of the group E[p"] into the direct
sum of E[ p" | and E[ p" ], which are cyclic groups of order p" by Lemma 3.1. In particular, there
exists A € E[p"] and B € E[p"] such that every p"-torsion point Q € E[p"] can be written as

Q = [a](A) + [b](B)
for unique a,b € {0,...,p" — 1}. If 7(Q) = 0 then

mp([b](B)) = mp([~al(A)) € En[p"] N Ey[7"] = {0}
where the last equality follows from the fact that p" and p" are coprime in O. In particular,
[b](B) is in the kernel of the reduction map E[p"] — Eg(xg)[p"], which is the restriction of 7y

to E[p"] and is injective by Step 1. Hence we have Q = [a](A) € E[p"], and this shows the
inclusion ker(my) N E[p"] € E[p"]. To prove the other inclusion first notice that the restriction

of my to E[p"] gives rise to a surjection E[p"] — Eq;(rcm)[p"] because E[p"] — ]::slg(rcq;)[p”] is
injective and the elliptic curve Eg is ordinary by [16, § 14, Theorem 12]. This gives
E[p"]

kex(my) 0 Elpr] - PP

which in turn shows that

Ept p
S | 1l
Eateplprll p7 L

We conclude that ker(zg) N E[p"] = E[p"].

|ker(my) N E[p"]]
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Using (6) with ® = [p"]r and Step 2, after recalling that ¥ lies over #, one can

see that the group E(mgp) contains a point of exact order p". We now apply Lemma 2.1 and the
hypothesis p 1 A to get

(9) PP - 1) < v, (p) = e(P/p) = e(P/(P NOF)) < [L: F] < p"(p - 1).

where h € N denotes the height of the reduction modulo ® of the formal group E. Since the
latter is precisely the formal group associated to the ordinary elliptic curve Ep, we have that
h = 1 by [34, Chapter V, Theorem 3.1]. Thus all the inequalities appearing in (9) are actually
equalities, and we see at once that e(P /(P N Of)) = [L: F] = p" }(p — 1), which implies that
PEpn is an isomorphism and that $ N OF is totally ramified in L. This concludes the proof. O

Remark 3.4. As we already stated in the introduction, Proposition 3.3 can be obtained by com-
bining various results of Lozano-Robledo. More precisely, see [21, Proposition 5.6] for the inert
case and the proof of [22, Theorem 6.10] for the split case. The arguments used by Lozano-
Robledo for the inert case involve a formula for the valuation of the coefficient of #’ in the
power series [p]5(t) € Or[t] (see [19, Theorem 3.9]), and the study of the split case goes through
a detailed investigation of Borel subgroups of GL2(Z/p"Z) (see [22, Section 4]). Our proof of
Proposition 3.3, which concerns only CM elliptic curves and prime ideals not dividing bg O,
appears to be shorter because it uses the same techniques to deal with the split and inert case.
Notice as well that our discussion is explicitly written for general imaginary quadratic orders,
whereas [22, Theorem 6.10] is stated and proved only for maximal orders. We observe however
that [22, Remark 6.12] points out that the proof of [22, Theorem 6.10] carries over to the general
case.

We also remark that, if O = Ok is a maximal order of class number 1 and F = K, Proposi-
tion 3.3 is proved by Coates and Wiles in [9, Lemma 5] (see also [1, Lemma 3] and [10, Propo-
sition 47]). The main tool used in their proof is Lubin-Tate theory.

Remark 3.5. Let E/p be any elliptic curve (not necessarily with complex multiplication) which
has good supersingular reduction at a prime p C Of lying above a prime p € N which does
not ramify in Q C F. Then one can use the same argument provided in the first part of the
proof of Proposition 3.3 to show that the ramification index e(*f/p) is bounded from below by
p*r=V(p? — 1), where B C F(E[p"]) is any prime lying above p. This result has already been
proved by Lozano-Robledo in [21, Proposition 5.6] and by Smith in [36, Theorem 2.1].

Remark 3.6. Let E be an elliptic curve having complex multiplication by an imaginary quadratic
order O, and suppose that E is defined over the ring class field Hp. Then using the recent work
[20] of Lozano-Robledo, and in particular [20, Theorem 1.2.(4)] and [20, Theorem 7.11], one can
show that the Galois representation pg » is an isomorphism for every n € N and every rational
prime p € N such that p t 2fpAg. This strengthens, for elliptic curves defined over Hp, the final
assertion of Proposition 3.3.

We are now ready to prove Theorem 1.1. Recall that a family ¥ = {F;}scs of Galois exten-
sions of a number field F, indexed over any set S, is called linearly disjoint over F if the natural
inclusion map

Gal(L/F) — ﬂ Gal(F,/F)
seS
is an isomorphism, where L denotes the compositum of the fields F;. Otherwise the family is
called entangled over F.

Proof of Theorem 1.1. The family {F(E[p™])}4¢s U{F(E[S*])} appearing in the statement of The-
orem 1.1 is linearly disjoint over F if and only if F(E[p"]) N F(E[m]) = F for every prime p ¢ S,
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every n € N and every m € Z coprime with p. To prove this latter statement, we first show that
every non-trivial subextension of F := F(E[p"]) is ramified at some prime dividing p.

When p is inert in K, this follows immediately from Proposition 3.3. Suppose then that p
is split in K, with pOx = pp. The division field F is the compositum over F of the extensions
F, := F(E[p"]) and F; := F(E[p"]). By Proposition 3.3 the extension F C F, (respectively F C Fy)
is totally ramified at every prime of F lying over p (resp. p). Let ¥ be a prime of F lying above
p, and denote by I (B) C Gal(F/F) its inertia group : and by e(*P) its ramification index in the
extension F C F. If F C L is a subextension of F C F in which P does not ramify, then L must
be contained in the inertia field T = (F )I () relative to T. Notice that the latter also contains F,
since by Proposition 3.2 the extension F C F; is unramified at ‘B. On the other hand, the fact
that F C F, is totally ramified at ‘P gives the chain of inequalities

[F: F] _[F: F] _ s F]- [Fy: F]
IR e(P) e(*P)
which shows that T = F;. Hence Proposition 3.3 implies that any extension F C L which is
unramified at every prime above p is totally ramified at every prime above p.

Now it is easy to conclude that F N F(E[m]) = F, since otherwise F C F(E[m]) would ramify
at some prime of F dividing p, contradicting Proposition 3.2. O

[Fﬁ: F] S [T F] = S [Fﬁi F]

Remark 3.7. Let F be a number field and E/r an elliptic curve with complex multiplication by an
order O in an imaginary quadratic field K € F. Denote by S € N the set of primes dividing bg,
as in Theorem 1.1. In this general setting it is an interesting question to study the entanglement
in the finite family of “bad” division fields {F(E[p™])}es, as we do in Section 5 where we specify
F = K and E to be the base-change of an elliptic curve defined over Q.

A first step towards a complete answer to the previous question in the general setting is to
find the minimal set S” C S such that the family of division fields

{F(E[p™D}pes U{FEI(S)™D}
is linearly disjoint over F. We partially answer the latter question in Corollary 4.6, where we
prove that one can take S” = 0 for every elliptic curve E defined over the ring class field Hp
satisfying the condition Hp(Eiors) Q K?P. There are infinitely many such elliptic curves when
Pic(O) # {1}, as we show in Theorem 4.9. On the other hand, if Pic(O) = {1} there are infinitely
many examples of elliptic curves E having complex multiplication by O for which &’ = S can
be arbitrary large (see Remark 5.6).

Remark 3.8. Let F be a number field and E be a CM elliptic curve defined over F. Then, even
when K ¢ F, we have that K C F(E[N]) for every N > 2. This has been showed in [25,
Lemma 6] for F = Q and in [4, Lemma 3.15] for arbitrary F. In particular, the statement of
Theorem 1.1 does not hold when K Q F.

The description of the set of primes S in Theorem 1.1 is actually redundant, since all the
primes p dividing the conductor fp, with the possible exception of p = 2, also divide the absolute
discriminant Af of the field of definition of E. This can be seen as follows: since K C F, the
field F always contains the field K(j(E)), obtained by adjoining to K the j-invariant j(E) of the
elliptic curve E. Despite its definition, Hp := K(j(E)) does not depend on E but only on its CM
order O, and is called the ring class field of K relative to the order O. The extension K € Hp
is always abelian and it is possibly ramified only at primes of K dividing the conductor fy (see
[11, § 9.A]). If O = Ok, the field Hp, coincides with the Hilbert class field of K, i.e. the maximal
abelian extension of K which is unramified everywhere. The initial assertion now follows from
the following proposition, which is a weaker form of [11, Exercise 9.20].
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Proposition 3.9. Let O be an order of conductor fp := |Ok: O| in an imaginary quadratic field
K. Then the extension Q C Hy is ramified at all the odd primes dividing fo. Moreover if4 | fo the
same extension is also ramified at 2.

Proof. If fp = 1 there is nothing to prove. Otherwise let fo = p{* - - - p," be the prime factorisa-
tion of fp, and observe that, for every i € {1,. .., n}, one has the chain of inclusions

K C Hp, € Hp, € Hp

given by the Anordnungsatz for ring class fields (see Remark A.3), where O; denotes the order
of conductor pf" . Now, the class number formula [11, Theorem 7.24] yields

[Ho,: Kl _ho, P ( _ (AK)l)'

10 Hyp : H T TS s Y S 3 b
(10) [Ho, : Ho,] [Ho.: Kl hx |05 :OF| pi

pi
where hp, := [Hp,: K] = |Pic(0;)| and analogously hx := [Hp, : K] = |Pic(Ok)|. Since either
pi = 3orp; = 2anda; > 2, we see from (10) that Hy, # Hp, except when p; = 3, a; = 1
and K = Q(V-3). In this last case the extension Q C K is ramified at p; = 3. Otherwise the
extension Hp, C Hp, is ramified at some prime dividing p;. Indeed, Hp, C Hp, is ramified at
some prime because K C Hy, is abelian and Hyp,, is the Hilbert class field of K, and this suffices
to conclude because K C Hp, can ramify only at primes lying above p;. O

Remark 3.10. If 2 | fp but 4 1 fo the extension Q C Hp could still be unramified at 2. This
happens, for instance, if fp = 2 and 2 splits in K, because in this case the ring class field Hp is
equal to the Hilbert class field Hp, .

Proposition 3.9 shows that the set S in Theorem 1.1 could be replaced by the set S’ of primes
dividing 2 - Ar - Np/g(fg), even if this results in a slightly weaker statement. However, choosing
the set S’ instead of the set S allows to draw a comparison with a result of Lombardo on the
image of p-adic Galois representations attached to CM elliptic curves, which is shown in [17,
Theorem 6.6]. In this paper Lombardo proves the isomorphism

Gal(F(E[p™])/F) = (O &z Z)*

for every prime p t Ar - Np/q(f). If moreover p > 3, i.e. p ¢ §’, this isomorphism follows also
from Proposition 3.3 by taking inverse limits. The methods used in [17] are different from ours
and generalise also to higher dimensional abelian varieties.

4. MINIMALITY OF DIVISION FIELDS

We have seen in Proposition 3.3 that for every CM elliptic curve E defined over a number
field F with Endr(E) = O for some order O in an imaginary quadratic field K C F, the division
fields F(E[N]) are maximal for all integers N coprime with a fixed integer by € N. This is to
say that the associated Galois representation pg ny given by Lemma 3.1 is surjective. When E
is defined over the ring class field Hp of K relative to O, the division fields Ho(E[N]) always
contain a special abelian extension Hyo C K% called the ray class field modulo N relative
to the order O. If the division field Hp(E[N]) is maximal and N > 2 then the containment
Hn.o € Hp(E[N]) is strict. In this section we want to study for which integers N the division
fields are minimal, in the sense that Hp(E[N]) = Hy 0. Theorem 4.3, which is the main result
of Section 4, provides an explicit set of integers N € N for which such an equality occurs. This
will be used in Section 5 to detect entanglement in families of division fields. We point out
that Theorem 4.3 is formulated in a wider setting, with the integer N replaced by a general
invertible ideal I € O. The study of the ray class fields H; o associated to these ideals is the
content of Appendix A. We begin instead this section with a summary of some basic facts on
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lattices in number fields which will be used in the proof of Theorem 4.3. Our exposition follows
[16, Chapter 8].

Let F be a number field. A lattice A C F is an additive subgroup of F which is free of rank
[F : Q] over Z. Given a pair of lattices Aj, A; € F we can form their sum A; + A, C F, their
product A; - A, C F and their quotient (A;: Ap) := {x € F | x-Ay € A1} C F. Moreover, it
is possible to define an action of the idéle group of F on the set {A C F : A lattice}, as we are
going to describe.

For a place w € Mr denote by F,, the completion of the number field F at w and by Of,, its
ring of integers. Let Ar be the adéle ring of F, defined by the restricted product

Ap = n, F, = {s = (Sw)weMy € l—[ F, |sw € OF, for almost all w € MF} .

wEMF wWEMF

The discussion on [26, Page 371] shows that the adéle ring of F can be obtained from the rational
adele ring by extending scalars, i.e. there is a ring isomorphism Ar = Ag ®q F. This enables
us to talk, for a place p € Mg, of the p-component s, € F, := Q, ®q F of an adé¢le s € Af; in
particular if p = oo is the unique infinite place of Q we have the infinity component s, € R®qgF.
Hence s € Af can be alternatively written as

(11) S = (Swwemy OF §= (sp)peMQ
and of course the same is true if s € AX belongs to the idéle group A%. In what follows, we will
often confuse finite places p € M& and rational primes p € N.

Now, for a lattice A C F and a prime p € N, denote by A, := A ®z Z,, the completion of the
lattice A at p. Given an idéle s = (sp)peMQ € A;f there exists a unique lattice s - A C F with the
property that (s - A), = s, - A, for every prime p € N. This defines an action of the idéle group
A% on the set of lattices in F, given by (s, A) > s-A. We remark that the notation s- A, although
evocative of a multiplication between an idele and a lattice, is purely formal and should not be
confused with the notation A; - A; for the usual product of lattices. Nevertheless, it is easy to
see from the definitions that (s- A1) - Az = s- (A1 - Ay) for every pair of lattices A1, Ay C F. Using

the action just described, it is also possible to define a multiplication by s map F/A 5 F [(s-A)
by means of the following commutative diagram

F s F

\
7

A s-A

| |
E, (,) F,
p PP, p

Da —— Don

0 0
peMQ peMQ

where the vertical maps are the obvious isomorphisms induced by the inclusions F — F, and
the bottom map is given by (x;), = (sp Xp)p-

An essential ingredient in the proof of Theorem 4.3 is Theorem 4.1, which describes the action
of complex automorphisms on torsion points of a CM elliptic curve in terms of its analytic
parametrisation. The statement of the result involves the global Artin map and the notion of
Hecke character. The first one is defined for every number field F and is a surjective, continuous
group homomorphism [, F]: A% — Gal(F?/F) such that F* - FX C ker([-, F]), where FX C A%
via the diagonal inclusion and F3 := [],e Fyy is the product of the unit groups of all the
Archimedean completions of M (see [26, Chapter VI, § 5] and [2, Chapter IX]). Recall moreover
that an Hecke character on a number field F is a continuous group homomorphism

Y Af —» C*
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such that /(F*) = 1. Given a Hecke character i we denote by f; C Of its conductor, as defined
in [14, Chapter 16, Definition 5.7]. For every place w € Mr we denote by i,,: F;; — C* the
group homomorphism ¢, := ¥ o 1,,, where 1,,: F;; < AX is the natural inclusion. Similarly, for
every rational prime p € N we denote by y/,,: F;* — C* the group homomorphism ;, := o 1,
where 1,1 F) < A is the analogous inclusion induced by the decomposition (11).

Theorem 4.1. Let F C C be a number field, E/r be an elliptic curve such that Endrp(E) = O for
some order O inside an imaginary quadratic field K C F. Let K € M C F be a subfield such that
F(Eiors) € M® . F. Then there exist [M® N F: M] group homomorphisms a : AY — K* c C*
such that:
o the map ¢: Ay, — C* defined as ¢(s) = a(s) - Ny /k(s)a is a Hecke character, where
Ny : A, — A% is the idelic norm map described for example in [26, Chapter VI, § 2];
o for every lattice A C K C C, every analytic isomorphism £: C/A = E(C) and every
s € M* - Npm(AY) € AY, we have that (a(s) - Nyyx(s)™") - A = A and the following
diagram

N -1).
K/A M) K/A

(| Le
E(M®.F) —— E(M - F)

commutes, where T € Gal(M® - F/F) is the unique automorphism such that t

Mab = [S, M]

Proof. Combine [32, Proposition 7.40] and [32, Proposition 7.41] when M = F and use [32,
Theorem 7.44] for the general case. Notice that, by class field theory, for every s € M*-Np/(AY)

the restriction [s, M]|, . is trivial. This gives a unique 7 € Gal(M® . F/F) such that 7 Aab =

[s, M]. Moreover, fixing an embedding F C C automatically fixes an embedding M®® - F C C,
hence E(M? - F) C E(C), which gives a meaning to the vertical arrows in the diagram. O

Remark 4.2. f K € M C M’ C F and F(Eirs) € M? then M C F is abelian and Theorem 4.1
gives us [M®® N F: M] = [F: M] Hecke characters ¢: A%, — C*and [(M)NF: M'] =[F: M']
Hecke characters ¢: A%, — C*. We can observe that
ab . .
(M AF: M) [FiM] _ M M] € N

[(My>*NF: M'] [F: M']
and that for every Hecke character ¢: AY, — C* given by Theorem 4.1 there are exactly
[M’: M] Hecke characters ¢: A¥ — C* such that ¢ = poNyp . IfK = M and F = M’ then we
have a unique Hecke character ¢: A — C* which coincides with the usual Hecke character
associated to elliptic curves with complex multiplication, defined for example in [33, Chapter II,
§ 9] and [16, Chapter 10, Theorem 9].

We can now state the main theorem of this section, recalling that for every order O contained
in an imaginary quadratic field K and every ideal I C O we denote by Hj o the ray class field
of K modulo I relative to the order O, as defined in Appendix A.

Theorem 4.3. Let F C C be a number field and let Er be an elliptic curve such that Endr(E) = O
for some order O inside an imaginary quadratic field K C F. Suppose that F(Eyys) C K. Let
H := Hp the ring class field of O, and fix a: AZ — C* as in Theorem 4.1, with M = K. Then we
have that F(E[I]) = F - Hy o for every invertible ideal I C O such that1 C §, N O, wheref, C Og
is the conductor of the Hecke character ¢: A — C* defined by ¢(s) := a(s) - s,

Proof. The containment H; o C F(E[I]) is given by Theorem A.7. Observe moreover that K C F
is an abelian extension, since F C F(Egors) € K2 by assumption. Hence to prove that F(E[I]) C
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F - Hp o it is sufficient to show that every I-torsion point of E is fixed by [s, K], for any s € A%
such that [s, K]lHI o
and s € Uj o, where Uro < A is the subgroup defined in (18). This follows from the fact that
[Uno,K] = Gal(Kab/HLO) and KZ C ker([-,K]) N Uy p by Definition A.1 and Lemma A.4.

Fix then s € U with s = 1. To study the action of [s, K] on E[I], we fix an invertible ideal
a € O C Cand a complex uniformisation £: C/a = E(C), which exists by [32, Proposition 4.8].
Take a torsion point P € E[I], and let z € (a: I) be any element such that £(z) = P, where
z € (a: I)/a denotes the image of z in the quotient. Since s € K* - Ny x(A};), we have that

PR = £@) = £ ((a(s)s™) - 2)
which follows from applying Theorem 4.1 with M = K. This can be applied because
S € UI,O CUp C K*. Up = K*. NH/K(AE)

where the last equality is given by Lemma A.4.

To conclude, it suffices to show that s™! -z = z and a(s) = 1. Notice that s™! - a = a because
a € O is invertible and s, € O, for every rational prime p € N. The equality s! -z =z then

= Id. Moreover, it suffices to consider only those s € A}é such that soo = 1

follows from the fact that, for every prime p € N, we have sjjl z—z € a, because z € (a: I) and
stl € 1+10,. To prove the equality a(s) = 1, notice that for every prime p € N we have
1+10,¢ || (1+7,0x,)
wlp
WEM?(
since I C f, N O by assumption. This implies that ¢,(s,) = 1 for every prime p € N. Indeed
sp € 1+ 10, by the definition of Uy o and for every w € M} we have that ¢,,(1 +f,Ok,,) = 1
because f, is the conductor of ¢. Since s, = 1 we get that a(s) = ¢(s) = 1, as was to be
shown. O

Remark 4.4. Theorem 4.3 has been proved by Coates and Wiles (see [9, Lemma 3]) if O = Ok
is a maximal order of class number one. Their result has been generalised in the PhD thesis of
Kuhman (see [15, Chapter II, Lemma 3]) to maximal orders O = Ok, under the hypothesis that
F C Hip,-

Theorem 4.3 has a partial converse, as we show in the following proposition.

Proposition 4.5. Let O be an order in an imaginary quadratic field K and F 2 K be an abelian
extension. Let E/p be an elliptic curve with complex multiplication by the order O. Suppose that
there exists an invertible ideal I C O such that F(E[I]) = F - Hp and I N Z = NZ with N > 2 if
J(E) # 0 or N > 3 if j(E) = 0. Then F(E o) = K.

Proof. 1t is sufficient to prove that F(Eos) C K2, since the other inclusion follows from the
class field theory of imaginary quadratic fields and the fact that K C F is abelian.

Fix an embedding K < C and let ¢ : C/A = E(C) be a complex parametrization for E,
where A C K is a lattice. Take o € Aut(C/K?). By [32, Theorem 5.4] with s = 1, there exists a

complex parametrization ¢ : C/A = E(C) such that the following diagram
E(©) - > E(C)

S~
K/A
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commutes. This means that ¢ acts on Eyos as an automorphism y = & 0 £7! € Aut(E) = O*. In
particular, for any point P € E[I]| we have

(12) y(P)=0o(P)=P
since by assumption F(E[I]) = F - H o € K. Notice now that if j(E) # 0,1728 we have
Aut(E) = {£1} and equality (12) can occur for y = —1 only when I N Z = 2Z. Similarly,
if j(E) = 1728 or j(E) = 0 one sees that a non-trivial element of Aut(E) can possibly fix only
points of E[2] or points of E[2]UE|[3], respectively. Our assumptions on I allow then to conclude
that y must be the identity on E.

We have shown that every complex automorphism which fixes the maximal abelian exten-

sion of K fixes also the torsion points of E. We conclude that F(Eys) € K ab and this finishes
the proof. O

As a consequence of Proposition 4.5 we deduce that, for an elliptic curve E with complex
multiplication by an order O in an imaginary quadratic field K which is defined over the ring
class field Hp, the whole family of division fields {Ho(E[p™])}, is linearly disjoint over Hy as
soon as the extension K C Hp(Eios) is not abelian.

Corollary 4.6. Let O be an order inside an imaginary quadratic field K, and let Ep,, be an elliptic
curve with complex multiplication by O. Then we have that

|0*|, ifK C Hp(Eys) is abelian,

|Aut0 (Etors): Im(pE)l = .
1, otherwise.

In particular, if Ho(Eiors) € K then all the Galois representations pEpn defined in Lemma 3.1 are
isomorphisms, and the family of division fields {Ho(E[p®])}, is linearly disjoint over Hy.

Proof. Suppose that K C Hp(E o) is not abelian. Since Hp(Eiors) € Hgb this shows in particular
that K # Hp and hence that j(E) ¢ {0, 1728}. Then Proposition 4.5 shows that

Ho(E[N]) # Hn 0
for every N € N with N > 2. Since j(E) ¢ {0, 1728} this implies that the Galois representation
pEN: Gal(Ho(E[N])/Hop) — (O/NO)*

introduced in Lemma 3.1 is an isomorphism for every N € Zs;. Hence the family of division
fields {Ho(E[p*])}, is linearly disjoint over Hp and Im(pg) = Autg(Eiors).

Suppose now that K € Hyp(Eqys) is abelian. Then Theorem 4.3 shows that there exists N € N
such that for every M € N with N | M we have that Ho(E[M]) = Hj; 0. Combining this with
Theorem A.6 we get that [Autg(Eiors): Im(pg)] = |O*|. However, Theorem A.6 and Theo-
rem A.7 imply that [Autp(Eiors): Im(pg)] < |O|, which allows us to conclude. O

Remark 4.7. The previous Corollary 4.6 generalises [20, Theorem 1.3], whose proof will appear
in the forthcoming work [18]. Indeed, if Eq is an elliptic curve with complex multiplication by
an order O in an imaginary quadratic field K then we clearly have that K(E;) € K®°, hence
Corollary 4.6 shows that the Galois representation pg: Gal(K(Eos)/K) — O% is not surjective.
Let now pg: Gal(Q/Q) — N4 be the Galois representation associated to the elliptic curve E
over Q, where Ns 4 C GLz(z) is the subgroup defined by Lozano-Robledo in [20, Theorem 1.1].
Then [20, Theorem 1.1.(2)] and Corollary 4.6 show that

[Nsg: Im(pp)] = [0™: Im(pp)] = |O%|
hence we get that pg is not surjective. In particular, if j(E) = 1728 as in [20, Theorem 1.3] we
get that [Ns4: Im(pp)] = 4.
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We have seen that, for a CM elliptic curve E defined over an abelian extension F of the CM
field K, having a minimal division field is essentially equivalent to the property that torsion
points of E generate abelian extensions of K (and not only of F). It seems then natural to ask
whether for a fixed order O in an imaginary quadratic field K there exists any elliptic curve E
with complex multiplication by O and defined over the ring class field Hp (the smallest possible
field of definition for E) with the property that Hg(Eiors) = K. This question is discussed by
Shimura in [32, Page 217]. Here the author proves that, if O = Ok is a maximal order whose
discriminant is a square mod 3, then there exists an elliptic curve E 5, such that Hp(Eiors) = K ab
The next theorem generalises this result to arbitrary imaginary quadratic orders.

Theorem 4.8. Let O be an order in an imaginary quadratic field K and let j € Hp be the j-
invariant of any elliptic curve with complex multiplication by O. Then there exist infinitely many
elliptic curves E g, with j(E) = j but non-isomorphic over Hp, and such that Ho(E;ers) = Keb,

Proof. When O has class number 1 the statement is trivially true. We may then assume that
Pic(O) # {1}, and in particular that j # 0, 1728.
Let Ey,p, be any elliptic curve with j(E) = j, and let p € N be a prime satisfying

p =3mod4;
p does not divide fo - N, q(fg,), where fo := |Ok: O| denotes the conductor of the
order O and fg, € Op,, is the conductor ideal of the elliptic curve Eo;
p splits completely in K.
There are infinitely many such primes. Indeed, it clearly suffices to show that there are infinitely
many primes satisfying conditions | 1]and[3], which are equivalent to

) e (3]

respectively; here Ax € Z denotes the absolute discriminant of the imaginary quadratic field
K. The existence of an infinity of primes such that the above conditions hold then follows from
Dirichlet’s theorem on primes in arithmetic progression (see [26, Chapter VII, Theorem 5.14]),
noticing that Ax # —4, —8 by the assumption Pic(O) # {1}.

Let p € O be a prime ideal lying over p and note that p is invertible by condition . We
define a new elliptic curve E, over Hy as follows: consider the division field Hp(Ey[p]). By
Proposition 3.3 there is an isomorphism

Gal(Ho(Eq[v])/Ho) = (O/pO)* = Fy

where the last isomorphism follows from the fact that p splits in K. In particular, the group
Gal(Hp(Ey[p])/Hp) is cyclic of order p — 1, so Hp € Hp(Ey[p]) contains unique sub-extensions
of degree (p — 1)/2 and of degree 2 over Hp. The first one is necessarily the ray class field H, o
(see Theorem A.7), the second one is of the form Hp(+/a) for some element a« = «, € Hg By
condition , the integer p — 1 is not divisible by 4, hence these two extensions must be linearly
disjoint over Hp. We deduce that Hp(Eo[p]) = Hy o(Va). We set E,, := E(“), where E(()a) denotes

the twist of Eo by a € HJ,.
By Proposition 5.1, which will be proved in the next section, the Galois representation

pE,p : Gal(Ho(E;[p])/Ho) — (O/pO)
is not surjective. This in particular implies that Hp(E,[p]) = H, . It follows from Proposi-
tion 4.5 that Ho((Ey) tors ) = K.
To conclude the proof, we want to show that the infinitely many elliptic curves E, with

p € O chosen as above, are pairwise non-isomorphic over Hp. To do so, it suffices to prove
that the fields Hp (/o) associated to the quadratic twists are pairwise distinct. But this follows
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from Proposition 3.2 and Proposition 3.3, which show that the extension Hp C Hop(/ay) is
ramified at all primes of Hy lying above p and unramified at all primes of Hp which do not
divide p - fg, - Op,,, because Hp(+/ay) S Ho(Eo[p]). This finishes the proof. O

We conclude this section by remarking that, under the assumption that Pic(O) # {1}, not all
CM elliptic curves E,p, with j(E) = j as in Theorem 4.8 have the property that Hyp(Eiors) = K ab,
We prove this by detailing upon and generalising a remark of Shimura (see [32, Pages 217-218])).

Theorem 4.9. Let O be an order in an imaginary quadratic field K such that Pic(O) # {1}, and
fix j € Hp to be the j-invariant of any elliptic curve with complex multiplication by O. Then there
exist infinitely many elliptic curves Ep,, with j(E) = j but non-isomorphic over Hp, and such that

HO(Etors) # Kab'

Proof. Fix an elliptic curve E, defined over Hy such that j(Ey) = j and Ho((Eo)wors) = K?°. We
know that infinitely many such elliptic curves E, exist by Theorem 4.8. We observe now that
for every a € Hg such that the extension K C Hp(+/a) is not abelian, we have that

Ho((E)iors) # K

where Ega) denotes the quadratic twist of Eg by @ € Hj. Indeed, Theorem 4.3 shows that
Ho(Eo[N]) = Hy for some N € N, and this combined with Proposition 5.1, which will be
proved in the next section, implies that HO(E(()a) [N]) = Hyo(Wa) ¢ K,

In order to conclude the proof it is thus sufficient to show that there exist infinitely many
a € Hy such that Va ¢ K® and the elliptic curves E(()a) are pairwise not isomorphic over Hp.
This is equivalent to say that there exist infinitely many distinct quadratic extensions of Hp
which are not abelian over K. This can be shown, for instance, as follows.

Since Pic(O) # {1} we have that K # Hp. Hence Chebotarév’s density theorem shows that
there exists r € Z> and an infinite set of prime ideals Ay = {p; € Ok }jen such that for every
index j € N we have that 2 ¢ p;and p;-Op, = Py - - - B, where Py j, ..., B, ; C Op,, are distinct
prime ideals. Fix now an index j, € N (e.g. jo = 0), and take any element a € By, \(gBlz,joungJo)'
Now, elementary ramification theory of quadratic extensions (see for instance [13, Chapter I,
Theorem 6.3]) shows that the extension Hyp C Hp(+/ap) ramifies at ; j, but not at P, . This
implies that the extension K € Hp(+/a) is not Galois, hence in particular not abelian. Now, let
I be the finite set of prime ideals of Ok dividing Ny, /x(a9) and put A; := Ag\Ip, which s still an
infinite set. Fix an index j; € N such that p;, € A; and take any element a; € By, \(‘Bl2 i UByj,).
Again K C Hp(+/ar;) is a non-abelian extension. Moreover we have that Hp(y/ag) # Ho(+/a1)
since the prime B, ; ramifies in the extension Hp C Hp(+/a1), but the same prime does not
ramify in Hp € Hp(y/ap). Repeating this process, we construct an infinite set of pairwise
distinct quadratic extensions {Hp C Hp(+/@;) : j € N} that are non-abelian over K. This
concludes the proof. O

5. ENTANGLEMENT IN THE FAMILY OF DIVISION FIELDS OF CM ELLIPTIC CURVES OVER Q

Let E g be an elliptic curve with complex multiplication by an order in an imaginary qua-
dratic field K. The aim of this section is to explicitly determine the image of the natural map

(13) Gal(K (Eiors)/K) = | | Gal(K(E[g™])/K)

q
where the product runs over all rational primes g € N and K(E[¢™]) denotes the compositum
of the g-power division fields of E/. In other words, we want to analyse the entanglement
in the family of Galois extensions {K(E[¢™])}4 over K. The conclusion of this study will be
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Theorem 5.5, which provides a complete description of the image of (13) for all CM elliptic
curves E g such that j(E) ¢ {0, 1728}.

Observe that there is essentially no difference in considering the division fields of the elliptic
curve E,qg and of its base change E g, because Q(E[n]) = K(E[n]) for every n > 2 as explained in
Remark 3.8. In particular, the family of division fields {Q(E[q*])}, is always entangled over Q,
but there are elliptic curves for which it is linearly disjoint over K, as we will see in Theorem 5.5.

We briefly outline the strategy of our proof: since E is defined over Q we have that |Pic(O)| =
[QU(E)): Q] = 1 (see [11, Proposition 13.2]) which implies that the elliptic curve E has complex
multiplication by one of the thirteen imaginary quadratic orders O of class number 1, listed in
[11, Theorem 7.30]. For each of these orders O, we first find an elliptic curve E, /Q with complex
multiplication by O such that |fg,| € N is minimal among all the conductors' of elliptic curves
defined over Q which have complex multiplication by O. We then proceed to compute the
full entanglement in the family of division fields of E, /K> using Theorem 1.1, Theorem 4.3, and
Proposition 5.3. Since O is an order of class number 1 and j(E) ¢ {0, 1728}, we have that E is a
quadratic twist of Ey. We then use Proposition 5.1, which describes how Galois representations
attached to CM elliptic curves behave under quadratic twisting, to determine the complete
entanglement in the family of division fields of E .

In order to state Proposition 5.1 we introduce the following notation: given an elliptic curve
E defined over a number field F and an element @ € F*, we denote by E@ the twist of E by «a,
as described in [34, Chapter X, § 5]. We recall that two twists E@ and E@) are isomorphic over
F if and only if @ and &’ represent the same class in F¥/(FX)?, i.e. if and only if F(va&) = F(Va').

Proposition 5.1. Let O be an order of discriminant Ap < —4 in an imaginary quadratic field
K, and let Hp be the ring class field of K relative to the order O. Consider an elliptic curve E
with complex multiplication by O and fix a € Hj,. Then for every invertible ideal I C O the
surjectivity of the Galois representation pg defined in Lemma 3.1 determines the surjectivity of
PE@ 1 as follows:

if pe,1 is surjective, then pg) ; is surjective if and only if
Ho(E[I]) # Hro(Va)
where H; o is the ray class field of K modulo I relative to O, defined in Definition A.1;
if p.1 is not surjective, then pg() ; is surjective if and only if

Ho(E[I]) N Ho(Va) = Ho.

Proof. First of all, observe that pg s (respectively pg) ;) has maximal image if and only if there

exists ¢ € Gal(Q/Hp) such that pei(o) = =1 € (O/I)* (respectively pgw (o) = —1). Indeed,
Ho(E[I]) contains the ray class field H; o, which is generated over Hp by the values of the Weber
function bg: E — E/Aut(E) = P! at I-torsion points (see Theorem A.7). Since be([¢](P)) = br(P)
for every P € E[I] and ¢ € {£1} = O* = Aut(E), we see that pg; induces the identification

(14) Gal(Ho(E[I])/Hr o) = Im(z;) N Im(pg,r) = {£1} N Im(pg,1) € (O/D)*

where 7;: O — (O/I)* denotes the map induced by the quotient 7;: O — O/I. Hence pg is
surjective if and only if —1 € Im(pg ), and the same holds for PE(@ - Moreover pp) ; is linked
to pg1, after choosing compatible generators of E[I] and E¥[I] as O/I-modules, by the formula

(15) PE@ 1 = PEI" Xa
where y,: Gal(Q/Hp) — {1} C (O/I)* is the quadratic character associated to Hp(Va).

The symbol |f4] € N denotes the positive generator of the conductor ideal f4 C Z of an elliptic curve A /Q
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To prove | 1 | suppose that pg has maximal image. First, assume that Hyp(E[I]) # Hjo(Va).
Then, either Hp(va) N Hp(E[I]) = Hp or we have Hp(v\a) € Hj . In the first case, we can
certainly find o € Gal(Q/Hp) acting trivially on Hp(v/&) and such that pg (o) = —1. Hence we
can use (15) to see that ppw) ;(0) = pg (o) - xo(o) = —1. This implies, by the initial discussion,
that pp« ; has maximal image. In the second case, any o € Gal(Q/Hp) with pei(o) = -1 will
act trivially on Hr 9 2 Hp(v/a) by (14). As before, we can use (15) to conclude that p«) ; has
maximal image. ’

Assume now that Hp(E[I]) = H; o(v/a). This implies that the extensions Hyp € Hp(y/a) and
Hp C Hj are linearly disjoint over Hp, because pg; has maximal image. In particular

Gal(Ho(E[1])/Ho) = Gal(H;o/Ho) x Gal(Ho(Va)/Ho).

We deduce that any o € Gal(Q/Hp) with pe1(o) = —1, being the identity on H; o by (14), must
act non-trivially on Ho(v/«). Then (15) gives

pE@ 1(0) = pE1(0) - xa(o) =1
and this suffices to see that pp ; is non-maximal. This concludes the proof of 1]

The proof of |2 | can be carried out in a similar fashion. First of all, notice that the non-
maximality of pg; and (14) imply that H; o = Hp(E[I]). Now, by (15) the only possibility for
PE 1 to be surjective in this case is to find an automorphism o € Gal(Q/Hp) with pei(o) =1
and y,(o) = —1, which is clearly impossible if Hp(va) € Hp(E[I]) = H; 0. On the other hand,

if Ho(E[I]) N Ho(va) = Hp one can certainly find o € Gal(Q/Hp) such that y,(¢) = —1 and
pe1(0) = 1, which shows by (15) that pp) ; has maximal image. O

Remark 5.2. Let E be an elliptic curve with complex multiplication by an imaginary quadratic
order O of discriminant A, and suppose that E is defined over the ring class field Hy. Fix a
rational prime p € N such that p 1 2Ap and p = £1 mod 9 if Ap = —3. Then the recent work
[20] of Lozano-Robledo, and in particular [20, Theorem 4.4.(5)] and [20, Theorem 7.11], show
that for every « € H) and every n € N, the Galois representation pg y» is surjective if and only

if pp@ pn is surjective. If moreover Ap < —4 then one can combine | 1| of Proposition 5.1 with
Remark 3.6 to show that Ho(E[p"]) # H,» o(\/@) for every a € Hp and every n € Zs;.

We want now to derive some consequences of Proposition 5.1 when Pic(O) = 1, « € Q* and
the elliptic curve E is the base change to the imaginary quadratic field K = Hy of an elliptic
curve defined over Q. To do this, we need a formula originally due to Deuring that relates the
conductor of a CM elliptic curve defined over Q to the conductor of the unique Hecke character
@: AY — C* associated to its base change over K by Theorem 4.1.

Proposition 5.3 (Deuring). Let O C K be an order inside an imaginary quadratic field K. Let E be
an elliptic curve defined over Q(j(E)) with complex multiplication by O. Denote by ¢ A}}O — C*
the unique Hecke character associated by Theorem 4.1 to the base change of E over K(j(E)) = Hp.
Then, letting j = j(E), one can write the conductor fg € Og(j) of E as

e = Nkgyrao)(e) * Skiy/an)
where Ng(jy/a()(fo) € Oqyj) denotes the relative norm of the conductor f, C Okj) of the Hecke

character ¢ and Sk j)/q(j) € Oqy;) denotes the relative discriminant ideal associated to the quadratic
extension Q(j) € K(j).

Proof. A modern proof of this formula can be obtained using [24, Theorem 3] and [30, Theo-
rem 12]. This is detailed in [27, Appendix A]. O
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We go back to study the consequences of Proposition 5.1. Let E g be the base change to an
imaginary quadratic field K = Hy of an elliptic curve E g of conductor fg € Z and with complex
multiplication by an order O of class number one and discriminant Ap < —4. Fix also a € Q*.
Under these assumptions we may assume that « = A where A = A € Z is the fundamental
discriminant associated to some quadratic extension Q C F. Since E@h) = (E@)B) for any
a, p € Q*, we reduce the study of the Galois representation ppw pn for any prime p € Z»; and
any n € N to the following cases:

m A = (-=1)4"Y/2 g for some prime q € Zs3 with g 1 pfg. In this case K(VA)NK(E[p"]) = K.
Indeed any prime g C Ok such that q | gOx does not ramify in K € K(E[p"]), as follows
from Proposition 3.2 because g t p fg. On the other hand, any prime q | gOx ramifies
inK C K(\/K) since Proposition 5.3 shows that g { Ak, where Ak € Z., denotes the
absolute discriminant of the imaginary quadratic field K. Thus Proposition 5.1 implies
that pp) ,» will have maximal image independently from the behaviour of pg pn;

p > 3and A = (—1)?~V/2 p_In this case class field theory shows that
QVA) € Q) € Hyro

where for every m € N we let y,, € Q denote the group of m-th roots of unity. Hence
Proposition 5.1 implies that pgw) ,» has maximal image if and only if pgpn does;

A € {~4,-8,8} and 2 { pfr. In this case K(VA) N K(E[p"]) = K, as in , hence

Proposition 5.1 shows that pgw ,» will have maximal image independently from the
behaviour of pg yn;

A € {~4,-8,8} and p = 2. In this case Q(VA) C Q(pjap) € Ha0 by class field theory.
Hence Proposition 5.1 implies that for every n € N such that 2" > |A| the representation
PE® on has maximal image if and only if pg 2n does, similarly to what we proved in .

Remark 5.4. The previous discussion shows in particular that, under suitable hypotheses on A,
if the Galois representation pg,» is surjective then ppw ,» is surjective. This might not be the
case if these assumptions on A are not satisfied, as it follows from Theorem 5.5.

We are now ready to study the entanglement of division fields of CM elliptic curves E defined
over Q such that j(E) ¢ {0, 1728}.

First of all, assume that E has complex multiplication by an order O with gcd(Ap, 6) = 1. Here
Ao = f(z) Ak denotes the discriminant of O, where Ax € Z denotes the absolute discriminant
of K and fp := [Ok: O] denotes the conductor of O. Since Pic(O) = {1} we have that O = Ok
and Ap = Agx = —p where p € N is a prime number such that p > 7 and p = 3 mod 4 (see

[11, Theorem 7.30]). Moreover E = EgA) for some fundamental discriminant A € Z, where Ej, is
one of the two elliptic curves with j(Ey) = j(E) appearing in Table 1, which lists the CM elliptic
curves defined over Q whose conductor |fg| € N is minimal among their twists.

Let us study the division fields of Ey, as a first step towards the analysis of the division fields
of E. Theorem 1.1 provides a decomposition

(16) Gal(K((Eo)rors)/K) = [ | Gal(K (Eolg™])/K)

q
where the product runs over all the rational primes g € N. Indeed in this case the set Sg, appear-
ing in Theorem 1.1 consists of the single prime p because |f,| = p* as follows from an inspection
of Table 1. The isomorphism (16) shows that the family of division fields {K(Eo[g*])} is lin-

early disjoint over K, where q € N runs over all the rational primes. Proposition 3.3 implies also
that Gal(K(Eo[q™])/K) = (O/q™O)* for every prime q # p and every m € N. On the other hand
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Ax o J(E) || Equations
j 5 y +y—x -7
3 1 0 3 Y +y=x
2
40303 902 y_x—15x+22
2 243°5 2°3 y? = x° — 135x — 594
154 3 3 y +y—x —30x + 63
3 2735 3 > +y=x>—270x — 1708
3
i 6 23 5 y =X, oX
4 1 2°3 2 y = x>+ 4x
303113 5 y —x —11x - 14
2 2°3° 11 2 yP=x°—11x + 14
3
] a3 x3 ) y+xy—x —x?—2x—1
7 1 375 7 Y’ +xy = x> — x* — 107x + 552
3
33 .03 ) y+xy—x —x*=37x - 78
2 3°5°17 7 Y2 +xy = x° — x* — 1822x + 30393
y;:xi §—3x—1
] 63 s Yy =x+x"-3x+1
8 1 2°5 2 yZ:x3 x% —13x + 21
P =x +x*—13x — 21
2
] 15 9 Y +y= 2 —x* = 7x + 10
11 1 2 11 Y +y=x" —x*—887x — 10143
] 15 43 9 y+y:x —-38x + 90
19 1 23 19 y? +y = x° — 13718x — 619025
2 3
) 18 23 &3 2 y +y:x — 860x + 9707
43 1 218335 43 Y2 +y = x> — 1590140x — 771794326
1 o e y2+y—x — 7370x + 243528

y2 +y= x* —33083930x — 73244287055

Yy’ +y = x> — 2174420x + 1234136692

) 518 93 £3 923 003 2
163 1 =273757237297 163° 12 4 4 = X3 — 57772164980x — 5344733777551611

TABLE 1. Minimal Weierstrass equations of CM elliptic curves defined over Q
having the smallest conductor |fg| amongst all their twists, where |fz| € N de-
notes the unique positive generator of the conductor ideal fz C Z.

we have that Gal(K(Eo[p™])/K) = (O/p™O)*/{x1} for every m € N. Indeed, it follows from
Proposition 5.3 that f,, = p, where p C O is the unique prime lying above p and ¢,: Ay — C*
is the unique Hecke character associated to Ey, by Theorem 4.1. Hence Theorem 4.3 shows
that K(Eo[p™]) = Hpm o for every m € N, where H,m ¢ is the ray class field of K modulo p™
because O = Og. Hence we can conclude that Gal(K (Eo[p™])/K) = (O/p™O)*/{x1} using
Theorem A.6.

Let us now go back to the division fields of E = E(()A). We can assume that p t A because

otherwise A = —p A’ for some fundamental discriminant A" € Z, hence E =g E(()A,) since \/—p €

K. Here the symbol =g means that the two elliptic curves E and EgA/), which are defined over
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Q, become isomorphic when base-changed to K. Observe that |fz| = (p A)?, which follows from
(15) and [40, § 10, Proposition 1] because |fg,| is coprime with A. Now, Theorem 1.1 gives

Gal(K(Etors)/K) = l—[Gal(K(E[qm])/K) X Gal(K(E[S™])/K)
q¢S
with the product running over the rational primes g € N such that g ¢ S, where in this case
the finite set S = Sp € N appearing in Theorem 1.1 consists uniquely of the primes dividing
fe] = (p A)?. Moreover, Gal(K(E[¢™])/K) = (O/€™O)* for every prime £ € N and every m € N,
since and show that for every m € N the Galois representation pg = has maximal
image. On the other hand, Proposition 5.1 shows that K(E[p™]) = Hpm’o(\/K) and

K(E[p™]) N K(E[A]) = K(VA)

for every m € Z;. Hence the family of division fields {K(E[¢*])}4es is entangled over K, and
for every collection of integers {aq}qes € Z>1 we get

[Tges (O/q%0)"
{£1}
where L is the compositum of all the division fields K(E[g%]) for g € S.

Let us now consider orders O such that gcd(Ap, 6) # 1. The analysis of the division fields of
an elliptic curve E ;g having complex multiplication by O proceeds similarly to what happened

before, with the only exception of the order O = Z[V-3]. Indeed if
O € {Z[353. Z[2i). ZIV-2). Z[V=7]}

where {3 := (=1 + Y=3)/2 and i := V—1, then all the elliptic curves E, appearing in Table 1
with complex multiplication by O share the property that |fg,| is a power of the unique rational
prime p € N which ramifies in the quadratic extension Q € K. Hence Theorem 1.1 provides a
decomposition

Gal(L/K) =

Gal(K((Eo)tors)/K) = | | Gal(K(Eolg™1)/K)
q

where the product runs over all rational primes q € N, because in this case the finite set Sg, € N
appearing in Theorem 1.1 consists of the single prime p. This shows that the division fields of
E, are linearly disjoint over K. Moreover, Proposition 3.3 implies that Gal(K(Eo[q™])/K) =
(O/q™O)* for every rational prime q # p and every m € N. On the other hand, Proposition 5.3

shows that f,, = pk is a power of the unique prime ideal p C O lying over p, with k <

2if O ¢ {Z[2i],Z[V-2]} and k < 6 otherwise. Hence Theorem 4.3 and Theorem A.6 give
Gal(K(Eo[p™])/K) = (O/p™)*/{+1} for every m € N such that m > 1if O ¢ {Z[2i], Z[V-2]}
and m > 3 otherwise.

Let now Eg be any elliptic curve with complex multiplication by O. Since j(E) = j(Eo) ¢
{0,1728} we know that E = E(()A) for some fundamental discriminant A € Z. If O = Z[3(3] or

O = Z[V-7] we can assume that p 1 A because \/=p € K. Hence Theorem 1.1 shows that

Gal(K(Etors)/K) = ﬂGal(K(E[q""])/K) X Gal(K(E[S™])/K)
q¢S

with the product running over the rational primes g € N such that ¢ ¢ S, where in this case
the finite set S = Sg € N appearing in Theorem 1.1 consists uniquely of the primes dividing

|fg| = (p A)?. Exactly as before and show that Gal(K(E[¢™])/K) = (O/t™O)* for every
prime ¢ € N and every m € N. Moreover, Proposition 5.1 shows that K(E[p™]) = Hpm’()(\/Z)
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and K(E[p™]) N K(E[A]) = K(VA) for every m € Zs;. Hence the family of division fields
{K(E[g*])}4es is entangled over K, and for every collection of integers {ay}qes € Z>1 we get

[Tges (0/q%0)"
{1}
where L is the compositum of all the division fields K(E[g%]) for g € S.

Studying the entanglement in the family of division fields of E becomes slightly more com-
plicated if O € {Z][2i], Z[\/—_Z]} First of all, note that there exists a unique A, € {1,-4,-8,8}
such that A = Ay A’ where A’ € Z is an odd fundamental discriminant. We can now write
E = EEA,) where E; := ESAZ). One can check that if O = Z[V=2] then E; is isomorphic to one
of the four elliptic curves with complex multiplication by Z[V—-2] appearing in Table 1. On the
other hand, if O = Z[2i] then E; can be either one of the two elliptic curves

y® = x> — 44x — 112
y® = x° — 44x + 112

Gal(L/K) =

or one of the two elliptic curves with complex multiplication by Z[2i] appearing in Table 1. In
each case it is not difficult to see that [fz,| € N is a power of 2, which shows that the division
fields of E; behave similarly to the division fields of Ey. More precisely, Theorem 1.1 gives

Gal(K((Ev)iors)/K) = | | Gal(K(Exlg™])/K)
q

where the product runs over all the rational primes q € N. This shows that the division fields
of E; are linearly disjoint over K. Moreover, Proposition 3.3 shows that Gal(K(E;[¢™])/K) =
(O/q™O)* for every rational prime g > 3 and every m € N, and a combination of Proposition 5.3
and Theorem 4.3 gives Gal(K(E;[2™])/K) = (O/2™O)*/{+1} for every m € N such that m > 3.
This concludes the analysis of the division fields of E = E; if A” = 1. On the other hand, if
N # 1 then |fg| = |fg, | (A')? where |fg,| is a power of 2. Hence Theorem 1.1 shows that

Gal(K(Etors) /K) = l_[ Gal(K(E[g™'])/K) | x Gal(K(E[S™])/K)
q¢S
with the product running over the rational primes g € N such that ¢ ¢ S where S = Sg denotes
the finite set appearing in Theorem 1.1, which in this case consists of the primes dividing 2 - A".

Similarly to what happened before, and show that Gal(K(E[¢{™])/K) = (O /{™O)* for
every prime ¢ € N and every m € N. Moreover, Proposition 5.1 gives K(E[2™]) = Hzm,o(\/y)
and K(E[2™]) N K(E[A’]) = K(VA) for every m > 3. Hence the family of division fields

{K(E[g*])}4es is entangled over K, and for all {ag}4es € Z>; with a; > 3 we get
[14es (O/q%0)*

{1}
where L is the compositum of all the division fields K(E[g%]) for g € S.

We are left with the analysis of the entanglement between the division fields of an elliptic
curve E defined over Q which has complex multiplication by O = Z[V-3]. As usual E = E(()A) for
some fundamental discriminant A € Z, where E is one of the two elliptic curves with complex
multiplication by Z[V—3] appearing in Table 1. In contrast to what we have seen before, here
|fg,| = 2% 3% is not a prime power. This forces us to study separately the division fields K(Eo[2*])

and K(Eo[3*]). First of all, one can compute that for any of the two possibilities for E, given by
the Weierstrass equations y* = x> — 15x + 22 and y? = x® — 135x — 594, the representation pg, 3

is not surjective, i.e. K(Eo[3]) = H3p = K (¥2). This clearly shows that PE, 3» is not surjective

Gal(L/K) =
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for every n € Zs;. Moreover, pg, o is surjective for every n € Zs;. Indeed Theorem A.6 and
Theorem A.7 imply that
( 0 )X‘ _ [Hyn30: K] _ [Hons0: K] < [K(Eo[2"3]): K] < [K(Eo[2"]): K]

2"0 [Hs0: K] [K(Eo[3]): K] —  [K(Eo[3]): K]
hence Lemma 3.1 shows that every inequality is actually an equality, and pg, o» is surjective.
This gives that K(Ey[2"]) N K(Eo[3™]) = K for every n,m € Zs;. These considerations together
with Theorem 1.1 and Proposition 3.3 give a decomposition

Gal(K((Eo)tors)/K) = | | Gal(K(Eslg™1)/K)
q

where the product runs over all rational primes g € N. Moreover, for every m € N we get

(0/qm0)*, ifq +3
(0/3m0)*/{x1}, ifqg=3

and the family of division fields {K(E[q*])}, is linearly disjoint over K.

Gal(K(Eo[¢"])/K) = {

Let us go back to the division fields of E = E(()A), where we can assume that 3 1 A because
V=3 € K. Write now A = A, /A’ as above, where A, € {1,—-4,-8,8} and A’ € Z an odd
fundamental discriminant, and let E; := E(()AZ). Then shows that pg, ,» is surjective for
every n > 3. Moreover, pg, 3» is surjective for every n > 1, which follows from Proposition 5.1
after observing that K(Ey[3]) N K(v/A;) = K because [K(Ey[3]): K] = 3. These considerations,
together with Theorem 1.1, show that

Gal(K((E1)tors)/K) = 1—[ Gal(K(E1[g™])/K) | x Gal(K(E1[S™])/K)
q#S

with the product running over the rational primes q € N such that g ¢ S where S = {2,3} and
K(E;{[S*°]) denotes the compositum of the division fields K(E;[2%]) and K(E;[3*]). Moreover,
, and the previous considerations show that Gal(K(E;[¢™])/K) = (O/¢™O)* for every
prime ¢ € N and every m € N. Now, Proposition 5.1 shows that K(E;[3™])NK(E1[A2]) = K(VA;)
and K(E;[3™]) = Ham o(V/A;) for every m € Zs;. Hence K(E;[2%°]) and K(E;[3%]) are entangled
over K, and for every pair of integers a,b € Z>; we have that

(0/2°0)* x (0/3°0)*

{£1}
where L denotes the compositum of K(E;[2%]) and K(E;[3"]).

To conclude our analysis of the division fields of E = E(()A) we can observe that E = EEA,) and
that ged(A’, fg,) = ged(A’, 6) = 1. Hence Theorem 1.1 gives the decomposition

Gal(L/K) =

Gal(K(Etors)/K) = l—[Gal(K(E[q‘”])/K) X Gal(K(E[S™])/K)
q¢S

with the product running over the rational primes g € N such that ¢ ¢ S where S C N de-

notes the finite set of primes dividing 6A’. Now, and show that Gal(K(E[{™])/K) =
(O/€™)* for all rational primes ¢ € Z and all m € N. Moreover, Proposition 5.1 shows that

K(E[3™]) N K(E[A]) = K(VA) and K(E[3™]) = Hzm o(VA) for every m € Z,. Hence the family
{K(E[g™])}qes is entangled over K, and for every collection of integers {ag}qes C Z>1 we get
[Tges (O/q%0)*

{+1}

Gal(L/K) =



ENTANGLEMENT IN THE FAMILY OF DIVISION FIELDS OF CM ELLIPTIC CURVES 25

where L is the compositum of all the division fields K(E[g%]) for g € S.

The following theorem summarises the previous discussion. Recall that, for every rational
prime g € N, we denote by K(E[¢*]) the compositum of all the division fields {K(E[¢"])}nen
associated to an elliptic curve E, and for every finite set of primes S € N we denote by K(E[S™])
the compositum of all the fields {K(E[q™])}ges-

Theorem 5.5. Let O be an order inside an imaginary quadratic field K such that Pic(O) = 1 and
Ap < —4. We introduce the following notation:

4, if O € {Z|2i],Z[V-2]} J p € N the unique prime ramifying in Q C K,
2, otherwise o p C Ok the unique prime lying above p.

n=n(0) := {

Label all the elliptic curves defined over Q which have complex multiplication by O as {A,},ez.,
in such a way that |fo,| < |fa,.,| for everyr € Zs,. Then |fa,| < |fa,,,| and the properties of the
division fields associated to the elliptic curve A, depend on r as follows:
Disjointness: the family {K(A;[q™])}4, where q € N runs over all the rational primes,
is linearly disjoint over K;
Maximality: Gal(K(A,[¢™])/K) = (O/q™O)* for every prime q # p and every m € N;
Minimality: Gal(K(A,[p™])/K) = (O/p™O)*/{x1} foreverym > n — 1;
Twist: there exists a unique ro < n and a unique fundamental discriminant A, € Z
coprime with p such that A, = A,

ro
Disjointess: there is a decomposition

Gal(K((Ar)rors) [ K) = ]—[ Gal(K(A,[g™])/K) | X Gal(K(A/[S*])/K)
q¢Sr

where S, € N denotes the finite set of primes dividing p - A, and the product runs over
the rational primes q € N such that q ¢ S,. This shows that the family

{K(AA[S7D Y U {K(AG™]) Yges,

is linearly disjoint over K;

Entanglement: for every m € N such that m > n — 1 we have that
KAp™) = Hmo(WA,)  and  K(A[p™) N KA [A]) = K(VA,)

which shows that the family {K(A;[q])}4es, is entangled over K;
Maximality: Gal(K(A,[¢q™])/K) = (O/q™O)* for every prime q € N and everym € N;
Minimality: for every collection of integers {aq}qes, © Z>1 witha, > n—1 we get
[Tges, (O/q%0)*

{+1}
where L is the compositum of all the division fields K(A;[q%]) forq € S,.

Gal(L/K) =

Remark 5.6. Fix an imaginary quadratic order O having trivial class group Pic(O) = {1}, con-
ductor fp # 2 and discriminant Ap < —4. Let n = n(O) € {2,4} be as in Theorem 5.5. We
observe that, for every r > n, the set S, appearing in Theorem 5.5 coincides with the set of
primes S = {p: p | bs, } appearing in Theorem 1.1. This shows that, even fixing the field of def-
inition, the number of entangled division fields of an elliptic curve with complex multiplication
can be arbitrary large, as we already pointed out in Remark 3.7.
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Remark 5.7. We exclude the two orders Z[i] and Z[{3] in the statement of Theorem 5.5 because
elliptic curves having complex multiplication by these orders admit quartic (respectively sex-
tic) twists (as explained in [34, Chapter X, Proposition 5.4]). To study these we would need a
generalisation of Proposition 5.1, which will be subject of future investigations.

APPENDIX A. RAY CLASS FIELDS FOR ORDERS

The aim of this appendix is to study certain abelian extensions H;p of a number field F
associated to ideals I € O contained in a general order O C F. We call the extension Hj o the
ray class field modulo I for the order O. This definition generalises the one given by Séhngen
in [37] and Stevenhagen in [38, § 4], who restrict their attention to imaginary quadratic fields.
The material present in this appendix is probably well known to the experts, but the authors
have included it here since they have been unable to find a suitable reference.

A.1. The general theory. In this section we define the ray class fields H; o and we study their
Galois groups. The notation used for lattices and idéles is the one established in Section 4.

Definition A.1. Let F be a number field, let O C Of be an order and let I € O be a non-zero
ideal. Then we define the ray class field of F modulo I relative to the order O as

(17) Hjp := (F®)UroF] ¢ pab
where [-, F]: A} — Gal(F?%/F) is the global Artin map and Uro C A is the subgroup

(18) Uo = {s €Af|sy € (O;; NA+1I- Op)) for all rational primes p € N}
defined using the decomposition (11), where

.0
(19) Op = lin% EO@ZZP

neN

denotes the completion of O with respect to the ideal p O.

When I = N - O for some N € Zs; we denote Up by Uy o, and we write Uy := U .
Analogously, we will write Hy ¢ in place of Hy.0 0, and we will denote by Hp := H; ¢ the ring
class field of O.

Remark A.2. When O = OF is the ring of integers, the ray class fields Hj o, coincide with the
usual ray class fields of F modulo I (see [26, Chapter VI, Definition 6.2]). Moreover, when F = K
is an imaginary quadratic field, the ray class fields H; o have been defined by Sohngen in [37].
This work is exposed in great detail by Schertz in [28, §3.3], and if I = N - O for some N € N the
construction of Hr 9 = Hy ¢ has been reformulated using an adelic language by Stevenhagen
in [38, § 4]. Finally, the ring class fields Hp have been studied for general number fields F by
Lv and Deng in [23] and by Yi and Lv in [42].

Remark A.3. It is clear from the definition that for every pair of ideals I € J € O we have
that Uy o € Ujo, which implies that H 9 2 Hj . In particular, Hyp C H;o for every ideal
I € O. Similarly, for every pair of orders O; € O, C F and every ideal I € O; we have that
Uro, € Uro,.0,, which gives the containment H; o, 2 Hr.p, 0, generalising the Anordnungssatz
explained in [38, Page 169]. In particular for every order O C F and every ideal I C O we get
the following inclusions

Hroror S Hio S Hify0r0r
ul ul ul

F C H()F - Ho C HT(),OF



ENTANGLEMENT IN THE FAMILY OF DIVISION FIELDS OF CM ELLIPTIC CURVES 27

where fp := (0: Of) = {a € F | aOr € O} C O is the conductor of O, which is the biggest ideal
of Of contained in O. This shows, applying [26, Chapter VI, Corollary 6.6], that the extension
F C H; is unramified outside the set of primes dividing I - fp - OF.

We describe now the Galois groups of the abelian extensions F C Hj o.

Lemma A.4. Let F be a number field, O C O be an order and I C O be a non-zero ideal. Then
F* - Upo € A¥ is a closed subgroup of finite index and, after identifying the group

FX := (F®g R)* = 1—[ FX
veM;"

with its image under the natural inclusion FJ < A;, one has
FX . F; c ker([,F]) Cc FX . UI,O = FX : NHI,O/F(AEI())

. X X . . . . .
where Ny, ,/r: AHI,O — A7 denotes the idelic norm map. Moreover, there is an isomorphism

X

20 Gal(H; o /F A
(20) a(I,O/)=m

induced by the global Artin map.

Proof. The fact that F* - Uy ¢ is closed of finite index follows from [26, Chapter VI, Proposi-
tion 1.8], because ULi,.0,0, S Uro. Moreover, by definition F; C Ujg, so the inclusions
F*-F3 C kex([-, F]) € F* - Upo follow from the fact that F* - U o is closed in A% and ker([, F])

is the closure of F* - F} inside A%, as explained in [2, Chapter IX]. The global reciprocity law
(26, Chapter VI, Theorem 6.1] now gives (20) and shows that F* - Ny, F(A};I O) C A¥ isalso

a closed subgroup of finite index containing the kernel of the Artin map and fixing precisely
the field H;o. Then by Galois theory we must have F* - Up = F* - Ny, , /F(AEI O) and this

concludes the proof. O

The previous description can be made more explicit by dividing the extension F C Hj g in
the two sub-extensions F C Hp and Hp C Hj .

Proposition A.5. Let O be an order inside a number field F. Then
Gal(Hp/F) = Pic(O)
where Pic(O) denotes the class group of the order O.

Proof. Combine [42, Theorem and Definition 2.11] and [42, Theorem 4.2]. O
Theorem A.6. Let F be a number field, O C OF be an order and1 C O be a non-zero ideal. Then
o/n*
Gal(H;p/Hp) =
al(Hr,o/Ho) (07

where 1;: O™ — (O/I)* is the map induced by the projection rr: O — O/I.
Proof. First of all, we see that
Af Af

ﬁ)

F-Ug  F*-Up

F*-Up _ P<-Up/F* ®) Up/(F* N Up) N

F*-Uyo ~ F*-Up/F* (U (F*nUp))/(F*NUp)

Uo © _ Uo
Uo-(F*NUp) Uy O*

Gal(H; 0 /Hop) = ker (Gal(H; o/F) — Gal(Hp/F)) D rer

IR

IR

IR
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where (a) comes from Lemma A.4, (b) holds because Urp C Up and (c) follows from the fact
that F* N Uy = O*.
Now, observe that F, € O, where F := F ®g R = [[, F.y = A}. Moreover, we have

(21) Yo . []oy = ]—[nm(i)x ~ lim (i)x ~ O~
F"):’ peN peNr(E\I p”O N(:221 NO

where the products run over the rational primes p € N, and O, is the ring defined in (19). In
the chain of isomorphisms (21) the ring O is the profinite completion of O, i.e.

— ) [0 N N
(22) O:Z ££l ﬁ = nOP: nOp
NeZs, pEN pco

where the second product runs over all the non-zero prime ideals p C O and O,, := &iLnneN O/p"

is the completion of O at the prime p. The second isomorphism appearing in (22) can be obtained
by applying [12, Corollary 7.6] to R = Z,, and A = O,,. This gives the decomposition

0,=]]o,
p2p
where the product runs over all primes p € O lying above p.
Under the isomorphism (21) the subgroup U;o/FX C Ug/FS = O is identified with the
kernel of the map 77" : 0% — ((/5/1'(/)\)>< induced by the projection 7;: O — O/IO. Hence
Uo __ Upg/EX 0% _ (0/I0)
Uo 0%~ (Uio - O)/E ™ ker(®™)- 0%~ 7™(0%)

because 777" is surjective. This surjectivity is shown by the factorisation

Gal(HI’O /H()) =

—~

O~ i N (5 /15)X

N T

[ |os

p2I

where the first map O0* — [1,o7 O} is surjective as follows from (22), and the second map
—~\ X

0, \" o

poI por V1O 10

is surjective by [8, Corollary 2.3], which can be applied since the ring [],5; Oy has finitely many
maximal ideals.
To finish our proof we need to show that
(0/10)< _ (O/D*
7 (0%) 7 (0%)
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To do this recall that z; and 77 are related by the commutative diagram

b5 Ow
O —"=% 0/l ——= Ty 15>

Ll
0 —% 0/10 —% Myor

where « is the isomorphism coming from the decomposition (22), and § and y are the maps
induced by the natural inclusions O C Op) S O,. Moreover the products run over all the
prime ideals p € O such that p 2 I, and Oy, denotes the localisation of O at the prime p.
Hence to conclude it is sufficient to observe that y is an isomorphism by [26, Chapter I,
Proposition 12.3], and f is an isomorphism because O is a one-dimensional Noetherian domain
(see [26, Chapter I, Proposition 12.2]). More explicitly, for any prime p € O such that p 2 I we
have that p - O, = /I - O, because Oy is a one-dimensional local ring. Hence [3, Chapter II,
§ 2.6, Proposition 15] shows that O,)/I0;) is complete with respect to pO(;,). Thus we can
conclude that O, /10y is isomorphic to O,/I0, using the exactness of completion, which
holds because Oy, is Noetherian (see [12, Lemma 7.15]). O

A.2. Ray class fields for imaginary quadratic orders. Since the definition of the ray class
fields H; o is somehow implicit, a natural question would be to provide an explicit set of gen-
erators for the extension F C H; . This can be done when F = K is an imaginary quadratic
field, and I C O is invertible, using the Weber function bhg: E — E/Aut(E) = P! associated to
any elliptic curve E;c which has complex multiplication by O, as explained in the following
theorem.

Theorem A.7. Let O be an order inside an imaginary quadratic field K € C, and letI € O be
an invertible ideal. Then we have that

Hyo = Ho(be(E[1])) = K((E), be(E[I]))

for any elliptic curve Ec such that End(E) = O. In particular, if E is an elliptic curve defined over
a number field F such that Endp(E) = O then H; o C F(E[I]).

Proof. By the previous discussion, we can assume that j(E) ¢ {0, 1728}, because in this case O =
Ok. Fix a generator P of E[I] as a module over O/I, which exists by Lemma 3.1 because I € O
is invertible. Then Hp(bg(E[I])) = Ho(bg(P)), as one can see by writing every endomorphism
of E in the standard form described in [41, § 2.9] and applying [16, Chapter I, Theorem 7].

Let now &: C/a = E(C) be a complex parametrisation, where a C O is an invertible ideal
(see [32, Proposition 4.8]). Fix moreover z € (a: I) C K C Csuch that £(z) = P, where z := az/a
denotes the image of z in the quotient K/a € C/a. Then [32, Theorem 5.5] shows that

Ho(hp(P)) = (K2)[WrKI

where Wp C A% is the subgroup defined by Wp := {s € A% | s-a=a,s-z= E}. In particular,
we recall that for any s € A% such that s-a = a the notation s - z stands for the image of z € K/a
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under the map K/a <5 K/a. This map is defined by the commutative diagram

Ko o N Ko Ky
D ; r D su N
peM& p pEMg2 PP peM? p

where a, := a ® Z, = a O, for any rational prime p € N. Since Hyp = K(j(E)) the theorem will
follow from the equality Wp = Uy g, where U g C A% is the subgroup defined in (18).

To prove the inclusion Urp C Wp take any s € Urp. Then s - a = a because spa, = a, for
every rational prime p € N, since by definition s, € O;. Moreover, s - z = Z because z € (a: )
and s, € 1+ 10, for every rational prime p € N, which implies that (s, — 1)z € a,. This shows
that UL() - M/:z

To prove the opposite inclusion Wp C Uj ¢ fix any rational prime p € N and take s € Wp, so
thats-a =aands-Zz =7z Since a C O is invertible we have that a - (O: a) = O and

s:O=s-(a-(0:a))=(s-0)-(0:a)=a-(0:0)=0
which shows that s, € O} Let us now prove that sy, € 1+1-O,. Since ] C O anda C O are
both invertible we have that I - (O: a) - (a: I) = O, so that we can write 1 = Z]]'=1 a;f;r; with
aje€l, B €(0:a)and 7j € (a: I). Notice that s-7; = 7; for every j € {1,..., J} becauses-z =z
and P = &£(z) generates E[I] as a module over O/I. Hence s, — 1 € I - O, because we can write

J
s=1=) 0B (5p75-1)
=

where s, 7; — 7; € a, = a O, and (s, 7j — 1) € O, since f; € (O: a) for every j € {1,...,]}.
Thus we have shown thats, € O, ands, € 1+ I- O, for every prime p € N, which gives
Wp C Urp as we wanted to prove. O

Remark A.8. The explicit description of the ray class fields given in Theorem A.7 shows that
Hj o coincides with the ray class field defined by Séhngen in [37] using the classical language
of class field theory (see [26, Chapter IV, §7]). A more recent exposition of the work of S6hngen
can be found in [28, Theorem 6.2.3].
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