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Abstract

We consider a stochastic control problem with time-inhomogeneous linear dynamics and
a long-term average quadratic cost functional. We provide sufficient conditions for the prob-
lem to be well-posed. We describe an explicit optimal control in terms of a bounded and
non-negative solution of a Riccati equation on [0, ), without an initial and terminal condi-
tion. We show that, in contrast to the time-homogeneous case, in the inhomogeneous case
the optimally controlled state dynamics are not necessarily ergodic.

Keywords: linear-quadratic stochastic control; long-term average cost; Riccati equation; er-
godicity; dissipativity.
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Introduction

Suppose that the dynamics of some controlled state satisfy
dXy = (bt + B Xy — at)dt + (Ct + CtXt)th,

where W is a one-dimensional Brownian motion, « is some square-integrable control process
and b, B, ¢, C are real-valued deterministic bounded functions. We consider the problem of
minimizing, over all controls «,

1 T
lim sup TE f(s, Xg, ag)ds, (0.1)
0

T—0

where f is a quadratic cost function of the form

f(t,x,a) = Bow(t)2? + Bo(t)z + Bra(t)az + Baa(t)a® + Ba(t)a + Bo(t)

with Bz, Be, Bea, Baa, Ba, Bo being real-valued, deterministic, right-continuous and bounded
functions.

The homogeneous problem version, in which b, B, ¢, C, 824, Bz, Bea, Baa, Bas Bo are all con-
stant functions, is already well-studied in the literature, even for a multidimensional generaliz-
ation (see, e.g., [3]]). The focus of the present article lies on the inhomogenity of the setting.
Our aim is to provide sufficient conditions for the inhomogeneous problem to be well-posed
and to derive an explicit formula for an optimal control.
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As is well-known, the solvability of finite-time inhomogeneous linear-quadratic control prob-
lems is strongly linked to the solvabilitity of a related Riccati equation (see e.g. [15] and [16]),
which in dimension one has the form

r_ (Ut)2 Bm(t) 2\ a%a(t)
U = 38 ﬁaau)*q) 2ae )+ 3500 0-2)

(note that U corresponds to 2P in Section 2 of [15]). Given a finite time horizon 7" € (0, ),
a solution of the problem of minimizing Esg f(t, Xy, aq)dt can be expressed in terms of the
solution of with the terminal condition Uy = 0.

We show that also the problem of minimizing the long-term cost average functional can
be reduced to the Riccati equation ([0.2]). The difficulty in the infinite horizon case, however,
is that no terminal condition can be imposed. In order to isolate the solution of that
determines the minimizer of (0.1I)), we impose the conditions that the solution is non-negative
and bounded from above. Probably the most challenging part of the article is to prove that there
exists a unique solution of the Riccati equation satisfying these boundedness conditions.

Using the unique bounded non-negative solution of on [0,00) we define a specific
control and show, via a classical verification argument, that it is indeed optimal. In contrast to
the homogeneous case, the HJB equation characterizing the control problem does depend on
time. This goes in line with the fact that the optimally controlled state dynamics are, again in
contrast to the homogeneous case, not necessarily ergodic.

— Ut <2Bt +

There are many articles that solve long-term average cost control problems with time-
homogeneous state dynamics. We refer to [14] for an early survey. In homogeneous models
the optimally controlled state dynamics usually are ergodic. Therefore, the literature frequently
refers to such problems as ergodic control problems. One message of the current paper is that
long-term average cost control problems can be well-posed, even without ergodicity of the op-
timally controlled state.

A fundamental topic in the field of control theory with long-term average cost functionals
is the convergence of the HJB equations of the finite time problem version to an ergodic PDE.
More precisely, assume that the HJB equation of a finite time control problem is given by

— 0 — in£ {L% + f(t,x,a)} =0, (0.3)
ae

where A is the value set of the controls and £* denotes the generator of the controlled state
dynamics. There are many contributions providing conditions under which (0.3) transforms
into an ergodic PDE of the type

n— cltrel.fl {L’av + f(a;,a)} =0 (0.4)

as the time horizon converges to infinity. Notice that a solution of consists of a pair
(n,v) € R x C[0, ). Usually it is assumed that f does not depend on time. Exceptions are [2]],
[4] assuming a periodicity in time, and [5] assuming that f depends recursively on the value
function divided by time-to-maturity.

[[1], [10] consider a homogeneous setting and prove convergence, in some sense, of to
under some state periodicity assumptions. [7]], [[13]l, [5]] use probabilistic representations
in terms of backward stochastic differential equations to establish convergence under dissip-
ativity assumptions guaranteeing that the optimally controlled state is ergodic. [8] consider a
system of ergodic BSDEs with dissipative forward part and apply them to a long-term utility
maximization problem with regime switching.

We stress that in the present article we do not impose any kind of time periodicity assump-
tion. The only assumption on the state coefficients and the cost coefficients is that they are
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bounded and right-continuous. As the time horizon converges to infinity, the time dependence
in the HJB does, in general not disappear, and hence we do not have convergence to (0.4).
A time-dependent, but periodic, PDE limit is also described in [4].

Finally, we remark that we do not impose any regularity with respect to time, and hence
we can not transform the setting into a 2-dimensional homogeneous setting with time as a new
state variable.

1 Main results

In this section we rigorosly describe the model and summarize our main results.
Let W be a one-dimensional Brownian motion on a probability space (2, 7, P). We denote
by (Ft)te[o,00) the filtration generated by W, completed by the P-null sets in F.

Assumption 1.1. Let 4,0 : [0,00) x R > Rand f : [0,0) x R x R — R be of the form

wu(t,x) = by + By, o(t,r) = ¢t + Ciz,
f(t,x,a) = Boz(t)2? + Bo(t)z + Bra(t)az + Baa(t)a® + Ba(t)a + Bo(t)

for b, B, ¢,C, Bus, Brs Bras Baas Bas Po i [0,0) — R being deterministic, right-continuous, bounded
functions, such that

o det(H(f))(t, ) = 4Baa(t)Brz(t) — B2, (t) = €1 > 0 fort € [0, 00) and some constant £1 > 0,

~ Fax
* Baa(t) =e2 >0 forte[0,00) and some constant €3 > 0.

By a control process « we mean a (F;)-progressively measurable process « such that for all

T € [0,0) we have S(:]F a?ds < oo. Given a control a, we assume that state process satisfies the
SDE

dX; = (/L(t, Xt) — Oét)dt + O'(?i'7 Xt)th (1.1)

Notice that our assumptions imply that for every x € R the SDE has a unique solution
X* satisfying X;** = x. Moreover, one can show that for all p € [1, 00) and T € [0, c0) we have
supyefo.r) 1 X3 [P < oo (see Section 2.5 in [9]).

We say that a control is admissible if for all z € R we have sup, E[(X;"*)?] < o, and we
denote by A the set of all admissible controls. Notice that if « € .4, then the limsup long term
average cost functional

1 (T
J(x,a) =limsup E— f f(s, X3% ag)ds,
T—0 T 0

has only finite values.

We now consider the problem of minimizing .J(x, «) among all admissible controls. To this
end we introduce the value function

V(z) := inf J(z,a), (1.2)
acA

for all x € R. We show below that V' does not depend on z; but since this is a priorily not
known, in the definition of V we add the argument z.

We say that o € A is an optimal control for (T.2) if for all z € R we have J(z,a) = V(z).

Moreover, we say that « € A is a closed-loop control if there exists a function a : [0,0) x R such
that for all € R the SDE

dX; = (u(t, Xt) — a(t, Xt)>dt + U(t, Xt)th (1.3)



has a unique solution X** and oy = a(t, X;"*), t € [0, ).

We now summarize our main results. First, we describe an optimal control and the value
function in terms of a solution of the Riccati equation (0.2])). We show that there exists a unique
initial condition such that equation has on [0, 0) a solution that is bounded from above
and bounded from below by 0.

Proposition 1.2. There exists exactly one non-negative and bounded solution of (0.2) on [0, c0).

The result of Proposition [1.2]is proved in Section[2as a part of Theorem[2.1] In the following
we denote by U”* the unique non-negative bounded solution of described in Proposition
In Section [3|we show that there exist constants d;, > > 0 such that

! rBza(r) - Uw?o
[ (5 Py ) < e =9 s

for all 0 < s <t < 0. We can thus define a further bounded process

. fo {Uﬁo <b3+CSCS+ Ba(s) > Ba(s)Bza(s) +ﬁx(5):|

2Baa(5> 2Baa(3)
* Bra(r) — U”
- exp <£ B, + W dr) ds.

We next describe a solution of the long term cost minimization problem in terms of U* and ¢*.

Theorem 1.3. The closed-loop control with feedback function
0 = Ba(t) + (U — Bua(t))z

a®(t,x) = (1.4
() el
is an optimal control. Moreover,
v, : 1 o0 oocz (¢ — Ba(s))Q
V(z) = hrtllso})lp tL <g03 bs + U, 5t Bo(s) — 45aa(5)> ds. (1.5)

Note that implies that V' does not depend on z. In the following we therefore omit the
argument x and interpret V as a constant.

We prove Theorem[1.3]in Section [3]as a part of Theorem 3.6 We next proceed by comparing
the problem of minimizing J(z, a) with the problem of minimizing the liminf long term average
cost functional

T

1
J(x,a) =limsup E— | f(s, X%, as)ds. (1.6)
T—o0 T 0
We define also the liminf value
V= inf J(z,«a). (1.7

acA

One can show that the feedback function (1.4) is also optimal for (1.7) and that V' does not
depend on x. Moreover, we have

1 1t 2 ©_ 3 2
V= hgl»ioglftfo (gozobs + U;)O%S + Bo(s) — W) ds. (1.8)

In general, V is not equal to V. If V. < V, then X®7, the state process controlled with the
optimal control o;”* = a®(t, X;”), is not ergodic, i.e. it does not hold true that the cost time
average converges almost surely. More precisely, we have the following.
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Proposition 1.4. If V. < V, then for all x € R the time average + Sg f(s, X9 a®)ds does not
converge a.s., as T — 0.

Proof. We first show that the family L {1 f(s, X", a")ds, T € [0, ), is uniformly integrable.
To this end let p € (1, ). By Jensen’s inequality we have, for some constant K independent of
T,

p

1 T
E <E[f |f@,xsmzafJOWd%

1 T
), exemarnal | <67 |

<
1 T

< f K(1+E|X§°’x]2p)ds]
T Jo

<

K(1+ sup E|X2%%P).
s€[0,00)
By Lemma [3.3|below there exists a p > 1 such that sup,c[g ., E|Xs”"|?? < 0. Hence, by the de
la Vallee-Poussin theorem, the family SOT f(s, X9, a®)ds is uniformly integrable.

Now suppose that = Sg f(s, X7 a®)ds converges a.s. Then, due to uniform integrability,
we also have convergence in L'. This contradicts however that V < V. |

Proposition entails, in particular, that if V < V, then the distribution of XtOo * does not
converge to a stationary distribution, as ¢t — 0.

In the homogeneous case where the functions y, o and f do not depend on ¢, the optimally
controlled state X is ergodic. The homogeneous case is already well studied in the literature
(see e.g. [3). For the convenience of the reader we briefly explain how our results simplify in
the homogeneous case and how they can be extended.

The homogeneous case

Suppose that all modelling functions b, B, ¢, C, B2z, Bz, Bza, Baa, Ba, Bo are constant. In this case
also U* and ¢*® are constant; in particular we have

U =p+/p?+gq, (1.9)

where

D= 2Bﬁaa + Baca + CQﬁaa and q= 4Bxxﬁaa - ga‘

Letk = B — U;OB_G f‘m, and notice that the optimally controlled state X* satisfies the homogen-
eous SDE

0 _
dX; = <b - *Owﬁ“ + /€Xt> dt + (c + CX;)dW,. (1.10)
Assumption [1.1]implies that ¢ > 0. Thus, with (1.9) we get U > p, and hence
2
K < —%. (1.11)

Property (L1.11I)), sometimes referred to as dissipativity, guarantees that possesses a
unique stationary distribution 7 (see, e.g., Theorem 8.3 in [12]]; use for example the Lyapunov
function W (z) = x2/2). Moreover, if X denotes the solution of with initial condition
z € R, then the distribution of Xtoo’aC converges to the stationary distribution, as t — oo (see
Remark 8.6 in [12]). This further entails that Sg FXET a® (s, X))ds converges a.s. to
§ f(z,a®(z))n(dx), as T — oo.



Dissipativity in the inhomogeneous case

Observe that the optimally controlled state X * satisfies the SDE

©_ 3 (¢
dX; = <bt - w + /‘itXt> dt + (e + CoXy) AW,

where k; = By — W;B_ai%)(ﬂ By Theorem below we obtain that there are constants d1,dy > 0

such that for all 0 < ¢; <9 < @

to 2
f (/it-FCQ’t) dt<51(t2—t1)+5g.
t

1

This implies, that for large enough time intervals [¢1, t2] we have

to to 02
J ke dt < f ——t d¢,
t1 t1 2

which seems to be a time-average version of the dissipativity condition (1.11).

However, consider B; = 2 - 1[0 1), and all other parameters to be constant with C' = 1,
Baa = %, Brx = % and b = B4 = Bs = Ba = Bo = 0. For t > 1 we have that 1 is a solution of
(0.2), and hence U® = 1 for all ¢ > 1. Furthermore, x1 = —%. Since U™ is continuous, there is
an e > 0 such that for all ¢ € [1 — ¢,1) we have

1 C?
—=—-——<0<
2 2 it

which means that for at least a short time the condition (1.11)) is not satisfied.

A non-ergodic example

Example 1.5. Consider the control problem with C' = 1, [, = %, Bee = i and
b=DB = fyq = Bz = Ba = Bo = 0. Below we define recursively a sequence of increasing times
0=ty <ty <ty <---. Given this sequence we set

o — { 1, ifte [to, tors1) for a k € No,
t 2, ift € [t2k+1,t2k+g)f0r ake IN().

First, observe that the function constant equal to 1 is a solution of (0.2), and hence U* = 1.
Suppose that to, is defined. Observe that

T

lim e~ 2(s7tak) gg — 2
T—o0 t2k 3

Thus, the larger we choose to 1, the closer o, s € [tog, (tar + torp+1)/2], gets to % Now we choose
tor1 such that

1 f(tzzﬂrt%ﬂ)/? 1 3 )4 1
-_— - — = s< —.
(tgk + t2k+1)/2 0 2 4808 k
We next describe how to choose tor 2. Observe that
T
lim 2~ 3 (s=tak1) gg — %
T=0 Jigy, 14 3



Therefore, the larger we choose toy o, the closer o, s € [tor11, (tak+1 + tax+2)/2], gets to %. Now
choose to), o such that

1 f(t2k+1+t2k+2)/2 3 1

2——P)ds=>1— —.
(tok+1 + tors2)/2 Jo ( 1% ) k

We have thus recursively defined the sequence (tj)kenN,-
From (L.5) and (1.8) we now obtain V> 1 and V < 0.

Comparison with the finite time control problem

The optimal control in (1.4) has a similar form as the corresponing optimal control with a finite
time horizon T € (0, c). Indeed, let (Uf);c[o,r) be the solution of the Riccati equation (0.2) on
[0, T'] with terminal condition Ur = 0, and let for all ¢ € [0, T']

o — LT {Uf(bs +eC) + Ba(s)[m + 51(5)] exp <L bt Wdr) o

If we replace U® with U and ¢* with ¢! in (T.4), then we obtain an optimal closed loop
control for the problem of minimizing F S(:)F f(t, X% ay)dt (see, e.g., Theorem 2.4.3 in [[15]]).
Moreover, one can show that U7 and ¢’ converge to U® and ¢®, respectively and hence the
optimal feedback function of the finite horizon problem converges to a® as ' — oo (see Chapter
4 1in [6]D).

2 Existence and uniqueness of U*

In this section we show the existence and uniqueness of U®, which is defined as the non-
negative bounded solution of (0.2)). In fact, we show a little more than that, as can be seen in
the following theorem, which contains the main result of this section.

Theorem 2.1. Let Assumption [1.1]be fulfilled.

Then there exists exaclty one u € R such that with the initial condition Uy = w has a
solution that is on [0, c0) bounded from below by 0 and bounded form above by U:=p++/P>+4,
where p:= sup (2BsBaa(s) + Bra(s) + C2Baa(s)) and ¢ := sup (4Buz(5)Baa(s) — B24(s)).

s€[0,00) s€[0,00)
Furthermore, there are constants §1,02 > 0 such that for any initial value Uy yielding
U, € [0,U] forall 0 <r <T < oo we have

t t 2
Bma(r) - U, f ﬁxa(r) - U, Cr
L (BT + TN dr < . B, + TN + dr < —=61(t —s) + 62
forall 0 < s<t<T.

We approach this problem by considering a simplified quadratic integral equation, at first
for constant and then for picewise constant parameter function. Finally we generalize to right-
continuous functions and prove Theorem [2.1]via a time-reversal.

Assumption 2.2. Let p,q,a : [0,0) — R be deterministic right-continuous functions such that for
all s € [0,0)

—0 <P ps <P <0, 0<gG<gs << oo, O<a<as<a<w®



For the following we define the constants Y :=  + 1/p% + ¢and Y := p + /p% + q.
Lemma 2.3. Let Assumption [2.2]be fulfilled and t > 0. Then the integral equation

S

Yo=Yt [ o (VP2 Y- a)dr @1
t

for s € [t,o0) with starting value Y; € [0,Y] has a unique solution. Also, the solution (Yy)y>; is
bounded by

N

min{Y;, Y} <Y, <V
forall s € [t,0).

Proof. We define the auxiliary process Y as the solution of the Lipschitz ODE
- b N2 - -
oY, = —a, ((75’/@@)) —2p,Y, - qs> 0

where 7 is the truncation operator defined by 7(z) := max (a, min (z, 8)) for « < 3. Ob-
serve that for Y, € [0,Y) we have —as((%’}( NS))2 —2p,Y; — qs5) > 0 and for Y; € [V, o0) that
—as((TY( y ))2 — 2p,Y, — qs) 0. Hence, for Y; < Y we have that Y, > Y, for all s € [t, 00),
since Y is continuous. By the same argument we also obtain for Y; > Y that Y, cannot reach
any value below Y and likewise because Y; < Y that Y, < Y. Thus, the truncation of the
quadratic term has no consequence and can be omitted w1thout changing the solution. Hence,
the bounds are also valid for Y and the solution of is also unique. |

In the following we denote by Y the solution of Equation (2.1).

Remark 2.4. In the proofs of this section we make use of the following hyperbolic identities without
explicitly mentioning it:

e tanh~(z) = %ln(”x)for:ne( 1,1),
e coth™}(z) =1 5 In <x+1)for |z| > 1,
e cosh(tanh™!(z)) = (1 — 2?)~V2 for z € (-1, 1),

e sinh(coth™'(z)) = (1 — 22)~Y2 for z > 1.

Lemma 2.5. Let Assumption be fulfilled and t > 0. Furthermore, assume that Y; € [0,Y]
and for some s € (t, ) that the functions p, q,a are constant on the interval [t, s), i.e. there are
D,q,a € R such that p, = p, ¢, = Gand a, = a for all r € [t,s). Then

p-i—\/thanh(a\/m(r—t)—i—tanh ( P>> Y € [0,p+ /P2 + Q)

ﬁ

+
Yo=q 0+ 44, Yi=p+NP+4
P+ A/P? + gcoth <(‘1«/]§2 + q(r —t) + coth™! <\>/;2;_’:q>> , Y e (]54—«/]32 ~|—(j,oo)

2.2)

for all r € [t, s]. In particular; Y is monotone on the interval [t, s].

Proof. Observe that the dynamics of Y state that it solves for r € [¢, s) the separable ODE

Y = —a ((Yr —pe)* —pi — Qt> .

The three cases follow by straightforward calculations. Also, Lemma provides uniqueness.
The remaining monotonicity follows from the monotonicity of tanh and coth. |
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Lemma 2.6. Let Assumption be fulfilled and [t1,t2] < [0,00) with t; < ts. Furthermore,
assume that Yy, € [0, Y] and that the functions p, q, a are constant on the interval [t;,t2), i.e. there
are p,q,a € R such that p, = p, ¢ = Gand a, = a for all r € [t1,t2). Then, for t; <t < s < to,

—a\P?+q(s—t), Yi=p+/P*+q

S
—a (Yr —pp)dr = V2 ooy o (2.3)
J s (Vt) . Yirp eV
and for Y; # p + +/p? + ¢ we moreover have
P 1n<102+q—(Yt—p)2)+ L (VP +a+(Ys—D)
2a+/p> +q \P*+a—Ys—=0)?) a\/p?+q 2 +q+ (Vs —p)
Proof. Rearranging the formula in (2.2)) we obtain for Y; < p + /p? + ¢
1 Y.—p Y,—p
s—t= — tanhil 577P7 - tanhil 1577])7 (2.4)
a\/p* +q P’ +q VP +q

1 AP e (- p) VPt a - (Y- )
VPP +q— (Ys —p) P2+ a+ (Ve —D)
2
1 P (vi-p? (VP T (- p)
n — — —
2&\/132‘{‘@ p2+q_(yts_p)2( 132+q_+(Y}—13)>2

B 1 1n<]52+q_(yt_15)2)+ 1L (VP H+a+(Y—p)
2u/p2+q \P?P+q—(Ys—p) a\/p? + q P+q+Yi—p) )’

and for Y; > p++/p% + @

1 Y,—p Y, —p
s—t=———"|coth™* s B — coth™! i
a/P* + q VPP +4 P> +q
U (v ta+Ys=p)\ [ VPP +a=(Yi—D)
2a+/p* +q vp*+q—(Ys—p) P +q+ (Y —p)
_ 1 ln<132+q—(Yt—p>2)+ 1L (VP +a+(—p)
2a\p? +q \P*+a—(Ys—D)?*) a\/p*+q P+q+ (Vi —p)
Now we have a look at the integral in (2.3)). For Y; < p + +/p2 + ¢ we get

S s v _ 5
f —a (Y, —p)dr = f —&Mtanh (_1\/]327—1—(] (r—t)+ tanh™! i dr
cosh <tanh_1 <\Zf%>>

=—In

O



where we use Equation (2.4) in the second to last step. In the case of Y; > p + +/p? + ¢ we
obtain similarly

LS—&(E—ﬁ)dr f —an/p? + g coth (ax/p +G(r—t)+coth™! ( P ))dr

\/p +4q
sinh (coth1 (%))
. Y g — -1 Yi—p
sinh <a\/p2 + G (s —t) + coth < —_ >>

- }ln P’ +q—(i—-p?
2 \pP+q- (Vs —p)?

Lemma gives us the value of the integral in (2.3)) when the parameters are constant all
the way. Next, we want to find the value of that integral when the process Y goes up and down
ending at the value where it started, which we later call an excursion.

=—In

Lemma 2.7. Let Assumption 2.2 be fulfilled. Furthermore, let [t1,t2], [t3,t4] < [0,00), V;, = Y3, €
[0,Y], Vi, = Y, € [0,Y] and p, ¢, a be constant on [ty,t5) and also on [t3,t4). Then

[ et ps o [ a0 -y s < min {3 DY (0 -0+ 10 )

1 t3

Proof. First we define py := pi,, 1 := qiy, a1 1= ay, and pa := pra, g2 1= Gy, A2 1= ay, SiNCE p,
g and «a are constant on the intervals [¢;, t2), [t3,%4). Now note that, due to the monotonicity of
Y stated in Lemma we have one of the three cases

@ Yio =Y, =Y, =Y, =p1 + \/p%+Q1=p2+\/m,
(i) pr+ VP +a <Yy, =Yy, <Y, =Y, <p2++/P3+q or
(i) p2 +/p3 + a2 < Yiy = Yy, < Yo = Yoy <p1+ /b1 + a1

In Case (i) it is straighforward that

to ty
J —as(Ys —ps)ds + J —as(Ys — ps)ds = —a1n/p} + q1(ta — t1) — azq/P3 + q2(ts — t3)
t1 ts
< —an/G(ta — t1 + Ly — t3).

Now observe for Cases (ii) and (iii) that by Lemma and since Y3, = Y;,, Vi, = Vi, we get

to tq
J *as(Y; *ps) ds + f *as(sz *ps) ds
t

1 t3

1 <Yg—2p1Ytl ) 1ln(Yt§—2ngtg—q2>

2 Y2 —2p1Ys, — @ 2 Y2 —2p2Ys, — @2
ZJY@ S S S - A 1

vi, T2-2pr—q 2% —2pex — @

(M1 P -2pr—q | 2 2par — o 2?4+ q 2 + g 1
B 20\ 22— 2px — +x2—2 T—q 12— 2px— 72 — 2pox — o
Yy, D1 q D2 a2 P1 q1 D2 a2

1

JY@ < ? + q N 2? + g )d
— x
v, 2z 22 =201 —q1 2% — 2pax — qo

1

10



Furthermore, note that Case (ii) implies that 0 < 22 — 2p1x — ¢; and 22 — 2psx — ¢ < 0, while
Case (iii) implies 0 > 22 — 2pyx — ¢q; and x? — 2pax — q2 > 0 for = between Y;, and Y;,. Hence
we obtain

t2 t4 Yio 1 22+ q 2 + g

L —as(Ys—ps)derL —as(Ys —ps)ds = Ltl % (—xg I —2p2x—q2) dz
1< Y2+ N Y2 4§ >
2V \Y2-2pY —§ G+2pY — Y2

1 Y%+

VY22V — g

- |thz )/t1|

R (2.5)
in Case (ii) and (iii).

It remains to estimate the term |Y;, — Y;, | with an expression of time difference. To this end,
remember the second result from Lemma [2.6] which gives

by — 8y — 1 <ln <P%+Q1—(Y¥1 —p1)2> —|—21n< P2+ q1 + (Y, —m)))
20, p%J”h pi+a— Vi, —p1)? pi+aq + (Y, —p1)
_ jYQ T —m _ 1 e
\/m vi, Pra—(@-p)? VP+q-p+a
_ Y2 T —p1 Vrita-(@-p)

avPE+aly, DBra-(@-p)? pra-—(x-p)

1 (Yo 1
T 2_ 2 dz
Yty (z—p1)’—pi—a@

and analogously

1 (Y 1 1 (Y 1
tg —t3 = — 5 5 de = —— 5 5 dz.
vi, (@—p2)?—p5— @ a2 Jy,, (@ —p2)®—p5— @

Hence, by simular arguments as above, we get

t t1+1 t J‘Ytz L L d
o —t1+ty—t3= - T
v, a1((—=p1)?=pi—aq1) aa((z —p2)* —p3 — q2)
2
= ’Y%z _Y;fl’

(Y2 = 2pY — §)

and therefore

(Y2 = 2pY — §)

‘Y;fQ_Y;f1’<(t4_t3+t2_t1) 9

Pluging this into Estimate (2.5) we finally obtain in Case (4¢) and (éi7)

to tyq
J _as(Y:s _ps) dS + f _as(Y:s _ps) dS
t

1 ts
1 Y244 Y2 257 —
q (t4—t5+t2—t1)( pY — q)
YY2—2pY—q 2

Y2
——q 2Yq(t4—t3+t2—t1)

11



Lemma 2.8. Let Assumption [2.2] be fulfilled and assume that on the interval [to, 1) with 0 <ty <
t1 < oo the functions p, q, a are constant and Y3, € [0,Y]. Then

t Vi 2y
fto —as(Ys —ps)ds < _aﬁ(tl — o) + 7 (Y, = Yao) vy, —v3, >0} (2.6)

Proof. To shorten notation we write p, g, a for the constants ps, gs, as with s € [to,¢1). Also, we

setd := \/g . We derive estimates for the integrand of the integral in and for the duration

of the ”bad” time, where those estimates do not hold true.
First, note that, since Y is monotone and getting nearer to p + +/p% + ¢ (see Lemma ,
we get for any s € [tg, t1] with —(Y; — p) < —0 that for all r € [s, t;] we have

i) forﬁ—(ﬁ—k\/]m) <0
—(Y7~—p)——(Yr—p—¢p2+q)—Vp2+q<0—\/ms—\/g,
ii) forl@—(p—i—\/]m) )
—(Yr—ﬁ)=—(Yr—ﬁ—Vﬁ2+Q>—¢ﬁ2+6=0—\/ﬁ27+@<—\/g,
iii) fori@—(ﬁ—k\/m) >0
Q

~ (- < - (% —p) < /1

and hence in every case — (Y, — p) < —d. Thus, we then obtain

t1 t1
f —a(Y, —p)dr < f —addr < —ad(t; — s).
S S

Now we have a closer look at the case where —(Y;, — p) > —d. For this, remember the
dynamics of Y which are

S

Y5=Yt+j —a((Y,—p)?—-p*—q)dr
t

for s,t € [to,t1]. There are two cases we have to consider. Firstly, —6 < —(Ys — p) < ¢, which
implies

Ql

2
= . i}
—@((1’5—13)2—]72—Q>>—@ ( g) A’ =a<p2+2q>>2q.

And secondly the case of —(Y; — p) > J. Note that then |Y; — p| = =Y, + p < psince Y > 0 by
Lemma This gives us

~a (G -pP=1*—a) = -a((-p) - p*~q) —aa
Hence, for all s € [to, t1] with —(Y; — p) > § we have Y] > % > 0. Let
7 :=1inf{t € [to, t1]| — (V1 —p) < =} A 1
be the first time in [¢, ¢;], where —(Y. — p) < —6 or ¢; if there is no such time. Then we obtain
oo ag

[ aq
Y, Yy = | Ytz | Slat= e —t)
to to

12



and thus
2 2

T =ty < C_li(j (Y‘F - )/to) aq (Y Y;fo) :I-{Y,g1 Yto>0} (1/751 Yto) :I-{Yt1 —Y;,>0}> (2.7)

where we use that if Y;, —Y;, < 0 we know that Y;;, > p+ «/132 + ¢ > p+ 9 and therefore 7 = t.
Hence, we have the following estimates.

* For the times where —a(Y — p) < —ad we directly estimate the integrand of the left hand
side of by —ad.

* For the times where —a(Y — p) > —ad we can estimate the integrand of the left hand side
of (2.6) by —a(Y;, — p) and the length of this time interval by Estimate (2.7).

To sum up, using that 0 < p++/p2 + G =>p + \/g— Y:,, we derive

L 1 —a(Y, —p)dr < —ad(ty — 7) — a(Yy, — p)(7 — o)
—ad(ty —to) + (a5 —a(Yy, — D)) (T —to)
ﬂ(tl —tO (p—I—\/ﬁ) Y;n Yto 1{Yt1 —Y4, >0}

Proposition 2.9. Let Assumptionbe fulfilled, 0 < tp < t; <ooand Yy, € [O,Y]. Then there
exist constants 41, do > 0 independent of ty and t1 such that

t1
L —as(Ys — py)ds < —1(t1 — to) + b,
0

Proof. First, we have a look at the case, where p, ¢, a are piecewise constant. We split the path
of Y into many excursions (as described in Lemma and left over time intervals which can
not be put together to excursions. Those left over time intervals have to be such that either Y’
is monotone decreasing or Y is monotone increasing on all of them. Since 0 < Y < V (see
Lemma [2.3)) we get from Lemma that the contributions of the left over monotone intervals

in the estimate are bounded by 2%? =: do. Now we set

Y24 G av/g >
2y T v2 )’

which is the minimum of the factors that get multiplied with the time increments, given in

Lemma [2.7|and Lemma Hence, the result holds for all piecewise constant functions p, ¢, a

uniformly.

Since Y depends continuously on a, p and ¢, for every e > 0 we can choose piecewise
constant approximations a, p, ¢ fulfilling Assumption for the same bounds as a, p,q and
generating a Y’ such that max (fla— alloo,[to,t175 |12 = Blloo,[t0.t11+ 14 = @lloo 0,011 1Y — YHOO,[to,tl]) <é1.
Now observe that

11 t1 -
J _as(}/s _ps) dS - f _ds(Yis _ﬁs) dS
t

0 to

01 := min (&

ftl (s — @) (s — ) — as(Ys — Vi — (ps — ) ds

0

t1 B t1
< |a—aooU ¥, — pods| + (Y — Pllo + p—moo)f 0 ds
to to

< fla = aooT(Y + max{[pl, [p}) + (|Y = Yoo + |p = Bllo) Ta

13



1 - and obtain

Hence, we can choose for every e; > 0 our 1 as g1 = %m
maxy|p|,|P a

t1 t1 - ~
J oYy — py)ds — f ao(Vy — py) ds| < 1 T(V + max{[p], [5[}) + 2617 < e5.
t

0 to

Thus, the result for piecewise constant functions holds also true for all allowed functions a, p
and gq. |

Proposition 2.10. Let Assumption [2.2]be fulfilled. Denote with Y the solution of the ODE

S
T N T
t

for 0 <t < s < oo. Then there are constants K1, Ko > 0 such that for all x1,x2 € [0, f/] we have
that

’Y;’xl _ Yst,wg‘ < |vg — o Kle*IQ(S*t)
forall0 <t <s <o
Proof. First, note that for zo € R the dynamics of Y*#0 are the same as of Y above. Furthermore,
by introducing the function h(r,z) := —a, (2* — 2p,z — ¢,) for (r,z) € [0,0) x R and using
differentiation in its weak sense, we can write the dynamics as

t
asyst,ro — h(S,Y;t’mO), Y, YT _ To.

By standard theory (see e.g. Theorem 1 in Chapter 2.5 of [11]) it is known that Y*%° is also
differentiable with respect to its initial value xy and that 610}’;’%0 solves the differential equation

y,(s) = awh(saytstwo)y(s)a Yt = 17

which has the solution

S

Oy Y™ = y(s) = exp <J Ozh(r, Y"0) dr> = exp (f —2a, (Y,5™ — p,) dr> .
¢ t

Therefore,
O Y0 < exp (=201 (5 — t) + 262)

for some constants 41, do > 0 by Proposition Hence,

t,x1 t,xo| _
b

T
f 0, Y dx

T2

<

1
J exp (—201(s —t) + 202) dz

z2

= |x1 — z2| exp (—201(s — t) + 202) .
Thus, defining K := ¢ and K, := 26; we obtain the claimed result. [ |

Now we have all necessary tools in order to prove Theorem 2.1

14



Proof of Theorem For shorter notation we write
1
2B4a(5)

and define pl = pr_s, ¢ = Gr_s and a! := ar_,. Next, we define for 0 < s <t < T and
x € [0,U] the process Y17 as the solution of the ODE

Ps := 2Bsfaa(s) + Bra(s) + Cgﬁaa(s)a s := 4Bz (5)Baa(s) — a:a(s) as =

y'(t) = —af (W) —2pfy(t) —al),  yls) ==,

which exists and is un1que by Lemma|2.3]and Assumption[1.1} Note that due to the construction
of Y we have for 0 < r <t < T that

T T 5y 10,0 T—r0.yT:0.0
Y; 0,0 _ th Ty Xy _ Y;f—rﬂo’ r

and hence for 0 <t < T < 7 also

T, 0 0 7,0,0
Yoo =y O (2.8)
A straightforward calculation yields that (Y 0 )te[o 7 has exactly the same dynamics as

(UTft)te[O,T] and hence, by uniqueness, they are equal. Thus, we can apply the results from
Proposition [2.9] and Proposition Also, for any 0 < tg < t; < T we obtain

b b T.00 T o o (Y100 _ T
—ar (U7 - pT) dr = —ap_p (YT_T - pT—r) dr = a ()/'r — Dy ) dr
¢ ¢

0 0 T—t1
—51 (tl — to) + (52

by applying Proposition Replacing a and p by their long forms, gives the stated right hand
estimate and noting that % > 0 the left hand one.

Next, let U' and U? both fulfill Equation and be bounded by 0 and U on [0,7]. Then
due to Proposition [2.10}, there are constants K1, Ko > 0, which are independent of 7', such that

T,0,U% T,0,U2 _ _ A _
T < |Uf — U3 ye R0 < Gy T

’UO Uo‘ - ’Y YT

Thus, the length of the interval of initial values, yielding by 0 and U bounded paths on the time
[0,T], is contracting with exponential speed in T'. Hence, there exists a unique point u such
that for Uy = u we have that U is bounded by 0 and U on [0, o). [ |

3 Verification of the linear-quadratic non-ergodic control

In this section we first prove a verification result, and then apply it in order to prove The-
orem [L.3]

We present the verification result not only for the linear-quadratic model introduced in
Section (1| but for a more general model. Indeed, assuming a more general setting does not
require new arguments.

Let 1 : [0,00) x R? - R and o : [0,00) x R? — R be Lipschitz continuous in the last two
arguments, uniformly in the first argument.

Let the control processes and the set A of admissible controls be defined as in Section
Given a control a, we assume that state process satisfies the SDE

dX; = ,u(t, Xt,at)dt + U(t,Xt,at>th. (3.1)

15



Notice that our assumptions imply that for every x € R the SDE has a unique solution
X* satisfying X;** = x. Moreover, one can show that for all p € [1, 00) and T € [0, c0) we have
supyefo.r) 1 X3 [P < oo (see Section 2.5 in [9]).

Let f : [0,0) x R? — R be measurable and assume that there exists K € [0, o) such that
forall ¢t,z,a € [0,00) x R x R have

[tz a)] < K(1+ [2]?).
Notice that if a € A, then the limsup cost functional

1 (7
J(z,a) = limsupETf f(s, X%, as)ds, (3.2)
T—0 0
has only finite values.
We now consider the problem of minimizing J(z, o) among all admissible controls. We show
that one can characterize the solution in terms of the following PDE

1
on(t,x) + in}ﬁ{u(t,x,a)&xw(t,x) + iaz(t,x,a)ﬁmw(t,x) + f(t,w,a)} =0 (3.3)
ae
As a terminal condition we impose that there exists € R such that for all z € R we have
lim sup — Wit z) =1. (3.4)
t—0o0 t

Proposition 3.1. Let ¢ € C2([0,0)) be a function satisfying ([3.3). Suppose that there exists
n € R such that (3.4) holds true for all = € R. Moreover, suppose that there exists K € [0, o) such
that for all t € [0,0) and x € R we have

[t ) = o(t, 0)] < K(1+ [2]?), (3.5)

and that also the space derivative 0,1 grows at most polynomially in z, uniformly in t. Then
infoeq J(z, ) = 1.
Assume, in addition, that there exists a measurable version of

a*(t,z) € argmin,.p {u(t,a:, a)0gy(t, x) + %UZ(t,x, a)Ozz¥(t, ) + f(t, , a)} (3.6)

such that for every x € R the SDE
dXt = /’L(tht7a*(t7 Xt))dt+U(t7Xt7a*(t7Xt>)th7 XO =, (37)

possesses a unique solution X** and supcjo o) E[(X;™")?] < 0. Then of = a*(t, X;"") satisfies

J(z,a*) = inf J(z,a) = n; (3.8)
acA

in particular o* is an optimal control.

Proof. Let z € R and a € A. We shortly write X = X* in the following. The Ito formula and
(3.3) imply

¢(Ta XT) - ¢(07 I)

T
_ L (atw(t,xt) oty Xy, ) 0utb(, Xo) + %02@, X, at)ﬁmw(t,Xt)> dt + My

T
= —f f(t, Xt a)dt + Mr, (3.9
0
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where My = Sg Ox0(t, Xy)o(t, Xy)dW;. The assumptions on ¢ and on « entail that

Sg(&x@b(t, X;)o(t, X3))?dt < oo, and hence E(Mr) = 0. Therefore, taking expectations on both
sides of (3-9) and multiplying with — 7 yields

L B ((0,2) — (T, X1)) < B~ JT £t Xy, on)dt (3.10)
T ) ) T A T 0 ) ty Gt . .

Notice that
1 ~Y(0,2) —(T,z)  E@T,z) — (T, Xr))

By assumption (3.4)), for the first fraction on the RHS of (3.11) we have
¢(0, ZL‘) B w(Tv .%')

lim sup =1,
T—0 T

(3.11)

and, since sup, E(X?) < o, for the second we have
E(T,z) — (T, X K(2 E(X?
s Q@) “ T X)) oK ¢ o]+ sup BXP)
T T T T
Thus, from (3.10) we get

= 0.

T
< limsup F— ! f(t Xt ap)dt = J(z,a).
T—o0 T
Since « is chosen arbitrarily, we also have mfae AJ(z,0) =n.

Now suppose that a* : [0,0) x R — R is measurable and satisfies (3.6])). Moreover, suppose
that has a unique solution X* = X* and that sup,c[ . E[(X;)?] < o. Then the control
af = a*(t,X]), t = 0, belongs to .A. Notice that the inequalities and become
equalities if we replace X with X*. We thus obtain n = J(z, o*). This yields, together with the

first part of the proof, the statement (3.8). [ |
A verification result for the liminf cost functional
1 (T
J(z,a) =liminf E— | f(s, X7, as)ds, (3.12)
T—o0 T

0
can be shown similarly. One simply needs to replace the limsup in (3.4) has to be replaced by a
liminf.

Remember that U® is the unique non-negative, bounded solution of (0.2)) as described in
Theorem 2.1]

Lemma 3.2. Let Assumption [1.1]be fulfilled. Then the process

o = fo [Usoo <bs + ¢sCs + 2@‘;5%) — B“Q(ng)(s) + Bx(s)] exp <f B, + W dr> ds

for t € [0, 0) is well defined and bounded uniformly in time.
Proof. By Theorem 2.1 we obtain

* 0 /Ba(s) ) 6a(3)/81’a( ) ] ( /Bxa Uﬁo )
UL | bs + ¢sCs - . X dr ||ds
J H : ( POt 20()) T 2Buals) P J B waa T 2Bualr)
A ﬂa(s) (s )/Bza( o~ 01(s—1)+02

S O e g | | Pg | [ s

o [0 5uls) |, | Bals)Brals) o

a seS[gEO) [U bobesCot 2faa(s) i ‘_ 2faa(s) +bals) ] o1

< o0,

which means that ¢™ is well defined and bounded. |
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In the following we use for ¢ € [0, 0), = € R the definitions

t 2

0 2
P(t,z) = %Utoo a2t o+ L —<¢§°bs + USOO%S + Bo(s) — (%4&5(&3()3)) > ds

o0 L (p;t)o - Ba(t) + (Utoo - Ba:a(t))x
a®(t,x) = 2o (D)

and

e uls)?
4ﬁaa(5)

Lemma 3.3. Let Assumption be fulfilled. Then there exists an ¢ > 0 such that

SUPye[0,00) ]E[‘Xfw|p] < oo for every p € (0,2 + ¢) and every initial value xo € R.

1 (7 c?
n:—limsupr ¢§°b5+U§°§+/Bo(s) s.

T—o0 0

For the proof of Lemma [3.3| we need the following.
Lemma 3.4. Let p,q: [0,00) — R be measurable and bounded. The integral equation

Mﬂ—M@+JUM%M@+ﬁmd&

0
for h(0) € R and t > 0, has the unique, explicit solution
t ¢
h(t) = elop(s)ds (h(O) + f g(s)e” Sop(rdr ds) = h(O)eSép(S) ds J q(s)esip(r) drds.
0 0

Proof. That h solves the integral equation is straightforward by weak differentiation. The
uniqueness follows since the integral equation is linear in 4 with bounded coefficients, which
makes it a Lipschitz ODE. |

Proof of Lemma Observe that

E [X?T] — 20+ E Ut (bs +B,xo" Pt = Ba(s) + (U = Bua () X2 ) ds]

0 2B4a(s)
t T B t §) T .
::c0+f0 (bs+m>ds+ﬁ) (BS+W>]E[X§ ]ds.

By Lemma we get
¢ Bra(s)-UT t —oT ¢ Bra(r)—U
E [XE‘T] = 2ol B a4 J <bs 4 ¥ Frald) ﬁ“(s)) el Brt ity I s
0 2Baa(s)

and hence, using that

D+ su Ba(r
< sup 4 2SI

re[0,00) 2/80,(1

*QOST + Ba(s)
25(1(1(5)

and Theorem we obtain

bs +

—¢ + Ba(r)

‘IE) [Xf‘oo” < |zole ™0+ L gup 2Bon (1)
aa\T

re[0,00)

t
br“r‘ J 6751(t77')+52 ds
0

o2 Ree
_ |x0|€626—51t + (1 o 6—511&) 67 sup Py + Ba(r)
1 ref0,00) 2B4a(r)

82 b+ su L (r
< max | [aple?, - sup |by| + d Pref0.) 1Ba(r) :
o1 re[0,00) 2B4a

by +
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Furthermore, using It6’s Formula
o\ 2
E [(Xta ) ]

t 0 0 a®
_ 2 a® a®  Ps T ﬁa(s) + (Us — ﬁﬂﬁa(s))Xs a® 2
— 22+ E UO 2X°¢ <bs + BoXC ) + (cs 4O X ) ds

e [ (oo )

+E {(Xa”)z] 2 <Bs + 6”“2(52&? gjgo + C;) ds

_ x%exp <2f0t (Bs + W) 02 o s )
+J:{C§+2E [Xg‘”] (csC Y by — wswmﬁ(ag )>}

t s)—UL :
exp (QJ <Bs+ W) Ci dr) ds

due to Lemma By Theorem [2.1] we can estimate

o\ 2
E [(Xta ) ] < xdexp (=201t + 207)

t 0 _ 3 (g
+ L {cg + 2E [Xg"’] (CSCS + bs — W) } exp (—201(t — s) + 202) ds

< z2exp (=201t + 265)

o _
+{ sup Z2+2 sup E [XS“OO] sup |csCs|+ sup |bs — %76‘1(8)
s€(0,00) s€[0,00) s€[0,00) s€[0,00) Qﬁaa(s)
2
_exp(202) (1 — exp (—26:t))
201
< 0.
With Jensen’s inequality this implies for all ¢ € (0, 2] that
0 0 ( ‘2/ ) q/2 0 2
EHXg ‘q] <]EUX§ ! q} <]EUX§ }
and hence also sup,c(g o) B [[Xgm ]q] < oo
Furthermore, for 2 < p € R we analogously obtain
a®|P
B
-2
< |zolPexp | —p | 61 — P sup C2 |t + pdy
2 s€[0,00)
2 _ -2
+ b sup [E [‘Xa ] sup cz
2 s€[0,00) s€[0,00)
-1 w0 _
+p sup E [‘XO‘ ] (p—1) sup |csCs|+ sup |bs— P = Pals)
s€[0,00) s€[0,00) s€[0,00) 2Baa(3)

exp(p52) (1 — exp (—p ((51 b2 sup Cf) t)) .
(51 == supse[o ) C2> 2 sefo,m)
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Since 01 > 0 and supe(o o) C? < o0, we get that for every p with 2 < p < 2 + W that
kl se|0,00 S

203 ye we proved the result. |

SUPsel0,00

SUPye[0,00) I [!X{"w ]p] < . Thus, setting ¢ :=

Lemma 3.5. Let Assumption[1.1|be fulfilled. Then + fulfills Equation (3.3) and a® is a minimizer
for this equation.

Proof. A straightforward calculation yields that

op(t, x) + (u(t,z) — a™(t,2))0.0(t, x) + %oz(t, x)0za0(t, )

L[ we 2.(1)
1oty PO 4Baa(t)]

v |- (g - S o) <o (-S|

0 — Ba(t) o = Balt)’
+ [—Bo(t) - utt) (E ) = i) (P ) ]
— _f(t,z, 0™ (L, ). 19

Next, observe that since f is strictly convex in a and the remainder of Equation (3.3) is affine
linear in a, we get that if the derivative with respect to a becomes zero, we are in the unique
minimum. Using this, we obtain by

O [ﬁtd)(t,x) + (pu(t,x) —a)op(t, z) + %(72(t,x)6’xxw(t,az) + f(t, x,a)}

a=a®(t,x)

= [*acﬂb(ta m) + aaf(tv €T, a)]

a=a® (t,x)
= Uz — o + Bra(t)x + Ba(t) + 2Baa(t)a™ (t, z)
=0
that ¢® minimizes Equation (3.3). Therefore, plugging the minimizer ¢ into Equation (3.3)
and using the result of Equation (3.13) we get
1
2u0t,) + i | t,2) = )0rb(t,2) + 00,0000t ) + S (t2,0) |

= At 3) + (ult, ) — (1, )21, 7) + 50 (t, 2t (1,2) + F(1, 7,07 (1,)
= 0.
[ |
Theorem 3.6. Let Assumption be fulfilled. Then a*® is an optimal control, 1 fulfills and
J(z,a®) = oi[gf;‘j(x,a) =.

Proof. We want to apply Proposition (3.1
Lemma already yields that ¢ fulfills (3.3) and that a*® is the corresponding minimizer.
Next, observe that

c? ©_3.(s))?
) vt L(UP)a? + g+ §o — (92bs + UZS + fols) — 200 ds
imsup — = lim sup —
t—»oop t—»oop t
1t c2 (6% — Bals))?
— i S oo%h, + URS _ Wy = Pal8))” 4
Htliigp ; fo g bs + U, 5 + Bo(s) Taals) s
="
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since U® and ¢® are bounded. Furthermore, for the same reason,

[9(6,2) — 9(6,0)| = | SUF) + o
< K(1+ 2%

and 0,v(t, x) = Uz + ¢ is linear in x with an in time uniformly bounded factor.
Finally, Lemma gives the bounded second moment of the controlled process, which
means that all conditions of Proposition [3.1] are fulfilled, yielding the statement. |

4 Conclusion

We have shown that under Assumption the problem of minimizing the limsup long-term
average cost functional is well-posed, and we have described an optimal closed loop
control in terms of the unique bounded and non-negative function U*. Some further questions
arise naturally.

First, is it possible to extend the results to a multi-dimensional setting? Following the same
approach, a multi-dimensional Riccati equation on [0, o) has to be studied. Notice that some
of the comparison arguments of Section |2 can not be simply transferred to a multidimensional
setting.

If the drift and diffusion coefficients in the linear state dynamics and the coefficient of the
quadratic cost function f are themselves stochastic, then it is natural to assume that the solution
of the control problem can be described in terms of a stochastic Riccati equation on [0, o). Is is
possible to prove existence and uniqueness of a solution and to obtain an optimal control with
it?

Finally, we believe that one can generalize the results of Proposition and Proposition
to the more general setting, where the derivative of Y is a strictly concave function having
a strictly negative and a strictly positive zero. Also the starting value of Y can be generalized to
be greater than any negative zero. A proof for this claim, using abstract arguments instead of
the tedious calculations as presented in Section [2} is left for future research.
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