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The mysterious pseudo-gap (PG) phase of cuprate superconductors has been the subject of intense investiga-
tion over the last thirty years, but without a clear agreement about its origin. Owing to a recent observation in
Raman spectroscopy, of a precursor in the charge channel, on top of the well known fact of a precursor in the
superconducting channel, we present here a novel idea: the PG is formed through a Higgs mechanism, where
two kinds of preformed pairs, in the particle-particle and particle-hole channels, become entangled through a
freezing of their global phase. Remarkably, this entanglement is equivalent to fractionalizing a Cooper pair
density wave (PDW) into its elementary parts; the particle-hole pair, giving rise to both density modulations
and current modulations, and the particle-particle counterpart, leading to the formation of Cooper pairs. From
this perspective, the “fractionalized PDW” becomes the central object around the formation of the pseudo-gap.
The “locking” of phases between the charge and superconducting modes gives a unique explanation for the un-
usual global phase coherence of short-range charge modulations, observed below 7. on phase sensitive scanning
tunneling microscopy (STM). A simple microscopic model enables us to estimate the mean-field values of the
precursor gaps in each channel and the PG energy scale, and to compare them to the values observed in Raman
scattering spectroscopy. We also discuss the possibility of a multiplicity of orders in the PG phase and give an

overview of the phase diagram.

I. INTRODUCTION
A. General introduction

The PG ‘phase’ in the cuprate superconductors remains
one of the most enduring mysteries of condensed matter
physics. It was first observed as loss of density of states at
intermediate oxygen doping -~ 0.08 < p < 0.20, where part
of the Fermi surface is gapped in the anti-nodal (AN) region
( (0,£7) and (£m,0) ) of the Brillouin zone, leading to
the formation of Fermi arcs (see e.g. Ref. [3 and 4]). The
partial gapping of the Fermi surface is very puzzling, because
it breaks the Luttinger theorem which counts the number
of electrons in a reconfiguration of the Fermi surface. To
account for this very unusual observation, several approaches
have been put forward. The first one focuses on the proximity
to the Mott transition, and states that due to the strong
Coulomb interaction (U =~ 1eV), the electron fractionalizes
into elementary parts,”” for example spinons and holons,
which accounts for the formation of the pseudo-gap. This
line of thought was developed over the years with one
famous candidate: the formation of spin singlet through
the Resonating-Valence-Bond (RVB) state. ” A second line
of thought remarked that, in the vicinity of a localization
transition, the phase of all fields fluctuates wildly. ' Scenarios
with phase fluctuations and preformed but incoherent Cooper
pairs were thus proposed. These scenarios were very
strong in describing the fluctuations above 7. For example,
the unchanged AN spectroscopic gap across T, up to 1™,
has been understood as the presence of preformed pairs -or
superconducting fluctuations, above 7. Unfortunately,
preformed Cooper pairs could only be observed up to a small
temperature above 7, and not up to 7.'~

In this paper, we give a second life to the preformed
pair scenario with a new idea. We propose that the PG phase
is comprised of two kinds of competing preformed pairs:
particle-particle (p-p) and particle-hole (p-h), having very
distinct symmetries, but which get entangled at 7" through
a freezing of their global phase. In our theory, 7™ is a true
phase transition temperature with a broken U(1) x U(1)
gauge symmetry, the second U(1) gauge symmetry getting
broken at 7,. One U(1) correspond to the electromagnetic
charge symmetry and the other U(1) is associated to the
gradient of the local phase of the p-h pairs. Since p-h pairs
are neutral to the electromagnetic field, the second U(1) is
identified as a neutral gauge field, minimization of which
generates a constraint between the two pairs. Remarkably,
the emergence of a neutral gauge field can be seen from
another novel parallel point of view where a PDW order
parameter fractionalizes into elementary p-p and p-h pairs
with a constraint between them and thus entangling them.
Within this parallel viewpoint, the ‘fractionalized’ PDW can
be seen as a fundamental object lying at the origin of the
formation of the PG phase. A gauge field associated to a
neutral field resulting in a constraint is also considered in
the case of electron’s fractionalization where the constraint
is that of no double occupancy of electrons on lattice sites.
Here, instead of fractionalizing electrons, we fractionalize an
order parameter, PDW, the one which is fragile and difficult
to stabilize in most theoretical approaches.

Each of the two preformed pairs leads to the formation of a
‘primary’ state at low temperatures, but our theoretical formu-
lation is generic and could accommodate for other ‘primary’
states, like anti-ferromagnetic stripes, thus opening space for
the solution of various debates in the PG puzzle.



B. Prescription of two kinds of preformed pairs and
fractionalized PDW

One of the recent developments in the physics of cuprate
superconductors is the ubiquitous observation of Charge Den-
sity Modulations (CDM) in the underdoped regime. It was
first observed by STM in the superconducting phase, as mod-
ulations inside the vortex core.'” ' Observation of quan-
tum oscillations, X-ray""~" and NMR measurements’
have completed the picture. The 2D CDM have a predomi-
nantly d-wave symmetric form factor~"" and lives on the Cu-
Cu bonds in a one band picture.

Very recently, a new feature emerges in Raman spec-
troscopy which reports for the first time a precursor
gap in the charge (particle-hole) channel, observed as
a peak in the By, response of the cuprate compound
HgBasCayCusOg45 (Hg-1223).”" Similar feature is also ob-
served in other cuprates like HgBasCuOy4ys (Hg-1201)""
and YBayCu3Og, (YBCO).”' It is shown in Ref. [37] that
the spectral gap associated to the charge order is of the same
order of magnitude as the superconducting gap, and that both
gaps behave in a similar way with doping, following 7™ rather
than T,.. This very intriguing experiment is calling for a re-
consideration of the scenario of preformed pairs, but with two
kinds of preformed pairs in competition, in the p-p and p-h
channels. Due to the near degeneracy, the system hesitates
energetically between forming p-p and p-h pairs. This fact
motivates our ansatz of an entangled state of p-p and p-h pairs
for the PG state and a constraint between the two relates their
energies to the PG energy scale.

Moreover, a PDW order has been recently observed below
T. in the halo”” surrounding the vortex core in the cuprate
compound BisSroCaCusOg45s (BSCCO). This PDW occurs
with modulations both at the same wave vector as the charge
modulations and at half of its value. A PDW in the same
compound was also observed in the absence of magnetic field
using a superconducting STM tip."’ The zero field PDW was
only observed with the same vector as charge modulations.
These observations inspired several theoretical works™ '~
indicating their importance in the PG phase, but with no
consensus on whether the fundamental state is a PDW or a
charge ordered state. In our formulation, we provide, for
the first time, a viewpoint based on ‘fractionalized” PDW
which is the fundamental object. In the PG phase, the PDW
is fractionalized to p-p pairs and p-h pairs. Only at low
temperatures these two pairs recombine and a PDW can be
observed. Through this new perspective, we reconcile the
debate of the nature of the fundamental state.

On a different side, there are growing experimental in-
dications that the PG phase sustain a ‘true’ symmetry broken
state. Resonant ultrasound spectroscopy” " reports a thermo-
dynamic phase transition at 7 associated with the emergence
of the PG phase. STM, anomalous Nernst effect,
torque-magnetometry and polarized neutron diffraction
measurements all indicate that the four-fold (C) rotational
symmetry is broken at 7*. In addition, polarized elastic neu-
tron scattering” >’ and optical second harmonic generation

FIG. 1. Schematic representation of the square planar Cu lattice
with both A;; and x;; living on nearest neighbor bonds (ij) (Cu-
Cu bonds). The site j can be either of the four nearest neighbors of ¢
whose coordinates are r; = r; + d with 6 = +u, or £ 4, where &
is the lattice translational operator. The operator d gives the d-wave
character with d = 1 for § = 44, and d = —1 for § = +4,. We
have constructed the continuum field theory in Sec. II using a coor-
dinate system on the midpoints of the bonds, » = (r; 4+ r;)/2. The
midpoints are shown as orange dots with ‘+’ and ‘-’ indicating the
d-wave character of the bonds. These midpoints constitute a tilted
square lattice (shown with dotted lines) with an ‘anti-ferromagnet’
like arrangement.

measurements suggest that the time reversal symmetry and
parity can be further broken at 7. All of these indicate that
there can be intra-unit cell ) = 0 (translational symmetry
preserving) orders developing at 7*. None of these () = 0
orders can explain the opening of a gap in the AN region in
the fermionic spectrum or the existence of a finite () charge
order at lower temperatures.

The PG phase thus behaves like a ‘Frankenstein’ crea-
ture showing numerous different puzzling properties which
seems apparently disconnected to each other. A the-
ory that coherently connects all of these phenomeno-
logical features is a need of the hour. In this en-
deavor, we postulate that the PG state is an ‘entangled’
state of preformed Cooper pairs (Aij = afzg ocj_,,cig)
and preformed bond-excitonic pairs (particle-hole pairs)
(Xij = JZU czgcjoeiQ'(”*’”f)/Q), both of which live on
nearest neighbor bonds (ij) (see Fig. 1) of the square planar
Cu lattice and d gives a d-wave structure factor. The formula-
tion of this paper does not need any specific form of the mod-
ulation wave vector (). The preformed p-p pairs on bonds will
correspond to the d-wave superconducting (d-SC) order and
the preformed p-h pairs on bonds will correspond to the mod-
ulating d-wave bond-excitonic (d-BDW) order. Since the d-
BDW order parameter is complex, the real part can lead to the
d-wave charge density wave (d-CDW) and the imaginary part
can lead to the d-wave current density wave (d-currentDW), as



in previous studies.” The PG state is described by a spinor or
a doublet with two constituent states - d-SC and d-BDW. From
an alternative viewpoint, these two constituent states emerge
from the fractionalization of a PDW field. The PDW field can
be observed when it recombines due to condensation in ei-
ther d-SC or d-BDW at low temperatures. Fluctuations in the
PDW field can further give rise to ‘auxiliary’ ) = 0 orders.
Thus on the one hand our proposal has the prospects of gen-
erating finite () orders like d-CDW and PDW at relatively low
temperatures, it can also induce the ‘auxiliary’ magneto elec-
tric loop current order parameter at () = 0 which can account
for the breaking of both time reversal symmetry and parity in
the PG phase.

C. Theoretical perspective
1. Higgs mechanism and fractionalization of a PDW

In field theory, the “Higgs mechanism” is typically associ-
ated to the freezing of a phase resulting in a broken gauge
invariance. The vector potential corresponding to the gra-
dient of this phase hence gets expelled from the system; it
gets massive.”” A prototype example of Higgs mechanism in
condensed matter physics is superconductivity,”” where the
phase of the superconducting order parameter is frozen. Here,
the T line is ascribed to a specific Higgs mechanism which
freezes the global phase of the two kinds of preformed pairs.
The gauge field corresponding to the global U(1) phase ac-

quires amass E* = 1/ |xi; ?+ 1A |? which is identified with

the spectroscopic PG energy scale E*. It is shown that the
freezing of the global phase entangles the two kinds of pre-
formed pairs at 7. Due to the composite nature of the gauge
field, the electromagnetic (EM) field does not get expelled at
T*: there is no Meissner effect.

A state with two preformed pairs corresponding to the d-
SC order and the d-BDW order can be described by a U(1) x
U(1) gauge theory. One U(1) corresponds to the usual charge
symmetry (usually broken by superconducting ground state)
and the other is related to the local phase 0, of the d-BDW.
Since the d-BDW is neutral to electromagnetism, the gradient
of 6, is a neutral gauge field o, = 0,0,, minimization of
which generates the constraint x7; + AF; = (E*)* (E* =1
being a high energy scale). The theory described in this paper
is a unique proposal, which differs from the existing gauge
theories”" in one essential way. Our description does not in-
volve any fractionalization of the electron’s degrees of free-
dom, but rather, we fractionalize an “order parameter”.””
The neutral gauge field can be thought as the fractionaliza-
tion of a PDW into two elementary parts: particle-particle and
particle-hole on a bond Appw = A X;;» associated to the

constraint x7; + A, = 1.

2. PG energy scale

Historically, it has been argued that the spectroscopic signa-
tures of the PG revealed two energy scales.” One corresponds
to a kink along with a depletion close to the Fermi level in
spectroscopic probes like angle resolved photo emission spec-
troscopy (ARPES),”” ™" scanning tunneling spectroscopy”~
and Raman spectroscopy.” ™" The other, higher energy scale,
is associated to the downturn in the Knight-shift measured
from NMR experiments' and the higher energy hump in
ARPES or Raman spectroscopy. The argument of two distinct
PG energy scales, typical of strong coupling approaches, in-
terprets the higher scale as responsible for spin singlet forma-
tion (a typical example is the RVB state) and the lower scale
arising due to the superconducting fluctuations. Importantly
in our paper, the PG is associated to only one energy scale E*
arising from the same constraint obtained both from the Higgs
perspective and from the parallel perspective of fractionalized
PDW. E* is visible as coherence peak in STM or ARPES
and pair-breaking peak in Raman spectroscopy at roughly the
same energy. This single energy scale acquires its definition
for temperatures below 7. In our view, the higher energy
hump seen in ARPES or Raman spectroscopy is not an inde-
pendent energy scale and is possibly related to the coupling of
fermions to a collective mode."”’~

3. Entanglement of two kinds of preformed pairs

The U(1) x U(1) gauge theory can be reformulated for
fields on bonds (¢, j), in terms of a global phase’” and a rel-
ative phase of the two preformed pairs without any loss of
generality. In the case of superconductivity, the ground state
is given as | SC') = A;; |0) where |0) is the vacuum state. This
ground state breaks the charge U(1) gauge invariance and the
gauge field acquires a mass 1/ (SC|SC) = A where A is the
uniform superconducting gap. In contrast, the ground state
corresponding to the PG phase is an entangled state given as
|PG) = (Ai; + xi;)|0), which is a quantum superposition
of d-SC and d-BDW orders (a ‘super-solid’ phase). At T,
(PG|PG) gets condensed to a non-zero value with a broken
gauge symmetry, henceforth the gauge field acquires a mass

E* = \/(PG|PG) = 4/ ‘Xz’j|2 + |Aij\2, which characterizes
the PG energy scale. In order to minimize the energy, the sys-
tem chooses to condense in this entangled state instead of con-
densing separately in either of the pairs (also see Sec. III B 2).
Our ansatz is equivalent to fractionalizing a PDW in the PG
phase. This special Higgs mechanism induces a strong com-
petition between the two preformed pairs. As a result, the am-
plitudes of the d-SC and d-BDW orders fluctuate wildly just
below 7™ with no uniform components. Thus, neither of the
three orders, d-SC or d-BDW or PDW, condense at this tem-
perature showing that the translational symmetry or the charge
symmetry is not broken at 7.
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FIG. 2. Schematic temperature (T)- hole doping (p) phase diagram
for a cuprate superconductor. The vertical dotted black line demon-
strates an adiabatic decrease in temperature from a representative
high temperature (7" > T) point in the phase diagram. As explained
in the text, the system hits the first Higgs mechanism freezing the
global phase of the p-p and p-h preformed pairs entangling them at
T™*. This induces a constraint between the amplitudes of the two or-
der parameters. The fluctuations of the relative phase and the two
amplitudes can be described by an O(3) non linear o-model. Lower
temperature crossover lines 7, and T’ correspond to the mean field
lines where the amplitudes of the two preformed pairs get condensed
giving a uniform component to each. A second Higgs mechanism
occurs at T¢, where the relative phase also gets quenched. We also
note that the theory described in this paper is strictly valid for dop-
ings p > 6%. Especially, we do not intend to explain the Neel tem-
perature (1'v) demarcating the anti-ferromagnetic phase. For lower
dopings (p < 6%), there are other effects like competing magnetic
orders or modifications in the effective action owing to the strong
electronic correlations.” We neglect these effects in the current pic-
ture.

4. Phase diagram

With this prelude, we describe the phase diagram of the un-
derdoped cuprates. A first Higgs mechanism at 7" freezes
the global phase of the two preformed pairs. The PG state
below T is thus a state with entangled p-p and p-h pairs
with no long-range order. The concept of two kinds of pre-
formed pairs makes the amplitude and the phase fluctuations
of the d-SC and d-BDW orders distinct. As a result, this opens
up possibilities of different temperature lines existing in the
rich phase diagram of underdoped cuprates, as depicted in
Fig. 2. Lower temperature crossover lines T, and 77, corre-
spond to the mean field lines of the p-h and p-p pairs respec-
tively, where the amplitudes of the d-BDW and d-SC orders
condense to give uniform components in the same spirit as
that of Bose condensation of preformed pairs (for details see
Sec. IID). At T,,, the short-range d-CDW can be observed in
X-ray, STM or NMR measurements due to the pinning of the
phase of the d-BDW order. An NMR perspective on pinning

of the charge order in YBCO and its similarity with pinning
in layered metals is given in Ref. 34. Since T, and T, are
mean-field lines, their relative position in the phase diagram
depends crucially on the details of the microscopic models.
Here, we consider T, > 7. A possible justification comes
from the microscopic model (Eq. (42)) chosen in this study.
A large off-site density-density interaction in this model can
lead to an enhanced 7T,,. The mean-field precursor gaps of
both the d-SC and d-BDW orders become well defined below
T!. But the relative phase still fluctuates and thus there is no
phase coherence in d-SC or d-BDW orders. 7. marks the on-
set of the pairing fluctuations as observed in Nernst effect,
transport studies © and Josephson SQUID experiments.' ' The
relative phase of the two orders gets frozen at a lower tem-
perature T, where the phase coherence sets in for both the
d-SC and d-BDW orders with a formation of a ‘super-solid’
like phase. Some signatures of a ‘super-solid’ like phase can
be seen by the observation of the charge order in X-ray,
STM and NMR™ measurements even in the supercon-
ducting state at zero magnetic field for temperatures below
T. down to T' = 0. The correlation length of the charge order
is not expected to increase for 7' < 7. due to a strong compe-
tition with d-SC. Instead, the correlation length features
a maximum at 7,.”” showing an intimate connection between
the d-SC and d-BDW orders. We remark that if the pinning
of the d-BDW order is too strong, no superconductivity can
emerge below T,. Our formalism thus implies that the pin-
ning is present but weaker than the Higgs mechanism giving
rise to a bulk superconductor at 7,. Lastly, as already noted,
since the d-BDW is a complex field, preemptive orders break-
ing discrete symmetries like parity, time reversal or lattice ro-
tation, usually discussed in the context of Q = 0 orders such
as electronic nematicity or loop current state, at higher tem-
perature have to be present, in the same line of thought as in
previous studies.

The phase diagram can also viewed from the perspective
of fractionalization of the PDW field. As mentioned earlier,
the entanglement of p-p and p-h pairs at T is equivalent to
fractionalizing a PDW Appw = A;;x;; into elementary p-p
and p-h pairs. The PDW reconfines locally when either of the
two elementary constituents condenses. Similar confinement
transition occurs in the theories of electron’s fractionalization
where electron reconfines when either of the elementary con-
stituents ‘spinons’ and ‘holons’ condense. At T = T,, the
PDW field reconfines locally due to the condensation of the
d-BDW field amplitude. The system will show a short-range
PDW state. For T' < T,, the theory allows for two possible
PDW fields: Appw = AjjXx;; involving the global phase of
the p-p and p-h pairs and Appw involving the relative phase.
While Appw acquires global phase coherence at 7., Appw
obtains global phase coherence only at 7.

A true long-range charge order, PDW or ‘super-solid’ is
never established in the absence of magnetic field due to
the omnipresence of disorder in cuprates. Disorder acts on
the charge order as a ‘random-field’.”” Following Imry-Ma
criterion,”” any strength of ‘random-field’ disorder disrupts
the long-range coherence in charge order in dimensions d < 4.
This is not the case for the superconducting order as disorder



does not directly couple to the superconducting order parame-
ter as ‘random-fields’. Thus for T' < T, the superconducting
order shows a true long-range nature in d = 3 or a quasi long-
range nature in d = 2. But, a 3D charge order acquires a true
long-range nature only at high magnetic fields when it shows
uniaxial behavior (breaking a nematic discrete symmetry”")
or in the additional presence of chain-disorder.”” As a conse-
quence, the PDW order, which is a bilinear combination of the
charge order and the superconducting order, can show long-
range features only at zero temperature or at high magnetic
field.

5. Connection with theories on preformed Cooper pairs

In the past, the preformed Cooper pairs®” were explored in
details in scenarios where the phase of the Cooper pairs
fluctuates. A distinction has to be made between fluctuating
scenarios, where the focus is on the strength of the fluc-
tuations, and preformed pair scenarios where the em-
phasis is put on strong short-range Cooper pairs which lead to
models analogous to the Bose Einstein Condensation (BEC)
phenomenon. For cuprates, it is indeed natural to assume that
the size of the preformed pair, if they exist, is very short, of a
few lattice sizes, giving credit to models which treat them as
hard core bosons. In this preformed pairs scenario, the PG can
be related to a precursor gap of fluctuating preformed Cooper
pairs (p-p pairs), which acquire a phase coherence only below
T..' " This approach goes well with the experimental ob-
servation that the ‘coherence peak’ position in ARPES does
not change when the temperature is reduced across 7.. How-
ever presence of superconducting fluctuations up to 7T* was
largely debated. Experimental observations of Nernst effect,
transport studies and Josephson SQUID measurements iden-
tified the region of superconducting fluctuations only up to a
small temperature above T,. This issue can be resolved by
invoking a partner competitor like p-h pairs, which reduces
the temperature window of superconducting fluctuations near
T..”” Furthermore, recent observation of preformed p-p pairs
up to 7™ in pump probe experiments "~ ° revived the idea of
fluctuating preformed pairs.

In our work, we extend to two kinds of competing p-p and
p-h preformed pairs keeping various phenomenological ad-
vantages of the preformed p-p scenario. For example: (a) In
both the approaches, the presence of p-p pairs will result into
the Fermi arcs as observed in ARPES. Superconductivity is a
whole Fermi surface instability. At temperatures higher than
T., the nodal quasi particles will be more prone to fluctuations
leaving the antinodal gap unperturbed. * As a result, the Fermi
surface will be gapped in the anti-nodal region. (b) In analogy
with the preformed p-p scenario, in our approach, both 7, and
T., is expected to show a dome shaped doping dependence
whereas T™ decrease monotonically with doping. This is be-
cause of an additional source of fluctuations at low doping due
to closeness to the Mott transition, so that phase fluctuations
are too strong to stabilize d-SC and the coherent puddles of
charge modulations. (c) Owing to the notion of preformed
pairs, the PG T line will show universal” features indepen-

dent of disorder or magnetic field in contrast to both d-CDW
and d-SC ground states which are affected by non-magnetic
impurities like Zn and pressure. """ This is very sim-
ilar to the idea of persistent gap (because of preformed p-p
pairs) in s-wave superconductors in the presence of strong
disorder' "~ or magnetic field.

6. Connection with emergent SU(2) theories

In order to describe the PG phase of the underdoped
cuprates, there were earlier proposals based on emergent sym-
metries between the d-SC order and a non-superconducting
‘partner’. Some of these include an SO(5) symmetry with
antiferromagnetism '’ and an SU(2) symmetry with d-density
wave ° or m-flux state.'”” More recently, theories with emer-
gent SU(2) symmetry are explored where the non-
superconducting ‘partner’ correspond to charge order. The
SU(2) symmetry admits only a few exact realizations in con-
densed matter physics. In the case of the attractive Hubbard
model at half-filling, the symmetry is exactly realized in the
ground state with a commensurate modulation wave vector
(m,m).'"” The eight hot spots model provides as well an ex-
act realization of the SU(2) symmetry between the d-SC or-
der and the d-BDW order, with an incommensurate d-BDW
modulation wave vector relating two adjacent hot spots on
the diagonal.’ ' Although the SU(2) emergent symmetry pro-
vides a strong phenomenology for underdoped cuprates, a ma-
jor drawback is that its exact realization in ground states is
fragile' '° with respect to the variation of tunable parameters
like doping or the curvature of the Fermi surface at the hot
spots.' '’ The present formulation solves this issue by provid-
ing a robust mechanism for the opening of a gap. The Higgs
mechanism at 7" leads to a constraint between the amplitudes
of the two order parameters (|x;; 1+ |A > = E*?) where the
relative phase as well as the two amplitudes fluctuate. In con-
trast, a similar constraint is an outcome of the SU(2) symme-
try in the emergent symmetry theories. In the eight hot spots
model, for example, the symmetry is imposed at the hot spots
via an exact superposition of the two order parameters satisfy-
ing the constraint. In the present model though, the constraint
is imposed at each bond, such that the two order parameters
fight for phase space in momentum space, but also gain free-
dom to gap out a larger part of the Fermi surface. In spite of
having very similar phenomenologies (like the constraint be-
tween the two order parameters), the two models differ in that
we get the T line as a true phase transition, associated with
the breaking of a U(1) gauge symmetry.

In both approaches though, the fluctuations below T are
described by a Non Linear o-Model (NLoM): the O(4) NLocM
for the eight hot spots model and the O(3) NLoM or equiva-
lently the SU(2) chiral model with the fluctuation space re-
duced to an Sy sphere. These fluctuations can be further re-
cast into the C' P! model and remain protected by the Higgs
mechanism in a wide range of doping. If we try to accom-
modate multiple ‘partners’ in the theory, the fluctuations can
be recast into a C'P™ model or an SU(n+1) chiral model with
n+1 complex fields satisfying the constraint. The C'P™ model



and the SU(n+1) chiral model are topologically equivalent for
any general n''° (also see Sec. D 1). However, the equiva-
lence of a C' P™ model with an O(n + 2) NLoM is only valid
for n = 1. For example, O(n + 2) NLoM does not have
topological properties for n > 2 whereas the C'P™ model is
topologically non-trivial for all n. Thus, an extension of our
formalism to the SO(5) model is not possible.

Though T* corresponds to a true phase transition in our
theory, the presence of two dimensional fluctuations and topo-
logical fluctuations coming from the O(3) NLoM will obscure
the observation of singularities in thermodynamic probes.

D. Organization of the paper

We organize the paper in the following way. In the first
part of the paper (Sec. IT), we formulate the Higgs mechanism
for a generic spinor comprising of two complex order param-
eters with a U(1) x U(1) gauge structure (also see Table. [ in
Appendix A). The Higgs mechanism freezes the global U(1)
phase of the spinor below a temperature 7. This freezing
of the global phase can be interpreted as the Hopf fibration
of an S3 sphere to an Sy sphere (Sec. IIB). As a result of
this reduction to the S sphere, we accommodate topologi-
cal structures like skyrmions of pseudo-spin operators. With
a special choice of the spinor where the individual compo-
nents correspond to the d-SC and d-BDW order parameters,
we show how the Higgs mechanism influences the response of
these individual orders to an external EM field (Sec. I1 C). This
Higgs phenomenon leaves the conventional London equations
describing Meissner effect invariant. We further demonstrate
that the structure of the fluctuations below 7™ can be ex-
plained using an O(3) NLoM (Sec. [I D).

In the second part of the paper (Sec. III), we illustrate the
U(1) x U(1) gauge theory in the context of cuprate super-
conductors and relate 7" with the pseudo-gap temperature.
In this case, the spinor comprises of a d-SC order parame-
ter and a d-BDW order parameter with an entanglement of
the global phase of the two at 7™ (Sec. I A 1). We show
that the phase entanglement can be interpreted as fraction-
alizing a PDW order parameter with a neutral gauge field
(Sec. IIT A 2). Beside giving a simple account for the under-
standing of cuprate phase diagram in the underdoped region,
the theoretical framework discussed in this paper can explain
many unique signatures seen in existing experiments on dif-
ferent cuprates. In Sec. III B, III C and III D, we focus on the
following experimental features:

1. Precursor gaps of preformed pairs (observed as pair-
breaking peaks in Raman Spectroscopy): Recent elec-
tronic Raman spectroscopy’’ for the first time identified
a precursor gap in the p-h charge channel, characterized
as a peak in the By, response of a prototype cuprate. In
the context of this paper, these measurements highlight
two key features: a) The near degeneracy of the associ-
ated energy scales of p-h and p-p pair breaking peaks,
and b) the same doping dependence of both these peaks
as that of 7. In Sec. III B, using a simplified micro-
scopic model, we estimate the mean-field values of the

precursor gaps. We also give a mean-field estimate of
the PG energy scale and show that there is only one
energy scale characterizing the PG phase. Calculating
the momentum dependence, we obtain a gap repartition
in the Brillouin zone by two kinds of preformed pairs.
The doping dependence of these gaps in different parts
of the Brillouin zone have a close resemblance to what
is observed in Raman spectroscopy.

2. d-CDW spatial phase coherence (observed in STM):
Another distinctive feature of our formalism is that both
the relative phase and the global phase of the d-SC order
parameter and the d-BDW order parameter is fixed be-
low T¢. Thus yx;; and A;; both acquire a spatial phase
coherence. In the presence of a magnetic field, the d-
SC amplitude is suppressed near a vortex core. As a
result, owing to the constraint between the two order
parameters, the d-BDW order becomes more recogniz-
able near a vortex core than it is away from the core.
This was illustrated by the observation of the enhanced
d-CDW (real part of the d-BDW order) near the vor-
tex cores in STM. "~~~ Remarkably, the d-CDW pud-
dles formed near vortex cores exhibit a strong spatial
phase coherence, '~ substantiating the theory proposed
in this paper (also see Sec. II1 C).

3. Multiple orders in the PG phase (PDW and loop cur-
rents): The Higgs mechanism at 7 results in the freez-
ing of the global phase of the spinor. This leads to an
emergence of a long-range phase coherent PDW order
below 7. Fluctuations in the PDW order for T' > T
give the possibility of an auxiliary ‘loop current’”” or-
der in the PG phase, breaking discrete symmetries like
time reversal symmetry and parity (see Sec. [II D).

Finally in Sec. IV, we conclude by summarizing our main
outcomes and placing our results in the context of the existing
literature in cuprates.

II. THE U(1) x U1) GAUGE THEORY

Now, we come to the theoretical formulation of our paper,
i.e., to describe the Higgs mechanism for a spinor (or dou-
blet). We start with an action acting on a doublet field, which
shows U(1) x U(1) gauge invariance, and we freeze the cor-
responding overall U(1) phase through a Higgs phenomenon.
The mass of the corresponding Higgs boson can be a good
candidate for the estimation of the pseudo-gap energy scale of
underdoped cuprates.

A. The model, gauge invariance and the entanglement scale
We consider two complex fields z; and 2z, forming a spinor

z
¢=<£);

Pl = (21,23). (1)



The corresponding action reads as

E, F" ),
(@3]

1 1 .
Sup = /ddx [% |Dub> + V() + ZFWF“ +

with D, = 8,, — ia, — iT3by,
F = 0uay — Ovay,
and F,, = 8,b, — d,b,,

wherein, 73 is Pauli matrix in the 2 x2 spinorial space, and
a, and b, are gauge fields corresponding respectively to the
spinor’s global phase 6 and relative phase ¢. The F},, F'*¥ (or
F,WF/”’) terms are there to get the most generic form of the
action, but they can be put to zero if one gauge field is neu-
tral. While we carry out calculations in this section without
specifying the form of z; and z, for generality, the physical
meaning of the gauge fields for the case of cuprates is made
apparent in Sec. III where we take a specific choice for z;
and z (Eq. (23)). The form of |D#d)|2 in Eq. (2) is explic-
itly SU(2) symmetric and a motivation for this choice will be
given in Sec. IIT A 3 (Eq. (39)). The potential V(1)) is chosen
in such a way that the action in Eq. (2) is invariant under the
two U(1) gauge transformations

10
Y — ey,
Y — e Y,

without necessarily imposing the SU(2) symmetry. Though
the action in Eq. (2) resembles that of a Weinberg-Salam
model of electroweak interaction, there is an important differ-
ence. The Weinberg-Salam model possesses a U(1) x SU(2)
gauge structure. On the contrary, the presence of V(1)) term
in Eq. (2) can explicitly break the SU(2) symmetry and the
resultant gauge structure is U(1) x U(1). The U(1) x U(1)
gauge theory is constructed such that one U(1) is related to the
global phase 6 of the spinor and the other U(1) is connected to
the relative phase ¢ of the spinor. The phase 6 is the same for
both components of the spinor ). The U(1) #-gauge invari-
ance of the action in Eq. (2) can be associated with a Higgs
mechanism which freezes the common U(1) phase 6. First,
solving for the minimization equations §S, ;/da, = 0, and
08S44/0b,, = 0, we get respectively a, = 9,6, and b, = 0.

We explore below the possibility that the global phase of the
spinor 6 freezes at a typical energy scale whereas the relative
phase ¢ remains untouched. A good guess for such a scenario,
is that the freezing of the phase 6 corresponds to opening of a
mass E* in the spinor field v, with

0z + |22f” = || = E*. (4)

This mass can be obtained from Eq. (2) with a specific choice
of V(1) depending only on the modulus 1f¢. Evaluation
of this energy scale from a microscopic model is done in
Sec. III B. Integrating out the phase 6 in Eq. (2) (details are
given in Appendix B) and differentiating with respect to aq

leads to

2 T

<|2¢o + q2> a; =-— (1/) il + q2> by, 4)
g 29

a, — ay, + 040,
by — by + Oup, 3)

. 2 v . . 2 kEH kY
= g gh 1My 2

FIG. 3. Diagrams describing the Higgs phenomenon for the gauge
fields @,, and the integration of the Goldstone mode 6. The integra-
tion over the field § has made the gauge field a,, massive and trans-
verse to the direction of propagation with a= = a — q(q-a) /¢>.
For example, see Ref. [120].

with at = a — q(q-a) /¢? (idem for b, ). The transverse
gauge field a' never becomes fully massive since on aver-
age (¢T73¢0) = 0. This feature removes all possibility of a
Meissner effect at 7". We can say that the composite field
ay = a, + (wTT31/J)/|1,ZJQ|2b# becomes massive , with a con-
tribution to the action

AS, = lmga,ﬁ“, me = —E*. (6)

2 Vi

This “Higgs mechanism” is pictured diagrammatically in
Fig.3, where it can be seen that after integration of the Gold-
stone boson 6, the condensate contribution to the polarization
amplitude gives a mass m, (Eq. (6)) to the transverse propa-
gator Dt{}1 = <Tauay>—1 = im2 (g" — kzy ). g is the
metric and £* is the four momentum.

B. Analogy with the chiral model, Hopf fibration

The Higgs phenomenon exposed above has roots into the
Hopf fibration of the sphere S5 which can be factorized into
S by taking out a U(1) phase, S3 ~ U(1) x S5. In Eq. (4),
two complex order parameters are linked through a constraint,
which makes an S5 sphere. By factorizing a global phase as
in Eq. (3), the sphere S3 reduces to S5. The structure of the
gauge field in Eq. (2) can be much more apparent in an anal-
ogous C' P representation of a chiral SU(2) model. A chiral
SU(2) model is described by an action,

8
b ezt (D)

1
S = 3 /dder[aWTam, with g, = 5

2
and Z lza? = 1,
a=1

where ¢ is a matrix field belonging to the Lie algebra of the
group SU(2) and is parametrized using 2 complex numbers z;
and 2 with a constraint |21|> + |23|> = 1. If the field ¢ is
a charge-2 boson, the action in Eq. (7) can be modified with
Op — 0y — 2iA,,, where A, is the EM vector potential. The
action in Eq. (7) can be recast into a form' ° (more details



given in Appendix D 1),

2
Sa = /dd:v |Duz|2, with Z lzal® = 1, (8)
a=1

D, =0, —1iay,

2
@ =—=1Y 2" 0uza, (9
a=1

where z is a short hand notation for the doublet z = (21, 23).
The action is called a CP! model. This C'P' model has
same structure as the action in Eq. (2) but with a, =
—1 22:1 24*0u%q. The action in Eq. (8) is invariant under
a global U(1) change of phase in z reflecting analogous gauge
symmetry as in Eq. (3). Similar gauge symmetry is frequently
used in the study of spin systems through, for example, a
C P! representation of the SU(2) spinor.'”' The C'P! model
is equivalent to the O(3) NLoM as defined later in the text in
Eq. (19). Hence in this case the gauge symmetry of the C' P*
model is also associated with the Hopf fibration of S3 — S5,
which effectively transforms an O(4) NLoM into an O(3)
NLoM.

At T* , through a freezing of the U(1) phase 6, the con-
straint in Eq. (4) is generated. E* in Eq. (4), which defines
the scale of the constraint in Eq. (8), can be identified as the
energy scale of the PG, whereas z; and 2z are respectively d-
SC and d-BDW fields. Here, we have considered the spinor
consisting of two components z; and z, where d-BDW field
2o has only one modulation wave vector Q. However, the for-
mulation of this paper is quite generic and can be extended to
incorporate n + 1 complex fields for a generic n, as shown in
Appendix D 1. For example, if the d-BDW has two modula-
tion wave vectors (Qz,0) and (0, @, ), we can have a triplet
instead of a doublet. The Higgs mechanism at T will then
induce a constraint between three complex order parameters.
The corresponding action can be recast into a C'P? representa-
tion of a chiral SU(3) model (see Appendix D 2 b for details).

C. London-type Equations for the superconducting transition

In this section, starting from Eq. (2) we look at what hap-
pens at lower temperatures when the second Higgs mecha-
nism, corresponding to the freezing of the field ¢ occurs. The
covariant derivative writes, with the gauge fields a,, and b,
defined above, as

‘D/NMQ = |au¢0|2 + W (aue + T30 — ap — TBbu)2 Y.
(10)

We formally integrate out the Goldstone modes 6 and ¢ one
after another (see Appendix B 3). As a result, we get an effec-

tive action

+
Ss,fbf = Z[nié (aL 'afq + bé 'bfq)

q

+ 2 (al bt +al, b

29
q2 1 1 q2 1L o1l
+?aq 'a7q+§bq b+ V (Yo), (11)
with nt = ¢ty = |21)* + |20)?, (12)
and ny =iy = |21 * — |20, (13)
€

where a shorthand notation has been taken for a~ = a —
q(q-a) /q?, which is the transverse component of the gauge
field (idem for b1). The ¢?-terms in Eq. (11) come from the
gauge field strength F,, F'*¥ and F,,, F'*” in Eq.(2).

With the help of Eq. (11) and Eq. (5), we can describe the
generic phase diagram of underdoped cuprates. Let’s take a
point at a high temperature as pictured in Fig. 2 and adia-
batically decrease the temperature. At 7™, the system hits
the first Higgs transition, which freezes the phase 6 and the
gauge field a becomes massive, with a mass proportional to

\/E = E* (see Eq. (6)). The relative phase ¢ as well as the
amplitudes of the fields | 21| and | 22| are still fluctuating at T*,
in such a way that the line is deprived of the typical thermody-
namic sharpness which usually accompanies the formation of
a Higgs phase. The amplitude of the doublet field ) condenses
at this temperature with no condensation (no long-range com-
ponent) in individual field amplitudes |21| and |z2|. So at T*,
n; = 0 from Eq. (13). The amplitudes of the individual com-
ponents z; and 2o get condensed, or attain mean-field values,
at lower temperatures T¢, (for |z2|) and T). (for |z1]). Ata
lower temperature T, (see Fig.2), a second Higgs mechanism
takes place, where the remaining phase ¢ freezes. As a re-
sult, both z; and z, acquire global phase coherence and the
system gets into a ‘super-solid’ like phase. At this transition,
both vector potentials a* and b gets associated to a phase
stiffness. Differentiating Eq. (11) with respect to a* and b+,
we get

9 1z |2
('?' + q2> (at +bl) =0, (14)
2|Z2|2 2 1 1
p +q° | (ag —bgy) =0, (15)
or equivalently
2|Zl\2 |Z2|2 2| L
— + ag =0, 16
( po q | ag (16)

2|Z1|2|22|2+q2 bl g
gnd a7

which defines second London equation.



In the case for cuprate superconductors, the spinor is iden-
tified as,

P = (21 ) = e, with ¢y = (2 ) , a7

z2

where Z; = d|z1] and Z, = d|z| e’ with d being the
d-wave form factor (d = +1 depending on the direction of
the bond) and @ is the modulation wave vector of the d-
BDW field z5. It should be emphasized that the amplitude
|22| depends on the choice of the modulation wave vector @

Q

and should be written as ‘22 ‘ For simplicity of notations,

we have not used the superscript @ in |z2|. We consider d-
wave form factor in both z; and Z> and consider modulations
only in Z. Note that the constraint is still given by Eq. (4).
The two linear combinations of a, and b, are identified as
a, +b, = o, +2A, and a, — b, = o, where A, is the EM
vector potential and «, corresponds to a neutral gauge field
(see also Sec. III A for details). Hence, from Eq. (14) we can
see that the transition at 7 is an usual superconducting tran-
sition, giving mass to the EM field A,,, which will account
for Meissner effect and quantization of the currents, with the
usual superfluid stiffness p; = 2|21|° /g. Eq. (16) shows that
the freezing of both phases 6 and ¢ imply that both |z1| and
|22| condense (which automatically leads to a long-range n},
but the reciprocal is not true), which is verified for T' < 7.
In the range T, < T < T/, both n} # 0 and n; # 0, ie.,
|z1| and |z2]| attain uniform components. But we should note
that since the relative phase fluctuates, the current-current cor-
relation (which gives the superfluid density ) will still be
zero due to the lack of phase coherence '~ in z; and z5. This
is not captured in the formulation of this paper as we do not
intend to connect the current-current correlation to the stiff-
ness of the gauge field. So, even if both n} # 0 and n; # 0,
there would be no Meissner effect for T, < T < 7.

D. Fluctuations below 7™ in the PG phase

We already indicated in the last section that the freezing of
the global phase 6 of the spinor leaves fluctuations in the rel-
ative phase o and also the amplitudes |z;| and |z2|. Now, we
ask the following question: What is the form of these fluctua-
tions below T™?

In this formulation, phase below 7™ is characterized
by nf = %% # 0. If we set the gauge field b, = 0
and expand the derivative in Eq. (10) to the second order
we get the corresponding contribution to the action S, =

1/(29) [ dont ((0,0)° + (0u0)” + a2 — 20,00,)  +
|8H1/)0|2 + ny (20,00, — 2a,0,p). After freezing the

phase ¢ and differentiating with respect to aq, we obtain for
T < T* (details given in Appendix B 2),

gelf _ i/ddx 4121 |20)? (0,0)% + (D, |2 ])?
T+ 29 nj H w1~

+ (0 |2)* + V (o) - ()

Noticing (see Appendix D 2) that a,, from Eq. (9) has now the
form a,, = —i (1730,4) / [1ho|*, we obtain that Eq. (18) is
the form that the SU(2) chiral model takes when the mapping
to the C'P! model is taken into account; it thus describes the
fluctuations below 7. As pointed out above, an equivalent
form of the fluctuations is given with the O(3) NLoM, using
the variables m® = (E*)~12%02 25 as introduced in the Ap-
pendix D 1, which satisfies the constraint ) _ |m®|*> = 1. The
corresponding action is now of the O(3) NLoM:

3
S— 1/2/ddxz (0,m®)2 +V (m%),
a=1
3
with > Im®|?® = 1. (19)
a=1

It is not a surprise that this is similar to the C' P! representation
in Eq. (8). The Higgs mechanism at 7™ has given a mass to the
sum of the squares of the fields z; and 25 (|21 |2 + |22|2), and
expanding below T, one thus recovers the typical structure
of the chiral SU(2) model in Eq. (8). The potential terms in
Egs. (18) and (19) gives a massive contribution to the NLocM
such that there is no exact SU(2) symmetry at all dopings.
Due to the mass contribution, z; and zo fields order at low
temperatures with power law correlations in d = 2.

With the choice of the spinor ¢ = (21, ZQ)T, the fluctuating
fields are m® = 2127 — 2025, m™ = 2123 and m™ = 2927,
For cuprate superconductors, the fluctuating fields m™* and
m~ take the form of PDW operators 7 and m? takes the form
of fluctuating densities on sites (details of this identification is
given in Appendix E 1 a). These PDW operators involve the
fluctuations in the amplitudes (|z;| and |22|) and the relative
phase . They construct the SU(2) Lie Algebra correspond-
ing to the O(3) NLoM. The structure of the PDW fluctua-
tions in the case of SU(2) chiral model and a contrast with
the SU(2) emergent symmetry models is discussed in details
in Appendix E. Note that the O(3) NLoM admits chiral struc-
tures also called skyrmions, in the fluctuation space (7 space).
These local structures might account for the recent observa-
tion of huge thermal Hall constant in these materials, ~ in
addition to the already existing proposals based on proxim-
ity to a quantum critical point of a ‘semion’ topological or-
dered state, ~° presence of spin-dependent next nearest neigh-
bor hopping in the m-flux phase'~' or presence of large loops
of currents.

The freezing of the global phase at 7" results into the con-
straint in the NLoM and thus opens up a regime of strong
fluctuations in the amplitudes of both z; and z5. Just below
T*, the amplitudes of z; and 22 do not acquire uniform com-
ponents. To illustrate this we can parametrize the amplitudes
as,

|z1| = E* [sing| and |z2] = E*|cos o], (20)

where g is not a phase and just a parameter that quantifies the

relative amplitude such that the constraint, |z1|° + |z2|* =
E*Q, is satisfied. Remember that the constraint is written in




real space and applicable for all bonds. If we do a spatial
average of the square of the amplitudes, we get

<|Z1|2> — p*2 <sin2 Q> _ E2*2

9 E*Q
and<|22| > = E*? {cos? o) = 5

2y

where (..) denotes average over all sites. So, the amplitudes
|z1| and |z2| fluctuate with a mean average to satisfy the con-
straint. But, the amplitudes |z1| and |z2| do not have uniform
components or condensed values just below 7. The ampli-
tudes of the individual fields |z1 | and | 22| attain uniform mean-
field components at temperatures 7, and 7. respectively. This
can be thought of as a BEC of the amplitudes |z;| and |za].
Below these temperatures, the amplitudes of these fields still
fluctuate but now with a uniform component such that

|z1] = |z1]g + 0 |21| and |z2| = |22|, + I |22], (22)

where |21], and |z3|, are the uniform components and ¢ |z |
and § |z2| are the fluctuating parts. |z1|, and |22|, also cor-
respond to the mean-field precursor gaps in momentum space
as calculated in Sec. III B. As one lowers the temperature, the
condensed parts of the amplitudes increase and gradually eat
up the fluctuating parts, still satisfying the constraint. At 7T,
the fluctuations in the relative phase also freeze owing to a
second Higgs mechanism.

III. FRACTIONALIZED PDW AND CUPRATE
SUPERCONDUCTORS

In Sec. II, we have introduced the formalism of the Higgs
mechanism for a spinor with U(1) x U(1) gauge structure and
demonstrated its consequences. Though we took a cuprate su-
perconductor as an example to illustrate various effects, our
discussion in Sec. II is much more generic and is applicable
to any spinor. In this section, we explicitly use the case for
underdoped cuprates and connect the outcomes of this Higgs
phenomenon to experimental signatures like different energy
gaps in Raman spectroscopy (Sec. IIIB), the charge mod-
ulation phase coherence in scanning tunneling microscopy
(Sec. III C) and the emergence of multiple orders in the PG
phase (Sec. III D).

The special Higgs mechanism at 7", which freezes the
global phase of the spinor, but does not quench the full en-
tropy, has strong experimental consequences. In this section,
we will focus on a few prominent experimental consequences
emerging from the theory, keeping in mind that we cannot yet
give credit for all the fascinating observations performed over
the years, but with the hope that the experiments chosen are
distinguishing enough to make our case. In order to describe
the phenomenology of underdoped cuprates, in this section,
we first give the form of the fields constituting the spinor de-
fined in Sec. I, then describe the U (1) x U(1) gauge structure
and give the details of the alternative picture of the fractional-
ization of a PDW.
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A. Gauge theory formalism
1. U(1) x U(1) gauge structure

In the case of underdoped cuprates, the field operators 21
and z, are identified to be the particle-particle (or Cooper)
pairing order and (Q-modulated) particle-hole (or bond-
excitonic) pairing order, with

21— d g 0Cj_oCic = Nij,
o

29 —+ dz c;[gcjgeiQ'(T"J”j)/2 = Xij» (23)

o

where both z; and zo are defined on nearest neighbor bonds
(j) (see Fig. 1) of a square lattice where r; = r; + ¢ with
0 = £, or £ 4, and 4 is the lattice translational operator;
and d is an operator describing the d-wave structure factor. We
note immediately that, although the field A;; directly couples
to the EM field A,, through the gauge field aﬁ =a, +24,,
to the first approximation, x;; is neutral to the EM field since
the corresponding gauge field a couples only to the gradient
of the EM field a) = «, + .05 (A,,), which can be approxi-
mated as a¥ ~ «,. Hence the gauge field c, is neutral to the
EM field and is related to the phase ¢, of the complex field x;;
as o, = 0,0,. «, corresponds to the local variation of the
effective modulation wave vector of the charge modulations.
Note that incommensurate charge modulations are typically
associated with a local phase which is responsible for the cou-
pling to the lattice.' = The stiffness of the neutral gauge field
o, leads to the constraint in Eq. (4), which also defines the
energy scale of the PG phase.

The two complex field operators A, ; and X;; thus transform
under local gauge transformations as

Aij —>6i0A A

Rij =€ ;. (24

179

The global phase of the spinor in Eq. (3) is then given by (6a+
6,)/2 and the relative phase is given by (6a — 0,)/2. The
corresponding gauge fields in Eq. (3) for the global and the
relative fields respectively are given by

ap = Ap+ oy,
by = A, (25)
It is not the first time that a neutral field with a phase is

related to a neutral gauge field through a constraint. This
was used in the past as an ansatz for fractionalizing the

electron" "'’ within, for example, a U(1) gauge theory
Ci :f»LT bi7
ffi+blbi =1, (26)

where b; represents a charged “holon” and f; represents a
neutral “spinon”. The corresponding local gauge invariance
writes

fi — eiefi, bi — ewbi. 27



which corresponds to the fluctuations of the global phase of
the spinor ¢ = (f;, bi)T.

2. Fractionalization of a PDW: operator construction

Here, the emergent neutral gauge field also corresponds to
a fractionalization, not of an electron as in Eq. (26), but of an
order parameter field: a preformed PDW pair which fraction-
alizes into preformed p-p pairs (A;;) and p-h pairs (x;;). Be-
ing a particle-particle field with finite modulation wave vector,
the PDW operator is given by

= |Ai 1] it = [ ALl @8)
to which we add a constraint in analogy with Eq. (26)
~ T ~ N “
A A+ X;rsz‘j =1, (29)
The corresponding gauge structure is analogous to Eq. (27)

with the operators 7, ;" being invariant within

Aij — ewAij,
In order to construct a field theory, we make the correspon-
dence ’f} — Apr, Aij — Aq;j, )A(ij — Xijs (ﬁT — AF’DW’
AL. — AJ, )”(Ij — X;;)- The typical field theory associated
with the decomposition Eq. (28) with the constraint Eq. (29)
is the rotor model (see for example Eqs. (E28) and (E29) in
the context of emergent SU(2) symmetry):

2
1
S:/dd:c5 > Jwanl, 31)

a,b=1

Xij = €% (30)

where
Wab = 2 O0pzb — 260u %0, (32)

with here 21 = Ayj, 220 = Xij, (2] = A;?‘j, 25 = xj;)- Ex-
panding Eq. (31) and using the constraint Eq. (29) we get

S = /ddx Z |6ﬂza|2 - Z (240u2a) (260uz3) | »
a a,b
(33)
which in this form is equivalent to the chiral model Eq. (7),
see also Eq. (D4) in Appendix D. Introducing the real gauge
field

oy = % Z (220420 — 2a0u2y) (34)

a

the action in Eq. (33) can be re-cast into the C'P' model
Eq. (8):
S = /ddx\D,W, (35)
with D, = 0,, — iay,.

The gauge invariance imposed by the transformation in
Eq. (30) corresponds to oy, — oy, — 0,,0.
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3. Fractionalization of a PDW: a simplified construction

Since a PDW is a particle-particle field with finite modu-
lation wave vector, the corresponding order parameter can be
described in the field theoretic picture by

Appw = AijXijs (36)
with the constraint in Eq. (29) reading as
AL A+ xixig = 1, (37)

In the absence of EM field, the action governing the gradi-
ent terms of the Appyw field is typically given by

§= / A% 0y Nbow i Drow. (38)

which is a special case of the chiral model Eq. (7) for which
w11 = w22 = 0, and w12 = Y3, = Appw. After inserting the
form of Appw Eq. (36) into Eq. (38), and using the constraint
Eq. (37), the action can be rewritten as (details are given in
Appendix C)

S :/ddﬂﬁ ['(8M + i@u) Ai]‘|2 + |(6M - iOéH) Xij|2:| 39)
where a,, = —i (Ai;0,A7; — X7;0uxi5) - (40)

Thus «,, appears as an emergent gauge field owing to the
fractionalization of the Appw and the constraint in Eq. (37).
The action in Eq. (39) is equivalent to the C'P' model
Eq. (8) with a particular choice of the spinor (for details see
Appendix C). The gauge field o, = 9,0 corresponds to the
global phase of the spinor ¢ = (A5, xij)T. In the presence
of EM field, o, is shifted by A, and the gauge field for the
global phase is given by «, + A,. Note that we obtain an
SU(2) symmetric form for the gradients terms in Eq. (39)
and thus motivates the choice of the form of \Dﬂw|2 in our
starting action Eq. (2).

An alternative route to the effective action:

The fractionalization is a first route to obtain the effec-
tive action of the problem with a given constraint. But in
order to generate the constraint, it is equivalent to minimize
with respect to the corresponding gauge field. In Sec. II,
we took precisely this other route of considering an action
(Eq. (2)) with two varying gauge fields a, (for the global
phase) and b,, (for the relative phase). Minimizing the action
with respect to the gauge field a, leads to the constraint
Ixi1* + |Ay° = E*% As aresult, o, + A, = 0 at T*.
Only at T¢, the EM gauge field A, gets stiff when the relative
phase is also frozen.

Connection to other fractionalization theories:

As mentioned earlier, a neutral gauge field correspond-
ing to the fractionalization of an entity is not new in the field



of cuprates. For example, a fictitious gauge field is often in-
troduced in theories with strong electronic correlations where
the electrons fractionalize into ‘spinons’ and ‘holons’.”™
Minimizing the action with respect to this fictitious gauge
field generates the constraint of no double occupancy on each
lattice site (see e.g. Ref.[8]). Finite double occupancy leads
to fluctuations in the gauge field. However, since this gauge
field is fictitious, there is no dynamics associated with it.
Instead of fractionalizing the electron, here, we fractionalize
an order parameter which is the PDW. In contrast to the
electron’s fractionalization, the neutral gauge field in our
case is dynamical. Since the neutral gauge field corresponds
to the gradient of the global phase of the spinor comprising
of physical fields, a restoring force term, proportional to
the square of the gauge field, appears in the effective action
Eq. (39). There are other fundamental differences that appear
when we fractionalize an order parameter. At the operator
level, a PDW is defined by a commutator of dSC and dBDW
orders. Ideally, fractionalizing the PDW should be viewed
from the operator formalism which evenetually leads to an
effective field theoretic description through a C'P' model
Eq. (35). Furthermore, the fractionalization in our case
enforces the constraint which defines the PG energy scale
(Eq. (4)). For T > T*, the Appy is not fractionalized with no
constraint on A;; and x;;. As aresult the gauge field o, is no
longer fixed as it is the case in Eq. (40) for " < T*. This is in
sharp contrast to the conventional electron’s fractionalization
where the constraint is not associated with an energy scale.

There is another recent proposal of fractionalizing an order
parameter where fractionalization of a spin density wave order
parameter gives rise to an SU(2) gauge theory.”’ Considering
that the emerging fields in cuprates are due to the presence
of strong electronic correlations, it is not completely out of
the scope that preformed p-h, p-p or PDW pairs can emerge.
It is also conceivable to make a variational ansatz, where a
PDW pair fractionalizes into p-p and p-h pairs. Alternatively,
we could have chosen to fractionalize p-p pairs into p-h and
PDW pairs (A;; = AppwX;;) or again p-h pairs into p-p and
PDW pairs (xi; = AijAppw).- We chose to fractionalize the
PDW field as it is the most fragile out of the three, i.e., the
most difficult to stabilize within any theoretical scheme.

B. A microscopic model for precursors in the charge and
Cooper pairing channels; application to Raman Spectroscopy

A recent electronic Raman spectroscopy experiment’’ per-
formed on Hg-1223 revealed for the first time a precursor gap
in the charge channel forming due to the p-h preformed pairs.
This gap scale is characterized as the center of a broad peak
in the By, channel, which preferentially probes the nodal re-
gions of the Brillouin zone. This peak is seen below T,
and the corresponding energy scale has a doping dependence
which follows T rather than T,,. This is compared with the
more conventional B, Raman response (preferentially prob-
ing the AN part of the Brillouin zone) which is used to ex-
tract the value of the precursor gap due to the p-p preformed
pairs as a pair-breaking peak. Through a similar doping de-
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pendence as that of T, these measurements connect the gap
scales in both p-h and p-p channels to the PG phase. We note
that a similar peak in the Bs, channel was also observed in
Hg-1201"" earlier, but lacked interpretation in terms of charge
order.

In this section, using a simplified microscopic model, we
construct the gap equations corresponding to the p-p, the p-
h and the PG order parameters. Using momentum indepen-
dent results, we argue that the three gap scales are identical
and the PG is characterized by a single energy scale. We fur-
ther give the mean-field estimates of the momentum depen-
dent gap scales in the p-p and p-h channels. Here, we only
focus on finding estimates on the values of the precursor gaps.
A detailed study of the electronic Raman spectrum is left for a
future work. We also note that the concept of two kinds of en-
tangled preformed pairs constrained by the relation in Eq. (4)
gives E* as the PG energy scale, which is non-trivially related
to the precursor gaps in momentum space. The connection be-
tween E* and the momentum space gaps is given by,

(E*)* =)0} => A} +xi + fluctuations,  (41)
K k

where (. is the gap corresponding to the entangled PG state,
Ay, is the mean-field p-p gap (condensate contribution of the
preformed p-p pairs) and xj is the mean-field p-h gap (con-
densate contribution of the preformed p-h pairs). Even ne-
glecting the fluctuations in Eq. (41), we see that the real space
constraint (of Eq. (4)) can be satisfied by repartitioning the
Fermi surface with Ay and xj prevailing in different parts.
E* should not be confused with the higher energy hump in
the By, Raman response.”’ This higher energy hump can
be thought of as a coupling of the fermions to a collective
mode due to the fluctuations in the PG phase (for e.g., simi-
lar coupling of the fermions to a collective mode is studied in
Ref. [67-69]).

1. The Microscopic model

In Sec.II, we have presented the U(1) x U(1) gauge theory
of two kinds of preformed pairs. The amplitude of the p-h
pairs condense to attain a uniform component at temperatures
below T¢,. The corresponding temperature for the amplitude
of the p-p pairs is 7. Below these temperatures, the uniform
component of the amplitude of the preformed pairs can be ob-
served as precursor gaps in the fermionic spectrum. In order
to understand the momentum space structure of these gaps,
we consider a simplified microscopic model of electrons in-
teracting through short-range antiferromagnetic fluctuations
and an off-site density-density interaction. While a model
with short-range antiferromagnetic fluctuations leads to an ex-
act degeneracy between the d-SC and the d-BDW at the hot-
spots (the k-points where the Fermi surface intersects the anti-
ferromagnetic Brillouin zone), the additional off-site density-
density interaction breaks the degeneracy (slightly) even at the
hot-spots by enhancing the d-BDW amplitude. The model is
treated at the mean-field level in momentum space. Even if the
order parameters are taken to be complex, the self-consistent



equations only fix the amplitude for each of the gaps. Phase
fluctuations or amplitude fluctuations are not considered in the
mean-field formalism of this section.

As a minimal model describing quasi-degenerate particle-
particle and particle-hole orders, we consider the following
Hamiltonian in real space with both short-range antiferromag-
netic (AF) and off-site Coulomb interactions:

H =" (tij + n0ij) (c] ,¢j.0 + hoc)
%,3,0

+ Y (Jig Si - Sj+ Vig miny)

ij

(42)

o (ein) i . S
where Io o) 1s a creation (annihilation) operator for an

electron at site ¢ with spin o, n; = ) c;r ~Ci,o 18 the number
,

operator and S; = clT T a,3Ci,a 18 the spin operator at site i (o
is the vector of Pauli fnatrices). Ji; is an effective AF coupling
which comes for example from the Anderson super-exchange
mechanism. The constraint of no double occupancy typical of
the strong Coulomb onsite interaction is implemented through
the Gutzwiller approximation'’” by renormalizing the hoping
parameter and the spin-spin interaction with

tp)=9:(p)t= 1 +pt, (43)
4
J(p)=9s(p)J = T +p)2J, (44)

where p is the hole doping and the density-density interaction
does not get renormalized. We also assume that the antifer-
romagnetic correlations are dynamic, strongly renormalized,
and short-ranged, as given by the phenomenology of neutron
scattering studies for cuprates'“and V;; is a residual Coulomb
interaction term. In the following part of this section, we will
work in momentum space.

2. Mean-field gap equations

Performing a Fourier transform and a Hubbard-
Stratonovich decoupling of the interaction in Eq. (42)
in both the particle-hole and particle-particle chan-
nels, we obtain an effective fermionic action which
takes the form Scpp = >, | \I!,Tc)ngl(k)\Ilkya, where

_ T
Vio = (Chos C k5 Ck+Q,0) CT—k+Q,5) and

w—~& A Xk 0
_ AY w+ & 0 —X7
1 _ k k
Gk w) = X 0 w—&+@ ADrte
0 —Xk o Wt Ek+Q

(45)
@ is the modulation wave vector for the d-BDW order param-
eter. Motivated by experiments, in this section, we consider an
axial wave-vector () relating two hot spots in the first Brillouin
zone, unless otherwise stated. The issue of the leading charge
instabilities in microscopic models is discussed at length in
the literature. The charge order with axial wave-vector can
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FIG. 4. (a) Gap in the particle-particle pairing channel (A) and the
particle-hole pairing channel (x) in the first quadrant of the Brillouin
zone calculated using the Hamiltonian in Eq. (42) for p = 0.12.
The particle-hole pairing is considered for an axial wave vector con-
necting the hot spots (also see text) in the first Brillouin zone. The
black line indicates the non-interacting Fermi surface and the red dot-
ted line indicate the nodal regions probed in Bz, Raman response.
While the particle-particle pairs gap out the AN region, the particle-
hole pairs prevail the nodal region of the Fermi surface. (b) The
doping dependence of the particle-particle gap averaged in the AN
region (A,y) and the particle-hole gap averaged in the nodal region
(xn)- They both behave similarly as a function of doping in the range
0.08 > p > 0.16 with Ay, & xr. This result fits the experimental
trends’’ obtained in Raman spectroscopy very well. Parameters used
for this plot are J = 350 meV, V = J/20 and kar = 0.1r.l.u.
The dashed lines schematically indicate the doping region where an-
tiferromagnetic order and the superconducting dome lies.

be enhanced either by incorporating fluctuations™'**'** or
considering dynamic exchange interactions'*° or an off-site
Coulomb interactions'*’ as in our model in Eq. (42). Integrat-
ing the fermionic fields and minimizing the resulting action
with respect to either A (precursor gap corresponding to the p-
p pairing or d-SC order) or x (precursor gap corresponding to
the p-h pairing or d-BDW order) leads to the mean-field self-
consistent gap equations. They initially form a set of coupled
equations but for simplicity we will consider the decoupled
equations given by:

A = —%Z ( T (@) Beve (46)
q,w

/ w"'w/)Q _§i+q e

Jy (g, w") Xk+q

k+q
1
X = _Eg (w+ w

—&htq) (WA W =&t Qra) — Xiag
47)

with J4 (¢, w’) being related to the original model parameter
as Jy (q,w’) ~ 3J(p) £ V and 3 is the inverse temperature.

It is however also possible to write the action as a func-
tion of the field corresponding to the PG phase, 2, which
is defined by the relation in Eq. (41). Then we minimize the
resulting action with respect to €, giving the self-consistent
gap equation,



AL
I (w4 2 0,

qw <w2 *£]%+q) (w7§k+q+Q) _ (er A£g+q) Q%Jrq:
(48)

1
Q=——
B

204 J_ .
where J* = 725 and Aliq = Ekiq — Srtgr@. Mini-

mizing with respect to {2, is equivalent to condensing the field
n7 defined in Eq. (12). While expressing the action in terms
of the field €2, we consider that there is no condensation of
n; (defined in Eq. (13)) and ignore its contribution.

In order to obtain an estimate of the energy scale associated
with Qy, we first solve the gap equations Eqs. (46)-(48) by
taking A, x, 2 and J1 to be momentum and frequency inde-
pendent. This leads to only one energy scale corresponding to
all the three gaps Q, A and x with J; ~ J_ ~ J*. This can
also be understood if we additionally consider {1 ~ —&i
which gives three identical gap equations. The approximate
equality &40 ~ —& is valid in the AN region for an axial
@ vector connecting two hot spots in the first Brillouin zone.
Hence this alternative way of decoupling does not introduce a
new energy scale.

If we further ask the question: why would the system want
to condense the field n just below 7™ and entangle the p-p
and p-h pairs instead of condensing A or y separately? The
answer lies in the energetics. We calculate the condensation
energies of all the three possible processes, E. (for condensa-
tion only in p-p pairs), F, (for condensation only in p-h pairs)
and E'ps (for condensation in the entangled state), given by

1 2
Es = _ﬁpoAk:kpa
1 2
Eco = _EpOXk:k;Fa
1
Epa = — 570Dk (49)

where p is the density of states at the Fermi level and kp is
the Fermi momentum. Ag—g,., Xk=k, and Qi—,. are the av-
erage gaps on the Fermi level obtained from the solutions of
Egs. (46)-(48). We find that Epg < E,. =~ E.,, indicating
that the system maximizes the gap by choosing the entangled
solution in order to gain in energy. This gives a simple argu-
ment behind the choice of our variational ansatz of entangled
p-p and p-h pairs: the system choses to fractionalize the PDW
pair into a p-p and p-h pairs to maximize the gap at the Fermi
surface.

The real space constraint is realized by fragmenting the
Fermi surface allowing the possibility of Ay and y to exist at
different places in momentum space. To get an insight into the
fragmentation of the two precursor gaps in momentum space,
we solve Egs. (46)-(47) by making a series of approximations
while keeping the momentum dependence of the gaps, the as-
sumptions are summarized here and detailed calculations are
deferred to Appendix (F). The integration over Matsubara fre-
quency is performed analytically considering the couplings
J+ to be frequency independent. Then the momentum inte-
gration is performed by restricting the momentum exchange
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to be close to Q4 = (m, ) (AF wave vector) with a broad-
ening given by xar which replicate the short-range nature of
the antiferromagnetic fluctuations. In fact, this broadening can
be directly related to the coherence length (£ar) of the antifer-
romagnetic fluctuations with kap ~ (£ Ap)fl. The restriction
in the momentum integration helps us in obtaining analytical
expressions for the solution of the gaps. We should note that
the x is the precursor gap and thus only represents the uniform
component of the amplitude of the d-BDW order.

3. Results

We find the solutions of the gap equations for each k-point
in a quadrant of the Brillouin zone independently. Owing
to the competition between the two orders we only keep the
solution which gives the bigger gap of the two at each k-
point. We take the band parameters of Hg-1201 with,
choosing the nearest-neighbor hopping ¢ as the energy scale,
t'/t = —0.2283, t"/t = 0.1739, t""/t = —0.0435, fix the
chemical potential in order to obtain a desired doping and take
B = 50. The extent of the short-ranged nature of the antiferro-
magnetic interaction is estimated from the neutron scattering
experiment and give Kap ~ O.l%’r. One typical result ob-
tained for J = 350 meV (= 0.85t), V = J/20 and p = 0.12
is shown in Fig. 4(a). The p-h pairs preferentially gap the
Fermi surface close to the nodal region and the p-p pairs dom-
inate in the AN region and is in good agreement with the fact
that the precursor in the charge channel has been observed in
the Byy probing preferentially the nodal region of the Bril-
louin zone shown schematically by the red dotted line. Since
p-h and p-p pairs prevail at different regions of the Fermi sur-
face, it further justifies the consideration of two gap equations
Eqgs. (46) and (47) as decoupled. The quasi-particle dispersion
(or the excitation spectrum) can be written in a form analo-
gous to the conventional BCS result with reconstructed bands
due to the presence of a modulating order,

1
B2 (k) = 5 (6 +8rv0) =/ (6 — 6r00) + 4 hual® + A4
=& A, (50)

where e+ give the form of the reconstructed bands. Eq. (50)
is a usual form of the quasi-particle dispersion in a coex-
isting state obtained by diagonalizing the Hamiltonian. We
also show the d-BDW gap with the diagonal wave-vector in
Fig. 6(g).

We perform the same calculation for a continuous evolu-
tion of the doping between p = 0.08 and p = 0.16, with
axial wave-vector () which changes with doping. Note that
the d-CDW wave-vector found in experiments are not exactly
equal (though very close) to the value obtained this way. But
the doping dependence of the experimentally observed value
is similar to the one used here. In order to compare the re-
sults to recent Raman spectroscopy experiment, in Fig. 4(b),
we look at the d-SC gap averaged in the AN region (A,,,) and
compare it with the d-BDW gap averaged in the nodal region
(xn)- Note that the d-BDW gap need not be in the imme-
diate proximity of the nodal line (k; = k) to be visible in



Raman experiment as the region probed in the By, symmetry
also extend away from the nodal line with non-zero weights at
the hot-spots as shown schematically by the red dotted line in
Fig. 4(a). The evolution of the precursor gaps as a function of
doping is depicted by green and red lines in Fig.4(b). We see
that, for a fixed temperature, both the gaps have similar mag-
nitudes and decrease linearly in a range of doping p = 0.08
to p = 0.16 similar to doping dependence of the pseudo-gap
temperature 7*. The dome-shape of T, and T, is expected to
be recovered by taking into account the effect of phase fluc-
tuations. In a standard preformed pair scenario this effect has
been included on phenomenological grounds by introducing a
damping term in the electronic Green’s function and a finite
lifetime for the preformed pairs above 7. leading to a good
description of the ARPES spectra for all temperatures below
T*.'~ These results are very close to the behavior observed
in Raman scattering experiment where comparison between
the response in the B, symmetry (which probes the AN re-
gion) and in the By, symmetry (which preferentially probes
the nodal region) lead to a similar conclusion of the p-h and
the p-p gaps being quasi-degenerate and having the same dop-
ing dependence”’ as that of 1.

C. Charge modulation phase coherence on a macroscopic scale
from Scanning Tunnelling Microscopy (STM)

The Higgs mechanism described in this paper predicts two
distinct signatures in STM measurements under applied mag-
netic field (B). First, the Higgs mechanism at 7 results into
a constraint (\X,;j|2 + |A,;j|2 = E*?) between the d-BDW
field x,; and the d-SC field A;;. In the presence of mag-
netic field, the amplitude of the d-SC field gets suppressed
inside the halo region surrounding vortex cores. So, due to
the constraint, the amplitude of the d-BDW order parameter
is enhanced inside the vortex halos. Evidence for enhance-
ment of the d-CDW (real part of the d-BDW) inside the vor-
tex cores is already evident in STM results. "~ This feature is
also expected in theories with emergent SU(2) symmetries
or competing orders. "’ But there is a second feature that is
unique to the formalism of this paper and is expected to be
captured in STM measurements. The special Higgs mecha-
nism freezes the global phase of the spinor comprising of A;;
and x;; at T™. Subsequently, the relative phase of the spinor
gets frozen at a lower temperature 7. Since both the global
and the relative phases of the spinor gets frozen below T, x;;
also acquires a spatial phase coherence along with A;;. So,
we look at the real part of the d-BDW order given by

Re (xij) = d|xij| cos (Q -7+ ¢(r)), (51)

where ¢(r) is the phase of x;;. We remind the reader that
r = (r;+r;) /2 denotes the midpoint of the bonds and
¢(r) = 64(r). In Fig. 5, we plot the spatial profile and
the histogram of the phase ¢(r) obtained in the spatial-phase
resolved STM measurement of BSCCO. The details on the
determination of ¢(r) is given in Appendix G. In the d-
SC phase (I' < T.), the d-CDW has been observed in-
side the vortex halos. More recently, STM visualization
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FIG. 5. Experimental STM data ~ showing global spatial d-CDW
phase coherence inside vortex cores. (a) The amplitude and phase
of the CDM with d-symmetry form factor with predominant wave
vector () inside stable vortex cores. The vortex core has radius of
2 nm (shown by red dotted circle). The modulation is represented
by blue/yellow colors which are measured with respect to an arbi-
trary reference phase (modulation wavelength A, = 27/Qy), shown
by the grey color. It can be seen that the measured phase inside the
vortex core is relatively constant w.r.t. the reference phase. (b) His-
togram plot of the relative phase between density wave state inside
the vortex core and the reference phase. The plot shows that the rel-
ative variation of phase is mostly centralized to a single value inside
the vortex core with a standard deviation of 12%(2). For this plot,
6-9 vortices were used because of the stability issue of vortex. = (c)
The map of the spatial phase of the CDM modulating along the y-
direction is shown for B = 07"." (d) Histogram plot of the spatial
phase data in (c). It shows that the disorder makes the usual phase
distribution of the CDM purely random with equal values in every
bin. Comparison of the histograms in (b) and (d) highlights the re-
markable global phase coherence of the CDM inside the vortex cores.
Note that while plotting the histogram in (b), the disordered B = 0T
part is subtracted.

of density-of-states modulations within the halo surrounding
BisSroCaCusOg vortex cores reveals a complex energy de-
pendence, with Bogoliubov quasiparticles at lower energies
and two sets of particle-hole symmetric modulations occur-
ring at energies near the gap edge. Focusing on the gap-
edge modulations with @ = (0,0.25)27/ag (ag is the lat-
tice constant), they appear to exhibit spatial phase coher-
ence between halo regions surrounding different vortices, as
shown in Fig. 5(a), with a global phase coherence length much
larger than the typical size (~ 5 lattice spacings) of the vor-
tex halo."” The phase coherence becomes apparent looking
at the histogram of the phase ¢(r) (with respect to a refer-
ence ¢o(r)) in Fig. 5(b). In contrast, the usual phase distri-



bution of the CDM at B = 0 is completely random due to
the presence of disorder, as shown in Fig. 5(c) and (d). This
is a very unusual situation for charge ordering, which finds a
natural explanation within our scenario. The idea of global
phase coherence is usually discussed in the context of granu-
lar superconductors where local superconducting puddles are
formed. These superconducting puddles, typically of
the size of the coherence length, attain global phase coherence
below a characteristic temperature. ™~ In Fig. 5(a), the sce-
nario is different as the puddles are formed of the charge order
and still attain phase coherence over large distances. Note that
the map shown in Fig. 5(a) is extracted by subtracting the zero
field data from the data for B = 8.5T. As a result, the d-CDW
puddles in Fig. 5(a) are only visible near the vortex cores.

D. Multiple orders in the PG phase : pair density waves and
loop current state

A remarkable outcome of the special Higgs mechanism at
T is that it can induce the formation of multiple orders in the
PG phase.

1. Pair density waves in the vortex halos

STM observation "’ of PDW order, ' with both @ and
(/2 modulations, in the halo surrounding vortex cores of
BSCCO has inspired many theoretical works.” =~ While
some theoretical works consider the )/2 PDW order as the
‘mother state’ which drives the pseudo-gap phenomenology,
others treat the ()/2 PDW order as a competitor of the d-SC
order.

Within our theory, the PDW order emerges as a composite
field of the p-p and p-h pairs. From the alternative viewpoint,
the PDW is a fundamental object in the theory and gets frac-
tionalized to p-p and p-h pairs. In both the perspectives, we
have the following features of the PDW order: (i) It can be ob-
served as ‘short-range’ PDW at low temperatures. (ii) It can
be observed only in the vortex halo due to the pinning of the d-
BDW order. (iii) It can have both extended s-wave and d-wave
symmetric components. (iv) The modulation wave vector of
the PDW order will be (), which is the same as that of the
d-BDW order. Within our current formulation, the /2 PDW
order is not a natural outcome. However, we can in princi-
ple accommodate the @ /2 PDW order as one of the primary
states along with d-SC and d-BDW orders by constructing a
quintuplet (see Sec. IV B). In order to analyze this possibil-
ity, we solve the mean-field gap equation (Eq. (F12)) for the
/2 PDW order parameter. We find that, in the nodal re-
gion, the value of the Q/2 PDW gap is nearly half the value
of the d-BDW gap with ) modulations (also see Appendix
F3). Hence, d-BDW with @ is favored energetically as a pri-
mary state and we treat the Q/2 PDW as a competing order
(not as a primary state) which appears only in the vortex halos.

In Sec. III A 2, we already indicated that the PG phase can
be viewed as consisting of preformed PDW pairs which get
fractionalized into p-p and p-h pairs. The PDW field locally
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reconfines at T,,. For T' < T,, two possible PDW fields
can appear as bilinear in A;; and x;;. The one involving the
relative phase is defined in Eq. (36). The other combination is
given as

Appw (i) = Z XiiAij,s (52)

jEnn. of ¢

where the sum is over the nearest neighbors (n.n.) of <. APDW
carries the global phase (0o + 6,) which is the sum of the
phases of x;; and A;;. Rewriting the Eq. (52) in terms of the
amplitude and the phase, we get

Appw (i) = Z

jenn. of ¢

= ‘AICDQDW(i)

X5 | 1] €102 +00ei@

6i(0A+9X)€iQ.T7 (53)

where it should be noted that the amplitude (AI;QDW) of the
modulating PDW field also depends the value of ). For

T < T*, 0 + 0, is frozen. But as the amplitudes ‘Xg‘ and

|A;;] still fluctuate, they will obscure the modulations of the
mean-field <Apr(i)> = <ZJ Xin |A;] eiQ"”>. For tem-
peratures below T, the PDW order parameter will be long-
ranged (in a clean system) when both the d-SC and the d-
BDW fields acquire uniform mean values, though this tran-
sition is a crossover. In contrast, the other form of PDW
(Appw as defined in Eq. (36)) involving the relative phase ac-
quire long-range coherence at a lower temperature 7. From
Eq. (53), it is evident that the PDW order parameter occurs
with the same wave vector ()"’ as the d-BDW order param-
eter, xfﬁ The local amplitude of the PDW order parameter
will be the maximum in regions where there is a maximum

non-zero overlap of the amplitudes |A;;| and ‘ Xin on the

same bond (ij) (this will be the case in the halo””" region
of the vortex in the presence of magnetic field). The momen-
tum structure of the order parameter Appyw will depend on the
choice of the wave vector of x;;. An axial modulation wave
vector will give a momentum space structure of ;; with both
s-wave and d-wave components. As a result, the PDW order
parameter will consist of both extended s-wave and d-wave
components.

2. Loop current state

Apart from the finite () orders at low temperatures, the PG
also sustains () = 0 orders. We discuss one such Q = 0 or-
der, magneto-electric loop currents, which break discrete sym-
metries like parity and time reversal. Within our framework,
the loop currents appear as an ‘auxiliary’ or a ‘preemptive’
order.

Though the PDW order can be observed only below 7" =
T7, the fluctuations of the PDW field (Eq. (52)) in the temper-
ature regime T > T can give rise to auxiliary order parame-
ters. With the motivation to generate a () = 0 (translationally



invariant) emergent loop current order in the PG phase, we
construct a secondary order parameter following Ref. [147],
- 2 2
= ’ASDW’ - ’APDC%J‘ ) 4
where AI(?DW is the amplitude of the PDW field and its value
depends on the choice of the modulation wave vector (). The
PDW field transforms under translation 7', time-reversal T R
and parity P as

T(ASDW) = eiT'QASDW?TR(Al?Dw) = (AiDQW> ;
P(Al%w) = A_D%v- (55

As [ is composed of terms depending on (Al?DW) A?DW and

~ * ~
(A;D%,) A;DQW, it is a translationally invariant order param-

eter (under translation T'(1) = [). The loop current order pa-
rameter [ also satisfies,

TR(l) = —1; P(1) = —1 and TRP(I) =1.  (56)

Thus, the loop current order parameter defined in Eq. (54)
satisfies the same symmetries as the magneto-electric loop
current state proposed by Varma, *° which is often used to
interpret the intra unit cell magnetic order seen in polarized
elastic neutron scattering measurements.”” It is important to
highlight that the discrete Z; symmetries like parity or time
reversal is spontaneously broken by the secondary order pa-
rameter [, which is composed of PDW fluctuations. So, a non-
zero average value of (I) does not mean <A19DW> # (A;D%V)
(i.e. the PDW ground state does not break parity or time
reversal). "’ Possibilities of preemptive discrete Z5 symme-
try breaking outside the Landau paradigm'*~ occurring due to
secondary order parameters is already discussed in Refs. [54]
and [147]. Interestingly, the preemptive transition occurs at a
higher temperature’™ than the primary order transition temper-
ature (in our case 7, for the PDW order), thus justifying the
presence of loop current state in the 7" > 7. In this paper, we
only justify that the loop current state can be visible for tem-
peratures T' > T and do not explicitly show that the upper
temperature limit is 7. There are also other phenomenologi-
cal proposals and proposals based microscopic three or-
bital models for the existence of loop current order in the
PG phase. We also note that the magnetic moments derived
from microscopic mean field models are usually far smaller
compared to what it is found in experiments.”~ The preemp-
tive transition can also give way to nematicity ™' ’* and the
breaking of the inversion symmetry recently observed in the
study of the optical second harmonic generation.

IV. CONCLUSIONS AND DISCUSSIONS
A. Summary of the work

Through out this paper, we have shed light into the
‘Frankenstein’ nature of the PG phase of underdoped cuprates.
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We proposed that the PG phase is an entangled state of p-p
and p-h preformed pairs. In the following, we summarize the
exclusive features of this proposal:

1. A special Higgs mechanism entangles the two pre-
formed pairs at 7™ by freezing the global phase and a
gap opens in the fermionic excitation spectrum. This
entanglement results into a strong competition between
p-p and p-h pairs. The relative phase and the two ampli-
tudes of the fields corresponding to the two pairs fluctu-
ate. The amplitude fluctuations are related by a con-
straint, |z | + |22° = (E*)2. This is followed by
a unique sequence of events occurring as the tempera-
ture is reduced. The amplitudes of the p-h and p-p pairs
get condensed at lower temperatures 7, and T, respec-
tively. A second Higgs mechanism occurs at T = T,
and both the superconducting and bond-excitonic or-
ders acquire phase coherence leading to a ‘super-solid’
like phase. Thus, we have different temperature lines in
the rich phase diagram of cuprates.

2. Equivalently, the pseudo-gap phase can be understood
as a “fractionalized” PDW order. Indeed at T' < T the
system orders into “short range” PDW state. In the PG
phase the PDW order deconfines to release two elemen-
tary components, p-p and p-h preformed pairs, which
stay entangled through the constraint AZ; 4 x7; = E*2.
The corresponding variational ansatz for this entangled
state is |PG) = |d-SC) + |d-BDW), which corre-
sponds to a coherent superposition of “dead cat” and
“alive cat” in the Schrdinger’s thought experiment.

3. For the first time, this theory relates the PG phase to
both p-p and p-h instabilities, without being restricted
to particular parameter regimes. Using a simplified mi-
croscopic model, we obtain the doping dependence of
mean-field precursor gaps arising out of both these in-
stabilities and the gap repartition in the Brillouin zone.
These results show close resemblance to the Raman
spectroscopy findings.

4. The two stage Higgs mechanism has distinct experi-
mental consequences at low temperatures. For temper-
atures T' < T, both d-SC and d-BDW show phase co-
herence. A distinguishing feature occurs with the ap-
plication of magnetic field. In the presence of small
magnetic field, superconducting vortices appear with
suppressed superconducting order parameter inside the
halo region surrounding vortex cores. The compet-
ing d-BDW order is enhanced inside the vortex halos.
Remarkably, STM measurements see a locking of the
phase slips of the charge modulations in a much larger
region of space than the typical size of a vortex halo.
Our theory can explain this unusual feature seen in STM
measurements.

5. Other unique nature of two states d-SC and d-BDW
forming a doublet is the emergence of multiple orders
like PDW or loop currents, which are higher order com-
binations of the primary state. From the perspective of



‘fractionaized’ PDW, the PDW reconfines at low tem-
peratures. Thus this formalism not only accommodates
finite () orders like d-CDW and PDW at lower temper-
atures, it also gives possibilities of () = 0 orders at
higher temperatures.

B. Generic nature of the model

In this section, we outline the generic nature of the model
proposed in this paper and discuss the possibilities of accom-
modating multiple orders as primary states.

The spinor in this work consists of the d-SC field and the
d-BDW field with Q modulations. A PDW operator rotates
one constituent of the spinor to another. This structure of the
spinor is chosen with motivations from experiments in under-
doped cuprates. Some of them include: (i) Ubiquity of CDM
with @@ modulations. (ii) Competition between the d-CDW
order and the d-SC order. (iii) Signatures of near degener-
acy of these two orders in the underdoped regime of the phase
diagram. Even with this form of the spinor, the first generic
aspect is the choice of the @) vector for the d-BDW field. To
add to this, we can also consider d-BDW fields with multiple
wave vectors. As an example, the case for two wave vectors
is already shown in the Appendix D 2 b.

One of the challenges in obtaining a generic model for
cuprates is the presence of plethora of non-superconducting

orders. Theoretically, these multiple orders
are often treated as competing or intertwined with
superconductivity. The skeleton of the theory

presented in this paper leaves room for multiple components
in the spinor to accommodate many primary states. As an
example, here we show how to incorporate the recently
observed (/2 PDW order’”-"" as one of the primary states. If
we consider d-BDW with two wave vectors Q. and Q,, and
d-wave PDW with two wave vectors Q,/2 and Q,/2, the
spinor is given as a quintuplet,

21 XQz
22 XQy
Y=z | = A . (57
Z4 AQm/Q
zZ5 AQy/2

where (for (i, j) site indices on a bond and o the spin in-

dex) XQI = dZU zo'CJUe ' XQ = dZo 7,00.706192
A = dz oc;- o Cige™ AQ /2 = dz 0Cj_oCig€" i04
and Ag, 2 = dz 0Cj—oCiv€" % with §; = Qx - T + 61,

=Qy- r+0s,0, = Q- r/2—|—94, 05 = Qy - r/2+¢95 and
r = (r; +r;) /2. The global phase of the qumtuplet is frozen
at T* which will give the constraint Y°_, z¥z, = (E*)2.
The fluctuations in the PG phase will be governed by an SU(5)
chiral model or equivalently a C'P* model. The correspond-
ing collective modes will be 7 modes with charge 2 and spin
0; and density modes (similar to 77, in Sec. E 1) with charge 0
and spin 0. Note that in this case, we can have PDW 7 modes
with different wave vectors.
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To illustrate the power of the concept, let us try to infer what
happens when oxygen doping is lowered, below p = 0.06.
We are then in a regime closer to the Mott insulator, hence it
is legitimate to guess that the superconducting modes will be
absent whereas the AF and charge modes can be strengthened.
We can construct the SU(2) spinor made of incommensurate
AF and charge fluctuations

AF
_ (A _( Poy
v=(2)=(%). 58)

where (for (i,j) site indices on a bond and o the spin
Yoo (c;r Cio — C;ch (,) e xo,
dzo_ “TCjoei@z and with 91 Ql I‘+91 ’Ql (7'(' 7T)+(S
and 0y = Qg -1+ 0, v = (r; + r;) /2 A gap can then
open at T* due to the constraint Za | Zizq = (E*)?, made
of a superposition of short-range AF ﬂuctuatlons (z1) and
short patches of charge modulations (z2). At lower tem-
peratures, the quantum superposition of those two modes
will form “stripes”, a feature which is ubiquitous in La-
compounds.

As a final illustration, we show the possibility of including
the d-SC, AF, d-BDW with two wave vectors Q, and Q,, and
PDW with two wave vectors Q, /2 and Q, /2, all as primary
states in the spinor. The associated spinor is given as

index) <pAf =

Z1 9085
22 XQu
_ | # | _ XQ
v=| 2 =1 & | (59)
Z Aq, /2
Z6 AQy/Q

where apgf is defined in the same way as in Eq. (58) and the
other components are defined as in Eq (57). The constraint
in this case will be given as Za | Ztzq = (E*)?. The corre-
sponding fluctuations in the PG phase w111 be governed by a
SU(6) chiral model or a C' P> model.

C. Links with previous works
1. Competing order scenarios

The ubiquitous observation of charge order and the evi-
dences of its competition with superconductivity led to several
works based on the competing order scenario. ’
There is substantial evidence that the competition between the
d-SC and d-CDW is not of the usual Ginzburg Landau type
with two independent energy scales.' '’ Experiments also in-
dicate a near degeneracy of the two orders through: (a) Simi-
larity of T3P (transition temperature of high field 3D uniaxial
long-range charge order™>”»'"") and T,. (b) Closeness of the
pair breaking peaks in By, and B;, Raman response.”’ Our
theory is motivated from this near degeneracy. The entangle-
ment between the p-p and p-h pairs results into a strong com-
petition between them and their energy scales are constrained



by the PG energy scale, which makes it different from the
usual Ginzburg Landau approach. In addition, our theory is
based on the presence of preformed pairs in contrast to the
competing order scenarios.

2. Fractionalization of an order parameter

The idea to associate the T line of the pseudo-gap to a
Higgs phenomenon has received a huge amount of attention
recently, in the special case of SU(2) gauge theories where the
spin density wave order fractionalizes into Higgs fields’’ with
spinons being an integral part of the theory. Our model has
in common the Higgs mechanism at 7, but in the context of
a U(1)x U(1) gauge theory. Though in both approaches the
electron is not fractionalized, we fractionalize a PDW field
for the first time. In particular, our theory does not require
spinons to be an essential ingredient for the PG phase, but
rather to have a quasi-degenerate doublet of preformed pairs,
which then undergo the Higgs mechanism at 7. One might
wonder about the role of magnetism in the whole picture. In
the simplified microscopic model (Sec. III B) developed in or-
der to extract the precursor gaps, magnetism is the “glue” for
the formation of both the precursors. Dynamic, short-range,
antiferromagnetic correlations are at the core of the formation
of both order parameters.’ ~ Note that the spin fluctuations are
also a key in the emergent SU(2) theories. Within this theory,
the experimentally observed spin excitation spectrum
has already been discussed for the compound Hg-1201." " We
expect these results to remain similar within our approach.

3. SU(2) fluctuations

Now, we would make links with previous works based on
SU(2) fluctuations. The Higgs mechanism at T proposed
in this paper is a new idea, which supports a scenario where
there is no fractionalization of the electron above 6% of
doping, but a complex class of SU(2) fluctuations emerges.
The fluctuations below 7™ can be described by an SU(2)
chiral model. The real space chiral models have the tendency
of resulting into phase separation, which was described in a
previous work with the image of droplet formation. '~ The
competition between the d-CDW and the d-SC order revealed
by the magnetic field-temperature phase diagram can be
described within an O(3) NLoM analogous to the previous
works.'”’ The PDW ladder operators 7 and 1t of the SU(2)
fluctuations can form a collective mode, which is a signature
of the O(3) fluctuations below T™. The new concept
introduced in this paper give some similar phenomenology as
that of the emergent SU(2) symmetry picture.

Historically, the PG state was either discussed as a
crossover due to the formation of preformed Copper pairs or a
phase transition induced by a competing p-h instability. Here
the two approaches are not opposed anymore, but are amalga-
mated into a single model: the PG state involves a true phase
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transition with two kinds of entangled preformed pairs. The
model is a perfect synthesis of earlier debates.

The Higgs mechanism involving a spinor is a novel theo-
retical idea. To the best of our knowledge, this concept is
unique not only in the field of condensed matter physics, but
an analog is also absent in other areas of theoretical physics.
Connections between different fields of theoretical physics is
not unusual. For example, the pioneer work of Anderson™ in
the context of superconductivity inspired the remarkable dis-
covery of its relativistic counterpart in the form of the “Higgs
particle”' '’ in particle physics. We believe our theory can also
find its applications in diverse fields of physics motivating fu-
ture theoretical and experimental discoveries. For instance,
the spinor Higgs mechanism will likely lead to emergence
of new states of matter in condensed matter physics like in
graphene, Weyl semimetals, topological superconductors; or
even in particle physics like in quantum chromodynamics.
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Appendix A: Analogy of spinor Higgs mechanism to the
conventional one

We give a brief overview of the special Higgs mechanism
of a spinor to describe the PG phase of underdoped cuprates
in the form of table (Table. I). While identifying different fea-
tures of the Higgs mechanism, we also give the corresponding
analogy to the Higgs mechanism in a conventional supercon-
ductor.

Appendix B: Spinor Higgs mechanism
1. The standard Higgs mechanism

Let us recall in this section how the standard Higgs mecha-
nism is working. We start with an action

1 9 1 ,
S, = % zq:w (b, +aq)" ¥ + ZFWF“ } (B1)



20

Higgs mechanism
for a conventional superconductor

Higgs mechanism at T™

Higgs field Superconducting order parameter Field ny = vy = [21> + |22|°
Broken Symmetry Charge U(1) Global U(1) phase of the spinor ¢ = 2
(Results in entangled preformed pairs)
Gauge Field Ay a

i
(EM vector potential) (Defined in Eq. (3))

Gap in the excitation spectrum Superconducting Gap Pseudo-gap energy scale E* = \/ |z1|? + |22)?

(Mass of the Higgs boson)

No Meissner effect
(Signatures at lower temperatures like charge modulation phase coherence)

Experimental signature Meissner effect

TABLE 1. Analogy of the special Higgs mechanism to describe the PG phase of underdoped cuprates and the Higgs mechanism of a conven-
tional superconductor. The term “Meissner effect” is used to identify the expulsion of the EM field. No Meissner effect in the case of the Higgs

mechanism at 7™ means that the EM field will not be expelled.

The goal is to integrate out the Goldstone mode ¢, and for
this we complete the square in 6 in Eq. (B1), which leads to

(assuming condensation of the field )¢ = |w0|2),

o= 3 150 (i (o 25m) " ) )+ 5 ()

q

withaé :aq_Q(Q'aq)/q27

2
1\° 1L L
and (aq ) =ag-a_q.

The integration over 6 is now straightforward and leads to
an effective action

2
Sy (1209 + q;) (ab)”.

q

2. U@) xU(1) theory, the special ‘“Higgs mechanism”

We now treat the first Higgs mechanism, starting with the
action

1 1 ,
Sab = %W (af, + T3qp, + aq + T3bg)’ ¢ + A

q

where 1 is the spinor defined in Eq. (2) and we assume that

¥4 condenses so that n = [ty is a constant. We want to
integrate out the phase # and for this we complete the square
in 04, leading to (dropping the F},, F'*¥ terms for a while)

Integrating out the phase 6, in Eq. (B3) leads to the effec-
tive action

1
Siv{t{b 2 ZW’T (T304 + T3bg +aq)’ ¥
a
2
(¢Tq ) (qTSQOq + 13bg + aq) ¢)

- a2 o )

(B4)

a. Differentiation with respect to aq

The first mean field equation comes from the constraint

352{;&, /daq = 0 which gives

0 =y (arspq + m3bg +aq) ¥ (BS)
Yiqy
— —— z¥'d (ampg + Tsbg +aq) ¥,
q? 1ol
which finally leads to
[ol” at = —yiryb}, (B6)

with al and b defined as in Eq. (B2). Eq. (B6) is im-

portant since it tells us that the freezing of the phase 6 and

the condensation of the Higgs boson |t \2 could not provoke
the expulsion of the field a* until /T3¢ in Eq. (B6) is con-
densed.

Adding back the F},, F'** and FWF“” terms leads to

|¢0‘2 2 1 WT?W 2 L
(29 +q aq—— T—i—q bq7 (B7)

1 2 2( q t )2
Sap = E O+ —5—- T3pq + Tsbg + a
b 29 e |0l q q |1/J0|2 e P! (T3 3Dq a) P

(q : 1/)T (aT30q + T3bg + aq) 1/})2
ltho|* ¢
+ wT (aTspq + T3bg + aq)2 14 . (B3)

b.  Effective action at T™

The system is invariant with respect to the second U(1),

which means that we can always re-absorb the phase ¢ into a
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re-definition of bﬂ — bﬂ — Oup. We can choose the gauge  of ¢ in Eq. (1), we get,
such that, for example, bl = 0.

1
_ + 292 - 2 o
Writing the fields a and b in terms of the longitudinal and Sapll, ] = 2g Z {ndq?05 +20, (n; ¢*¢0g +niq-aq
transverse components as a = a- + all and b = bt and 4 )
putting back in Eq. (B4), we get +n;q- bq)} + ?wf (T3qpq + aq + T3Aq)2 "
g
e 1 2 2 1 v L~ = "y
Silly =5 2 ! <(q73e0q +al) + (ay +73b3) ) ¥ +V (o) + Fu P+ ZEu P (B12)
4 | ) where nt = |z1> + | 22|,
t e Calyt (Wt bt 1 wtpat
- (lﬁ Y0 +d - aqPTy + q- (Yimyby + ¢ waq)) | nT = |z)? - |zof?. (B13)
5 .
g [ho We use the definition
(B8)
1 2
From Eq. (B8) and using Eq. (B6), we obtain T = 29 Z Pt (T3apq + aq + 73bg)” ¥
a
1 —
i (v1m0) = 55 [nTa%e) + 200 {n7a- aa + nlq- by}
eff 73 2,2 132
S —gz<|¢ | WO\ ) (q ‘pq+(bq) ) +nta +njb2+2ns_aq-bq}
(BY) = 55 [n¥0*¢] + 2, {n; q- aa + nlq-ba}
ine nt = ot = — ot finall - 2 -\ 2
Using n] = 9" and n; = ¢p"73¢ we finally get +nt aq—i—n—ibq bt (1 nTr b2
Ng Ns
erf _ LAl el (o o 1 (B14)
S = - 3T (e (7)) B10)
93 s Completing the square in 6, in Eq. (B12), and neg]ectmg

V (¢o) and the potential strength F},,, F'*¥ and FWF“ we
We recover the (augp)z in Eq. (18), hence proving that the fluc- ~ obtain
Fuations b.elow T* are described by the SU(2) chiral model, 58000, 0] = ng q Z {9 N (ns g +nt q aq +mn;q-bg )}
itself equivalent to the C' P! model, or also the O(3) NLoM a.bl% # na g2
with fluctuating n-fields.

+ 1.
(B15)

First, we integrate over ¢, which results into an effective ac-
tion 552? [¢] where e 0Sa el = [ D0 68,,4[0, ¢] with,

~niq® (nid’ps+niq-aq+n;q- by
2g ndq?

3. Integration of all the Goldstone modes: Derivation of the
effective action S¢’;/

In this appendix, we formally integrate out the Goldstone 65 o] = — Z nFq® (n; %, +nfq-aq+n;q-bg 2 r
modes 6 and ¢ in the action in Eq. (2) to arrive at an effec- ap 1PI= 29 ndq? 1

tive action in Eq. (11). As mentioned in the main text, the 4

—\ 2 — —
field deQrivative term in Eq. (2) has a quadratiQC form |Du¢|2 = =_ Z[nglf (ni) P2+ Ns ©q <q ag + nijrq . bq)
10utb0|” + ¥T (8,0 + T30, — a, — T3b,)” 4. Ignoring the . 9 \7s g s
amplitude fluctuations (\8H1/10|2 = 0), the action in the mo- nt ny 2
mentum space reads as: + 29q2 (q "8q T Eq ' bq) I+ (B16)

1 Using the form of T} given in Eq. (B14) and after a bit of al-
Sapld, 0] = Z [QQz/JT (afy + T3qp, + aq + stq)2 " g:bralc manipulations, the action in Eq. (B16) can be written
q b
2, 1 2 5 ntq? bg )2 by \ 2
W bana e paxna] oo S (o S (b
(B11) 4
ny nt ng 2
. e (ag+1bg) ], (B17)
Note that V (1)) has been replaced by V (¢)g) in Eq. (B11) 2g 2g ng
as it is independent of the Goldstone modes. We have used =\ 2
1R, P =1 (qxaq)’and 1F,, " = L (q x bg)®. Ex- with nt = n} <1 - (ni> ) , (B18)
panding the terms in Eq. (B11) and using the spinor structure 5



with the notation a* = a — q(q-a) /¢* and a2 = a, -a_,

(idem for b). We now integrate over ¢, which results into
eff ~
an effective action 5525)1‘ where ¢ %% = [Dgp 6S§f;f [¢]

with,
i + - 2
eff _ ng 1\2 Ny 1 Ng o |
5Sa7b _%:[Zg(bq) +2_g<aq+’rljbq) ‘|
(B19)

Simplifying Eq. (B19), and putting back the potential terms,
we obtain Eq. (11) of the main text,

. ny 2 2\ 2n;
S = T ()4 07 + B g
a

2 2
+ % ()" ()" +V (w0).

Appendix C: Derivation of the C P' model from
fractionalization of PDW

In this appendix, we derive the effective action due to the
fractionalization of the preformed PDW order and show its
similarity with the C'P' model. The action governing the gra-
dients of the PDW field Appw is given, in the absence of EM
field, as

S = / A%z 0, Apryw O Appw - (C1)

1. Proof with Appw = Ayjxi;

We fractionalize the Appw field into p-p and p-h pairs as

Appw = Ajjxj; = 2123, (C2)

with z; = AU and z9 = Xij-

Using the constraint |z1]* + |20]° =
Eq. (C2) in Eq. (C1), we get

2
S = / dlz lz 025024
a=1

— (210p2] — 250,22) (210,21 — 220,25)] . (C3)

1 and substituting

Lets consider the gauge fields

. * * .
oy = —i (210,27 — 250,22) ;

@, =1 (2]0,21 — 220,25) .

Then Eq. (C3) can be re-cast into

2
S = /ddx ST Dez (C4)
a=1
D), = 0, + iay,

—1 .
Di = Du =0, —lay.

22

In order to connect this action with a C'P! model, we

choose a spinor
_ (=
¢—<@), (C5)

and write down the corresponding action in the form of a C' P?
model

Sa = / 'z |Dyf?, (C6)
with D,, = 8, — itz and Tep =1, (C7)

where the gauge field «, corresponding to the relative
phase of the spinor in Eq. (C5) is defined by the condition
0S,/0a = 0. This gives

o, = —ip 30,0 (C8)

Putting the value of «, from Eq. (C8) in Eq. (C6) and using
the form of the spinor in Eq. (C5), we can write the action as

2
S = / dix [Z 0210070 — Ay, (C9)
a=1

where oy, = —i (210,2] — 250,22) . (C10)
This C' P! model is same as the action in Eq. (C3) obtained by
fractionalizing the PDW field. Due to the fractionalization of
the PDW field defined in Eq. (C2), the C P! model involves
the gauge field corresponding to the relative phase of spinor
in Eq. (C5) or equivalently the global phase of the spinor ) =

T

(Aijs Xij) " -
If we parameterize z; and 25 in terms of the relative and the

global phases as
21 = |z 0F9). 2y = |22 et0—¢),

(C11)

we can rewrite the C' P! model in Eq. (C9) as
S = [ dta (412 12l 0u0)” + fea® (B 1)
+ 21?8 22])® + 2|21 |22] (B |21]) (B, \z2|)) . (C12)

The effective action depends only on the fluctuations of the
relative phase ¢, the amplitude fluctuations and is independent
of the global phase 6. The form of the action is similar to the
action used in Eq. (18) but with renormalized coefficients in
the amplitude fluctuation terms.

2. Proof with Appw = Ajjxij

In principle, we could have also fractionalized a PDW field
with the definition

Appw = Aijxij = 2122 (C13)
The action governing the gradients of this PDW will be
S = /ddl‘ 8NA;<’DW8}J«APDW' (C14)



Again using the constraint |z;|* + |z3|° = 1 and substituting
Eq. (C13) in Eq. (C14), we get

2
S = / dda [Z 0u230uza
a=1
— (210u2] — 220,23) (210,21 — 250,22)] . (C15)
As previously, lets consider the gauge fields

p— y * * .
ay = —i(2]0,21 — 250,22) ;

@, =1 (210u2] — 220,23) .

The Eq.(C3) can then be re-cast into

2
S = /ddx Z ’DZZQ
a=1
D, = 9, + iy,

2 .
D#—(“)# iy,

2 (C16)

With a choice of a spinor

w=<2)7

the action Eq. (C16) in the form of a C' P! model is the same
as previously Eq. (C6), with

(C17)

S, = /ddx\DHMQ, (C18)

with D,, = 8, — it3a, and o) =1, (C19)

where the gauge field «, corresponding to the relative phase
of the spinor in Eq. (C17) is defined by the condition
0S5, /0a = 0. This gives

oy = —ip 30,1,

= —i (210,27 — 220,23)

(C20)

Using the parametrization as in Eq. (C11), the effective ac-
tion can be written as

5= [ da (112 12 ©,0° + 22l @y 1))
1] (D 22])” + 221 22] (9 J21]) (B |221) ) - (€21

Thus, fractionalizing the PDW of the form given in Eq. (C13),
we obtain an effective action with fluctuating global phase.
So, fractionalizing the PDW field as in Eq. (C13) would result
to freezing of the relative phase ¢ at T and the effective ac-
tion in the PG phase involves only the fluctuation of the global
phase.

Appendix D: The chiral SU(n+1) model
1. CP" representation of a chiral SU(n+1) model

In this appendix, we give the details of the C'P™ representa-
tion of a chiral SU(n+1) model for a generic n. Let us consider
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the SU(n+1) invariant chiral model."'® A generic field ¢ be-
longing to the Lie algebra of the group SU(n+1) can be cast
into the form

5ab

n+1 ®1

*
Pab = — Za%p
where z, is a set of n+1 complex numbers verifying the con-

straint

n+1
D ziza=1. (D2)
a=1
The action for this model is
1
S = §/ddzT7‘[3u<pT3“<PL (D3)

which using the constraint can be put into the form (a =
1---n+1)

S = /ddx Za,tz;auza — Z (240u2a) (260u23)

a,b
(D4)

Eq. (D3) can be recast to the action

S, = /dd:c|Duz|2, (D5)
n+1
with Z lza> = 1,
a=1
D, =0, —iay,

— y *
and a, = —i E 2,02,
a

where z is a short hand notation for the multiplet
z = (z1,22,- 2pnt1), D, = 0, — ia,, and q, =
—i/2%, (220420 — 240u2)) = —i).,2:0,%,. One can
convince oneself of this equivalence by solving for the mean
value of the gauge field 6S,/da, = 0 which leads to the def-
inition of the gauge field a,, in Eq. (D5), and then reporting
it into S, in Eq. (D5) leads to Eq. (D4). The model defined
in Eq. (D5) is called the C'P™ model. It is remarkable that
it is invariant under the gauge transformation z, — ez,
a, — a, + 0,0. The gauge structure enforced by the gauge
field a,, reflects the topological character of the C'P" model,
with mo (CP™) = Z. Said in simpler words, n+1 complex
fields verifying the constraint Eq. (D2) are not purely inde-
pendent, but lead to a field theory of n independent fluctuating
fields subjected to the action Eq. (D5).

For the specific case of SU(2), the C P! model is equiva-
lent to the O(3) NLoM. To see this, it is convenient to take a
representation of the fields in terms of Pauli matrices

m? = z;ag,@zﬂ, a=1,3 (D6)
which satisfies the constraint
3
Z Im®|® = 1. (D7)

a=1



The corresponding action reads

3
S = 1/2/ddx2(8uma)2

The action Eq. (DS8) is typical of an O(3) NLoM. This
equivalence between C P ~ O(3) NLoM is not generically
valid for all n. In particular the O(n+1) NLoM does not have
topological defects for n > 3 since m2(S™) = 0 for n > 3,

(D8)

whereas the C P™ model does with o (CP™) = Z for all n.
The topological charge can be written as
@:/V%@Amf@a, (DY)

= /d%ZeW (02,00 2a),

where ¢, is the totally anti-symmetric tensor. In terms of
the gauge field the topological charge writes

1
Q= by /deem,auay. (D10)

2. Explicit forms of the SU(n + 1) — C'P™ mapping
a. The case with two fields: SU(2) — CP!

In the case for example where the d-BDW order has only
one wave vector, two fields z; and z5 form the spinor v in Eq.
(1). We take the form of the spinor in Eq. (17) and assume
that we are below T™ so that the phase 6 is frozen. Since the
upper energy scale is E* = ||, the constraint in Eq. (D2)
writes

(D11)

Zz Za = |to]?

From Egs. (D4) and (8), we see that the SU(2) chiral model
can be written as

S = /de [Z 0u2,0u%a — Guay o ?] (D12)
witha, =

Reporting the explicit form of the spinor in term of the phase
o leads to

(D13)

which finally gives after a recombination of terms

4 2 2
5= [t 5,02 4 0,102 + @422,
(D14)
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where the standard notations nJ™ = |1ho|> = | 21| +| 22| have
been used. We see that Eq. (D14) is identical to Eq. (18)
and to Eq. (B10) which makes the point that the chiral model
describes the fluctuations below 7.

b. The case for three fields: SU(3) — C P>

In the case, for example, where the d-BDW has two wave
vectors Q; and Q,, which is the most typical case for
cuprates, we have three fields 21, 2o and z3 which form the
spinor

21
Wl =(27,25,25) = = (D15)
z3
We take the following parametrization of ¢ with
P =¢ 6252<P2 z53¢3w (D16)
X 1
with §o = -1 ,
1
X 1
and 03 = 1 ,
-1

and where 1) is parametrized as in Eq. (17). We now expand
the action Eq.(D4) in this basis, assuming that the phase 6 is
frozen at T and that as in Sec D2 a, the constraint in Eq.
(D11) is extended as Za 1%z = |1bo|?. We get

(w*ézw)Q

| O

s=/fxwmﬁ+\%ﬁ—

(D17)
- (vtd)’

ol (Buipa)®
0

+ | Ivol?

(5 (v15)

+2 | 1102050 —
b0l

(8u ©2) (au ©3)

Reducing in terms of the components of the fields yields

L [4(al +1mP) 1
S— /d . o (0u03)
0

(1l + ) sl
3 (Oup3) (D18)
|20l

Azl |z

3
|1/J0|2 (Ousp2) (Oueps) + Z (Ou |Za|)2‘| .




Appendix E: PDW (n)-fluctuations below 7: Operator
formalism

As already highlighted in Sec. IID and detailed in
Sec. B 2b, the fluctuations in the PG phase can be described
by an SU(2) chiral model. In this appendix, we will show that
the fluctuations will take the form of PDW operators when the
fields forming the spinor are written in terms of electronic op-
erators. We also compare the structure of fluctuations in the
SU(2) chiral model with earlier works related to the idea of
SU(2) emergent symmetry (see e.g. Ref. [111]). We further
construct an effective quantum rotor model within the opera-
tor formalism.

1. The SU(2) chiral model

In order to obtain the form of the SU(2) fluctuations (Eq.
(19)) in the case of cuprate superconductors, it is worth going
back to the chiral model in Eq. (D3) and make the following
identifications. In the operator formalism, we define

zZ1 — Aij =d E O—Cj_gcigei/LOA,
o

Zo — X’LJ =d § :C;ﬂro’cja'eiQ.r+i0X7
o

Z — A;fj =d E acgac}LUel%,
o

Zo — )Zgj = CZZ c}[,cwe*iQ'T*wX, (ED)
o

with r = (r; +r;) /2 the bond midpoint. We can now write
the commutators (using d? = 1)

1 _ 1, . .
5 [Zlazl] = —5 (nz + nj) +1=-n.,
1 _ 1 . . .
3 [22,%2] = 3 (i —1j) = o, (E2)
1 1 , ,
5 [21722} = _5 zg:o.e—lQ-r—l(SA—i-QX)ci_gcia = ﬁi,Q7
1 1 iQr—i(0a—0y) _
where 7; = > czo Cio- With the help of the PDW operators

in Egs. (E2) one can form the raising and lowering operators
as

i = —== (il + Bill ).

»—A%H
oy}

Ne = — (Bﬁi,Q + Aﬁj7_Q) . (E3)

3

At first look it sounds that we have six generators 7, 7o,
5,05 Nj,-Q> ﬁj’Q, ﬁ;ﬁQ, but they are not independent. We
have two copies of the SU(2) field theory corresponding to
two choices of the spinors. In the following two subsections,
we give the choices of the spinors and identify the correspond-
ing fluctuations.
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z
» o= (3)

It is the form of the spinor that we chose to start with,
the generic fields in Eq. (D1) that constitute the chiral SU(2)
model are given in a matrix form (using expressions in
Egs. (E2),

N _ﬁz ﬁi,Q
= e (E4)
4 (niQ il )

where we have used g, = % [2a, Zb)-
We can now write the first copy of the O(3) NLoM in
Eq. (19), with the identification

m* = %aéb [24,Zp] = % (=02 —10) = % (1-n),
mt = %Uf{b (%0, Zb] = 1i,q>
m- = %U;b [2a,Zp) = A}L’Q, (E5)
and the constraint
P + T+t = 1. (E6)

We note that the SU(2) algebra formed by the operators
Eq. (ES) is self adjoint: namely the [ = 1 representation asso-
ciated to it is itself. With the notation

-1

A= —mt,
V)

Ay = m?,

. 1

Ay =—m",
V)

we get

[Thi,Am} = \/l (I+1)—m(mE1)An4,
[m Am} — mA,,. (E7)

The form of the fluctuations coming from the chiral model
Eq. (D4) and corresponding to the O(3) NLoM Eq. (D8) thus
consists of three types of n-fields forming an SU(2) algebra
acting on the n-fields themselves. With the appropriate rota-
tion of the basis

1 /4 o
fin = 5 (A1 +A—1> )
iz = Ao, (E8)
L —ifa A
n3_7(A1— 71)7
the Lie algebra writes
0 * *
. e -
L=| —im5" 0 * . (E9)
1 Mt m~
—m
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We could have chosen a second form for the spinor, the
generic fields in Eq. D1 that constitute the chiral SU(2) model
are given in a matrix form (using expressions in Egs. (E2)),

aA =1z ﬁj,—Q
2 <773T‘,Q ~o >

We can now write the second copy of the O(3) NLoM in
Eq. (19), with the identification

(E10)

. s 1, . 1 . R 1 .
my = ZO—ab 20, 2] = 3 (=7 +10) = B (1—1ny),
. 1 _ "
my = 50;, (24, 28] = 7)j,—q,
.- 1 _ _ "
my = 2%ab [2a,Zb) = 77;,—62’ (E11)

and the constraint is unchanged. As for Eq.(ES) the algebra of
Eq.(E11) is self-adjoint.

It is interesting to note that the first copy of the O(3) NLocM
corresponds to fluctuations living on site i” of the bond (i)
and the second copy lives on site ‘j’. Thus, by constructing
the preformed pairs on bonds with the definition of the fields
given in Eq. (E1), we have duplicated O(3) NLoM into two
copies living on different sites of a bond. The angular fluc-
tuations are given by /m* which correspond to PDW fields.
On the other hand, m? correspond to the fluctuations in the
density. At T, if we freeze the global phase by choosing the
spinor as in first copy v, the PDW operators corresponding
to the second copy acquires phase coherence as they involve
global phase. So, the special Higgs mechanism at 7" restricts
the fluctuation space to only one copy of O(3) NLoM.

2. SU(2) emergent symmetry

After showing that the fluctuations in SU(2) chiral model
are governed by the PDW operators, we now review the
framework of SU(2) emergent symmetry and give the set of
SU(2) operators, which rotates a particle-particle pairing field
on a lattice bond, to a particle-hole pairing field sitting as well
on a bond. We show that these operators resemble the form of
a PDW operator.

We work in real space and introduce the following | = 1
representation of the SU(2) algebra in terms of the operators
A,l = 1/\/§AU, Al = —1/\/§AI]-, and Ao, a linear com-

bination of x;; and )Adj:
. 1. .
— Tt 0
A= \ﬁd;”%%wel *
1

2vVAB

+ Be!

J—0O

1 . .
A_1=—d OCi_gCige 02, E12
1= Z : (E12)

Ci_o_ef’b'Q-(’l‘,ri”l’j)/Qefiax ,
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where A and B are generic complex numbers, 0 and 6, are
phases. A_iand A, = —Ail are proportional to the d-

SC field and its conjugate, whereas Ay is a modulated bond
particle-hole operator. The phases of the various operators are
independent from each other. The representation in Eq. (E12)
has a large degree of generality. It supports a complex bond-
excitonic field y carrying both an amplitude and a phase, thus
able to host d-currentDW as well as d-CDW. The modulation
vector Q does not need to be commensurate with the lattice.
The SU(2) ladder pseudo-spin operators are defined in the fol-
lowing way:

et Q- (ri+r;)/2,i(0a+0x)

1
Ny = E Act f
N+ 9 /TB - J[ 0 i—0

+ Bcl_cl_ e i@ (ritri)/26i(0a=0x)],

joj—o

- 1 L .
- g o BC,‘_O.Cio_ef"Q'(""i+7“j)/2671(9A+9X)
! 2V AB - [Bei '

Al gejyi@ i) 2gmi(02=0]
1

P 5 [77-&-777—] )

1 . .
:§Z(nia+nja_1)a

(E13)

where n;, = clgcig. With these definitions, the three 7 oper-
ators form a closed SU(2) algebra

[z, Ne] = £,

[ﬁ-ﬁ ﬁ—] = 27727

[ﬁ27’f]a] =0 with a= (+a B Z)7 (E14)
where 72 = ff_ + H2 — 7, is the Casimir operator com-
muting with all the generators. The A,,, operators then form

a [ = 1 representation under this algebra, satisfying the com-
mutation relations:

[ﬁi, Am} = I+ 1) —m(m=1)Ans,
[ﬁz,Am} = mAW“

[ﬁQ,A, } =11+ 1)A,,. (E15)

The operators (7)4,7—) have the form of a particle-particle
pairing order with finite center of mass momentum (which is
equal to the modulation wave vector of the d-BDW) and thus
define a PDW operator.

In writing the [ = 1 representation in Eq. (E12), we have
considered both the d-SC and the d-BDW fields to be com-
plex. This is necessary for the Hopf fibration discussed in
Sec. II B. On the contrary, the case of emergent SU(2) symme-
tries works well with a purely real d-BDW or a purely imag-
inary d-BDW. While Eqs. (E12) and (E13) are completely
generic, in the following, we show two special [ = 1 repre-
sentations correspondingto A = B=1and A = —B =.



a. ForA=B=1

P »
Al = ﬁd;gcjac;_gel A7

o
—iQ-(ri+r;) /2, —i0x

+ c}ocwe

1 . .
—d OCi_gCige 10a, El6
7 Z : (E16)

Ay

Note that in this case Ag corresponds to the real part of the

excitonic order A% = x + X', i.e. to the charge modulations.
We can construct the PDW operators

1 . .
= LS el manonin
o
+ C}gcj_gefi@(rﬁrj)/2€i(9A*9x)],
U % > olciogtige i) 2T 0aT0x)

o

+ Cj_UCja-eiQ.(ri+Tj)/2€7i(0A79X)],

. .. .
0z = 5 [ -1
= % > (o +1je — 1), (E17)
and
(e A | = VITF D) =m (m £ DA,
[ﬁz, Am} = mA,,. (E18)

Note that in all cases 7, is real, with 4] = 7j,. In this case we
have 7). = f! ( the subscript (x)“” has been dropped in the
commutation relations for clarity).

b. ForA= —iand B=1

. -1. .
_ ToT 0
A= ﬁdzgzaci“cjfoel B

X i ) o _
Ap = §dZ[—CjacjaelQ‘(””J)/Qewx
o
+e CwefiQ-(n+rj)/2€7iex’

(E19)

g

Note that in this case Ag corresponds to the imaginary part

of the excitonic order Ag = —ix +ix" , i.e. to the current
modulations. We can construct the PDW operators
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= E S ol et aosiay

o

+ C;O-C;_o.ef’iQ-(Ti+’r‘j)/26i(0A7‘9X)]’
W = %Z S OleimgCige QT 2gmi 05 40)
o
e i) /2e=i(02=01)]
. 1.
Nz = 5 [77+,T]—] ’

= 33 Gio o — 1), (E20)

As above, 7, is real, with ] = 7, and 7, = —ﬁi.

3. Lie algebra and quantum rotor model

In the operator formalism, it is interesting to reformulate
the discussion on fluctuations with the help of Lie algebra. For
this we introduce a basis of a four vector n = (ny, na, n3, n4)
such that,

1 /4 ~
1 i
n1f2<A+A),
1
_ U (AT A
ng = (A A),
m:%(*ﬂg). (E21)

Using the definitions of #% in Eq. (E17) and 7% in
Eq. (E20), we can form the SO(4) Lie algebra with the anti-

symmetric operator L such that L., = — Ly,
0 * * *
L im0 : N E22
= —i, n+§n_ 0 aE (E22)
~b ~b ~b ~b
LNy~ ~ 4+
i M =50

where * means the anti-symmetric component of L. The
basis works for general groups SO(n) with n vectors n, and
the constraint ), n2 = 1 is implicit. Here we have SO(4),
which has six such components. One can check the relations-
valid as well for the SO(n) algebra,

[Lab7 nc] = i(sacnb - i(sbcnzm

[Laba Lcd] = 7;5achb + Z’(SacLbd + i(sbcha + i(;deao
(E23)

We can form the Hamiltonian

N 1 -
H=—1%+202+ U,

% 5 (E24)



where ( is a susceptibility, p is the stiffness, 0., =
n,Vn, — nyVng, and U(n) is a potential term. We can take
formally the Legendre transform by introducing the conjugate
momentum to the quantum rotor L,

0H L
W=—=—. (E25)
oL ¢
The corresponding Lagrangian thus writes
L= ga}? - gfﬂ — U(n). (E26)

The form of the momentum & can be obtained by taking the
operator representation for L with

Lap = 1tapy — Patp, (E27)
with p the momentum conjugate to 7, with [P, tp] = i0ap-
Using the Hamilton equation n, = 0H/9p,, and making use

of the constraint Y, n2 = 1, we get the following expression

Wap = NgNp — NpNg.- (E28)

Noticing that, by differentiating the constraint one has the
relation ), 147, = 0, one obtains _, , w2, = Y, 1, thus
the Lagrangian in Eq. (E26) can be cast into the form

c-y

a=1

with Zni =1.
a=1

Eq. (E29) is typical of the SO(4) NLoM. As mentioned be-
fore, since in the model invoked for cuprates, the form of L
in Eq. (E22) involves only n-operators, one can conclude that
the fluctuations below T™ are made of PDW modes.

The L matrix in Eq. (E22) can be constructed by the gener-
ators of the two copies of the chiral SU(2) model of Sec. E 1.
The SO(4) group has 6 generators and the two copies of SU(2)
also consists of 3+3=6 generators. In order to see this analogy,
we write the anti-symmetric operator L in terms of the m field
operators in Egs. (ES) and (E11),

l\D\J\

n2 g (Vng)? = U(n),

(E29)

0 * * *
R R S x
L=l pegmz megmz o0 «|> B0

W®—mE WM —mE Y —ml 0

where * means the anti-symmetric component of L,; (with

Ly, = —Lgp fora,b € [1,2,3,4]) and
L i) = L e
fQ(m +m),mf2i(m m),
. 1 R 1, .
m2:§(m2+m2) mg:Q—i(m;fmz), (E31)

with /m*, m? defined in Egs. (ES) and m;, m35 defined in
Egs. (E11). m®, m¥Y, m? are the generators of the first chiral
SU(2) copy in Sec. E 1 a and m3, 7}, 3 are the generators
of the second chiral SU(2) copy in Sec. E 1 b.
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Appendix F: Details of the microscopic model
1. Solving the gap equations

We explicit here the solution of the two gap equations given
in Eq. (46) and Eq. (47).

J_ (qa W/) AV
Ak,w == _TZ N2 5 QA2 )
qw’ (Wt~ gk+q T Sktgq
J i (q, w )Xk+q
Xk,w = =T .
(%:, (W+ W = &tg) (W+ W —EkrQra) — Xiig
(F1)

We start by assuming J4, Ay ., and X ., to be frequency
independent. We also take the interaction to be maximal for
g = Qar. An example is to take J (g) to be of the form

Jy
(¢ — QAF)2 + H/QAF

where the constant part J = 3J (p) + V is related to the
original parameter of the real space model and xar is a mass
that translate the short-range nature of the fluctuations. We
use the fact that Jy is peaked around the antiferromagnetic
wave-vector to restrict the momentum sum in Eq. (F1) to a
small region around Q) o of size kaF in which Ji, A and x
are taken to be constant. In order not to make any assumption
on the relation between x;+¢ ., and xx or Agyo,, and Ay
we use equation Eq. (F1) to express Xx+Q., and Apyg,p
respectively, leading to

— )’y . L —

v (Wt = &hiQra) (W + W' — Ehpq) — (Xk)

Ji(q) = 7 (F2)

Xk
> (WA W = &g iq) W+ W —Eryg) — (Xx)?

q W’
(F3)
1
Ap = (J-)? _ _ )
k ( ) (;;/ (w +w — £k+q)(w +w + 571@7(1) _ (Ak)2
Ay
X Z (w + w — §k+q’)(w + W+ é—k—q/) — (Ak)27 (F4)

7!
q,w

where we used the notation &, = Ek+Quar> Xk = Xk+Qap and
Ay =A k+Qar- We can now simplify the equations on both
side and perform analytically the two summations over the
Matsubara frequencies which leads to the same result starting
from either Eq. (F3) or Eq. (F4):

1= ()Y ny (@;j :Zi(@—) 3 ny (W(L) :Zi(w—)
q q ")
with

1
wi = 3 (€k+q Qg T \/(§k+Q+q —&hrg)” 4Xi) »
(Fo)

Wi =k fe2, A2 (F7)
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FIG. 6. (a,c,e,g) Gap in the particle-hole pairing channel () for dif-
ferent choices of parameters. (b,d,f,h) Corresponding gaps in the
particle-particle pairing channel (A). For all figures J = 0.6 eV,
V = J/3. We compare the gaps with kar = 0.05 r.l.u (a
and b) and kar = 0.16 r.l.u (c and d) for x with an axial Q.
We also show solutions for A and x with kar = 0.1 r.l.u and
Q@ = (0,+£0.3) r.l.u (e and f) which is close to the experimentally
observed value. Solutions of x with a diagonal wave-vector linking
hot-spots @ = (£Qz, +Qy) for kar = 0.1 r.l.u is shown in (g)
with its equivalent comparison for A in (h).

and @ have the same expression with all momenta shifted by
Qar, ie. k — k+ Qap. Neglecting the g-dependence of
(wy —w_) in Eq. (F5) we can also perform analytically the
momentum summation. This is done by linearization of w.
around k and by limiting the integration to the direction par-
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allel to the Fermi velocity in a range kap,
d n }{AF/Q d
Yo ey Lo
. (2m) CrpAp/2 2T
This leads us to the following expression:

1 1 B(er’UfNAF/2)
an (w) = ——=—1og te e (F9)
P 6 1 + eﬂ(w—vaAF/ )

vf

Finally we start by neglecting x and A so that we can solve
the implicit equations:

- ~ 2
M) Anf (w+,w7)2 - (&H—Q - fk)Q

(F10)

Axi = (Jy)" <

Ekt+q — &k

Ai _ (J—)4 <Anf (J‘iﬁ-?‘:}—
4 264,
Note that the right hand sides still depend on xj or Ay
through wy in Eq. (F6). However, these equations can be
solve independently for all k in the first Brillouin zone. As a
second step, we use the previous solution as the input value of
X and A and compute the modification it implies on x and
A respectively. This procedure converge to a stable solution
within a few iterations. Having used the same set of approx-
imations for the computation of the particle-particle gap and
the particle-hole gap, allows us to have a direct comparison of
their amplitudes. We finally consider that only one gap open
at each k-point, the one that is the larger of the two.

2
)> Ang (wy,w-)> =& (F11)

2. Exploration of the parameter space

The solution of the gap equation depends on the choice of
different parameters, namely the spin-spin interaction J, the
density-density interaction V', the d-BDW ordering wave vec-
tor () and the range of the AF coupling xar. We present in Fig.
6 the solutions for certain choices of parameters. We start by
two results obtained from the same value of interactions as in
the main text (Fig. 4) but with larger and smaller value of kKap
than the one obtained form experiments. As expected, the re-
sulting solutions are limited to a region closer to the hot-spots
when kaf is reduced while we obtain a non-zero solution in
an extended part of the Brillouin zone for large xap. Solutions
obtained when we change the d-BDW ordering wave vector,
show that the gap opening on the Fermi surface is the largest
with an axial wave vector connecting the hot spots in the first
Brillouin zone and hence will be favored. The diagonal wave-
vector for d-BDW leads to a solution which is degenerate with
the superconducting gap or with the axial d-BDW at the hot-
spots but will have a larger overlap with the d-SC gap away
from them.

3. Mean-field solution for PDW gap

We now look for finite momentum superconducting order
arising from the microscopic model in Eq. (42) at the mean-
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FIG. 7. PDW gap averaged in the nodal region (A%) scaled by Xf?hs
as a function of Q/Qps. AghS/Z/X;?”'S is nearly 0.5. Thus the Qs
d-BDW order is energetically favored compared to the Qps/2 PDW
as a choice for a primary state. The parameters for the short AF
interactions are chosen as kar = 0.05 r.luand J = 0.5 eV. We
used the same doping p = 0.12, inverse temperature 5 = 50 and
ratio J/V = 20 as in Fig. 4.

field level. The gap equation for the PDW gap (A®) is given
by

J— (q7 OJI) A]cQ«HZ

AR, =-TY

(F12)

We solve this equation in the same way as described previ-
ously in Sec. F1 for a modulation wave-vector varying be-
tween Q = 0 and Q = Qps. Qs is the axial wave-vector
relating two hot-spots in the first Brillouin zone. We then
compare the solution with the d-BDW gap with wave-vector
Q) = Qs as obtained in the main text. The result for the val-
ues averaged in the nodal region is shown in Fig.7. We first
note that A?=" (d-SC gap) is slightly smaller than x&"s as
we have the density-density interaction included in our model.
We see that the PDW gap for QQ = Qps/2 is approximately
half of the d-BDW gap with Q = @}, in the nodal region.
We checked that the PDW gap with Q = Q,/2 averaged in
the AN region (AaQJS/Q) also gives AaQﬁ‘s/z ~ 1/2X§’l8. Thus
energetically, the choice of the d-BDW with ), as a primary
state over Q1,5 /2 PDW is justified.

Appendix G: Determination of the phase of the density
modulations in STM

We outline the procedure to extract the phase of the
charge density modulations in STM measurements. The sub-

Q \*
g0 (WHw = Eitg) (W+ W + Eetrqtq) — (Ak+q)
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lattice segregation method described in Ref. generates
D% (q, E), which measures the spectral weight of the field
induced d-CDW at an energy 2 = eV (V is the bias volt-
age). Note that 0 Z(r, E) = Z(r, E,8.5T)— Z(r, E,0T) with
Z(r,E) = g(r,V)/g(r,—V) where g is the differential tun-
neling conductance. We hypothesize that D7 js proportional
to the amplitude of the d-CDW (Re (x(r))). The phase is ob-
tained using the following procedure:

1. D%%(q,E) is filtered individually around Q, =
(0.25,0)27/ap and Q, = (0,0.25)27/a with a filter
of width A to obtain

~ ~ (a=Qs,y)*
Doy (q, E) = 2D%%(q, E)e™ a2 (G1)
2. An inverse Fourier transform of D, ,,(q) gives
D, ,(r) = ReDy ,,(r) +iImD, (1)
=53 dqe'* D, ,(q). (G2)

Since Dggy(q) is not a perfect Gaussian, the real space
structure D, ,,(7) contains information about both spa-
tially varying phase and amplitude.

3. The spatial-phase map is generated using

Oz y(r) = tan~! [ImDy (r)/ReDg (1)]. (G3)

4. In Fig. 5(a), we plot Cos(¢, ,,(r)) masked around the
vortex regions.

5. A reference modulation is constructed with
COS((bref (’I“)) where ¢7‘€f (T) = Qy A ¢0~
The grey lines in Fig. 5(a) represents the points where
the reference phase function is 0 mod 2.

6. The histogram of ¢, (1) — ¢re () is shown in Fig. 5(b)
at only the vortex regions considering 6-9 vortex cores.
A common radius of 2nm around each vortex core is
used.
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