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The global Gan-Gross-Prasad conjecture for unitary
groups: the endoscopic case

Rapha¢l Beuzart-Plessis, Pierre-Henri Chaudouard and Michat Zydor

Abstract

In this paper, we prove the Gan-Gross-Prasad conjecture and the Ichino-Tkeda conjecture
for unitary groups U, X U,+1 in all the endoscopic cases. Our main technical innovation
is the computation of the contributions of certain cuspidal data, called *-generic, to the
Jacquet-Rallis trace formula for linear groups. We offer two different computations of these
contributions: one, based on truncation, is expressed in terms of regularized Rankin-Selberg
periods of Eisenstein series and Flicker-Rallis intertwining periods. The other, built upon
Zeta integrals, is expressed in terms of functionals on the Whittaker model. A direct proof of
the equality between the two expressions is also given. Finally several useful auxiliary results
about the spectral expansion of the Jacquet-Rallis trace formula are provided.
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1 Introduction

1.1 The endoscopic cases of the Gan-Gross-Prasad conjecture

1.1.1. One of the main motivation of the paper is the obtention of the remaining cases, the
so-called “endoscopic cases”, of the Gan-Gross-Prasad and the Ichino-Ikeda conjectures for unitary
groups. To begin with, we shall give the main statements we prove.

1.1.2. Let E/F be a quadratic extension of number fields and ¢ be the non-trivial element of
the Galois group Gal(E/F). Let A be the ring of adéles of F. Let n > 1 be an integer. Let H,, be
the set of isomorphism classes of non-degenerate c-Hermitian spaces h over E of rank n. For any
hn € H,, we identify h,, with a representative and we shall denote by U(h,,) its automorphisms
group. Let hg € H; be the element of rank 1 given by the norm Ng,p.

We attach to any h € H,, the following algebraic groups over F:

e the unitary group Uj, of automorphisms of h;

e the product of unitary groups U, = U(h) x U(h & hg) where h & ho denoted the orthogonal
sum.

We have an obvious diagonal embedding Uj, < Uy,.



1.1.3. Arthur parameter. — Let G,, be the group of automorphims of the E-vector space E™.
We view G,, as an F-group by Weil restriction. By a Hermitian Arthur pammeteﬂ of G, we mean
an irreducible automorphic representation II for which there exists a partition ny +...4+n, =n
of n and for any 1 < i < r a cuspidal automorphic representation II; of G, (A) such that

1. each II; is conjugate self-dual and the Asai L-function L(s,II;, As(_l)nﬂ) has apoleat s =1;
2. the representations II; are mutually non-isomorphic for 1 < i < r;

3. the representation II is isomorphic to the full induced representation IndIGD" (I X...X1II,.)
where P is a parabolic subgroup of G,, of Levi factor G,,, x ... x G,,..

Remark 1.1.3.1. — It is well-known (see [F1i88]) that condition 1 above is equivalent to the fact
that I1; is (GLy, r,n™"!)-distinguished in the sense of §L.1.2] below.

The integer r and the representations (II;);<;<r are unique (up to a permutation). We set
Sn=(Z/27)".

Let G = G, x Gp11. By a Hermitian Arthur parameter of G, we mean an automorphic
representation of the form II = II,, X I, ;1 where II; is a Hermitian Arthur parameter of G; for
i =n,n + 1. For such a Hermitian Arthur parameter, we set S = S, X Sm,,,,-

1.1.4. Let h € H, and o be a cuspidal automorphic representation of Up(A). We say that a
Hermitian Arthur parameter II of G,, is a weak base-change of o if for almost all places of F' that
split in F, the local component II, is the split local base change of o,. If this is the case, we write
IT = BC(o).

Remark 1.1.4.1. — By the work of Mok [Mok15] and Kaletha-Minguez-Shin-White [KMSW], we
know that if o admits a weak base-change then it admits a strong base-change that is a Hermitian
Arthur parameter II of G,, such that II, is the base-change of o, for every place v of F' (where
the local base-change in the ramified case is also constructed in loc. cit. and characterized by
certain local character relations). Moreover, this is the case if and only if o has a generic Arthur
parameter in the sense of loc. cit. Besides, a result of Ramakrishnan [Ram18| implies that a weak
base-change is automatically a strong base-change. Therefore, we could have used the notion of
strong base-change instead. However, we prefer to stick with the terminology of weak base-change
in order to keep the statement of the next theorem independent of [Mok15| and [KMSW].

1.1.5. Gan-Gross-Prasad conjecture. — Our first main result is the global Gan-Gross-
Prasad conjecture [GGP12l Conjecture 24.1] in the case of U(n) x U(n + 1) and can be stated as
follows.

Theorem 1.1.5.1. — Let II be a Hermitian Arthur parameter of G. The following two statements
are equivalent:

1. The complete Rankin-Selberg L-function of 1 (including Archimedean places) satisfies

L(>

2,H)7é0;

2. There exists h € H,, and an irreducible cuspidal automorphic subrepresentation o of Uy, such
that I1 is a weak base change of o and the period integral Py, defined by

Puie) = [ty dn

induces a non-zero linear form on the space of o.

IStrictly speaking, it is a discrete Arthur parameter. By simplicity, we shall omit the adjective discrete.



Remark 1.1.5.2. — If the Arthur parameter is moreover simple (that is if IT is cuspidal), the
theorem is proved by Beuzart-Plessis-Liu-Zhang-Zhu (cf. [BLZZ19, Theorem 1.7]). Previous works
had to assume extra local hypothesis on II, which implied that II was also simple (see [Zhal4b],
[Xuel9], [Beul6] and [BP18b|) or only proved the direction 2. = 1. of the theorem (JGJRO09),
Y19, [1Z]).

As observed in [Zhal4bl, Theorem 1.2] and [BLZZ19, Theorem 1.8] we can deduce from Theorem
[LI57 the following statement (whose proof is word for word that of [Zhal4b]):

Theorem 1.1.5.3. — Let 11,11 be a Hermitian Arthur parameter of G,+1. Then there exists a
simple Hermitian Arthur parameter 11,, of G,, such that the Rankin-Selberg L-function satisfies:

1
L(5 Ly % Tpy) # 0.

1.1.6. Ichino-Ikeda conjecture. — Let ¢ = ®; o, be an irreducible cuspidal automorphic
representation of U}, that is tempered everywhere in the following sense: for every place v, the
local representation o, is tempered. By [Mok15] and [KMSW]|, o admits a weak (hence a strong)
base-change II to G. Set

n+1
L(s,0) = H L(s+i— 1/2’ni)L(s _’_Lijéni Ad)

=1

where 1 denotes the quadratic idele class character associated to the extension E/F, L(s,n') is the
completed Hecke L-function associated to n° and L(s, o, Ad) is the completed adjoint L-function
of o (defined using the local Langlands correspondence for G from [Mok15|, [KMSW]|). We denote
by L(s,0,) the corresponding quotient of local L-factors. For each place v of F, we define a local
normalized period ’P,E_UU : 0y X 0y — C as follows. It depends on the choice of a Haar measure on
U} (F,) as well as an invariant inner product (.,.), on o, and is given by

1

P (o, ) = 5(5,%)_1 /U . )(Uv(hv)%,w'v)vdhv, Pu, Py € T,
2 v

where, thanks to the temperedness assumption, the integral is absolutely convergent [Harl4,
Proposition 2.1] and the local factor £(s,o,) has no zero (nor pole) at s = 3. Moreover, by

2
[Harld, Theorem 2.12], if ¢ = ®/ ¢, € o, then for almost all places v we have

(1.1.6.1) P,hwv (o, u) = vol(Up(Oy))(@u, u)ow-

We also recall that the global representation ¢ has a natural invariant inner product given by

(¢, ©)pet :/ le(9)*dg, ¢ € o.
[Un]

Our second main result is the global Ichino-Ikeda conjecture for unitary groups formulated in
[Har14l Conjecture 1.3] and can be stated as follows (this result can be seen as a refinement of
Theorem[[.T.5.1] the precise relation requiring the local Gan-Gross-Prasad conjecture and Arthur’s
multiplicity formula for unitary groups will not be discussed here).

Theorem 1.1.6.1. — Assume that o is a cuspidal automorphic representation of Uy that is
tempered everywhere and let II = II,, K 11,41 be the weak (hence the strong) base-change of o
to G. Suppose that we normalize the period integral Py, and the Peterssen inner product (.,.)pet
by choosing the invariant Tamagawa measures] dramh and dramg on Uj(A) and Up(A) respec-
tively. Assume also that the local Haar measures dh, on U (F,) factorize the Tamagawa measure:

2We warn the reader that our convention is to include the global normalizing L-values in the definition of
Tamagawa measures, cf. Section [2:3] for precise definitions.



dTamh = HU dh,. Then, for every nonzero factorizable vector ¢ = ®. @, € o, we have

Piuz,gu (22
(P, Po)v

[Pr()]?

izt
(907<P)Pct _|SH| 5(27 )H

v
where we recall that St denotes the finite group Sm, X Sm,._, -

Note that the product over all places in the theorem is well-defined by (LIG6.1). Moreover,
once again, this theorem is proved in [BLZZ19] under the extra assumption that IT is cuspidal (in
which case |St| = 4). Previous results in that direction includes [Zhal4al, [Beul6|, [BP18b] where
some varying local assumptions on ¢ entailing the cuspidality of II were imposed. In a slightly
different direction, the paper [GLO6| establishes the above identity up to an unspecified algebraic
number under some arithmetic assumptions on o.

1.2 The spectral expansion of the Jacquet-Rallis trace formula for the
linear groups

1.2.1. Motivations. — As in |[Zhal4b), [Zhalda], [Xuel9], [Beul6], [BP18b] and [BLZZ19],
our proofs of Theorems [LT.5.1] and [LT.6.T] follow the strategy of Jacquet and Rallis [JR11] and
are thus based on a comparison of relative trace formulas on unitary groups Uy for h € H,, and
the group G. Let’s recall that these trace formulas have two different expansions: one, called the
geometric side, in terms of distributions indexed by geometric classes and the other, called the
spectral side, in terms of distributions indexed by cuspidal data. As usual, the point is to get
enough test functions to first compare the geometric sides which gives a comparison of spectral
sides.

For specific test functions, the trace formula boils down to a simple and quite easy equality
between a sum of relative regular orbital integrals and a sum of relative characters attached to
cuspidal representations. This is the simple trace formula used by Zhang in [Zhal4b| and [Zhal4al
to prove special cases of Theorems[[.T.5.]]and [LT.6.1l In return one has to impose restrictive local
conditions on the representations one considers.

In [Zyd16], [Zyd18]|, [Zyd20], Zydor established general Jacquet-Rallis trace formulas. Besides,
in [CZ], Chaudouard-Zydor proved the comparison of all the geometric terms for matching test
functions, that is functions with matching local orbital integrals. Using these results, Beuzart-
Plessis-Liu-Zhang-Zhu in [BLZZ19| proved [LT.5.1] and [LT.6.1] when II is cuspidal. Their main
innovation is a construction of Schwartz test functions only detecting certain cuspidal data. In
this way, they were able to construct matching test functions for which the spectral expansions
reduce to some relative characters attached to cuspidal representations.

1.2.2. In this paper, we also want to use the construction of Beuzart-Plessis-Liu-Zhang-Zhu.
But for this, we need two extra ingredients. First we need the slight extension of Zydor’s work
to the space of Schwartz test functions. For the geometric sides, this was done in [CZ]. For the
test functions we need, the spectral side of the trace formulas for unitary groups still reduces to
relative characters attached to cuspidal representations and we need nothing more. But, for the
group GG, we shall extend the spectral side of the trace formula to the space of Schwartz functions.
Second there is an even more serious question: since the representation II is no longer assumed to
be cuspidal, the spectral contribution associated to II is much more involved. In this section, we
shall explain alternative and somewhat more tractable expressions for the spectral contributions
in the trace formula for G. For the specific cuspidal datum attached to I, we get a precise result
as we shall see in section [L.3] below.

1.2.3. The spectral expansion for the Schwartz space. — Let X(G) be the set of cuspidal
data of G (see §2Z9.T). To x is associated a direct invariant factor L2 ([G]) of L*([G]) (see [MW89,
Chap. II] or section 29 for a review). Let f be a function in the Schwartz space S(G(A)) (cf. §2.5.2
for a definition). Let K¢, resp. Ky, be the kernel associated to the action by right convolution
of f on L*([G]), resp. L3 ([G]).



Following [Zyd20] (see §8.2.3)), we introduce the modified kernel K fx depending on a parameter
T in a certain real vector space. Set H = Gy, and G’ = GL,, p X GL,,4+1,F both seen as subgroups of
G (the embedding H — G being the “diagonal” one where the inclusion G,, < G,,41 is induced by
the identification of E™ with the hyperplane of E"*! of vanishing last coordinate). The following
theorem is an extension to Schwartz functions of [Zyd20| théoréme 0.1].

Theorem 1.2.3.1. —(see theorem [3.2.4.1))

1. For any T in a certain positive Weyl chamber, we have

2 /[HJ /[ '] K7 (s 'y (9)] dg'dh < o0

XEX(G)

2. Letng: be the quadratic character of G'(A) defined in §3.1.8. For each x € X(QG), the integral
(1.2.3.1) / Kf (h,g")ner(g") dg'dh
[H] /(G

coincides with a polynomial-exponential function in T whose purely polynomial part is contant
and denoted by I, (f) .

3. The distributions I, are continuous, left H(A)-equivariant and right (G'(A), na)-equivariant.
Moreover the sum

(1.2.3.2) I(f) = Y I (f)

is absolutely convergent and defines a continuous distribution.

The (coarse) spectral expansion of the trace formula for G is precisely the expression (L2.3.2)).

1.2.4. The definition of I, given in theorem [[Z2Z:31]is convenient to relate the spectral expansion
to the geometric expansion. However, to get more explicit forms of the distributions I, we shall
use the following three expressions:

(1.2.4.3) / / (AT Ky (h, g ner (9') dg'dh
1) J1G1)
(1.2.4.4) / FG"“(h,T)/ Ky (h,g')ne(g') dg'dh
(H) (<
(1.2.4.5) /{ . FGni(gy,, T) /[H] Ky (h,g')dhng(g')dg’

Essentially they are given by integration of the kernel Ky, along [H| x [G’]. However, to have a
convergent expression for a general x, one needs to use some truncation depending on the same
parameter T as above. We introduce the Ichino-Yamana truncation operator, denoted by AL,
whose definition is recalled in §3.321 In (IZ43)), we apply it to the left-variable of K ,. But one
can also use the Arthur characteristic function F@+1(.,T) whose definition is recalled in [3.3.41
In (CZZA), this function is evaluated at h € H(A) through the embedding H = G,, < Gp1.
In (L2435), it is evaluated at the component g; of the variable ¢’ = (g;,,95,41) € G'(A) =
GL,(A) x GL,11(A).

The link with the distribution I, is provided by the following theorem (which is a combination of
Propositions B33 Tland B35 Tland Theorem B37T]). Note that we shall not need the full strength
of the theorem in this paper. However it will be used in a greater generality in a subsequent paper.

Theorem 1.2.4.1. — Let f € S(G(A)) and x € X(G).

1. For any T in some positive Weyl chamber, the expressions (L.2.4.3), (1.2.4.4) and (.2.4.5])

are absolutely convergent.



2. Each of the three expressions is asymptotically equal (in the technical sense of §3.3.0]) to a
polynomial-exponential function of T whose purely polynomial term is constant and equal to

L(f)-

1.3 On the x-generic contribution for the Jacquet-Rallis trace formula
for the linear groups

1.3.1. From now on we assume that the cuspidal datum yx is relevant x-generic that is x is
the class of a pair (M,n) with the property that the normalized induction II := Indggig (m),
where we have fixed a parabolic subgroup P with Levi component M, is a Hermitian Arthur
parameter of G. To II we associate, following [Zhaldal, §3.4], a relative character Iy. The precise
definition of this object is recalled in §8T.31 Let us just say here that it is associated to two
functionals A and 3, on the Whittaker model W(II,¢n) of II, where ¢ is a certain generic
automorphic character of the standard maximal unipotent subgroup NV of GG, that naturally show
up in integrals of Rankin-Selberg type. More precisely, A is the value at s = % of a family of Zeta
integrals, studied by Jacquet-Piatetski-Shapiro-Shalika [JPSS83]|, representing the Rankin-Selberg
L-function L(s,II) whereas (3, is essentially the pole at s =1 of another family of Zeta integrals,
first introduced by Flicker [F1i88|, representing the (product of) Asai L-functions L(s,II, Asg) :=

L(s,10,,, As(_l)nﬂ)L(s,Hn+1,As(_1)n). The relative character Iy is then given in terms of these
functionals by

(1.3.1.1) In(f) = > MI(S)W,)B,(W,), f € S(G(A)),

ell

where the sum runs over an orthonormal basis of II (for the Petersson inner product) and W,
denotes the Whittaker function associated to the Eisenstein series E(y) (obtained, as usual, by
integrating E(y) against vy over [N]).

The following is our main technical result whose proof occupies most part of the paper.

Theorem 1.3.1.1. — Let x be a cuspidal datum associated to a Hermitian Arthur parameter I1
as above. Then, for every function f € S(G(A)) we have

L(f) = 27 ™A Iy ()

where Ap; denotes the mazimal central split torus of M.

Remark 1.3.1.2. — It is perhaps worth emphasizing that the contribution of x is purely discrete
in the Jacquet-Rallis trace formula. Such a phenomenon happens in Jacquet relative trace formula,
see [Lap06]. By contrast, the contribution of the same kind of cuspidal datum x to the Arthur-
Selberg trace formula is purely continuous (unless, of course, if II is cuspidal).

We shall provide two different proofs of theorem [[L3.1.1] one based on truncations, the other
using integral representations of Asai and Rankin-Selberg L-functions. Let’s explain separately
the main steps of each approach.

1.3.2. A journey through truncations. — We first begin with the approach based on
truncations. The first step is to get a spectral decomposition of the function

(1.3.2.2) o Ky (9,9 e (9')dg'.
G/
of the variable g € [G].
The kernel itself K, has a well-known spectral decomposition based on the Langlands decom-
position. Then the problem is basically to invert an adelic integral and a complex integral. It is
solved by Lapid in [Lap06] (up to some non-explicit constants) but we will use a slightly different



method avoiding delicate Lapid’s contour moving. Instead we replace the integral (L3.22]) by its
truncated version

(1.3.2.3) /[ ) (Ky AL (9.9 e (9')dg' -

where the mived truncation operator Al defined by Jacquet-Lapid-Rogawski [JLR99] is applied
to the right variable of the kernel. We can recover (L3.2.2)) by taking the limit when T — +oo.
It is easy to get the spectral decomposition of ([3:2:3) (see Proposition [£23.3]). Using an analog
of the famous Maaf-Selberg relations due to Jacquet-Lapid-Rogawski (see [JLR99] and Lemma
below), we get in proposition [43.:6.1)) that (L3.23) is equal to a finite sum of contributions
(up to an explicit constant) of the following type

(13.2.4) /G* > JQ,X(Q,A,f)MdA.

QeP(M) Oa(=2)

Here it suffices to say that iag’* is some space of unramified unitary characters and that Jg (g, A, f)
is a a certain relative character built upon Flicker-Rallis intertwining periods (introduced by
Jacquet-Lapid-Rogawski). The integrand is a familiar expression of Arthur’s theory of (G, M)-
families with quite standard notations. It turns out that the family (Jg (g, A, f))oep(ar) is
indeed an Arthur (G, M)-family of Schwartz functions in the parameter A. Let’s emphasize that
this Schwartz property relies in fact on deep estimates introduced by Lapid in [Lap06] and [Lap13].
By a standard argument, it is then easy to get the limit of ([3:24) when T — 400 which gives the
spectral decomposition of ([[L322) (see Theorem [3371)). Note that the spectral decomposition
we get is already discrete at this stage.
From this result, one gets the equality

(13.235) [ TR0 e ) dndg’ =240 1 (),
[H] /[G]
The left-hand side has been defined in §L.2.4] and the relative character Ip . is defined as follows:

> Irs(1(f)p) - To(p)

pell

where the sum is over an orthonormal basis, Irs(yp) is the regularized Rankin-Selberg period of
the Eisenstein series E(¢) defined by Ichino-Yamana and J,(p) is a Flicker-Rallis intertwining
period (for more detail we refer to §5.1.5]).

In particular, the left-hand side of (L3.2.5]) does not depend on T'. So Theorem [L2-4.T] implies

Theorem 1.3.2.1. —(see theorem [L.2.1.1] for a slightly more precise statement)

L(f) =27 a0 g ().

Remark 1.3.2.2. — As the reading of Section should make it clear, this statement suffices
to prove the Gan-Gross-Prasad conjecture namely Theorem [[LT.5.1l1 However, to get the Ichino-
Tkeda conjecture, namely Theorem [[LT.6.1] we will want to use statements about comparison of
local relative characters written in terms of Whittaker functions. For this purpose, Theorem
[L3 11 will be more convenient.

The link between regularized Rankin-Selberg period of Eisenstein series and Whittaker func-
tionals has been investigated by Ichino-Yamana (see |[IY15]). The following theorem relates the
Flicker-Rallis intertwining periods to the functional ,(W,,) in (IL3I1). It uses a local unfolding
method inspired from [FLO12, Appendix A] (see Chapter [)).



Theorem 1.3.2.3. — For all p € 11, we have

Jn(‘ﬂ) = ﬂn(Ww)

In this way, one proves the following theorem which implies Theorem [[.3.1.1]
Theorem 1.3.2.4. —

Ipy=1In.

1.3.3. Second proof: the use of Zeta integrals. — The spectral decomposition of (L3.2.2])
essentially boils down to a spectral expansion of the period integral

Paale) = [ ldmo (6)dy

for test functions ¢ € Sy ([G]), where S, ([G]) denotes the Schwartz space of [G] consisting of
smooth functions rapidly decaying with all their derivatives that are “supported on x” (see Section
for a precise definition). Choose a parabolic subgroup P = M Np with Levi component M.
By Langlands L? spectral decomposition and of the special form of x, any ¢ € S, ([G]) admits a
spectral decomposition

(1.3.3.6) v = E(px)dA

.
1qhr

where 7a%, denotes the real vector space of unramified unitary characters of M (A) and ¢y belongs
to the normalized induction space Indggig(w ® A) and E(py) is the associated Eisenstein series.

Theorem 1.3.3.1. — For every ¢ € S8 ([G]), we have
Pern(p) = 27dim(AM)ﬁn(W<po)-

where Wy, stands for the Whittaker function of the Eisenstein series E(po).

The proof of Theorem [[.3:3.1]is close to the computation by Flicker [F1i88] of the Flicker-Rallis
period of cusp forms in terms of an Asai L-function and local Zeta integrals. More precisely,
we first realize Pg:,(p) as the residue at s = 1 of the inner product of the restriction ¢c/
with some Eisenstein series E(s,¢) (where ¢ is an auxiliary Schwartz function on A™ @ A"T1).
Mimicking the unfolding of loc. cit. we connect this inner product with an Eulerian Zeta integral
ZF¥R(s,W,,, ¢) involving the Whittaker function W, of ¢ (obtained as before by integration against
w;,l). We should emphasize here that, since ¢ is not a cusp form, the unfolding gives us more
terms but using the special nature of the cuspidal datum x we are able to show that these extra
terms do not contribute to the residue at s = 1. The formation of ZFR(s, W, ¢) commutes
with the spectral expansion (L33.6) when R(s) > 1 and, as follows from the local theory, the
Zeta integrals Z¥R(s, W, ,¢) for A € ia}, are essentially Asai L-functions whose meromorphic
continuations, poles and growths in vertical strips are known. Combining this with an application
of the Phragmen-Lindel6f principle, we are then able to deduce Theorem L3371

Let us mention here that, as in the proof of ([L3:21), a key point is the fact (due to Lapid
([Lap13] or [Lap06])) that the spectral transform A — ¢, is, in a suitable technical sense,
“Schwartz” that is rapidly decreasing together with all its derivatives.

The second step is to integrate (L3:2.2) over g € [H]. To do so, we define a regularization of
the integral over [H] that doesn’t require truncation. More precisely, denoting by 7 ([G]) the space
of functions of uniform moderate growth on [G], we can define the “x-part” T, ([|G]) of T ([G]) (see
Section [ZH) of which S, ([G]) is a dense subspace. Moreover, starting with ¢ € T([G]) we can



also form its Whittaker function W,, and consider the usual Rankin-Selberg integral Z%5(s, W,,)
that converges for (s) > 1 and represents, when ¢ is an automorphic form, the Rankin-Selberg
L-function for G, X Gp41.

Theorem 1.3.3.2. — (see theorems[71.31] and[7.1.4.1) The functional

p e S(G)) = [ p(h)dh
[H]

extends by continuity to a functional on Ty ([G]) denoted by ¢ € T, ([G]) — / w(h)dh. Moreover,
[H]

for every ¢ € T, ([G]), the Zeta function s — ZR5(s,W,,) extends to an entire function on C and
we have )

/* @(h)dh = Z®5 (=, W,,).
[H] 2

The proof of this theorem is similar to that of Theorem L33k we first show that, for ¢ €
S, ([G]) and R(s) > 1, we have

/ o(h)|det h|*dh = Z%5(s + 3, W,)
(] 2
by mimicking the usual unfolding for the Rankin-Selberg integral. Once again, as ¢ is not nec-
essarily a cusp form, we get extra terms in the course of the unfolding but, thanks to the special
nature of the cuspidal datum x, we are able to show that they all vanish. At this point, we use
the spectral decomposition ([3.3.6) to express Z%5(s, W,,) as the integral of Z®5(s, W,,, ) when
R(s) > 1. By Rankin-Selberg theory, ZR5(s,W,,,) is essentially a Rankin-Selberg L-function
whose meromorphic continuation, location of the poles, control in vertical strips and functional
equation are known. Combining this with another application of the Phragmen-Lindel6f principle,

1
we are able to bound ZRS(?W@) = / @(h)dh in terms of Z®S(s, W) for R(s) > 1 and this
[H]
readily gives the theorem.
One direct consequence of Theorem [[.3.3.2] is that the regularized period f[j{] E(h,TI(f)p)dh
coincides with ZRS(%, II(f)W,) = MII(f)W,). Thus by a combination of Theorems [[.3:31] and
332 we get

(1.3.3.7) / Kb, g e (g')dg' dh = 2~ (A 1y (),
(1] /(6]

Finally we have to show that the left-hand side is equal to I, (f). In fact, we show (see Theorem
1.4 and §8.2.3) that we have

/ Kfyx(h,g’)ncf(g’)dg'dh:/ / Ky (h,g") dhne (g')dg'
tm) Jicr) (1] J1H)

where the right-hand side is (conditionally) convergent. We can conclude that it is equal to I, (f)
by applying Theorem [L2Z4.T] to the expression (L2Z.0]).

1.4 Outline of the paper

We now give a quick outline of the content of the paper. Chapter [2] contains preliminary material.
Notably, we fix most notation to be used in the paper, we explain our convention on normalization
of measures, we introduce the various spaces of functions we need and we discuss several properties
of Langlands decomposition along cuspidal data as well as kernel functions that are important
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for us. Chapter [3] contains the statements and proofs concerning the spectral expansion of the
Jacquet-Rallis trace formula for G that were discussed in Section above.

In Chapter[dl we introduce the Flicker-Rallis intertwining periods and prove the spectral expan-
sion of the Flicker-Rallis period of the kernel associated to x-generic cuspidal datum. In Chapter
we deduce from it Theorem [[L32.7] namely the spectral expansion for I, (f). Chapters [6] and [7]
are devoted to the proofs of Theorems [[.3.3.1] and respectively. These two theorems are
combined in Chapter Bl to give another proof of the spectral expansion of I, (f) (Theorem [[31.T]).
In Chapter @ we relate the Flicker-Rallis intertwining periods to the functional ,. From this,
we deduce Theorem and Theorem [[L3.241 The final Chapter explain the deduction
of Theorems [LT.5.7] and [LT.6.1] from Theorem [L3 Tl Finally, we have gathered in Appendix
[Al some useful facts on topological vector spaces and holomorphic functions valued in them. It
contains in particular some variations on the theme of the Phragmen-Lindeldf principle for such
functions that will be crucial for the proofs of Theorems [[.3.3.1] and [[.3.3.2]
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2 Preliminaries

2.1 General notation

2.1.1. For f and g two positive functions on a set X, we way that f is essentially bounded by g
and we write
flz) < g(x), v € X,

if there exists a constant C' > 0 such that f(z) < Cg(z) for every x € X. If we want to emphasize
that the constant C' depends on auxilliary parameters y1, . . ., yx, we will write f(z) <y, ..y, 9(2).
We say that the functions f and g are equivalent and we write

f(CL') ~ g(ac), z € X,

if f(z) < g(z) and g(z) < f(z). If moreover f and g take values in the set of real numbers greater
than 1, we say that f and g are weakly equivalent, and we write

fl@)=g(x), z € X,

if there exists N > 0 such that

gV < flz) < g(x)V, z e X.

2.1.2. For every C,D € RU {—oo} with D > C, we set Hsc = {z € C | R(z) > C} and
Hic,p; = {2 € C| C < R(z) < D}. A vertical strip is a subset of C which is the closure of Hjc py
for some C,D € R with D > C.

When f is a meromorphic function on some open subset U of C and sg € U, we denote by
f*(s0) the leading term in the Laurent expansion of f at sq.

2.1.3. When G is a group and we have a space of functions on it invariant by right translation,
we denote by R the corresponding representation of G. If GG is a Lie group and the representation
is differentiable, we will also denote by the same letter the induced action of the Lie algebra or of
its associated enveloping algebra. If G is a topological group equipped with a bi-invariant Haar
measure, we denote by * the convolution product (whenever it is well-defined).

2.2 Algebraic groups and adelic points

2.2.1. Let F' be a number field and A its adele ring. We write A for the ring of finite adeles and
Fo = F ®qg R for the product of Archimedean completions of F' so that A = Fi, x A¢. Let Vg
be the set of places of F' and Vg, C VF be the subset of Archimedean places. For every v € Vp,
we let F, be the local field obtained by completion of F at v. We denote by |- | the morphism
A* — RJ given by the product of normalized absolute values | - |, on each F,. For any finite
subset S C Vi \ Vi oo, we denote by O% the ring of S-integers in F.

2.2.2. Let G be an algebraic group defined over F. We denote by Ng the unipotent radical
of G. Let X*(G) be the group of characters of G defined over F. Let af, = X*(G) ®z R and
ag = Homz(X*(G),R). We have a canonical pairing

(2.2.2.1) (,) a5 xag — R,

We have also a canonical homomorphism

(2.2.2.2) He : G(A) — ag

such that (x, Hg(g)) = log|x(g)| for any g € G(A). The kernel of Hg is denoted by G(A)L. We
define [G] = G(F)\G(A) and [G]! = G(F)\G(A)'.
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We let goo be the Lie algebra of G(Fy ), U(goo) be the enveloping algebra of its complexification
and Z(goo) C U(goo) be its center.

2.2.3. From now on we assume that G is also reductive. We will mainly use the notations of
Arthur’s works. For the convenience of the reader, we recall some of them. Let Py be a parabolic
subgroup of G defined over F' and minimal for these properties. Let My be a Levi factor of Py
defined over F.

We call a parabolic (resp. and semi-standard, resp. and standard) subgroup of G a parabolic
subgroup of G defined over F' (resp. which contains My, resp. which contains Py). For any semi-
standard parabolic subgroup P, we have a Levi decomposition P = MpNp where Mp contains M
and we define [G]p = Mp(F)Np(A)\G(A). We call a Levi subgroup of G (resp. semi-standard,
resp. standard) a Levi factor defined over F of a parabolic subgroup of G (resp. semi-standard,
resp. standard).

2.24. Let K = [[ ey, Kv C G(A) be a “good” maximal compact subgroup in good position
relative to My. We write

K=K K™

where K, = H’UEVF _Kyand K> = HUEVF\VF _ K. Welet £ be the Lie algebra of Ko, U(ts)
be the enveloping algebra of its complexification and Z(€.,) C U (k) be its center.

2.2.5. Let P be a semi-standard parabolic subgroup. We extend the homomorphism Hp :
P(A) — ap (see (ZZ232)) into the Harish-Chandra map

Hp : G(A) — ap

in such a way that for every g € G(A) we have Hp(g) = Hp(p) where p € P(A) is given by the
Iwasawa decomposition namely g € pK.

2.2.6. Let A be a split torus over F. Then, A admits an unique split model over Q (which is
also the maximal split subtorus of Resp/g(A4)) and by abuse of notation we denote by A(R) the
group of R-points of this model. In particular, this gives an embedding R* C FX C A*. We also
write A> for the neutral component of A(R). Let Ag be the maximal central F-split torus of G.
We define [Glo = AZG(F)\G(A).

Let P be a semi-standard parabolic subgroup of G. We define Ap = Ay, AP = A}, and

[Glpo = AZMp(F)Np(A)\G(A). The restrictions maps X*(P) - X*(Mp) — X*(Ap) induce
isomorphisms ap >~ a3, ~a% . Let af = ap , ap = ap,, Ao = Ap, and Ag° = AR.
2.2.7. For any semi-standard parabolic subgroups P C @ of G, the restriction map X*(Q) —
X*(P) induces maps aj, — ap and ap — ag. The first one is injective whereas the kernel of the
second one is denoted by ag. The restriction map X*(Ap) — X*(Aqg) gives a surjective map
ap — ag, whose kernel is denoted by ag’*. We get also an injective map ag — ap. In this way, we
get dual decompositions ap = ang ®ag and ap = alQD’* @ ag). Thus we have projections ag — anD
and af — a%* which we will denote by X — X¥.

We denote by ag’é and aleC the C-vector spaces obtained by extension of scalars from a3
and aIQD. We still denote by (-, -) the pairing (Z221]) we get by extension of the scalars to C. We

have a decomposition

Qo _ Qg o Qo
apc=ap ®iap

where i2 = —1. We shall denote by # and < the associated projections and call them real and
imaginary parts. The same holds for the dual spaces agc. In the obvious way, we define the

complex conjugate denoted by \ of A € ag’é.

2.2.8. Let AdIQD be the adjoint action of Mp on the Lie algebra of Mg N Np. Let pg be the
unique element of ag’* such that for every m € Mp(A)

| det(AdB(m))| = exp((2p3, Hp(m)))-
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For @Q = G, the exponent G is omitted. For every g € G(A), we set

dp(9) = exp((2pp, Hp(9)))

so that, in particular, the restriction of §p to P(A) coincides with the modular character of the
latter.

2.2.9. Let By = MoNp; be a minimal semi-standard parabolic subgroup such that Pj C P. Let
AZL, be the set of simple roots of Ay in Mp N F;j. We denote this set by A" if Pj = Py. Let Ap be
0

the image of Apy \A;S (viewed as a subset of af) by the projection afj — a%. It does not depend

on the choice of Pj. More generally one defines Ag. We have also the set of coroots Ag,v C ag.

By duality, we get a set of simple weights Ag The sets Ag and Ag determine open cones in ag
whose characteristic functions are denoted respectively by Tg and i'g. If @ = G, the exponent G
is omitted. We set

AR ={a€ A¥ | (o, Hp(a)) > 0, Va € Ap}.

In the same way, we define a}, and a};’+ (this time using coroots).

2.2.10. Weyl group. — Let W be the Weyl group of (G, Ap) that is the quotient by M; of the
normalizer of Ap in G(F'). For P = MpNp and Q = MgNg two standard parabolic subgroups
of G, we denote by W (P, Q) the set of w € W such that wAL = AZ. For w € W(P,Q), we have
wMpw™' = Mg. When P = @, the group W(P, P) is simply denoted by W(P). Sometimes,
we shall also denote W (P, Q) by W (Mp, Mg) if we want to emphasize the Levi components (and
W (Mp) = W(P)).

2.2.11. Let M be a standard Levi subgroup of G. We denote by P(M) the set of semi-standard

parabolic subgroups P of G such that Mp = M. There is an unique element P € P(M) which is
standard and the map

(2.2.11.3) (Q,w) — w ' Quw

induces a bijection from the disjoint union UQ W (P, Q) where @) runs over the set of standard
parabolic subgroups of G onto P(M).

2.2.12. Truncation parameter. — We shall denote by T a point of ay such that {(«a, T) is
large enough for every a@ € Ay. We do not want to be precise here. We just need that Arthur’s
formulas about truncation functions hold for the T”s we consider (see [Art78] §§5,6). The point
T plays the role of a truncation parameter.

For any semi-standard parabolic subgroup P, we define a point Tp € ap such that for any
w € W such that wPyw~! C P, the point Tp is the projection of w-T on ap (this does not depend
on the choice of w). The reader should be warned that it is not consistent with the notation of
§2. 27 since there Tp denotes instead the projection of T onto ap (of course, the two conventions
coincide when P is standard).

2.2.13. Let P be a standard parabolic subgroup. By a Siegel domain for [G]p we mean a subset
of G(A) of the form

sp=uwy{a€ AY | (a,Ho(a)+T) >0, Vae Al } K
where T € ag and wy C Py(A)! is a compact such that G(A) = Mp(F)Np(A)sp.

2.3 Haar measures

2.3.1. We equip ap with the Haar measure that gives a covolume 1 to the lattice Hom(X*(P), Z).
The space tap is then equipped with the dual Haar measure so that we have

[ [ otmess(-onm) attar =00
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for all ¢ € C°(ap). Note that this implies that the covolume of ¢ X*(P) in ia}, is given by
(2.3.1.1) vol(iap /iX*(P)) = (2m)~ dim(ar),

The group A% is equipped with the Haar measure compatible with the isomorphism A¥ ~ ap
induced by the map Hp. The groups ag ~ ap/ag and iag’* ~ ja}/iag, are provided with the
quotient Haar measures. For any basis B of ag we denote by Z(B) the lattice generated by B and
by vol(a§/Z(B)) the covolume of this lattice. We have on aj the polynomial function:

0p(A) = vol(aB/Z(AR) " T (A e

a€EAp

2.3.2. Let H be a linear algebraic group over F'. In this paper, we will always equip H (A) with its
right-invariant Tamagawa measure simply denoted dh. Let us recall how it is defined in order to fix
some notation. We choose a right-invariant rational volume form wy on H as well as a non-trivial
continuous additive character ¢’ : A/F — C*. For each place v € Vp, the local component 9/, of
1)’ induces an additive measure on F, which is the unique Haar measure autodual with respect to
1. Then using local F-analytic charts, we associate to wy a right Haar measure dh, = |wg|y/
on H(F,) as in [Wei82, §2.2|. By [Gro97], there exists an Artin-Tate L-function Ly (s) such that,
denoting by L ,(s) the corresponding local L-factor and setting A, = L ,(0), for any model
of H over (’)f; for some finite set S C Vg \ Vi 0, we have

(2.3.2.2) vol(H(0,)) = A,

for almost all v € Vp. Setting A}, = L};(0), the Tamagawa measure on H(A) is defined as the
product

(2.3.2.3) dh = (A3) " [ Anvdhe.

Although the local measures dh,, depend on choices, the global measure dh doesn’t (by the product
formula).

2.3.3. For S C Vi a finite subset, we put A%* = L3*(0) where L%, (s) stands for the correspond-
ing partial L-function and we equip H(Fs), H(A®) with the right Haar measures dhs = [[, . dhy

and dh® = (AS -1 [1,¢s Anwdh, respectively. Note that we have the decomposition

veES

(2.3.3.4) dh = dhg x dh”.

In particular, this means that H(F;,) is equipped with the right Haar measure dh,, for every v € Vp.

2.3.4. Wehave Ly (s) = Lp,_,(s) where Hyo.q = H/H,, denotes the quotient of H by its unipotent
radical H,,. When H = N is unipotent we have vol([N]) = 1. For H = GL,,, the L-function Ly (s)
is given by

Lu(s)=(r(s+1)...Cr(s+n)

where (r stands for the (completed) zeta function of the number field F'. In this case, we will take

wp = (deth)™" N\ dhi;

1<i,5<n

so that (23:2.2) is satisfied for every non-Archimedean place v where 1), is unramified.

2.3.5. The homogeneous space [G] (resp. [G]' ~ [G]o) is equipped with the quotient of the
Tamagawa measure on G(A) by the counting measure on G(F) (resp. by the product of the
counting measure on G(F') with the Haar measure we fixed on AX). For P a standard parabolic
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subgroup, we equip similarly [G]p with the quotient of the Tamagawa measure on G(A) by the
product of the counting measure on Mp(F) with the Tamagawa measure on Np(A). Since the
action by left translation of a € A¥ on [G]p multiplies the measure by dp(a)~!, taking the
quotient by the Haar measure on A¥ induces a “semi-invariant” measure on [G]po = AF\[G]p
that is a positive linear form on the space of continuous functions ¢ : [G]p — C satisfying
v(ag) = dp(a)p(g) for a € AP and compactly supported modulo A%.

2.4 Norms and Harish-Chandra = function

2.4.1. Let X be an algebraic variety over F'. We define following [Beul6l §A.1] a weak equivalence

class of norms |[[.|[x(a) : X(A) — Ry;. For all the algebraic varieties that we encounter in this

paper, we implicitely fix a norm in this equivalence class and we set oxa)(z) = 1+ log|z| x(a),

x € X(A). If the context is clear, we simply write ||.| and o for ||.||g(a) and oga) respectively.
Let P C G be a semi-standard parabolic subgroup. We set

= inf and o = inf o
l9llic1p VeMP(F)NP(A)IIWQH (17 (9) e (v9)
for every g € [G]p. We have
(24.1.1) Imkllgyp = lmllings)s m € [Mpl,k € K.

Let sp be a Siegel domain as in Section 22131 By Proposition [Beul6l A.1.1 (viii)] and
@411)), we have

(2.4.1.2) lgllicre = l9llaa), g€ sp.

2.4.2. Let wg C G(A) be a compact subset with nonempty interior and set

E[G]P(g) = Vol[G]P(ng)fl/z, g € [G]p.

For another choice of compact subset wy; € G(A) with nonempty interior, the resulting functions
are equivalent which is why we dropped the subset wg from the notation. We have

(2.4.2.3) =[G (g) ~ exp({po, Ho(9))), g € sp-

Indeed, we readily check that ZC17 (mk) ~ exp((pp, Hp(m)))ZMrl(m) for every m € [Mp]
and k£ € K so that we are reduced to the case P = . By invariance we have volig)(gwa) =
vol(g (gweg™!) and it is easy to see that, if wg is chosen sufficiently small, there exists a compact
subset wy; C G(A) such that gwgg™ C No(F)wy, for every g € sg. As G(F) is discrete inside
G(A), the set

{7 € PAF)\G(F) | 1wtz N Po(F)uts # 0}

is finite. Therefore, we have
volig)(gwag™") ~ voligy,, (gwag ™) ~ exp(—(2po, Ho(p)))

for g € s¢ and (Z4.23) follows.
By [Lap13l §2, (9)], we also have]

(2.4.2.4) There exists d > 0 such that /[G] E[G]P(g)QJ[G]P(g)fddg < 005
P

From (Z4.T12) and [2423), we deduce the existence of N > 1 such that
(2.4.2.5) =7 () < llglify,» 9 € [Glp.

3Note that the definition of the = function in loc. cit. coincides, up to equivalence, with ours by (ZZ4.2.3)).
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2.5 Spaces of functions

2.5.1. We say of a function f: G(A) — C that it is smooth if it is right invariant by a compact-
open subgroup J of G(Ay) and for every g; € G(Ay) the function geo € G(Feo) = f(97900) is
.

2.5.2. Let C be a compact subset of G(As) and let J C K> be a compact open subgroup.
The left and right actions of the envelopping algebra U(g~,) are denoted by L and R respectively.
Let S(G(A),C,J) be the space of smooth functions f : G(A) — C which are biinvariant by J,
supported in the subset G(F) x C' and such that the semi-norms

[fllrxy = sup gl (R(X)LY)f)(9)]
€G(A)

g

are finite for every integer r > 1 and X,Y € U(gc). This family of semi-norms define a topology
on S(G(A),C, Ky) making it into a Fréchet space. The global Schwartz space S(G(A)) is the
topological direct limit over all pairs (C, J) of the spaces S(G(A),C,J). The Schwartz space is
an algebra for the convolution product denoted by *. It contains the dense subspace C°(G(A))
of smooth and compactly supported functions. For an integer r > 0, we will also consider the
space CT(G(A)) generated by products fo,f° where fo, is a compactly supported function on
G(F ®g R) which admits derivatives up to the order r and f*° is a smooth compactly supported
function on G(Ay).

For every integer n > 1, we define similarly the global Schwartz space S(A™) (the definition is
the same as above up to replacing G by the additive group G7).

2.5.3. Let H be a Hilbert space carrying a continuous representation of G(A) (not necessarily
unitary). A vector v € H is smooth if it is invariant by a compact-open subgroup of G(As) and
the function go, € G(Fixo) H goov € H is C*°. We denote by H> the subspace of smooth vectors.
It is a G(A)-invariant subspace carrying its own locally convex topology making it into a strict LF
space: for every compact-open subgroup J C G(Ay), the subspace (H>)” of vectors fixed by J
is equipped with the Fréchet topology associated to the semi-norms v — |Xv|y where |.|y is the
norm on H, X € U(goo) and Xv := R(X)(goo > Goo¥)|g.c=1-

2.5.4. Let P be a semi-standard parabolic subgroup of G. We denote by L?([G]p) the space of
L?-measurable functions on [G]p. It is a Hilbert space when equipped with the scalar product

(¢1,92)[61p = / ©1(9)p2(9)dg
[Glp

associated to the Tamagawa invariant measure on [G]p. We denote similarly by L?([G]po) the
Hilbert space of measurable functions ¢ on [G]p satisfying ¢(ag) = dp(a)*/?¢(g) for almost all

a € AY and such that / lo(g)|?dg is convergent.
[G]p,0

We can define more generally weighted L? spaces as follows. Let w be a weight on [G]p [Ber88,
§3.1] that is a positive measurable function on [G]p such that for every compact subset wg C G(A)
we have w(zg) < w(z) for z € [G]p and g € we. The Hilbert space L2, ([G]p) = L*([G]p, w(g)dg)
is then equipped with a continuous (non-unitary) representation of G(A) by right-translation. In
particular, following the previous paragraph, we denote by L2 ([G]p)™ its subspace of smooth
vectors: it consists of smooth functions ¢ : [G]p — C such that R(X)p € L2 ([G]p) for every
X € U(goo). By the Sobolev inequality, see [Ber88, §3.4, Key Lemmal, for every ¢ € L2 ([G]p)>®
we have

(2.5.4.1) lo(g)| < El97 (g)w(g) "2, g€ [Glp.

In this paper, we will only use three kind of weights. First, for N € R, H||fé]P is a weight and

we set L3 ([G]p) = Lﬁ-l\f\c’;] ([G]p). Secondly, for d > 0, afiG]P is a weight and we set L ,(|G]p) =
P

L2, ([G]p). Thirdly, if A is a weight on ap, i.e. a real measurable function such that for every
[Glp
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compact w C ap we have [A(X +Y) —A(X)| < 1for X € apand Y € w (e.g. A € a}), then
exp(A o Hp) is a weight on [G]p and we set LY ([G]p) = L2, \op, ([G]P)-

2.5.5. The Schwartz space S([G)p) of [G]p is defined as the space of smooth functions ¢ : [G]p —
C such that for every N > 0 and X € U(goo) we have

(R < gl g€ Gl

Then, S([G]p) is naturally equipped with a locally convex topology making it into a strict LF
space (it is the inductive limit of the Fréchet spaces S([G]p)” for J a compact-open subgroup of
G(Ay)). From [25747), we have the alternative description

(2.5.5.2) S(Glp) = () L (Glp)*.

N>0

2.5.6. The Harish-Chandra Schwartz space C([G]p) of [G]p is defined as the space of smooth
functions ¢ : [G]p — C such that for every d > 0 and X € U(go) we have

(R(X)@)(9)| < ED"(g)o1g1,(9) ™%, g € [Glp.

Once again, C([G]p) is naturally equipped with a locally convex topology making it into a strict
LF space. Alternatively, we have

(2.5.6.3) C([Glp) = () L2 4([Glp)™.

d>0

2.5.7. The space of functions of uniform moderate growth T ([G]p) of [G]p is defined as the space
of smooth functions ¢ : [G]p — C for which there exists N > 0 such that for every X € U(goo)
we have

(RX)e)(9)] < llglligsy, 9 € (Gl

For N > 0, we denote by Ty ([G]p) the subspace of functions ¢ € T([G]p) satisfying the above
inequality for every X € U(goo). Then, Tn([G]p) is naturally equipped with a locally convex
topology making it into a strict LF space and T ([G]p) = Uy, Tn([G]p) is a (non-strict) LF
space. We also have the alternative description

(2.5.7.4) T(Gp) = |J L2n(Glp)™.

N>0

2.5.8. The spaces S([G]p), C(|G]p) and T([G]p) are all topological representations of G(A) for
the action by right translation R. For J C G(A) a compact-open subgroup and N > 0, S([G]p)”,
C([G)p)” and Tn([G]p)” are even SF representations of G(F,) in the sense of [BK14]. It follows
that the action of G(A) on S([G]p), C([G]p) and T ([G]p) integrates to an action of the algebra
(S(G(A)), %) (by right convolution). Moreover, by |[Ber88, end of Section 3.5] (see also [Cas89,
Corollary 2.6]) we have

(2.5.8.5) The Fréchet spaces S([G]p)” and C([G]p)” are nuclear.

Let S([G]p)’ be the topological dual of S([G]p). By duality, it is also equipped with an action
by convolution of S(G(A)). By the alternative descriptions ([2.5.5.2) and [25.74), we have

(2.5.8.6) For every distribution D € S([G]p)" and f € S(G(A)), the distribution R(f)D is repre-
sentable by a function in 7([G]p).

2.5.9. Assume that G = G; x G5 where (G; and G4 are two connected reductive groups over F.
Let J1 C Gi(Ay), J2 € G2(Ay) be two compact open subgroups and set J = J; x Jo. By (25.8.7),
(A20.6.6) and a reasoning similar to (the proof of) [BPI5, Proposition 4.4.1 (v)] we obtain:
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(2.5.9.7) There are topological isomorphisms
c([Gi)@c((Ga))= = c(G)’, S((Gi)"@s([G2)” =~ s((a))’
sending a pure tensor 1 ® w9 to the function (g1, g92) — v1(91)v2(g2).

By the above, given two continuous linear forms L1, Ly on C([G1]), C([G2]) respectively, the linear
form L1 ® Ly on C([G1]) ® C([G2]) extends by continuity to a linear form on C([G]) that we shall
denote by L1<§>L2.

2.5.10. Constant terms and pseudo-Eisenstein series. — Let (Q C P be another standard
parabolic subgroup. We have two continuous G(A)-equivariant linear maps

T(Glp) = T((Gla). ¢ pq and S(Glo) — S([Glp), ¢ EG(y)

defined by

volg) = / p(ug)du and ES(p,9)= Y. ¢(v9)
(Ne] YEQF)\P(F)

respectively.

Lemma 2.5.10.1. — There is a constant ¢ > 0 such that for every N = 0,

f= sup gl (9) N fr(9)|
9€[Glp

is a continuous semi-norm on S([G]).

Proof. — As [Np] is compact, it suffices to show the existence of N > 1 and ¢ > 0 such that

3p(9)°llalliarr < llglliEy

for every g € G(A). By [241.2), we are easily reduced to show the existence of N > 1 and ¢ >0
such that
dp(a)’llall < [lualli,

for every (u,a) € Np(A) x AF. It is then equivalent to establish the following:

(2.5.10.8) For every algebraic character x of Ap, there exist N > 1 and ¢ > 0 such that

dp(a)’|x(a)| < |lualligy, for (a,u) € AF® x [Np].

Let x be such a character and let 6}1}‘7 be the algebraic character of Mp given by the determinant
of the adjoint action on the Lie algebra of Np. We have |64 (m)| = 6p(m) for every m € Mp(A)
and we can find an integer ¢ > 1, a rational representation (V, p) of G and a nonzero vector vy € V
such that p(ua)vy = X(a)d}ilg(a)cvo for every a € Ap and v € Np. Fixing a basis vy,...,vg of V,
for every v = Mv1 + ...+ Agvg € Va =V ®p A, we set

oy = [T max (Ao, - -, [Aalw)-

Then, there exists N > 1 such that [p(g)volv < [|g]|&4) for all g € G(A) and moreover we have
|vly = 1 for every v € V' \ {0}. Therefore, we obtain

lyuallGay > lp(yua)volyv = [x(a)lép(a)*|p(v)volv = [x(a)lop(a)®

for v € G(F), a € Ay and u € Np(A). The estimates (Z5.10.8) follows by replacing the left hand
side in the inequality above by its the infimum over v € G(F). O

19



2.5.11. For Q C P two standard parabolic subgroup, we let (ctzg)P*Jr be the set of A € a7, such
that (¥, ) > 0 for every o € AP\ A§.

Proposition 2.5.11.1. — Let ¢ € T([G]p). Then, ¢ € S([G]p) if and only if for every standard

parabolic subgroup Q C P and every X € (afy)"+t we have pq € L%pQ+,\([G]Q)OO- Moreover, for

each compact-open subgroup J C G(Ay), the semi-norms

+X

o IR (Xl

for Q C P a standard parabolic subgroup, X € (a5)7++ and X € U(goo) generate the topology on
Q
S([G]p)”.

Proof. — Let ¢ € S([G]p), @ C P be a standard parabolic subgroup, A € (a5)" ™" and
X € U(goo)- By Cauchy-Schwarz we have

/ |R(X)SDQ($)|26<2PQ+)\,HQ(I)>d$ < / IR(X)p(z)[? Z (200 + X Ho(v2)) g
e “lr YEQUR\P(F)

and by the convergence of Eisenstein series the inner sum above converges to a function which is
essentially bounded by ||z||" for some N. Therefore, ¢o € LgpQ+A([G]Q)OO and this shows the
direct implication.

We now prove the converse: let ¢ € T([G]p) be such that for every standard parabolic subgroup
Q C Pandevery \ € (a*Q)P++ we have pg € LgpQH\([G]Q)(’O. Applying this assumption to Q = P
and A varying over fixed basis of a}, and its opposite, from (2.5.4.1) and Z4.23) we get for every
N > 0 the estimates

(2.5.11.9) lp(9)] < exp({po, Ho(g)) = NIIHp(9)l]), g€ sp.

Similarly, applying the hypothesis to the maximal parabolic subgroup @, C P associated to a
simple root @ € AF and A a multiple of pg, from (Z541T) and ZZ23) for every N > 0 we obtain

(2.5.11.10) Q. (9)] < exp((po, Ho(g)) — N, Ho(9))), g € sq-

Moreover, by the approximation property of the constant term [MW94, Lemma 1.2.10], there exists
M > 0 such that for every N > 0 we have

(2.5.11.11) £(9) = ¢q. (9)] < exp(=N(a, Ho(g)) + M[|Ho(9)[), g € sp.

Finally, there exist ¢ > 0 and C > 0 such that max{(a, Ho(g)) | a € AT} U{|Hp(g)||} >
€||Ho(g)|| — C for all g € sp. Combining this with (Z51T9), Z5ITI0) and (Z5TITII), gives the

estimates
le(g)l < llgl =™, g € sp,

for every N > 0. Applying the same reasoning to derivatives of o, this shows that ¢ € S([G]p).
For the last part of the statement, it suffices to notice that the linear map

S(G(A)) — II L3012 ([Gl@)™

QCPAE(ag) Pt

= ()

is injective with a closed image (by the previous characterization) hence is a topological embedding
by the open mapping theorem. O
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2.6 Estimates on Fourier coefficients

2.6.1. Let P be a standard parabolic subgroup of G, ¥ : A/F — C* be a non-trivial additive
character and £ : Np — G, be an algebraic character. We set ¢y := ) o ly : [Np] — C*. For
f e C>([G]), we set

fNPﬂ/Jtz (9) = f(u.g)w@(u)ilduv g e G(A)

[Np]

Let Np ger denote the derived subgroup of Np and set Np o, = Np/Np ger (a vector space over F).
Then, £ can be seen as an element in the dual space N, that we also consider as an algebraic
variety over F'. The adjoint action of Mp on Np induces one on Np , that we denote by Ad”.

Lemma 2.6.1.1. —

1. There exists ¢ > 0 such that for every N1, No > 0,

fr= sup ||Ad*(m*1)€|| (A)Hm”[MP] P(m) N2 [, (m)]
meMp(A)

is a continuous semi-norm on S([G]).

2. For every N1, Ny > 0

[ ESJEP(A)HAd* (m‘l)fllx}; b (A) ||m||[71\4]\;2] | N e (M)]
m P ’

is a continuous semi-norm on Ty ([G]).

Proof. — Bounding brutally under the integral sign, we have

|fNP,¢e(g)| < |f|P(g)

for f € C([G]) and g € G(A). Let N > 0 and J C G(Ay) be a compact-open subgroup. By
Lemma Z5T0.1 and 241.T]), it suffices to show the existence of elements Xi,..., Xy € U(goo)
such that

M

(2.6.1.1) [INp e (M) < AT (TR ) D IR )N (m)|

i=1

for every f € C°°([G])” and m € Mp(A). Let u € Np(A). By definition of [l ., (a), We are
readily reduced to show the existence of Xi,..., X € U(goo) such that

(2.6.1.2) | (m)] < [[E(Ad(m)u)l|;* ZI F)Npw(m)]

for every f € C*([G])’ and m € Mp(A). This last claim is a consequence of the two following
facts whose proofs are elementary and left to the reader.

(2.6.1.3) For every non-Archimedean place v, there exists a constant C,, > 1 with C, = 1 for
almost all v such that [¢(Ad(m,)u,)|y > C, implies fn, 4, (m) = 0 for every f € C([G])’
and m € Mp(A).

(2.6.1.4) Let v be an Archimedean place and let X € g, be such that u, = e* . Then, we

have (R(X)f)np g, (m) = dip, (C(Ad(m)u)y) fNp ., (m) for all f € C([G]) and m € Mp(A)
where di, : F,, — iR is the differential of v, at the origin.
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O

2.6.2. Let n > 1 be a positive integer. We let GL,, acts on F™ by right multiplication and we
denote by e, = (0,...,0,1) the last element of the standard basis of F. We also denote by P,
the mirabolic subgroup of GL,,, that is the stabilizer of e,, in GL,,. We identify Aqr, with Gy,
and thus AgZy ~with R.o, in the usual way. The next lemma will be used in conjunction with
Lemma 26.T.7] to show the convergence of various Zeta integrals.

Lemma 2.6.2.1. — Let C > 1. Then, for Ny >¢ 1 and Ny >¢ 1 the integral

/ lagllich lengll; 2 det g|*dadg
(F)\GL»(A)XR>0

converges for s € Hyy o uniformly on every (closed) vertical strip.

Proof. — The integral of the lemma can be rewritten as
(2.6.2.5) / ol [ laglidet agl*dad.
R>0 geFn\{0}

There exists N3 > 0 such that ||v]|sn < ||Ug||i§?||g||ginm) for (v,g9) € A™ x GL,,(A). Therefore,
the inner integral above is essentially bounded by

S _N N ns
et g™ Ol [ Nl o
R>0 cepm\ {0}
hence, for 1 < R(s) < C, by
N ns
ol [ X gl e
R>0 cepn\ {0}

for some N4 > 0. However, since the inner integral in (Z6.25]) is left invariant by GL,,(F), as a

function of g, we may replace ||g||qr, (a) in the estimate above by | gl|(aL,]- As for N > 1 we have

/ ||g||[_GJE 1dg < o0 [Beul6, Proposition A.1.1 (vi)], it only remains to show that for N > 1
GLn] n

the integral

/ S gl Yo" da
R>o

geFm\{0}

converges for 1 < R(s) < C uniformly in vertical strips. This is an easy consequence of the
following claim:

(2.6.2.6) For every k > n, if N is sufficiently large we have

3 JlagliN < lal 7%, a € Reo.
cern\{0}

There exists My > 1 such that

_ . Mo
la| = fg?gxnﬂaﬁzb < |ag]lyn

for (a,&) € Ry x (F™\ {0}). Therefore, we just need to prove (Z.6.2.6) when k = n. Let C C A"
be a compact subset which surjects onto A™/F™. There exists M7 > 0 such that
la€ + avllan < [|ag]|37 max(1, |a])* < [|ag]| MM
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for (a,&,v) € Rsg x (F™\ {0}) x C. Hence, for every N’ > 0 if N is sufficiently large, we have

S Jlagli < /C S Jla + avl ;¥ do

geFm\{0} g¢eFm\{0}

<<// Z||a5+av||givdv:|ar”/ ol do
nFn A’Vl

gan
for a € Rsg. The last integral above is absolutely convergent when N’ >> 1 [Beul6, Proposition
A.1.1 (vi)] and the claim [2.6.2.6]) follows. O

2.7 Automorphic forms and representations

2.7.1. Let P be a standard parabolic subgroup of G. The space Ap(G) of automorphic forms
on [G]p is defined as the subspace of Z(go)-finite functions in 7 ([G]p). The subspace Ap, cusp(G)
of cuspidal automorphic forms consists of the ¢ € Ap(G) such that for every proper standard
parabolic subgroup @) C P we have pg = 0.

For J C Z(gs) an ideal of finite codimension, we denote by Ap 7(G) the subspace of auto-
morphic forms ¢ € Ap(G) such that R(z)p = 0 for every z € J and we set Ap cusp,7(G) =
Ap.7(G) N Apcusp(G).  Then, there exists N > 1 such that Ap 7(G) is a closed subspace
of Tn([G]p) and we equip Ap,7(G) with the induced topology from Tx([G]p) (this topology
does not depend on the choice of N by the open mapping theorem). Similarly, Ap cusp,7(G)
is a closed subspace of S([G]p) and we equip Ap cusp,7(G) with the induced topology (which
also coincides with the topology induced from Ap 7(G)). We have Ap(G) = U, Ap7(G) and
Ap cusp(G) = U 7 Ap,cusp,7 (G) where J runs over all ideals of finite codimensions in Z(gn,) and
we equip these spaces with the convex inductive limit topology (these are strict LF spaces). We
shall also consider the closed subspace Ap qisc(G) of Ap(G) of automorphic forms on [G]p that
are square-integrable. Its topology is also induced from the strict LF space L?([G]p)%°.

For P = Gv we Slmply set 'A(G) = AG(G)a Adisc(G) = AG,disc(G) and Acusp(G) = AG,cuSp(G)-

2.7.2. By a cuspidal automorphic representation (resp. discrete) o of Mp(A) we mean a topo-
logically irreducible subrepresentation of Acyusp(Mp) (vesp. Agisc(Mp)). Let o be a cuspidal or
discrete automorphic representation of Mp(A). For every A € a} ¢, the twist oy = 0 ® A is defined
as the space of automorphic forms

m € [Mp] = exp((A, Hp(m)))e(m)

for ¢ € 0. If o is cuspidal, o) is again a cuspidal automorphic representation. We denote by
Ay (Mp) the o-isotypic component of Acusp(Mp) (resp. Agisc(Mp)) i.e. the sum of all cuspidal
(resp. discrete) automorphic representations of Mp(A) that are isomorphic to . We let II =

Ig((ﬁ))(a) (resp. Apo,(G) = IS((;?))(AU(MP))) be the normalized smooth induction of o (resp.

A-(Mp)) that we identify with the space of forms ¢ € Ap(G) such that
m € [Mp] — exp(—(pp, Hp(m)))p(mg)

belongs to ¢ (resp. A,(Mp)) for every g € G(A). We have Ap,(G) C Apcusp(G) if o is
cuspidal and Ap »(G) C Ap.disc(G) if o is discrete. The algebra S(G(A)) acts on Ap,(G) by right
convolution. For every A € ap, we denote by I()) the action on Ap,(G) we get by transport
from the action of S(G(A)) on Ap,, and the identification Ap, — Ap,s, .

The spaces of ¢ and II naturally carry topologies making them into strict LF spaces. More
precisely, for every compact-open subgroups Jys C Mp(Ay) and J C G(Ay), o7/ and 117 are SF
representations of Mp(Fy) and G(Fs) in the sense of [BK14] respectively and when J}, C Jas,
J' C J are smaller compact-open subgroups the inclusions o/v C glu , o7 " C 11V are closed
embeddings.
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If the central character of ¢ is unitary, we equip II with the Petersson inner product

lollZee = (0, @) pet = /[ o(g)dg, € 1.

1P

2.7.3. Eisenstein series. — Let P be a standard parabolic subgroup of G. For any ¢ € Ap(G),
g € G(A) and X € a}p ¢, we denote by

E(g,,A) = > exp((\ Hp(39))¢(d9)
SEP(F)\G(F)

the Eisenstein series where the left-hand side is obtained from the analytic continuation of the
right-hand side which is only defined for () in a suitable cone.

2.7.4. Let P and @ be standard parabolic subgroups of G. For any w € W(P,Q) and A € ap ¢,
we have the intertwining operator

M(w,\) : Ap(G) — Ag(G)

defined by analytic continuation from the integral

(M (w, \))(9) —exp(—<w/\,HP(g)>)/(N N o exp((\, Hp(w™'ng)))p(w™"ng) dn.

2.7.5. Assume that G = G; X G4 where GG; and G are connected reductive groups over F.
This induces decompositions P = P} x Py, Mp = Mp, x Mp, and there exist two, uniquely
determined, cuspidal automorphic representations o1, o2 of Mp, (A) and Mp,(A) respectively
such that, setting II; = Igll((ﬁ)) (01) and Tl = Ig;((g)(og), for every compact-open subgroups
J1 CGi(Ay), Jo € Ga(Ay) (resp. J1 € Mp,(Ay), Jo C Mp,(Ay)), setting J = J1 X Ja, there is a

topological isomorphism

(2.7.5.1) ' ®11y2 ~ 117 (resp. 0]'®03? ~ o)

sending ¢ ® @2 € H'l]1 ®H'2]2 (resp. p1 @y € olJl ® 02J2) to the function (g1, g2) — ©1(g1)¥2(g2).
We then write II =II; X II; and 0 = 01 X 04 respectively.

2.7.6. Assume now that G is quasi-split. Let ¢y : No(A) — C* be a continuous non-degenerate
character which is trivial on No(F'). If the representation II is ¢n-generic, i.e. if it admits a
continuous nonzero linear form ¢ : IT — C such that £ o II(u) = ¢y (u)f for every u € N(A), it is
(abstractly) isomorphic to its Whittaker model

WL Yn) = {g € G(A) = L(I1(g)p) | » €11}

We equip this last space with the topology coming from II (thus it is a strict LF space).
If we are moreover in the situation of §2.7.5] there are decompositions Ng = Ny1 X No 2,
Yy = 11 M hy and the isomorphism Z7.5.7) induces one between Whittaker models

W(I, ¢1) " @W(Ia, ¥2) "> ~ W(IL, ¢y’
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2.8 Relative characters

2.8.1. Let B a G(Fu)-invariant nondegenerate symmetric bilinear form on go,. We assume that
the restriction of B to £, is negative and the restriction of B to the orthogonal complement of
. is positive. Let (X;);er be an orthonormal basis of £ relative to —B. Let Cx = — Eiel XZ-2
: this is a “Casimir element” of U (¥ ).

2.8.2. Let K and K be respectively the sets of isomorphism classes of irreducible unitary
representations of K, and of K.

2.8.3. Let 7 be a discrete automorphic representation of Mp. For any 7 € K, let Ap (G, T)
be the (finite dimensional) subspace of functions in Ap (G) which transform under K according

to 7. A K-basis Bp, of Ap(G) is by definition the union over of 7 € K of orthonormal bases
Bp - of Ap(G,T) for the Pertersson inner product.

2.8.4. Let
B:Ap,(G) x Ap.(G) — C

be a continuous sesquilinear form.

Proposition 2.8.4.1. — Let w be a compact subset of ag’*.

1. Let f € S(G(A)) and Bpr be a K-basis of Ap(G). The sum

(2.8.4.1) Y. e\ e
pEBPp,

converges absolutely in the completed projective tensor product AP)W(G)®AP7W(G) uniformly
for X e agy’é such that R(X) € w. In particular, the sum

(2.8.4.2) Je(\ )= > BUp(\ fle )

pEBPx
is absolutely convergent uniformly for \ € ag)’é such that R(N\) € w. Moreover these sums do
not depend on the choice of Bp .

2. The map

f+—>JB(A,f)

is a continuous linear form on S(G(A)). More precisely for C C G(Ay) a compact subset
and Ko as above, there exist ¢ > 0 and a continuous semi-norm || - || on S(G(A), C, Ko) such
that for all A € agﬁ’é such that R(A\) € w and f € S(G(A),C, Ky) we have

[T\ Fl < el fI-

Remark 2.8.4.2. — An examination of the proof below show that the assertion 2 also holds
mutatis mutandis if f € CZ(G(A)) with r large enough. The semi-norm is then taken among the
norms || - || x,y for which the sum of the degrees of X and Y is less than r.

Proof. — By definition of the projective tensor product topology, it suffices to show the following;:
for every continuous semi-norm p on Ap (G), the series

> e\ He)ple)

pEBP,x
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is absolutely convergent uniformly for A € ag’g such that R(\) € w. Let Ky C K* be a normal
open compact subgroup by which f is biinvariant. The series above can be rewritten as

(2.8.4.3) > > pe(\ He)p().

TGIA( wEBP,x,~

and the only representations that contribute to (Z.843)) are the representations 7 that admits Ko-
invariant vectors. Then the elements ¢ € Bp . » are automatically Ko-fixed. For any 7 € Koo, let
Ap (G, Ko, 7) C Ap(G) be the subspace of functions that are right Ky-invariant and transform
under K, according to 7. By [Wal92] §10.1, there exist ¢ > 0 and an integer r such that for all
¢ € Ap(G)%° we have

p(p) < c|R(1+ Ck)"¢llpet-

For any 7 € Koo or K, let A; > 0 be the eigenvalue of C'x acting on 7. We have

[R(L+ Cx)"Ip(A, flelpet = [[Ip(A L((1 + Ck)") )l pet
= (L4+A) " NIIp(\, fron)@llpet

where f, v = R((1 + Cg)N¥)L((1+ Ck))"f. Let C C G(As) be a compact subset. There exists
¢1 > 0 and a semi-norm || - || on S(G(A),C, Ky) (among those of §25.2) such that for any f €
S(G(A),C, Ky) and A € a}Gj;E such that R(\) € w we have

I1TpAs fr.v)ellpx < call fllllellpet
Thereby we are reduced to prove for large enough N the convergence of
(2.8.4.4) D> (14 A)" N dim(AF, (G, Ko, 7).
Tekoo

However there exist cz > 0 and m > 1 such that dim(AF, (G, Ko, 7)) < ca(1 + A-)™ (see the

proof of [M00] lemma 6.1). So the convergence of (Z.8.4.4)is reduced to that of drei (1+ )N
which is well-known.
Finally it is easy to show that Jp(f) does not depend on the choice of the basis Bp . O

Proposition 2.8.4.3. — Let Ko C K be a normal open compact subgroup. For any integer
m > 1 there exist Z € U(gce), g1 € CP(G(A)) and g2 € C'(G(A)) such that

e 7, g1 and go are invariant under K. -conjugation ;
e g1 and g are Ko-biinvariant ;

o for any f € S(G(A)) that is Ko-biinvariant we have:
f=Fxg+(f*Z)*ga
For large enough m, we have

JB(/\vf): Z B(IP(/\vf)waIP(j‘vgi/)@)_F Z B(IP()‘af*Z)<PaIP(/_\ag§/)<P)

PEBP,x PEBP,x

where the sums are absolutely convergent and g/ (x) = g;(x~1).

Proof. — The first part of the proposition is lemma 4.1 and corollary 4.2 of [Art78]. Once we
have noticed that the operators Ip(A,g;) preserve the spaces Ap (G, ), the second part results
from an easy computation in a finite dimensional space. O
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2.9 Decomposition according to cuspidal data and automorphic kernels

2.9.1. Cuspidal data. — Let X(G) be the set of pairs (Mp, o) where P is a standard parabolic
subgroup of G and ¢ is an isomorphism class of cuspidal automorphic representations of Mp(A)
with central character trivial on A®. We let X(G) be the quotient of X(G) by the equivalence
relation defined as follows: (Mp, o) ~ (Mg, ) if there exists w € W (P, Q) such that wow™! ~ 7.
We call X(G) the set of cuspidal data for G. For every standard parabolic subgroup P of G,
the natural inclusion X(Mp) C X(G) descends to a finite map X(Mp) — X(G). For x € X(G)
represented by a pair (Mp, o), we denote by x" the cuspidal datum associated to (Mp, ") where

oV stands for the complex conjugate of o.

2.9.2. Langlands decomposition For (Mp,o) € X(G), we let S,([G]p) be the subspace of
» € S([G]p) such that the function

er0)i= [ exp(—{pp + X, Hp(@)plag)da. g € (Glr.
P

belongs to Ap,,, (G) for every A € apc.

Let P C G a standard parabolic subgroup, x € X(G) be a cuspidal datum and {(Mg,,0;) |
i € I} be the (possiby empty but finite) inverse image of x in X(Mp). We define L2 ([G]p) as the
closure of the subspace Z Egi (S5 ([Glg,)) in L3([G]p). More generally, for w be a weight on

iel
ap (see §2.5.4), we let L2  ([G]p) be the closure of Z Egi (S5 ([Glg,)) in L2([G]p). We define
iel

similarly a subspace Li([G] po) C L?([G]po). By Langlands (see e.g. [MW94], Proposition I11.2.4]),
we have Hilbert decompositions

(2921)  I(Glp)= @ L2(Glr) and IX([Glro) = @D I2(Glro)
XEX(G) XEX(G)

More generally, for every weight w on ap we have a Hilbert decomposition

o —

(2.9.2.2) L (Glr) = @ LGl

XEX(G)

Let X C X(G) be a subset and w be a weight on ap. We set

12, +(1Glr) == DL2(C)p), L25(Clr) = @ I, (Glr)
XEX XEX(G)\X

and when w = 0, we just drop the index w. We have

(2.9.2.3) Let w and w' be two weights on ap. The orthogonal projections L7, ([G]p) — L2, »(|G]p)
and L2, ([G]p) — L, x([G]p) coincide on the intersection L7, ([G]p) N L2, ([G]p).

Indeed, we have L2 ([G]p) N L2,([G]p) = L2, ([G]p) where w” = max(w,w’) is a weight on ap

and this allows to restrict to the case where w < w’. The claim then follows from the fact, easy to
see from the definition, that the natural inclusion L, ([G]p) C L2, ([G]p) sends L7, +([G]p) (resp.
Ly¥([Gp)) into L2, x([Glp) (resp. L ([G]p))-

We will denote by ¢ ~— @x the orthogonal projection LZ,([G]p) — L2, +([G]p) (by ZI23)
such a notation shouldn’t lead to any confusion). These projections are G(A)-equivariant and so
preserve the subspaces of smooth vectors.

2.9.3. Let again X C X(G) be a subset. We set

Sx([Glp) = S([GlpP)INLE([GP), S*([Glp) = S(G]P)NL**([G]p), Cx(IGlp) :=C(IG]p)NLA([G]P).
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We also define Tx([G]p) (resp. Tn x([G]p) for N > 0) as the orthogonal of S*([G]p) in T (|G]p)
(resp. in Ty ([G]p)). Then, Tn x([G]p) is a closed subspace of T ([G]p) hence is a strict LF space.
We equip Tx([G]p) = Unso Tv,x([G]p) with the inductive limit locally convex topology (it is a
LF space).

Proposition 2.9.3.1. — Let X C X(G) be a subset and P C G be a standard parabolic subgroup.

1. For every standard parabolic subgroup Q@ C P, we have Ef(Sx([Glq)) C Sx(IG]p) and
E5(S*([G]p)) € S*([Glp).

2. For every ¢ € S(|G]p), we have px € Sx([G]p). Moreover, the linear map ¢ € S([G]p) —
px € Sx([G]p) is continuous and the series

(2.9.3.4) > ex

XEX(G)

converges absolutely (see JA.0.3) to ¢ in S(|G]p).

3. Forevery v € T([G]p), there exists an unique function px € Tx([G]|p) such that (¢, Vx)c), =
(0x, V) [a1p for every € S([G]p). Moreover, the linear map o € T ([G]p) — ¢x € Tx([G]p)
is AF x G(A)-equivariant and continuous and for every parabolic subgroup @ C P and
v € T([G]p) we have

(2.9.3.5) (Px)Q = (PQ)x-

4. For every compact-open subgroup J C G(Ay) and N > 0, there exists M > N such that for
0 € Tn([G]p)? the series (ZO3.4) converges absolutely to ¢ in Ta ([G]p).

Proof. —

1. Up to replacing X by its complement in X(G), the two inclusions are equivalent and so we just
need to prove the first. By definition of Sx([G]p), we need to establish that Eg (Sx(|Glg)) is
orthogonal to S*([G]p) or, by adjunction, that for every ¢ € S*([G]p), ¢q is orthogonal to
Sx([Glq). Denote by {(Mg,,0;) | i € I} the (possiby infinite) inverse image of X in X(Mg)
and let ¢ € S*([G]p). By adjunction again, and the definition of S*([G]p), ¢ is orthogonal
to ZESZ(S%([G]QZ)) Let k € C®(ag). Then, (ko HQ)ESl () = Egl((li o Hgp)y) and

icl
(ko Hg)y € Sy, ([Glg,) for every i € I and ¢ € Sy, ([Gg,)- It follows that (ko Hg)pg is also
orthogonal to Zng (S0, ([Glg,))- Besides, by Lemma [Z5.T0.1] the function (ko Hg)eg
icl
belongs to S([G]g). Therefore, by definition of L3 ([G]q), (k o Hg)pg is orthogonal to
L3([G]g) and in particular to Sx([G]g). Finally, there certainly exists a sequence k, €
C(ag) such that (k, o Hg)pg converges to g in 7 ([G]g) and we conclude that ¢q is
indeed orthogonal to Sx([G]g).

2. We prove the first part by induction on dim(ag) — dim(ap). Let ¢ € S([G]p), Q@ C P be
a standard parabolic subgroup, A\ € (aa)P ++. By Proposition ZZ5.TT1]l in order to show
that px € S([G]p) it suffices to check that (¢x)g € LgpQH\([G]Q)OO. Again by Proposition
25 11T and [2.9.2.3), this will follow from the equality

(2.9.3.6) (Px)Q = (PQ)x-

If @ = P the above identity is tautological and this already settles the case P = FP,. If
Q # P, by the induction hypothesis we have S([G]g) = Sx([Glg) ® S*(|G]g) and [Z9.3.6)
is equivalent to

((px)@s Va0 = ((PQ)x, V)G
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for every ¥ € Sx([G]g) US*([G]g). This last equality follows directly, by adjunction, from
point 1.

The continuity of ¢ € S([G]p) — ¢x € Sx([G]p) is easy to obtain from the closed graph
theorem. We now show the absolute convergence of erx(G) ¢x- Fix a compact-open
subgroup J C G(Ay). By Proposition 25111l and (Z93.0), there exists an increasing
family (||.||ln)n of Hilbertian norms defining the topology of S([G]p)’ such that for each n,
denoting by H,, the Hilbert completion of S([G]p)’ with respect to ||.||,, the linear maps
© = @y, X € X(G), extend to orthogonal projections onto two by two orthogonal subspaces
of H,,. In particular, for each n and ¢ € H,, we have

Y iz < oo

XEX(G)

On the other hand, the space S([G]p)” being nuclear ([2.5.8.5)), for each n there exists m > n
such that the induced linear map H,, — H, is Hilbert-Schmidt. By the Cauchy-Schwarz
inequality, this implies

1/2 1/2

S el <[ D lendlz Y22 ] <o

X€X(G) XEX(G) XEX(G) [l

for ¢ € H,,. Since this holds for every n, the absolute convergence of erx(c) y follows.
That the sum necessarily converges to ¢ is obvious (e.g. because it converges to ¢ in

L*([G]p))-

. The first part follows from 2., (Z5.8.6) and the Dixmier-Malliavin theorem. The continuity
of ¢ — @y follows from the closed graph theorem and the equivariance with respect to the
A% x G(A)-action follows from uniqueness and equivariance of the projection L%([G]p) —
L%([G]p). Also, 2.9.3.5) can be proven the same way as (2.9.3.0), using 1. and adjunction.

. Let (||]ln)n be an increasing family of Hilbertian norms defining the topology of S([G]p)’

satisfying the same property as before: denoting by H,, the completion of S([G]p)’ with
respect to ||.||n, for each n the maps ¢ — ¢,, x € X(G), extend to orthogonal projections
onto two by two orthogonal subspaces of H,,. We may also assume that the norms ||.||,, are
G(Fx)-continuous (that is, the G(F)-action extends to H,,). Let H_,, be the dual Hilbert
space equipped with the dual Hilbertian norm ||.||—,. The adjoint of the natural linear map
Hum — Hpn, m = n, is a continuous G(F )-equivariant inclusion H_,, < H_,,. Moreover, by
(Z58.8) and the Dixmier-Malliavin theorem we have a natural inclusion H*>, < T ([G]p)’
and an equality T([G]p)” = U, H>, of LF spaces (that this identification is a topological
isomorphism follows from the open mapping theorem for LF spaces). Finally, there exists n
such that Ty ([G]p)? C H>, and for each m there exists M such that H>, C Ty ([G]p)’.
Therefore, it suffices to show that for every n there exists m > n such that the series (229.3.4)
converges absolutely in ‘H_,, for every ¢ € H_,. This follows from the same argument as

before since for m large enough the inclusion H_,, — H_,, is Hilbert-Schmidst.

O

2.9.4. Let X C X(G) be a subset. By the previous proposition, the projection ¢ — px maps
T(|G]p) and S(|G]p) continuously onto Tx([G]p) and Sx([G]p) respectively. As S([G]p) is dense
in T([G]p) this entails that

(2.9.4.7) Sx([G)p) is dense in Tx([G]p).

More precisely, let N > 0 and J C G(Ay) be a compact-open subgroup. There exists M >

L > N such that the closure of S([G]p)” in TL([G]p)”? contains Ty ([G]p)” and the projection
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¢+ px restricts to a continuous linear mapping 77 ([G]p)” — Tar.x([G]p)”. Therefore:
(2.9.4.8)
There exists M > 0 such that the closure of Sx([G])” in Tasx([G])” contains Ty x([G])”.

2.9.5. Assume that G = G; X G4 where G; and G are connected reductive groups over F.
We have then a natural identification X(G) = X(G1) x X(Gz). For subsets X; C X(G;), i = 1, 2,
setting X = X1 x Xa, the space L} ([G1]) ® L3, ([G2]) is dense in L ([G]) (this follows from the
fact that for (Mp,,0;) € X, 1 = 1,2, S5, ([G1]p,) @ S5, ([G2]p,) is dense in S, ®ey, ([Glrxp,))-
Using again ([25.85) and (A.0.6.0), we see that for any compact-open subgroups J; C Gi(Ay),
1 =1,2, setting J = J; X Ja, the isomorphisms ([2.5.9.7) restrict to isomorphisms

(2.9.5.9) Cx, ([G1])*@Cx, ([Ga)) ™ = Cx([G]), Sz, ([G1])" @Sx,([G2])”* ~ Sx(1G))”.

2.9.6. Generic cuspidal data. — Let n > 1. We say that a cuspidal datum x € X(GL,) is
generic if it is represented by a pair (Mp, o) with

Mp =GL,, x...xGL,,
a standard Levi subgroup of GL,, and
c=o0 X... Koy

a cuspidal automorphic representation of Mp(A) whose central character is trivial on A¥ and
such that o; # o for 1 <i < j < k.

More generally, assume that G is a product of the form Resg, /p GLp, x ... x Resg, /p GLy,,
where K1, ..., K, are finite extensions of F. Then a cuspidal datum y € X(G) can be seen as a
r-uple (x1,...,xr) where x; € X(GL, k,), ¢ = 1,...,r, and we say that x is generic if each of
the y; is so.

The following proposition is a consequence of Langlands’s spectral decomposition [MW94|
VI.2.2], the description of the discrete spectrum of GL,, by Mceglin-Waldspurger [MW8&9| (which,
implies that for x a generic cuspidal datum and @ a parabolic subgroup, the discrete spectrum
of Li([G]Q) is entirely cuspidal), the computation of the constant terms of cuspidal Eisenstein
series [MW94, Proposition I1.1.7] and the fact that intertwining operators are unitary for purely
imaginary arguments.

Proposition 2.9.6.1. — Let x € X(G) be a generic cuspidal datum and let P be a standard
parabolic subgroup of G. Then, for every ¢ € L2(|G]) we have pp € L2([G]p).

Corollary 2.9.6.2. — Let x € X(G) be a generic cuspidal datum, P be a standard parabolic
subgroup of G and xa be the inverse image of x in X(Mp). Then, for every ¢ € S\ (|G]) and
s € Hsg, the function

©ps:m € [Mp]— 6p(m)* " 2pp(m)

belongs to Cy,,([Mp]). Moreover, the family of linear maps

Sx([G]) = Cxn ([MP]), ¢ = @ps

for s € Hsg is holomorphic.

Proof. — Let ¢ € S, ([G]). Note that by Proposition 293111, ¢p s is orthogonal to SX™ ([Mp])
for every s € C. Hence, we just need to show that for every s € Hs the function ¢p s belongs to
C([Mp]) and the map s € Hso + ¢ps € C([Mp]) is holomorphic. As for every X € ms, we have
R(X)eps = (25— 1){pp, X)pps + (R(X)p)ps (where we consider pp as an element of the dual
space m% ), by the equality (235.6.3)), it suffices to show that for every d > 0 and s € H~(¢ we have
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Yps € Lgd([Mp]) and that the map s € Hso — ¢ps € L2 =.a([Mp]) is holomorphic. By Lemma
2E5I0Tand ([Z423), there exists ¢ > 0 such that pp, € L2 4([Mp]) for every s € Hx. and d > 0.

On the other hand, by Proposition 2.9.6.1] we have ¢po € LQ([M p]). By Holder inequality, for
every s € Hsq, t > R(s) and d > 0, we have

1— §R S)/t ||§R(S

lepslicz , <llepollpe lep,

std/R(s)

and it follows that pp, € Li J([Mp]) for every s € H~o and d > 0. The holomorphy of the map
s§ € Hso— ¢ps € Lg)d([MP]) is equivalent to the holomorphy of s € H~o = (@ps, V)] for
every ¢ € L2 _,([Mp]) but this follows from the inequality

lops| < lept |+ Pl

for every s € C and ty > R(s) > t;. O

2.9.7. Let x € X(G) be a generic cuspidal datum represented by a pair (Mp,7) € X(G). Set
II= Ig((ﬁ))( ) = Ap(G) for the normalized smooth induction of 7. Let Bp, be a K-basis of II
as in §2.83] For ¢ € S([G]) and A € ia}, the series

(2.9.7.10) o, = Y (0, B, N)g B, \)

weBP,W

converges absolutely in 7y ([G]) for some N (that may a priori depend on A). Indeed by [BL19.
Corollary 6.5] and (A.0.4.3), there exists N such that the linear map ¢ € Ap,(G) — E(¢,\) €
Tn([G]) is continuous so that the claim follows from Proposition 2.8 4T and the Dixmier-Malliavin
theorem. The next theorem is a slight restatement of (part of) the main result of |Lap13ﬂ We
refer the reader to §A.0.§ for the notion of Schwartz function valued in a TVS.

Theorem 2.9.7.1. —/[(Lapid)] There exists N > 0 such that for ¢ € C([G]), the series [2.9.7.10)
still makes sense (that is the scalar products (@, E(Y,\))jq) are convergent) and converges in
Tn([G]) for every A € ial. Moreover, the function \ € ia’ — on, € Tn([G]) is Schwartz and if

¢ € Cy([G]) we have the equality
Y= / o, dA

P

(the right hand-side being absolutely convergent in T ([G])).

Proof. @ — Note that G satisfies condition (HP) of [Lapl3|: it is proven in loc. cit. that
general linear groups satisfy (HP) and it is straightforward to check that products of groups
satisfying (HP) again satisfy (HP). The first part of the theorem is then a consequence of [Lap13]
Proposition 5.1]. Indeed, by Dixmier-Malliavin we may assume that ¢ = R(f)¢’ where ¢’ € C([G])
and f € C*(G(A)). By loc. cit. the scalar product (o, E(1, A))(q) converges for every 1 € Bp
and there exists N > 0 such that ¢ — FE(, \) factorizes through a continuous linear mapping
IT — Tn([G)) for every A € ia}. As

<(P, E(djv )‘)>[G] = <90/7 E(R(f*)wv )‘)>[G]7 B BP,?T)

we deduce by Proposition ZZ84T] that the series Z9.710) converges absolutely in 7 ([G]) for
every A € ia%. That the function A € ia% — ¢, € Ta([G]) is Schwartz follows similarly from
[Lap13, Corollary 5.7]. The last part of the theorem is a consequence of |[Lapl3, Theorem 4.5]
since x is generic and therefore L2 ([G]) is included in the “induced from cuspidal part” LZ([G])
of L?([G]), with the notation of loc. cit., and moreover the stabilizer of the pair (Mp,7) in W is
trivial. g

4Note that in loc. cit. the Harish-Chandra Schwartz space C([G]) is denoted by S(G(F)\G(A))

31



2.9.8. Automorphic kernels. — The right convolution by f € S(G(A)) on each space of
the decompositions (2.9.2.1)) gives integral operators whose kernels are respectively denoted by
K¢(x,y), Kfy(z,y), Kl?(;v, y) and K%X(x,y) where z,y € G(A). If the context is clear, we shall
omit the subscript f in the notation. The kernels are related by the following equality for all
z,y € G(A)

Kg(:t,y) = K, (z,ay) da.

AZ

Lemma 2.9.8.1. — For every N > 0, there exists N' > 0 such that

(2:9.8.11) S 1K)l <l vl @y € (G,
XEX(G)

(2.9.8.12) > IK ()l < 2/l vl s =y € (G
XEX(G)

More generally, for every N > 0, there exists N' > 0 such that for each continuous semi-norm

[l e on T ([G])

(2.9.8.13) S K o)l < i, v € (6.
XEX(G)

Proof. — Obviously, (Z29.813) implies 20.8TT) and (Z9.8T1) implies (Z29.812). Let N > 0

and choose L > N. By Proposition [Z.9.3.114 and the uniform boundedness principle, there exists
N’ > L such that for every continuous semi-norm ||.|n+ on Tn([G]) there exists a continuous
semi-norm |||z on T ([G]) satisfying

> IE )l < IKfCy)lie
XEX(G)

for every y € [G]. Therefore, it suffices to show that if L is large enough then
1K 5wl < Iyl v e 6.

As R(X)Ky(.,y) = Kr(x)s(.,y) and by definition of the topology on T ([G]), it even suffices to
prove that for L large enough

(29.5.14) S el E < el Il .y € (G
YEG(F)

There exists Ny > 0 such that ZyeG(F)H”Y|‘7NO < o0o. Fix such a Ny. Then, as [|y|;g < ||yl for
every v € G(F) and y € G(A), we have

_ _oN,— _N—N, _ —N-N,
Sl TN < [N gl fy e ST < 22NN gl Moyl =
YEG(F) YEG(F)

for z,y € G(A). Since the left hand side of the above inequality is invariant by left translations of
both x and y by G(F), we may replace ||z||?N°*" and ||y||™° in the right hand side by ||:E|\[2é\]’“+N

and ||y||fé°] respectively. This gives (229.814) for L = 2Ny + N and this ends the proof of the
lemma. 0

2.9.9. Let P be standard parabolic subgroup of G and let M = Mp. Let x € X(G) and
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AP,X (G) = @ﬂ'AP,Tr(G)

where the sum is over cuspidal representations m of M such that the image of (M, ) by the map

X(M) — X(G) is x. Let Bp, be a K-basis of Ap(G) that is the union U, Bp  over 7 as above of

K-bases of of Ap(G) (see §[283). In the same way we define Bp,, = UrBp . for any 7 € K.
By a slight variant of [Art78] §4 and [Art80] section 3, we have the following lemma.

Lemma 2.9.9.1. —(Arthur) Let C C G(Ay) be a compact subset and let Ko C K be a normal
open compact subgroup. There exists a continuous semi-norm || - || on S(G(A),C, Ky) and an

integer N such that for all X, Y € U(gc), all z,y € G(A) and dall f € S(G(A),C, Ko) we have

>SS P / S BB Ip(h £ VRV IE, 7 0| dA

XG?X‘: P()CP TGK ngBpXT
<A NGy loll Eeay

Moreover for all z,y € G(A) and all x € X(G) we have

Kaw) = 3 PO [ 30 B e o NGz 0 i

PyCP ap’ (,OGBPX

Proof. — One point is to remove the K -finiteness assumption in lemma 4.4 of of [Art78|. This
can be done by approximation by K..-finite functions and this also enables us to put the sum over
7 outside the absolute value. The other point is to remove the hypothesis about the compactness
of the support of f. However the key point is in fact lemma 4.3 of [Art78| which can be replaced
by Lemma 2.9.871 O
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3 The spectral expansion of the Jacquet-Rallis trace formula
for general linear groups

This chapter has two goals. The first, accomplished in Theorem B.-4.3.2] is to extend the coarse
spectral expansion I = erx(c) I, of the Jacquet-Rallis trace formula for linear groups G (as
proved in [Zyd20]) to the Schwartz space. The second, given in Theorem B371] is to provide
spectral expressions more suitable for explicit calculations.

3.1 Notations

3.1.1. Let E/F be a quadratic extension of number fields. For convenience, we will fix 7 € F*
such that E = F[\/7]. Let n be the quadratic character of A} attached to E/F. Let n > 1
be an integer. Let G], = GL, r be the algebraic group of F-linear automorphisms of F". Let
Gn = Resg/p(G;, xp E) be the F-group obtained by restriction of scalars from the algebraic
group GL, g of E-linear automorphisms of E™. We denote by c the Galois involution. We have
a natural inclusion G, C G, which induces an inclusion Ag: C Ag, which is in fact an equality.
The restriction map X*(Gr) — X*(G},) gives an isomorphism ag; ~ ag, .

3.1.2. Let (B],T)) be a pair where B/, is the Borel subgroup G/, of upper triangular matrices
and T} is the maximal torus of G}, of diagonal matrices. Let (By,Ty) be the pair deduced from
(B!, T!) by extension of scalars to E and restriction to F: it is a pair of a minimal parabolic
subgroup of G, and its Levi factor.

Let K,, C Gn(A) and K|, = K, NG, (A) C G, (A) be the “standard” maximal compact
subgroups. Notice that we have K/, C K,.

3.1.3. The map P’ — P = Resg,p(P’ xr E) induces a bijection between the sets of standard
parabolic subgroups of G!, and G,, whose inverse bijection is given by

PP =PNG,.

Let P be a standard parabolic subgroup of G,,. The restriction map X*(P) — X*(P’) identifies
X*(P) with a subgroup of X (P’) of index 24™(@r) Tt also induces an isomorphism ap/ — ap
which fits into the commutative diagram:

For any standard parabolic subgroups P C @, the restriction of the function Tg to aps coincides

with the function Tg/,. However we have for all x € G'(A)
(pf Hp(x)) = 2(pf,, Hpr ().

Remark 3.1.3.1. — The map apr — ap does not preserve Haar measures. In fact, the pull-
back on aps of the Haar measure on ap is 24(2P) times the Haar measure on ap/. In particular,
although the groups A® and A%, can be canonically identified, the Haar measure on A¥ is 2dim(ap)
times the Haar measure on A%;.

3.1.4. We shall use the natural embeddings G, C G, ; and G,, C Gy, 41 where the smaller group

is identified with the subgroup of the bigger one that fixes e, 41 and preserves the space generated
by (e1,...,e,) where (e1,...,en11) denotes the canonical basis of F*1,

34



3.1.5. Let G =Gy X Gpy1 and G' = G, x G, ;. Thus G’ is an F-subgroup of G. Let
t:Gp = Gy X Gpga

be the diagonal embedding. Let H be the image of ¢ (so H is isomorphic to G,,).

3.1.6. Let K = K, x K,41: it is a maximal compact subgroup of G(A). We define pairs
(Po, My) = (Bn X Bng1, Ty X Tq1) and (P, M) = (B}, x B}, 1, T, x T}, 1) of minimal parabolic
F-subgroups of G and G’ with their Levi components. As in §3.1.3] we have a bijection denoted
P — P’ between the sets of standard parabolic subgroups of G and G’.

3.1.7. In general, for a subgroup P (usually a parabolic subgroup) of G,,, G,41 or G, we write
P’ for the intersection of P with G}, G}, or G’ respectively.

n

3.1.8. Let det,, (resp. dety4+1) be the morphism G’ — G,, r given by the determinant on the
first (resp. second) component. Let ngs be the character G'(A) — {£1} given by

ner (h) = n(det,, ()" n(dety1 (h)".

_ + 4t
3.1.9. Weset any1 =ap,,, and a, = ag  (see §2.2.0).

3.1.10. We let Frgs to be the set of F-parabolic subgroups of G of the form P = P, x P, 1
where P, is a standard parabolic subgroup of G,, and P, 11 is a semi-standard parabolic subgroup
of G411 such that P, 1 NG, = P, (using the embedding G,, — Gp41)-

3.1.11. For P,Q € Fgrg such that P C @) we let eg =(-1)

3.2 The coarse spectral expansion for Schwartz functions

3.2.1. Let f € S(G(A)) be a Schwartz test function (see §2.5.2I).

3.2.2. Let P be a parabolic subgroup of G. The right convolution by f on L2([G]p) gives
an integral operator whose kernel is denoted by Kp . Let x € X(G). Replacing L*([G]p) by its
closed subspace L2 (|G]p) (see (Z921))), we get a kernel denoted by Kp,y ;. If P = G, we omit the
subscript P. Most of the time, we will also omit the subscript f. We have Kp = erx(c) Kp,.

3.2.3. Forxze HA), y = (Yn,Yn+1) € GH(A) x G}, 1 (A), x € X(G) and T € a,4;1 we set
(32.3.1) Kl(z,y) =
Z EICD; Z Z 72Pn+1 (Hpn+1 (6nyn) - TPn+1)KP-,X(FY:E7 5y)

PEFRs  ~e(PNH)(F)\H(F)scP' (F)\G'(F)
where
e we write 0 = (05, 0n41) and y = (Yn, Yn+1) according to the decomposition G’ = G, x G, ;;

e in the notation Hp, , (0,yn), we consider §,y, as an element of G}, || (A) (via the embedding
G, = G1);
o Tp,,, is defined as in §2Z2.12%
and the rest of notation is explained in §3.11
Remark 3.2.3.1. — This is the kernel used in [Zyd20] for compactly supported functions. Since

we are considering a Schwartz function f, the sums over v and ¢ are not finite. However, the
component d,, may be taken in a finite set depending on y,, (see [Art78] Lemma 5.1). We can then
easily show that the sums are absolutely convergent using majorization of Lemma 2.9.8T1

3.2.4.

Theorem 3.2.4.1. — LetT € aj;+1.
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1. We have

> / / \KT . (h,g")|dg'dh < o0
iited

XEX(G)

2. As a function of T, the integral
(3242) B= [ [ g dgan

coincides with a polynomial-exponential function in T whose purely polynomial part is con-
stant and denoted by L, (f).

3. The distributions I, are continuous, left H(A)-invariant and right (G'(A), ngr)-equivariant.
4. The sum

(3.2.4.3) I(f) = Y I (f)

is absolutely convergent and defines a continuous distribution I.

Remark 3.2.4.2. — The last statement is the coarse spectral expansion of the Jacquet-Rallis
trace formula for G.

Proof. — All the statements but the continuity and the extension to Schwartz functions are
proved in [Zyd20, Theorems 3.1 and 3.9] for compactly supported functions. Assuming extension
to Schwartz case, continuity is the result of the explicit formula of [Zyd20], Theorem 3.7 (which
also holds for Schwartz functions). As for absolute convergence in the Schwartz case, we state
and prove a twin theorem below (see Theorem [B.4.3.2]) whose proof can easily be adapted to the
current theorem, so we will not repeat the arguments here. O

3.3 Auxiliary expressions for I,

3.3.1. The goal of this section is to provide new expressions for the distribution I, defined in
Theorem B2.47] In this paper, we will use these expressions to explicitly compute I,. The main
results are subsumed in Theorem B.5. 1Tl Before giving its statement, we have to explain the main
objects. For this, we fix f € S(G(A)) and we simply denote by K, the kernel Ky, .

3.3.2. The Ichino-Yamana truncation operator. — Let T € a,,41. In [IY15], Ichino-Yamana
defined a truncation operator which transforms functions of moderate growth on [G,+1] into
rapidly decreasing functions on [G]. By applying it to the right component of [G] = [Gy] X [Gn+1]s
we get a truncation operator which we denote by A" (the subscript r is for right). It associates
to any function ¢ on [G] the function on [H]| defined by the following formula: for any h € [H]:

(3321) (A;?F%’)(h) = Z elcj Z 7A'Pn+1 (Hpn+1 (6h) - TPn+1><PGn><Pn+1(5h)
PeFrs d€(PNH)(F)\H(F)

where we follow notations of §8.2.31 Note that in the expression Hp, ,, (6h), we view 0h as an
element of G,11(A) by the composition H < G — G,41 where the second map is the second
projection. We denote by g, xp,,, the constant term of ¢ along Gy, X P, 1.

For properties of AT we shall refer to [[Y15]. However for our purposes it is convenient to state
the following proposition.

Proposition 3.3.2.1. — For any integers N and N', any open compact subset Ko C G(Ay),
there is an integer r > 0 and a finite family (X;):cr of elements of U(gc) of degree < r such that
for any ¢ € C"(G(F)\G(A)/Ky) we have for all h € [H]

(AT ) < IR ST ( sup ol [(ROG))@)])
icl z€G(A)
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Proof. — The result, a variant of Arthur’s Lemma 1.4 of [Art80], is proven in [IY15], Lemma
2.4. |
3.3.3. Convergence of a first integral. — It is given by the following proposition.

Proposition 3.3.3.1. — Let x € X(G). The integral
(3.3.3.2) / ALKy (2, y) e (y)dady
[H] /]G]

is absolutely convergent.

Proof. — We can easily deduce from Lemma [2.9.8 Tl that for all ; > 0, there exists a continuous
semi-norm || - || on S(G(A)) and an integer N € N such that for all z € [G], y € G(A)!, a € AY,
feS(G(A),C, Ky) we have

(3.3.3.3) 1K g (e, ay)| < 1 all gt -

In particular, if we restrict ourselves to x € [H|, we have with the same hypothesis the existence
of N and || - || such that

(3.3.3.4) el 1K (e, ay)| < (£ llall g,

for all z € [H], y € G(A)!, a € A¥ and f € S(G(A), C, Ky).

The right derivatives in the first variable of the kernel K, (z,y) can be expressed in terms of
the kernel K, associated to left derivatives of f. Thus, taking into account Proposition B.3.2.T]
we see that for any 7o > 0 there exists a continuous semi-norm || - || on S(G(A), C, K) such that
for f € S(G(A),C, Ky) we have

AT K (o, 0] < I Ml el
for all a € AX, x € [H] and y € G(A)'. The convergence is then obvious. O

3.3.4. Arthur function F¢»+1 (.. T). — For T € a, 1 we shall use Arthur function F&+1 (- T)
(see [Art78] §6). Recall that this is the characteristic function of the set of @ € G,,11(A) for which
there exists a § € Gpq1(F) such that éx € sqg,,, (see § Z2T3) and (w, Ho(dx) — T) < 0 for all

wel B,.,- Recall also that F%»+1(-,T) descends to characteristic function of a compact subset
of Zn11(A)Gni1 (F)\Gry1(A).

3.3.5. Two other convergent integrals. —

Proposition 3.3.5.1. — The following integrals are absolutely convergent:
(3.3.5.5) / / FE1 (2, TV K (2, y) ner (y) dyda

(H] J[G']
(3.3.5.6) / Ky (2, y) FE (yn, T) e (y) dyda

[H] J[G"]

where y = (Yn, Ynt1) € G, (A) x G, 1 (A).

Proof. — The convergence of the integral (3.3.5.0) is proved in the same way as in the proof
of Proposition 3330l The only point to observe in that the restriction of F¢n+1 (-, T) to [H] is
compactly supported.

The convergence of the integral (3.33.5.0) is a consequence of two facts: first the restriction of
FG+1(..T) to [G,] is compactly supported; second for every N’, N there exist N > 0 and a
continuous semi-norm on S(G(A)) such that

1K ()] < 1AMl ol Y 2l
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This majorization can be proved as in the proof of Lemma [Z9.871l It suffices to prove the same
result for the whole kernel (without subscript x). We can assume that f = f,, ® f,41 is a product.
The kernel itself is then a product We can use Lemma 2.9.8 T assertion 1 to bound Ky, ., (2, yn41)
and get the negative power of ||y,11l(c, .- Then we can bound Ky, ., (2,yn) to get the negative
power of ||z||;q. O

3.3.6. We say a functions p and ¢ on a,41 are asymptotically equal if for all e > 0 and m > 0

there exists ¢ > 0 such that for all T € a,41 such that (o, T) > ¢||T|| for all « € Ap, ., we have

Ip(T) — q(T)| < ce~ ™71

3.3.7. We can now state the main theorem of the section.

Theorem 3.3.7.1. — Let x € X(G). FEach of the three expressions [B33.2) (see Proposition
32.3.3 1), B350) and B35.6) (see Proposition[3.3.5.1)) is asymptotically equal (in the sense of

§3.3.8) to a polynomial-exponential function of T whose purely polynomial term is constant and
equal to I, (f).

Proof. — The theorem is a simple combination of Theorem [B.2.4.T] above and Theorems [3.4.3.2
and [3.5.T.1] below. O

3.4 Convergence of a truncated kernel

3.4.1. In this section, we give a first step in the proof of Theorem B.3.7.1t we define a new trun-
cated kernel and we prove that the integral over [H] x [G’] of this kernel is absolutely convergent.

3.4.2. We fix f € S(G(A)), x € X(G) and T € a} ;.
3.4.3. A new truncated kernel. — For z € [H] and y € [G’] we set
H§($, y) = Z EIGD Z Z 7A-Pn+1 (HPn+1 (W‘T) - TPn+1)KP>X(7x7 53/)

PeFrs yeE(PNH)(F)\H(F) §eP'(F)\G'(F)

The notations are those of §3.11 The expression Hp,,  (yx) is interpreted as in the comments

following (3:32.1)).

Remark 3.4.3.1. — This is a version of the truncated kernel K;{ defined in §3.231 We will
consider the connection between the two in Theorem [3.4.3.2] The sum over -~ is finite whereas the
sum over ¢ is convergent but not finite (see remark B2.377T)).

The following theorem is the main result of the section.

Theorem 3.4.3.2. —
1. We have

Z / / |m£(m,y)|dyd;v<oo.
[H] J[G]

XEX(G)

2. The integral
(3.4.3.1) iT(f) :=/[ ]/[ ]mi(:v,y)nc/(y)dyd:c
H ’

coincides with a polynomial-exponential function in T whose purely polynomial part is con-
stant and denoted by i, (f).
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3. The distribution i, is continuous. Moreover we have i, = I, where the right-hand side is

defined in Theorem [3.2.7.1]

The proof of assertion 1 of Theorem B.4.3.2] will be given in §3.4.11] whereas the proof of
assertions 2 and 3 will be given in §8.4.T21 Before that, we must introduce additional notations
and lemmas.

3.4.4. Until §3.4.17] we assume that G is a general reductive group with the notations of section
In particular, a maximal F-split torus Ay is fixed as well as a minimal parabolic subgroup Py
containing it.

3.4.5. Recall that we have defined ap™ in §22.0

3.4.6. For semi-standard parabolic subgroups P, Q of G, such that P C @) we have the function
ag as defined in §6 of [Art78|. It is a characteristic function of a region in ap. We note the
following formula satisfied by it (see proof of Theorem 7.1 in [Art78])

(3.4.6.2) TEig =Y of.
RDOQ

More generally, if P C Q C R are semi-standard parabolic subgroups of G, we note og’R =

ogrq]\]\/d[g‘ the o function with respect to the group Mg and its parabolic subgroups P N Mg and
QN Mpg.

Lemma 3.4.6.1. — Let P,Q, R be standard parabolic subgroups of G with P C Q C R. Let
a € Ap ~ AE. Suppose H € ap satisfies ag’R(H) = 1. Then, if we denote Hy the projection of
H onto agr, we have (o, Hg) > («, H).

Proof. — Using (B.4.6.2) we have 75(H) = #8(H — Hg) = 1. This means that H — Hp has
positive coefficients in the coroot basis Ag,v of aff. The result follows from the known fact that

distinct coroots in Ay form obtuse angles and so do distinct elements of A}, (c.f. [LW13] Lemme
1.24). O

3.4.7. For a standard parabolic subgroup P of G we fix representatives for the cosets W \W
and W/WPT as follows:

WAW :={weW |w'a>0vVae A}, W/W":={weW |wa>0VaecAf},

where 5 > 0, for a root S of (G, Ap), means that it’s a sum of elements of Ag.

3.4.8. Norms

We use the definition of 24 to define the norm on [G]p. As we will only use norms on
automorphic quotients, we denote this norm simply by || - ||. We use the same symbol for a fixed
W& invariant norm on dag.

3.4.9. Bound on Eisenstein Series. —

Lemma 3.4.9.1. — Letw € W/WF and X € a;Jr. For all e > 0, there is an N > 0, independent
of A\, such that we have

e()\+(2+5)pp,Hp(w*16x)> < H'r”Ne(w)\,Hg(x)).

se(PNnwPyw—1)(F)\Py(F)

for any x in the Siegel domain sp (see §2.2.13).
Proof. — We have for § € Py(F)

(N, Hp(w™ o)) = (A, Ho(w™'6x)) = (w, Ho(x)) + (A, Ho(w™'n))
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for some n € No(A) depending on x and §. Since A € af™* we have, by [LWI3] Lemma 3.3.1,
(\, Hy(w™'n)) < ¢ for some constant ¢ depending on A but independent of n. We have then

> O+ +e)pp Hp (w™16)) 3 ((2+e)pp, Hp (w™152)) o (w, Ho(x))
S€(PNwPow—1)(F)\ Py (F) S€(PNwPyw—1)(F)\ Po(F)

and the result follows by moderate growth of Eisenstein series. O

3.4.10. Auxiliary characteristic functions. — We introduce the function 7p as the char-
acteristic function of H € ap such that (o, H) < 0 for all & € Ap. By Langlands Combinatorial
Lemma (JLW13]|, Proposition 1.7.2) we have

(3.4.10.3) Y =1

3.4.11. Proof of assertion 1 of Theorem [3.4.3.20 — Unless otherwise stated, all sums of
the type £ p or ¥ pcg are over elements of Frg.

In §2.4 of [Zyd20] the operator AdT’P is defined for all P € Frgs. For a function ¢ : P(F)\G(A) —
C, we have
(3.4.11.4)

A§7P¢(x) = Z Eg Z %5211 (HQn+1 (5x)_TQn+1)¢Q(6$)7 MAS (PQH)(F)\H(A)
P5Q  se(QnH)(FN(POH)(F)

Note that if P = G, the operator AdT’G is close but not exactly equal to the operator AZ" defined
in (327)). Indeed in the former we take the constant term along P whereas in the latter we take
it along G, X Py41.

Using the inversion formula of Lemme 2.7 [Zyd20] together with the formula ([8.4:6.2) we obtain
that the integral is bounded by the sum over P, Q € Frg of
(3.4.11.5)

>/ [ omittn @t DN [ X B Y K (w8 | ldyds
x JHOP)I\H(A) /(1G] PCPCQ  §'eP/(F)\G'(F)

where P € F, rs in the alternating sum and AZ‘IF’P is applied with respect to x. We consider P and
Q fixed from now on. Without loss of generality we can assume they are standard in G.

For any standard parabolic subgroup S of G' we have the mixed truncation operator AZL>S of
[JLRO9|

ALSp(a) = Y (-1dmeR) N ¥ (HR(0x) - T)pr(0x), = € R'(F)\S'(A).

RCS SER/ (F)\S'(F)

Using B-410.3), the inversion formula (§6 (19) in [JLR99]) and 262, we bound the expression
BZII5H) by a sum over R C S C S, all standard parabolic subgroups of G, of

(3.4.11.6)

>/ / 0@ (Hp, , (2) — T)75(H5(y) — T)os (Haly) - T')
x Y (HNP)(F)\H(A) J(G'NR)(F)\G'(A)

NG Y pKp  (wy) | [ dyde
P+CPCQ+

where AE’R is applied with respect to y, P* is the smallest element of Fgs containing R and P,
Q@7 is the largest element of Frg contained in S and (), the sum runs over P € Fgrg, T’ € a:H
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is any parameter, and we write 1" instead of T, , because P is assumed standard so there is no
difference.

Let Py = H N P, it is a standard parabolic subgroup of H. Let Zg* = AP N A% . We also
note 3p = apNap,. Let M(A)"! be the kernel of the composition of Hp, : Mp, (A) — ap, with
the orthogonal projection ap, — 3p.

We assume that f is bi-K-invariant - it makes the subsequent computations and notation
clearer. It is not a serious restriction, one should deal with the general case as in [Art80] or
[Zyd20]. Using the Iwasawa decomposition and Propositions 2.3 and 2.8 of [Zyd20] we bound

BAILT) by

Z/ / / / e{—20py Hpy (2m1)) o(—2pp/  Hps (ams2)) Qn+11 (Hp,,,(zm1)-T)
¥ Mpy (F)\M(8) 71 J (M ]2 e

T5(Hg(a) — T')Uﬁ’S(HR(a) =Tl || [Jma]| " sup sup
My € Mpy, (F)\M(A) P my€ Mps (F)\Mp (A)1

/ / egKﬁx(nlzm’l,ngamé) dnadna||m)|| 7" mb | =2 | dmodmy dadz
[NP] JINR] P+cPcQ+

for any 1,7}, 72,75 Here, we should replace the kernel K by a finite sum of kernels K;, but to
make the notation simpler we will ignore this detail. Making a few changes of variables we bound
the above expression by

(3.4.11.7)

Qn+1 H _T = H~ _TI S,g H _TI

2 o (e, (2) = T)75(Hg(a) = )" (Hr(a) = T')

7 JAR S Mpy (F)\M(A [Mp/]*
||ZHT°HOLHT‘)HmlH_”Hm2|\_r2 sup sup
miEMpy (F)\M(A)Pt mieMp/ (F)\Mps (A)?
|~ ||| T2|/ / egKﬁ)X(nlzmﬁ,ngamé) dnzdni| dmadmadadz
[NR]

P+CPCQ+

where 79 is a fixed number and ry, ro, r}, r are arbitrarily large.
We set

U(z,a,my,ma) = Z|/ / Z 65Kﬁ7x(n12m1,n2am2) dnadny |.
X [Np] J[NR

P+cPcQ+

Given that the proof of Theorem [3.4.3.2] assertion 1 has been reduced to proving convergence
of the integral (B.4I1.1), the following lemma will conclude the proof of the Theorem.

Lemma 3.4.11.1. — For all N > 0, there exists an M such that

n _ S,5 _ _
oR (Hp,,, (2)-T)75(Hg(a)=T" oy (Hr(a)=T')¥ (2, a,m1,ma) < ||z~ [laf = [ | fma]|.

To prove BZATTT we first need a bound on ¥(z,a,mi, ms). It will be more natural to bound
U(z,a,mi, mz)2.

Before we proceed let us make some remarks and establish some notation. Recall that P = P,, x
Pyi1and Q = Qn X Qpy1 with Py1 NG, = Py and Q1 NGy, = Q. We write R = Ry, X Ryp41,
S =5, X Sp+1, S = §n X §n+1. All parabolic subgroups are standard in their respective ambient
groups.
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Recall that B,, and B, 41 are fixed Borel subgroups of G,, and G, 11 with B,,+1NG,, = B,. The
inclusion Gy, < Gy, 1 induces the inclusion AVBn s AVBnH. The latter inclusion induces therefore

a natural inclusion ¢ : ﬁBn — ABn+1' We let "1 be the unique element of ABn+1 ~ L(&Bn).
Its restriction to ap, equals the determinant divided by n + 1. Note that, since P,11 NG, = Py,
the set A JRN L(ﬁ p,) is either empty or consists solely of w"*!.

Having introduced these, we can write PT = PF x P and Q* = Q} x Q' |, both standard
parabolic subgroups and elements of Frg. We have then

Apt

n+1

= (Br)U{="1}) NBR,., NBp,.,, Byr, =uBs,)UBs

n+1

g1 Y AQn+1'

For w € W we write w = (W, wp41) € WEn x WEn+1, Since W& embeds naturally into
WGt we view w, as element of W& +1. For any s € WS +1 let A, be the set of @ € Ap
stabilized by s. _

Using an easy extension of Lemma 2.3 of [Art80] to Schwartz functions, for P D P, we have

n+1

(3.4.11.8) Kp  (nz,y)dn = Z Z Kpy(z,w t6y).
[NP] wEWﬁ/WP ée(Pﬁngwfl)(F)\Po(F)

Let €' be the subset of (w,w') € W' /WP x W' /WE satisfying

(3.4.11.9) APTT+1 N Awn N Awn+1 = AQIJA’ AP:+1 n Aw; n Aw;+1 = AQi+1'

Using the above notation, applying (B 4I1.8]), and its analogue for the group R, taking into
consideration cancellations in alternating sums, we see that W(z,a, m, m2)? is bounded by a sum
over (w,w’) € ' of

(3.4.11.10)
Z Z |Kpy (zmy,w dams)] Z Z | KR (W)~ ozmy, ams)|
X de(PNnwPyw—1)(F)\Po(F) X de(RNwPyw—1)(F)\Po(F)

here, we drop the remaining compact unipotent integration as it won’t affect the bounds.

Fix (w,w") € @', it’s enough to focus on one pair. We have the following natural variant of
Lemma [Z9.8T] equation [2.9.8.17)): for all N > 0 there exists N’ > 0 such that for all m >0, ,
z,y € [Mp]', 2 € A¥ and X € a}, we have

(3.4.11.11) S 1K p (@, 2y)| < [lz]| =N [yl|N e mIH @l OB (),
X

Using the bound (B4ITTII) above and Lemma 3491 we bound (EZITI0) by
(3.4.11.12)
Ny—N; N{=Nz2|| 4 |I73]| 5|73~ T4l Ha (@)l o (w1, Ho(a)) = (X1, Ho(2)) | o(w'A2,Ho(2))—(A2,Ho(a))
[[mall [[me|| lall"]lz]|"e e e

times a power of , where A\; € a5 and A2 € aj;" are for us to be chosen appropriately and r3 and
ry are independent of A\; and A2. Moreover, choosing r} and 4 in B4IT7) sufficiently large we
don’t have to worry about the constants Ny, Ni, Na, NJ (they play a role in the proof of Theorem
B51T). Note that for a € AY the term Hg(a) is not affected by truncation but thanks to the
factor e~"+1#a (@)l the integral over A% is convergent, we can assume then that a € A%OO.
Recall the space 3p C ag which equals the diagonally embedded ap, Nap,,,. Our goal is then,
for all N > 0, to choose \; € aj" and \; € a;J“ so that for Z € 3p and H = (Hy, Hy) € ag: xag:j:
such that
(3.4.11.13)

Ug:: (Z - T)Uzsz?sn (Hn — TQ)USHl’SnH(HnH - T/+1)7_'§n (Hn — sz)ﬁnﬂ(HnH —Th) =1

Rn+1 n n
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we have that

M —w'X2, Z) + (Ao —whi, HY > || 2N + | H|IY.
More specifically, since the natural projection of 3p onto a%:ll is an isomorphism, using Corollary
6.2 of [Art78], it is enough to show the following lemma.

Lemma 3.4.11.2. — There exist \; € ap’ and Ao € a3 such that under BAILII) we have

</\1—U}//\2,Z>+<>\2—’LU/\1,H>
Srr Y {2y + Y (e Ha)+ Y (e Hun)— Y (o Hp)— > (o, Hupa)

Qn+t1 acASn Snt1 a€Az a€Ag
5 s
aGAPn+1 Rp aGARn+1 n n+41

where by > 1 we mean an inequality up to an additive constant that depends on T and T.

Indeed, given A1, A2 as in Lemma [B.411.2] above, we can then take their arbitrary multiples
ensuring, through a reasoning explained at the end of Theorem 2.2 of [Zyd16], the desired property

of Lemma BZ4TTTl
We focus on proving Lemma B.4.IT.2 from now on. We introduce the following notation that

will save some space in what follows. Let

a= {aw}weﬁpn UAp, UAR,UAR,

be a set of numbers, where the sets of weights are treated as disjoint for indexing purposes. Define

then for Z € 3p and H = (Hy, H) € a§" x a5""!

Na, Z, Hy, Hopr) = Y aw((@,Z2) = (wow, o))+ Y aw((@, Z) = (wny1@, Hop))+

weﬁpn weﬁpn+l
Y awl(@ Hy) = (W@, 2)) + Y aw((@, Hy1) = (W)@, 2)).
wG&Rn weﬁRn+1

Lemma 3.4.11.3. — Let ag € Ag:: and let wy € ﬁpnﬂ be the corresponding weight. There
exists a set of positive constants

an = {aa07W}w€3PnU3p7l+lU&Rnuﬁp

‘n+1
such that, assuming BALILI), we have

(a0, Z) — (a0, H, 5 ) if wo € (Ap,,, ~Aq,,,)N L(ﬁgn)
Moy Z, Hyy Hyia) >0 4 {0, Z) = {0, H, 1 5.,)  if @0 € (Ap,,, N Aq,) NAG
(g, Z) else

where ngn and H are projections of H, and H,+1 onto ag. and ag, ., respectively.

n+1,§n+1
Proof. — Let A = £P71+1 ~ ﬁgnﬂ. Define

31 ZEQL(KSVH), 32:303:‘%“’ Egzzﬂb((ﬁsn \Egn)), 34:30(31%44 \35 ),
As=AnuAp, ~Ag,), As=AN(Ap,,, ~Ar,,,), Ar=AnuAg, U{a" "} N As,)N(AR,,, ~As,.,).

n+1

The union of 31 is A Suppose wy € ﬁz for i = 2,4,6. Using Lemma 6.1 and Corollary 6.2 of
[Art78|, We obtain constants aq,, > 0 for w € Ap, ., LUAR, , directly from the proof of Lemma
A.2 of |Zyd20] (equation (A.4) specifically), so that

Z aao@(<w=Z>_<wn+1wan+l>)+ Z aao)w(<w,Hn+1>—<w;+lw, Z>) >11 <a0,Z>—<a0,Hn+1>.

wEﬁPnJrl weﬁRnJrl
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We set the rest of the constants aq, - to zero. If wy € £4 U ﬁﬁ we conclude directly from Lemma

6.1 of [Art78]. Otherwise, if @y € Ay, the condition (ZZILII) gives gIS%ZTl,SnH(Hn_H ~Th)=1
and Lemma B 4.6.1] implies («y, H §n+1> > (g, Hpt1)-

If wg € ﬁl for i = 1,3,5 we obtain constants a., . in the same fashion. One just has to

observe that elements of A?,: act identically on 3p as their counterparts in Ag:jll

Suppose now that wg € 37. By the condition [BZITY), we have wq ¢ ﬁw% or wo ¢ ﬁw/

n+1 :

Suppose the latter holds. Using the results recalled in the beginning of Appendix A of [Zyd20],
as well as Lemma 6.1 of [Art78|, we have (wo — wy, @0, Z) >7 co{w, Z) for some co > 0 and
(wo — Wnt1w@0, Hyy1) >7 0. This identifies the the desired constants in this case. We deal with
the other case in the same fashion, which completes the proof of Lemma O

Remark 3.4.11.4. — In the above proof, we do not use the fact that T' € a(‘;nﬂ. Assuming

this, we simply have (wo — w}, | @0, Z) > co{ao, Z) when wy € A7, and similarly, Lemma A.2
in [Zyd20] invoked several times yields inequalities independent of T, as is clear by inspection of
its proof in loc. cit. Therefore, if T € a(‘; ni1> the implied additive constant in Lemma [3.4.1T.3]is
independent of T'.

The proof of the following lemma is similar and easier to that of the preceding one.

be

Lemma 3.4.11.5. — Let a,, € A}gﬁ, Qpt1 € AIS%’::I and let w,, € ﬁRn and w, 11 € 3Rn+l

their corresponding weights. There exists positive constants

Qan = {aarnW}weﬁpn LIEP

n+1‘—|ARnUAR

‘n+1
and
Qan+1 = {aan+1,w}weﬁpnuﬁp

n+41
such that, assuming BALILI), we have

HARnuARn+1

(an, Hy) — (o, Z) if @n € (AR, ~Ag,) N (Ap, ~ Ag,)

A 2, Hyy Hyh) >0
(o, +1) >r7 {(an,Hn> else

and

)\(a 7, H,, H, +1) > <an+17Hn+1> - <an+1’ Z> Zf Wn+t1 € (ARn+1 ~ Asn+1) n (Apn+1 ~ AQ71+1)
TOm1? T T T ’ (otny1, Hpg1) else.

Finally, we have the following result

Lemma 3.4.11.6. — Let o, € Ag , apq1 € Ag o and let w, € ﬁg and wpy1 € ﬁg . be
their corresponding weights. Then, there exists positive constants

Qan = {aarnW}weﬁpn LIEP

n+1‘—|ARnUAR

‘n4+1
and

Ao,y = {aanﬂ,w}meAPnuAanuARnuARnH

such that, assuming BAITI3), w, ¢ (ﬁpﬂ ~ ﬁQn) and wyy1 ¢ (ﬁpn+1 ~ AQHH) we have
)‘(Qan7 Za Hn7 Hn+1) >>T7T/ —<Oén, Hn>

and
Maa, s Zs Hoy Hog1) >7,10 — (001, Hpg)-

Otherwise, we define a,, —and a,, . as in[54.11.3 by identification of roots.
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Proof. — Let’s prove the statement concerning o, the other case being analogous. Let

Yn € Ap, ~ A * be its lift. We must have w,, € (AB ~ Ap U AQ Then, as explained in the
proof of Lemnla Bm, Lemmas A.2 of [Zyd20] and 6.1 of [Art78] provide constants g, such
that

)‘(Qanu 27 Hnu Hn-i—l) >>T,T’ _<'7n7 Hn>

Condition BZAITT3)) and Lemma B46.T prove that {(ca,, H,) >1+ (¥, Hyp) which allows to con-
clude. g

We are ready to define the desired A\; = (A1, A\1,n11) € ap X ap, ., and Ay = (A2n, A2nt1) €
AR, X AR of Lemma B.4Z11.2l In Lemmas B 4113 B.411.5 and B.4.11.0 we have defined sets

S'Vl
a, foralla € Ap, ., U AIS{; UART UAg U Ag .- Let k>0. We set

)\l,n = Z Z kaa,w + Z Oo,m | W,

A a€Ap s Spi1
weAp, n+1 QGARZUARn+1uA§nuA§7l+1

)\l,n—i-l = Z Z kaa,w + Z Oo,m | W,

welp, , \ “€APL aEAT UA "HuAsnuAs o

)\2,71 = Z Z kaa,w + Z o, | W,

wEAR, \ *€AP, 1, aEAS" UA "HuAsnuAs -

)\2,n+1 = Z Z kaa,w + Z Go,w | W-

@EAR, , \ ¥€APu a€ASIUATT AL UAS

We have then for Z € 3p and H = (H;, Hs) € aR" X ag"“

(3.4.11.14) (A —w' Ao, Z) + (Mg —why, H) =
> kMaa, Z, Ho, Hyr) + > N, Z, Hy, Hp41)

Q€AP, 1y aEA uAiZfl UAg UAg

which, by Lemmas B 4113 B4TT.5 and B.4T11.6] proves the desired inequality of Lemma B.4.11.2]

for k sufficiently large (the constant k is there is to offset the —(«, Z) terms of Lemma B4 TT.H).
We have proven Lemma [3.4.11.2 which entails Lemma [3.4.TT.1] which accomplishes the proof

of assertion 1 of Theorem [3.4.3.7]

3.4.12. Proof of assertions 2 and 3 of Theorem — If we replace IQ;I; by Kg and
assume that f is compactly supported, statement 2 is proved in [Zyd20]. Practically the same
method applies to Iiz; as well as Schwartz functions, since we have proven the convergence assertion
of Theorem 3432 which gives rise to the distribution i,. Its continuity follows immediately from
the examination of the proof of assertion 1 and the analogue of Theorem 3.7 of [Zyd20]. What is
not obvious however is that 4, (f) = I, (f). We will prove this for compactly supported f and the
general case will follow by continuity.

As in §§3.4.T7] unless otherwise stated, all sums of the type Xp or ¥pcg are over elements of

FRs.

45



Let Q € Frs. Define

EIQz,y) = Y €3 > S A Hp, (ayn)—Tr, ) K Py, 8y).
QDP  ~e(PNH)(F)\(QNH)(F)scP'(F)\Q'(F)

For P C @, elements of Frg, let
apg={r€ab,, | A +2p,,wY) <0, Vo € Ag}

where for QQ € Frs we set
BQ = an+1 - an € a07n+1'

Define for \ € a*QnH,C

I)?(fa Q, )‘) = / / 6<A7HQn+1 (z)>TQn+1 (HQn+1 (yn)_TQn+1)K;€7Q(xv 9)776" (y) dyda:
(QNH)(F)\H(A) Q' (F)\G'(A)

The integral converges absolutely for R(\) € aa_Q and admits a meromorphic continuation, holo-
morphic at A = 0 so that we have

(3.4.12.15) L(f) =) I(£.Q,0)
Q

for any T. The equality above is a formal consequence of Theorem 3.7 of [Zyd20].

Let P € Frg. For a function ¢ : P,(F)\Gy(A) — C, we introduce the operator Aﬁ’,P: it is a
variant of the mixed operator AL¥" of [JLR99]. It is defined in [Zyd20] §2.3 (where it is denoted
by AL:F). We have

AQ/P¢(:U”) = Z 65 Z 72(5”11 (HQn+1 (6yn) - TQ71+1)¢Q71 (53/71)7 Yn € Pvlz(F)\G:L(A)
POQ €Qu(FI\PL(F)

We will also use the operator A P as in BZILA).
Fix R C R' ¢ Q and S C S c @ all elements of Frs. Let A\ € ax,.,c- We define

LY(f,R,R", S, 5", Q. ) as

e<>\7HRn+1 (m)>TQn+1 (HQn+1 (‘T)_Téwrl )TQn+1 (HQn+1 (yn)_TQn+1)

(ROH)(F)\NH (A) (87, xG1, 1) (F)\G'(A)

,Q ,Q T',RA\T,S
O'R:ii 7l+1(HRn+1( ) TRn+1) S:ii 7Hrl(*[—ISnJrl(yn)_TSn+1)Ad Am’

Z ejQD:Ll Z Kp (T, Yyn, Snt1Yyn+1) | ne (y) drvdy
RUSCPCR'ns? Snt1€P]  (FI\G], (F)

where T’ is a translate of T by an element of a,,,1 that depends only on the support of f, ALS

is applied with respect to y and A;‘lp/’R with respect to x. The proof of Theorem 3.1 in [Zyd20]
proves that the above integral converges absolutely for any R()\) € a}’b and extends everywhere
to a meromorphic function, holomorphic at 0. Moreover, we have the equality of meromorphic
functions on a0, 1.

E#QN= 3 > IL(fRR.SS.QN.

RCR'CQ ScS'c@
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Fix R € Fpsanda A € a ., ¢ such that R()) € aj 5. Note that ap, C aj’, for any Q D R.
Fix also S € Frs. We look at the sum

> S Y IT(f,R.R.S.54.,Q.N).

Q RCR'cQScS'cQ

We claim it equals I; (f, R, S, \) defined by meromorphic continuation of

<>\ Hrpn (o )>TRn+1 (HRn+1 (‘T)_Tll%n+1)7—sn+1 (Hsn+1 (y"l)_TSn+1)
(RNH)(F)\H(A) (S, xG7, ) (F)\G'(4)
AL AT K (2, y) e (y) dady.

Fix P € Fgs containing R and S. We see that we need to show that

Qn R} 1,Qn S i1,Qn
KP7X T y Z ePnill Qn+1 )TQn+1 (Y) Z URthI o (X)O'Snii i (Y) =

QOP PCR1,S'CQ
KX (:Z?, y)TRn+1 (X)TSn+1 (Y) it P= G,
0 if P # G,

where X' = Hg, +1( ) T]/% 1) Y= H5n+1(yn) - T5n+1'

Since Y pi5p R:ﬂ Dnt TII;ZETSTI we need to consider
n P’Vl Qn Q’Vl "Qn
Kpo (@)t (X)) | D0 @m0, (ORI (X)mg,0 (N7 (Y)
QDP

We obtain the desired result if P = G. We can assume then P # G and that Kp,(z,y) # 0.
We want to show the expression is zero. By the argument of the beginning of the proof of
Theorem 3.1 in [Zyd20], and definition of 77, under the assumption Kp, (z,y) # 0 we have that
TQuit (X)Tgfﬂl (X)TQni1 (Y)Tgn"jll Y) =70, (Y)Tgl":ll( ) which shows the desired vanishing by
the Langlands Combinatorial Lemma.

We have shown thus that

IX(f): Z Ig(vavsvo)

R,S€FRrs

where T is arbitrary. Note however that if we fix R and set I (f, R, \) to be
(3.4.12.16)

6<A7HRn+1(m)>TR +1 (HRn+1( ) n+1)A K (Ia y)nG’ (y) dCCdy
(RNH)(F)\H(A) G"(F)\G'(A)

we get, using the inversion formula Lemme 2.4 [Zyd20]:

S IN(fR.SN) =I1(f.RN).

SeFrs

This entails that

(3.4.12.17) L(f)= > IV(f,R0), T €an.
ReFrs

47



Similar and more direct reasoning yields a formula for ¢, as follows. We define zg( iR, S,Q,\),
for R C S C @, elements of Frg, and A € a}; ¢, to be

A, T Sn+1,Qn
€< g )>TQn+1 (HQn+1(I) - TQn+1)URni11 @ JrI(I{Rn+1(‘r) - TRn+1)

(RNH)(F)\H(A) [G']

APFL ST @t ST Ko, 0y) | ner(y) dedy
RCPCS seP!(F)\G'(F)

which converges absolutely for R()\) € a}é and admits meromorphic continuation satisfying

Z 1£(f7R=S;Q70):ZX(f)= Tean-l‘l'
RCSCQ
Additionally, for a fixed R we have
> il(f, R, S,QN) = I (f.R,\)

ScQ

where I (f, R, \) is as in (BZIZI6). Comparing the above two equalities with (ZZIZIT), taking
T =T, we get i, (f) = I, (f) as desired.

3.5 Asymptotic formulas

8.5.1. Recall that we have defined integrals IT (f) and il (f) (see Theorems B.ZZT and B.-43.2
Theorem 3.5.1.1. —

1. iL(f) is asymptotically equal to each of the integrals [(B.3.9.2) (see Proposition [T.3.31) and

X

B353) (see Proposition [T.351).
T . . . oy
2. I, (f) is asymptotically equal to the integral (3.3.5.8) (see Proposition [3.3.5.1)).

Remark 3.5.1.2. — The above theorem can be stated for the whole kernel K instead of K. It
can be proved in the same way.

Proof. — Let us revisit the proof of Theorem [3.4.3.2 keeping track of constants depending on
the parameter T. It is not hard to see that Proposition 2.8 of [Zyd20], or any analogous result,
including the original Lemma 1.4 of [Art80], gives a constant

rITl

for r depending on 71 and }. The expression (3.Z.I1.7) should be multiplied by e"I”ll accordingly.
We move on to the expression (B4IT12). The constants N1 and Na are arbitrary and their choice
is independent of T. They influence the constants Ni and N respectively, however. We take
Ny = 0 and choose Nj so that Nj — N7 < 0. To make sure that the integral over mo converges
we choose the constant 75 in (BAI17T) small enough. This choice is independent of T as well.
Choosing A1 (and \2) appropriately (choice not influencing dependency on T'), the conclusion of
the proof of Theorem is that the integral (B4.I1.7) is bounded by

(3.5.1.1) ernTn/ 2(Z — T)el~=w'x2).2) gz
3P

However, looking at (B411.14]), we can make the constant k as big as we please, which, by Lemma
BZATIT3 makes the exponent in the integral above as negative as we wish, without introducing
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dependency on T by Remark B ZTT.4 Reasoning as in the end of Theorem 2.2 of [Zyd16], having
liberty with the exponent, we can make the integral (3:5.1.1) smaller than any power of e~ I”1l as
long as P # (G. We have showed thus that zg( f) asymptotically equals

(3.5.1.2) /[H] /[ . AGE (2, y) ner (y) dyda.

Next, we show that (B.5.1.2) asymptotically equals [ [ FGn1(z, T)K (2, y) ne (y) dydz.
Indeed, the argument is essentially identical to the one in [IY15], Proposition 3.8. One just needs
to use the fact that for an element X in the universal envelopping algebra of Lie(G) ®g C, the
function R(X)K,(z,y), where R(X) is the right action on K, (z,y) as a function of the variable
z, is just Kg(x)¢,y(z,y). The uniform growth assumption of Proposition 3.8 in loc. cit. can then
be replaced with the application of the bound ([Z9.8.TT]).

Exactly the same reasoning works with AJ replaced with AT which yield point 1. Point 2
follows exactly the same reasoning applied to the kernel K ;F . O
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4 Flicker-Rallis period of some spectral kernels

The goal of this chapter is to get the spectral expansion of the Flicker-Rallis integral of the
automorphic kernel attached to a linear group and a specific cuspidal datum (called in §4.3.2 -
generic.) This is achieved in theorem 33Tl It turns out that the decomposition is discrete and
is expressed in terms of some relative characters.

4.1 Flicker-Rallis intertwining periods and related distributions

4.1.1. Notations. — In all this section, we will fix an integer n > 1 and we will use notations
of §§3.T.T to B3T3l Since n will be fixed, we will drop the subscript n from the notation: G = G,
B = B, etc. So we do not follow notations of §&.T.5t we hope that it will cause no confusion.

4.1.2. Flicker-Rallis periods. — Let 7 be a cuspidal automorphic representation of G(A)
with central character trivial on A$;. We shall denote by 7* the conjugate-dual representation of
G(A). We shall say that 7 is self conjugate-dual if 7 ~ 7* and that 7 is. G’-distinguished, resp.
(G', n)-distinguished, if the linear form (called the Flicker-Rallis period)

(4.1.2.1) Y o(h) dh, resp./ w(h)n(det(h)) dh
[G'o [G'o

does not vanish identically on A;(G). Then 7 is self conjugate-dual if and only if 7 is either
G’-distinguished or (G’,n)-distinguished. However it cannot be both. This is related to the
well-known factorisation of the Rankin-Selberg factorisation L(s,7m x 7 o ¢) where ¢ is the Galois
involution of G(A) in terms of Asai L-functions and to the fact that the residue at s = 1 of the
Asai L-functions is expressed in terms of Flicker-Rallis periods (see [F1i8g]).

4.1.3. 1In this chapter, we will focus on the period in ([II.ZT) related to distinction. However it
is clear that all the results hold mutatis mutandis for the period related to n-distinction.

4.1.4. Let P = M Np be a standard parabolic subgroup (with its standard decomposition). Let
m be an irreducible cuspidal automorphic representation of M with central character trivial on
A%,

It will be convenient to write M = G, X ... X Gy, with ny + ...+ n, = n. Accordingly we
have m = 01 X ... X o, where o; is an irreductible cuspidal representation of Gy, .

4.1.5. Let ¢ € Ap,(G). The parabolic subgroup P’ = P NG’ of G’ has the following Levi
decomposition M’'Np, where M’ = M N G’. We then define the following integral which is a
specific example of a Flicker-Rallis intertwining period introduced by Jacquet-Lapid-Rogawski
(see [JLR99] section VII, note that our definition of Ap (G) is slightly different from theirs),

J(p) = / ©(g) dg
A%, M'(F)Np/ (A)\G'(A)

Clearly we get a G'(A)-invariant continuous linear form on Ap (G). Note that J does not vanish
identically if and only if each component o; is Gj,, (F')-distinguished. In this case, we have m = 7*.

4.1.6. Let Q € P(M). As recalled in §2.2.17] there is a unique pair (Q’,w) such that the
conditions are satisfied:

o Q' = wQuw™! is the standard parabolic subgroup in the G-conjugacy class of Q ;
o we W(P;Q).

Let X € agﬁ’é. We have M (w,\)p € AMQ,MW(G) if A is outside the singular hyperplanes of the
intertwining operator. We shall define

(4.1.6.2) Jo(p, A) = J(M(w, \)p)
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as a meromorphic function of A.

4.1.7. Let g € G(A). Let’s define for v, € Ap(G)

(4.1.7.3) Bqo(g: 9,1, A) = E(g,0,A) - Jo(, = A).

*

as a meromorphic function of \ € aIGD’C. In fact, by the basic properties of Eisenstein series and
intertwining operators, there exists an open subset w, C ag’g which is the complement of a union

of hyperplanes of ag’é such that :
e w, contains iaIGD’*.

o for all v,9 € Ap(G), the map A\ — Bg(g, ¢, ¥, A) is holomorphic on w, and gives for each
A € w; a continuous sesquilinear form in ¢ and .

4.1.8. Let f € S(G(A)), g € G(A) and Q € P(M). Let’s introduce the distribution

(4.1.8.4) Jox(g: M) =Y Baolg: Ip(\, e, ¢, \)

pEBP,x

where Bp . is a K-basis of Ap (G) (see § 283 and X € w, (see § LI for the notation w,). It
follows from propositions 2.8 4.1 that Jg (g, A) is a continuous distribution on S(G(A)).
4.1.9. A (G, M)-family. —

Proposition 4.1.9.1. — The family (Jg.x(g9, A, f))oepm) s a (G, M)-family in the sense of
Arthur (see [Art81)]): namely each map

A€ as = Joa(g, A f)

is smooth on iag’* (and even holomorphic on w;) and for adjacent elements Q1,Q2 € P(M) we
have

(4.1.9.5) JQun(9: A ) = Jgox(9, A, f)

on the hyperplane ofiag’* defined by (N, a¥) = 0 where « is the unique element in Ag, N (—Ag,).

Proof. — The holomorphy on w; is obvious if f is Ko-finite (the sum in LT84 is then finite).
Let C' C w, be a compact subset. Using approximations of f by K.-finite functions, one shows
that Jg »(g, A, f) is a uniform limit on C” of holomorphic functions hence holomorphic.

Let Q1,Q2 € P(M) be such that Ag, N (—Ag,) is a singleton {a}. Let A € iag’* such
(A\,a@¥) = 0. For i = 1,2 let @} be a standard parabolic subgroup and w; € W (M, Q}) be such
that Q) = wiini_l. Let 8 = w1 € Ag, and Let sg the simple reflection associated to 3. Then
we have wy = sgw;. Let ¢ € Ap (G). Clearly it suffices to check the equality:

E(g,0,A) - (J(M (w1, A)g) = E(g,0,A) - J(M (w2, A)).
Using the functional equations of intertwining operators and Eisentein series, we have M (wa, ) =
M(sg,unA\)M (w1, ) and E(g,p,\) = E(g, M(w1,A)p, w1 A). Thus up to a change of notations
(replace P by @), we may assume that @1 = P and thus w; =1 and a = . We are reduced to
prove

(4.1.9.6) E(g,0,\) - J(¢) = E(g,,A) - J (M50, \))

on the hyperplane (A, V) = 0. The simple reflection s, acts on M as a transposition of two
consecutive blocks of M say G,, and G Note that M (sq,A)p = M(Sa,0). Then we have
even a stronger property:
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if n; # nip1 orif ng = ngyq but o3 22 07, (see lemma 8.1 case 1 of [Lap06]). Assume that n; = n;11
and o; ~ o}, ;. The case where o; % o is trivial (J is zero) so we shall also assume that o; ~ o7
Then M (s4,0)¢ = —¢ (JKS88| proposition 6.3) and since s,(A) = A we have E(g,p,A) = 0 so

@199 is clear. O

4.1.10. Majorization. — We will use the following proposition which results from Lapid’s
majorization of Eisenstein series (see [Lap06|] proposition 6.1 and section 7). For the convenience
of the reader, we sketch a proof.

Proposition 4.1.10.1. — Let f € S(G(A)). The map A — Jg.=(g, A, f) belongs to the Schwartz
space S(iag’*). Moreover

f = JQJ"(gu'uf)

is a continuous map from S(G(A)) to S(iaIGD’*) equipped with its usual topology.

Proof. —let C' € G(As) be a compact subset and Ky C K* be an open-compact subgroup
such that f € S(G(A),C, Ky). For any «,3 > 0, we define an open subset wq,g of ag’g which

contains iaIGD)’]E by
G, * _
wa,p = {A € ap L [ IR < a1+ [SM)) 7}

By the arguments in the proof of proposition 6.1 of [Lap06], one sees that there exist «, 5 > 0 such
that wq g is included in the open set w, of §L.1.7 In particular, A — Jg »(g, A, f) is holomorphic on
wq,g. Using Cauchy formula to control derivatives, it suffices to prove the following majorization:
there exists a continuous semi-norm || - || on S(G(A), C, Ky) and an open subset wq g3 C wy such
that for any integer N > 1 there exists ¢ > 0 so that for all f € S(G(A),C, Ky) and all A € wq 3

/1]

4.1.10.7 Jo,x(9, A, ¢ .
(4.1.10.7) Jarlo A D < e

Let m > 1 be a large enough integer. Following the notations of proposition 2.8.4.3 we can write
f=F*q+(fx2)*gs; we get

Joxg. M F) = > Elg,Ip(\ e, NJo(Ip(=X, gY)e, N)

pEBPpx

+ Y Elg, Ip(A\ f* Z)p, NI (Tp(—=X, 93, N)
pEBP

By a slight extension to Schwartz functions of Lapid’s majorization (see [FLO12] remark C.2
about [Lap06] proposition 6.1), the expression

( Z |E(gu IP()‘v f)% )\)|2)1/2
wEBP,~

and the same expression where f is replaced by f * Z satisfy a bound like (ZIT.10.7). Using
Cauchy-Schwartz inequality, we are reduced to bound in A (recall that g; is independent of f)

(4.1.10.8) (> Wole(=Ag))e, NI,

pEBP,x

Let w be such that wQw™! is standard and w € W (P, wQw™!). At this point we will use the
notations of the proof of proposition 2.8 4 T[There exists ¢ > 0 and an integer r such that for all
¢ € Ap.(G)Eo we have

[Top(=X, g/ )¢, M| = [T (M (w, NIp(=A, g )0)| < el M(w, M) Ip(=X g7 )¢l
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where ||¢]lr = [|R(1 + Ck)"¢||pet- Then we need to bound the operator norm of the intertwining
operator M (w, \). Using the normalization of intertwining operators, the bounds of normalizing
factors |Lap06] lemma 5.1 and Miiller-Speh’s bound on the norm of normalized intertwining op-
erators (see [MS04] proposition 4.2 and the proof of proposition 0.2), we get ¢; > 0, N € N and
o, 3> 0 such that for all 7 € Koo, A € wa,p and ¢ € Ap (G, Ko, 7) we have

1M (w, NIp (=X, g/ )l . < e1(L+A) Y ITp (=X, g )¢l

Using the same kind of arguments as in the proof of proposition 2-841] (see also remark
@3842)), one shows that there exist «, 8 > 0 such that ([AII0.8) is bounded independently of
A E Wa,B- O

4.2 A spectral expansion of a truncated integral

4.2.1. Let x € X(G) be a cuspidal datum. We shall use the notation of §.9.9 In particular, f
is a function in f € S(G(A), C, Ko) and K? is the attached kernel.

4.2.2. Let’s consider a parameter T as in § 22212 Following Jacquet-Lapid-Rogawski (see
[JLR99]), we introduce the truncation operator Al that associates to a function ¢ on [G] the
following function of the variable h € [G']:

(4.2.2.1) (AZo)(h) = (~1)dm®) ST Ay (Hp(6h) — Tp)ep(0h)

P ScP/(F)\C' (F)

where the sum is over standard parabolic subgroup of G (those containing B) and ¢p is the
constant term along P. Recall that P" = G' N P.

4.2.3. We shall define the mixed truncated kernel KgA%: the notation means that the mixed
truncation is applied to the second variable. This is a function on G(A) x G'(A). To begin with
we have:

Lemma 4.2.3.1. — For (z,y) € G(A) x G'(A), we have:

(KOAT)(z,) = Z|7>Mp|1/ S Bl Ip(\ fo. VAL E( 2, 3 d.

BCP ApGBPX

Proof. — Asy € G'(A), the mixed truncation is defined by a finite sum of constant terms of
Kg (z,-) (in the second variable). The only point is to permute the sum over ¢ and the operator
AT . In fact using the continuity properties of Eisenstein series (see [Lap08]) and properties of

mixed truncation operator (in particular a variant of lemma 1.4 of [Art80]), we can conclude as in
the proof of proposition 2.8.4.1] O

Lemma 4.2.3.2. — For any integer N, there exists a continuous semi-norm ||-|| on S(G(A), C, Ky)
and an integer N' such that for all X € U(gc), all x € GA)' y € G'(A)! and dll f €
S(G(A),C, Ky) we have

(1232) S Y [p(Mp) ! / SIS RE)E) @ Te( P VAL B, 90 0) N
XEX(G) BCP ek PEBP .-

< A=l il -

Proof. — By the basic properties of the mixed truncation operator (see lemma 1.4 of [Art80]
and also [LRO3] proof of lemma 8.2.1), for any N and N’ there exists a finite family (Y;);cr of
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elements of U (gc) such the expression [@23.2) is majorized by the sum over ¢ € I of ||y||[_G]]V times
the supremum over g € G'(A)! of

ol 2 3 (Pl / XY (REE) @ Ip( e, VR B(g, 9,0 dA.

XEX BCP reK PEBP T

Then the lemma is a straightforward consequence of lemma 2.9.9.1] O

Proposition 4.2.3.3. — For all x € G(A) and x € X(G), we have

OAT _ —1 T
[, K@y = S P [ S B O e [ NGB e ) dydh

BCP P p€EBpy

Proof. — First one decomposes the sum over Bp,, as a sum over 7 € K of finite sums over
Bpy,-. Then, by the majorization of lemma .2.3.2] we can permute the integration over [G']o
(which amounts to integrating over [G’]') and the other sums or integrations in the expression we

get in lemma [£.2.37T] O

4.3 The case of x-generic cuspidal data
4.3.1. We shall use the notations of section

4.3.2. #-Generic cuspidal datum. — We shall say that a cuspidal datum y € X(G) is -
generic if for any representative (M, ) of x and w € W (M) such that wr is isomorphic to 7 or
7 we have w = 1. Let’s denote by X*(G) the subset of *-generic cuspidal data.

With the notations of T4l we see that (M, ) is *-generic if and only if for all 1 < i,5 < r
such that n; = n; one of the equalities 0; = 0 or 0; = o implies that ¢ = j.

4.3.3. The next theorem is the main result of the section.

Theorem 4.3.3.1. — Let f € S(G(A)), let x € X(G) and let K, be the associated kernel. For
any g € G(A), one has:

1. We have

1
(4.3.3.1) Ky (g,h)dh = = K2(g,h)dh
(] 2 Ji61,

where both integrals are absolutely convergent.

2. If moreover x € X*(QG), we have, for any representative (Mp, ) of x (where P is a standard
parabolic subgroup of G),

Ky (g,h)dh =2"9™@) Jp (g, f)
[G']

where one defines (see ([AI184))
JPﬂT(ga f) = ‘]Pﬁﬂ'(gvoa f)

In particular, the integral vanishes unless w is self conjugate dual and Mp:-distinguished
where P/ = G' N P.
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The assertion 1 follows readily from lemma [2:9.81] Fubini’s theorem and the fact that the Haar
measure on A% is twice the Haar measure on A%, (see remark BI.3T)). The rest of the section
is devoted to the proof of assertion 2 of theorem [£.3.3.11 The main steps are propositions [£.3.4.1]

and [£3.7.11

4.3.4. A limit formula. — We shall use the notation limy_, ;~ f(7T") to denoted the limit of
f(T) when (o, T) — 400 for all a € Ap.

Proposition 4.3.4.1. — Under the assumptions of theorem [{.3.3.1] (but with no genericity con-
dition on x ), we have

lim (KIAL) (g, h) dh =2 K, (g,h)dh.
T—+o00 [G/]O [G/] X

Proof. — Let’s denote F&'(-,T) the function defined by Arthur relative to G’ and its maximal
compact subgroup K’ (see [Art78] §6 and [Art85|lemma 2.1). It is the characteristic function of
a compact of [G']o. Using the fact that h — K7 (g,h) is of uniform moderate growth (see lemma
2:9.871])), we can conclude by a variant of [Art85] theorem 3.1 (see also in the same spirit [IY15]
proposition 3.8) that

: G’ 0 _(KOAT _
i [ F TR 0. — (AL 0.1) dh = 0.

We have limgp_ 4o F' (h,T) = 1. Thus we deduce by Lebesgue’s theorem and the absolute
convergence of the right-hand side of (£.3.3.1)).

lim FS (h,T)K (g, h) dh = K%g, h)dh
T=+oe Jign, * €
The proposition follows by ([Z3.31]). O

4.3.5. Let x € X*(G). Let P, be the set of standard parabolic subgroups such that there exists
a cuspidal automorphic representation m of Mp such that (Mp, ) in the equivalence class defined
by x. Since x € X*(G), the space Ap,(G) is non-zero only if P € P,. Let P be a standard
parabolic subgroup and let (Mp, ) be a pair in x. For any P; € Py, by multiplicity-one theorem,
we have

API;X(G) = @ AP,UMT-

weW (P,Py)

In the following we set My = Mp,.
Let P € P, and g € G(A). With the notations of section F] (see eq. (@I83)), for all
Q € P(My), all X € iaf"y we define

Jox@ A= D Jouwrlg\f)

weW (P,Py)

It’s a continuous linear form on S(G(A)).

4.3.6. Proposition 4.3.6.1. — For all x € X*(G) and all g € G(A), we have

(4.3.6.2)
92— dim(a$)

KO9ATY (g, h) dh =
/[/]0( X m)(g ) |73 MP

3 / S Jon(g A f)eXp( (< €>) dA.

PePy P1 QEP(My)
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Proof. — This is an obvious consequence of the definitions, the proposition A£.2.3.3] and the
lemma [£.3.6.2] below. |

Lemma 4.3.6.2. — Let x € X*(G). Let P1 € Py and ¢ € Ap, . We have for all X € ia,

- A Tg))
AL E(y, ¢, \) dy = 27 (5 Jo(p, ) 22N T0)).
/[G’]o Z Q HQ()\)

QEP(My)

Proof. — This is simply a rephrasing in our particular situation of a key result of Jacquet-
Lapid-Rogawski (see [JLR99] theorem 40). Indeed, because x is *-generic, theorem 40 of 4bid. can
be stated as:

/ AL E(y, o, \) dy = 27 im0 §° T(M(w, \)p) 22UV, T))
[G'o @) QQ(U})\)

where the sum is over pair (@, w) where @ is a standard parabolic subgroup and w € W(Py, Q).

O
4.3.7. Proposition 4.3.7.1. — Let x € X*(G) and let (Mp,m) be a representative where P is
a standard parabolic subgroup of G. We have:

lim (KAL) (g, h)dh = 27 9m@E) 7, (g, f)
T—~+oco [G/]

where one defines

(4.3.7.3) Ip(9: f) = (9,0, f).

Proof. — We start from the expansion (£.3.6.2)) of proposition E3.6.11 For each P; € P,, let

My = Mp,. The family (Jg (9, A, f))gep(an) is a (G, My)-family of Schwartz functions on iagl’*:

this is a straightforward consequence of propositions [ 1.9.1] and L. T.I0.1l By [Lapll] Lemma 8,
we have:

lim/ S oo f)%de_Jpl,x(g,o,f)

T—~+oco _
Pl QEP(My) Q(

By definition and lemma [£.3.7.2] below, one has:

Trx(9.0, /)= > Jrwx(g.0,f)

weW (P,Py)
= |W(P, P1)|Jpx(9,0, f).

Since [P(Mp)| = >_p ep, W(P, P1) we get the expected limit. O
Lemma 4.3.7.2. — (Lapid) For any w € W (P, P), we have

Jpl,wfr(gaou f) = JP,ﬂ'(guva)'

Proof. — By definition, we have

JP1,w7T(gvoaf): Z E(gawvo)(]l(¢>

VJEBPl,wW
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where J; is the linear form on Ap, ., defined in §£.T5 and Bp, 4 is any K-basis of Ap, 4x. Now,
the intertwining operator M (w,0) induces a unitary isomorphism from Ap . to Ap, wr, which
sends K-bases to K-bases. Thus one has

Tprwr(9:0, 1) = Y E(g, M(w,0),0) - Ji(M(w,0)P)
pEBP,x

= Jpr(9,0, f).
The last equality results from the two equalities:
e E(g, M(w,0)p,0) = E(g,,0);
o Ji(M(w,0)p) = J(®) where J is the linear form on Ap, defined in §L.T.5

The first one is the functional equation of Eisenstein series and the second one is a consequence
of case 1 of lemma 8.1 of [Lap06]. O

5 The x-generic contribution in the Jacquet-Rallis trace for-
mula

The goal of this chapter is to compute the contribution I, of the Jacquet-Rallis trace formula for

x-generic cuspidal data y. This is achieved in theorem 2. 1.1l below. It turns out that for such x

the contribution I, is discrete and equal (up to an explicit constant) to a relative character define

in section Bl built upon Rankin-Selberg periods of Eisenstein series and Flicker-Rallis intertwining
periods.

5.1 Relative characters
5.1.1. We will use the notations of section B3.1]

5.1.2. Let x € X(G) be a cuspidal datum and (M, 7) be a representative where M is the standard
Levi factor of the standard prabolic subgroup P of G. Recall that we have introduced a character
ng: of G'(A) (see §8.1.8). On Ap(G), we introduce the linear form .J,, defined by

(5.1.2.1) Jn() z/ e(9)nc:(9)dg, Ve € Apr(G)
Ayt M/ (F)N pr (A\G(A)

where M’ = M NG’' and P/ = PN G'. This is a slight variation of that defined in §£.1.5
We shall say that 7 is (M, ng)-distinguished if J,, does not vanish identically.

5.1.3. Relevant and generic cuspidal data. — We shall say that x is relevant if 7 is
(M’ ner)-distinguished.

Let X*(GQ) = X*(Gr) X X*(Gpy1) (cf. §£32). We shall say that x is *-generic if it belongs to
the subset X*(G). In particular, if y is both relevant and generic (see §2.9.6]) then it is *-generic.

5.1.4. Rankin-Selberg period of certain Eisenstein series. — Let T € a;l,;. Recall that
we have introduced in §3.3.2 the truncation operator AL,

Proposition 5.1.4.1. — Let Q be a parabolic subgroup of G and Q' = Q NG'. Let m be an
irreducible cuspidal representation of Mg which is (Mg, ng)-distinguished. Let ¢ € Ag (G).
Then for a regular point \ € ag’* of the Eisenstein series E(g, ¢, \) (see §2.7.3), the integral

(5.1.4.2) I(p,\) = / AL E(h, o, \) dh
[H]

is convergent and does not depend on T'.
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Remark 5.1.4.2. — The expression I(p, A) is nothing else but the regularized Rankin-Selberg
period of E(p, A) as defined by Ichino-Yamana in [IY15].

Proof. — The convergence follows from proposition B.3.2.T] and the fact that Eiseinstein series
are of moderate growth. It remains to prove that the integral does not depend on T'. Recall that
¢ induces an isomorphism from G,, onto H. In the proof, it will be more convenient to work with
G,, instead of H. However, by abuse of notations, for any g € G,,(A) and any function ¢ on G(A)
we shall write ¢(g) instead of ¢(c(g)).

Let 7" € a,}, ;. By lemma 2.2 of [[Y15], we have

A$+T/E(g7 2 )‘) = Z Z AZ)PEGnXP71+1 (697 ®, )‘)F/Pn+1 (HPn+1 (69) - TPn+1 ) TI)
PeFrs 6e(PNH)(F)\H(F)

where the notations are those of §§3.2.3land B.3:2l The other notations are borrowed from [Zyd18|
eq. (4.4)]; the operator AT"F is the obvious variant of AT and I'}, is an Arthur function whose
precise definition is irrelevant here. We denote by Eg, «p,,, the constant term of E along G, x
P,+1. Thus, we have

/ AT B (g, 0,\) dg =
()

/ (AE7PEG71 ><Pn+1p) (97 ©, )‘)F/Pn+1 (Hpn+1 (g) - TPn+1 ) TI) dg'
PcFpg” (PNH)(F)\H(A)

Let P € Frs be such that P C G. It suffices to show that the terms corresponding to P vanish.
We identify H with G,,. Then P N H is identified with P,. Let M,, = Mp,. For an appropriate
choice of a Haar measure on K,, such a term can be written as

/ / exp(—(2pp,., Hp, (m)))(ATF Ep)(mk, 0, U, (Hp, .. (m) — Tp, ., T') disdm,
[n] n

where Ep denotes the constant term of F along P = P,, X P,;1. At this point, we may and shall
assume that P is standard (if not, we may change B,, by a conjugate for the arguments). We have
the usual formula for the constant term

EP(ma 907)\) = Z Ep(maM(waA)@v’LUA)
weW(Q;P)

where W (Q; P) is the set of elements w € W that are of minimal length in double cosets W wW <.
Let w € W(Q; P). Notice that the representation wr is also (wMgw™!, ng)-distinguished. For
the argument, we may and shall assume w = 1 (that is we assume that @ C P). Thus it suffices
to show for all £ € K the integral

(5.1.4.3) / ABPEP (mk, o, \) dm
(M)
vanishes.
The group M,, 11 = Mp,,, has a decomposition Gy, x...x Ggq, with d; +...+d, = n+1. Each
factor corresponds to a subset of the canonical basis (e1, ..., e,+1). We may assume that the factor

G4, corresponds to a subset which does not contain e, 1. As a consequence Gy, is also a factor of
M,,. We view G4, x G4, as a subgroup of M,, x M, 1. Let Q1 X Q2 = (Ga, XG4, )NQ C Gy X Gpy1.
The representation 7 restricts to Mg, (A) and Mg, (A): this gives representations respectively
denoted by m and . As a factor of (BI143]), we get

(5.1.4.4) / E(g, 91, M)ATE(g, 02, A2) dg
(Gay ]!
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where ¢; € A, x,(Ga,). Here the truncation is the usual Arthur’s truncation operator on
the group Gg,. It is clear from Langlands’ formula for the integral (G.I44) (see [Art82]) that
(BEI44) vanishes unless there exists w € W(Q1,Q2) such that mo ~ wmy. But then mo would be
(Mgqy,, (4,)"™)-distinguished and (Mg, (n4,)"")-distinguished with 7g, = 7 o detq, and Mg, =
Mg, NGy, . This is not possible. O

5.1.5. Relative characters. — Let (P, 7) be a pair for which P be a standard parabolic
subgroup of G and 7w be a cuspidal automorphic representation of its standard Levi factor Mp.
For any ¢ € Ap (@), building upon the truncation operator A’ and the linear form .J,,, we define
the relative character I, for any f € S(G(A)) by

=Y /[H] ATE(h, Ip(0, f)p.0) dh - ()

pEBP

where the K-basis Bp is defined in §2.83]1 Using proposition ET4T], we have

Ip () = Ipa(f)

where we define:

Ipn(f) = > weBp, LUP(0, [)p,0) - Jy(p) if mis (Mpr, ne)-distinguished;
b 0 otherwise.

Proposition 5.1.5.1. — Let x € X*(G). Let (P,m) be a representative. The map f — I}QF(f)
(and thus f — Ip(f)) is well-defined and gives a continuous linear form on S(G(A)). It depends
only on x and not on the choice of (P, ).

Proof. — First we claim that ¢ — f[H] ATE(h,,0)dh is a continuous map: this is an easy

consequence of properties of Eisenstein series and the truncation operator A" (see the proposition
[B:32.1). On the other hand ¢ — J,(¢) is also continuous (see section.1]). Thus the first assertion
results from an application of proposition 2.8 4.1l The arguments of the proof of lemma
give the independence on the choice of (P, ). O

5.2 The x-generic contribution

5.2.1. Let x € X(G). Recall that we defined in theorem B:2Z41] a distribution I, on S(G(A)).
Let (M, ) be a representative of x where M is the standard Levi factor of the standard prabolic
subgroup P of G. The following theorem is the main result of this chapter.

Theorem 5.2.1.1. — Assume moreover x € X*(G). We have
I, =2-dmler)r,

In particular, we have I, = 0 unless x is relevant.
The theorem is a direct consequence of the following proposition.

Proposition 5.2.1.2. — Assume moreover x € X*(G) We have for T € a;}
(52.1.1) / AT K (@, y) ner (y)dady = 27 WO Ip o (f),
[H] J[G]

where the left-hand side is absolutely convergent (see proposition [T.331l). In particular, the left-
hand side does not depend on T'.

Indeed, by theorem B3.71] I, is the constant term in the asymptotic expansion in 7' of the
left-hand side of (EZII) hence I, = 2~ dim(er)fp
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The rest of the section is devoted to the proof of proposition B.2.1.2

5.2.2. Proof of proposition [5.2.7.20 — We assume that y € X*(G). The proof is a straight-
forward consequence of theorem [3.3.1] and some permutations between integrals, summations
and the truncation. These permutations are provided by lemmas [5.2.2.7] and £.2.2.3] below.

Lemma 5.2.2.1. — For all x € [H], we have

/[,](Afo)(x,y)nc/(y) dxdy—ﬂ( Ky (y)me (y )dy> (z).

[&]

Remark 5.2.2.2. — On the left-hand side we apply the truncation operator AL to the function
K, (-,y) (where y is fixed) and then we evaluate at = whereas on the right-hand side we apply the
same operator to the function we get by integration of K, (-,y)ne (y) over y € [G'] and then we
evaluate at x.

Proof. — Since x is fixed, the operator A7 is a finite sum of constant terms (see [Art78| lemma
5.1 for the finiteness). Then the lemma follows from Fubini’s theorem which holds because we

have
/ / (nz,y)| dndy < 0o
[Nel /[G7]

for all parabolic subgroups @) of G,41 containing B,,. Here we identify Ng with the subgroup
{1} x Ng of G = G,, X Gp+1. The convergence of the integral results from the bound B333))
above. |

Lemma 5.2.2.3. — We have

/ AT ( Ky (5 y)ne (y )dy> (h)dh =27 @R T, (f).
(1) (@)

Proof. — First, by theorem E:33T] we have for any = € [G]:

Ky (@, y)ne (y) dy = 2790 N " E(x, Ip(0, f)p, 0) dh - J, ()

(] pEBP,x

where the notations are borrowed from §5.1.5l Then we want to apply the truncation operator
AT and evaluate at h € [H]. We want to show that this operation commutes with the summation
over the orthonormal basis. As in the proof of lemma [5.2.2.7] it suffices to prove

/ |E(ng. Ip (0, f)p,0)| dn - [T,(2)] < oo
S‘JEBP,W [NQ]

for any parabolic subgroups @ of G,, 41 containing B,,, which is is an easy consequence of continuity
properties of Eisenstein series.
In this way, we get for h € [H|:

A? ( - Ky (- y)ne (y )dy> (h) = 9—dim(ap) Z (ATTE)(h,IP(O,f)ga,O) W

pEBP

By integration over h € [H|, we have:

/[H} A?( ey )dy> (h) i = 27 mCee) §° / (AT E)(h, Ip(0, ), 0) dh - T ()-

pEBP
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The right-hand side is nothing else but 2~ 4™(@P) [p_(f). Still we have to justify the change of
order of the integration and the summation. But it is easy to to show that

3 /[H] IATE(h, Ip (0, f)p, 0)| dh - [ 75(@)] < oo,

wEBP,~
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6 Spectral decomposition of the Flicker-Rallis period for cer-
tain cuspidal data

The goal of this chapter is to give another proof of the spectral decomposition of the Flicker-Rallis
period for the same cuspidal data as in Section The main result of this chapter (obtained
as a combination of Theorem and Theorem [G.2.6.1) can be used to get another version of
Theorem 337l with a seemingly different relative character than Jp . (this will actually be done
in 824). Of course, these two relative characters are the same. A direct proof of this fact will
be given in Chapter

6.1 Notation

6.1.1. In this chapter we adopt the set of notation introduced in Section BI} E/F is a quadratic
extension of number fields, G}, = GL,, r, G = Resg/p GLy g, (B}, T),), (Bn,T,) are the standard
Borel pairs of G, G, and K}, K,, the standard maximal compact subgroups of G/ (A), G,(A)
respectively. Besides, we denote by N}, N,, the unipotent radicals of BY,, B,, and we set

1
Wy, = e Gl (F).
1

We write e,, = (0,...,0,1) for the last element in the standard basis of F™ and we let P, =

(0 * 0 I), P! = P, NG, be the mirabolic subgroups of G,,, G}, respectively (that is the

stabilizers of e,, for the natural right actions). The unipotent radicals of P, P/, will be denoted
by U,, and U], respectively. For nonnegative integers m < n, we embed G, in G,, (resp. G}, in

G!)) in the “upper left corner” by g — (g ) Thus, in particular, we have P,, = G,,—1U,

In—m
and P, = G,,_,U}.
The entries of a matrix g € G,,(A) are written as g; j, 1 < ¢,7 < n, and the diagonal entries of
an element t € T,,(A) as t;, 1 <i < n.
6.1.2. We fix a nontrivial additive character ¢’ : A/F — C*. For ¢ € S(A"), we define its
Fourier transform ¢ € S (A™) by

-~

A1, Tp) = A Sy Y)W (@191 + o+ TnYn)dyr - dyn

the Haar measure on A" being chosen such that ¢(z) = ¢(—x).

We denote by ¢ the nontrivial Galois involution of E over F. Then, ¢ acts naturally on G, (A)
and thus on cuspidal automorphic representations of the latter. We denote this action by 7 — 7°¢.
We fix 7 € E* such that 7¢ = —7 and we define ¢ : Ag/E — C* by ¢(2) = ¢'(Trg/r(72)),
z € Ag, where A denotes the adéle ring of £ and Trg,p : Ap — A the trace map. We also define
a generic character i, : [N,] = C* by

Y (u) =1 <(—1)n i Uz;z‘ﬂ) , u € [Nyl

(The appearance of the sign (—1)™ is only a convention that will be justified a posteriori in Chapter
[7). Note that ¢ is trivial on A and therefore v, is trivial on N/ (A). To any f € T([G,]), we
associate its Whittaker function Wy defined by

Wy(g) = " ]f(ug)wn(u)—ldu, g€ Gu(A).
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6.2 Statements of the main results

6.2.1. Let n > 1 be a nonnegative integer. For f € T([G,]), ¢ € S(A™) and s € C we set

ZER (s, f,¢) = Wy (h)¢(e,h)|det h|*dh

/NA(A)\G%(A)
provided this expression converges absolutely.

6.2.2. Let x € X*(G,,) be a x-generic cuspidal datum (see §4.3.2 for the definition of *-generic)

represented by a pair (Mp, ) and set IT = 763

P(A) (). We can write

Mp =Gpy X ... X Gy,

where nq, ..., ny are positive integers such that n; +...4+n; = n. Then, 7 decomposes accordingly
as a tensor product
r=mX...Xm

where for each 1 < i < k, 7; is a cuspidal automorphic representation of G,,, (A).

6.2.3. Let L(s,II, As) be the Shahidi’s completed Asai L-function of II [Sha90], [Gol94]. We
have the decomposition

k
L(s,II, As) = HL(s,m,As) X H L(s,mi x 7).

i=1 1<i<j<k

As x is *-generic, the Rankin-Selberg L-functions L(s,m; X 7§) are entire and non-vanishing at
s =1 [JS81D], [JS81a], [Sha&1] whereas by [F1i88]|, L(s,m;, As) has at most a simple pole at s = 1.
Therefore, L(s,II, As) has a pole of order at most k at s = 1 and this happens if and only if
L(s,m;,As) has a pole at s =1 for every 1 < i < k.

We say that the cuspidal datum x is distinguished if L(s,TI, As) has a pole of order k at s = 1.
By [F1i8§], it is equivalent to ask 7 to be Mp: = Mp N G -distinguished.

6.2.4. For f € C([G,]), we set Wy = Wy, where fr is defined as in Section 22971 Then, Wy n
belongs to the Whittaker model W(II, ¢,,) of II with respect to ,,.

We define a continuous linear form 8, on W(II, ¢,,) as follows. For S a finite set of places of
F and W e W1, 4,,), we set

Bos(W) = / W (ps)dps
N}, (Fs)\P},(Fs)

the integral being convergent by (the same proof as) [BPI18al Proposition 2.6.1, Lemma 3.3.1]
and the Jacquet-Shalika bound [JS81Db|. By [F1i88| Proposition 3] and (Z3.2.3), for a given W €
W(I1, ¢,,), the quantity

Ba(W) = (AZ) 'L (1,11, As) B, 5 (W)
is independent of S as long as it is sufficiently large (i.e. it contains all the Archimedean places

as well as the non-Archimedean places where the situation is “ramified”). This defines the linear
form S,,.

6.2.5. For every f € C([Gy]), we set

Theorem 6.2.5.1. —
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1. Let N > 0. There exists cy > 0 such that for every f € Tn([Grn]) and ¢ € S(A™), the
expression defining Z};R(s,f, @) is absolutely convergent for s € Hscy and the function

5§E€ Hoeny — ZER(S, f, @) is holomorphic and bounded in vertical strips. Moreover, for every
$ € Hsen, (fy0) — Z};R(s,f, @) is a (separately) continuous bilinear form on Ty ([Gr]) X
S(A™).

2. Let x € X*(Gp). For every f € C(|Gnl), the function s — (s — 1)Z;%(s,°f,¢) admits an
analytic continuation to H~1 with a limit at s = 1. Moreover, we have

21_k$(0)ﬁn(Wf;H) if x 18 distinguished,
250,07, = lim (s~ DZEN(s.0f,0) =

s—1t :
0 otherwise.

6.2.6. Theorem 6.2.6.1. — Let x € X*(G,,). The linear form

Py« f € C([Gn]) = : ]f(h)dh
G
is well-defined (i.e. the integral converges) and continuous. Moreover, for every f € Sy ([Gy]) and
¢ € S(A™) such that $(0) =1 we have

(6.2.6.1) Py (f) = %Zf;R’*(l,Of, 9).

6.2.7. A direct consequence of Theorem [6.2.5.1] and Theorem is the following corollary.

Corollary 6.2.7.1. — Let x € X*(G,,) be represented by a pair (Mp,n) and set II = Ig&é;&) (7).
Then, for every f € Sy ([Gn]) we have

27dim(AP)ﬂn(Wf7H) if x is distinguished,
FPer (f) =

0 otherwise.

6.3 Proof of Theorem [6.2.5.112

Part 1. of Theorem [6.2.5.1] will be established in Section Here, we give the proof of part 2.
of this theorem. Let f € C,([Gn]), ¢ € S(A™) and (Mp, ) be a pair representing the cuspidal
datum x as in Section Set

A= (iR)*

and let Ag be the subspace of z = (z1,...,zr) € A such that z1 + ...+ xx = 0. We equip A with
the product of Lebesgue measures and Ay with the unique Haar measure such that the quotient
measure on

A/ Ay ~ iR, (z1,...,2k) = 1+ ...+ Xk

is again the Lebesgue measure.
There is an unique identification A ~ ia} which when it is composed with the map p € iap —
T, gives

(6.3.0.1) z=(21,...,25) € A my = m|det|2/™ K. K& mp|det| /™
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For every z € A, we set II, = g&gx ) (mz) and f, = fn, following the definition of Section 2.9.7
(so that in particular Iy = IT and fy = f with notation from the previous section).
The isomorphism ([@3.0.1) sends Hk (in;Z) onto iX*(P) hence, by (2311, it also sends

j=1
the measure on A to (ni...nx)(27)* times the measure on ia%. Therefore, by Theorem Z9.7.1]
we have

ny..

2 —k 9 —k z1+...Fa
0 _ L/ /a.fxdgda: L/ detaly, *  fpdzda.
ny...ng %on A - oo Ng A%on A -

dt
T¢]
dt is the Lebesgue measure. Thus, by Fourier inversion, the previous equality can be rewritten as

We have an isomorphism AZ =~ R, a — |det a|g, sending the Haar measure on AZ to 7 where

(6.3.0.2) op— " om) k1 [ fde
ny...ng A

where the right-hand side is an absolutely convergent integral in Ty ([G,]) for some N > 0.

Therefore, by the first part of Theorem 6.2.5.1] there exists ¢ > 0 such that for every s € H~. we

have

FR/_ 0 _ n —k+1 FR
(6.3.0.3) Z5™(3.°1,0) = " (2m) /A 2R o )

Let Sy be a finite set of places of F including the Archimedean ones and outside of which 7 is
unramified and let So ; C Sy be the subset of finite places. Let I C {1,...,k} be the subset
of 1 < i < k such that L(s,m;, As) has a pole at s = 1. We choose, for each 1 < i < k and
v € So,f, polynomials Q;(T'),Q;.(T) € C[T] with roots in H)o [ and H,,o1 4 respectively such
that s+ Qi(8) Lo (s, mi, As) and s = Q; (g, *) Ly(s, T, As) have no pole in Hg 1. Finally, we set

2 2z

2$i 25[51’ X, —S— re _

Plo.z) =1+ 76 =175 1] @is+ 70 11 Qinla ™) and falg) = £ul's™)
iel v v o1gigk voagigk
'UGS()J

for every z € Ag, s € C and g € G,,(A). We will now check that the functions

(6.3.0.4) (s,z) € C x Ay — P(s+ %,g)Z};R(s + %, fu: @)
and
(6.3.0.5) (s,2) € C x Ag — P(% —s5,2)Z5% (s + % fur @)

satisfy the conditions of Corollary [A-0.10.11

From the first part of Theorem [6.2.5.1, Theorem 2.9.7.1] and Lemma [A.0.8.1] we deduce that
these functions satisfy the first condition of Corollary [A.0.10.1l To check that they also satisfy
the second condition of Corollary [A.0.10.1, we need to analyze more carefully the function s
ZER(S, fz, @) for a fixed z € Ay.

For S a sufficiently large finite set of places of F, that we assume to contain Archimedean
places as well as the places where 7, ¢’ or ¢ are ramified (thus Sy C S), we have decompositions

¢=¢s¢® and Wy, = Wg, W7

for every z € Ay, where ¢s € S(F%), ¢° is the characteristic function of (O3)", Ws, €
W(Il, s, %¥n,s) (that is the Whittaker model of the representation II, g with respect to the char-

acter Yn,s = ¥n|n(ry)) and WS € W(Hi,w,f)Ks is such that W3 (1) = 1. By [EIi88, Proposition
3] and (Z334), we then have

Z}ZR(Sa Ws,gu ¢S)
Ls(s, 1, As)

(6.3.0.6) Zy" (s, fu, 6) = (AG") T L(s, T, As)
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for s € H~. where we have set

Zy (s, Ws g, 05) = Ws,z(hs)ps(enhs)|det hs|*dhs.

/Nﬁl(Fs)\Gil(Fs)
Moreover, by [BP18al Theorem 3.5.1] the function Z};R(s, Ws 2, ¢s) extends meromorphically to
the complex plane and satisfies the functional equation

Z}ZBI(l —57WS,§a¢S) Z}ZR(87WS,£7¢S)

(6307) Ls(l —s, (Hg)va AS) = 6(57H£7 AS) LS(57H£5 AS)

where V[/;\S/g(g) = Wsz(w,'g™1), ¢s is the (normalized) Fourier transform of ¢g with respect to
the bicharacter (u,v) — ¢'(u1v1 + ... + upvy) and €(s,II;, As) denotes the global epsilon factor
of the Asai L-function L(s,II,, As).

By ([6.3.0.6), (6.3.0.1) as well as the meromorphic continuation and functional equation of
L(s,II;, As) [Sha90, Theorem 3.5(4)], we conclude that Z};R(s, fz, @) has a meromorphic continu-
ation to C satisfying the functional equation

(6.3.0.8) ZyR (1= 5, fa 0) = 25, fur 0)-

On the other hand, we have the decomposition

k
L(S,Hw,As):HL(s—i—%,m,As) H Ls+—+ 7rl><7r)
z .

i=1 g 1<i<j<k "

and, as x € X*(Gy), the Rankin-Selberg L-functions L(s, m; x 7$) are entire and bounded in vertical
strips [Cog08, Theorem 4.1]. By the Jacquet-Shalika bound [JS81b| and the fact that the gamma
function is of exponential decay in vertical strips, Q;(s)Loo(s,m;, As) and Qi (g, *)Ly(s,m;, As)
are holomorphic and bounded in vertical strips of H~o for each 1 < ¢ < k and v € Sy r. By
[FL17, Lemma 5.2|, s — (s — 1)L5°(s, m;, As), for i € I, and s — L (s, 7;, As), for i ¢ I, are also
holomorphic and of finite order in vertical strips of H~ . Therefore, by the definition of P and the
functional equation, P(s,z)L(s,II,, As) is entire and of finite order in vertical strips. By (G.3.0.0]),
(E30.8) and [BP18a, Theorem 3.5.2], it follows that the functions ([6.3.0.4), (63.0.5) are entire
and of finite order in vertical strips in the first variable i.e. they also satisfy the second condition

of Corollary [A.0.10.1

Thus, the conclusion of this corollary is valid and in particular the map

S <$|—>H s—1+ 2%) 11;R(Svfwv¢)>

el

induces a holomorphic function Hs1_. — S(Ap) for some e > 0. By (63.0.3]) and [BP18b, Lemma
3.1.1, Proposition 3.1.2], it follows that s — ZgR(s, Of, ¢) extends analytically to H~1 and that

21K lim (s — )" ZJR (s, fo,0) if T ={1,...,k},
s—1

s—1+ 0 otherwise

(6.3.0.9) lim (s —1)Zy"%(s,°f, ¢) = {

Recall that I = {1,...,k} if and only if L(s,II, As) has a pole of order k = rk(Ap) at s = 1.
Moreover, by [BP18a, Lemma 3.3.1] and the Jacquet-Shalika bound [JS81b|, the integral defining
ZgR(s, Ws0, ¢s) is absolutely convergent in H~1_. for some € > 0. Combining this with [BP18bl
Lemma 2.16.3] and (63.0.6)), in the case I = {1,...,k} identity (G3.0.9) can be rewritten as

lim (s — 1)Z5%(s,0 f, ¢) = 2" 7F(AZ") 7 L5 (1,10, As) ZER (1, Ws 0, ¢5)
s—1+ n

= 21 F(AZ) T LS (1,11, As)Bp,s (W 0)65(0)

= 2"7%6(0)8,.(Wy.n)
and this ends the proof of Theorem [6.2.5.112.
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6.4 Proof of Theorem [6.2.6.71]

By (ZZZ3), we have El¢"](h) <« ElEn](h)2 for h € [G!,]. Hence, by (ZZ2ZA), the linear form Par
is well-defined and continuous on C([G,]). This shows the first part of Theorem

Let f € Sy ([Gn]). Recall that A% = A, but the Haar measure on A% is twice the Haar
measure on A%, (see Remark B.1.3.1). Therefore, we have

1

Pa,(f) = 5 /[G,] 0 (h)dh.

Let ¢ € S(A™). We form the Epstein-Eisenstein series

E(h, ,5) = / S Glearah)ldet(ah)|da, he [Gl)s € C.
AGr, VEPL(P\G)(F)

This expression converges absolutely for R(s) > 1 and the map s — E(¢, s) extends to a mero-
morphic function valued in 7 ([G}]) with simple poles at s = 0, 1 of respective residues ¢(0) and

-~

#(0) (cf. [IS81b, Lemma 4.2]).
Consequently, the function

s 2R (s,0F, ) = / O f(h)E(h, 6, 5)dh
[G1]o

is well-defined for s € C\ {0, 1}, meromorphic on C with a simple pole at s = 1 whose residue is

(6.4.0.1) Reso—1 Z) (5, f, 6) = 26(0) Pa, (f).

Unfolding the definition, formally we arrive at

(6.4.0.2) ZIR(s,0f, ¢) = / Yf(h)p(enh)|det h|*dh.
P (PG, (A)
By Lemma [6.4.0.1] below, there exists ¢, > 0 such that the last integral above is absolutely
convergent for s € H~., and thus the equality above is justified for such s.
More generally, for every 1 < r < n, let V,.,, be the unipotent radical of the standard parabolic
subgroup of G, with Levi component G, x (G1)"~", Ny, be its intersection with G}, and set

fs(g) = /N O f (ug)n(u) 'du, g € G(A),

)

Z7R(s,°f,¢) = Ofn, (R d(enh)|det h|*dh, s € C,

/P;(F)N;,n(A)\G;(A)

provided the last expression above is convergent. The proof of the next lemma will be given in
Section

Lemma 6.4.0.1. — For every 1 < r < n, there exists ¢, > 0 such that the expression defining
ZFR(5,9f,¢) converges absolutely for R(s) > c;.

When r = 1, we have N1, = N, and °fn, , o = Woy so that Z7%(s,°f,¢) = Z;"(s,°f, ¢).
Therefore, by (G4.01)) and (6:4.0.2), the second part of Theorem [.2.6.1] is a consequence of the
following proposition.

Proposition 6.4.0.2. — For every 1 < r < n, the function s — (s — 1) ZER(s,°f, ¢) extends to
a holomorphic function on {s € C | R(s) > 1} admitting a limit at s = 1. Moreover, we have

(S - 1)ZSR(55 Ofv (b) = SIESL (S - 1)ZfR(Sv Ofa ¢)

lim
s—1t
Proof. — By descending induction on r, it suffices to establish the following:
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(6.4.0.3) Let 1 < r < n — 1. There exists a function F,. holomorphic on Hs1_, for some € > 0
such that
278 (s,°F,0) = ZF%(s,° 1, ¢) + Fu(s)

for all s € C satisfying R(s) > max(c,, ¢r41).

Indeed, as P, = G.U,, we have

(6.4.0.4) ZFR (5,0, 0) = / / O Ny 1m0 (uh)dug(e,h)|det h|* dh.
GL(F)N,  (A\G}, (8)

Y

By Fourier inversion on the locally compact abelian group U,.41(F)U].

L1 (AN\Ur41(A), we have

(6.4.0.5) / CIN 1 (uh)du = Yoo Cfvenn) U (1) + CNpr) v, (R)
U744 YEPL(FNG.(F)

for all h € G!,(A) where we have set

Cfnerr ) s s (h) = /[U e ) = ),
r+1

(OfNT+1,n7w)UT‘+1 (h) = /[U | OfNr+1,nﬂ/J (U‘h)du
r+1

By (©.4.0.4) and (6.4.0.5]), we obtain
ZFR (5,°f,¢) = ZFR(5,°f, ) + Fi(s)

for all s € C such that R(s) > max(c,, ¢,4+1) and where we have set

Fr(s) = (SN 1,00 U () D(enh) | det 2| dh.

/G’T ()N (A\GT, (A)

It only remains to check that F,.(s) extends to a holomorphic function on H~1_, for some e > 0.
Let P, be the standard parabolic subgroup of G,, with Levi component M, = G, x G,,—, and
set P/ = P, NG),. We readily check that

e S | Gl ey | _ () s, )

Therefore, by the Iwasawa decomposition G, (A) = P/(A)K], and since

1/2
5y <h’“ . ) — 5p, <hr . > — |det by "7 |det by |

for all h, € GL(A), hyp—r € G|, _,.(A), we have (for R(s) > max(c,, ¢,+1) and a suitable choice of

Haar measure on K))
hy,
) SN, Jag, Whn—r

Y (w) "t duldet by | ) b (en— by )R pdhydk

(6.4.0.6)

Fy(s) = /
K! x[GL]XN! _ (A\G

n—r n—r

where fp, ks = 5;:/2“/2(”4) (R(K)f)p, |m,(a) and ¢, stands for the composition of R(k)¢
with the inclusion A"~" — A" z + (0,2). Let x™ be the inverse image of y in X(M,). By
Corollary 29.6.21 we have fp, 1 s € C,n ([M,]) for every (k,s) € K, x H~o and the map

(k, S) S Kn X H>0 — fPT,k,s S CXM([MT])
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is continuous, holomorphic in the second variable. In particular, for $(s) > 0 the integral

a'h, ,
[ Y Y Cl G DL

is absolutely convergent and equals, by the obvious change of variable, to

/
r / / / P ks (a fir L > dada’.
n-—r go/r [Nn,qn] %on—r UANp—r

It follows that (6.4.0.6]) can be rewritten, for (s) > 1, as

h
’I" = fPT,k,s ( " ) da¢n(u)71du
n—r / 4 / 11X N! (AN\G / N, _ T]/EQT U(J/hn_r

n—r nT

|det hn—r|ns/ e ¢k,n—r(en—rhn—r)dhn—rdhrdk

(6.4.0.7) =—" /(PG;GBZEE(
/ n

n—r

ns

ks ® G )k

where ZFR (s) stands for the bilinear form

(f',¢') € C[Gn—r]) x S(A"T") = Zyayr (5, ', &)
On the other hand, by (Z3.59]) we have

Cyn ([My]) = ) Car ([Gr)&Cx, ([Gr—r])

(Xl ;XQ)Ex(MT):}:(GT) X}:(anT)HX

and, as x € X*(G,,), for every (x1,x2) € X(G,) x X(G,,—,) mapping to x € X(G,), we also have
X2 € X¥*(Gpn—r). Therefore, by the first part of Theorem [6.2.6.T] Theorem [6.25.1 and (A.0.5.5]),
5 = PG/T@ZSBT(S) extends to an analytic family of (separately) continuous bilinear forms on
Cy([M,]) x S(A™~") for s € H~1. Thus, by the first part of Theorem 261} (A.0.5.4) and the
equality (@Z4.07), F-(s) has an analytic continuation to {(s) > 1 —r/n}. This ends the proof of
the proposition and hence of Theorem O

6.5 Convergence of Zeta integrals

6.5.1. Proof. — (of Lemma[6.4.0.1)) We only treat the case 1 < r < n— 1. The case r = n can
be dealt with in a similar manner, and is in fact easier.

Let @, be the standard parabolic subgroup of G,, with Levi component G, x G7~" and set
Q; = Q- NGy, Recall that N,.,, is the unipotent radical of Q.. Identifying A% =~ R0, by the
Iwasawa decomposition G/, (A) = QL (A)K],, we need to show the convergence of

(65.1.1) (RO, <“h at) ‘ [R(E)$(t—ren)

/K;L XPLF)\GL(A)XT/ _ (A)xRso

—1
|det h[*|det £[*6, <h t) dadtdhdk

for R(s) > 1. We now apply Lemma 26Tl For this we note that v, |y

€ : Npp — Gg sends u € Ny to Trg/p(r E;:Tl u;i4+1) and 7 € E* is the unique trace-zero
element such that ¥(z) = ¢'(Trg,p(72)). We readily check that

= 9’ o £ where

7]

n—r—1

h
1AQ (), oz = 87 eehllar TT Mttt e m—( t) € Gl(A) x T)_,(A).

=1
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Therefore, by Lemma 2.6. 1,111, we can find ¢ > 0 such that for every N1, No > 0 we have

n—r—1 —cNa
ah _ _ _ 1 h
0512 [(R0 D ()| < Nl eonl 11 et (")

for (k,h,t,a) € K|, x GL.(A) x T),_.(A) X Rsg. On the other hand, for every Ny > 0, we have
[R(R)@(ten)] < LN (kt) € K, x A

and it is easy to check that for some Ny > 0 we have

n—r n—r—1
levhllar TTENa < vl Z2 16 erhl 32 TT Nt 15, (ht) € GL(A) x T, (A).
i=1 1=1
As dq; <h t) = |det h|"" H|ti|"+1*2(r+i) for every (h,t) € GL.(A) x T),_.(A), combining this
i=1

with (65.1.2), we deduce the existence of ¢ > 0 such that for every Ny, Ny > 0, (€5.LI) is
essentially bounded by the product of

(6.5.1.3) / RIS ler b7 [det b~ GeNa+ D01 dqdp
PLF)\G.(A)XRx0 "
and
(6514) / ||t||1§N1|t|S_(2CN2+1)(W+1_2(T+i))dt
AX

forl<i<n—r.
Let C1,C2 > 0. By Lemma 2:6.2.1] for N; sufficiently large the integral (G.5.1.4) converges
absolutely in the range

14+ (2eNo+1)(n+1-=2(r+1) <R(s) <Cr+ (2eNa+1)(n+1—2(r+1))
and for Ny, Ny sufficiently large the integral (6.5.1.3]) converges absolutely in the range
14+ (2eN2+1)(n—17) < R(s) < Ca + (2¢N2 + 1)(n — 7).

Since n+1—2(r+1i) < n—r for every 1 <i < n—r, by taking Cy = 2 and C; > 2+ (2¢No+1)(r+
2i—1) for every 1 < i < n—r, it follows that if N3 > 1 and N7 >, 1 the integrals (65.1.3) and
(65.14) are convergent in the range

14+ (2eN2+1)(n—17) < R(s) <24 (2eNa+ 1)(n —1).

The union of these open intervals for Ns sufficiently large as above is of the form ]e¢;, +oo[ which
shows that ZFR(s,9f, ¢) converges absolutely in the range R(s) > ¢, for a suitable ¢, > 0. O

6.5.2. Proof. — (of Theorem [6.25111) Applying Lemma 261112, the same manipulations as
in the proof of Lemma [6.4.0.1] reduce us to showing the existence of ¢y > 0 such that for every
C > cy there exists N’ > 0 satisfying that the integral

(6.5.2.5) / HIIUII&N [£11{7: 188, (8) " [det ¢[*dt
() ;21

converges in the range s € Hj., ¢[ uniformly on compact subsets. But this follows again from
Lemma 2.6.2.7] as there exists M > 0 such that

||t||f¥ré]53;(t)fl < H max (|t [t:| 7)Y, t € [T).
1<ign
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7 Canonical extension of the Rankin-Selberg period for cer-
tain cuspidal data

This chapter is a continuation of Chapter [6l and we shall use the notation introduced there. The

main goal is to show the existence of a canonical extension of corank one Rankin-Selberg periods

to the space of uniform moderate growth functions for certain cuspidal data (see Theorem [[.T.4.T]).

Combining this with the results of Chapter [ this will enable us to give an alternative proof of
the spectral expansion of the Jacquet-Rallis trace formula for certain cuspidal data in Chapter Bl

7.1 Statements of the main results

7.1.1. Let n > 1 be a positive integer. We set G = G,, xGy,41 and H = G,, that we consider as an
algebraic subgroup of G via the diagonal inclusion H — G. We also set w = (wy, wp41) € G(F),
K=K, X Kpt1, N =N, x Nyy1 and Ny = N,,. Put ¢y = ¥, K1), 41 (a generic character of
[N]). We note that ¢ is trivial on [Ng] (see the convention in the definition of ¢, in §6.1.2)). To
any function f € T([G]), we associate its Whittaker function

Wi(g) = . F(ug)pn(u) ™ du, g € G(A).
For f € T(|G]), we define

25560 = | W ()| det hlipdh
Nu(A\H(A)

for every s € C for which the above expression converges absolutely.

7.1.2. H-generic cuspidal datum Let x € X(G) be a cuspidal datum represented by a pair
(Mp,7) where P = P, x P,41 is a standard parabolic subgroup of G and 7 = m, K 7,41 a
cuspidal automorphic representation of Mp(A) (with central character trivial on A¥). We have
decompositions

Mp, =Gpny X ... X Gy, Mp,,, =Gmy X ... X G,

and 7, m,+1 decompose accordingly as tensor products
Tp =T X Wy g, et =Ty X W,
We will say that x is H-generic if it satisfies the following condition:

(7.1.2.1) For every 1 < i < k and 1 < j < r, we have m, ; # Tp+1,; Or equivalently the Rankin-
Selberg L-function L(s, 7y, ; X Tp41,5) i entire.

7.1.3. Theorem 7.1.3.1. —

1. Let N > 0. There exists cy > 0 such that for f € Tn([G)), the expression defining Z}Z{S(s, )
converges absolutely for s € Hscy and the map s € Hscpy — ng(& f) is holomorphic and

bounded in vertical strips. Moreover, for every s € Hscy, [ — ng(s,f) is a continuous
functional on Tn([G]).

2. Assume that x € X(G) is a H-generic cuspidal datum. Then, for every f € T, ([G]), the
function s — ng (s, f) extends analytically to C. Moreover, for every s € C the linear form

f e T (G]) — Z}Z{S(s,f) s continuous.

7.1.4. Theorem 7.1.4.1. — Assume that x € X(G) is a H-generic cuspidal datum. The

71



restriction of the linear form

Py feS(C]) - /[H] F(R)dh

to Sy ([G]) extends by continuity to Ty ([G]) and for every f € Ty ([G)), we have

(7.1.4.2) Py (f) = Z,5(0, f)-

7.2 Proof of Theorem [7.1.3.71.2

Part 1. of Theorem [T.T.31] will be established in Section [7.4l Here, we give the proof of part
2. Let f € §([G]) and (Mp, ) be a cuspidal datum representating x as in Section [[Il We set
Gn(A Gny1(A * *

II,, = IPH((A)) (mn,n) and Iy, = IPH:II((A)) (Tny1,0) for every u € ap ¢ and v € ap,.,c- For
A= (p,v) € apc, we also set Il = Il ;, M 1L, and f\ = fo, (following the notation from
Section 2.9.7). Then, by Theorem 2.9.7.T] and the first part of Theorem [[.T.3T] for R(s) > 1 we

have

(7.2.0.1) ng(s,f):/* Z33(s, fr)dA.

Set fx(g) = fr(tg™1) for every A € ia} and g € G(A). We will now check that the functions
(7.2.0.2) (5,A) € Cx iap — Z5(s, fr) and (s,\) € C x iap > Z55,(s, fx)

satisfy the conditions of Corollary [A.0.10.11
For S a sufficiently large finite set of places of F', that we assume to contain Archimedean
places as well as the places where 7 or ¢ are ramified, we have, for every A € ia}, a decomposition

Wi, = Wy sWy

where Wy.g € Wl 5,1s) and WS € W(IIY, 5)K” is such that W(1) = 1. By the unrami-
fied computation of local Rankin-Selberg integrals [JS81al (3),p.781], [Cog08, Theorem 3.3] and

2334)), we have

1 ZB5(s, W)
7.2.0.3 ZRS — (A5 L(s 4 = T )= A2
( ) P (s, fx) = ( H) (s 9’ A)Ls(s %71-[)\)

for R(s) > 1 where we have set L(s,II) = L(s,II,, , x IT,,11,) and

285 (5, Wh.s) = / W5 (hs)\det hs[dhs
Nu(Fs)\H(Fs)

whenever A = (u,v) € ia%. By [JPSS83], [Cog08, Theorem 4.1] and the condition that y is H-
generic (see (CI.21])), the Rankin-Selberg L-function L(s,II,) is entire and bounded in vertical

RS
strips. On the other hand, by [JPSS83, Theorem 2.7] and [Jac09, Theorem 2.1], s — %
.y

has a holomorphic continuation to C which is of order at most 1 in vertical strips and satisfies the
functional equation

ZBS (s, Wy g 1 ZBS(s, W
(7.2.0.4) % =e(s+ —,HA)M
L5(§ —S,H;\/) 2 L5(8+§,H>\)
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where W;HS(QS) = Wi s(w'gg") and €(s, 1)) denotes the global epsilon factor of the Rankin-
Selberg L-function L(s,II,). Therefore, by ((2Z03) and the functional equation of the Rankin-
Selberg L-function L(s,IIy), we deduce that, for every A € ia}, the function s — Zﬁs(s, fx) has
a holomorphic continuation to C which is of order at most 1 in vertical strips and satisfies the
functional equation

(7.2.0.5) Z83(s, fr) = Z83. (=5, fx).

By the first part of Theorem [.1.3.1] Theorem 2.9.7.1] and Lemma [A.0.8.1] this shows that the
functions in (T.2.0.2) satisfy the assumptions of Corollary [A.0.T0.0l Therefore, the map s

()\ €iap — ZSS (s, fA)) induces a holomorphic function C — S(ia}) which is of finite order in

vertical strips. By (ZZZ.0)) and (ZZ2.0.3)), this implies that s — ZSS (s, f) extends to a holomorphic
function on C of finite order in vertical strips satisfying the functional equation

(7.2.0.6) Z33 (=5, 1) = 2§5(s, f)

where f(g) = f(‘g™'). Asfor N > 0, the closure of S, ([G]) in Tar,([G]) contains Tx  ([G]) for M
sufficiently large (see (Z9.4.7)), Theorem [[.T.3112 now follows from part 1. and Corollary[A.0.10.2
(applied to the closure of S, ([G]) in T,y ([G))).

7.3 Proof of Theorem [T.1.4.7]

By Theorem [.1.3.112, and since S, ([G]) is dense in 7, ([G]) (see 2.9.4.7)), it suffices to check that
identity (TI.4.2) is valid for every f € S, ([G]). Therefore, let f € S, ([G]). For 1 < r < n, we let
N, and N, 1 be the unipotent radicals of the standard parabolic subgroups of G,, and G, 1
with Levi components G, x (G1)"~" and G, x (G1)"*17" respectively. Set N& = N,.,, X Ny 11
and NTH = NTG NH = N,,. For every 1 <r < n, define

fngw(9) = /[ . flug)pn(u)~ du, g€ G(A).
N’I‘
Whenever the expression below converges absolutely, for every 1 < r < n and s € C we set
2856s.0) = [ P (W]det dh.
Pr(F)NI(A\H(A)

The proof of the next lemma will be given in Section [7.4

Lemma 7.3.0.1. — For every 1 < r < n, there exists ¢, > 0 such that the expression defining
ZBS(s, f) converges absolutely for s € H...

To uniformize notation, for every s € C we also set
Z35. (s, f) = /[H] f(h)|det h|5;dh.

Note that the above expression is absolutely convergent and defines an entire function of s € C
satisfying Py (f) = Z521(0, f). On the other hand, we have Z{S(s, f) = ng(s,f). Hence,
identity (C.I.4.2]) is a consequence of the following proposition.

Proposition 7.3.0.2. — For every 1 < r < n, we have

(7.3.0.1) 250 (s, ) = 25(s, )

for R(s) > 1.

Proof. — Let 1<r<n—-1 AsP. 1 =G, U, and N, = UpNp41p, for s € Hs,, we have

(7.3.0.2) 26 = [ /
G (F)NH(A\H(A) J[UH

r+1

Ine (uh)du|det h|5dh
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where we have set Uﬁ_l = U,41 viewed as a subgroup of H = G,, (as always via the embedding
in “the upper-left corner”). Similarly, we set UEH = Uy4+1 X U417 viewed as a subgroup of G. By
Fourier inversion on the compact abelian group US, | (F)U, (A)\US (A), we have

1303 [ e elbdui= S (g, wug,w() + (v, e, 0)
[Ur34] YEP(F\G.(F)
for every h € H(A), where we have set

(Fne, wus, o(h) = /[UG ) ) = P o 0,

r+1

(e e, () = [

U]
By (310.2) and (Z3.0.3]), we obtain
(7.3.0.4) Zi31 (s, ) = 2,5 (s, f) + Fo(s)

fN§+l,1/J(Uh)du'

for every s € C such that R(s) > max(c,, ¢,11) where we have set

Fr(s):/ (fyve o)ue (R)|det h|5dh.
Gr(F)NH (A)\H(A) N U r

By a similar argument, (T3.0.4) still holds when n = r if we set
B = [ Sug, (ldethipn

with UnGJrl =1x Up41 and

fus, (h) = /[UG Sumdn

From (L.3.0.4), we are reduced to showing that F.(s) = 0 identically for every 1 < r < n and R(s)
sufficiently large. To uniformize notation, we set f NG = f. Let P, be the standard parabolic

subgroup of G' with Levi component L, = (G, x G,,—,) X (G X Gpy1-,) and set P71 = P.N H.
Then, we readily check that

(fN§+1’w)U§+l(h) = ~/[N I[N ]fPT (((Ir u) ) (Ir U/)) h) ¢n(u)_1¢n+1(u’)_1du’du

for every h € H(A) and 1 < 7 < n. Therefore, by the Iwasawa decomposition H(A) = PH(A)K,,
we have

h h
N e
K IG5 N (WG (8) S [N )X [N 1] uhy—r u'h—r

-1
Y (1) " g (u) ! dudn (hr . > \det h, |5 det Aoy |5 dhn—pdhdE.

By a painless calculation, left to the reader, we have

-1 —14anr(s)

where «,(s) = 4n2_szr1+2_ Let x© be the inverse image of x in X(L,). By Corollary 29.6.2, for

R(ar(s)) > 0and every k € K, the function fp, s := 5;T%+QT(S)R(k)pr |iz,) belongs to C, r ([L]).
On the other hand, as L, = G, X G X G, X Gp11—y, by (2235.9) we have the decomposition

Cyr([Lr]) = @ Cx, ([Gr x GT])®CX2([G77«*T X Gpi1-r))

(Xl )XQ)EX(G?-) X}:(anTXGn+lfr)’_’X
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and the above equality can be rewritten as

(7.3.0.5) F(s) = /K (Pea®ZR5 (s + 2ran(s))) (fp, k.s)dk

n

where Pga denotes the period integral over the diagonal subgroup of G, x G, and ZBS (s) stands
for the continuous linear form

fl (S C([anr X GnJrlfT]) — Zw( 1)’”( f/)

Since x is H-generic, by (TL2.1) any preimage (x1,x2) € X(G?) X X(Gp—r X Gpi1—r) of x with
x1 = (X1, x1) € X(Gr)? we have x # (x})". Hence, by definition of Cy, (|G x G,]), Pga vanishes
identically on Cy, ([Gr x G,]). This implies that F,(s) = 0 whenever R(s) > 1 and this ends the
proof of the proposition. O

7.4 Convergence of Zeta integrals

Proof. — (of Lemma [.3.0.1) The argument is very similar to the proof of Lemma [6.4.0.1]
so we only sketch it. Let 1 < r < n and Q¢ be the standard parabolic subgroup of G with
Levi component (G, x (G1)"™") x (G, x (G1)"*177) so that N is the unipotent radical of Q¢.
Set Q7 = QY N H. By the Iwasawa decomposition H(A) = QH(A)K,,, we need to show the
convergence of

(7.4.0.1) /
Ko X Py (F)\Gy (A) X Ty (A)

for R(s) > 1. We apply Lemma 26111 to ¢p = ¢’ and

—1
(R(K) ) e (h t>‘|deth|SE|dett|sE6Q§ (h t) dtdhdk

0:NY = Gy,

n—1 n
(u,u') = Trg/p ((—1)”7 Z Uiyit1 + (_1)n+17—zu;,i+l> :

It is easy to see that there exists Ny > 0 such that

n—r

(7.4.0.2) leohllag T Itiller < IIAQ" < t) U ocye ay (hrt) € Gr(A) X T p(A).

=1

Therefore, from (Z40.2) and Lemma 26111 there exists ¢ > 0 such that for every Ny, Ny > 0,
([C4.0T]) is essentially bounded by

7CN2 —1
- h s s
/ IRl lleshll ||||t||AN6Qc( t) 5@@( t) [det Al |det ¢ dtdh.
Pr(F)\Gr(A)XTh_r(A)

Now, the convergence of the above expression for $(s) > 1, Ny >, 1 and N; > n, 1 can be
shown as in the end of the proof of Lemma B.4.0.1] using Lemma 2.6.2.11 O

Proof. — (of Theorem [.T3111) Applying Lemma 6. T.T12 in a similar way, we are reduced to
showing the existence of ¢y > 0 such that for every C' > cy there exists N’ > 0 satisfyng that the
integral

[ T2 15 0, 0 e

converges in the range s € H]cn,c[ unlformly on any compact subsets. This is exactly what was
established in the proof of Theorem [6.2.5.T11 (up to replacing the base field F by E). O
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8 Contributions of certain cuspidal data to the Jacquet-Rallis
trace formula: second proof

In this chapter, we adopt the set of notation introduced in Chapter Bl In particular, n > 1 is a
positive integer, G = Gy, X Gpy1, G' = G}, x G}, H = G, with its diagonal embedding in G,
K = K, x K1 and K’ = K|, x K], are the standard maximal compact subgroups of G(A)
and G'(A) respectively and n¢g : [G'] — {£1} is the automorphic character defined in §8T.81 We
will also use notation from Chapters[@land[@ N = N,, x Npy1 and Ny = N,, are the standard
maximal unipotent subgroups of G and H, ¥y = ¥,, K1, 41 is a generic character of [N] (where
thy, and 1)y, are defined as in §6.1.2)). We also set P = Pp, x Py41 (resp. P/ =P), x P}, ;) where
Py, and P41 (resp. P}, and P}, ) stand for the mirablic subgroups of G, and Gy (resp. of
G, and G, ), T = T, x T, 41 for the standard maximal torus of G and N’ = N, x N}, for the
standard maximal unipotent subgroup of G'. Finally, as in §7.1.11 for every f € T([G]) we set

Wi(g) = /[N] flug)yn(u)~tdu, g€ G(A).

8.1 Main result

8.1.1. Let x € X*(G) be a x-generic cuspidal datum (see §5.1.3)) represented by a pair (Mp, ).
We set IT = Igég)) (7). We have decompositions P = P, X P, 1, 7 = 7, K m,41 and II = 11, KII,, 4 ¢
where: P,, P,y1 are standard parabolic subgroups of G,,, G, 11 respectively with standard Levi

components of the form
Mp, =Gpn, X ... X Gp,, Mp,,, =Gy X ... x Gy,

7, and 7,1 are cuspidal automorphic representations of Mp, (A), Mp,, (A) decomposing into
tensor products
T =Tpa X . Wy g, et =T X Mg,

. _ 7GL(A) _ 1Gnt1(A) . %
respectively and we have set II,, = IPH(A) (), Upy1 = IPn+1(A) (Tpt1). We write x, € X*(G,,)
and xp4+1 € X*(Grnq1) for the cuspidal data determined by the pairs (Mp,,7,) and (Mp, |, Tn41)
respectively.

The representation II is generic and we denote by W(II ¢n) its Whittaker model with respect
to the character ¢¥n. Also, for every ¢ € Il we define

W(g) = Wage(9) = /[N] E(ug, 6w (u) " 'du, g€ G(A).

Note that Wy, € W(II, ¢ ).

8.1.2. We now define two continuous linear forms A and 3, as well as a continuous invariant

scalar product (., .)wnitt on W(II, ¥n). Let W € W(IL, ¢n).
e By [JPSS83] [Jac09], the Zeta integral (already encountered in Chapter [7])
ZRS(s, W) = / W (h)|det A3 dh.
Nu (A)\H(A)

converges for R(s) > 0 and extends to a meromorphic function on C with no pole at s = 0.
We set
AXW) = ZB(0,w).

e For S a sufficiently large finite set of places of F', we put

By (W) = (AS7) "1 LS* (1,11, Asg) / W (ps)nc (ps)dps
N'(Fs)\'P'(Fs)

where we have set L(s, 11, Asg) = L(s, I, As(il)n+1)L(S,Hn+17AS(71)n)_
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e Similarly, for S a sufficiently large finite set of places of F', we put
W W)wis = (AF) 1251, 1, A0) [ W (ps) Pdps
N(Fs)\P(Fs)
where we have set L(s,II, Ad) = L(s,II, x IL}))L(s, ;41 x LY ;).

That the above expressions converge and are independent of S as soon as it is chosen sufficiently
large (depending on the level of W) follow from [F1i88| and [JS81b]. Moreover, the inner form
(., Ywhits 18 G(A)-invariant by [Ber84] and [Bar03].

The next result follows from works of Jacquet-Shalika [JS81Db], Shahidi [Sha81] and Lapid-Offen
[FLO12, Appendix A]. For completness, we explain the deduction (see §£77.2 for our normalization
of the Petersson inner product).

Theorem 8.1.2.1. —[Jacquet-Shalika, Shahidi, Lapid-Offen] We have

(b, d)pet = (W, W) whitt
for every ¢ € I1.

Proof. — Let ¢ € II. By the Iwasawa decomposition, for a suitable Haar measure on K we have

(}, D) et —/K/[M | |p(mk)[26p(m) " dmdk.
Set N = NN Mp and

onenlo) = [ olugn N g€ G(A)

Let PP be the product of mirabolic groups Hle Pr; % H;Zl Pm;. It is a subgroup of Mp.
According to Jacquet-Shalika [JS81D, §4] (see also [FLO12, p.265] or [Zhalda, Proposition 3.1E),
for S a sufficiently large finite set of places of F' we have

(8.1.2.1)

T

k
/[M | |p(mk)|?6p(m) " dm :(Aif;)_l HResszl L5(s, i X ) H Resg—1 L7 (s, Tpy1,5 ¥ Toi1s)
Plo

i=1 j=1

x / (bxr s (psh)| 250 (ps)dps
NP(Fs)\PF(Fs)

for every k € K. On the other hand, by [FLO12, Proposition A.2] we have
(8.1.2.2)

/ / (6 (psk) 25 (ps) " dpsdk
K NP(FS)\PP(FS)

_ VOlg(AS)(KS) / /
volar, (as) (K N Mp(A®)) Jp(rona(rs) JNe(Fs PP (Fs)

= (Ag’*)_lAi’[’;/ (Ws(ps, dnr )| *dps.
N(Fs)\P(Fs)

|onr 4 (psgs)|*dp(ps) ' dpsdgs

where Wy : Ig((gss)) W(rs,¥n,s)) = W(lls,¥n,s) stands for the Jacquet functional, defined as
the value at s = 0 of the holomorphic continuation of

WS (g5, ¢) = / o (wSusgs)op (wEusgs) b (us) "dus, R(s)> 1
(w§)~INP(Fs)wE\N(Fs)

5Note that our normalization of the Petterson inner product if different from loc. cit.
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for gs € G(Fs) and ¢’ € Ig((gss)) W(rs,¥n,s)) where wg = wPw® with w? (resp. w®) the
permutation matrix representing the longest element in the Weyl group of T in Mp (resp. in G).
Finally, by [Sha81l Sect. 4], we have

(8.1.2.3) WS pnry)= ] L¥mixmy) JI L5 miri x ml )W

1<i<j<k 1<i<j<r

(Note that, as x is generic, the Rankin-Selberg L-functions L(s, 7 ; X7y ;) and L(s, Tn41, X7y 11 ;)
are all regular at s = 1.) As, for every s € R,

k T
LS(S,H x 1Y) :HLS(S,WM- X w,\{z) X H LS(SJQH_LJ‘ X WXHJ-)
i=1 j=1
2 2
X H L5(s, mpi % )| X H L(s, Tpy1 X Tos1)|
1<i<j<k 1<i<j<r
we deduce from BI2T), BI122) and (8I.23]) the identity of the Theorem. O

8.1.3. Relative characters. — Let Bp be a K-basis of IT as in §2.831 We define the relative
character Ity of I as the following functional on S(G(A)):

_ AR(S)Ws) (W)
In(f) = Z <W¢7W¢>Whitt¢ )

f e S(G(A)),
PEBP,~

where the series converges, and does not depend on the choice of Bp -, by Proposition 28411
8.1.4. For every f € S(G(A)), we set

K. (9) :/[ ]Kf,x(hvg)dh and K?,X(g)=/[G]Kf,x(g,g’)ncf(g’)dg', g € [G],
H !

where the above expressions are absolutely convergent by Lemma 2.9.8113.
Recall that the notion of relevant #-generic cuspidal datum has been defined in §5.T.3]and that
we have defined for any x € X a distribution I,, (see Theorem B.2Z.4.T)).

Theorem 8.1.4.1. — Let f € S(G(A)) and x € X*(G). Then,

1. If x is not relevant, we have K?yx(g) =0 for every g € [G] and moreover
L(f)=0.

2. If x is relevant, we have

L(f) = - K} (g e (g')dg'

where the right-hand side converges absolutely and moreover

L(f) =27 A I (f).

The rest of this chapter is devoted to the proof of Theorem RI.4.1l Until the end, we fix a
function f € S, (G(A)).
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8.2 Proof of Theorem [8.1.4.7]

8.2.1. We fix a character ng of [G] whose restriction to [G'] is equal to g (such a character
exists as the idéle class group of F is a closed subgroup of the idéle class group of F) and we
set X =g ® x¥ € X*(G). We can write X as (Xn, Xn+1) Where Xx € X*(Gy) for k = n,n + 1.
For every g € [G], we denote by Ky, (g,.) the function ng Ky (g,.). By Lemma ZI8I2 and
@3959), we have

(8.2.1.1) Kfx(g,-) € Sx([G)) = S, ([Gn)) BS54, ([Grs1])
for all g € [G]. Moreover, with the notation of Theorem [.2.6.1] we have
(8.2.1.2) K3} ,(9) = Pa,@Par,_ (Kpx(g,.).

8.2.2. The non-relevant case Assume that x is not relevant. By definition of a relevant
cuspidal data (see §5.1.3)), at least one of X, Xn+1 is not distinguished (see §6.2.3] for the definition
of distinguished). Hence, by Theorem [E.2Z5.1] and Theorem B.2.6.1] Pg; vanishes identically on

83, ([G]) for k = n or k = n+ 1. Thus, by 82ZII) and 82.I2), the function K7  vanishes
identically. By Theorem B.3.71] applied to the expression (3.3.5.5)), this implies I, (f) = 0. This
proves part 1. of Theorem BI1.4.11

8.2.3. Regularized Rankin-Selberg period and convergence From now on, we assume that
x is relevant. By Lemma 298112, for every g € [G] the function Ky (., g) belongs to Sy ([G]).
Since  is relevant, it is H-generic in the sense of §7.1.2] (this follows from the dichotomy of §4L.T.2]).
Therefore, by Theorem [.T. 4.1l Py extends to a continuous linear form on 7, ([G]) that we shall
denote by Pj;. By definition of this extension and of the linear form X (see §81.7)), for every ¢ € II
we have

(8.2.3.3) P5(E(9)) = M(Wy).
By Lemma 298713 there exists N > 0 such that the function
g €G] = Kpx(.9) € Tn(G])
is absolutely integrable. As
Kj\(9) = Pu(Kpx(..9) = Pa(Kpx(.9),

combined with Theorem B.3.7.1] applied to the expression ([B.3.5.0]), this shows at once that the
expression

[, Kl g

converges absolutely, is equal to I, (f) and that

(8.2.3.4) L(f) = Py (/[Gq Krx(9)man (g’)dg’> = P (K7 ).

8.2.4. Spectral expression of K%X Set II = IV ® ng. We may write II as a tensor product
I, X 11,41 and we let

B = Bn®Bns1 : WL Yn) = WL, ) EW(IL, 41, hny1) — C

be the (completed) tensor product of the linear forms f,,, B,+1 defined in §6.24 Fix g € [G] and
set £, = Ky (g,.). Since x is relevant, X, and X,+1 are both distinguished. Note that the linear

map ~
f e S([G]) = Wy = Wr, € W(ILYw)
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is the (completed) tensor product of the continuous linear maps f € S([Gy]) — W 7, € W(ILk, ¥r)
for k = n,n + 1 (as can be checked directly on pure tensors). Therefore, by (821.1), (R21.2),
Theorem [6.2.5.1] and Theorem [6.2.6.1] we have

(8.2.4.5) K} (g) =27 ™A g, ).
Let Bpr be a K-basis IT as in §2.83 Then, we have f 5 = Z (£5,1cE(9))(cinc E(¢) where

9,
PEBP,~
the sum converges absolutely in 7Ty ([G]) for some N > 0. Hence,

We = Z (f5, 16 E(9))ic1ncWe
PEBP,~

in W(IL,9n). On the other hand, we easily check that 8(ncWy) = 3,(W,) and

(fg,1cE(d))ic) = (Kjx(9:.), E(0))ic) = E(R(f)¢)(9)
for every ¢ € Bp . Therefore, by (82:4.5]), we obtain

(8.2.4.6) K3 (g) =274 N B(R(£)6)(9)By (Wa)-
$EBP x

Note that by Proposition ZZ84T] the series above is actually absolutely convergent in Ty ([G]) for
some N > 0 (and not just pointwise).

8.2.5. End of the proof By (82.3.4), (82.3.3) and (8.2.4.6]), we obtain

L(f) =27 9mAR) N N(R(F)Wy) By (We).

PEBP

Using Theorem B T.2.T and since Bp  is an orthonormal basis of II, this can be rewritten as
— di AMRHW)By(Ws) _ —ai
I —92 dim(Ap) n —92 dlm(AP)I
) Z (W, Wa)whitt n(f)

¢EBP,W

and this ends the proof of Theorem B.1.4.1] in the relevant case.
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9 Flicker-Rallis functional computation

The goal of this chapter is to prove Theorem of the introduction that states that two
natural functionals are equal. This is established in Theorem The bulk of the work is in
proving its local avatar. The case of of split algebra E/F amounts to comparing scalar products
which was done in Appendix A of [FLO12|, which is an inspiration for this chapter.

9.1 Local comparison

9.1.1. Let E/F be an ctale quadratic algebra over a local field F. Let Trg/p : £ — F be the
trace map. As in Paragraph [6.1.2] let ¢’ : F — C* be a non-trivial additive character, 7 € E*
an element of trace 0 and we set ¢ : E — C* to be ¢(x) = ¢'(Tr(rx)). We use ¢’ and ¢ to
define autodual Haar measures on F' and E respectively. The duality F' x E/F — C* given by
(z,y) — YP(zy) defines a unique Haar measure on F/F dual to the one on F. This measure on
E/F coincides with the quotient measure.

9.1.2. We employ the convention of Section 2-3.1] to define Haar measures (with 1) denoted here
as ¢'). Let k = E or F. We define the following measures on GL, (k) and its subgroups

e On GL, (k) we set
dIij

d =
* 7 Tdetalp

where z = (z;5).

e On standard Levi subgroups of GL,, (k) we set the product measure using the measure defined
above.

e On (semi) standard unipotent subgroups N (k) C GL,, (k) we set the additive measure dn;;
where n;; run through coordinates of V.

e If P(k) is a standard Levi subgroup of GL,(k) with the standard Levi decomposition
N (k)M (k) we have the right-invariant measure dp := dndm on P(k) and the left invari-

ant measure 5l§k1dp where dp, : P(k) — RZ is the Jacobian homomorphism for the adjoint
action of P(k) on N (k).

With this normalization, we have for all f € C$°(GL, (k))

/ fdg:/ L f(pn)dp, (p)~" dpdn.
GL, (k) P(k) JN (k)

where N is the unipotent radical of the opposite parabolic to P.

9.1.3. We will use the notation introduced in Section [ with some changes. All groups considered
in this section are subgroups of G,, = Resg/r GL,. We write simply G for Gy, Py for the fixed
minimal parabolic subgroup of G and Ny for its unipotent radical. In order to be as compatible
with Appendix A of [FLO12| as possible, instead of G’ = GL,, (defined over F') we write Gp = GL,,
and for any subgroup H of G we write Hp for H N Gr. We will often identify a group with its F'
points in this section.

9.1.4. We define the character ¢ : Ng — C* as follows. Write n € Ny as

1 ni2 N1z ... Nin
0 1 No23 ... Naon
n=10 " . . ngy , nij €EE
0 1 Np—1n
0 0 0 1
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and set (n) = ¥((—1)"(n12 + na3 + -+ + Np—1,)). This is the same character as the one from
B.1.201 By restriction, ¥ defines a character of Ng N M for all standard Levi subgroups M.

9.1.5. We denote by P = P,, the mirabolic subgroup of G defined as the stabilizer of the row
vector (O ... 0 1).

Define the following functional on C*(No\P,¢) = {f € C®(P) | f(nx) = ¥(n)f(x), n €
Ny, x € ,P}

B(¢) = fale) = / o(p) dp.

No,r\Pr
Note that the integral is well defined as 7 is trivial on Ny p. In the same way, we define 5y for
all standard Levi subgroups M of G.

9.1.6. Let II;,(G) be the set of irreducible generic complex representations of G = GL,(E).
Let W(mr) = W¥(r) be the space of the Whittaker model of 7 € I, (G) with respect to the
character 9. Let 67 = d, : W(m) — C be the evaluation at g € G. The group G acts on W(r) by
right multiplication.

Fix P = MN € FE(P). Let wys be the element in the Weyl group of G such that wy Mw),
is a standard Levi and the longest for this property. Let P* = N*M™ € F%(P,) be the group
whose Levi component is MY = wy M w;j.

For o € Tye, (M) let IndG(W(o)) be the normalized (smooth) induction to G, from W(a),

seen as a representation of P via the natural map P — M. For ¢ € Ind3(W(0)) let

Wi(g,¢) = o 07 (p(wyy u'g))y ™" (u') du.

This is the so called Jacquet’s integral. We have then that W.(¢) := W(e, ¢) is a Whittaker
functional on Ind%(W(o)).

9.1.7. For 0 € My, (M) and ¢ € IndG(W(0)) let

B(p) = /P . Buelo)ds.

Theorem 9.1.7.1. — Let o € I ., (M). Suppose o is unitary. We have then
B'(¢) = Ba(W ().

Proof. — We follow very closely Appendix A of [FLO12].
We reduce the proof to the case P is maximal. Let Q = LV D P be maximal and suppose the
assertion holds for M = Mp. Then

g = [ suelonds= [ [ 55l @ lelag) dads.
Pr\GFr QrF\Gr J PF\QF
The inner integral on the RHS by induction hypothesis equals

BL(g- W (¢)).

If we let ¢'(g) = . WE(p) € W(Indfp(W(0))) then ¢’ € Indg(W(Indf~p(W(c)))) and so by
assumption and transitivity of Jacquet’s integral we obtain

/ Br(9.-WE(9)) dg = B (W ().
Qr\GFr

Assume then that P = MN is maximal of type (n1,n3). In [FLO12|, the authors use U
instead of N. We will consequently use N in place of U here. Write M = M; x My with
M; = Resg,r GLp,, M being in the upper and My in the lower diagonal.
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Let
1 0 I,
w=w, = L, 0)

Let P’ = M'N’ be of type (n2,n1) so that M’ = Mj x Mj with M] = Resg/p GLy,, M being in
the upper and Mj in the lower diagonal. Let P/ be the mirabolic subgroup of M/. Let N/ be the
maximal upper triangular unipotent of M/, similarly without . Note that P; = wP/w ™! etc.

We identify N’ with the group of ns x ny matrices. Let

C; = {I, + £ | € column vector of size ng in the i-th column} C N, i=mna+1,...,n.

Let
R; = {I, + & | £ row vector of size ng in the i-th row} C N/, i=ns+1,...,n.

We can identify C; and R; with E™ which induces a pairing between C; and R;_; that we will
denote (-, ;.
We note some obvious facts

e The groups R; (resp. C;) commute with each other and are normalized by M} and Mj.
e The commutator set [C;, R;] is contained in N7 for j < i.
We define the following groups
1. X; =Cigq---Chp.
2. Yi=Rp,41- - Ri_1.
3. V; = N{X,Y;. This is a unipotent group.
4. V! = N{X;_1Y; D V;. This is a unipotent group.
5.

g _ {Mgvi, i > na,
'O PLNIN',  i=ny
6. S; = MyV/ for i > ny.
Note that
o S/ =C;S; for i >ng aswell as S} = R;_15,1 for i > na + 1.

e Let §; and d; be modular characters of S; and S} respectively. It follows that 0;|S; = | det |gd;
and 6/|S;_1 = |det |;'d;_; in the above range.

e We have §; = | det |77+ for i > ny.

Let 0 = 01 ® 02 be an irreducible representation of M, with ¢; € Ilge,,(GLy, (E)). We view o2
as a representation of M} as well. Let us define

A =Ind["W(o) @), i=mna+1,...,n.
A; = Ind}" o, i = na.

Here, 1; is the character of V; - the unipotent radical of .S; - whose restriction to X;Y; is trivial
and that coincides with ¢ on Nj.
Explicitly, for i > ny we have

6i(m)
| det m|

1/2
A, ={p:P = W(o2) | p(muvg) = ( ) ¥i(v)a(m)p(g), g€ P, me M), veV,.}
We also denote A7 the L2-induction version of the above as in [FLO12]. Note that
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o A; = Ind%, (Indg (W(o) ® 1)) for i > na.

o A =Ind% (Indg_ (W(0) ® $i-1))) for i > na + 1.
s,

o A, = Ind@lzﬂ(lnd%ﬁl V).

For any i > ng the restriction map to C; identifies IndS{(( W(o) ® 1/11)) with C’OO(CZ, W(o2))
because S;/S;—1 =
order. Similarly, restriction to R;_; identifies Ind C L (W(o)@vi-1)) Wlth C>®(Ri—1,W(02)). Let
us denote ¢ — @pg, , the restriction map and tp, the map in the reverse order.

Given that C; and R; are in duality we have a Fourier transform

]:z/ : L2(Oi, W(O'Q)) — L2(R1‘71, W(UQ))
where W(as) is the L? completion of W(o5).
Lemma 9.1.7.2. — Fori=mn,...,ns + 2, the above Fourier transform induces a map

B; : A2 = Ind§, (Indg (W(0) ® ))) — A2, = Ind5, (Indg,_ (W(0) ® ;)

induced from the equivalence Indgi((W(U) ® i) — Indgil((W(o) ® i—1)) given by ¢ —
tr, 1 (Fi(olc,)). It is an equivalence of unitary representations.

Similarly, we have the map

Frot1 Ind3">*! (W(0) @ Pnyy1)) — Ind > 4

Shn 2+1

given by

Fuypre(vm) = ()] det m[i >3 (xm)(m), m € Ms, v €V, = NIN'
where

X i Cogst 5 € xnle) = blmem ™), 500 = [ plOx(@)de

Chgt1

Lemma 9.1.7.3. — The above Fourier transform induces the equivalence of unitary representa-
tions

’Vl S:’L
Buyir s A,y =Mndf, | (Indg* " (W(0) @ 1)) — A2, = Indf, (Indyt).

712+1

Fori=mn,...,no+11let 8; : A; — C be the following functional
50 = [ Bulet) do
i, F\Pr

We also set B, = g on Ay, = Indﬁo 1.
Lemma 9.1.7.4. — Fori=mn,...,ns +2 and p € A; have

Bi(p) = Bi—1(Bi(p)).
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Proof. — By equivariance property of B; it is enough to show the equality between | o, p B (p(c)) dc
and fRi—l . By (Bi()(r)) dr. The duality (-, -); between C; and R;_; restricts to a duality between
C;/Ci.r and R;_1 p. We have thus

/Ri PaBle)lr))dr= /RHF B (/ ()i ((e,r)i)de) dr =

C;

B ( /R /C . ( /C el c>w<<c,r>z—>dc> dcdr> - /C B e de

O

Lemma 9.1.7.5. — For ¢ € A,,+1 we have
ﬁng—i—l(@) = ﬁnz (Bn2+1 (90))

Proof. — Again, it is enough to show the equality between [, e P (¢(c))dcand [y, \ay o Fnatl (p)(m) dm.
no+1, 2, \Ma p
We have

/ For()(m >dm:/
Ny p\M; 1 N3\ M.

/ / / / o(c+c)(pm)y(me™m™Y) | det m|r dpdede™dm =
P! F\ 4 712+1/C712+1 F 712+1 F 2 F\P

ng, MZ,F no,F
(p) dpdc = / Bagy(1(c)) de.
C712+1 F

/712+1 F / F\P
O

Let ¢ € IndG(W(0y ® 03)). For m € My, let 81, : W(0y, ® 05) — W(02) be the evaluation map
in the first variable. Define for p € P

©n(p) = 6.p(wp) € Ap.

. tmman el e dm =
Cryin

ng,F

We have then
/ 12(9) 22 miormony 49 = llgnl?,
P\G

We set ;-1 = Bi(p;) for i = n,...,na+ 1. As shown at the end of the Appendix A.3 of
[FLO12|, we have

(9.1.7.1) Pn, = W(p).

Lemma 9.1.7.6. — For ¢ € Ind$(W(o1 ® 02)), we have

ﬂl(@) = ﬂn(@n)
Proof. — Indeed

B(0) = / Brr(plg)) dg = / Bulplow)dg = | Bulptuw))du= [ Bulp(wn))du’ =
Pr\Gr Pr\Gr Np N

/ / Bty (G, (p(wrr'))) dmaydu’ = / / Bty (01 (p(mywu )61 * (ma) dimy du’ =
N4 JN1,p\P1,F Ni J N1, r\P1,F
[y fi o st etomta ity dmita = [ Sy 6L ptup)

Sn,F\PF
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O

Now combining the equality (@171 with Lemmas@.T.7.4 O.T. 7.5 [0.1.7.6l we obtain the desired
equality at least when computations in these Lemmas are justified. Taking ¢ € IndIGg(W(ol ® 02))
supported on the big cell PwP’ we can see that all integrals are absolutely convergent. By
multiplicity (at most) one [FIi91, [AG09], the Theorem follows. O

9.2 Global comparison
9.2.1. We go back to the global setting and notation introduced in §3.11

9.2.2. We normalize all local and global measures as in §2.3] with respect to a fixed character
'+ F\A — C*. We have the quadratic character n : F*\A* — C* associated to F/F and the
associated character ng: of G'(A) as defined in Paragraph BT.8

9.2.3. As in §6.T.2] we also fix a non-trivial additive character ¢ : E\Agp — C*, trivial on A
which is then used to define a non-degenerate character ¥ of the maximal unipotent subgroup
of G(A) as in the beginning of

9.2.4. Let x € X*(G) (c.f. §613) and let (M, w) represent x. Set IT = Indg(A) (A)(m).
9.2.5. The comparison —

Theorem 9.2.5.1. — For all ¢ € Il we have

In(9) = Byn(Ws)
where
o J, is defined in[L1.21];
e 3, is defined in[8 L2
o Wy, € WL Yn) is defined in (8Tl

Proof. — The proof is essentially the same as of Theorem B.I.2.1l The only difference is that
the natural analogue of [8I.21]) is provided by Proposition 3.2 of and the analogue of
BI22) is established invoking Theorem O

Corollary 9.2.5.2. — We have the equality of distributions on S(G(A))
Ipn = I
where
1. Ip, is defined in §5.1.01
2. Iy is defined in §8.1.3

Proof. — Looking at definitions of Ip, and I, taking into consideration Theorem BIT.21] and
Theorem [0.2.5.1] above, we see that we need to establish for all ¢ € 11

AWy) = 1(,0)

where A = Z79(0, ) is defined in §8.1.2 and I(¢,0) is given by Proposition [F.TZ1l This equality
is precisely Theorem 1.1 of [IYT5]. O
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10 Proofs of the Gan-Gross-Prasad and Ichino-Ikeda conjec-
tures

10.1 Identities among some global relative characters

10.1.1. Besides notation of Chapters Bl and Bl we shall use notation of Section [l We fix an
integer n > 1 and we will omit the subscript n: we will write H for H,,.

10.1.2. Relative characters for unitary groups. — Let h € H be a Hermitian form. Let o
be an irreducible cuspidal automorphic subrepresentation of the group Uy. We define the relative
character J” by

TEE) =D Pu(r(£)e)Pulp), Vf € S(Un(A))

where ¢ runs over a Kj,-basis (see 2.8.3)) for some maximal compact subgroup K C Uy (A). The
period Pj, are those defined in For any subset Xy C X(Uj) of cuspidal data which do
not come from proper Levi subgroups (that is they are represented by pairs (U, 7) where 7 is a
cuspidal automorphic representation) we define more generally

(10.1.2.1) Te (N =Y I

XEXo O

where the inner sum is over the set of the constituents o of some decomposition of L? ([Uy]) (see
§2.9.2.7) into irreducible subrepresentations. One can show that the double sum is absolutely
convergent (see e.g. [Beul6, Proposition A.1.2]).

10.1.3. Let Vi o C So C VF be a finite set of places containing all the places that are ramified
in E. For every v € Vi, we set E, = E®p F, and when v ¢ Vg we denote by O, C E, its ring
of integers. Let H° C H be the (finite) subset of Hermitian spaces of rank n over E that admits
a selfdual O, -lattice for every v ¢ Sp.

For each h € H°, the group Uy is naturally defined over (9}970 and we fix a choice of such a
model. Since we are going to consider invariant distribution, this choice is irrelevant. We define the
open compact subgroups Kj = [[,¢g, Un(Oy) and K° = J[,¢q, G(Oy) respectively of Uy, (AS0)
and G(A%).

Let v ¢ So. We denote by S°(Un(F,)), resp. S°(G(F,)), the spherical Hecke algebrad of com-
plex functions on Up(F,) (resp. G(F),)) that are Up (O, )-bi-invariant (resp. G(O,)-bi-invariant)
and compactly supported.

We have the base change homomorphism

BChy : S°(G(F,)) — S°(Un(F)).

We denote by S°(Up(A%)), resp. S°(G(AS)), the restricted tensor product of S°(Uy(F,)), resp.
S°(G(F,)), for v ¢ Sp. We have also a global base change homomorphism given by BC}° =
®'L}¢S(}BC}L,’U'

We also denote by S°(G(A)) € S(G(A)) and S°(Ur(A)) C S(Up(A)), for h € H®, the subspaces
of functions that are respectively bi- K °-invariant and bi-K-invariant.

10.1.4. Transfer. — Let h € H°. We shall say that fs, € S(G(Fs,)) and f4 € S(U(Fs,))

are transfers if the functions fg, and fgo have matching regular orbital integrals in the sense of
Definition 4.4 of [BLZZ19]. The Haar measures on the Fg,-points of the involved groups are those

defined in §2.33

10.1.5. Let P be a standard parabolic subgroup of G and 7 be a cuspidal automorphic repre-
sentation of Mp. Let x € X(G) be the class of the pair (Mp, 7). We assume henceforth that x is
a generic relevant cuspidal datum in the sense of §5.1.3

6The product structure is given by the convolution where the Haar measure is normalized so that the charac-
teristic functions of Uy (O, ) and G(O,) are units.
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Set II = Indg(ﬂ') for the corresponding parabolically induced representation. The assumption
that x is generic and relevant means exactly that II is a Hermitian Arthur parameter (see §L.1.3)).
Moreover, we assume, as we may, that Sy has been chosen such that IT admits K °-fixed vectors.

Attached to these data, we have three distributions denoted by I, Ip, and Ir;. The first is
constructed as a contribution of the Jacquet-Rallis trace formula and it is defined in Theorem
B24Tl The second and third are relative characters built respectively in §5. 1.5 and §8T.31 The
bulk of the paper was devoted to the proof of the following identities (see Theorem (2T Theorem
BI41 and Corollary 0.2.5.2))

10.1.5.2 I, =2~ dim(ap)y, _ o—dim(ap)
X ,

10.1.6. Let S{ be the union of Sy \ Vi o and the set of all finite places of F' that are inert in E.
We define X! C X(U),) as the set of equivalence classes of pairs (Uy, o) where o a cuspidal
automorphic representation of Up(A) that satisfies the following conditions:

e 0 is Kj-unramified,;

o for all v ¢ S U Vg o the (split) base change of o, is II,.

Proposition 10.1.6.1. —
Let f € S°(G(A)) and f" € S°(Ux(A)) for every h € H°. Assume that the following properties
are satisfied for every h € H°:

1. f = (A A% fo, @ £ with fs, € S(G(Fs,)) and f% € S°(G(AS)).
2. 1= (A2 fL, @ f150 with fh € S(UA(Fs,)) and [0 € (U, (A5)).
3. The functions fs, and f& are transfers.

4o 1S = BCRe(f%)

5. The function f°° is a product of a smooth compactly supported function on the restricted
product HL%S() G(Fy) by the characteristic function of Hves[g\so G(O,).

Then we have:

(10.1.6.3) > J;[,} (fh) = 2~ dim(er) () = 2= dimer) 1y, ().
heHe

Remark 10.1.6.2. — If the assumptions hold for the set Sy, it also holds for any large enough
finite set containing Sy: this follows from the Jacquet-Rallis fundamental lemma (see [Yunll] and
[BP]) and the simple expression of the transfer at split places (see [Zhal4bl proposition 2.5]). We
leave it to the reader to keep track of the different choices of Haar measures in these references.

Proof.

The proof follows the same lines as the proof of [BLZZ19, Theorem 1.7]. For the convenience
of the reader, we recall the main steps.

In Theorem B2:4.T] we defined a distribution I on S(G(A)): this is the “Jacquet-Rallis trace
formula” for G. We have an analogous distribution J” on S(Uj,(A)) for each h € H: it is defined
in [Zyd20], théoréme 0.3] for compactly supported functions and extended to the Schwartz space in
[CZ], §1.1.3 and théoréme 15.2.3.1]. Note that, by the Jacquet-Rallis fundamental lemma [YunlI],
[BP], for every h € H \ H° there exists a place v € S} \ So such that the characteristic function
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1¢(0,) admits the zero function on Uy (F),) as a transfer. Therefore, by [CZ, théoréme 1.6.1.1],
the hypotheses of the proposition imply:

(10.1.6.4) ()= "> J"M).

heH®
We will denote by MS0(G(A)), resp. MS0(U,(A)), the algebra of Sj-multipliers defined in
[BLZZ19, definition 3.5] relatively to the subgroup vasg) G(0O,), resp. HU¢56 Un(Oy). Any

multiplier 1 € M50 (G(A)), resp. 1 € M (U, (A)), gives rise to a linear operator zu* of the algebra
S°(G(A)), resp. S°(Un(A)) and for every admissible irreducible representation 7 of G(A), resp.
of Ui (A), there exists a constant u(n) € C such that 7w(u* f) = p(m)w(f) for all f € S°(G(A)),
resp. f € 8°(Un(A)).

Let &1 be the infinitesimal character of II. By [BLZZ19, Theorem 4.12 (4)], for every h € H°
and (U, o) € X%, the base-change of the infinitesimal character of o is £7. However, the universal
enveloping algebras of the complexified Lie algebras of Uj, are all canonically identified for h € H
(since these are inner forms of each other) and base-change is injective at the level of infinitesimal
characters. As, by [GRSII], there exists at least one h € H° such that the set X} is nonempty (we
may even take for h any quasi-split Hermitian form unramified outside Sp), there exists a common
infinitesimal character ¢ of all (U, o) € X%, for h € H°, whose base-change is &17.

By the strong multiplicity one theorem of Ramakrishnan (see [Raml18|) and Theorem 3.17 of
[BLZZ19], one can find a multiplier 1 € M5 (G(A)) such that

Lopdl) =1
ii. For all x’ € X(G) such that x’' # x, we have
0 —
KM*.f7XI - O
where the kernel Kg* . 18 defined as in §2.9.8
By Theorem 3.6 and Theorem 4.12 (3) of [BLZZ19|, for every h € H° there exists a multiplier
pl € M5 (Uy(A)) such that

iii. p"(o) =1 for all (Uy,0) € X5,
iv. For all x' € X(Uy,) such that x’ ¢ X} and for all parabolic subgroups P of Uy, we have

Un —
KP}# *fh r O

where the left-hand side is the kernel of the operator given by the right convolution of u/ * f*

on LY([Un]p) (see @ILZI)).

Moreover, by [BLZZ19, Proposition 4.8, Lemma 4.10], we may choose u and p” such that the
functions g * f and p” = f, for h € H°, still satisfy the assumptions of the proposition. So,
in particular, from (I0.L6.4) applied to the functions p * f and (u” * f*)neno instead of f and

(f")nene, we get
(10.1.6.5) I f)y=Y_ J"u"s ).
heHe
Note that by conditions i. and iii. we have:
In(p= f)=In(f), Ip<(u* f) = Ip-(f) and Jgég(uh * fh) = Jgég(fh), for every h € H°.

Moreover, by ii. Theorem B3 7T applied to 33.32)) and (I0.T.5.2), we see that the left-hand side
of (I0LG.A) reduces to I, (u* f) = 27 4m@r) [y (5 f) = 27 dim@r) [ (1% f). On the other hand,
by iv. and the very definition of J” given in [Zyd20], the right-hand side of (I0.I1.6.5) reduces to

Z hﬂ*f Z hﬂ*fh

heHe heH°
Therefore, (INLT.6.5) gives precisely the identity of the proposition. a
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10.2 Proof of Theorem I.1.5.1]

10.2.1. LetII = IndIGg(w) be a Hermitian Arthur parameter of G. Note that by properties 1 and
2 of §I.T.3 the cuspidal datum x associated to the pair (Mp, ) is generic and relevant in the sense
of ¥.32] For h € H and o a cuspidal automorphic representation of Uy (A), it is readily seen that
the linear form 7P, is nonzero on o if and only if J” is not identically zero. On the other hand,
the linear form J, or f, is always nonzero (this follows either from the fact that y is relevant or
is an easy consequence of [GKT72|, [Jacl0, Proposition 5| and [Kem15|) whereas the linear form I,
from Proposition 5.4} or A, from §81.2 is nonzero if and only if L(1,1I) # 0 (as follows either
from the work of Ichino and Yamana, see [IY15, corollary 5.7], or of Jacquet, Piatetski-Shapiro
and Shalika [JPSS83|, [Jac04]). Therefore, we similarly deduce that the distribution Ip . or Ir is
non-zero if and only if L(3,1I) # 0.
As a consequence, Theorem [[LT.5.1l amounts to the equivalence between the two assertions:

(A) The distribution Ip . or Iy is non-zero.

(B) There exist h € H, f € S(Up(A)) and a cuspidal subrepresentation o of U, such that
BC(o) =TI and J2(f) # 0.

10.2.2. Proof of (A) = (B). — We choose the Sy of §I0.T. 3 such that Ir; is not identically zero
on f; € S°(G(A)). Then Assertion (B) above is a consequence of Proposition TO.TG.Tt it suffices
to take functions f and f” for h € H° satisfying the hypotheses of that theorem and such that
Ini(f) # 0. That it is possible is implied by a combination of a result of [Xuel9] and the existence
of p-adic transfer [Zhal4b).

10.2.3. Proof of (B) = (A). — We may choose the set Sy so that there exist hy € H°,
fio e 8°(Up,(A)) and a cuspidal representation o of Uj, such that for v € S (see §I0.1G)
BC(00,,) = I, and Jko( 20) 2 0. For any other h € H° we set f§ = 0. Up to enlarging Sp,
we may assume that the family (f),ecxo satisfies conditions 2. and 5. of Proposition [U.1.6.1l
Moreover, we have (see [Zhal4b, §2.5]) J2o(foo fi0) > 0 for every o € X1 and Jgg(fgo* a0y > 0.
In particular, the left hand side of (IILI.6.3) for the family (f* fl)nese is nonzero. Once again by
[Xuel9| and the existence of p-adic transfer [Zhal4b), this implies that we can find test functions
f € 8°(G(A)) and fh € S°(UL(A)), for h € H°, satisfying all the conditions of Proposition T L6.1]
and such that the left hand side of (IO.I.6:3) is still nonzero. The conclusion of this proposition
immediately gives Assertion (A).

10.3 Proof of Theorem [I.1.6.1]

10.3.1. Let h € H and o be a cuspidal automorphic representation of Uy, (A) which is tempered
everywhere. By [Mok15)], [KMSW]|, o admits a weak base-change II to G. Moreover, by these
references II is also a strong base-change of o: for every place v of F', the local base-change of
o, (defined in [Mok15] and [KMSW]) coincides with II,. In particular, it follows that IT is also
tempered everywhere.

We choose a finite set of places Sy as in §I0.T.3]such that h € H° and o as well as the additive
character 1)’ used to normalize local Haar measures in Section are unramified outside of Sj.

For each place v of F, we define a distribution J,, on S(Ux(F,)) by

o8l = [ Tracelou(halon (D), S1 € SWAE))

where

Ov "= h v)00(Gv)dgy
= [ filaeteds

and the Haar measures are the one defined in §2:331 Moreover by [Harl4], and since the repre-
sentations o, are all tempered, the expression defining J,, is absolutely convergent and for every

90



v ¢ Sy we have

L(%,11,)
2 )

Ja’u (]'Uh(ov)> AU’ »L;L(l QO'»U,Ad)

10.3.2. By [Zhalda, Lemma 1.7] and our choice of local Haar measures, Theorem [[LT.6.1] is
equivalent to the following assertion: for all factorizable test function f* € S(Up,(A)) of the form

fh (ASO) HUESO fil)I X Hv¢S0 ]‘Uh(ou)7 we have
L% (3,10)
h 1 2
(10.3.2.1) T =150 T o v 6| S| Jou (1.

10.3.3. For every place v of I, we define a local relative character Ir;, on G(F,) by

Ao (I (f0) W) By o (W)
Z <W’U7 Wv>Whitt,v

IHv(fv): ) fveS(G(Fv))a

Wu EW(HW71/}N,U)

where the sum runs over a K,-basis of the Whittaker model W(II,, ¥n ) (in the sense of §2.83))
and Ay, B0, (-, .)Whitt,» are local analogs of the forms introduced in §81.2] given by

)\’U(W’U) :/ Wv(hv)dhva Bn,v(Wv) :/ Wv(pv)nG’,v(pv)dpvu
NH(FW)\H(FW) N/(Fv)\P/(Fv)
and <WU7WU>Whitt,'u = / |Wv(pv)|2dpv'
N(F)\P(Fy)

Note that the above expressions, and in particular A,(W,), are all absolutely convergent due to
the fact that II, is tempered (see [JPSS83, Proposition 8.4]). The above definition also implicitely
depends on the choice of an additive character ¢ of Ag/FE trivial on A (through which the generic
character ¥y is defined, see beginning of Chapter B and §6.1.2) and up to enlarging Sy, we may
assume that v is unramified outside of Sy. Then, it follows from the definition of I1; that for every
factorizable test function f € S(G(A)) of the form f = A%”*Ag‘l’* [Loes, fo x Iogs, La(o.), we
have

LSo

10.3.4. Let f" be a test function as in §I0.3.21 Then, as both sides of (I0.3.2.1)) are continuous
functionals in f* for v € Vg, by the main result of [Xuel9] we may assume that for every
v € Vi the function f* admits a transfer f, € S(G(F,)). On the other hand, by [Zhal4b], for
every v € S \ Voo, the function f/ admits a transfer f, € S(G(F,)). Moreover, by the results
of those references we may also choose the transfers such that for every A’ € H° with A’ # h,
the zero function on Up/(Fs,) is a transfer of fs, = [[,cg, for We set f = ATO*AZY* f) X
[Togs, Le(o,)- Then, setting " =0 for every B’ € H° \ {h}, the functions f and (f*)n ecne
satisfy the assumptions of Proposition [[0.I.6.1l Therefore, we have

(10.3.4.3) STk =27 mer I (f).

aexh

10.3.5. If there exists a place v € Sy such that o, does not support any nonzero continuous
U} (F,)-invariant functional, both sides of (I0.3.2.)) are automatically zero.
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Assume now that for every v € Sy, the local representation o, supports a nonzero continuous
Uj, (F,)-invariant functional. By the local Gan-Gross-Prasad conjecture [BP15], and the classifica-
tion of cuspidal automorphic representations of Uy, in terms of local L-packets [Mok15|, [KMSW],
it follows that all the terms except possibly J(f") in the left hand side of (I0.3.4.3) are zero.
Moreover, by [BP18b] Theorem 5.4.1] and since II,, is the local base-change of o, there are explicit
constants k, € C* for v € Sy satisfying HvESo ko = 1 and such that

(10.3.5.4) In, (fo) = Koo, (fI)
for every v € Syp. Combining this with (I0:3:3.2), we get

. . . LS()
Jh hy = 27 dlm(aP)I =927 dlm(aP)I . —_ 2—d7,m(ap)— I U
s (/") u(f) P(f) T0(1, 1T, Ascy) 16_[ 1, (fv)
) LSO
_ —dzm(ap)—
2 L5 (1,11, Ascr) H To (1)

As L% (5,11, Asqr) = L%(s,0,Ad) and |Sp| = 2~ 4™(@P) | this exactly gives (I0.3.2.1) and ends
the proof of Theorem [[.T.6.1]
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A Topological vector spaces

A.0.1. In this paper, by a topological vector space (TVS) we mean a complex locally convex
separated vector spaces. Actually, most TVS encountered in this paper will be Fréchet or LF
(that is a countable inductive limit of Fréchet spaces) or even strict LF (that is countable inductive
limit h_ngn F,, of Fréchet spaces with closed embeddings F,, — F,, 1 as connecting maps) spaces.
Let E and F be TVS. We denote by E’ the topological dual of E and by Hom(F, E) the space
of continuous linear mappings F — FE both being equipped with their weak topologies (that is
the topologies of pointwise convergence). Recall that a total subspace H C E’ is a subspace such
that (,cy Ker(A) = 0. A bounded subset B C E is one that is absorbed by any neighborhood
of 0. If B C FE is bounded and absolutely convex, we define Eg to be the subspace generated by
B equipped with the norm |le]|g = inf {A > 0| e € AB}. Then, the natural inclusion Egp — F
is continuous. The space E is said to be quasi-complete if every closed bounded subset of it is
complete. Most TVS encountered in this paper will be quasi-complete (e.g. Fréchet of strict LF
spaces).

A.0.2. We recall the notion of integral valued in a TVS in the form we use it in the core of
the paper. Let (X, u) be a measured space and f : X — E be a measurable function. When E
is quasi-complete, we say that f is absolutely integrable if for every continuous semi-norm p on F

the integral [ po fu converges. If this is the case, there exists an unique element
X

/XfueE

such that </\,/ fu) = / (X, fHu for every A € E’. This notion applies in particular to series
X

>, fn valued in a quasi-complete TVS E: the series is said to be absolutely convergent in E if
for every continuous semi-norm p on E, the series ) p(f,) converges, in which case ), f, has a
limit in E.

A.0.3. We will also freely use the notions of smooth or holomorphic functions valued in a TVS.
For basic references on these subjects, we refer the reader to [Bou67, §2, §3], [Gro53, §2], [Gro73,
Chap. 3, §8]. There are actually two ways to define smooth and holomorphic maps valued in
E: either scalarly (that is after composition with any element of E’) or by directly requiring the
functions to be infinitely (complex) differentiable. These two definitions coincide when the space
E is quasi-complete and, fortunately for us, we will only consider smooth/holomorphic functions
valued in such spaces so that we don’t have to distinguish.

Let M be a connected complex analytic manifold. A function f : M — E is holomorphic if and
only if for every relatively compact open subset 2 C M, there exists a bounded absolutely convex
subset B C FE such that f |q factorizes through a holomorphic map Q — Ep see [Gro53, §2,
Remarque 2]. We also record the following convenient criterion of holomorphicity [Bou67, §3.3.1]:

(A.0.3.1) Assume that F is quasi-complete. A function ¢ : M — E is holomorphic if and only if
it is continuous and for some total subspace H C E’, the functions s € M — (p(s), A) are
holomorphic for every A € H.

A.0.4. Assume that F is a LF space. As LF spaces are barreled [Tré67, Corollary 33.3]
they satisfy the Banach-Steinhaus theorem [Tré67, Theorem 33.1] hence any bounded subset of
Hom(F, F) is equicontinuous (since Hom(F, E) is equipped with the weak topology, that a subset
B C Hom(F, E) is bounded means that for every f € F the subset {T'(f) | T € B} of E is itself
bounded). This shows that for any bounded subset B C Hom(F, E)) the restriction of the canonical
map Hom(F, E) x FF — E to B x F is continuous. Also, if E is quasi-complete then Hom(F, E)
is too [Tré67, §34.3 Corollary 2]. In particular, we get:
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(A.0.4.2) Assume that F' is LF and F is quasi-complete. Let s € M — T, € Hom(F,E) be
holomorphic and (s, k) € M x K +— fs € F be a continuous map which is holomorphic
in the first variable. Then, the map (s,k) € M x K — Ts(fsx) € E is continuous and
holomorphic in the first variable.

Indeed, T has locally its image in a bounded set. Hence, by the above discussion, the map
(s,8' k) € MxMxK — Ts(fs 1) € E is continuous. Moreover, this map is separately holomorphic
in the variables s, s’. Thus, by Hartog’s theorem, this map is holomorphic in the variables (s, s’)
which immediately implies the claim by “restriction to the diagonal”.

(A.0.4.3) Assume that F' is LF and F is quasi-complete. Let U C M be a nonempty open
subset and s € U — Ty € Hom(F, F) be a holomorphic map. If, for every f € F the
map s — Ts(f) € E extends analytically to M then T, € Hom(F, E) for every s € M and
moreover s € M — T, € Hom(F, E) is holomorphic.

Indeed, s — Ts induces a holomorphic map M — Hom(F, E) where Hom(F, E) stands for
the space of all linear maps F' — E (not necessarily continuous) equipped with the topology of
pointwise convergence. Hence, for every relatively compact connected open subset (2 C M such
that QN U # (0 there exists a bounded subset B C Hom(F, E) such that s — T, factorizes
through a holomorphic map Q — Hom(F, E)p. By the Banach-Steinhaus theorem, Hom(F, E) N
Hom(F, E)p is closed in Hom(F, E)p which immediately implies (by Hahn-Banach and the fact
that Q is connected) that s € Q +— T factorizes through a holomorphic map Q@ — Hom(F, E) N
Hom(F, E)p. The claim follows.

A.0.5. Let Bils(F,F) = Hom(E,Hom(F,C)) be the space of separately continuous bilinear
mappings £ X F — C equipped with the topology of pointwise convergence. Applying (A.0.4.2)

and (A.0.4.3) twice, we get:

(A.0.5.4) Assume that F and F are LF. Let s € M — By € Bily(E,F) be holomorphic and
(s,k) e M XK — ez € E, (s,k) € M x K — fs) € F be continuous maps which are
holomorphic in the first variable. Then, the function (s,k) € M x K +— Bg(esk, fsk) is
continuous and holomorphic in the first variable.

(A.0.5.5) Assume that both E and F are LF. Let U C M be a nonempty open subset and
s € U — B; € Bily(F, F) be a holomorphic map. If for every (e, f) € E x F the function
s+ Bs(e, f) extends analytically to M then B, € Bily(E, F) for every s € M and moreover
s € M — B; € Bily(E, F) is holomorphic.

A.0.6. We denote by EQF the completed projective tensor product [Tré67, Chap. 43]. It
admits a canonical linear map F ® F' — ER®F satisfying the following universal property: for
every complete TVS @, precomposition yields an isomorphism

Hom(ER®F,G) ~ Bil(E, F; G)

where Bil(E, F'; G) denotes the space of all continuous bilinear mappings ExX F' — G. In particular,
if G and H are two other TVS and T': £ — G, S : F — H are continuous linear mapping,
there is an unique continuous linear map T®S : E®F — G®H which on E ® F is given by
e® f > T(e) ® S(f). Moreover, the topology induced from EQF on E ® F is also associated to
the family of semi-norms

(p®q)(v) = inf{zp(ei)Q(fi) |v= Z e ® fi}

where p (resp. ¢) runs over a family of semi-norms defining the topology on E (resp. F).

Assume now that E and F are spaces of (complex valued) functions on two sets X, Y and
that their topologies are finer than the topology of pointwise convergence. When FE is moreover a
complete nuclear LF space, the following result of Grothendieck [Gro55, Theoréme 13, Chap. II,
§3 n.3| generally allows to describe EQF explicitely as a space of functions on X x Y.
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(A.0.6.6) Let F(X xY) be the space of all complex valued functions on X x Y equipped with
the topology of pointwise convergence. Then the linear map FQ F — F(X xY), e® f —
((z,y) = e(z)f(y)), extends continuously to a linear embedding EQF — F(X x Y) with
image the space of functions f : X x Y — C satisfying the two conditions:

e For every x € X, the function y € Y — f(z,y) belongs to the completion of F
e For every A € F’, the function z € X — (f(z,.), \) belongs to E.

A.0.7. Let C e RU{—o0} and f : Hs¢c — E be a holomorphic function. We say that f is of

order at most d in vertical strips if for every d’ > d the function z e“z‘d,f(z) is bounded in
vertical strips of Hsc. We say that f is of finite order in vertical strips if it is of order at most d
in vertical strips for some d > 0. Finally, we say that f is rapidly decreasing in vertical strips if
for every d > 0 the function z — |2|9F(z) is bounded in vertical strips.

A.0.8. Let A be a real vector space. Denote by Diff (A) the space of complex polynomial
differential operators on A (which can be identified with Sym(Af) ®c Sym(Ac)). When E is
quasi-complete, we define the space of Schwartz functions on A valued in E, denoted by S(A, E),
as the space of smooth functions f : A — E such that for every D € Diff (A), the function D f has
bounded image. Note that if F' is also quasi-complete and T : F — F' is a continuous linear map
then for every f € S(A, E), we have To f € S(A, F). When E = C, we simply set S(A) = S(A,C)
that we equip with its standard Fréchet topology.

Lemma A.0.8.1. — Assume that E is a strict LF space. Let C > 0,d >0 and s € Hsc +— Zs €
E’ be a map such that such that for every f € E, s € Hsc > Zs(f) is a holomorphic function of
order at most d in vertical strips. Then, for every f € S(A, E), the map

(A.0.8.7) s€Hscr (AeA— Zs(f))) € S(A)

is holomorphic and of finite order in vertical strips.

Proof. — Indeed, by the Banach-Steinhaus theorem, for every d’ > d, every vertical strip
V C H~¢ and every bounded subset B C F the set

{2 1sevireBlcc

is bounded and, by [Tré67], Corollary 33.1], for every sg € Hx¢, Zs converges uniformly on compact
subsets to Zs, as s = so. Let f € S(A, E). Moreover, for every D € Diff (A) the set

{Dfx[xe AyU{0} C E

is compact. Therefore, for every sop € Hsc, Zs(Dfy) converges to Zs,(Df)) as s — s uniformly
in A € A and {e“s|d Zs(Dfx)|seV, e A} is bounded for every d’ > d and every vertical
strip V' € H~c¢. This shows that the map (A.08T) is continuous and of finite order in vertical

strips. To conclude we apply the holomorphicity criterion (A.0.3.1]) to H C S(A)’ the subset of
“evaluations at a point of A”. O

A.0.9. Lemma A.0.9.1. — Assume that E is quasi-complete. Let Zy,7Z_ : Hsc — FE be

holomorphic functions of finite order in vertical strips for some C > 0. Assume that there exists
a total subspace H C E' such that for every A € H, Z1 x := Ao Zy and Z_ ) := Ao Z_ extend
to holomorphic functions on C of finite order in vertical strips satisfying Zy x(z) = Z_ x(—z) for
every z € C. Then, Zy and Z_ extend to holomorphic functions C — E of finite order in vertical
strips satisfying Z1(z) = Z_(—z) for every z € C

Proof. — Let d > 0 be such that Z, and Z_ are of order at most d in vertical strips of H~c.
Then, by the Phragmen-Lindel6f principle, for every A € H, the holomorphic continuations of
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Z4 » and Z_  are also of order at most d in vertical strips. Therefore, up to multiplying Z, and

Z_ by z e*""* for some n > 0, we may assume that all these functions are rapidly decreasing
in vertical strips. Let D > C. Then, for every z € Hj_p p[ and € € {+}, we set

1 o Z.(D +it) o Z_ (D +it)
D (2) = — ——_ dt— ————— A
(2) 2w(/00 Diit—2" /,Oo D—I—it—i—zd)

Note that, since Z; and Z_ are rapidly decreasing in vertical strips and E is quasi-complete, the
above integrals converge absolutely in E. By the usual holomorphicity criterion for parameter
integrals, we readily check that the functions &, ®_ are holomorphic. Moreover, by the uniform
boundedness principle, @, and ®_ are bounded in vertical strips. Finally, by Cauchy’s integration
formula and the fact that the functions Z, », Z_ ) are rapidly decreasing in vertical strips, for
every € € {£} and A € H the functions A o ®. and Z, ) coincide on H)_p p[. Therefore, as H is
total, . and Z, coincide on Hjc, p;. This shows that Z, and Z_ admit holomorphic extensions
bounded in vertical strips to Hs _p for every D > C hence to C. That the functional equation
Z4(z) = Z_(—z) holds for these extensions easily follows from the assumption. O

A.0.10. Let A be a real vector space. Specializing the previous lemma to £ = S(A) and H the
total subspace of E’ given by “evaluations at a point of A” yields the following corollary.

Corollary A.0.10.1. — Let Z,7Z_ : A x C — C be two functions such that:

1. There exists C > 0 such that for every s € Hxc, the function Zi(.,s), Z_(.,s) belong to
S(A) and the maps
s€Hscr Z(.,s) € S(A), €€ {£},

are holomorphic functions of finite order in vertical strips;

2. For every N € A, s € C— Zy(\,s) and s € C — Z_(\,s) are holomorphic functions of
finite order in vertical strips satisfying the functional equation

Zi(N8)=Z_(\ —9)
Then, for every s € C the functions Z(.,s), Z_(.,s) belong to S(A) the maps s € C+— Z.(.,s) €
S(A), € € {x}, are holomorphic.

Assume now that F is a LF space. As F is barreled, F’ is quasi-complete [Tré67, §34.3
Corollary 2|. Specializing Lemma [AX0.97lto £ = F’ and H a dense subset of E' = F', we obtain
the following.

Corollary A.0.10.2. — Let F be a LF space, C > 0 and Z4,Z_ : Hsc X F — C be two
functions. Assume that:

1. For every s € Hsc, Z+(s,.) and Z_(s,.) are continuous functionals on F;

2. There exists d > 0 such that for every f € F and € € {£}, s € Hsoc — Z(s,f) is a
holomorphic function of order at most d in vertical strips;

3. Forevery f € H and e € {£}, s —= Z.(s, f) extends to a holomorphic function on C of finite
order in vertical strips satisfying

Z+(Svf) = Z—(_Svf)'

Then, Zy and Z_ extend to holomorphic functions C — F’ of finite order in vertical strips
satisfying Z (s, f) = Z_(—s, f) for every s € C and every f € F.
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