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CHARACTERIZATION OF GENERIC PROJECTIVE SPACE BUNDLES AND
ALGEBRAICITY OF FOLIATIONS

CAROLINA ARAUJO AND STEPHANE DRUEL

ABSTRACT. In this paper we consider various notions of positivity for distributions on complex projective
manifolds. We start by analyzing distributions having big slope with respect to curve classes, obtaining
characterizations of generic projective space bundles in terms of movable curve classes. We then apply this
result to investigate algebraicity of leaves of foliations, providing a lower bound for the algebraic rank of a
foliation in terms of invariants measuring positivity. We classify foliations attaining this bound, and describe
those whose algebraic rank slightly exceeds this bound.
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1. INTRODUCTION

The existence of sufficiently positive subsheaves of the tangent bundle of a complex projective manifold
X imposes strong restrictions on X. In particular, several special varieties can be characterized by positivity
properties of their tangent bundle. Early results in this direction include Kobayashi and Ochiai’s charac-
terizations of projective spaces and hyperquadrics [KO73] and Mori’s characterization of projective spaces
[Mor79]. There are many ways of measuring positivity of a torsion free sheaf. One way is to consider slopes
with respect to movable curve classes a € Mov(X). We refer to Section 2.3 for the notion of slope and its
properties. When « is an ample class, we have the following characterization of projective spaces due to
Horing.

Theorem 1.1. Let X be an n-dimensional complex normal projective variety, £ an ample line bundle on
X, and F C Tx a distribution. Set o :=[£"71] € Mov(X). If uo(F @ L*) > 0, then

o (X,.%) = (P, Opn(1)) ([H6rl4, Theorem 1.1]), and

o .7 =Tpn ([ADKOS, Theorem 1.3]).

Projective space bundles provide counter-examples to the statement of Theorem 1.1 if we replace the
ample class o = [£"~!] with more general movable curve classes. More precisely, let Y be a complex
projective manifold, and & an ample vector bundle of rank » +1 > 2 on Y. Consider the projectivization
X =Py (&), with tautological line bundle &'x (1) and natural morphism 7: X — Y. Let a € Mov(X) be the
class of a line contained in a fiber of 7. Then pq (TX/Y ® ﬁX(fl)) = % > 0. So there is an open neighborhood
U C Mov(X) of a such that pug(Tyx/y ® Ox(—1)) > 0 for every 8 € U. The following characterization of
generic P"-bundles shows that these are all the new examples that arise when the ample class a = [£" 1] is
replaced with an arbitrary movable class a € Mov(X) in Theorem 1.1. By a generic P"-bundle we mean an
almost proper dominant map X --+ Y to a normal projective variety Y with general fiber isomorphic to P".
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2 CAROLINA ARAUJO AND STEPHANE DRUEL

Theorem 1.2. Let X be a normal Q-factorial complex projective variety, and £ an ample line bundle on
X. If pbr2a(Tx @ £*) > 0 for some movable curve class « € Mov(X), then X is a generic P"-bundle for
some positive integer r.

Theorem 1.2 follows from the more refined statement in Theorem 3.1.

Corollary 1.3. Let X be a normal Q-factorial complex projective variety, and suppose that X is not a
generic P"-bundle for any positive integer r. Let £ be an ample line bundle on X. Then, for any positive
integer m and any torsion-free quotient (Qk ® L)¥™ — 2 of positive rank, det(2) is pseudo-effective.

Next we apply these results to investigate algebraicity of leaves of holomorphic foliations on complex
projective manifolds.

A central problem in the theory of holomorphic foliations is to find conditions that guarantee the existence
of algebraic leaves. Algebraic leaves of holomorphic foliations correspond to algebraic solutions of complex
differential equations. It has been noted that positivity of foliations on complex projective varieties tend
to improve algebraicity of leaves ([CLN96], [Bos01], [BM16], [CP15b], [AD13], [LPT13], [AD14], [AD16],
[AD17], [CP15a], [Drul7b], and [Drul7a]). In order to measure algebraicity of leaves, we introduce the
algebraic rank. The algebraic rank r*(.%#) of a holomorphic foliation .# on a complex algebraic variety X
is the maximum dimension of an algebraic subvariety through a general point of X that is tangent to .%.
These maximal algebraic subvarieties tangent to .# are the leaves of a subfoliation #* C %, the algebraic
part of F (see Definition 2.4).

In a series of papers, we have addressed Fano foliations ([AD13], [AD14], [AD16] and [AD17]). These are
holomorphic foliations .% on complex projective varieties with ample anti-canonical class —K g. For a Fano
foliation % on a complex projective manifold X, a rough measure of positivity is the index (%), which is
the largest integer dividing —K g in Pic(X). Our works on Fano foliations with high index indicated that
the larger is the index, the larger is the algebraic rank of the Fano foliation. Now we investigate this relation
between positivity and algebraicity of leaves for a wider class of foliations than Fano foliations.

We first introduce a new invariant measuring positivity for foliations with big anti-canonical class.

Definition 1.4. Let X be a complex projective manifold, and .# a holomorphic foliation on X with big
anti-canonical class —K g. The generalised index of % is defined as follows (see Lemma 4.1).

UF):=max{t e R| — Kz =tA+ E where A is an ample divisor and E is a pseudo-effective R-divisor}.

We provide a lower bound for the algebraic rank in terms of the generalised index, and classify foliations
attaining this bound. We refer to Definition 2.4 for the notions of pull-back and purely transcendental
foliations.

Theorem 1.5. Let X be an n-dimensional complezx projective manifold, and F C Tx a foliation on X with
big anti-canonical class. Then the algebraic rank and the generalised index of F satisfy

r(F) = UF).

Moreover, equality holds if and only if X = P" and F is the linear pull-back of a purely transcendental
foliation on P"~""(F) with zero canonical class.

The following are immediate consequences of Theorem 1.5.

Corollary 1.6. Let X be an n-dimensional complex projective manifold, and F C Tx a Fano foliation of
index 1(F) on X. Then the algebraic rank of F satisfies the following inequality.

rYF) = o(F).

Moreover, equality holds if and only if X = P"™ and % is the linear pull-back of a purely transcendental
foliation on P"~""(F) with zero canonical class.

Corollary 1.7. Let X be an n-dimensional complex projective manifold, L an ample divisor on X, and
F C Tx a foliation of rank r on X. Suppose that —K g — rL is pseudo-effective. Then (X, ﬁX(L)) ~
(IP’", ﬁ]pn(l)), and . is induced by a linear projection of P™.

Finally, we address foliations .# whose algebraic rank and generalised index satisfy r%(.%) < i(#) + 1.
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Theorem 1.8. Let X be a complex projective manifold, and F < Tx a foliation on X with big anti-canonical
class. Suppose that the algebraic rank and the generalised index of F satisfy r*(F) < (%) + 1. Then the
closure of a general leaf of F° is rationally connected.

The following is an immediate consequence of Theorem 1.8.

Corollary 1.9. Let X be a complex projective manifold, and F C Tx a Fano foliation of index «(F) on
X. Suppose that the algebraic rank of F satisfies r®(F) = 1(F) + 1. Then the closure of a general leaf of
F* is rationally connected.

We remark that codimension 1 Fano foliations .% of index n — 3 on n-dimensional projective manifolds
were classified in [AD17]. When X 22 P", then either .% is algebraically integrable or r®(%#) = (%) + 1.

Notation and conventions. We always work over the field C of complex numbers. Varieties are always
assumed to be irreducible. We denote by X5 the nonsingular locus of a variety X. When X is a normal
variety, and .7 is a quasi-coherent sheaf of generic rank 7 on X, we denote by T the sheaf (Q%)*, and by
det(:#) the sheaf (A".Z)**. If & is a vector bundle on a variety X, we denote by Px (&) the Grothendieck
projectivization Projy (S*&).

Acknowledgements. This project was supported by the Brazilian-French Network in Mathematics. Much
of this work was developed during the authors’ visits to IMPA and Institut Fourier. We would like to thank
both institutions for their support and hospitality.
The authors would also like to thank the anonymous referees for their helpful and very detailed reports.
The first named author was partially supported by CNPq and Faperj Research Fellowships. The second
named author was partially supported by the ALKAGE project (ERC grant Nr 670846, 2015—2020) and by
the project Foliage of Agence Nationale de la Recherche (ANR-16-CE40-0008-01).

2. FOLIATIONS
2.1. Basic notions. Let X be a normal variety.

Definition 2.1. A distribution on X is a coherent saturated subsheaf % C Tx. By saturated we mean that
the quotient T'x /.Z is torsion-free.

The rank r of % is the generic rank of .%. The codimension of . is defined as ¢ := dim X — r.

The normal sheaf of .F is the sheaf Nz = (Tx /. F)**.

The canonical class K g of Z is any Weil divisor on X such that Ox(—Kg) = det(.#). We say that .#
is Q-Gorenstein if K is a Q-Cartier divisor.

Definition 2.2. A foliation on X is a distribution .# C T'x that is closed under the Lie bracket.

Let X° C X,s be the maximal open subset such that .7 x  is a subbundle of Tx, . By Frobenius’
Theorem, through any point of X° there is a maximal connected and immersed holomorphic submanifold
L C X° such that T, = .%|;,. We say that such L is a leaf of .#. A leaf is called algebraic if it is open in its
Zariski closure.

2.3. To a codimension ¢ distribution # on a normal variety X, one naturally associates a unique (up to
scaling) twisted g-form wg € HO(X,Q% ® det(A47)). This form does not vanish in codimension 1, and
completely determines the distribution .#. (See for instance [AD16, Paragraph 3.5] for details.)

Definition 2.4 (The algebraic and transcendental parts of a foliation [AD14, Definition 2]). Let .# be a
foliation of rank r on a normal variety X. There exist a normal variety Y, unique up to birational equivalence,
a dominant rational map with connected fibers ¢: X --» Y, and a foliation ¢ on Y such that the following
conditions hold (see [LPT11, Section 2.3]).

(1) ¢ is purely transcendental, i.e., there is no positive-dimensional algebraic subvariety through a
general point of Y that is tangent to ¥.

(2) & is the pull-back of ¢ via ¢. This means the following. Let X° C X and Y° C Y be smooth open
subsets such that ¢ restricts to a smooth morphism ¢°: X° — Y°. Then Z|xo = (d¢p°) " ()yo). In
this case we write .# = ¢~ 1¢.

The foliation .#* on X induced by ¢ is called the algebraic part of %, and its rank is the algebraic rank
of .#, which we denote by r*. When r® = r, we say that .7 is algebraically integrable. The foliation ¥ C Ty
is called the transcendental part of 7.
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Next we relate the canonical class of a foliation with those of its algebraic and transcendental parts. For
that we introduce some notation.

Definition 2.5. Let 7: X — Y be a dominant morphism of normal varieties.

Let D be a Weil Q-divisor on Y. If 7: X — Y is equidimensional, we define the pull-back 7#*D of D to
be the unique Q-divisor on X whose restriction to 7=1(Y;s) is (T)e=1(vne)) Dyjr—1(v,.)- This agrees with the
usual pull-back if D is Q-Cartier.

We define the ramification divisor R(m) of m as follows. Let Y° C Y be a dense open subset such that
codim(Y \ Y°) > 2 and 7 restricts to an equidimensional morphism 7°: X° = 7= }(Y°) — Y°. Set

(=) =3 (@)D"~ ()" D7), ).
DO
where D° runs through all prime divisors on Y°. Then R(w) is the Zariski closure of R(7°) in X.
Assume that either Ky is Q-Cartier, or that 7 is equidimensional. We define the relative canonical divisor
of X over Y as Ky,y == Kx — " Ky.

2.6 (The canonical class of a pull-back foliation). Let 7: X — Y be a dominant morphism with connected
fibers between normal varieties, ¢ a foliation on Y, and .#% = n~'¢ C T its pull-back via 7, as in Definition
2.4 (2). Assume that 7 is equidimensional. Let {B;};c; be the (possibly empty) set of prime divisors on Y
contained in the set of critical values of 7 and invariant by ¢. A straightforward computation shows that

(21) Kg = ’/T*Kg'f'Kx/y—Z(’R’*Bi—(’ﬁ*Bi)er).
i€l

In particular, if # is induced by 7, then (2.1) reads

Remark 2.7. Let ¢: X --+» Y be a dominant rational map with connected fibers between normal varieties,
and .% a foliation on X. Suppose that the general fiber of ¢ is tangent to .%. This means that, for a general
point x on a general fiber F' of ¢, the linear subspace %, C T,X determined by the inclusion .% C Tx
contains T, F. Then, by [AD13, Lemma 6.7], there is a foliation ¥ on Y such that .# = ¢~!'¢. We remark
that this is not true in general if .% is just a distribution.

2.8 (Restricting foliations to subvarieties). Let X be a smooth variety, and % a codimension ¢ foliation on
X. Let Z be a smooth subvariety with dim Z > q. Suppose that Z is generically transverse to .#. This
means that the associated twisted ¢-form wg € H° (X Q4 ® det(ﬂ/y)) restricts to a nonzero twisted g-form
on Z, and so .% induces a foliation .%z of codimension ¢ on Z. Then there is an effective divisor B on Z such
that .Z, corresponds to a twisted g-form in H%(Z, Q% @ det(4%);z(—B)) non vanishing in codimension 1.
A straightforward computation shows that

Kz, +Kxz = Kgiz+Kz— B.
When Z is a general hyperplane section, we show that B = 0.

Lemma 2.9. Let X C PV be a smooth projective variety, and .F a foliation of codimension q¢ < dim X — 2
on X. Let H C PN be a general hyperplane. Then .F induces a foliation Fxnp of codimension q on X N H
with
Kzyon = (Ky +H)|XF1H'
Proof. Let H C PV be a general hyperplane, and set Z := X N H. Notice that Z is smooth and that Z is
generically transverse to .#. Let B be the effective divisor on Z introduced in 2.8. If Bj is a prime divisor
on Z, then By C Supp(B) if and only if .Z is tangent to H at a general point of Bj.
Let X° C X be the open subset where .%# is a subbundle of T'x, and consider the incidence subset

I°={(z,H) € X° x (P")* |z € H and %, C T, H}.

An easy dimension count gives that dim /° = dim X + N — (dim X —¢) — 1 < dim X + N — 3. It follows that
if H is general, then B = 0. O
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2.2. Algebraically integrable foliations. Throughout this subsection, we let X be a normal projective
variety, and % a QQ-Gorenstein algebraically integrable foliation on X.

Definition 2.10 ([AD14, Definition 3.11]). Let ¢: F' — X be the normalization of the closure of a general
leaf of .%#. There is a canonically defined effective Q-divisor Ar on F such that Kr + Ap ~g i* K. The
pair (F,Ar) is called a general log leaf of 7.

In the setup of Definition 2.10, we often write L|r for the pull-back i*L of a Cartier divisor L on X.

2.11 (The family of log leaves of .# [AD14, Lemma 3.9 and Remark 3.12]). There is a unique proper
subvariety Y’ of the Chow variety of X whose general point parametrizes the closure of a general leaf of .7
(viewed as a reduced and irreducible cycle in X). Let Y be the normalization of Y’, and Z — Y’ x X the
normalization of the universal cycle, with induced morphisms:

(2.3) 7YX

!

Then v: Z — X is birational and, for a general point y € Y, V(ﬂ'_l(y)) C X is the closure of a leaf of .%.
We refer to the diagram (2.3) as the family of leaves of %.

Let .77 be the foliation on Z induced by .# (or 7). By (2.2), Kz, = Kz/y — R(7). Moreover, there is a
canonically defined effective Weil Q-divisor A on Z such that

(2.4) Kz, +A=Kyy — R(1) + A ~g V' K.

Note that A is v-exceptional since v, Kz, = K z.
Let y € Y be a general point, set Z, := 7~ '(y) and A, := A5 . Then (Z,,A,) coincides with the general
log leaf (F, Ap) from Definition 2.10.

We will need the following observation.

Lemma 2.12. Let X be a smooth projective variety, and F an algebraically integrable foliation on X. In
the setup of Paragraph 2.11 above, we have

Supp(Ay) = Exc(v) N Z,,.
In particular, the singular locus of Z, is contained in Supp(A,).

Proof. Since A is v-exceptional and Supp(A,) = Supp(A) N Z,, we must have Supp(A,) C Exc(v) N Z,.

To prove that Exc(v) N Z, C Supp(A,), we first reduce to the case when .# has rank 1. Suppose that
7 has rank r > 2, and consider an embedding X C PV. Let L C PV be a general linear subspace of
codimension  — 1. By Lemma 2.9, .# induces a foliation by curves .%xnr on X N L with
(25) Kzyn, = (Kg- + (T - 1>H)|XﬂL )
where H is a hyperplane in PV . Notice that the closure of a general leaf of ZFxny, is v(Z,) N L for a general
point y € Y. Moreover, the general log leaf of % xny, is (Zy Nv=HL),Ay N V*I(L)). This follows from the
definition of general log leaf, (2.5), and the usual adjunction formula. Let E be an irreducible component of
Exc(v) meeting Z,. Since the restriction of v to E N Z, is finite, we have dimv(E) > r — 1. In particular,
v(E)NL # (). Moreover, Exc(v)N Z, C Supp(4,) if and only if Exc(v) N Z, Nv~'(L) C Supp(A,) Nv=1(L).
Since Exc(v) Ny~ (L) = Exc(v),-1(r)), we may assume that .# has rank 1.

When & has rank 1, % is a line bundle on X by [AD13, Remark 2.3] and [Har80, Proposition 1.9]. If F
is an irreducible component of Exc(r) that dominates Y, then v(F) is contained in the singular locus of .Z.
Apply [Dru04, Lemme 1.2] (see also [AD13, Lemma 5.6]) to conclude that £ N Z, C Supp(4,), completing
the proof of the lemma. O

Corollary 2.13. Let X be a smooth projective variety, and F C Tx an algebraically integrable foliation on
X, with general log leaf (F, AFr). Suppose that either p(X) =1, or F is a Fano foliation. Then Ap # 0.



6 CAROLINA ARAUJO AND STEPHANE DRUEL

Proof. Let the notation be as in Paragraph 2.11, and suppose that Arp = 0. It follows from Lemma 2.8
that no irreducible component of Exc(v) dominates Y. Hence, .Z is induced by a rational map X --» Y
that restricts to a smooth proper morphism on a dense open subset of X. This is impossible if p(X) = 1.
Moreover, F' is smooth, and in particular log canonical. On the other hand, an algebraically integrable Fano
foliation whose general log leaf is log canonical has the special property that there is a common point in
the closure of a general leaf (see [AD13, Proposition 5.3] and [AD16, Proposition 3.13]). We conclude that
Ap # 0. |

We end this subsection with a consequence of [H6rl2, Lemma 2.14] (see also [CP15b], [CP15a] and
[Drul7b] for related results). Recall that a Weil Q-divisor D on a normal projective variety X is said to be
pseudo-effective if, for any ample divisor L on X and any rational number € > 0, there exists an effective
Weil Q-divisor E such that D +eL ~q E.

Lemma 2.14. Let X be a normal projective variety, L an ample divisor on X, and & a Q-Gorenstein
algebraically integrable foliation on X. Let F be the normalization of the closure of a general leaf of F, and
let vp: F' — F be a resolution of singularities. If K + vpLip is pseudo-effective, then so is Kz + L.

Proof. Consider the family of leaves of .# as in Paragraph 2.11:

7> X

‘|

Y.

By [Drul7b, Lemma 4.2], there exists a finite surjective morphism p;: Y7 — Y with Y7 normal and connected
satisfying the following property. If Z; denotes the normalization of the product Y; Xy Z, then the induced
morphism 7: Z; — Y7 has reduced fibers over codimension one points in Y;. Let v;: Z; — Z be the
natural morphism. Let ps: Yo — Y7 be a resolution of singularities, and Z5 a resolution of singularities of
the product Y5 xy, Z;, with natural morphism v5: Zs — Z;. We have a commutative diagram:

v, birational vy, finite v, birational
Zs Z Z
lwz lﬁh ilﬁ
Yo Y.

— 1 -
2, birational p1, finite
Let Fy = F be a general fiber of 41, and set Ly := (v ovy)*L. Let F» be the fiber of ¢5: Zs — Y5 mapping
to FY, and set Lo :=v5 L.

By Paragraph 2.11, there is a canonically defined v-exceptional effective Q-Weil divisor A on Z such that

(2.6) Kz)y —R() + A~V Kz,
where R() denotes the ramification divisor of ¢. Moreover, a straightforward computation shows that

(27) Vik (KZ/Y - RW)) = KZl/Y1‘

Suppose that K z+v5. L) is pseudo-effective. We may assume without loss of generality that the restriction
of vy: Zs — Z3 to F; factors through FoFx Fy. This implies that Kp, +L2‘F2 is pseudo-effective as well.
By [Hor12, Lemma 2.14], Kz, /v, + Lo is also pseudo-effective. This implies that so is (vovyove). (K z, /v, +L2).
Set 75 := Z1 \ va(Exc(12)) and Yy := Y \ p2 (Exc(pz)). Since ¢ is equidimensional, we have ¢y (Z7) C Y.

Notice that codim Y7 \ Y® > 2, codim Z; \ Z7 > 2, and that vy (respectively, u2) induces an isomorphism
vy ((ZI\Z39) = Z1\Z3 (respectively, s ' (Y1\Yy) = Y1\Y7). It follows that (v2). (K7, /v, +L2) = Kz, /v, +L1.
From (2.6) and (2.7), we conclude that

(l/ ovVy o I/g)»c(_l:{zz/y2 + LQ) = deg(ul)(Ky + L)

is pseudo-effective, completing the proof of the lemma. O



7

2.3. Foliations defined by stability conditions. Let X be a normal projective variety, and % C Tx a
foliation on X . Harder-Narasimhan filtrations of .% allow one to construct subfoliations of % that inherit
some of the positivity properties of .# (see for instance [AD13, Section 7]). However, the classical notion of
slope-stability with respect to an ample line bundle is not flexible enough to be applied in many situations in
birational geometry. The papers [CP11] and [GKP16] extend a number of known results from the classical
case to the setting where stability conditions are given by movable curve classes.

Definition 2.15. A curve class a € Ny (X)gr is movable if D -« > 0 for all effective Cartier divisors D on
X. The set of movable classes is a closed convex cone Mov(X) C N;(X)g, called the movable cone of X. If
X is smooth, then Mov(X) is the closure of the convex cone in N1 (X )g generated by classes of curves whose
deformations cover a dense subset of X by [BDPP13].

2.16 (The Harder-Narasimhan filtration with respect to a movable curve class). Let X be a normal, Q-
factorial, projective variety, & € N1(X)g a movable curve class, and % a torsion-free sheaf of positive rank
on X.

The slope of F with respect to « is the real number
ol 7) = SEFLL,
The sheaf .# is a-semistable if, for any subsheaf & # 0 of .%, one has (14(&) < pa(F).
The maximal and minimal slopes of .% with respect to a are defined by
Mg‘“(ﬁ) = sup {1ta(&) |0 # & C .F is a coherent subsheaf},
i (F) = inf {,ua )| Q # 0 is a torsion-free quotient of .% }
By [GKP16, Corollary 2.26], there exists a unique filtration of .# by saturated subsheaves
0=FCF1 S CFp=7F,
with a-semistable quotients Q; = %#;/.%;_1 such that p,(Q1) > pa(Q2) > -+ > pa(Qk). This filtration is
called the Harder-Narasimhan filtration of F.

Using the basic properties of slopes and the Harder-Narasimhan filtration, one can check that, for 1 <
1 <k,

(2.8) PN (Fi) = 1a(Qi) = pa™(F ) Fimr).
The sheaf .#; is called the mazimal destabilizing subsheaf of F.

Suppose that p**(F) > 0, and set s := max{l < i < k|pa(Q;) > 0} > 1. The positive part of F with
respect to « is the sheaf ZJ = Z,.

The following is a useful criterion for a subsheaf of a foliation to be a foliation. We include a proof for
the reader’s convenience.

Lemma 2.17 ([CP15a, Lemma 4.12]). Let X be a normal, Q-factorial, projective variety and &F C Tx
a foliation on X. Let 4 C % be a saturated subsheaf and suppose that, for some movable curve class
[OAS Nl(X)]R,

260™(9) > p (7 /9).
Then 4 is also a foliation on X .

Proof. Note that ¢ is saturated in T'x. Integrability of ¢ is equivalent to the vanishing of the map A?¥Y —
Z /9 induced by the Lie bracket. This vanishing follows from the inequality

(A2 G Tors) > pi®™>(F |9).
So it is enough to prove that
(2.9) ug““( A2 G Tors) > 2™ (9).
Observe (A %/Tors)** =~ (A29)** is a direct summand of (4 ® ¢)**. Therefore, we have
(A2 G Tors) = p™((A°9)™)
pEn (@ 2 9)™)
2 (47) (by [GKP16, Theorem 4.2]),

\%
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proving (2.9). O

Corollary 2.18. In the setup of Paragraph 2.16, suppose that # C Tx is a foliation on X with u™**(%) > 0.
Then Z#; C Tx is also a foliation on X whenever p,(Q;) = 0.

We end this subsection with a remarkable result of Campana and Paun concerning algebraic integrability
of foliations.

Theorem 2.19. Let X be a normal Q-factorial projective variety, « € N1(X)r a movable curve class, and
F C Tx a foliation on X. Suppose that u™*»(F) > 0. Then .F is algebraically integrable, and the closure
of a general leaf is rationally connected.

In particular, if F is purely transcendental, then K g is pseudo-effective.

Proof. Let v: X — X be a resolution of singularities. By [GKP16, Proposition 2.7 and Remark 2.8], we
have 2 (F) = pin (v=1.F), where v*a € Mov(X) is the numerical pull-back of . The claim now follows
from [CP15a, Theorem 4.2] applied to v~ 1.%. |

The following is an immediate consequence of Corollary 2.18 and Theorem 2.19.

Corollary 2.20. In the setup of Paragraph 2.16, suppose that % C Tx is a foliation on X with u2**(%) > 0.
Then, for 1 < i < s, %#; C Tx is an algebraically integrable foliation, and the closure of a general leaf is
rationally connected.

3. CHARACTERIZATION OF GENERIC PROJECTIVE SPACE BUNDLES

Theorem 3.1. Let X be a normal Q-factorial projective variety, and £ an ample line bundle on X . Suppose
that p2**(Tx @ £*) > 0 for some movable curve class o € Mov(X), and let 71 be the maximal destabilizing
subsheaf of Tx with respect to .
(1) Then Z; is induced by a generic P -bundle structure my: X --+ Yy on X, and & restricts to Opr1 (1)
on a general fiber of w1 . Moreover, umax((Tx/%) ® ,,2”*) <0
(2) If & is a foliation on X and po(F @ £L*) > 0, then 71 C F, and equality holds if and only if F
s algebraically integrable.

Proof.

Step 1. Suppose first that & is an algebraically integrable foliation of rank r, and p, (F ® £*) > 0 for some
movable curve class & € Mov(X). We show that .# is induced by a generic P"-bundle structure 7: X --» Y
on X and that £ restricts to Op-(1) on a general fiber of .

Let F' be the normalization of the closure of a general leaf of %, and let vg: F — F be a resolution of
singularities. Let L be a divisor on X such that Ox (L) = Z. If K +dim F'-vi L|p is pseudo-effective, then
sois Kg + dim F - L by Lemma 2.14. This is absurd since —ru,(F @ £*) = (K +dimF - L) - a < 0 by
assumption, proving that Kz +dim F-v3 L|p is not pseudo-effective. Apply [Hoér14, Lemma 2.5] to conclude
that (F, Zp) = (P", Opr(1)). Consider the family of leaves of .7 as in Paragraph 2.11:

Z—2sX

‘|

Y.

By [AD14, Proposition 4.10], we have (Z,v*%) = (Py (&), Op, (£)(1)) where & := ¢,v* &

Suppose that the exceptlonal set EXC( ) dominates Y under ¢. Consider a resolutlon of singularities
p:Y - Y, and set Z = Po o(u&) = Y xy Z with natural morphisms ¢: Z — Y and U: Z — X. The
exceptional set Exc( ) also dominates Y under 1/1 Note that Exc(v ) has pure codimension one since X is Q-
factorial. Let E be an irreducible component of Exc(7) dominating Y. Then &5 >(— E) O (= 6)(— k)@@*ﬂ
for some positive integer k, and some line bundle .# on Y. In particular, hO(Y,S¥p*& @ & *) >1. Let £ be a
divisor on Z such that ﬁz(g) = Op_ (u~)(1). Notice that Op_(,-£)(1) is the pull-back of Op, (£)(1) 2 v*&
under the natural morphism Py (u*&) — Py (&) = Z, and hence it is semi-ample. From Lemma 3.2 below,
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we conclude that mg (K5 s rg + sE) is effective for some positive integer mg and every sufficiently large
integer s. This in turn implies that

ﬁ*(KE/f,—i—rg—i—sE) =Kg+rL

is pseudo-effective. Thus uq(F @ £*) < 0, yielding a contradiction. This proves that the map 7: X --» Y
induced by 1) is almost proper, and so . is induced by a generic P"-bundle structure on X.

Step 2. We prove statement (1).

Let 0= 9% € 951 € -+ © 9 = Tx be the Harder-Narasimhan filtration of T'x with respect to «,
and set Q; = 7;/7;,_1. By Corollary 2.20, 77 is an algebraically integrable foliation on X. Moreover,
o (A ® £*) > 0. From Step 1 applied to 3, we conclude that 7 is induced by a generic P"-bundle
structure 71: X --+ Y7 on X and & restricts to Opr, (1) on a general fiber of 7.

Suppose that p2®™((Tx/J) ® £L*) = pa(Q2 ® £*) > 0. By Corollary 2.20, 7 is an algebraically
integrable foliation on X. By Step 1, % is induced by a generic P"2-bundle structure on X. This is
impossible since P™ cannot admit a generic P -bundle structure with r; < ra. Thus pe(2s ® £*) < 0,

proving (1).

Step 3. We prove statement (2).

Suppose that % is a foliation on X, and pq(F @ £*) > 0 for some movable curve class a € Mov(X).
Let #; C % be the maximal destabilizing subsheaf of % with respect to a. By Corollary 2.20, .%#; is an
algebraically integrable foliation on X. Moreover, we have u, (% ® £*) > 0. By Step 1, & is induced by
generic P*1-bundle structure on X. Let &5 C Tx be as in Step 2. By [GKP16, Corollary 2.17], % C S5
since (1 @ L) = po(F1 © L) > 0 and p2**((Tx /7) ® £*) < 0 by Step 2. Hence, we must have

7= 7. :
If . is algebraically integrable, then from Step 1, we conclude that %, = % = .%. O

Recall that a vector bundle & on a normal projective variety Y is said to be semi-ample if the line bundle
Op,, (&)(m) on Py (&) is generated by its global sections for some positive integer m.

Lemma 3.2. Let Y be a normal projective variety, .4 o line bundle on Y, and & a semi-ample vector
bundle on'Y . Suppose that h°(Y, Skéa@),///) > 1 for some integer k > 1. Then there exists an integer mg > 1
such that hO(Y, 8™ k=D & @ det(&£)®mo @ .4/ @™0%) > 1 for every sufficiently large integer s.

Proof. Let & be a semi-ample vector bundle on Y. By [Fuj92, Corollary 1], the vector bundle &* & det(&)
is semi-ample. Let mg be a positive integer such that the line bundle &z(mg) on Z := Py (&* ® det(&£)) is
generated by its global sections. Set V := HO(Y,S™(&* ® det(&£))) = H°(Z, 6z(mo)), and consider the
exact sequence

0= ®@Cz(m) >V ®Cz(m)— Oz(mo+m) — 0.

Pick a point y on Y, and denote by Z, the fiber over y of the natural morphism Z — Y. Let m; be a
positive integer such that h' (Zy, Hz, ® Oz, (m)) =0 for m > my. Then the map

V®H(Zy,04,(m)) — H°(Z,, 0z,(mo +m))
is surjective for every m > mq, and thus the morphism

Ves™ (é"* ® det(@@)) — gmotm (é"* ® det(@@))
is generically surjective. This yields, for every m > mq, an injective map of sheaves
(3.1) S™OT(E) e V* @ S"(&) @ det (&)™,

Let .# be a line bundle on Y, and k a positive integer such that h°(Y, Sk& @ M) = 1. Let s be an integer
such that m := mg(sk — 1) > my. The mgs-th power of a nonzero global section of S*& @ # is a nonzero
global section of S™**& @ .4/ ®™05 Then 3.1 yields

1< ROV, 8™ 8 @ . ®m0%) < dim V - BO(Y, 8™ RV @ det(6)5™ @ 4 F™%),

completing the proof of the lemma. O
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Proof of Corollary 1.8. Suppose that there is a positive integer m, an ample line bundle .Z, a torsion-free
quotient (L ® £)®™ — 2 of positive rank, and a movable class o € Mov(X) such that j,(2) < 0. Then

pi (Y ® £)®™) < 0. This implies that ,um‘”((TX ®.£*)®™) > 0. Thus, by [GKP16, Theorem 4.2] (see
also [CP11, Proposition 6.1]), uh** (TX ®$*) > 0. Theorem 3.1 then implies that X is a generic P"-bundle
for some positive integer 7. O

4. BOUNDING THE ALGEBRAIC RANK
We start this section by justifying the definition of generalised index in Definition 1.4.
Lemma 4.1. Let X be a complex projective manifold, and D a big divisor on X. Set
D) :=sup {t € R | D =tA+ E where A is an ample divisor and E is a pseudo-effective R-divisor}.

Then there exists an ample divisor Ay and a pseudo-effective R-divisor Eg on X such that D =1(D)Ag+ Ep.

Proof. Set ty = L(D) < 00. Pick a real number t > tg, an ample divisor A; and a pseudo-effective R-divisor

E; on X such that D =tA; + E,. Then %D A = (i —1)A: + %Et is pseudo-effective. In order to prove
the lemma, it is enough to show that there are finitely many classes of integral effective divisors B on X
such that %D — B is pseudo-effective. Let C1,...,C,, be movable curves on X such that [C1],...,[Cy,] is
a basis of Ny (X)g. If B is an effective divisor on X such that %D — B is pseudo-effective, then we have
0< B-C; < %D - C;. These inequalities define a compact set A C Nl(X)]R. Since the set of classes of

effective divisors is discrete in N'(X)g, the compact set A contains at most finitely many of these classes. [

Next we show that the algebraic rank of a foliation is bounded from below by its generalised index, and
classify foliations attaining this bound (Theorem 1.5). We fix the notation to be used in what follows.

Notation 4.2. Let .# C Tx be a foliation with big anti-canonical class and generalised index 7. Denote by

@ the algebraic part of .%, and by r® its algebraic rank. By Lemma 4.1, there is an ample divisor L and
a pseudo-effective R-divisor E such that —Kg =7L + E. Set . := Ox (L), and oy = [£" "] € Mov(X).
For any movable curve class a € Mov(X), we denote by .Z the positive part of .# with respect to «, as
defined in Paragraph 2.16, and by 7, = rank(.#.") its rank.

Proof of Theorem 1.5. We follow Notation 4.2, and assume that % # Tx.
For any movable curve class o € Mov(X) such that p(Z; @ Z*) <0, we have

Te(Z) < det(F) -«
< det(F) - a ( since uq (F/Z}) <0)
(4.1) < reta(E) ( since po (FF @ £*) <0)
< rua(Z) ( since Z C Z* by Theorem 2.19).

By Theorem 1.1, we have piq,(ZF ® £*) <0 for the ample class ag, and (4.1) gives that 7 < r®.

Suppose from now on that = r*. Then (4.1) shows that, for any movable curve class a € Mov(X) such
that po(ZS ® £*) <0 (in particular for o = ap), we have #* = Z, and pq(F* ® £*) = 0. Moreover
E-ap=0, and thus £ =0 and —K# = L.

Next we show that e (F*® Z*) =0 for every o € Mov(X). Suppose that this is not the case. Since the
ample class ag lies in the interior of Mov(X) and pa,(ZF* @ .£*) = 0, there must exist a class o € Mov(X)
such that pq(F* ® £*) > 0. By Theorem 3.1, there is a dense open subset X° C X and a P""-bundle
structure 7°: X° — Y° such that ﬁ&o = Txo/yo, and £ restricts to Opre (1) on any fiber of 7°. By
Remark 2.7, there is a foliation ¢ on Y° such that .Z|y. = (7°)'¢. By shrinking Y° if necessary, we may
assume that ¢ is locally free, and .7 /Txo /yo = ¢*9. Therefore, for a general fiber F' of 7°, we have

Opra (1) = det(F )|F = det(TXo/yo)‘F > Opra (r* 4+ 1),

contradicting our assumption that 7= r®. We conclude that p,(F* ® £*) =0 for every o € Mov(X).
This implies that —K gz« = r*L, and hence .Z* is an algebraically integrable Fano foliation. Let (F, Ap)
be a general log leaf of .7, so that —(Kp + Ap) = 7*L|p. By Corollary 2.13, Ap # 0, and thus K +
r®Lip = —Ap is not pseudo-effective. By [Hérl4, Lemma 2.5, (F,.Z, Op(Ap)) = (P, Opra (1), Opre (1)).
In particular, (F, Ar) is log canonical. By [AD13, Proposition 5.3], there is a common point z in the closure
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of a general leaf of .#®. This implies that X is covered by rational curves passing through = having degree
1 with respect to .Z. It follows that X is a Fano manifold with Picard number p(X) = 1, and hence
—Kgo = r*L implies that —K g« ~ r*L. By [ADKO08, Theorem 1.1], X 2 P"™ and .#“ is induced by a linear
projection 7: P* --» P"~ ", By Remark 2.7, there is a foliation ¢ on P"~"« such that .# = 7=1¢. By (2.1)
and (2.2), outside the center of the linear projection m: P --» P* "o we have 7*Kg ~ Kg — Kga ~ 0,
and thus K¢ ~ 0. O

Finally, we describe foliations .# whose algebraic rank slightly exceeds the generalised index, namely
UF) <rv(F) <UF) + 1. We start by addressing foliations .# with K4 = 0 and algebraic rank r® = 1.

Lemma 4.3. Let X be a complex projective manifold with Picard number p(X) = 1, and let .F be a foliation
on X. Suppose that Kz = 0 and that F has algebraic rank 1. Then the closure of a general leaf of the
algebraic part of F is a rational curve.

Proof. There exist a normal projective variety Y, a dominant rational map 7: X --» Y of relative dimension
1, and a purely transcendental foliation ¢4 on Y such that .# = 77'9. Denote by % the foliation induced
by 7, i.e., the algebraic part of 7.

After replacing Y with a birationally equivalent variety, we may assume that Y is the family of leaves of
%. Let X° C X be an open subset with complement of codimension at least 2 such that 7 restricts to an
equidimensional morphism 7 x.: X° — Y. By (2.1) and (2.2) applied to 7| x., there is an effective divisor
R on X such that, on X°, we have

—Ky =71"Ky + R.

By Theorem 2.19, Ky is pseudo-effective, and hence so is —K¢. If K¢ # 0, then the lemma follows from
Theorem 2.19. Suppose from now on that K¢ = 0, and let (F, Ap) be a general log leaf of €, so that
Kr + Ar = 0. By Corollary 2.13, Ar # 0. Thus deg(Kr) < 0, and hence F = P! O

Proof of Theorem 1.8. We follow Notation 4.2, and assume that 7 < r* < 7+ 1. We will show that the
closure of a general leaf of .%#® is rationally connected.

Step 1. Let a € Mov(X) be a movable curve class. If o (Z ® £*) <0, then (4.1) gives that 7* —1 < T <
ro < 1% Hence, #; = % By Theorem 2.19, the closure of a general leaf of .Z% is rationally connected.
If po(ZF) ® £*) =0, then (4.1) gives that r* — 1 <7< 7, < 7%, and hence .#; has codimension at most
1in e If Z} = 7, then, as before, the closure of a general leaf of .Z* is rationally connected. Suppose
that .Z; has codimension 1 in .#%. Then 7= r® — 1. Let 8 € Mov(X) be another movable curve class. If
95“ ¢ Fr, then ZF + 3“; = .Z#% and Theorem 2.19 applied to both o and 3 gives that the closure of a
general leaf of .#® is rationally connected.
Therefore, from now on we may assume the following.

Additional assumption: For any a € Mov(X), pa(F5 @ £*) > 0. If a € Mov(X) is such that p,(Z; ®
Z*) =0, then Z has codimension 1 in .#%, and ﬁg C Z} for any 8 € Mov(X).

By Theorem 1.1, we have pq, (9;) ® Z£*) < 0 for the ample class ag. The additional assumption and
(4.1) for @« = g give that 7oy, =7 —1=7, E =0 and —Kg =1L.

Step 2. Suppose that p.(F+ @ £*) = 0 for every a in a nonempty open subset U of Mov(X). From
the additional assumption, it follows that .Z] = ZJ and po(F) ® £*) = 0 for every o € U. Thus
—Kgz, =ra,L. By Theorem 1.5, X = P", and ZF is induced by a linear projection 7: P --» P "o,
Since X = P", we must have —K g ~ L ~ —Kg,, . By Remark 2.7, there is a foliation % on P "0 such
that .# = 771¢, and K« ~ 0. Moreover, since yo‘fo has codimension 1 in #%, ¢4 has algebraic rank 1. By
Lemma 4.3, the closure of a general leaf of the algebraic part of ¢ is a rational curve, and thus the closure

of a general leaf of .#“ is rationally connected.

Step 3. By Step 2, we may assume that po(F; @ .£*) > 0 for some o € Mov(X). By Theorem 3.1, Z} is
induced by a generic P"=-bundle structure 7, : X --» Y, on X, and .Z restricts to Opra (1) on general fibers
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of m,. If necessary, we can replace a by the class of a line on a fiber of 7. As in (4.1), we have
(r*=1) = 7 = det(#) «
< det(F) -
= (ro+1),
and thus r, > 7% — 2. Moreover, by Corollary 1.7, — K 7+ — oL is not pseudo-effective. Thus, there exists
a nonempty open subset V' of Mov(X) such that, for every 8 € V, ug(F}F @ £*) < 0. The additional
assumption implies in particular that ﬁg # F1 forevery B € V.

By Step 2, we may assume that ,ug(f; ®.ZL*) > 0 for some 8 € V. As before, fg‘ is induced by a generic
Prs-bundle structure mg: X --» Y3 on X, .Z restricts to Oprs (1) on general fibers of wg, and rg > r* — 2.
Notice that Zf N.ZJ =0 and Z +.7; C F* It FF + F5 = F°, then we conclude as before that the
closure of a general leaf of @ is rationally connected. So we may assume that .Z; + fg C Z“. This can
only happen if (rq,75,7%) = (1,1, 3).

Let H, and Hg be the dominating unsplit families of rational curves on X whose general members
correspond to lines on fibers of 7, and ma, respectively. Denote by n°: X° — T° the (H,, Hg)-rationally
connected quotient of X (see for instance [AD13, 6.4] for this notion). By [ADKO08, Lemma 2.2], we may
assume that codim X \ X° > 2, T° is smooth, and 7° has irreducible and reduced fibers. Applying [Gro66,
Corollaires 14.4.4 et 15.2.3], we see that 7° is flat. This in turn implies that its fibers are Cohen-Macaulay
since both X and T° are smooth. By [AD13, Lemma 6.9], there is an inclusion Txo po C j&"' It
Txo/po = ﬁl‘}(o, then the closure of a general leaf of #“ is rationally connected. So we may assume that
dim7° = dim X° — 2. By Remark 2.7, there is a foliation ¢° on T such that % x. = n°~l@° By (2.1),
we have

—KXO/TO = —Ky‘xo + FO*Kgo .
Since codim X \ X° > 2, a general complete intersection curve in X is contained in X \ X°. Let C' — T°
be the normalization of a complete curve passing through a general point, denote by X the fiber product
C x7o X°, and by m¢: X¢ — C the natural morphism. By [Gro65, Corollaire 5.12.4], X satisfies Serre’s
condition Ss. On the other hand, X is smooth in codimension 1 since the fibers of ¢ are reduced. It
follows that X¢ is a normal variety by Serre’s criterion for normality. We have

—Kxo/c =Kz |x, + 10" Kgo .
If Kgo - C > 0, then —Kx /¢ is ample, contradicting [ADKO08, Theorem 3.1]. Hence, Kg. - C < 0, and
[AD13, Proposition 7.5] implies that the closure of a general leaf of .7 is rationally connected. 0

Question 4.4. Is there a foliation .# with ©(.#) € N and ©(.#) < r*(F) < t(#) + 17 From the proof of
Theorem 1.8, we see that in this case we must have .Z = .Z% for every a € Mov(X) such that u,(Z#; ®
Z*) <0.
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