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Density profile of a semi-infinite one-dimensional Bose gas and bound states of the impurity

Aleksandra Petkovi¢, Benjamin Reichert, and Zoran Ristivojevic
Laboratoire de Physique Théorique, Université de Toulouse, CNRS, UPS, 31062 Toulouse, France
(Dated: October 23, 2020)

We study the effect of the boundary on a system of weakly interacting bosons in one dimension. It strongly
influences the boson density which is completely suppressed at the boundary position. Away from it, the density
is depleted over the distances on the order of the healing length at the mean-field level. Quantum fluctuations
modify the density profile considerably. The local density approaches the average one as an inverse square of the
distance from the boundary. We calculate an analytic expression for the density profile at arbitrary separations
from the boundary. We then consider the problem of localization of a foreign quantum particle (impurity) in
the potential created by the inhomogeneous boson density. At the mean-field level, we find exact results for
the energy spectrum of the bound states, the corresponding wave functions, and the condition for interaction-
induced localization. The quantum contribution to the boson density gives rise to small corrections of the
bound state energy levels. However, it is fundamentally important for the existence of a long-range Casimir-like

interaction between the impurity and the boundary.

I. INTRODUCTION

Boundaries play an important role in one-dimensional
quantum liquids affecting, e.g., correlation and response func-
tions, as well as the ground-state energy [1-8]. The boundary
has also an impact on the density profile of particles n(x),
which is suppressed at the boundary position z = 0. Away
from it, the particle density in fermionic systems shows so-
called Friedel oscillations [9]. They describe an oscillatory
decay of n(xz) — ng, where ng is the average density. The
envelop of Friedel oscillations follows 1/x% law for spinless
fermions [3, 10]. Here K is the Luttinger liquid parameter,
which is determined by the interaction between fermions. The
periodicity of oscillations is controlled by the average fermion
density.

Friedel oscillations in fermionic systems are studied within
the harmonic Tomonaga-Luttinger liquid description [3, 10].
This is the low-energy theory of both, interacting fermions
and bosons in one dimension [11]. It was applied for bosons
in Ref. [12] where the same pattern of density oscillations
was found for separation longer than the inverse mean den-
sity of bosons, 1/n. Applied to the special case of weakly-
repulsive bosons where K > 1, the result of Ref. [12] implies
very rapid saturation of n(x) — ng. Such fast recovery of the
density is not expected to occur in weakly interacting superflu-
ids where the density should change on the scale comparable
to the healing length £ ~ K /ng, which is much longer than
1/ng. Thus, in order to describe the density profile of bosons
one needs to go beyond the harmonic Tomonaga-Luttinger lig-
uid theory.

In this paper we study weakly-interacting bosons in a semi-
infinite system. We consider the equation of motion for the
field operator. At the mean-field (classical) level it reduces
to the Gross-Pitaevskii equation [13]. Its solution reveals that
the spatial extent of the depletion of the boson density im-
posed by the boundary is controlled by the healing length &.
At distances longer than &, the mean-field density exponen-
tially rapidly reaches the constant value ng. Accounting for
the effect of quantum fluctuations around the mean-field so-
lution within the Bogoliubov-de Gennes formalism, we find
that the density reaches ny much slower, following 1/x2 law.

Our approach enables us to obtain an analytic expression for
the density profile at all distances.

The nonuniform density profile of the Bose gas determines
the potential for a weakly-coupled quantum impurity intro-
duced in the system. For repulsive interaction between the
impurity and the bosons, the impurity can be localized. We
solve the Schrodinger equation and characterize the impurity
by the energy spectrum of the bound states, their wave func-
tions, and the mean position. We find the condition for the ap-
pearance of the bound states, which is a threshold for a single
dimensionless parameter that involves the masses of the im-
purity and of the particles of the Bose gas as well as the inter-
action strengths. We note that a related phenomenon of self-
trapping, i.e., the localization of a single impurity in homo-
geneous Bose-Einstein condensates was studied in Refs. [14—
19]. Contrary to the case of the self-trapping where a bound
state is created due to the significant distortion of the density
of the host system due to the coupling with the impurity, in
our case it is the boundary that critically modifies the density.
Other related phenomena include the localization of bosonic
atoms by fermionic ones in attractive Bose-Fermi mixtures ex-
amined in Ref. [20]. The formation of bounds states of two
impurities immersed in one-dimensional liquid has been stud-
ied recently in Refs. [21-23], while the higher-dimensional
cases are studied, e.g., in Ref. [24-26]. We eventually men-
tion the study of a ionic impurity in a condensate [27].

The paper is organized as follows. In Sec. II we introduce
the model of interacting bosons in a semi-infinite geometry. In
Sec. III we solve the equation of motion for the single-particle
field operator. We find the mean-field solution and the first
two quantum corrections. This enables us to evaluate the den-
sity of bosons, including its quantum contribution, in Sec. I'V.
In Sec. V we consider the problem of a mobile quantum im-
purity interacting with the system. We solve the Schrodinger
equation for the impurity and study its properties. Section VI
is devoted to discussions, while in Sec. VII we summarize our
results. In Appendix A we present a simplified procedure that
leads to the density in the regime of large separations from the
boundary.



II. THE SEMI-INFINITE BOSE GAS

We are interested in the influence of the boundary at x =
0 on the physical quantities in a one-dimensional system of
interacting bosons. We thus study a long system described by
the Hamiltonian

L 292
H:/ d:c<—\1ﬂmxp+g\1ﬁ\1ﬁ\1ny). (1)

Here m is the mass of bosons, while the coupling constant g >
0 describes the repulsive contact interaction between them.
The system size is L; however we will eventually consider the
thermodynamic limit. The bosonic single particle operators
¥ and Ut satisfy the usual equal time commutation relations
[U(x,t), Ut (2’ t)] = §(2 — 2’), while the other commutators
vanish. The model (1) is characterized by the dimensionless
parameter [28] v = mg/h?ng, where ng is the mean particle
density. The boundary of the system imposes the nullification
of the single-particle operator at its position,

Uz =0,t) = 0. )

The condition (2) implies that the boson density also vanishes
atx = 0.

Our first goal in this work is to calculate the density profile
of the bosons

n(z) = (U1 (@2)¥(2)), 3)

where the average is with respect to the ground state of the
Hamiltonian (1). For simplicity, we introduce the dimension-
less coordinates for the position and the time, respectively,
defined as
T t
X=r, T=5r. @)
& h/p

Here ¢, = h/,/mu denotes the healing length, while y is the
chemical potential. Assuming the single particle operator in

the form
U(z,t) = \/gz[)(x, T)e T, (5)

its equation of motion ih0, U =
units becomes

[, H] in the dimensionless

A 2 ~ ~
ori(x,1) = |- - 14 G e )| dx )
(6)

We will solve Eq. (6) at v < 1, corresponding to the regime
of weak interaction. In this case, one can expand the field
operator as [13, 29]

(X, T) = ¢o(X) + ath
such that [)(X, T), (X(’

small parameter is

(X,T) + o? wQ(X T)+..., (7

T)] = a?6(X — X'). Here the
gno/pm)t/* =~ yY/* <« 1. In the

latter estimate we used the expression 1 = gng, which is valid
at weak interaction, v < 1.

The function 1)y (X) describes the time-independent wave
function of the system in the absence of fluctuations. The field
operators 1&1 and 1[)2 account for its first and the second quan-
tum correction. Note that the Bose-Einstein condensate does
not exist in one dimension in the thermodynamic limit due
to strong effect of long-wavelength fluctuations. However,
in finite-size systems, the inverse system size provides an in-
frared cutoff. The perturbative expansion (7) is justified as
long as [29, 30] In(L/¢,,) < 1/,/7 where L is the length of
the system. The latter inequality shows that for weakly inter-
action bosons [i.e., at v < 1] the system size can actually be
huge. We point out that the density n(x) [see Eq. (3)] which
is to be calculated, is well defined (i.e., cutoff-independent)
in the thermodynamic limit [31].

III. SOLUTION OF THE EQUATION OF MOTION

A. Wave function in the absence of fluctuations

The form (7) substituted into Eq. (6) leads to a hierarchy
of equations controlled by the small parameter o < 1. The
equation of motion for 19 (X ) is obtained at order a°. It reads

L1(X)po(X) =0, @®)
where we have introduced the operator

N 0%

£i(X) = = + jluo(X

)2 - 1. ©)
The expression (8) is known as the Gross-Pitaevskii equation
[13]. This second order differential equation should be sup-
plemented by two boundary conditions. One of them follows
from Eq. (2) and becomes t¢y(0) = 0. The other condition
arises from the physical requirement that the density, which
is proportional to |1o(X)|?, is unaffected by the boundary at
long separations from it and thus becomes a constant. The real
solution [32] of Eq. (8) satisfying such boundary conditions is

Yo(X) = tanh X. (10)

At weak interaction the chemical potential of the Bose gas is
1 = gng. This gives the density (3) at the mean-field level to
be

n(z) = notanh®(z/¢), €=1/noyy. (1)
This expression shows that the density quickly saturates at dis-
tances beyond the healing length £ (which is £, in the limit
v < 1), provided one takes only the leading order term from
the expansion (7).



B. First quantum correction

We now consider the effects of quantum fluctuations and
determine 1. Its equation of motion is

071 (X, T) = Lo(X )1 (X, T) + o (X)*P] (X, T)
(12)

We seek a solution for 1y (X, T) as a superposition of excita-
tions of energy €, using the ansatz based on Bogoliubov trans-
formation [13]

'(/31 (X, T) = ZNk {uk(X)(;ke—iekT _ UZ(X)E;@MT] )
k>0
(13)

Since Eq. (12) is linear and homogeneous, we must account
for the normalization factor Ny in Eq. (13), which should be
determined in such a way to satisfy the proper commutation
relations between val fields. This is discussed further below.
The bosonic operators by, and I;L satisfy the standard commu-
tation relations [Bk, i)L,] = 0, and [Bk, l;k/] = 0. The bound-
ary condition (2) at order « is given in terms of wug and vy
by

up,(0) = v (0) = 0. (14)

Substitution of Eq. (13) into Eq. (12) leads to two coupled
equations for uy and vy. They are known as the Bogoliubov-
de Gennes equations and are given by

entun(X) = La(X)up(X) — 03 (X)op(X),
—exv(X) = Lo(X)vi(X) — U3 (X )ur(X).

(15a)
(15b)
In order to simplify them, we introduce the functions
Sk, X) = ur(X)+vg(X) and D(k, X) = up(X) — vk (X).

This enables us to decouple the equations and lead to the
fourth order differential equation

€28k, X) = La(X)L1(X)S(k, X). (16a)
Note that D is given in terms of S as
1~
D(k,X) = —L1(X)S(k, X). (16b)

€k

Four independent solutions of the forth-order equations (16)
are [33]

Sp(X) = (—ik, + 2tanh X)X (172)
ik, 1, k2
Dn(X) = 7; cosh? Xe " 2€p Sn(X), (175)

where n € {1,2,3,4}, while ¢, = /k2? + k*/4 is the energy
dispersion. The four roots entering .S,, are ko = +k and

k3.4 = +iv4A + k2 in terms of k = v/24//e7 +1 — 1. The

general solution of Eqs. (16) is a linear combination

S(k, X) = AS;(k, X) + Sa(k, X) + BS5(k, X), (18a)

Note that Sy and D, do not appear since they diverge at large
X. The two unknown coefficient A and B are determined
using the boundary condition (14) that is terms of S and D
becomes S(k,0) = D(k,0) = 0. Wefind A = 1and B =
0. Therefore the general solution of Egs. (15) that satisfy the
boundary condition (14) are the real functions

k2 +2cosh™2 X
ue(X) = k (1 + +COS> sin(kX)
26k
k,2
+2 (1 + 2) cos(kX)tanh X (19a)
€k
k2 +2cosh™2 X
we(X) = k (1 - Jr;m) sin(kX)
€k

2
+2 <1 - Qk) cos(kX)tanh X.  (19b)
€k

The normalization in Eq. (13) is obtained by requiring [13]

MmlgwmeMM—mm%wmﬂw
(20)

This leads to Ny = (£, /4Le;,) /2 at L >> ¢,,. One can then

verify the equal time commutation relation [1h; (X), 4 (Y)] =
0. The evaluation of the other commutation relation is more
involved:

[1(X) ] (V)] = > N [un(X)ug(Y) = vp(X)or(Y)]

k>0
_ % 3 feos (k(X — Y)) — cos (k(X +Y))]

k>0
—5(X —Y), @1

since §(X +Y") always equals zero for X, Y > 0. The second
equality in Eq. (21) is obtained after performing the integral
over k of the function [ug (X )uk(Y) — vg(X)vr(Y)]/4der —
2sin(kX) sin(kY"), which turns out to be zero. The remaining
part after integration over k then gives the delta function in

Eq. (21). There weuse Y, - o(--+) = (L/7E,) fooo dk(--+).

C. Second quantum correction

The first quantum contribution to the density (3) is propor-
tional to o and thus is determined by the first two correc-
tions of the field operator in Eq. (7). We thus now consider
the second quantum correction to the field operator v denoted
by 1/32. Its equation of motion is obtained from Eq. (6) at or-
der a?. Since 9o (X) is real [see Eq. (10)], it is sufficient
to consider the real part of the expectation value (1&2) which
enters into n(z). For this purpose we introduce the notation
15 = Re(1)5). The equation of motion for 1 is

L3(X )2 (X) = f(X), (22)



where

F(X) = =20 (1) — o (D). (23)

At zero temperature one has

(@) =Y NRvg, (W7 ==Y Njugwp.  (24)

k> k>

Note that the source term f(X) in Eq. (22) is time-
independent and thus 15 is only a function of X. We note
that evaluation of f(X) requires a small-k cutoff (A ~ £, /L)
since it is divergent at k — 0.

The solution of the linear equation (22) can be expressed as
w0 = [Cavex vy, o)
0

where G is the Green’s function of the operator L5(X). It
satisfies

L3(X)G(X,Y) =6(X —Y). (26)

Moreover, the Green’s function is symmetric G(X,Y) =
G(Y, X) and satisfies

GYTY)=6(y,Y),
IxG(X =Y, Y)—0xG(X =Y™,Y) = -2,

(27a)
(27b)

to account for the §(X —Y) on the right hand side of Eq. (26).
Here Y+ = lims_, o+ Y 0. Also, the Green’s function obeys
G(0,Y) = 0 due to the boundary condition imposed by the
end of the system, i.e., 12(0) = 0. For the solution of Eq. (26)
we find

g(Y)O(X —Y) +g(X)0(Y — X)
cosh? X cosh? Y

G(X,Y) = (282

where

_12Y 4 8sinh(2Y) + sinh(4Y)

g(Y) 16 :

(28b)

J

4

Therefore, the solution of Eq. (22) for 15 (X)) is obtained from
Eq. (25), where one should substitute the Green’s function and
the source function (23). Since the latter depends on the in-
frared cutoff, ¢)» has also this feature. In Appendix A we de-
rive ¢2(X) in the regime X > 1.

IV. LOCAL DENSITY

Having solved the equation of motion for the terms g, 1&1,
and 1[)2 of the single-particle operator (7), we are now in posi-
tion to evaluate the spatial density profile of the semi-infinite
Bose gas. It is given by the expansion

n(z) = g [n<0>(X) +a?n®(X) + 0(a3)] ‘X_ . (29)

T
Here the mean-field contribution is

nO(X) = [¢o(X)|* = tanh® X, (30)
while the quantum contribution to the density has the form

nW(X) = (] (X, 7)1 (X, T)) + 2¢0(X)2(X), (31)

or more explicitly

nW(X) = / dk {vk(X)2 —2tanh X
0

4mey,

X /00 dAYG(X,Y)up (V) [20:(Y) — ug (V)] tanhY}.
' (32)

In Eq. (32) one should use Egs. (19) and (28), while we re-
call e = \/k? + k*/4. Unlike 1) that requires an infrared
cutoff, the density contribution (32) does not. Each of the two
terms in Eq. (31) is divergent, however their sum is finite. This
should be the case since the density fluctuations are expected
to be finite unlike the fluctuations of the phase of the single
particle operator [34].

The evaluation of Eq. (32) is rather tedious. We first per-
form the integration over Y using various trigonometric iden-
tities and the integration by parts. As a result, we obtain
a cumbersome expression involving several hypergeometric
functions. Such expression is an integrable function of k.
To perform the integration we split the integrand into several
summands. We should stress that, unlike the whole integrand,
the summands can be nonintegrable due to singularities and
one should regularize them by adding and subtracting some
functions. As a result of such procedure, we obtain the local
density that can be expressed in the form

i) = {ran (/) + o2 | B8] o (PTG 4y &9

7 cosh?(x/€,)



where &, = h/,/m and

2 - h
h(z):7_3 ztanh z

2
m mcosh” z

72(2 — cosh2z) [ 8z

8cosh? 2

— 2% (1,1;1/2,3/2,2;42%) — I (42) Lo(42) + Io(42) L1 (42)

+ tanh z(1 — 4z tanh 2) [Io(42) — Lo(42)] — %[1 — ztanh 2(3 + 5tanh® 2)] [I, (42) — L_1(42)]. (34)

Here 5 F3 is the hypergeometric function while I,,(z) and
L,(z) are the modified Bessel function of the first kind and
the modified Struve function, respectively.

The density (33) is obtained for a fixed value of the chem-
ical potential. We eliminate p by using the mean density
no that is given by ny = fOL drn(z)/L. In the thermo-
dynamic limit, the mean density of the Bose gas is ng =
(u/9)(1 + «?/7 + ...). Inverting this relation, one obtains
the chemical potential as a function of the mean density [28],
p=gno(l—//m+...), where v = mg/h*ng < 1. Sub-
stituting g as a function of ng in Eq. (29) yields the density
profile of the weakly-interacting semi-infinite Bose gas

n(z) = ng [tanh®(z/€) + Fh(z/€)], (35)

where £ = 1/ng,/7, while h is given by Eq. (34).

We now analyze the behavior of the local density (35). At
short separations, z < &, the quantum fluctuation contribu-
tions to the density can be neglected and the leading contribu-
tion is given by

n(z) = ng tanh?(z/£). (36)

This classical result originates from the mean-field contribu-
tion (30) to the density. At longer separations, x > &, the
classical result (36) quickly saturates to a constant ng. How-
ever, the approach of the local density toward ng is actually
much slower than one obtains from the mean-field result (36).
At x > £ the quantum contribution (31) is the dominant term
in the density deviation n(x) —ng since it decays algebraically
with the distance. This follows from the asymptotic expansion

! [1 41 - 15 + O(z_?’)] .3

hz) =152 2 1622

Therefore, at = >> £ the leading correction to the local density
is given by

n(z) = ng (1 - ﬁéﬂ) . (38)

167 22

The crossover distance x. between the two regimes can be
estimated by equating the two expressions (36) and (38). Asa

result we get
8T
T~ EIn ( ) . 39)
¢ 71/4

Note that the crossover distance depends only logarithmically
on v and practically is on the order of few . This is illustrated
in Fig. 1 where the density profile of the Bose gas is shown as

ny — n(x)

0.01

107

107 | .

P I R R S x/&

Figure 1. Density deviation from the mean density [no — n(x)]/no
of the Bose gas for three values of the dimensionless interaction pa-
rameter ~y. The dashed curve denotes the mean-field result.

a function of the distance from the end of the system at several
values of . The density in the crossover regime between the
classical and the quantum one is given by Eq. (35). A simpli-
fied derivation of (") (X) at X >> 1 is given in Appendix A.
We finally notice that the ground-state energy calculation of
Ref. [35] leads to the limiting forms (36) and (38).

V. INTERACTION-INDUCED LOCALIZATION OF A
SINGLE IMPURITY

In this section we study the problem of a quantum impurity
in the semi-infinite Bose gas. We consider the impurity that
is locally coupled to the boson density (35). In the case of re-
pulsion, the density profile of the Bose gas forms an attractive
potential for the impurity, which can lead to the bound states
in the spectrum. In that case the particle becomes localized by
the surrounding medium.

In the case of a weakly coupled impurity, one can find
its wave function in the approximation of unperturbed Bose
gas density (as further discussed in Sec. VI). The impurity
wave function is a function of x ant ¢ and is governed by the
Schrodinger equation. After separation of variables it reduces
to the eigenvalue problem on the positive semi-axis z > 0

2 d?
—m@ + GTL(CC) —F 1/)imp($) = 0,

Yimp (0) = 0.

(40a)

(40b)



Here M is the impurity mass, G > 0 denotes the coupling
constant, while the density of the Bose gas n(x) is given by
Eq. (35). An alternative formulation of the eigenvalue prob-
lem (40) is to consider unrestricted x with the symmetric po-
tential Gn(|z|), and to account only for odd eigenfunctions.
They have a node at x = 0 and thus automatically satisfy the
boundary condition (40b).

In order to simplify the notations, we rewrite Eq. (40) in the
form

@ A N z] _
T S o VA= DA() + 4| £(2) = 0,
(41a)
f(0) =0, (41b)
where we have introduced

f(2) = imp(28), (42)
)\:l—k1 1+8GiM, 43)

2 2 agm
%22GM<1E>. (44)

gm Gnyg

In the following we will find the bound state spectrum for the
eigenvalue problem (41).

A. Bound states of Poschl-Teller potential

In the limit where the quantum correction to the density
h(z) is neglected, the potential of Eq. (41a) describes a hole
of modified Poschl-Teller type which admits an exact solu-
tion [36, 37]. We now derive the bound states for this special
eigenproblem defined by

A A= _
2 ol + 2°| f(2) =0, (45a)
f(0)=0. (45b)

From the definition (43) follows A > 1 and thus the potential
—X(\ — 1)/ cosh? z in Eq. (45a) is negative. We also notice
that for unrestricted z, the eigenstates in such symmetric po-
tential can be even or odd functions of z. For the problem (45)
only odd solutions have a node at z = 0. They are of the form
[37]

f(z) =cosh® zsinh z
A— 1 1
><2F1< rbl Adoet ;3;—sinh2z>,

2 ’ 2 2
(46)

where o I} is the Gauss’s hypergeometric function.

In order to discuss the appearance of bound states, we con-
sider the asymptotic expansion of Eq. (46) in the limit z — oo,
which is given by

2D (3)T(3/2)e”

27T (—)I'(3/2)e >
f(z) ~ T (AzEl) T (22Ex) =TG/2)

r T ()
47)

We notice that there are two exponential terms oc e™** at

z — oo. Taking into account the definition of s given by
Eq. (44), we conclude that a bound state can be realized only
if 22 > 0, i.e., if Gng > E. In the opposite case, Gng < F,
the solution at long separations from the boundary is an oscil-
lating trigonometric function since s is purely imaginary. In
the following we focus on the localized (bound) states and de-
rive their energy spectrum. We assume without loss of gener-
ality that s > 0. Thus, the coefficient in front of the term e**
must vanish in order to obtain a nondivergent (normalizable)
wave function at large z. This occurs when the arguments of
the Gamma functions in the denominators are 0 or negative
integers. Since A > 1 and by assumption » > 0, only the

argument of I' (2=3%2) matters. This yields
x=A—2-2n, (48)
where n = 0,1,2,.... From the condition » > 0 we obtain

that integer 7 satisfies

0<n< % — 1. (49)
Equation (49) determines the condition A > 2 necessary for
the appearance of the first bound state [38]. The number 1, de-
notes the number of nodes of the odd bound-state eigenfunc-
tion in the region of interest z > 0. Thus, the localized solu-
tions of the eigenvalue problem Eq. (45) are given by Eq. (46)
where s satisfies Eq. (48), while 7 is a nonnegative integer
satisfying the condition (49). The latter enables us to reex-
press the eigenfunction (46) in the form

sinh z
2)=nTA—n—1)————
fa(z) =n!'T(A—n )cosh/\_lz
y i (—4)7 sinh? 2z
2 2 D= T =7 —1-J)

Jj=

(50)

using o Fy (¢ — a,c — by ¢; 2) = (1 — 2)*TP=¢, Fy (a, b; ¢; 2).

The preceding expressions enable us to find the spectrum
of bound states of the impurity defined by Eq. (40) in the case
when the quantum fluctuations of the density are neglected.
The eigenfunctions are Yimp n(z) = f,(x/§) [see Eq. (50)],
where one should substitute Eq. (43) for \. The corresponding
energies [cf. Eq. (48)] are

3 8GM 5
(+n) 1+3n2n2],
4 gm 4

(G

m
E — ikl
n = 90y

provided the system has bound states. The condition for that
is sufficiently strong coupling between the impurity and the
Bose gas, which should satisfy

GM > (n+1)(2n+1). (52)
am

The latter follows from Eq. (49). The set of allowed values for
71 (non-negative integers) in the spectrum (51) are determined



by the inequality (52). In particular, the first bound state (cor-
responding to n = 0) occurs for GM /gm > 1. The second
one (corresponding to = 1) exists for GM /gm > 6, etc.
We introduce an important quantity

E) =Gng — Ey, (53)

which denotes the binding energy, Eg > 0.

In Fig. 2 we show the bound state energies for the first five
levels. We notice that the specific bound state energy ex-
pressed in units of Gng, which is the value of the potential
at infinity, is a function of the single parameter GM /gm. In
Fig. 3 we show the normalized wave functions for the bound
state levels for the specific value GM/gm = 30. We notice
that the wave functions for energies near the top of the po-
tential, Gng, are weakly localized as their spatial extension
increases. The level (quantum) number 7 corresponds to the
number of nodes of the wave function. For a given wave func-
tion, its spatial extension decreases with increasing GM /gm,
since in that case the potential becomes deeper. This is re-
flected in the mean distance of the particle from the origin,

), _ el el @)
VT dal @

We plot this dependence in Fig. 4. Close to the threshold for
the appearance of the bound state, the mean distance diverges
according to the law
(2)n 1 n+ %
=== +0(1). (59
£ 2 SM_(n4+1)(2n+1) @)

The denominator of Eq. (55) denotes the distance from the
threshold for the appearance of the bound state f, measured
from the “localized” side where the particle is in the bound
state. Equation (55) can be also expressed as function of the

\/™t/8M E} using Eqs. (44) and

(53). Indeed, (x), determines the localization length. This
easily follows from the asymptotic expansion of the wave
function f,(z) ~ exp (—xz) [cf. Eq. (47)], where the local-
ization length is 1/5¢ close to the “transition”. The localiza-
tion length diverges with the first power of the distance from
the “transition”, which physically denotes the disappearance
of the bound state as GM/gm is decreased (and the bind-
ing energy approaches zero). More generally, the universal
form of the wave function enables us to find any moment as
(z7),/& = j!/(25)7 close to the threshold.

In the preceding part we considered a localized impurity,
i.e., its bound states which exist when the eigenenergies are
smaller than Gng (corresponding to the value of the po-
tential at infinity). We should stress that the impurity has
a continuum of scattering states with energies higher than
Gnyg. They are characterized by the oscillating wave functions
[cf. Eq. (47)].

(54)

gm

binding energy (z),/§ =

B. Quantum correction to the potential

In the previous subsection we have solved the eigenproblem
for the impurity using the mean-field contribution to the po-
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Figure 2. The first five bound state energies E,/Gno as a function
of the dimensionless parameter GM /gm. They occur, respectively,
at ratios GM /gm = 1,6, 15,28, 45. Notice that the energies start
from G'ng, which is the value of the potential at infinity.
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Figure 3. Normalized wave functions for the first four states at
GM/gm = 30. Notice that the wave function corresponding to
n = 3 is spatially less localized since the value of GM/gm is close
to the threshold for its appearance.
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Figure 4. Mean distance (z), /& of the impurity from the origin for
the first four bound states as a function of GM /gm. At the threshold
value for a given 7, the mean distance diverges according to Eq. (55),
signaling the disappearance of the bound state.
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Figure 5. Quantum correction to the bound state energies

dE, /\/7 Gno for different 7 as a function of GM /gm for the first
five levels.

tential. We now account for the quantum correction h(z), see
Eq. (41). We were not able to solve analytically the whole
eigenproblem, since the form of h(z) is very complicated.
However we can take advantage of the small parameter ,/y
that controls it and find the corrections of the bound state en-
ergy (51) using perturbation theory. The energy correction is
given by

fooo dz| f,(x)]*h(z)
fooc dz|fy(z)[? ’

where h is defined in Eq. (34), while f,, by Eq. (50). The
quantum correction /Yy Gnoh(z /) to the effective potential
[see, e.g., Eq. (40a)] becomes practically important at dis-
tances x > ¢ (see Fig. 1) with respect to the classical one
—Gng/ cosh?(x/€). Contrary to the function h(z/€) that has
a long-range tail oc —1/x2, the wave function is localized and
exponentially small at z > £. As a result the numerator in
Eq. (56) is small thus the quantum correction to the bound
state energy is negligible. Notice that very near the threshold
for the bound state appearance (see, e.g., the curve for n = 3
in Fig. 3) the wave function may have some overlap with the
tail of h(z/¢), and the correction d E,, can be somewhat im-
portant with respect to E,, — Gng. Nevertheless, 0 E,, is nega-
tive since the quantum correction to the potential broadens the
well. The quantum corrections to the different energy levels
of the bound states are numerically evaluated using Eq. (56)
and shown in Fig. 5 [39].

§E, = /7 Gng (56)

VI. DISCUSSION

We have calculated the bound states of the impurity in
a semi-infinite Bose gas. We assumed that the density of
the Bose gas it not affected by the presence of the impurity
[cf. Eq. (40)]. This approach is valid in cases of weak cou-
pling G between the impurity and the particles of the Bose
gas. A more general model would be the Hamiltonian (1) sup-

plemented by the impurity part
/L . R292. b o ata
dx <\I/im —EWip + G Wi, U \I’) (57)
) PON P p *©imp

From the solution of the whole problem one could obtain the
spectrum of the bound states at any G. However this is in prac-
tice difficult to do analytically. The parameter region where
our approach applies can be obtained by calculating the cor-
rection to the Bose gas density (35) due to the coupling with
the impurity. For a heavy impurity such correction is small at
G < g//7 [35]. In this regime is therefore justified to study
the simplified problem (45). Notice that for weakly interact-
ing bosons we have v < 1 and thus our work covers a big
range of values for G.

The quantum contribution to the boson density that univer-
sally behaves as 1/x2? at x > ¢ [see, e.g., Eq. (38)] leads
to a small energy correction to the bound state levels of the
localized particle. However, the knowledge of such spatial
dependence of the density of particles far from the boundary
is fundamentally important for quantities where the density
gradient matters. An example is the Casimir-like interaction
[31, 40—43] between the impurity and the boundary of the sys-
tem mediated by density fluctuations of the medium. In the
regime = > ¢ its form was found in Ref. [35], while our
result (35) determines the interaction law at all distances. It
takes the form

U(z) = G[n(z) — ng)
o

cosh2(@/E) VAh(z/E)| . (58)

— Gno

It is expected that under the influence of the long-range poten-
tial (58), a heavy impurity immersed in the system far from
the boundary slowly drifts towards it and eventually get lo-
calized. During this process, the impurity energy that equals
Gnyg at long distances is dissipated by exciting the Bose gas.

The boundary in our system can exist naturally as the sys-
tem’s end. Alternatively, it can be created by a heavy impu-
rity strongly coupled to the Bose gas that creates impenetra-
ble potential and leads to the complete depletion of the boson
density at its position. Thus the effective interaction between
the boundary and the impurity can also be interpreted as the
Casimir-like interaction between two very different impuri-
ties. We notice two related very recent experimenal works
[44, 45], which have demonstrated the existence of the in-
duced interaction between quantum particles mediated by the
surrounding quantum gas.

The Hamiltonian (1) can be studied within the dual model
of attractive fermions [46, 47]. The density of bosons in the
original model is equal to the density of fermions in the dual
one. Such mapping is particularly useful in the regime of
strong interaction between bosons, corresponding to v > 1
and the Luttinger liquid parameter K ~ 1 + 4/~. In this case
the fermions are weakly-attractive, which enables one to study
their density, obtain the characteristic form with Friedel oscil-
lations and go beyond the Tomonaga-Luttinger liquid descrip-
tion. It is interesting to study the density and the fate of Fridel



oscillations as the value of K increases and find a connec-
tion with our result (35). A numerical study of finite number
of bosons [48] also suggests the above picture. Note that the
model (1) is integrable in the box geometry [5] and thus it is
in principle possible to use the exact Bethe ansatz solution to
find the exact density profile in the thermodynamic limit and
answer the above question. We are not aware of such study in
the literature.

Recent experimental realizations of cold bosons trapped in
a box potential [49-52] provide a possibility to observe our
results. In order to see the characteristic long-range tail of the
density [cf. Eq. (38)], the system length has to be much longer
than the crossover distance (39). In addition, the constraint on
the temperature comes from the fact that the thermal length
{7 = hv/27T has to be longer than the the crossover dis-
tance (39). Here v = 4/ gng/m denotes the sound velocity of
weakly interacting bosons. Thus we obtain 7'/ < log (v~ 1).
Concerning the observation of the bound states, the condition
(52) could be realized for a given mass ratio M /m by tuning
the interaction strengths using the Feshbach resonance. Tem-
perature should be sufficiently small to avoid smearing of the
energy levels.

VII. SUMMARY

In this paper we first calculated the density profile of the
weakly-interacting semi-infinite one-dimensional Bose gas.
We solved the equation of motion for the field operator. At
the mean-field level, it leads to the density profile (11). Tak-
ing into account the effect of quantum fluctuations around the
mean-field solution we calculated the quantum contribution to
the density, see Egs. (34) and (35). It shows the universal 1/ x?
behavior at long distances.

We then studied the spectrum of the bound states of a quan-
tum impurity which experiences the potential created by the
surrounding Bose gas. We were able to exactly solve this
problem accounting for the mean-field boson density. The
discrete spectrum is given by Eq. (51), while the correspond-
ing wave function are written in Eq. (50). Bound states exist
for sufficiently strong repulsion between the impurity and par-
ticles of the Bose gas, see Eq. (52). We also found how the
mean particle distance from the boundary behaves, and in par-
ticular its divergence (55) as one approaches the threshold for
the appearance of the bound state levels. We showed that the
quantum contribution to the density gives rise to the negligible
corrections of the bound state levels. However, the quantum
contribution to the density is important since it leads to the
long-range Casimir-like interaction between the impurity and
the boundary.
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Appendix A: The density contribution at long distances

Here we present derivation of the quantum contribution to
the density at long separation from the boundary. We begin
with the expression for 15(X) that simplifies at X > 1. In
order to obtain it we first notice that Eq. (25) leads to the first-
order differential equation

dips(X)
dx

= — 2tanh X5 (X)

fY)
cosh? Y’ &l

oo
+ 2cosh2X/ dy
X

In the regime X >> 1 one can set tanh X to 1 and cosh™ X
to 0 in Egs. (19), such that the source term becomes

2k%  3k*

Y)= - NE (11— 4+ =
sy = = ong (1- 20+ 3 )

E>A
x [ksin(kY) + 2 cos(kY)]?. (A2)
One can then perform the integration in Eq. (A1) for which
it suffices to approximate cosh® Y by ¥ /4 and solve an el-
ementary integral. Solving the differential equation we then
find

1 2k%  3k?
X)= =Y N} {1-"+" ) |4+K
- A ) o
E>A /
— k2 4k .
+ 1—{—7k2 COS(Q]{}X) + m sm(?kX)] (A3)
at X > 1 (corresponding to x > &).
The quantum contribution to the density (31) can now be
found more easily using Eq. (A3). It leads to

< gk k 5
W(x :/ —1- [
Xy =) 271'{ Noen=Rll ey

2 k
C3(1+ k) (4+ k2)3/2}

x {(1 - T) cos(2kX) + ksin(2kX)} %[.%4)

The fist two terms in braces give a constant after the inte-
gration. The next two terms contain poles in the complex
plane and (after proper regularization) lead to exponentially
small result. Finally the term with the denominator with the
power exponent 3/2 is responsible for the power-law decay of
n)(X). The actual evaluation yields

nW(X) = % I ;6—2)( _ %674)(
+ (1 —4X) [Io(4X) — Lo(4X)]
- %(1 —8X) [[1(4X) — L_1(4X)]. (A5)

Equation (A5) can be recognized in the density correction
given by Egs. (33) and (34). Apart from the exponential terms



that are negligible at X > 1, the last two terms in Eq. (AS)
correspond to the second line of Eq. (34) taken at large argu-
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ment. They lead to the power-law decay of the density correc-
tion at long separations [cf. Eq. (37)].

[1] S. Eggert and 1. Affleck, “Magnetic impurities in half-integer-
spin Heisenberg antiferromagnetic chains,” Phys. Rev. B 46,
10866-10883 (1992).

[2] S. Eggert and I. Affleck, “Impurities in S = 1 / 2 Heisenberg
Antiferromagnetic Chains: Consequences for Neutron Scatter-
ing and Knight Shift,” Phys. Rev. Lett. 75, 934-937 (1995).

[3] M. Fabrizio and A. O. Gogolin, “Interacting one-dimensional
electron gas with open boundaries,” Phys. Rev. B 51, 17827—
17841 (1995).

[4] S. Eggert, H. Johannesson, and A. Mattsson, “Boundary Ef-
fects on Spectral Properties of Interacting Electrons in One Di-
mension,” Phys. Rev. Lett. 76, 1505-1508 (1996).

[5] M. Gaudin, “Boundary Energy of a Bose Gas in One Dimen-
sion,” Phys. Rev. A 4, 386-394 (1971).

[6] H. W.J. Bléte, J. L. Cardy, and M. P. Nightingale, “Conformal
Invariance, the Central Charge, and Universal Finite-Size Am-
plitudes at Criticality,” Phys. Rev. Lett. 56, 742—745 (1986).

[7] E. C. Alcaraz, M. N. Barber, M. T. Batchelor, R. J. Baxter, and
G. R. W. Quispel, “Surface exponents of the quantum XXZ,
Ashkin-Teller and Potts models,” J. Phys. A: Math. Gen. 20,
6397-6409 (1987).

[8] B. Reichert, G. E. Astrakharchik, A. Petkovi¢, and Z. Ris-
tivojevic, “Exact Results for the Boundary Energy of One-
Dimensional Bosons,” Phys. Rev. Lett. 123, 250602 (2019).

[9] J. Friedel, “Metallic alloys,” Nuovo Cimento 7, 287-311
(1958).

[10] R. Egger and H. Grabert, “Friedel Oscillations for Interacting
Fermions in One Dimension,” Phys. Rev. Lett. 75, 3505-3508
(1995).

[11] F. D. M. Haldane, “Effective Harmonic-Fluid Approach to
Low-Energy Properties of One-Dimensional Quantum Fluids,”
Phys. Rev. Lett. 47, 1840-1843 (1981).

[12] M. A. Cazalilla, “Low-energy properties of a one-dimensional
system of interacting bosons with boundaries,” Europhys. Lett.
59, 793-799 (2002).

[13] L. P. Pitaevskii and S. Stringari, Bose-Einstein Condensation,
International Series of Monographs on Physics (Oxford Uni-
versity Press, Oxford, New York, 2003).

[14] D. K. K. Lee and J. M. F. Gunn, “Polarons and Bose deconden-
sation: A self-trapping approach,” Phys. Rev. B 46, 301-307
(1992).

[15] F. M. Cucchietti and E. Timmermans, “Strong-Coupling Po-
larons in Dilute Gas Bose-Einstein Condensates,” Phys. Rev.
Lett. 96, 210401 (2006).

[16] K. Sacha and E. Timmermans, “Self-localized impurities em-
bedded in a one-dimensional Bose-Einstein condensate and
their quantum fluctuations,” Phys. Rev. A 73, 063604 (2006).

[17] R. M. Kalas and D. Blume, “Interaction-induced localization of
an impurity in a trapped Bose-Einstein condensate,” Phys. Rev.
A 73, 043608 (2006).

[18] M. Bruderer, W. Bao, and D. Jaksch, “Self-trapping of impuri-
ties in Bose-Einstein condensates: Strong attractive and repul-
sive coupling,” Europhys. Lett. 82, 30004 (2008).

[19] L. A. P. Ardila, G. E. Astrakharchik, and S. Giorgini, “Strong
coupling Bose polarons in a two-dimensional gas,” Phys. Rev.
Research 2, 023405 (2020).

[20] D.-S. Liihmann, K. Bongs, K. Sengstock, and D. Pfannkuche,

“Self-Trapping of Bosons and Fermions in Optical Lattices,”
Phys. Rev. Lett. 101, 050402 (2008).

[21] A. Dehkharghani, A. Volosniev, and N. Zinner, “Coalescence
of Two Impurities in a Trapped One-Dimensional Bose Gas,”
Phys. Rev. Lett. 121, 080405 (2018).

[22] M. Pasek and G. Orso, “Induced pairing of fermionic impurities
in a one-dimensional strongly correlated Bose gas,” Phys. Rev.
B 100, 245419 (2019).

[23] D. Huber, H.-W. Hammer, and A. G. Volosniev, “In-medium
bound states of two bosonic impurities in a one-dimensional
Fermi gas,” Phys. Rev. Research 1, 033177 (2019).

[24] P. Naidon, “Two Impurities in a Bose—Einstein Condensate:
From Yukawa to Efimov Attracted Polarons,” J. Phys. Soc. Jpn.
87, 043002 (2018).

[25] G. Panochko and V. Pastukhov, “Two-body effective potential
between impurities in ideal BEC,” arXiv:1909.01256 (2019).

[26] A. Camacho-Guardian, L. Pena Ardila, T. Pohl, and G. Bruun,
“Bipolarons in a Bose-Einstein Condensate,” Phys. Rev. Lett.
121, 013401 (2018).

[27] G.E. Astrakharchik, L. A. P. Ardila, R. Schmidt, K. Jachymski,
and A. Negretti, “lonic polaron in a Bose-Einstein condensate,”
arXiv:2005.12033 (2020).

[28] E. H. Lieb and W. Liniger, “Exact Analysis of an Interacting
Bose Gas. I. The General Solution and the Ground State,” Phys.
Rev. 130, 1605-1616 (1963).

[29] A. G. Sykes, M. J. Davis, and D. C. Roberts, “Drag Force on
an Impurity below the Superfluid Critical Velocity in a Quasi-
One-Dimensional Bose-Einstein Condensate,” Phys. Rev. Lett.
103, 085302 (2009).

[30] D. S. Petrov, D. M. Gangardt, and G. V. Shlyapnikov, “Low-
dimensional trapped gases,” J. Phys. IV 116, 5-44 (2004).

[31] B. Reichert, Z. Ristivojevic, and A. Petkovi¢, “The Casimir-
like effect in a one-dimensional Bose gas,” New J. Phys. 21,
053024 (2019).

[32] Assuming that the gradient of the phase of the complex function
10 (X)) vanishes at large X, one concludes that the phase is a
constant.

[33] D. L. Kovrizhin, “Exact form of the Bogoliubov excitations in
one-dimensional nonlinear Schrodinger equation,” Phys. Lett.
A 287, 392-396 (2001).

[34] In Appendix of Ref. [31] is presented an alternative approach
that uses the density-phase representation of the single-particle
field operator, which does not rely on the expansion (7) and
leads to the same final result.

[35] B. Reichert, A. Petkovi¢, and Z. Ristivojevic, “Fluctuation-
induced potential for an impurity in a semi-infinite one-
dimensional Bose gas,” Phys. Rev. B 100, 235431 (2019).

[36] G. Poschl and E. Teller, “Bemerkungen zur Quantenmechanik
des anharmonischen Oszillators,” Z. Phys. 83, 143-151 (1933).

[37] S. Fligge, Practical Quantum Mechanics (Springer Science &
Business Media, 2012).

[38] Unlike the potential —A\(\ — 1)/ cosh? z that has bound states
whenever is negative (i.e., for A > 1), in our setup such po-
tential is present only for z > 0, while at z < 0 the potential
is infinite. This renders the nullification of the wave function at
the origin. As a consequence, the lowest bound state occurs for
A > 2, i.e., when the potential is sufficiently deep.


http://dx.doi.org/10.1103/PhysRevB.46.10866
http://dx.doi.org/10.1103/PhysRevB.46.10866
http://dx.doi.org/10.1103/PhysRevLett.75.934
http://dx.doi.org/ 10.1103/PhysRevB.51.17827
http://dx.doi.org/ 10.1103/PhysRevB.51.17827
http://dx.doi.org/10.1103/PhysRevLett.76.1505
http://dx.doi.org/ 10.1103/PhysRevA.4.386
http://dx.doi.org/ 10.1103/PhysRevLett.56.742
http://dx.doi.org/10.1088/0305-4470/20/18/038
http://dx.doi.org/10.1088/0305-4470/20/18/038
http://dx.doi.org/ 10.1103/PhysRevLett.123.250602
http://dx.doi.org/10.1007/BF02751483
http://dx.doi.org/10.1007/BF02751483
http://dx.doi.org/10.1103/PhysRevLett.75.3505
http://dx.doi.org/10.1103/PhysRevLett.75.3505
http://dx.doi.org/ 10.1103/PhysRevLett.47.1840
http://dx.doi.org/10.1209/epl/i2002-00112-5
http://dx.doi.org/10.1209/epl/i2002-00112-5
http://dx.doi.org/10.1103/PhysRevB.46.301
http://dx.doi.org/10.1103/PhysRevB.46.301
http://dx.doi.org/10.1103/PhysRevLett.96.210401
http://dx.doi.org/10.1103/PhysRevLett.96.210401
http://dx.doi.org/ 10.1103/PhysRevA.73.063604
http://dx.doi.org/10.1103/PhysRevA.73.043608
http://dx.doi.org/10.1103/PhysRevA.73.043608
http://dx.doi.org/10.1209/0295-5075/82/30004
http://dx.doi.org/10.1103/PhysRevResearch.2.023405
http://dx.doi.org/10.1103/PhysRevResearch.2.023405
http://dx.doi.org/ 10.1103/PhysRevLett.101.050402
http://dx.doi.org/10.1103/PhysRevLett.121.080405
http://dx.doi.org/10.1103/PhysRevB.100.245419
http://dx.doi.org/10.1103/PhysRevB.100.245419
http://dx.doi.org/10.1103/PhysRevResearch.1.033177
http://dx.doi.org/10.7566/JPSJ.87.043002
http://dx.doi.org/10.7566/JPSJ.87.043002
http://arxiv.org/abs/1909.01256
http://dx.doi.org/ 10.1103/PhysRevLett.121.013401
http://dx.doi.org/ 10.1103/PhysRevLett.121.013401
http://arxiv.org/abs/2005.12033
http://dx.doi.org/10.1103/PhysRev.130.1605
http://dx.doi.org/10.1103/PhysRev.130.1605
http://dx.doi.org/10.1103/PhysRevLett.103.085302
http://dx.doi.org/10.1103/PhysRevLett.103.085302
http://dx.doi.org/ 10.1051/jp4:2004116001
http://dx.doi.org/ 10.1088/1367-2630/ab1b8e
http://dx.doi.org/ 10.1088/1367-2630/ab1b8e
http://dx.doi.org/10.1016/S0375-9601(01)00503-5
http://dx.doi.org/10.1016/S0375-9601(01)00503-5
http://dx.doi.org/ 10.1103/PhysRevB.100.235431
http://dx.doi.org/ 10.1007/BF01331132

[39] Since 1/x? potential is rather special in quantum mechan-
ics [53], we performed numerical diagonalization of the full
problem given by Eq. (41). We have verified that the correction
term (56) to the bound state energies are actually quite accurate
approximation to the exact value, as one would naively expect
without knowing about the peculiarities of 1/22 potential.

[40] A. Recati, J. N. Fuchs, C. S. Peca, and W. Zwerger, “Casimir
forces between defects in one-dimensional quantum liquids,”
Phys. Rev. A 72, 023616 (2005).

[41] M. Schecter and A. Kamenev, ‘“Phonon-Mediated Casimir
Interaction between Mobile Impurities in One-Dimensional
Quantum Liquids,” Phys. Rev. Lett. 112, 155301 (2014).

[42] B. Reichert, A. Petkovi¢, and Z. Ristivojevic, “Field-theoretical
approach to the Casimir-like interaction in a one-dimensional
Bose gas,” Phys. Rev. B 99, 205414 (2019).

[43] A. L. Pavlov, J. van den Brink, and D. V. Efremov, “Phonon-
mediated Casimir interaction between finite-mass impurities,”
Phys. Rev. B 98, 161410 (2018).

[44] B. J. DeSalvo, K. Patel, G. Cai, and C. Chin, “Observation of
fermion-mediated interactions between bosonic atoms,” Nature
(London) 568, 61-64 (2019).

[45] H. Edri, B. Raz, N. Matzliah, N. Davidson, and R. Ozeri, “Ob-
servation of Spin-Spin Fermion-Mediated Interactions between
Ultracold Bosons,” Phys. Rev. Lett. 124, 163401 (2020).

11

[46] T. Cheon and T. Shigehara, “Fermion-Boson Duality of One-
Dimensional Quantum Particles with Generalized Contact In-
teractions,” Phys. Rev. Lett. 82, 2536-2539 (1999).

[47] V. Yukalov and M. Girardeau, “Fermi-Bose mapping for one-
dimensional Bose gases,” Laser Phys. Lett. 2, 375-382 (2005).

[48] Y. Hao, Y. Zhang, J. Q. Liang, and S. Chen, “Ground-state
properties of one-dimensional ultracold Bose gases in a hard-
wall trap,” Phys. Rev. A 73, 063617 (2006).

[49] A. L. Gaunt, T. F. Schmidutz, I. Gotlibovych, R. P. Smith,
and Z. Hadzibabic, “Bose-Einstein Condensation of Atoms in
a Uniform Potential,” Phys. Rev. Lett. 110, 200406 (2013).

[50] L. Chomaz, L. Corman, T. Bienaimé, R. Desbuquois, C. Weit-
enberg, S. Nascimbene, J. Beugnon, and J. Dalibard, “Emer-
gence of coherence via transverse condensation in a uni-
form quasi-two-dimensional Bose gas,” Nat. Commun. 6, 6162
(2015).

[51] B. Rauer, S. Erne, T. Schweigler, F. Cataldini, M. Tajik, and
J. Schmiedmayer, “Recurrences in an isolated quantum many-
body system,” Science 360, 307-310 (2018).

[52] S. J. Garratt, C. Eigen, J. Zhang, P. Turzdk, R. Lopes, R. P.
Smith, Z. Hadzibabic, and N. Navon, “From single-particle ex-
citations to sound waves in a box-trapped atomic Bose-Einstein
condensate,” Phys. Rev. A 99, 021601(R) (2019).

[53] A. M. Essin and D. J. Griffiths, “Quantum mechanics of the
1/:c2 potential,” Am. J. Phys. 74, 109-117 (2006).


http://dx.doi.org/ 10.1103/PhysRevA.72.023616
http://dx.doi.org/ 10.1103/PhysRevLett.112.155301
http://dx.doi.org/ 10.1103/PhysRevB.99.205414
http://dx.doi.org/ 10.1103/PhysRevB.98.161410
http://dx.doi.org/ 10.1038/s41586-019-1055-0
http://dx.doi.org/ 10.1038/s41586-019-1055-0
http://dx.doi.org/ 10.1103/PhysRevLett.124.163401
http://dx.doi.org/ 10.1103/PhysRevLett.82.2536
http://dx.doi.org/10.1002/lapl.200510011
http://dx.doi.org/ 10.1103/PhysRevA.73.063617
http://dx.doi.org/10.1103/PhysRevLett.110.200406
http://dx.doi.org/10.1038/ncomms7162
http://dx.doi.org/10.1038/ncomms7162
http://dx.doi.org/10.1126/science.aan7938
http://dx.doi.org/10.1103/PhysRevA.99.021601
http://dx.doi.org/ 10.1119/1.2165248

	Density profile of a semi-infinite one-dimensional Bose gas and bound states of the impurity
	Abstract
	I Introduction
	II The semi-infinite Bose gas
	III Solution of the equation of motion
	A Wave function in the absence of fluctuations
	B First quantum correction
	C Second quantum correction

	IV Local density
	V Interaction-induced localization of a single impurity
	A Bound states of Pöschl-Teller potential
	B Quantum correction to the potential

	VI Discussion
	VII Summary
	 Acknowledgments
	A The density contribution at long distances
	 References


