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ABSTRACT

In the past decade, several multi-resolution representation theories
for graph signals have been proposed. Bipartite filter-banks stand
out as the most natural extension of time domain filter-banks, in part
because perfect reconstruction, orthogonality and bi-orthogonality
conditions in the graph spectral domain resemble those for tradi-
tional filter-banks. Therefore, many of the well known orthogonal
and bi-orthogonal designs can be easily adapted for graph signals.
A major limitation is that this framework can only be applied to the
normalized Laplacian of bipartite graphs. In this paper we extend
this theory to arbitrary graphs and positive semi-definite variation
operators. Our approach is based on a different definition of the
graph Fourier transform (GFT), where orthogonality is defined with
respect to the Q inner product. We construct GFTs satisfying a spec-
tral folding property, which allows us to easily construct orthogonal
and bi-orthogonal perfect reconstruction filter-banks. We illustrate
signal representation and computational efficiency of our filter-banks
on 3D point clouds with hundreds of thousands of points.

Index Terms— graph filterbank, graph Fourier transform, mul-
tiresolution representation, two channel filterbank

1. INTRODUCTION

Graph signal processing (GSP) provides a toolbox for analysis and
manipulation of signals living in irregular domains [1, 2]. Given the
success of multi-resolution representations (MRR) to analyze and
process traditional signals [3], significant efforts have been put into
extending MRRs for graph signals [4].

Applications often require these MRRs to: (i) be perfect recon-
struction (invertible), (ii) be critically sampled (non redundant), (iii)
be orthogonal, and (iv) have compact support (polynomial filter im-
plementation). In the graph setting, it has proven challenging to find
theories that satisfy more than a few of these properties simulta-
neously. Current theories require strong assumptions on the graph
topology (e.g., bipartite [5, 6], circulant [7]), and are valid for a sin-
gle type of graph operator (e.g., normalized Laplacian or adjacency).
Narang and Ortega [5, 6] proposed two channel filter-banks on bipar-
tite graphs, composed of graph filters, vertex down-sampling, and
vertex up-sampling operators (see Figure 1). These bipartite filter-
banks (BFB) obey (i), (ii), and either (iii) or (iv), can be designed
in the frequency domain, and can be implemented using low degree
polynomials. In addition, regular domain filter-banks can be easily
converted to the graph domain [5, 6, 8, 9, 10]. Given their strong the-
oretical properties and efficient implementations, BFB have found
numerous applications [11, 12, 13, 14].

Author’s email: pavezcar@usc.edu. This work was funded in part by a
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Fig. 1: Perfect reconstruction two channel filter-bank with analysis
filters Ho, H1, and synthesis filters Go and Gi. a and d denote
approximation (low pass) and detail (high pass) coefficients respec-
tively. Sampling sets are denoted by .4 and B.

Despite all these remarkable properties, BFB theory [5, 6] only
applies to normalized Laplacians and adjacency matrices of bipar-
tite graphs. These are major limitations since the graph structure
is rarely bipartite (which dictates the down-sampling operator),
whereas the graph variation operator (or graph shift) is determined
by the application. To overcome these issues, we propose a new the-
ory that can be applied to: 1) arbitrary graphs, 2) any vertex partition
for down-sampling, and 3) positive semi-definite variation operators
(see [15, 16, 17, 18] for examples). The proposed filter-banks also
satisfy (i), (ii), and either (iii) or (iv), as with BFBs.

We consider the (M, Q) graph Fourier transform ((M, Q)-
GFT), a generalization of the GFT to arbitrary finite dimensional
Hilbert spaces [15, 19] with inner product (X,y)q = vy Qx and
variation operator M. BFB theory is built upon a spectral fold-
ing property of the eigenvectors and eigenvalues of the normalized
Laplacian of bipartite graphs [20]. We follow a similar strategy
and prove a new spectral folding property for the (M, Q)-GFT.
Interestingly, our perfect reconstruction and orthogonality condi-
tions match those of the BFB framework [5, 6], and as a result their
filter designs, or any of the more recent improvements [8, 9] can be
reused. When the graph is bipartite, and M is the normalized or
combinatorial Laplacian, we recover the nonZeroDC and ZeroDC
filter-banks, respectively [5, 6].

Early MRRs on arbitrary graphs were constructed by scaling and
shifting spectral graph filters [21, 22, 23]. These methods are diffi-
cult to invert (e.g., requiring least squares), are not critically sam-
pled, and lack orthogonality. More recent approaches are redundant
[24, 25], lack perfect reconstruction [26, 27], or change the graph
to a bipartite one [28, 29, 30, 5]. While some of these approaches
[28, 29, 5] can exploit efficient filter-bank implementations, once a
sparse bipartite graph is available, obtaining the bipartite graph it-
self, either by graph approximation or through graph learning may
be computationally infeasible for large graphs. More recently, [31]
proposed graph filter-banks with spectral domain down-sampling.
This sampling operator induces spectral folding of the GFT which is
exploited to obtain perfect reconstruction conditions. Although this
approach can be used for arbitrary graphs and variation operators, it



requires computing a full GFT, which does not scale to large graphs.

We show in our experiments with 3D point clouds, that in con-
trast to previous approaches, the proposed filter-banks can be imple-
mented efficiently on large graphs (e.g., with hundreds of thousands
of nodes), as long as these are sparse, and outperform BFBs in en-
ergy compaction and run time. The rest of the paper is organized
as follows. In Sections 2 and 3 we review the fundamentals of GSP
on arbitrary Hilbert spaces, and two channel filter-banks on bipartite
graphs, respectively. Our theory is presented in Section 4. We end
this paper with numerical results and conclusions in Sections 5 and
6, respectively.

2. GSP IN ARBITRARY HILBERT SPACES

Scalars, vectors and matrices are written in lower case regular, lower
case bold and upper case bold respectively (e.g., a, b, C). Positive
definite and semi-definite matrices are denoted by A > Oand A > 0
respectively. Consider a weighted undirected graph G = (V, £, M)
with vertex set V = {1,2,--- ,n}, edge set &€ C V X V, and varia-
tion operator Ml = (my;), satisfying m;; = mj; # 0 when ij € &,
and m;; = 0 otherwise. A graph signal is a function x : V — R,
that can be represented by a vector x = [a:l, S xn]T. The vari-
ation operator is assumed to be positive semi-definite, and the vari-
ation of a signal is A(x) = x' Mx > 0. Intuitively, signals with
increased variation are said to have higher frequency content. We
will further assume that M is irregular, that is, the graph is con-
nected. Typical examples of variation operators include the combi-
natorial and normalized Laplacian matrices. For a symmetric non
negative matrix W = (wj;), degree of node i is di = 3_,, wij,
and the degree matrix is D = diag(d1,--- ,d,). The combinato-
rial Laplacian is L = D — W, while the normalized Laplacian is
L =D LD Y2 =1 - D Y?*WD~!/2, [15] introduced the
idea of using an inner product (x,y)q = y ' Qx, and induced norm
given by ||x|lq = v/(x,x)q, with Q > 0. The (M, Q)-GFT ba-
sis vectors are the columns of U = [uy, - - , u,], which solve the
generalized eigenvalue problem

Muk = /\kQuk, (1)

and 0 < A\ <,--- ;< Ay, The set of eigenvalues (spectrum) of
a graph is denoted by (M, Q). The generalized eigenvectors are
Q-orthonormal, hence ||ui|lq = 1, Vi € V, and (u;,u;)q =
0, Vi# 7, thatis, UTQU = I in matrix form. A graph signal x
has the following repesentation in the (M, Q)-GFT basis

n

x = §:<x7 u;)qu; = Ux. )

=1

The (M, Q)-GFT of x is denoted by %X, with coordinates &; =
(x,1;)q. In matrix form this corresponds to x = U Qx, while the
inverse transform is given by x = UX, since UU T Q = L. A linear
operator H is a spectral filter if there is a function h : Ry — R so
that H = Uh(A)U'Q = h(Z), where Z = Q7'M = UAU'Q
is the fundamental matrix, and A = diag(A1,- -+ , An).

3. TWO CHANNEL FILTER-BANKS

In this section we define two channel filter-banks on arbitrary graphs,
and review the BFB theory [5, 6]. A two channel filter-bank is de-
picted in Figure 1. The analysis filters are Hy and H;, while the
synthesis filters correspond to Go and G;. Consider the set .A and
B = A\ V, which form a partition of the vertex set V. Without loss

of generality we assume that A = {1, 2, --- ,|.A|}. Down-sampling
a signal x on a set A corresponds to keeping the entries z; : i € A,
and discarding the rest. This can be represented by x4 = Sax,
where S 4 = [I4,0]isa|A|x|V| selection matrix. The up-sampling
operator is S 4. Down-sampling followed by up-sampling sets to
zero the entries in B, thus SI‘xA = S;SAX = [x; O] T.

3.1. Vertex domain conditions for arbitrary graphs

The analysis operator (filtering and down-sampling) from Fig. 1 is

SAHO]

T, = SIS.H, + SESuH - |4 G)
The outputs of the low pass and high pass channels, called approxi-

mation a and detail d coefficients, respectively, are given by:
_la| _ |SaHox
Tox — [ d] _ [SBHIX] )
The synthesis operator has a similar expression

T, = GoSiSa+ Gi1S5Ss = [GoSh GiS5]. 9

We say that a two channel filter-bank is perfect reconstruction (PR)
if TsT, = T,Ts = L. A linear operator T is Q-orthogonal if
for each x, the norm of the transformed signal is preserved, that is,
ITx||q = ||x|/q. In matrix form this corresponds to T' QT = Q.
For a PR two channel filter-bank, T, is Q-orthogonal if and only if
T, is Q-orthogonal. Finding operators T, T that are orthogonal
and PR is not that difficult, in fact, any non-singular orthogonal ma-
trix can be used for T, and the synthesis operator can be chosen
as T, = QT Q. The challenge is finding operators that exploit
the graph structure, and that can be efficiently implemented on large
arbitrary graphs. In the next subsection we review the approach of
[5, 6] to design BFB using spectral graph filters.

3.2. Spectral domain conditions for bipartite graphs

BFBs can be constructed on bipartite graphs:

Definition 1. A graph G = (V, &) is bipartite on (A, B), if i) (A, B)
forms a partition, that is, AN B = @, and AU B = V, and ii) for all
(i,j)e &, i€ Aand j € B,ori € Band j € A.

In bipartite graphs, only edges between sets A and B are al-
lowed, therefore the Laplacian matrices have the form

_| Da —Wyug _| Ia
L=l-ws. Ds }’ L:_[—VVBA

-W
el O
B
where £ = D™V2LD Y2 = I-W,and W = D~ V/2WD /2,
Spectral filters are defined using the (£, I)-GFT, thus Z = L, and

H;, =hi(L), G;=g:i(L), forie{0,1}. @)

We define J = diag(f), where f; = 1if i € A, and f; = —1 when

i € B. Then SjS4 = 2(I+J),and S;Ss = (I — J), and the
PR condition becomes

1 1
I= 5 (GoHo +4 G1H1) +4 5 (GoJHo — GlJH1) . ®)
The BFB framework achieves PR by designing filters that obey

G()H() + G1H1 = 2]:7 and G()JH() — G1JH1 =0. (9)



Theorem 1. [5] For a BFB with filters given by (7), a necessary and
sufficient condition for PR is that VA € o(L,1),

ho(N)go(A) + ha(N)g1(A) = 2 (10)
ho(A)go(2 = A) — h1(A)g1(2 — A) = 0. an

I-orthogonal filter-banks can be realized if and only if for all
A € o(L, 1), the filters also satisfy

ho(A) + hi(\) = 2, (12)
ho(Mho(2 = X) = hi(A)ha(2 = A) = 0. (13)

Orthogonal filter-banks are PR, while the converse is not true in gen-
eral. In fact, filters ho, h1, go, g1 obey (12) and (13), if and only if,
they obey (10), (11) and h; = g;. These filters are not polynomial,
thus requiring full eigendecomposition for implementation. To over-
come this, filters can be approximated with Chebyshev polynomials
[23, 8]. An alternative is to use PR bi-orthogonal filters

ho()\) :gl(Z_A)v h'l()‘) :.90(2_>\)7 (14)

which can be designed to be near orthogonal and polynomial [6].
The proofs of orthogonality and PR (Theorem 1) use Proposition 1,
which holds only for the normalized Laplacian of bipartite graphs.

Proposition 1. [20][Spectral folding.] If Lu = Au, then Ju is an
eigenvector with eigenvalue 2 — \.

To the best of our knowledge no other variation operators have
this property for bipartite or arbitrary graphs.

4. MAIN RESULTS

We start by establishing conditions under which the (M, Q)-GFT
has the spectral folding property.

Theorem 2 (Spectral folding). Consider an arbitrary partition of
the vertices, A and B = V\ A. Without loss of generality we assume

A={1,2,---,|Al}. Let Q > 0 and the variation operator be
Mua Mug
M= =0 15
|:MBA MBB:| -7 (13
then the following statements are equivalent:
1. The inner product matrix is equal to
[ Muaa 0
Q—[ o MBB}. (16)

2. There is a full set of generalized eigenvectors, and
Mu=AQu < MJu= (2-X)QJu. (17)

Due to space limitations, we only sketch the proof of 1) = 2).
A complete proof can be found in [32]. Letu = [UL u;]T be a
generalized eigenvector of M with eigenvalue A, then

Maaua+Masus = AQaua, Mpaua+Mpsus = AQpus.
Setv = Ju = [uy, —ugi] ", and compute Mv. Using the fact that
u is a generalized eigenvector, and (16) produces the desired result.
For this (M, Q)-GFT, the fundamental matrix is:

| M 4 M.as

Z=Q 'M= |,
Q MysMpa Is

=UAU'Q,

and A = diag(A1, A2, -+, An). This (M, Q)-GFT shares some
properties with the (£, I)-GFT of bipartite graphs. First, the gener-
alized eigenvalues obey 0 < \; < 2, and inequalities become strict
when M is non-singular. Second, the eigenvalue A = 1 has multi-
plicity at least ||.A| — |B]|, thus the middle graph frequency is less
selective when the down-sampling sets have uneven size. Finally,
when M = L+ V and V is diagonal, i.e., L is a generalized Lapla-
cian [17], the multiplicity of A1 (smallest eigenvalue) is equal to the
number of connected components of the graph. Now we state our
result for PR filter-banks.

Theorem 3 (Perfect reconstruction). For any positive semi definite
variation operator M, and any vertex partition V = AU B. Choose
the inner product matrix Q according to Theorem 2, and spectral
graph filters for i € {0,1}

H; =Uh(A)U'Q, G;=UgAU'Q. (18)
The functions hi, g; for i € {0, 1} obey conditions (10) and (11) for
all X € o(M, Q), if and only if the filter-bank of Figure 1 is PR.

The proof follows from Theorem 2 and similar arguments as
those used in [5] to prove (9). Theorem 3 implies that our framework
can be implemented using filters designed for bipartite graphs (see
[5, 6,9, 8]). We can also construct Q-orthogonal filter-banks.

Theorem 4 (Parseval). Under the conditions of Theorem 3, the anal-
ysis filters obey (12) and (13) for all A € o(M, Q), if and only if,

<T0«X7 Tay>Q = <X7 y>Q

Theorem 4 could be stated replacing T, by T's. We have preser-
vation of the Q norm, thus || Tox||g = [x|g, and | T.x|lg =
l|x]|&- When Q = I, the synthesis operator is the transpose of T4,
however, in general we have the relation T, = Q!'T] Q. The
authors in [6] showed that orthogonal filter-banks cannot be imple-
mented with polynomials of £. The same arguments lead to Q-
orthogonal filter-banks not having implementations with polynomial
of Z. As an alternative, bi-orthogonal filters (14) were proposed,
which have polynomials implementations, and can be designed to
be approximately Q-orthogonal (see [Section III-B][6]), and satisfy

allxllq S T«x|lq < Blxlla Vx, (19)
where * can be a or s, and

1 1
o = 3 Inf () +hi(N), B* = 5 sup (hG(A) +hi(X)):

Remark 1. The zeroDC filter-banks [6], were introduced so that the
smoothest basis function is constant. This approach can be imple-
mented by multiplying the input by D'/? before applying the analy-
sis filter-bank, and multiplying by D2 at the output of the synthe-
sis filter-bank. This ensures that a constant input signal has zero re-
sponse in the high pass channel. Bi-orthogonal zero-DC filter-banks
can be implemented with polynomials of the random walk Laplacian
of a bipartite graph [6]. The zeroDC filter-banks can be derived as a
special case of our framework, since for bipartite graphs with Lapla-
cian L, the inner product matrix from Proposition 2 is Q = D, and
the fundamental matrix is the random walk Laplacian Z = D™ L.



longdress
T T T
=
327 . ’_,,A
- -
=
=
30 =
g
2 f’/‘
222
28t ” 1
s A
> -
0 P
o o6} L i
T 26 o
[ o
o =
24 o
/-/”"’
e —#— K=5, proposed
221 ,/‘V —-&--- K=5, bipartite
0,—/ —— K=10, proposed
200 ==& K=10, bipartite
ﬁ —— K=20, proposed
s —-&--- K=20, bipartite
P, : :
L4

02 025 03 035 04 045
m/n

005 01 015

Fig. 2: Linear approximation of 3D point clouds attributes using
iterated two channel filter-banks.

proposed

original proposed bipartite k=20 bipartite K=5

Fig. 3: Top m/n = 0.25, bottom m/n = 0.125. Comparison of
linear approximation using BFB and proposed filter-banks.

5. NUMERICAL RESULTS

We implement a “lazy” bi-orthogonal filter-bank, with filters Hy =
I H =7Z,Go = 2I — Z, and G; = I. The down-sampling
set A is chosen so that a node 7 € A with probability 1/2, leading
to |A| = |B|. We iterate this filter-bank in the low pass channel L
times, producing L high frequency channels, and 1 low pass channel.
The low pass channel has approximately n2~ 7 coefficients, while
the ¢-th level high pass channel has approximately n2 = coefficients.

3D point clouds consist of a list of points in 3D space repre-
sented by their coordinates v; = [z, yi, 2], and attributes a;. We
use the “longdress” point cloud from the “8iVFBv2” dataset [33],
which comes with color attributes. Each point v; is assigned a node
in a graph, and an edge between nodes ¢ and j is added if ¢ is one
of the K nearest neighbors of j, or vice versa. Edge weights are
computed as w;; = 1/||v; — v;||. Point cloud down-sampling cor-
responds to selecting a subset of points, therefore we can repeat this
graph construction procedure on a smaller point cloud, at the output
of the low pass channel. For each two-channel filter-bank we follow
the steps: 1) construct a graph with K nearest neighbor (KNN) algo-

rithm and compute its combinatorial Laplacian matrix, 2) generate
a random down-sampling set A, and B = A°, and 3) if a bipartite
graph is desired, keep edges between A and 55 and remove the rest.

Signal representation. We apply the iterated filter-bank with
L = 7 levels to the color attributes of a single frame of the “long-
dress” sequence. For each L, we reconstruct the color signal using
only the low frequency coefficients. We compare the proposed filter-
banks with the BFBs as a function of m/n, where m is the number
of coefficients in the low pass channel, and n is the total number of
coefficients. Figure 2 shows that the proposed filter-bank has the best
energy compaction when the KNN graph has fewer edges (K = 5),
and performance decreases as K increases. The best performance
of the BFBs is achieved with an intermediate value of X = 10. In
Figure 3 we show the reconstructions of regions of the point cloud.
When the bipartite graph is too sparse (K = 5), several artifacts
can be observed, which can be attributed to points/nodes in the high
pass channel that do not have connections in the low pass channel.
When the bipartite graph is denser K = 20, the reconstruction has
no artifacts, however details are smoothed more aggressively. The
proposed filter-bank, with a sparser graph, better preserves textures
and facial features (e.g., eyes, mouth and hair).

Complexity. We compare the run time of the iterated analy-
sis filter-bank (L = 7) applied to 20 frames of the “longdress” se-
quence. We run the experiment using Matlab 2019. The bipartite
filter-bank with K = 20 and K = 10 takes 14.3 and 8.23 seconds
per frame respectively, while the proposed filter-bank with the best
performance (K = 5), takes 6.72 seconds per frame. These point
clouds have an average of 795, 000 points per frame. The complex-
ity of our implementation is dominated by two factors. Graph con-
struction, which is implemented using approximate KNN, with com-
plexity proportional to K. Complexity of filtering is dominated by
the product Zx. When the graph is bipartite, Zx is a sparse matrix-
vector product. In the non-bipartite case, Zx is computed in two
steps, first we perform a sparse matrix-vector product y = Lx, and
then solve the linear system Qz = y. Since Q is sparse, a numeri-
cally accurate approximation of z = Q 'y can be found efficiently
using the “\” operator in Matlab.

6. CONCLUSION

This paper extended the graph filter-bank framework of [5, 6], which
uses the normalized Laplacian of bipartite graphs, to positive semi-
definite variation operators, arbitrary graphs, and arbitrary down-
sampling operators. We achieve this by proving that the spectral
folding property is not unique to the normalized Laplacian of bipar-
tite graphs, and in fact, it is satisfied by certain generalized eigen-
values and eigenvectors of non-bipartite graphs. Based on this, we
proposed a new Q-orthogonal graph Fourier transform, that leads
to perfect reconstruction, orthogonal and bi-orthogonal conditions,
equivalent to those already known for the bipartite graph case. We
implemented a simple degree 1 polynomial “lazy” filter-bank on 3D
point clouds graphs with hundreds of thousands of vertices (points).
Our numerical results indicate that our framework outperforms the
lazy filter-bank, implemented with bipartite graphs at various spar-
sity levels, in terms of run-time and energy compaction.
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