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Abstract

In this paper, we explain how, under the one-sided Lipschitz (OSL) hypothesis,
one can find a mean square error bound for a variant of the Euler-Maruyama ap-
proximation method for stochastic switched systems. Subsequently, we explain
how this bound can be used to control a stochastic switched system in order to
make it reach a target zone with guaranteed minimum probability. The method
is illustrated on several examples from the literature.

Keywords: Stochastic systems, numerical simulation, control system
synthesis, switched control systems, nonlinear control systems.

1. Introduction

[] Symbolic methods for the verification and control synthesis of hybrid sys-
tems (and, particularly, “switched systems”) have received significant attention
in the past few years. However, control systems involving stochastic differential
equations remain difficult to handle with symbolic methods, and few methods
have been developed for these systems. One distinguishes two main classes of
symbolic methods for hybrid systems: indirect methods and direct methods [2].

Indirect methods proceed by constructing a finite abstraction of the original
system by discretization of the dense state space R? (where d is the dimension of
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the state space). Among the indirect methods, one of the most successful pro-
ceeds by approximate bisimulation [I0]. This method originally designed for de-
terministic switched systems has been recently extended for stochastic switched
systems [30} 311, 32]. This approach relies on the hypothesis of incremental sta-
bility of the stochastic switched system (or existence of a common/multiple Lya-
punov function). Another method is presented in [7]. The associated tool [25]
allows to generate formal abstractions for discrete-time Markov processes de-
fined over uncountable (continuous) state spaces.

Indirect methods have also been developed for the verification of safety.
Safety verification has been studied using the concept of barrier certificates [23].
The original inquiry has been later modified to cope with stochastic systems [29],
and to the design of a controller that makes the closed-loop system safe [28]
24]. Also related is the subject of stability and safety verification is the reach
avoidance problem. It has been studied using dynamic programming. This
approach has been developed both for deterministic hybrid system in [18], and
for discrete-time stochastic hybrid systems in [26].

A direct method proceeds by working directly at the level of the dense state
of the system R%; it computes “trajectory tubes”, which are over-approximations
of the set of all the controlled trajectories starting at a given subregion of R%. In
previous work, we have followed such a direct approach first in [9], then in [15],
using the Euler approximation scheme for calculating over-approximations of
tubes of trajectories. We show here how to extend this direct method to stochas-
tic switched systems. The method extends the deterministic approach by replac-
ing the classical Euler approximation scheme with a variant of the stochastic
Euler-Maruyama scheme [I3]. The correctness of these Euler-based methods
does not rely on the hypothesis of incremental stability as in [30} [32], but on the
hypothesis of ‘one-sided Lipschitz (OSL)’ condition with constant A € R? (also
called ‘monotonicity’/‘dissipativity’, see [27]). It can be seen that if a stochas-
tic switched system satisfies an OSL condition with A < 0, then the function
V(x,2') = ||z — 2'|? is a common incremental Lyapunov function in the sense
of [31], from which it follows that the switched system is incrementally stable,
and can be analysed by approximate bisimulation. However, Euler-based meth-
ods also apply when the system is not incrementally stable, in which case the
constant A is necessarily positive. We thus consider a class of systems different
from that of [31].

The plan of the paper is as follows: In Section [3| we give an explicit upper
bound on the mean square error of the tamed Euler method for SDEs under
OSL condition (Theorem. We apply the result in order to ensure reachability
properties of stochastic switched systems with guaranteed minimum probability
(Section ). We conclude in Section

This paper is an extended version of a paper (A. Le Coént, L. Fribourg
and J. Vacher. Control Synthesis for Stochastic Switched Systems using the
Tamed Euler Method. In ADHS’18, IFAC-PapersOnLine 51(16), pages 259-
264. Elsevier Science Publishers, 2018). The main additional material of the
extended version is:



e Section [3.3] which gives analytical upper bounds on expressions occurring
in Theorem

e Section [3.4] which gives a lower bound on the probability of reaching a
given set R (Proposition , and

e Section [£.4] which proposes an optimized method of control synthesis.

2. Preliminaries

2.1. Notations

The symbols N, N>g, R, R.¢, R>y denote the set of natural, nonnegative
integer, real, positive, and nonnegative real numbers.

The symbol ||-| denotes the Euclidean norm on R?. The symbol (-, -) denotes
the scalar product of two vectors of R?. Given a point = € R? and a positive real
r > 0, the ball B(x,r) of centre = and radius r is the set {y € R? | |z —y|| < r}.

Throughout this paper, the set U denotes a finite set of switched modes.
Given a sequence of k modes a = (a1 ---ay) € U¥, and a sequence of p modes
b= (by---bp) € N”, we denote the concatenation a * b of a and b the sequence
of length k +p: a*b= (ar1---ag-b1---bp).

A sequence of non-negative integers is written in bold when it is used as
a multi-index, e.g. a = (a1,...,ap) € Ngo, the sum of the components of a is

denoted by |a] = a1+ -+a,, and (Z) = — % — is the multinomial coefficient.
!

al!agl

2.2. Systems considered and assumptions

Let 7 € R-g be a fixed real number, let (2, F,P) be a probability space
with normal filtration (F)efo,r], let d,m € N let W = (W W)y
[0,7] x & — R™ be an m-dimensional standard (W;),e[o,-]-Brownian motion
and let zg : © — R? be an Fo/B(R%)-measurable mapping with E[||zo[?] < oo
for all p € [1,00). Moreover, let f : R? — R? be a continuously differentiable
function whose derivative grows at most polynomially. Formally, let us suppose
the existence of constants D € R and g € N such that, for all z,y € R?

|/ (@) = fWI* < Dllw =yl (1 + ] + [y[) (H1)

Let g = (i j)ie(1,....d}.jet1,...m} : RY — RP*™ be a globally Lipschitz continuous
function: there exists L, € Ry such that, for all z,y € R¢

lg(z) = 9(W)|l < Lgllz — y| (H2)
Finally, let us suppose that f is globally one-sided Lipschitz with constant A € R:
MeRVr,yeR: (f(y) - fx),y—2) < Ay —af? (H3)

Then consider the Stochastic Differential Equations (SDE):

dX; = f(X¢)dt + g(X¢)dWr, Xo = 20 (1)



for t € [0,7]. The drift coefficient f is the infinitesimal mean of the process
X and the diffusion coefficient g is the infinitesimal standard deviation of the
process X. Under the above assumptions, the SDE is known to have a
unique strong solution. More formally, there exists an adapted stochastic pro-
cess (X¢.zy) 1 [0,7] x © — R? with continuous sample paths fulfilling

t t
Xt,mg =2o+ j f(XS)dS + J‘ g(Xs)dWs
0 0
for all ¢ € [0, 7] P-a.s. (see, e.g., ([21])).
We denote by X; ., the solution of Equation at time ¢ from initial con-

dition X 4, = 2o P-a.s., in which z¢ is a random variable that is measurable in
Fo.

Remark 1. Constants A, Ly and D can be computed using (constrained) opti-
mization algorithms (see ([15]])).

2.8. Qverview of the approach

We aim at synthesizing reachability controllers for the class of systems de-
scribed above. Our approach consists in adapting reachability analysis based
control systhesis methods to stochastic systems. In [I5], we successfully used
the Euler method for guaranteeing controlled reachability of deterministic sys-
tems using the Euler method in association to a new error bound relying on the
OSL property of the vector field.

Consider equation (/1)) with g = 0. Classically, one knows that, if the function
f is Lipschitz continuous with Lipschitz constant L, the solution of the ODE
starting at a given initial value exists and is unique. Besides, one has:

| Xt0 = Xean| < g — 2], (2)

with two initial values z; (¢ = 0,1). This gives a rough growth bound, i.e. a
function bounding the distance of neighboring trajectories as ¢ evolves. In [6],
it is proven that, if f is continuous and OSL with OSL constant A, then the
solution of the ODE starting at a given initial value exists and is unique, and,
for all zg,xz1 € R™:

| Xm0 = Xt | < €0 — 2. (3)

This gives a more accurate growth bound because a Lipschitz function f is
always OSL, and the associated OSL constant A is always less than or equal to
its Lipschitz counterpart L. Using the OSL constant J, it is also possible to
bound the error |X; ., — Xtz | in function of |z — 21|, where X, ,, denotes
the Buler approzimate trajectory of the solution X ,,. We can then conclude
that any trajectory starting from xg close enough from a given initial condition
z1 (J|zo — z1] < dp) will remain within some bound (denoted by d;5,) of the
Euler trajectory Xtm. Our objective is to use a similar approach for stochastic
systems, while making as few additional hypotheses on the dynamics as possible.



Therefore, we first explain how we can use a variant of the Fuler-Maruyama
scheme called tamed Euler scheme in order to guarantee reachability of the
expectation of the state E[X, ,,] of the stochastic system in a given set.
It consists in computing an approximate Euler-based trajectory Xt’ml, we then
provide an error bound for E[|X; ., — X4, |?] (Theorem [2) which allows to
write a result for the expectation of the non approximated trajectory E[X} ., ]
(Proposition . This result can be extended further as a probability result (the
probability with which the state reaches the set, Proposition .

This reachability analysis method is then used in association with tiling
based control synthesis algorithms to ensure that the system is stabilised in a
given region of interest with a given probability (Section . The first algorithm
we use is based on an adaptive state-space decomposition algorithm [I5] [14], and
uses an exhaustive enumeration of all possible control sequences (up to a given
length) in order to find stabilising sequences (see Section. We then propose
a faster approach (in Section which relies on state-space discretization and
dynamic programming techniques in order to minimize the average distance of
the state with some given objective after a given number of steps. The second
algorithm is merely an enhancement of the control sequence search of the first
one, using a static tiling. Note that with both algorithms, there is no need
to compute a finite-state abstraction of the system, which means that comput-
ing a controller is done with the application of a single algorithm, unlike [31]
which requires the computation of a finite-state abstraction before computing
controllers.

Example 1. Throughout the paper, we illustrate our approach on a 2-mode
switched system borrowed from [30]. This case-study is a stochastic version of a
well-known system originally introduced as an illustrative example in [16]. The
dynamics is given by the system of equations

dzy = (=0.25z1 + pro + (—1)P0.25)dt + wz dW},

dzs = ((p — 3)z1 — 0.2525 + (—1)P(3 — p))dt + waadW?,
where p = 1,2 is the mode, and we consider different values of noise w € R~g.

3. Bounding the Error of the tamed Euler method

3.1. Tamed Fuler approrimation

The standard way to extend the classical Euler method for ordinary dif-
ferential equations to the SDE ([1)) is the Euler-Maruyama scheme ([I9]). More
precisely, given z :  — R? an Fo/B(R?)-measurable mapping with E[|z]?] < oo
for all p € [1, ), the explicit Euler-Maruyama (EM) method for the SDE (/1)) is
given by the mappings Y, : Q — R? n e {0,1,...,N}, which satisfy Yy, =z
and .

N . f(Yn]Yz) + g(Yé\,Iz)(W(nle)'r/N - Wn'r/N)
for all n € {0,1,...,N — 1} and all N € N. See ([19]). Unfortunately, the
convergence results for the EM scheme does not hold when the drift function

N _ vN
Yn-‘rLz - Yn,z +



f of the SDE is polynomial (not an affine function). In order to consider
non affine drift functions, we adopt a refined scheme, which has been proposed
recently to overcome this difficulty ([13]). Let X iv L Q> RY

. f(xy
.
L 5 - (X5 (4)

forallne {0,1,...,N—1} and all N € N. We refer to the numerical method
as a tamed Buler scheme ([13]). In this method the drift term T - f(XT]yz)
is “tamed” by the factor 1/(1 + % - Hf(&gz)ﬂ) for n € {0,1,...,N — 1} and
N € Nin . In order to establish results for the time continuous system, we
use the following time continuous interpolation of the time discrete numerical
approximations (), also introduced in ([I3]). Let XN :[0,7]xQ - R4 NeN,
be a sequence of stochastic processes given by

XN %N (t_m/N)'f{Xflv’z)
t,z n,2 1+7'/N~ Hf(Xé\{z)”

+ (XL (Wi — W) (5)

for all t € [%,W], ne {0,1...,N — 1} and all N € N. Note that thyz :
[0,7] x Q@ — R? is an adapted stochastic process with continuous sample paths
for every NV € N.

We finally introduce a piecewise constant interpolation X i\fz of the tamed
Euler scheme as follows. It is mainly used in some constants when establishing

the error bound and for proving Theorem

1
X =, forre [, MEUT) (6)

Note that XN, :X?fz = XY at time t = 5 forne{0,1,..., N}.

L2n,z

The follov;/ing theorem is proven in ([I3]):

Theorem 1. Let us suppose (H1)-(H2)-(H3). Let z : Q@ — R< be an Fo/B(R?)-
measurable mapping with E[||z|P] < o for allp € [1,00). Then, for allp € [1,0),
the tamed Fuler scheme satisfies:

sup  sup  E[|X].["] <
NeNnef0,1,...,N}

This theorem allows to ensure the strong convergence of the tamed Euler
method. Any number N of subsampling steps can thus be used. This number
is now left implicit for the sake of simplicity. From Theorem [1} it follows (cf.
Lemma 4.3, ([11])):

Lemma 1. Let us suppose (H1)-(2)-(3). Let z : Q — R? be an Fy/B(R?)-

measurable mapping with E[|z|P] < o for all p € [1,00). Let us consider the
time continuous interpolation of the tamed Euler scheme as defined in , and



the piecewise constant interpolation as defined in @ Then, for any even inte-
ger r = 2, there exist two constants E, ., and F. . such that

sSup EHKtz - Xt,ZHT < (At)%(Er,z(At)% + Fr,zd)-
ost<r
with Ay = 7/N and:
T r i
E, . =2"(|f0)|"+ D2 ) )
(1 + Esuppcie, HL,Z\I‘")? (Esupo<i<r HXLZ”%)i)’

Frz =27 (lg(0)*" + LgE supoc < [ X, [1)-

Remark 2. Constants E, . and F;. . are computed using the constants A\ and
L, (see Remark , and the expected values of supg<,<, | X, [P for the required
values of p at each time t = 0, At, 2At, ..., NAt. These expected values can
either be computed numerically by using a Monte Carlo method, or by evaluat-
ing analytically the erpectations Esupgc,<, | X, [P for all required values of p.
Proposition[q explains how such expectations can be computed for the piecewise
linear interpolation f(t,z, the computation for Kfyz is the same but much simpler
since there is no time dependent term in @ In this paper, we use the latter
approach.

3.2. Mean square error bounding

The following Theorem holds for SDE (|1)). This corresponds to a stochastic
version of Theorem 1 of ([I5]), showing that a similar result holds on average,
using the tamed Euler method of ([I3]). It is an adaptation of Theorem 4.4 in

([ID).
Theorem 2. Given the SDE system satisfying (H1|)-(H2)-(H3). Let dg €

R=q. Suppose that z is a random variable on R? such that
E[|zo — 2[°] < 65
Then, we have, for all T = 0:

E[ sup | Xt g, — Xe.2[*] < 62

7,007
o<st<sr

with 62 5. = B(7)e’7, where:

v =2(VA +2X + L + 128Ly), and

B(7) =264 + 27 AL2(1 4 128L7) (Fa .d + Ea . Ay)
+477/AD(F, .d + Ey4 ,A?)? ™)
(1+4E sup |X, > +4E sup |X,.|)z.

o<t

o<st<Tt <t<T

with At = T/N



Proof. The proof closely follows the proof of Theorem 4.4 in ([I1]). Let e; =
Xt,zo — Xt,.. We have, forall 0 <t <

der = (f(Xizy) = f(2))dE + (9(Xiay) — 9(2)) AW (®)

Then, by using Equation and the integral version of It6 formula applied to
function z +— |z||? we obtain

t
leo? = Jeol? + j Wew, F(Xum) — F(X, . ))ds

t 9)
" j 16(X o) — 9(X,.)[2ds + M(1),
where ey = zg — z, and
t
M(t) = j Wewr 9(Xony) — 9(X, )W,
0
So we have using (H2)):
t
lecl® < [leol? + L Wewr F(Xumy) — F(Xux)ds
t
L2 f [Xowo — X, |Pds (10)
t ~
+ J 2es, f(X&Z) — f(gsyz)>ds + M ().
0
So we have using (H3)) and Young’s inequality:
t
leol? < fleof® + j (2Ales]2 + L2 e, |?)ds
t ~
12 f X, — X..[2ds (1)
0
t
1 -
+ | (=1 (Xez) = FX ) + A/ Ades]?)ds + M(2).
L(m”( )= (X P+ v/ Alea]?)ds + M(1)
So we have using (H1)), for all 0 < ¢t < 7:
t
ledl? < lleol? + (v/Ar + 2X + L2) f Jea]ds
0
t
+L2J X..—X,.|*d
5] 1Xes— XoalPas 12

1+ HXS,Z| q)HXs,z - XS,znzds

D (!
+ | O+|X,.
\/EL( £,
+ M(t).



It follows using Lemma [I| for » = 2, and Cauchy-Schwarz inequality:

t
E[ sup. lesl*] < Elleo|” + (VA +2X + Lﬁ)f Elles|*ds
0

SEAS

+ L?]TAt(EQ,ZAt + ngzd)
D
VA

t
J (E(L+ X, 7+ X2 19) 2 (BX, . — X [*)2ds
0

+

+ m(t),

where
m(t) = E[ sup [M(s)].

0<s<t

Hence, using using Lemma for r = 4, and inequality (a + b)P < 2P(aP + bP):

t
E[ sup [es]*] < Elleo|” + (v/A¢ +2X + Lf,))f Elles|*ds
0

<S<

+ LgTAt(EQ’ZAt + F2’2d>

. (14)
+2D7A/AL(Ey . A2 + Fy .d)2
(1+4E sup |X,.[% +4E sup | Xe 2 )22 + m(t).
0<t<T <t<T
On the other hand, from the Burkholder-Davis-Gundy inequality, we get:
t
1
m(t) < 168 lealPlg(Xeur) ~ (X, .) Pds]?
0
Hence, using (H2)):
m(0) < 16L3E o el? [ X, — X, 2051}
Then, using Young’s inequality (for any o > 0):
2 1 ' 2
m(t) < 8Ly(aE[ sup [es]*] + *E[J X520 — X [ 7ds]).
0<s<t (07 0
Hence, by using Lemmal I for r = 2:
m(t) < 8aLyE[ sup. les|?]
8L?2
+ 4 E sup e, [?]ds
- | L s et (15)

8L3
+ TTAt(EZzAt + F2,2d>.



Hence, letting a = ﬁ, we have by replacing in :
g

*]E[ sup fes|?] <

0<s<t

t
2+ (VA +2A+ L2+ 128L3)f E[ sup [e,[*]ds
0

0<r<s

16
+ 7(L2 + 128L5) Ay(E2 . Ay + Fa . d) (16)
+ 72D/ A (Ey . A? + Fy .d)?
(1+4E sup |X, [*" +4E sup | £,.[*)%.
It results from Gronwall’s inequality:
E[ sup [e:|*] = B(r)e™,
<t<T
with
v =2(VA; + 2\ + L} + 128Ly), and
B(7) = 205 + 27(A¢ L7 (1 + 128L2)(Fy,.d + Fa . A)
+ 47/ A¢D(Fy zd+E4zA2)% (17)
(1+4E sup |X,,[% +4E s |1X, . 29)2.
o<t<t o<t<st
O

It follows from Theorem [2] and Jensen’s inequality:

Proposition 1. Consider two points xo and z in Rdiand a positive real number
do. Suppose that o € B(z,0p). Then EX; ., € B(Xy ,,0.5,) for all t € [0, 7],
where 6 5, is defined in .

3.3. Numerical pre-computation of expectations

Theorem [2] requires the knowledge of Esupgc,<, | X;.[?9. In this section,
we give a pre-computable upper bound of this quantity.

Proposition 2. Let th be the piecewz’se linear interpolation of the solution
to equation as defined in equation , written in the form X, , = a(z) +

. _ wN _ (nT/N)-f _ f(X; z~)
Bt + ()W with alz) = Xo. = 125 uf(XN 50 ) = Ler/NIF N1
¥(2) = 9(X3.)- Then

~ ky+ks
]E[HXt,ZHQq] = 2 (IZ> Ck17k2,k3(z)ﬂk4,k5,k6 (Zv 1)tk2+2k3+k4+ E +k63 (18)
Ik|=q

10



where k = (ky,...,kg) and

k3

Crptain(2) = (0(2)7a(2)) " (20)78()) (317 5()

and

ky+ks

)\S)D;%;zm7k47k6(b(z)b(z)T’Pa,b(z),Q(z))t 4155 4 ke
Zf ky<ks and kyi+ks=0 (HlOd 2)

kqa+ks

)\,(f)Dk4;k5’kS’ks(a(z)a(z)T’Pa7b(z),Q(z))t 5 kg
Pe(Z8) =4 if ky>ks and ks + ks =0 (mod 2)
AL Diy ey (Pap(2), Q(2)) s o
if kg=ks and ks=0 (mod 2)
[ 0 if ky+ks=1 (mod 2)

where a(z) = 26(2)Tv(z2), b(z) = 2a(2)Tv(2), Q(z) = v(2)T(2) and Dy, . n, (A1, ...

being the normalized Davis polynomials [5, (12| and

a(2)b(2)T + b(2)a(2)”

Pop(z) = (£)b(2) 2 Bt ’
)\g) - 2%*‘]%_1/@4]{;6(/65 — ky),
AP = 2%+k6_1k5k6(k4 — ks),

AS) = ohstho e,

Proof. First, note that we can write Xuz as the sum of a mean value, a linear
drift and a standard Wiener process

Xz = alz) + B(2)t + () Wh,
for z € R?. Then, the squared norm of Xt,z is

XZth,z = (a(z) + B(2)t + 'y(z)Wt)T(a(z) + B(2)t + v(2)W)
= a(z)Ta(z) + 2(a(z)Tﬁ(z) + B(2)T~(2)Wy)t
+ B(2)TB(2)? + 2a(2) Ty (2) Wi + W (2) Ty (2) W

The Newton multinomial formula allows to express the 2¢™ power of the Xt,z
norm

= (ﬁ) (a)7a(2) " (207 820) " (8:)7B(202)

|k|=q

e

(28T Wet) (202 T1W) " (W) 22w

11



where k = (kq,...,kg). The previous equation can be written as follows

|1 X2

k

=] <q>Ckl,kz,kg(Z)tkﬁ%”“(a(Z)TWt)k“(b(Z)TWt)k"’(WtTQ(Z)Wt)kG
|k|=q

where a(z) = 28(2)77(2), b(2) = 2a(2)"7(2), Q(2) = 7(2)"7(2) and

k3

Chvias (2) = (a(2)7a(2) " (20()78)) (87 6(2))
We denote
(1) "2 B [(a=) W) (=) W) (W Q)W)

where k = (kq, ks, k). The expectation i, (z,t) can always be written as the
high-order moment of a product of three quadratic forms [I7], therefore we have

kqg+ks

)\S)D%’k%%(b(z)b(z)qﬂ,Pa,b(z),Q(z))t 7 the
if k4 <ks and k4+ ks =0 (mod 2)
M Disis o (@(2)a(2)7, Pap(2), Q(2)E 5" ko
P (2,t) = if ky>ks and kg4 ks =0 (mod 2)
M D iy (Pay(2), Q(2)) 1o Tho
if ky=ks and ks=0 (mod 2)
0 if ks+ks=1 (mod?2)

where Dy, n;(A1,...,A;) denotes the normalized Davis polynomials [5], [12]
and " r
a(2)b(z)" + b(z2)a(z
Fua) = SR+ Ul
AL = ™ ko= (s — key),
A®) = 9™ ke e (s — k),
AB) — ghsthkef ke
Finally, the result holds. O
The normalized Davis polynomials Dy, . n,(A1,...,A4;) can be computed

efficiently using recursion formulas, see [12].

From Proposition |2 we obtain an upper bound of Esupg¢;<, H)NQ’Z |24 using
the following lemma.
Lemma 2. For every martingale Y; € LP (where p > 1), we have:
» \?
Bl sop Vi) < (2 ) ELYLP)
0<t<r p—
Proof. See [1]. O
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‘We thus have:

2
1<

Esupg<i<- HXLZ

2q
2q q ko +2ky+ka+ E4ERS 4k
(2q - 1) Z (k) Ck17k2,k3<z)uk4’k5,k6(zﬂ 1)t 2h2hathat Tk

|k|=q

where Ci, kg ks (2) and fik, ks ,k6 (2, 1) are given in Proposition 2] The compu-
tation of this deterministic upper-bound is much faster than the direct Monte-
Carlo approximation of the expectation. Furthermore, we get rid of the approx-
imations inherent to the use of Monte-Carlo simulations.

3.4. Probabilistic reachability

Let us suppose for simplicity that R is a ball of the form B(O, p) where O
is the origin and p > 0. Suppose that xg € B(z, §y). We have:

Pr(Xea ¢ R) = Pr([Xeul > p)-

Furthermore:

1 - 2
Proposition 3. Pr(X;,, €R) > 1— — (57,50 +A/E[| X7 ]12] ) )
p

Proof. Using Chebyshev’s inequality and triangular inequality, it follows

2
2]> _
We thus get, using the inequality of the previous section (namely, E[| X, . —
Xraol? < 025,):

1 .
Pr(Xrz ¢ R) < 72 (0r.50)* + \E[Xr:[2].

Alternatively, we have:

1 1 - =
PT(XT,ZEO ¢ R) < EE[“XT,IOHQ] < ? (\/E[”X'r,z - X'r,wouz] + \/E[”XT,Z

Pr(X,a,€R) > 1—

1 - 2
- (67,50 /B[R ] ) |

NB: If we have R = B(0’, p) where O’ is not the origin, we have:

1 - 2
Pr(X:z, €R) = 1— ? (57,50 +/E[| X~ — O|?] ) .

13



3.5. Implementation

This method has been implemented in the interpreted language Octave, and
the experiments performed on a 2.80 GHz Intel Core i7-4810MQ CPU with 8
GB of memory. The implementation is an adaptation of the program described
n ([I5]) for controlling deterministic switched systems, but makes use of the
tamed Euler scheme for SDEs (with the error function d; s, given in Theorem [2))
instead of the classical Euler scheme.

Example 2. Consider the system of Ezample[l], for mode u =1 and w = 0.05:
dz, = (—0.25551 + o + 025)dt + 0.05$1th1

day = (—2$1 —0.25x5 — 2>dt + 0.051‘2th2
The program gives (for 7 = 1, Ay = 7/10*): ¢ = 0, D = 1.36, L, = 0.05,
A =0.25; and for z = (—4,—3.8): By, = 893.3, By, = 2.14-10°, F» , = 0.002,
Fy.=4.9-1075,

Consider now the system corresponding to Example [1] for mode v = 2 and
w = 0.05:

dzy = (—0.25z1 + 225 — 0.25)dt + 0.052;dW}

dag = (=21 — 0.2529 + 1)dt + 0.052,d W3
The program gives (for 7 = 1, A, = 7/10*): ¢ = 0, D = 1.36, L, = 0.05,
A = 0.25, and, for z = (0,3): Ey. = 543.2, By, = 7.94-10%, F,, = 0.0442,
Fy . =0.00178.

Both computations take less than 10s of CPU time. Simulations of the two
systems are given in Figure for mode u = 1 and starting point z = (—4,3.8),
and mode u = 2 and starting point z = (0,3). The initial ball B(z,dp) is de-
picted in black, the final ball B(E[XT,Z], 0r.5,) i red, and 200 random sampling
trajectories in blue for t € [0, 7].

Example 3. We now consider a nonlinear model of a pendulum on a cart
borrowed from [4, [31]. The dynamics is given by:

dx1 = xodt + 0.03301th1

dzy = (—¥sinz; — %1‘2 + #u)dt + 0.03z2d W7
where the state (x1,x2) represents the angular position and velocity of the point
mass on the pendulum, u is the control input (torque applied to the cart). The
parameters are g = 9.8, | = 0.5, m = 0.6, kK = 2. The program gives for
control input u = 0.5, 7 = 0.1, Ay = 7/10*: ¢ = 1, D = 2.56, L, = 0.03,
A\ = 1.446; and for z = (0,0): By, = 47.5, By, = 1977.2-10°, F3, = 9.8-107%,
Fy,=9.73-10"".

The computation takes less than 10s of CPU time. Simulations of the system
are given in Figure |9 for control input uw = 0.5 and starting point z = (0,0).
The initial ball B(z,00) is depicted in black, the final ball B(E[X;..],0r.5,) in
red, and 200 random sampling trajectories in blue for t € [0, 7].

14



X2

x2

Figure 1: Simulations of Example [2| with mode uw = 1 and initial ball B((—4,3.8),0.5), and
mode u = 2 and initial ball B((0,3),0.5); 7 = 1.

4. Sampled stochastic switched systems

4.1. Stochastic switched system as a finite collection of SDEs

We now consider a finite number of SDEs. Each SDE is referred to as a
mode j, and the set of modes is referred to as U = {1,..., M}. We will denote
by X7, the solution at time t of the system:

da(t) = f(x()) + g;(x(t))dW7,

x(0) = xp. (19)

where xo is a random variable that is measurable in Fy. Hypotheses (H1))-
—7 as defined in Section [3] are naturally extended to every mode j of
U. Accordingly, constants L, A, F' associated to SDE in Section (3] now
become L., A;, F; respectively, for each j € U.

Likewise, for each j € U, the nonnegative real (&;s,)% becomes (5{)60)2 for
each mode j; the approximate continuous-time solution of starting from z,
is denoted by Xg,z, and the approximate staircase solution by X7 _.

4.2. Control patterns

The control laws that we now consider are “piecewise constant of duration 7”
in the sense that, every 7 seconds, they select a given mode (see ([30])). We call

15



Figure 2: Simulations of Example [3| with control input uw = 0.5, initial ball B((0,0),0.01),
T =0.1.

“(control) pattern of length k” a sequence of k modes (i.e., an element of U¥).
Each pattern m of the form jijs - - - ji corresponds to the selection of mode j; for
time ¢ € [0, 7), then mode js for ¢ € [, 27), and so on, until ¢ = k7. We assume
that the solution of the system is continuous at sampling instants ¢t = 7, 27, ...
(which means that there is no “reset” of the system at sampling instants).

Given a stochastic switched system, a pattern 7w of length £ and an initial
random variable z, one constructs the “approximate solution controlled by 7”
by composing together the approximations obtained by successive application
of the modes of the pattern 7. Formally, the “continuous” approximate solution
ng is defined at time t € [0, k7] as follows:

. ngzsztj)z ifr=jeU,k=1andte[0,7], and

T _ vJ
b X(kfl)Tth’,z - Xt7z

some j € U and 7’ € UF~1.

, with 2/ = X7

Gomyr,» i k=2, t'e[0,7], m =7’ *j for

The “staircase” approximate solution X7, is defined analogously. Likewise,
given an initial error radius §y > 0 and a pattern 7 of length k > 1, one defines

the error radius 67 5 using as follows:
® 05, = 5?,60 ifr=jeU,k=1andte]|0,7], and

T
® §(k—1)7+t’,50

some j € U and 7’ € UF L.

= 6} 5 With &' =87, s ifk>2,1 €[0,7], =« j for

4.3. Controlled probabilistic reachability

Given a ball R = B(O,p) < R? with p > 0, we define the problem of
“controlled probabilistic reachability inside R” as follows:

Given a starting point z € R% and a positive real dg, find a pattern 7 of length
k such that, at ¢t = k7, the image of the points located initially in B(z,dp) be,
on average, located as close as possible to O, and, in particular:

B(E[X],],07s,) € R for t=kr.
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The program mentioned in Section has been extended in order to find,
by ezxhaustive enumemtiorﬂ such a pattern w. This guarantees that, for all
xo € B(z,d0):

1

Pr(Xir ., € R) =21~ ;( E[|XT, . 2] + 6% 5,)%

We now give two examples of application of this program.

Example 4. Consider the system of Example[] with w = 0.01:

dry = (—0.2521 + uzs + (—1)%0.25)dt + 0.012dW}

dzgy = ((u— 3)z1 — 0.2522 + (—1)*(3 — u))dt + 0.01zod W2
where u = 1, 2.
For 7 =0.5, Ay = 1074, one finds (for all modes u = 1,2):

g=0,D =136, L, =0.01, A\ = 0.25; for z = (—4,—-3.8): E,, = 893.31,
Ey. =214-10°, Fy. = 0.002, Fy. = 4.9-1075; and for z = (0,3): Ey. =
543.22, By . = 7.94-10%, F,, = 0.0442, F, . = 0.00178.
Our program shows the probabilistic reachability inside R = B((0,0), p), for all
point xg € B((5,4),00) and all point yo € B((—5,—4),00), with 69 = 0.1 and
p="T. We have, form =(2-2-2-2)

T 1 T T
Pr(Xp, eR)=>1- ?( E[I X7 5.0 121+ 052 5,)%

AT,20

Pr(Xg},, € R) = 0.689,
and formg = (1-1-1-1-1):

s 1 v T
Pr(XE2y, € B) > 1= 5 (\JBIXE (121 + 6325,

57,90 57,(—5,—

Pr(X eR)>0.713

oT, Yo
Figure [ depicts in black the initial balls (at t = 0) centered at (5,4) and
(=5,—4); and for each initial ball, the pattern that sends the ball inside R (at
time t = k7 ); the intermediate balls (at t = 7,27,...,(k — 1)7) are depicted in
red, and 200 sampling trajectories drawn in black.

Example 5. (the slit problem)
The problem is adapted from ([20]). The controlled dynamics is:

dX = udt + dW, Xo=1

with mode u € {—6,—5,—4,-3,-2,1,0,1,2,3,4,5,6}. We have (att = 0.5) a
slit at x € [—1,—3]. The objective is thus to control the system so that z(t) €
R=[-1,-3] (i.e, z(t)e R= B(O',p) withO' = -2 and p=1) att = 0.5.

In Section a strategy based on the search of an optimal pattern is suggested rather
than an exhaustive search.
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X2
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o

X1

Figure 3: Simulations of Example [4] from the initial balls B((5,4),0.1) and B((—5,—4),0.1)
using patterns (2-2-2-2) and (1-1-1-1-1) resp., with 7 = 0.5.

One has, for all modes: ¢ =0, D =0, Ly =0, A = 0. Fordp = 0.2, an initial
point z = 1 and a sampling time 7 = 0.5 with subsampling A, = 2.5 x 1073, one
has for mode w = —6: Ey, = 144, F, ., = 20736, Fy . = 4, Fy . = 16; and for
mode u=0: By, =0,E;, =0,F, =4,F,, = 16.

Suppose that all the trajectories start at o € B(z,00), with z = 1 and
00 = 0.2. When there is no control (u = 0), at time t = 0.5, the expected
value of Xz, is in B(z1,0.5,) with z1 = 1 and §,5, = 0.29. From Markov’s
inequality, it follows that the trajectories pass by R = B(—2,1) at t = 0.5 with
low probability: see Figure[f] On the other hand, with control u = —6, at time
t =7 = 0.5, the expected value of Xy, is now in B(2,0] 5) with 27 = —2
and 5’7750 = 0.29. This explains why the trajectories pass by R = B(—2,1) at
t = 0.5 with high probability. We have, for x¢ € B(z,dy) with z =1, dp = 0.2,
t=7=05p=1,0 =-2:

1 =
Pr(Xt,, € B=B(0'0) > 1~ 5(/EIXL ~OF) +82)%  (20)
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Figure 4: Simulations of Example [5| without control (w = (0 -0)) and with control pattern
(=6 - 0) from the initial ball B(1,0.2). The initial region is in green. The red regions are

B(E[ngz],(sf%). with z = 1, do = 0.2 for the two patterns m = (0-0) (top) and 7 = (—6-0)
(bottom).

For mode u = —6, this gives: 05 = 0.29 and ]E[H)N(;fz — O'|*] = 0.048. It
follows: Pr(X*, € R) > 0.871.

7,20

4.4. Optimal control by state space discretization

In this Subsection, we are interested in solving an optimal control problem
in order to minimize the average distance of the state reached after a given
number of steps to the origin. In order to solve such optimal control problems,
it is classical to spatially discretize the set S into a finite number of cells of
equal size. Consider a partition of a compact subset S of R? in cells. For
the sake of simplicity, we suppose that each cell C' is a hypercube of R? of
side length 2¢/ Vd, and we consider the centre of the cell, denoted fx, as the
“representative” of the cell. Note that any point z located in the cell is such
that |z — fz| < e. In [3] (cf. [§]), it is explained how a discretized procedure,
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based on classical techniques of dynamic programming, constructs a mapping u
which associates to each representative fz a mode u(fx) € U, corresponding to
the optimal policy at position fz. More precisely, for any representative point
fzo.e, the discretized procedure PROC (fz ) constructs a sequence of modes
Ule,..., Uk and a sequence of representatives fz; ., ...,z such that, for all
1<i<k:

® Ui =u(fzio1,e)

o fx;. is the representative of the cell containing E[Xy:  ].

For the sake of notation simplicity, we will now drop the index e in symbols
u;e and fx;.. Let us define the function next™ by: next™ (fz;_1) = fz,,
where fz; is the representative of the cell containing E[X ™  ]. We define the

THTio1
function next™ as follows:
o if m =w for some u € U then next™(fz) = next™(4z),
e if 7 is of the form u -7’ then next™ (fz) = next™ (next(fz)).

Given a point zp € R? and a positive integer k, we focus on the problem of
finding the optimal pattern 7*(zg) € U¥, which, at time T = k7, maps z; to a
distribution located at a minimal distance of the origin, i.e., such that:

m*(20) = argmingeprE[| XF . |°].

Let fzp be the representative of zy. The sequences {u;}1<i<r and {#z;}1<i<k
given by PROC (#z), are optimal in the following sense: (see, e.g., [3, §]):

e the pattern uy - - - uy coincides with 7*(zg) when ¢ is sufficiently small, and

e the discrete random variable fizy converges in distribution to the random

variable X%‘ZO“" when ¢ tends to 0.

This justifies the employment of the pattern u; - - - ux generated by PROC (fz()
as a (sub)optimal control pattern 7 for the original stochastic diffusion system

Let us now, in our context, give a precise upper bound to E[[| X7, " —fay %],
where fxy, is the representative point defined by nextt "k (fxq). We first define
A =0, for 1 <i<k:

M= A JEIX S, | — 2],
Let us also define A(uy - - - uy) recursively by:

o Aup---uy;) )fori:2,...,k,and

U Aici+HA(urug

2see, e.g., [3]
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° A(’LL1> = 6?,15

Without loss of understanding, we abbreviate A(u; - --u;) by A;. We have

Lemma 3. \/IE[HXMU" — X" 2] < Ay

kT,z0 T 4xK_1

Proof. The proof is by induction on k. The case k = 1 is trivial. Suppose k& > 2.
We have: _

VEIXE S - K2

I?

< 6k
k S _ ] ~ U
7% Tk T BLX G o))

On the other hand, using the triangular inequality and the induction hy-
pothesis, we have:

VEIXG T — a2
< \JELXG ) = Kot 12+ 3 BIIXS,,, — o]
< Ap_1+ Ap_1.
Hence: \/IE[HX,?;ZO“’C = XM, 1P < 0¥, 1a._, = Ak This achieves the

proof of the induction step. O

‘We have

Theorem 3. Consider a point zg € R? of representative fxo, and let fx;, =
next® Uk (4z0) for sequence uy---uy € UF (generated by PROC(fzo)). We
have:

EIXGE™ = foa]2] < Ag + M.
Proof. We have

1. E[| X — XUk |?] < A% by Lemma and

~k-r,zo THTr—1
2. E[|X7%,, , — fzi 2] < A7 by definition.

It follows, using triangular inequality: \/IE[HX%IZO“’“ — P < A+ . O

Note that the term Ay of the inequality right-hand side takes into account
the error introduced by the Euler scheme (with respect to the real solution of
the SDE); in contrast, in the literature (e.g. [8, 22]), the Euler error is often
disregarded, the analysis focusing just on the convergence of fx) to the Euler
approximation X %IZOUk

Example 6. We apply the above procedure PROC (fxg) on Example |1| with
w = 0.01. Consider the interest set R = B((0,0),p) with p = 7, discretized
with an accuracy € = 0.57. We compute (sub)optimal patterns for the entire
set, using different lengths of patterns, and simulate the induced controller for
200 initial conditions randomly selected in R. Simulations are given in Figure
[3. The procedure took 11.8 seconds of computation for patterns of length 1, 47.4
seconds of computation for patterns of length 3, 152.0 seconds of computation
for patterns of length 5.
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Figure 5: Simulations of Example@ with the controller induced by PROC(#z¢), for patterns
of length 1 (top), length 3 (center), and length 5 (bottom). The blue circle is the set R =
B((0,0),7), the red marker is the target state (the origin), the black lines are the controlled
trajectories.
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We now compare the results yielded by PROC (fx¢) with those of Exam-
ple [} The sub-optimal procedure returns patterns ensuring the probabilistic
reachability inside R = B((0,0), p), for all point xo € B((5,4),00) and all point
yo € B((—5,—4),00), with ép = 0.1 and p = 7. For xzy € B((5,4),dp), the
procedure returns pattern mp = (1-2-2-2) ensuring a probability

Pr(X;!, €R)>0.801,

47,20

and for xo € B((—5,—4),00), the procedure returns pattern mo = (2-2-2-1-1),
with probability
Pr(XI2. €R) > 0.802.

57,90

The probabilities are thus higher than in Example [} Simulations are shown in
Figure [, depicting in black the initial balls (at t = 0) centered at (5,4) and
(=5,—4); and for each initial ball, the pattern that sends the ball inside R (at
time t = k1 ); the intermediate balls (at t = 7,27,...,(k — 1)7) are depicted in
red, and 200 sampling trajectories drawn in black.

X2
)

X2
o

X1

Figure 6: Simulations of Example [f] from the initial balls B((5,4),0.1) and B((—5,—4),0.1)
using patterns (1-2-2-2) and (2-2-2-1-1) resp., with 7 = 0.5.
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Example 7. We consider nonlinear Example[3. Let us recall the dynamics:

dxq = xodt + 0.0gl‘lthl

doy = (—¥sinz; — %J;g + #u)dt + 0.03z2d W7

We consider the set of control inputs u € {—1.5,—1,-0.5,0,0.5,1,1.5}. In
order to reproduce the results of [31|], we slightly modify the procedure so that
the interest set is R = B((0,0), p) with p = 1.0, but the optimization objective
is to minimize the average distance with the target state z°% = (0.5,0). The
state space is discretized with an accuracy € = 0.02. We compute (sub)optimal
patterns for the entire set R, using patterns of length 1, and simulate the induced
controller for 30 initial conditions randomly selected in R. Simulations are given
in Figure [l The procedure took 127 seconds of computation for patterns of

length 1.

5. Final remarks and future work

We have established a mean-square error bound on an Euler-like method
to simulate stochastic differential equations that satisfy a one-sided Lipschitz
(OSL) condition. An advantage of our method is that the OSL assumption is
weaker than the condition under which classical methods converge. From the
mean square error bound, we have inferred a lower bound on the probability to
reach a given set R at a given time. This allows us to determine a control pattern
(in term of sequences of control modes) which makes the stochastic switched
system reach a target with guaranteed minimum probability. Besides, instead
of searching over all possible sequences of modes (which is a process exponential
in the length of sequences), we have proposed an optimized method inferring
a ‘best’ pattern, which may entail a significant gain in time and space. In the
future, we plan to experiment our method with significantly larger examples
than those given here.
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Time

Figure 7: Simulations of Example [7| projected on the first dimension, with the controller
induced by PROC (fo) for patterns of length 1. The red line is the target state z°%7 = (0.5, 0),
the black lines are the controlled trajectories.
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