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LARGE TIME ASYMPTOTIC BEHAVIORS OF TWO TYPES OF FAST DIFFUSION
EQUATIONS

CHUQI CAO, XINGYU LI

ABSTRACT. We consider two types of nonlinear fast diffusion equations in R":

(1) External drift type equation with general external potential. It is a natural extension of the
harmonic potential case, which has been studied in many papers. In this paper we can prove the
large time asymptotic behavior to the stationary state by using entropy methods.

(2) Mean-field type equation with the convolution term. The stationary solution is the min-
imizer of the free energy functional, which has direct relation with reverse Hardy-Littlewood-
Sobolev inequalities. In this paper, we prove that for some special cases, it also exists large time
asymptotic behavior to the stationary state.

Keywords: nonlinear fast diffusion; mean field equations; free energy; Fisher information:
large time asymptotic; Hardy-Poincaré inequality; reverse Hardy-Littlewood-Sobolev inequality.

AMS subject classifications: 35K55; 35B40; 35P15.

1. INTRODUCTION

Asymptotic rates of convergence for the solutions of diffusion equations have been studied in
many papers, such as linear diffusion equation(Keller-Segel type, see [?]), porous medium type
equation(see [?]). In this paper, we mainly study the asymptotic behavior of two different types
of non-linear fast diffusion equationsin RV, and we denote

Vo) = 2> 0), —— < g < 1
) "N+a 1
and

N-2-1

_ N=3

qu = N-2 .
0, N=1,2
1. Fast diffusion equation with external drift
n,=An?+vmnvvy, n,.) =ng>0. (1)
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Obviously, this equation is mass conserved. Set fpn 12(x) dx = m > 0. Notice that the stationary
solution Nj, of (22) is of the form

1
q-1

1 —
Ny, = (—q(h + V,{))
q
here h(m) > 0 is uniquely determined by the equation
Npdx=m. (2)
RN
From now on, we always suppose that 7 satisfies the following assumption if not specially men-

tioned.
(H1) There exist constants 0 < h; < h», such that

Np, (%) < no(x) < Np, (x), VxeR?

According to the maximum principle, Ny, < n(f,.) < Nj, for any ¢ > 0, see page 8-10 from [?]
for more details. We will also denote h. which is uniquely determined by

ho*dx:f nodx
RN RN

2. Mean-field type fast diffusion equation

We consider the equation

pr=A7)+V(pVVy*p), p(0,.)=po>0. 3)

For this equation, we always suppose that % < g < 1. Notice that the stationary solution p

satisfies

q g1
— P00 =V oo+ C
1 qP A*P

for some constant C > 0. In this paper, we focus on the normalized mass case

fRNp(t,x)dx:fRNpoodx:I

we mention here equation (2?) with other mass can be treated similarly. Notice that for i =
1,..N,

if x;pdx :f f p(x)]|x— yll_z(x- -yp(y)dydx=0

dt RN 1 RN RN 1 1

from the result of [2], we can assume that p is radially symmetric and non-increasing, so

f xipodx:f XiPoodx =0
RN RN
moreover, we also assume that

(H2) There exist two stationary solutions (possibly with different mass) p1, p2 such that
p2(x) < po(x) < p1(x), VYxeR7
When A =2, we know from [?] that after modulo translations, ps, has the form

g q1_1 0o
co T +C 4
1_qP 2IJCI (4)
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by the theory of Beta function, C satisfies

Cﬁ-g:(mg(l—q)
q

1
A0 -)
1
r(e
and we will show the large time asymptotic to the stationary solution p..
For A # 2, the form of po is much more complicated so it’s hard to analyze it. From the result
of [2], when g € (-2 ~+1 1), the stationary solution p, satisfies

=

Poo = P + M,0o

for some M, € [0,1) and p. € L n L9(RY) is radically symmetric and supported on R", and &
denotes the Dirac measure at the point 0. When ¢( N]X 7, 1) near 2~ "in a recent preprint [?]

N N+A
the authors proved that M, >0 with A =4, N = 6, but when g > 555 N s+ itis proved in [?] that the
Dirac mass does not appear in po. In this paper, we mainly consider the case A > 2 and suppose
that 55 N 75471 < g < 1 without more explication. We will try to analyze the exact result about po, and

also show the similar asymptotic behavior if g is close enough to 1.

1.1. Main tools and results. For equation (??), we consider the free energy
Fn] ::—L nqu+f Vindx (5)
1- q JrN RN
the relative entropy
F[n|Npl = F[n]l - F[Npl
and the relative Fisher information with respect to Nj, defined as

2 2
giml= | nlv|-Tni iy de=—T— | avmI T =NTHdx 6)
RN q—l N h

A-9?Jr

we will prove in Section 22 that under the constraints n(x) > 0, fRN n(x)dx = m, & is bounded
from below, and Nj, is the unique minimizer , which is & [n] - Z [N, ] = 0. If n solves (22), we
obtain that

197[] —Sn]
- Zn n

see Proposition 2 of [2] for more details.
For equation (22), the free energy becomes

Flp] = f pTdx+ Amm @)

the relative entropy
Flplpool :=Flp] —Flpool
where

IA[p]:f f Ix-yI*p(p() dxdy
RN JRN

notice that because +—— < g < 1, the free energy of & [p] is finite. Moreover, we define the
—VpT —VV xp| dx 8

N 1
relative Fisher information
2
q
Ilp]:=
o= [ o]
our analysis is based on the Theorem below.




Theorem 1.1. ([?], Reverse Hardy-Littlewood-Sobolev inequality) Let N = 1,A > 0,q € (0,1), de-
fine

_2N-g@2N+A)
~ NO-¢
then the inequality
@ 2-a
q
fRNfRNIx_y|/1p(x)p(y) dxdy=Cngq (fRNp(x) dx) (.[RNp(x)qu) 9)

holds for any nonnegative function p € L' n LY(RY) and for some positive constant Cy ), g ifand

only if g > Nim’ or equivalently « < 1. Moreover, the optimal function of the inequality is the
global minimizer of Flp]l. The optimal function is radially symmetric, non-increasing and sup-
ported onRY, and it is unique up to translation.

Because g > Nlm’ from the results of [?], the free energy F[p] is bounded from below under

the mass constraint, and energy minimizers of % are the optimal functions of (??). Moreover,
Poo is the unique minimizer up to translation, and

p — [I p .

Theorem 1.2. Suppose that the solution n of the equation (2?) with initial data ny satisfying
(H??), q € (%, 1) and & [np] < oo. Then for A = 2, there exist constants x,u > 0, such that for
anyt >0,
q-2 2 —ut
N “(n(t,.)— Ny )*dx<xe ",
RN e i

For A €(0,2), ifwe assume in addition q € (%, 1), then there exist constantsx, i1 > 0, such that
foranyt >0,

fRN Ng:z(n(t, )-Np)dx<sxQ+07"

For equation (2?) we have similar results when A = 2.

Theorem 1.3. For A =2, suppose that the solution p of the equation (22) with initial data p, that
satisfies (H2) and F[pg] < oo. Then for all g € (%, 1), there exist constants T,y > 0, such that for
anyt >0,

f o2 (p(t,) — poo)? dx < Te 21",
RN
For general A > 2, we have the similar result when ¢ is near 1.

Theorem 1.4. Suppose that A > 2, and the solution p of the equation (22?) with initial data pg
that satisfies (H2) and F[po] < co. Then there exists a constant gy, € (%, 1), such that for any
q € (qn,, 1), there exist constants T,y > 0 such that for any t > 0,

Flplpool = Te ?"'Flpol poo]

in particular if A € (2,4], we have

fRN pI72(p(t,) — poo)? dx < TE 2",
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Remark 1.5. We remark here that for equation (2?) if we assume further that
(H1’)There exists a constant h € [hy, hs], such that

p(x) := ng(x) — Ny, (x) € L'(RY).

Then we can extend the Theorem 22 to the case q € (0,1) when N =1 or 2, and q € (0, 1)\{N]§37L}

when N = 3 with the similar method, including the pseudo-Barenblatt solutions case that q €
0, &E;’l) when N = 3. The readers are invited to check [2, 2] for more information.

1.2. Background. The nonlinear fast diffusion equations have caught many attentions, see [?]
for a more precise introduction. And studying the asymptotic rates of convergence to the sta-
tionary states is an important theme. For the equation (??), the harmonic potential case that
A =2 has been studied by [?]. The result is based on the spectral method of the linearized equa-
tion, and the optimal rate of the convergence can be directly deduced by the spectral gap, which
is the optimal constant of Hardy-Poincaré inequality. See [?] for more details. The mean-field
equation (??) is more complicated, since mean field potential W) = V) * p depends on the regu-
lar part p, and for more general A, there is no explicit form of p, for the estimate. This equation
behaves different with different choice of A and g. Recall the functional energy

1
- q -
Flpl = l_qf[RNp dx+fRNfsz Vi(x=ypx)py)dxdy
if we take the mass-preserving dilations

pa(x) = BN p(Bx)

SO
IBN(q—l)

— q -1 —
Flpl = =g fRNP dx+p fRNfRNVA(x Ve p(y)dxdy

and one observes different types of behavior depending on the relation between the parameters
N, g and A. The energy functional is homogeneous if attraction and repulsion are in balance,
so that the two terms of the energy scale with the same power, that is, g = g, with

A

s =1-=
9 N

this motivates the definition of three different regimes: the diffusion-dominated regime q > q.,
the fair-competition regime q = q., and the attraction-dominated regime 0 < q < q.. We refer
to [?] for a complete summary of existing works. The fair-competition case has been studied in
several papers such as [2, ?].

In our paper we consider the case g > NLM >1- % = ¢+, which correspond to the diffusion-
dominated regime. In the diffusion dominated regime, several results have been done for the
case —-N < A <0 and g > 1, the logarithmic case A = 0,g > 1 in two dimensions [?], and the
Newtonian case A =2 — N in [2, ?]. For our case A >0,q > %, the existence and uniqueness of
Poo has been given in [?], we remark here that the asymptotic behavior of the case A > 0, g > %
is to our knowledge new.

As we introduced above, the free energy and the related Fisher information are key tools, but
we need the propositions about the bound and the minimizers of the free energy. For g < 1,
the reverse Hardy-Littlewood-Sobolev inequalities in [2, 2, ?] provide the sufficient conditions.

Intersted readers can check [2] for more information.
5




1.3. Sketch of the proof. In this paper, the proof for the paper is to use linearization around
equilibrium plus nonlinear stability, roughly speaking, for a mass conserving equation

of=Lf
with equilibrium f,, we linearize the operator L = L; + L, (where L, is linear) around equilib-
rium g = f — f, which is
0:8=L1g+Lrg
then we first prove the convergence for the linearized eqution

0,8=Lg

then we use the nonlinear stability to prove that the convergence results still holds for the non-
linear equation when the initial data f; is close to equilibrium

”fO_foo”X =€

for some space X and some € > 0 small, then we use a (weak) global convergence to prove that,
for any fj € X, we can find a time £y > 0 such that

1f(D) - follx <€, Vizg
the global convergence can be very weak, in this paper we use

lim || £ (1) = foollx = 0

which can be proved by the entropy method, gathering the two things we complete the proof
of the asymptotic behavior for the full nonlinear problem . Such method can improve conver-
gence rate and get better rate of convergence at large time. It’s largely used in the asymptotic
behavior of many nonlinear equations, see [?, ?] for its use in Boltzmann and Landau equation
for example.

1.4. Plan of the paper. Sections ?2-22 are devoted to the fast diffusion with external drift. In
Section ?2, we give the results about the free energy and the comparison principle. In Section 2?2,
we prove the result about the convergence without rate and the convergence with rate in Sec-
tion ?2. Sections ?? -2? are about the mean-field equation with convolution term. Section ?? is
about some basic properties about the linearized equation. The case that A = 2 is simple, we
prove the result about large time asymptotic behavior in Section ?2, and in Section ?2, we deal
with more general 1 > 2.

1.5. Notations. We will denote

P |
h =—
k(x) -
; A#2
M(x) =4 1+|x]A-2 (10)
17 A/:2

and Sy denotes the area of unit N-dimension sphere.

Acknowledgments. The first author has been supported by grants from Beijing Institute of
Mathematical Sciences and Applications and Yau Mathematical Science Center, Tsinghua Uni-
versity, and the second author has been supported by grants from Ceremade, Université Paris
Dauphine. The authors thank J.Dolbeault for introducing the problem and useful comments.
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2. EXTERNAL DRIFT TYPE EQUATION: SOME PREPARATIONS

2.1. The free energy and its minimizer. We first prove the basic propositions about the free
energy & [n] defined in (??), and the existence of the minimizers of % [n] under the condition
Sy n(x)dx = m.

Proposition 2.1. The free energy & [n] satisfies

(1)For h = 0, the free energy & [Ny is increasing by h, which means that it is decreasing by the
mass m.

(2)For any n > O,f[RN n(x)dx = m, we have & [n] = % [Ny], and equality fits if and only if n =
Ny,. Here h is decided by the equation (22). In particular, % [n] is bounded from below.
Proof. (1)Remind that

1
Nh:(l;q)" l '(h+VA)ﬁ

SO

1
FINp) = —— N;l’dx+f VaNy, dx
6]—1 RN RN
l1-¢g 71 1 9 1
:(—) -(——f (h+Vy)a-1 dx+f Vilh+ Vy)a-1 dx)
q q RN RN
which means that
1
da 1-g\a1 1 1 1 2-q
—9[Nh]=(—)ql-(——f (h+ V)T dx+ —— V;L(h+VA)q—qu)
dh q qg-1Jrv q—1JrN
1
1-g\a1 1 2
:( ")‘“ f h(h+ V)71 dx=0
q 1—qJrN
(2)Notice that
1 q-1 q
F[n] — F[Np] :EfRNth (n—Np)—(n?-N;)dx
and from the inequality
gb? Y (a-b)-(aT-b") =0
for any a, b = 0, we get the result. U

2.2. Comparison principle. Before proving the main theorem, we still need that

Lemma 2.2. For any two non-negative solutions ny and ny of equation (22), defined on a time
interval [0, T] with initial data in L (R%), and any two times t) and t, suchthat0<t, <, < T,
we have

f |nl(t2)_n2(t2)|dx5f |n1(61) — no(t1)ldx
Rd Rd
and even stronger

f|n1(f2)—n2(t2)|+dXSf |n1(61) — no(f1) |+ dx.
R4 R4

The lemma implies



Lemma 2.3. (Comparison principle) For any two non-negative solutions n, and ny of equation
(??) on [0, T), T > 0, with initial data satisfying ng, < ng almost everywhere, ng, € L}OC(Rd),
then we have n; (t) < ny(t) for almost everyt € (0, T).

The proof can be found in [2, 2, 2].

3. EXTERNAL DRIFT TYPE EQUATION: CONVERGENCE WITHOUT RATE

In this section we mainly prove convergence without rate, which will allow us to assume that
|hy — h.| and |hy — h.| is arbitrarily small. Define relative entropy by

x4
FnINp,1=| ¢n)—dp(Np,)—¢'(m)(n—Np,)dx, ¢x):=——
RN qg-1
define
n
w.=—
Np,.

then we have

1 1 »
W;=—n;= V(gn—"Vn+nvVVy)
Np Ny

*

1
= V(N w) TV (Np, w) + Njp, wV V)

*

1 _ -1 _ 2 q -1
=—VIN, w|lgwT >N Vw+qwT 'NT°YN, + ——V(N? )]
Ni h. (q h. q hs g (N, ) (11)
1 q .q-1 -1 q -1 q-1 q cf—l)]
=— V|N, w|—N""'vw"™ )+ —w'vy(NTH + V(N
N, V| N ( Ny V@ —— (NG D+ T VW)
1 _
S v Nh*wv(iN,‘j 1(w"'1—1))]
Nh* q—l *

recall that in the third line we use that

q g-1
VVy =—V(N.
f g (N, )

by homogeneity of ¢ the relative entropy we rewrite that

/ -
Z [n|Np,] =fRNqb(W)—<P(1)—¢>(1)(w—1)dx, W=

e
so we define the relative entropy

1 1
Flw) = — (w—l)——(w"—l)]NZ dx
1-qgJry q *
and the relative Fisher information
q

Flw] = fRN ‘v [(w‘f‘1 —1)NZ*_1”2 wNy, dx

(1-q)?
it’s easily seen that
1 1
Flw] = Eg[nlNh*], SFlw] = Ef[nlNh*]

and

d
Eg[w(t)]g— - w(1)]



we omit the regularity here, see Proposition 2 in [2] for more details. Define

N h,\Td
N _ (—)1 "<1, W= inf
ho

xeRN Np, (x) B
with such notations, we can rewrite the assumptions as follows:
(H1’)ng is a non-negative function in L}oc(Rd) and there exist positive constants h; < hy such
that

1

Nhl(x) _(I’l*)ﬁi -1

Wy := inf —
0 m hl

xeRN Ny, (x) B

Nt oy < Dt

< < <W;<o0o, VxeR?
Np, (x) Np, (x)

0<Wp <

Lemma 3.1. (Uniform C* regularity) Let g € (0,1) and w € L ((0,T) x RY) be a solution of the
nonlinear equation. Then for any k e N and ty € (0, T),

sup | w ()l ckgay < +oo0.
=t

Proof. See [?] Theorem 4. U

Lemma 3.2. Ifq € (0,1), w satisfies (H1’) above, then we have
1 _ 1 _
A 2[ lw-1°N) dx<Flw]<-W,/ zf lw-11°N, dx
2 RN * 2 RN *
Proof. For some a > 0 to be fixed later, we define

¢(wr——l—hw—n—1uw—n —a(w-1)
T 1-g q

we compute

$Pa(w) = ﬁ[l —wT™ M -2a(w-1), ¢w)=wI?*-2a.

Note here ¢,(1) = ¢/, (1) =0, recall that 0 < Wy <1 < W; and w € [Wy, Wi]. So let a = qu_2/2,
then

(PZ(W) >O) we (WO)WI))
which implies

(pd(w) 20) we (WO,WI),
so the lower bound is proved after multiplying NZ* and integrating over R?. Similarly taking
a= qu—z/ 2 we can prove the upper bound. 0

Corollary 3.3. If wy satisfies (H1’), then the free energy & [w(t)] is finite for all t = 0.

Proof. By Lemma 22, we have

-2 -2
Pl < Wq_zgr[wo]sfww—umg* dxszle—lllNhZ—NhllNZ* dx

0 0

and it is easily seen that
AR-q)

INp, = Nppy | < Co(1+|x)) ™ 17
for some constant C, > 0. So the proofis concluded since w1 is integrable and | Ny, — N, IN. 2 2

is bounded. [l
9



Lemma 3.4. Let g€ (0,1). If w is a solution and wy satisfying (H1’), then

lim w(t,x) =1, VYxeR’

t—o00
Proof. Let w;(t,x) = w(t+7,x). Since the functions are uniformly C 1 continuous, we have there
exists a sequence T, — oo such that w;, converges to a function wy, uniformly in every com-
pact set. By interior regularity of the solutions, the derivatives also converge everywhere. Since

w(x) = Wy we have wo, = Wy > 0.
Since & [w] is finite, we compute

1
Flw)l-Flw,+1)] :f Flwt+1,)ldt
0

by Fatou’s Lemma we have

1 1
fﬂ[woo]dtsgimf ﬂ[w(t+rn)]dt:nlim Flwry))l -FlwE,+1)]=0
0 —Jo -0
which is .
2
ff ‘V[(wfo_l(t,x)—l)NZ_l(x)H Weo(t, X) Np. (x) dxdt = 0
0 JRN *

since wy, = Wy, this implies that wy is constant. By the conservation of mass, we deduce wy, =
1. Since the limit is unique, the whole w(¢) converges to 1 as t — oo. U

Corollary 3.5. Let q € (0,1). If w is a solution of (22) and wy satisfying (HI’), then

lim |w(?) — 1|z~ =0.
t—o00
Proof. First we compute

_ A
lw(t,x) = 1| = |n(t,x) = Ny, |- N, ' < [Np, = Npo |- IN, T < €1+ [x]) ™4 € LP,
for some constant € > 0 and some p large. By dominated convergence theorem, we have
lim ||w(t) —1]|l;p =0.
t—o00

by the inequality in [2, ?]
1 lse < AN PN

for g = p%\/" we deduce the result. O

4. EXTERNAL DRIFT TYPE EQUATION: CONVERGENCE WITH RATE

In this section we prove the convergence with rate around steady state, together with the
convergence without rate in the former section we are able to give the convergence rate for the
equation (22). The fact that w(¢) converges uniformly to 1 as t — oo allows us to improve the
lower and upper bounds Wy and W; for the function w(t), at the price of waiting some time. For
any € > 0 there exists a time fy = fy(€) such that

l—e<w(t,x)<l+e, VY(t,x) € (tyo00) xRY.
define the function
My (%) = A(Ng:l)%+VJ%-V(NZ:1) (12)
remind that

q-1 —
EN}I* (X) = h* + VA(X)
10



SO
1-g N|xP**+A+N-2)|x|}2

A2
A—212
=4 9 (L+1x1779) (13)

) A/:2
q

it is easily seen that for any x € RY,

1_
| A (X)] < Tqmax{N,)L+ N -2},

Lemma 4.1. For any smooth function a(x) and the functions  (x), 4 (x) defined above, we
have

fRNIV(a(w)Ngl)IZNh*J%dx
_ 1 _

:f o' (W) PIVw|* N 1%dx+—f a*(w)V|(N] l)lzNh*J%dx—f o (w)N]! . dx.

RN * 1-¢qg Jry * RN *
Proof. We have

fRNN(a(w)N,‘l’:l)FNh*J%dx
:f INT'Va(w) + a(w)V(NI PNy, 4 dx

RN * *

:f |“'(w)|2|Vw|2N,21q_1J%dx+f az(w)IV(NZ_l)IZNh*J%dHf V@ w)N] VNI dx
[RN * RN * RN % %

:f |a'(w)|2|vW|2Niq‘1ﬂdx+f az(w)IV(NZ_l)IZNh*J%dx—f A (W)\VIN VN ™Yl dx
RN * RN * RN * *
—f a?(w) N/ A(Ng_l)%dx—f a(W)N) Vol V(NI ™Yy dx
RN * * RN * *
- 1 -
:f &' (W) PV w|* N 1%dx+—f a? (W) V(N 1)|2Nh*ﬂdx—f a>(wW)N . dx
RN * 1-¢q Jry * RN *

where in the third line we use that

V(N ) = %Nh*V(NZ:l).
O
Next, we define two functionals
D, [f]:= %fRN IfEN, ?dx (14)
and
@[ f] := q[RNIVfIZNh*J%dx (15)

Lemma 4.2. (Hardy-Poincaré inequality) Define q. = NA',EEA

N=3,q€(0,1),q # q« and any suitable function f satisfies

. Foranyl =N <2,q¢€(0,1) or

Nsz‘“’ dx=0
R *
11



we have
®11f1= CynaP2lf]
for some constant Cy 5 > 0.

Since g-(1+[x1) (1 +[x1*7) < 1+ |x1* < Ca(1 +1x1A) (1 +|x1*72), for some Cy > 0 so this is just
the classical Hardy-Poincaré inequality, see for example [?, 2] for the full proof.

Lemma 4.3. Let w be the solution to the equation (22) and denoten := (w — l)N;l7 1 There exist
constants f1, B2 > 0, such that

D, (1] < 141 [w] + B2 (7.
with
S w]:= quN |V(hq(w)NZ:1)|2Nh*%wdx

here 3, can be arbitrarily small if t large.

Proof. Let ag = W02 (Z—q), aj = le =0 Since |hy/ hpy,| is non-decreasing, we have

ho(Wo) > | ho(w) |? | ha(WR) |2
0= = < =a;
hq(Wo) hq(w) hq(Wh)
and ,
< h,z(w) <
g = hlq(LU) =ad]

note that ay = ao(Wp) <1 < a; = a;(W;) and both converges to 1 as Wy, W; — 1. By Lemma 22,
take a(w) = ho(w) we have

Oilnl=q [ IVUIN] PN dx

= [, N e T BN N | o]t d

2 2 nr2G-1 arq 2 q-1y2 2 q
5qa1fRN|h2’(w)| [Vw| Nh* M dx+ _quN hq(w)IV(Nh* )| Nh*/%dx—quN hz(w)Nh*/%l dx

1
and take a(w) = hy(w) in Lemma 22, we have
f|h2,(w)|2|Vw|2N§”‘b%dx
RN *

- 1 -
:f V(hg(w)N,! 1)|2Nh*/%dx——f he (w)|V(N,! 1)|2Nh*ﬂdx+f e (w)N,! 4 dx
RN * 1—q RN * RN *
SO

®q[n] = qalfRNIV(hq(w)NZ:1)|2Nh*J%dx+ quN (a1l hg(w)? - |h2(w)|2)JmNZ* dx
sqalf IV (hg(w)N, )P Ny, M dx+ qf (ﬂ—1)|hz(w)|2|./ﬂl|Ng dx
RN * RN \ &g *

next, since 0 < Wy < w,

q-1y,2 1
quNIV(hq(w)Nh* )Np, M dx < Wofl[w]

12



recall that
n=(w- 1)NZ_1, |.4| isuniformly bounded,

so we have

43! 2 74 _ (3 f 2 712-q ' (a1 )
— —1|lh N |)dx=qg|— -1 N, ldx<€'q|—-1|F
quN(ao )I 2(W)I"N), |46 dx q(ao ) RNInI n, aldx q - (]

for some constant €’ > 0, since g—; —1—0as t — oo, we finally we obtain the result. OJ

Corollary 4.4. With the notations above, we have
Flwl =ySw]
for somey > 0.
Proof. By Lemma 22,
Dy (0] < f1A (W] + Bo®1[7].
and since
f nNz_qu:f (w—1)Np, dx:f n—Np, dx=0
RN * RN RN
by Hardy Poincaré inequality
@[N] = Cy,n,2D2(1]

we have
ﬁl Cq,N,/l

1-2Cqn2
since we can pick 8, small. So the theorem ends since

@, [n] = Wo* 9% [w]

D(n] = S w]

from Lemma 22. ]

Corollary 4.5. There exist constants % , f > 0, such that

(i) Forany A = 2,
g[w]slfe_ﬁt forany t=0;

(i) For any A € (0,2) and NJX;%A <g<l,

Flwl<sHxA+0)7P forany t=0.
Proof. For A =2, 4 (x) <1, so
Flwl = X A[w] =X I w]
so the conclusion follows. For A € (0,2), by Holder inequality
Flw) <yF(wl < X I wl*FHlw]' ™

for some a € (0,1) with
Hlwl=q fR N IV (hq()N) ™) Ny, (1+1x1°) wdx (16)

for some 6 > 2 — A. Recall that
sup [lw ()|l ckgny < +00
=1
13



S0 (22?) is the same as
f |N}61’_1|2Nh* (1+x|%) dx < +o00
RN *

N+2

which is equivalent to g > 5.

Theorem ?2 can be directly deduced by Corollary ?? and Lemma ?2.

5. MEAN-FIELD TYPE EQUATION: PRELIMINARIES

In this section, we give some basic properties of the equation (?2). Remind that from now on
we always suppose that A =2 and g € (g.(N, 1), 1), here

2N
SN A>2

g (N, V) =4 <"
. A=2

N+2

we first define the change of variable

P =Pool = Poo(l+8)=poct] a7
the existence of minimizers of the free energy is proved in [?]. To continue our proof, we still

need the following theorems, the proofs are similar as the fast diffusion equation with external
drift (2?) and thus omitted.

Lemma 5.1. (Comparison principle) For any two non-negative solutions py and p» of the equa-
tion (2?) on [0, T), T > 0, with initial data satisfying po,1 < po,2 almost everywhere, pg € L}OC(Rd),
then we have p,(t) < p2(t) for almost every t € [0, T).

Lemma 5.2. (Uniform C k regularity) Let q € (q«(N,A),1) and u be a solution of equation (2?2).
Then v= -2 € L® ((0, T) x RN) satisfies for any k € N and any ty € (0, T),

Poo loc

sup | v(D) | ck gy < +oo.
=1

We can also similarly define

W= inf pZ(x), W, = inf L
xeRN P4 (X) xeRN 04 (X)

Lemmab5.3. Ifg € (q«(N,A),1),0<#y < v <# <+oo, then we have
1 _ 1 1 _
2242 1124 L qar.q_1_ _ 12,q-2 1124
5" fRNw 1°poodx < l_quNpoo[v 1-q-Dldx= ¥ fRva 1|%poo dx

Lemma 5.4. Let g € (q.(N,A),1). If p is a solution of (22) satisfying (H2), then for v = pi

)
[e¢]

lim ||v(#) — 1|z~ = 0.
t—o0

Remind that now g > g.(N, 1) > g4, all the lemmas can be proved as the simple case of fast
diffusion equation. So from now on, we focus now on the convergence with rate. The fact that
v(t) converges uniformly to 1 as ¢ — oo allows us to improve the lower and upper bounds #;
and # for the function v(1), at the price of waiting some time. For any € > 0 there exists a time
to = to(€) such that

l-e<v(t,x)<l+e, V(1) € (fH,o00) x RY.
14



Recall that p is the solution of (??). Then v = pﬂ satisfies

1 1 -1
Vi=—pr=—VI(gp" "Vp+pVV,*p)

(o.0] oo

1 -1

= —V(7(Poo) 7' V(Poo V) + PooVV V) * (Poo 1))
Poo

q (18)

1

v W (L) + YV * (e v))

V| poolV ( q V(Uq hy —*—
poo q—- q-

pooUV(quq AT 7 (pooV))

Poo
the associated free energy and Fisher information defined in (??2), (22) become

1 9109 _ 1 — a(y— 1 _
Flv]:= 1_qproo[v 1-qv 1)]dx+2fRNfRNV,1(x V) Poo(X)8(X)po ()8 (y)dxdy

(19)
we note here if v = 1, then F[v] = 0, in other words, F[v] = F[p|pco], then we define
2

I[v] ::f poov’LV(pgo_l(vq_l—1))—VV,1*(poog) dx (20)
RN 1-qg

we similarly define the function
M) = AL Yt +Vtl V(LT 1)
define three functionals ¥, (g), V2 (g), Y3(g) by

Y1(8):= f peog”dx

a(9)i= 4" [ pualV(pL gt dx

and
N

2
Ys(8):=) URN X; 8 (%) Poo () dx)

i=1
note that ¥, (g), ¥2(g) are actually the similar forms as (22), (22) from Section 22.
Suppose also that #{ < v < #1 then we have

Lemma 5.5. For somee > 0 small, we have

RN/ )
[RN

2
P - VL - 1)))
and e > 0 can be arbitrarily small if Wy, #1 is close enough to 1.

Mdx<eVi(g)+eVa(g) (22)

Proof. We first show that there exists a constant ©(NV, 1) > 0, such that for any x € RN | A (x)] <
0. The case that A =2 is simple. From (??), we have

1-—
M () = Alpoo(x) T 1)— 24 —In(xP) = (q M,

for A > 2, notice that
T pr(0) = AV # poo(0) - M () + V(V) * poc) ()AL ()

l-q
15



remind that

(2= D)xilx*
\Y/A =
[ (x)]; L+ )2
using [pv Poo dx =1, we have
A+ N —2)|x|}2
IAVA*poo(x)'-/%(X)lSAVA()C)./%(X):( * )1 <A+N-2
1+]|x|A2
and s
(A =2)|x*"
V(V) * Poo) X)VM(X)| < —————— <1 -2
IV(V2 * poo) (X) VA (X)] 1 2)2
SO

1-q)2A+N-4) - ARA+N-—-4)
q 2N
next, by Lemma 22, for any function § we have

[ elsle o)

M (xX)] <

:f B W)PIVI2p20" wdx+%f}v|ﬁ(v)|2|wpé’o‘l)|2poo/%dx—fRN|ﬁ(v)|2pé’om dx
take § = hqy(v) — h2(v) and B = hy(v) separately, and recall that hy(v) := T -1 \we have
fRNpoo(V(pZJ hg) ~ )| 4t dx
szNm;(u) AR o ldﬂdx‘i'ﬁfRN|hq(V)—hz(U)|2|V(Pgo_1)|2PooJ%dx

—fRN|hq(v)—hZ(v)|2pé’om dx

1 _
Sef Ihz(v)l IVU|2 2q- lJ%dx+e1 quIhZ(y)|2|v(pgol)lzpoo,/ﬂdx
—qJr

—fRN|hq(U)—h2(U)|Zpgoe/V1 dx

_ 2
<e [ 0|V (0% o)) M dx e [ hawPpLiNildx<eni() eV
RN RN

the lemma is thus proved. 0

6. MEAN-FIELD TYPE EQUATION: ANALYSIS OF A =2

We first study the quadratic forms associated with the expansion of the F and [ around pe.
For a smooth perturbation g of po, such that [pn g00o(x) dx =0, define

2
Qulg]:=1lm —= (Flpoo(l +£8)] ~Flpco))
E (23)

=61f Pgogde+f f VA (X = Y)Poo(X)8(X) poc(¥)8(¥) dxdy
RN RN JRN
and

_ 2
Q2lgl —hm S1Poo (1 +£8)] = f Npoo(qV(pzolg)—vw*(poog)) dx (24)
16



in this section, we focus on the case A = 2, % < g < 1 and prove the result about large time
asymptotic behavior of equation (??).

6.1. The coercivity result. We first prove that

Lemma 6.1. When A =2, for Q,[g] and Q.[g] we have

Q1(g] ="Y1(8) — ¥3(8)
and
Q28] = ¥2(8) +3¥3(g).
Proof. Recall that
P =PoolV = Poo(l +8) = Poo + J

we have

fRngoodx:O.

For A =2, it’s easily seen that
1
f f V(X = ¥)poo(X)8(X) poo(¥)8(¥)dx dy = —f f X = YI° g Poo(X) g Poo(y) dx dy = —P3(g)
[RN RN 2 RN [RN
so the Q; term follows. For the Q,[g] term
._ -1 2
Qlgl=| P |a9(0% @) - VVa + (gpeo)| dx
=q° fRN Pl V(0% 8) dx—quRN PooV (& 8)-VV1 % (gpoo) dx
+ f Pool VV) * (8Po0)* dx
RN
for the second term, by integration by parts
—quRNpoowpé’glg)-vvﬂ (8poc) dix
= quRN P& Voo VVi * (gPoo) dix + quRN PLgAV) * (gpoo) dx

recall that
_ 1- _ _
Vipd! :Tqvw, oV (0L 1) = (G- 1)p% Voo
we have

qu P gV oo VV) * (gpoo) dx =2f LgpooV(pé’Jl)-VVa * (8Poo) dx
RN RN g—1

= —szgpooVV,yVV;L * (gPoo) X
R
17



and we compute

N
_f 8PooVV) - VV) % (g00) dx:—Zf f 8(X) Poo(X) (1) Poo (M Xi(x; — yi) dy dx
" i=1JRN JRN
N
) o ) iyidyd

N 2
= i oo d
i:zl ([RNx g(X) Poo(X) x)

since the mass of gp, is 0, we have

2q fR pLgAV; * (gpeo)dx =0

for the third term we have

N 2 N
2 gy = oy - § .
jIVQN PoolVV) * (§0c0) dx_Lpr i§:1 (~[[RN (xi = y1)8(¥) o (¥) dy) dx = = (,[I‘QN X §(X) Poo(X) dx

we conclude by gathering all the terms. U

2

6.2. Large time asymptotic behavior (proof of Theorem ??).

Corollary 6.2. ForA=2,qg¢€ (%, 1), there existsy > 0, such that for v(t) as the solution of (22),
Flv] = yl[v].
Proof. Recall
P =PoolV = Poo(l+8) = pPoo +j

we prove by talking on the relationship between @, and [ and the relationship between Q» and
[. by Lemma 22 above we have

q.,q-2 2 q 1 q q.,q-2 2 q
571/1 fRva—ll poodxs—mfRNpoo[v"—l—q(v—l)]dxs571/0 fRN|u—1| pddx
which implies
1
Flv] <2¥,(g) - E‘I’s(g)

since
la+ b|? <2|al® +2|b)?
we have )
NS _
Q2lg] < 21[v] +2q2LNpm‘V(p& 17 VL w- 1))) dx
and since

l[ @p&ﬁpiﬂdx=f)gpwdx:0

RN RN

so we use the Hardy-Poincaré inequality ([2], Appendix A, Theorem 1) on gp’ ' to have
W2 (g) =€ n2Y1(8)

here
(N-4-¢qg(N-2))>?

8q(1-¢q)
18
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then by Lemma ?2 we have

(gq,N,Z
4
if we take € > 0 small enough. U

1 1 Cgq,N,Z
Ifv] = 5@2[8‘] —€e¥y(g) —e¥i(g) = Z‘Pz[g] = Yilgl= T[F[V]

Theorem ?? is the direct result by using Gronwall inequality.

7. MEAN-FIELD TYPE EQUATION: ANALYSIS OF GENERAL A > 2

In this section, we consider the general case A > 2. We will prove that for g close enough to 1,
there exists the large time asymptotic behavior, which finishes the proof of Theorem 22.

7.1. Some important propositions of the stationary solution. Remind that the stationary po,

satisfies )
q g1 y)
— oo = — ot+C 25
l_qp /llxl * 0 (25)

Now we prove some properties with respect to the estimate of po.

Lemma7.1. (i)[gn |x1} poo dx is uniformly bounded for q € (%, 1). (i) linll Clg)l-¢q)=1.
q—1-

Proof. For the proof of part (i), we just need to consider the case when g — 1_. We first recall
the theory of Gamma function and Beta function. Remind that

oo xp_l o
B = —  _dx, T(s):= s—1 _—x 9
pi= [ g =[xl 26)
and I'(p)I'(q)
p)l{qg
B(p,g) = ——
(p,q) T(p+a)

by mean-value theorem, we have

1 1 pl
f(x+h):f(x)+h-f Vf(x+th)dt:f(x)+Vf(x)-h+ffth-sz(x+tsh)-hdsdt
0 0o Jo
and
1 pl 1 pt 1
ffth-vzf(x+tsh)-hdgdt:f f h-sz(x+wh)-hdwdt:f(l—w)h-sz(x+wh)-hdw
0o Jo 0 Jo 0
notice that

Vi) = xIx2 VAV (05 = 1x0M 28+ A= 2)xxglxM Y, i j=1,..N

it is easily seen that
IV Va0l < x(N, Dl Iy

for some constant x(NN,1) > 0, where I is the N x N identity matrix. Set y = —h, we then
compute

1 I I B A2
fRNilx VI poo(y)dy—fRNilxl Poo(y)dy fRNx VIXI" " poo(y)dy

1
+fRNpoo(y)f0 (l—w)y-V?‘V;L(x—wy)-ydwdy
19



recall that
f Poo(y)dyzl, f ylpoo(y)dy:(), i=1,2,.,.N
RN RN

so we deduce
1 1 _ _ _
0= 13" # poo = il < KfRN Py UxI* 2 +1y1* 2y dy < Co(N, V)IxI* 72 + C1(N, 1)
with
RN RN
in particular,

1 q -1 1 1 —
Tlt+C< Epé’o = 212" 5 poo + C= 1t + C+ ol 2 + G

which implies
1 1

1-q\a (1x* )ql
w<|—| [5=+C
()

from [pn poo dx = 1, we have

1

(1_—6’)"_1 (AC)%cﬁf 1+ xMHFT dx> 1
q RN

by (??) we have

SO

so we conclude
lim C1-q)<1.
(,]—> —

On the other hand, remind that pu satisfies A(pL) + V(0ooV V4 * Poo) = 0, SO

fRN |x1*A(pd) dx+fRN 1x12V (000 V V3 * Poo) dx =0

we compute
LN|X|2V(pOOVV,1*poo) dx:—fRNfRNZx-(x—y)lx—J/I/'l-Zpoo(x)poo(y) dydx
:_fRNfRNzJ/'(y—x)lx—yll'zpoo(x)poo(y) dydx

=—fRNfRN|x—y|Apoo(x)poo(y) dydx
20
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where we change x and y in the second equality. So after integrating by parts,

q _ A
2N‘[RNpoodx—fRNfRN|x YI" Poo(X) poo(y)dxdy (31)
multiply (22) by p and integrate, we have
_q9 g 5.1 )
1_quNpoodx—/1fRNfRle YI" Poo(X) poo(y)dxdy+C (32)
from (22).(22),
C(1-¢)2NA
A
- dxdy= <
fRNfszlx V1" Poo(X)poo(y) dx dy JA—2N(—q) ~

recall p, is radially symmetric, non-increasing, by rearrangement inequality

_yA )
fRNfRNIx ¥yl poo(x)poo(y)dxdyszlel PoodX

SO Jan |x|} poo dx is uniformly bounded, and the part (i) of the lemma is proved. By Holder
inequality we deduce that
C1,Co ={(N, M)
that does not depend on ¢, so by (22)
1 1
1—qg\7 (|x|* -1
Do > (Tq) ! (% + ColxM 24 G+ C

notice that there exists C» (N, 1) > 0 that does not depend on ¢, such that for any x € RV,
xl;L

Colxt 2 < -+ C,

define C3(N, 1) := C+ C;(N,A) + C2(N, A). Then

1

1

1-g)aT (2]x)* )q-l
—| [=—+C
po> (1) (e

1
set x = (%A) * ¥, by a similar calculation and (?2)

1 N
) |
q 2

which implies

N N
AN (1 g\7T (A %SNT(W)T(ﬁ—T) SN (AT Sy (N
cra A -1 Il e ~A-q)a 1| 2| =T|=
3 q 2] A F(L) 2] e (1
1-q
as g — 1_. So we have
lim C3(1-¢q)=1
q—1_
since Cy, Cy, C> do not depend on g,
linll Cl-qg)=1. (33)
q—> —

and the part (ii) is directly deduced from (22),(22). U
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Lemma 7.2. There exists a constant A(N, 1) > 0, such that for all q € (5

ey ea )

f f Ix = y1* 25 (0 p55 T (y) dxdy < A, f f =y 2p (002 dxdy < A.
RN JRN RN JRN
Proof. We only need to prove the case that g — 1_. Notice that

lx—ylP <2P71(x|” +|ylP) for p=1

so we need to compute

flxlzjl quf pioqu, f lez’l_zpoodxf pgqux+f IxIM 2pooqu
RN RN [RN RN

after interpolation, we only need to estimate the integrals

21-2 2-q 21 2—q
fRNIxI Poo A X, fRNpoo dx, fRlel Poo  dX,

first, from (22), for any x € RV,

soasqg—1_,

which is

2-q 7. < — 20 2=q 3. < 21
fRNpoo defRNpoodx 1, fRlel Poo defRlel Poo A X

so after interpolation, we only need to estimate fRN |x|24 Poo dx. Remind that

1 1

l1-q a1 (2] %]t -t l1-gq a1 (|x]A -1
) e <o) (5

(34)

similarly as the computation above, for g close enough to 1, by using C ~ 1% and C;,Cy <

q
((N,A), we have

—
._‘

;_N
1- A

fRN (% + C)ﬁ dx

>*IZ

Nz%ecﬁcz

[x]
_, fRN(x +C) dx 2%.(C+C1+C2

fr (B c) T ax (M) ax ¢

recall that [pn poo dX = 1, we have

1

—a\oT A -1
(1—q)q lf (ﬂ+c) dx <27 eCtCe
q RV A ~

22



so from (2?), we obtain thatas g — 1,

1

1
1_ - A q-1
fNleMpoodx<( qq)q lfN|x|2A(|);i +C) dx
R R

2.r(2+§)r(ﬁ—2—%).(1_q)ﬁf (|x|1+ L
NCOINC D) RN

Are+f) (1-q\a A =
~(C =)’ (”)-(1 ")q N('x' +c)q dx
R

= (CA)

T q A
2 N
< A T2+ l)z%eCﬁCz
~ N *
I'(3)
so the proof is thus finished. 0
Remark 7.3. For the special case A = 4, we have that after translation,
—_— =—|x|"+—|x|"+C 35
1— qpoo 4 | x| 2 | x| (35)

here a satisfies fRN (|x|? - a)pPoo dx =0, which is

1
-1

© 1 3a
f (xN+1—axN_l)(—x4+—x2+C)q dx=0
0 4 2
so we can prove the case A = 4 directly.

7.2. General Hardy-Poincaré inequality. The main goal of this subsection is to show that

Lemma 7.4. Recall that for A > 2

foranyq e (%, 1), there exists a constant €4 n,, > 0, such that for all h that satisfies

2-q _
LN Poo hdx=0,
we have
2 2-q42
fRNpOOIVhI J%dxz%q,N,;LfRNpoo h-dx.
Moreover, there exists a constant QQ(N, A) > 0, such that for any q € (%, 1),
Cyna(1—q) = Q(N,A). (36)

This lemma is inspired from [?] Appendix A, where the authors proved the similar result for
the case 1 = 2.

Theorem 7.5. (2] Appendix A, Hardy-Poincaré inequality) Let

1

1- T .

Vp(x) = (D+2—qq|x|2) 1 q, du= Vé Tdx, dv=Vpdx
23



Let N=1and D >0. Ifg € (max{%,O} , 1), then there exists a constant <4 n which does not

depend on D such that for all smooth function g we have

_ 512 2 5 —
dquLN'g gl dquRNIVgI v, & fRNgdu

where
(NG —2q— N +4)?

o =
N 8q(1-q)

is optimal.
Let g tends to 1 we have
1
lim 1-q)yn=—.
q—»l_( 6]) q,N 2
Before proving the lemma ?? we still need

Lemma 7.6. ([2] Theorem 1, 2) Let u,v be two Borel measures on R*, then the best constant A
such that every smooth function f verifies

+00 +00
f |f - fOPdp< Af |f'1Pav
0 0
is finite if and only if
* 1
B:=supu([x, +oo))f —ds
00 0 n(s)

is finite, where n is the density of the absolute continuous part of v, moreover when it is finite we

have
B<A<4B

Proof. (Proof of Lemma ??) The existence of € (g, N,1) can be deduced as Lemma %2, so we
mainly focus on the behavior of € (g, N,1) as g — 1_. The proof is the same as the Hardy-
Poincaré inequality, we omit some details and focus on the asymptotic behavior. We only prove
for the case N =1, and for the proof of general N, we should prove the results in radical func-
tions plus the Poincaré inequality on the unit sphere

1
f lu—a>do < f IVoul?do
sN-1 N—-1 Jgn-1

with
o= f udo
SN-1
the full proof for general N can also be found in [?] Appendix A. Define
g q-1_1 2
R(X):=——Po0 —— -C
(0):= 17 g Pl

we only need to prove that

2—

gy

1
©o 1 T 1q 1
dr<| I 2(— 7 c) ——d
r fo |h' ()] /lr +R(r) + T3 A2 r

—
_Q

f \h(r)—h|? (lr‘+9€(r) +C
1-qgqJo A

(gq,l,/l
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set r* = Cw?, the former inequality becomes

1 1=g

q * =2 1 A 3%((?7 M)) q
€ h —h|“|= —+1 d

q,ml_qfo |h(w) — h| (Aw + C + w
1
1 1—g
oo 1 Z(C q 1
sf IR (w)|? —wl+(—iw)+1 (H—)d“’

0 A ¢ CT + w2

when ¢ is close enough to 1, we have C = 1, and since A > 2
1 1
<
1+whr2 " o5, a2

so it is enough to prove that

2—
-q

1

-

==
-

q o -2
€, h(w)-h
q,l,/ll_qfo |h(w) — h| 1 C

1
sf |h’(w)|2(%wﬂ+w+1)
0

__1
-

q
A (w)dw
C

remind

|2 (w)| < max{Co(A), Cr (M)} - (w7 +1)
where Cy, C; do not depend on ¢, choose

a(A) := max{21,1 + max{Cy (1), C; (M)}
then for all w =0,

1
1 1, @(Ct
1t wda s wty < Ly 2

a(l) A C
we only need to prove that

1
a(l) g, * sl R(C1 o
Mf |h(w)—h|2(;wﬂ+ﬂ+l) 1+ w’)  dw
0

+l<a)A+wdHd+ w3

1-¢g C

2_
-q

1
sf |h'(w)|2(%u/‘+w+1) U wdw
0

AN

—

C

by Lemma 22, we have that

q 1
€ >
AT g T 4a()K
with
2—q 2—-q
(1, @cCiw) ™ sy, (1 4, @Ciw) [\
K =max —-w'+—+1 Q+w)” dw[ —w'+—+1 dw
r>0 0 A, C r A, C

it’s easily seen that

rooAR-g_, 00 A2-q) 5
K~max | w -4 dw[ w 1 dw=0(1-¢qg))
r>0 Jo r
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SO
2

4a(A)
which finishes the proof of the lemma. U

qll»nil, Cg1a(1—q) =

7.3. The main result (proof of Theorem??). We first prove that

Lemma7.7. Forany A > 2, there exists gy ) € (%, 1), such that for any q € (qn 2, 1) and v(t) as
the solution of (2?), there existsy > 0, such that

Flv] < yllvl].
Proof. Recall
P =PoolV = Poo(l+8) = pPoo +j
by Cauchy-Schwarz inequality,

1 1

3 3 3 2

flx—ylij(y)dys(f Ix—ylmpioq(y)dy) U pgozjzdy)
RN RN RN

still by Cauchy-Schwarz inequality and Lemma 22 we have

1 1
= f %7 P dx| f pas ! (x) “ax|
T UUry RN

1
. . 3 )
SU f Ix—ylmpio"(x)pio"(y)dxdy) U pé’ozjzdy)
RN JRN RN

URNfRNIx—yI jX)jy)ydxdy fRNIx—yI jiydy

so together with Lemma 2?2,

1 o _
Flv] < (571/0‘7 2+A)fRNpgozj2dx. (37)

Similarly still by Cauchy-Schwarz inequality

1 1

_ 3 _ 3

s(f |x—y|“‘2p§o"(y)dy) U pé’ozjzdy)
RN RN

IVVa * jl(x) = '_[RNIX—J/I’I_Z(JC—J’)]'(J/) dy
so we have
;12 _y2A-2 2—q q-2 ;2
fRNpooIVVa*JI de(fRNfRle Y72 Poo(X) Poo (y)dxdy)(fRNpoo j dy)
so by Lemma 2?2,

f poo|VV;L*j|2deAf pI7% % dx (38)
RN RN

since

la+ bl <2lal* + 2|b)?
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choosec € (0, %qz) small enough, so that € satisfies (2?) of Lemma ??2. Together with (??), we have
2

I][v]:fRNpoov li’qV(pg’gl(uq‘l—l))—vvﬂj dx
> T y(pd (! vV, 'Z%d
2 J oot [T V% (01T = 1) =V X
1 _ 2 1 O . 2
z—f poo‘qV(pgozj)—VV;L*j J%dx——f poo'V(pgolu—V(pgol(v—l))) M dx
2 RN 2 RN -1

2
Mdx—eV1(g)—€eV2(g)

>1f o (qv(p"_zj)—vw*j
—2 RN (o] [e)e]
1 _ 1
zzqu pOOIV(pgozj)Iz/%dx——f Poo |[VVy # j|* dx— €W, (g) —eWa(g)
RN 2 JrN

1 _ _
>0 | plVpL pEMdx-A [ o7 dx
8 RN RN

since
q-2 ., 2—q _ . _ _ —
fRN(poo NP dx—fRNde—fRN(p Poo) dx =0

and by Lemma 22,

f poolv(pgo_zj”z-/%dxzcgq,N,/lf pgo—ZjZ dx

RN RN
where AN
€, > ’
q,N,A 1-q

set

q(N,A):= max{l— QWY 2NV }

16A(N,1)" 2N + A
recall that Q, A are defined in (22),(2?). Then for any g € (q(N,1),1), €4 n,2 = 16A. Finally by
using (?2), we have

ng,N,/l
16(17%," + A

ng,N,/L
16

1
l[v] = g‘l’z[g] -AY, (gl = Yi(gl= Flv]

the lemma is thus proved. ]

The first part of Theorem ?? can be directly deduced by using Gronwall inequality. For A €
[2,4], we conclude the proof of the second part by using

Theorem 7.8. (2], Theorem 2.4) For any smooth f satisfies

ff(x)dx:O, fxif(x)dx:O,i:I,Z,...,N
RN RN
then for A € [2,4], we have

fflx—yllf(x)f(y)dydxzo.

RN JRN

While Theorem 22 is not true for A > 4.
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