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LARGE TIME ASYMPTOTIC BEHAVIORS OF TWO TYPES OF FAST DIFFUSION
EQUATIONS

CHUQI CAO, XINGYU LI

ABSTRACT. Consider two types of nonlinear fast diffusion equations in R. For the external drift
case, it is a natural extension of the simple case that the external is harmonic. In this paper we can
prove the large time asymptotic behavior to the stationary states by using entropy methods. For
the more complicated mead-field type case with the convolution term, we prove that for some
special cases, it also exists large time asymptotic behaviour.

Keywords: nonlinear diffusion; mean field equations; free energy; large time asymptotics;
Hardy-Poincaré inequality.

AMS subject classifications: 35K55; 35B40; 35P15.

1. INTRODUCTION

We study two different types of non-linear fast diffusion equations in RV, and

1 N
V;l(x)::ilxl (A>0), m<q<1:

1. Fast diffusion equation with external drift
n,=An?+v(mnvvy, n,.) =ng>0. (1)

Obviously, this equation is mass conserved. Set f[RN n(x) dx = m. Notice that there is a station-
ary solution Nj, of (1) as the form
1

-1

q

1 —
Ny, = (—q(h + V,{))
q
here h(m) > 0 is uniquely decided by the equation

f Npdx=m. 2)
[RN
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From now on, we always suppose that n satisfies the assumption if no specially mentioned.
(H1) There exist constants 0 < h; < h, such that

Np, (%) < no(x) < Np, (x), VxeR?

According to the maximum principle, Ny, < n(t,.) < Ny, for any > 0, see page 8-10 from [3]
for more details.

2. Mean-filed type fast diffusion equation

We consider the equation

pr=A7)+V(pVVy*p), p(0,.)=po>0. 3)
Notice that the stationary solution p, satisfies
q g-1
— P =Vi*poot+C
1_qP A*P

For some constant C > 0. In this paper, we focus on the case that conserved mass

fRNp(t,x)dx:fRNpoodx:I

for the equation (3), Notice that fori =1,...N,
if xipdx = f f p(x)]|x— ylﬂ_z(x- -yp(y)dydx=0
dt RN 1 RN RN 1 1
under some certain assumptions, the stationary solution is radial symmetric after transition. so

we can suppose that
fR L XiP dx=0

and the solution converges to po(|x|) without losing generality. We also assume that
(H2) There exist two stationary solutions (possibly with different mass) pi, p2 such that

p2(x) < po(x) < p1(x), VxeR?

When A =2, we know from [13] that after modulo translations, p., has the form

1
AT =Zix2+C
1-¢g 2
here C satisfies
ap(L_N
1 _N N(l=g\aT"(1-q 2
CT-7 2 = (27)2 1
9 r()

with direct calculation,

I (C( ) - L) = Niogeem

ql—Ig q 1-¢ 2 &
And we will show the large time asymptotic to the stationary solution p,. For A # 2, the form
of poo is much more complicated. In this paper, we will try to analyse the exact result about po,
for the special case A = 4. We will also show the similar result about the asymptotic behavior if
q is close enough to 1. The same talk would work for at least A = 2N, N integer and may have

the possibility to extend to all A = 2.
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1.1. Main tools and results. For equation (1), we consider the free energy
1
Fn]:=—— n"dx+f Vndx 4)
q- 1 JrN RN
and the relative entropy with respect to Nj,, defined as
2

___i _ q q-1 )‘2 _ q
KZn] = dt?[n]—fRNn V(q—ln +V dx—(l_q)2

we will prove in Section 2 that N, is the unique minimizer of %, which is &#[n] - %[N}, 1 = 0. If
n solves (1), we obtain that

fN nV(ni ' - NITHPEdx  (5)
R

if/"[n] =—9n]

dt
For equation (3), the relative free energy is
1 1
Flp] = ——— Tdx+—1I 6
(P] 1—q RNP x+2/1 Alpl (6)
where
Li[p] :f f Ix-yI*p()p(y) dxdy
RN JRN
and
Ilp] := —igr[p]:f o Lv,oq—l—vw *p 2dx 7
' dt RV |1-—g A

Our goal is to show that

Theorem 1.1. Suppose that the solution n of the equation (1) with initial data ny satisfying (H1),
qge (%, 1) and F [no] < co. Then for A = 2, there exist constants C, i1 > 0, such that for any t > 0

fRN NZ*_Z(n(t, )= Np)?dx<Ce M,

N+2
N+2+A

For A € (0,2), if we assume in addition q > then there exist constants C, u > 0, such that for

anyt>0
f NZ_Z(n(t, )=Np)dx<Ca+n™H
RN *

For equation (3) we have similar results when A = 2.

Theorem 1.2. For A =2, Suppose that the solution p of the equation (3) with initial data p, that
satisfies (H1) andF[po] < co. Then for all q, there exist constants Cy,y > 0, such that for any t > 0,

fRN pL 2 (p(t,) — poo)? dx < Cpe™ 2",

For general A, we have the similar result when g near 1.

Theorem 1.3. Suppose that A = 2N for some integer N = 2. Suppose that the solution p of the
equation (3) with initial data py that satisfies (H1) and F[py] < oo. Then for q close enough to 1,
there exist constants Cy,y > 0, such that for any t > 0,

fR P& (0,0 = po)® dx = Coe 1.
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Remark 1.4. We remark here that for equation (1) if we assume further that
(H2)There exists a constant h. € [hy, hy], such that

p(x) := no(x) — Np,, (x) € L' (RY).

Then we can extend the Theorem 1.1 to the case g € (0,1) with the same proof and some prelimi-
naries. The preliminaries are the same as [3] Section 2.

Remark 1.5. For equation (3), % is the critical point for the reverse Hardy-Littlewood-Sobolev
inequality [13] holds.
Theorem 1.6. (Reverse Hardy-Littlewood-Sobolev inequality) Let N = 1,1 >0, q € (0,1), define
_2N-q@2N+A)
N(1-q)

then the inequality

ffIx—yl’lp(x)p(y)dxdyzCN,M,(f p(x)dx) (f p(x)qu)
RN JRN RN RN

holds for any nonnegative function p € L' 0 LY@®RY) and for some positive constant Cy; Aq ifand
only of q > NLM’ or equivalentlya < 1.

2-a
q

This theorem implies that the free energy Fp] for equation (3) is bounded from below.

1.2. Background. The nonlinear fast diffusion equations have caught many attentions, see [24]
for a more precise introduction. And studying the asymptotic rates of convergence to the sta-
tionary states is an important theme. For the equation (1), the harmonic potential case that
A = 2 has been studied by [13]. The Hardy-Poincaré inequality plays a key role. See [2] for
more details. The mean-field equation (3) is more complicated, because mean field potential
W), = V) * p depends on the regular part p, and for more general A, there is no explicit form of
Poo for the estimate. This equation behaves different with different choice of A and g. Recall the
functional energy

1
=—— q -
Flol = -1 fRNp dx+ereNfRN Vi(x— o0 p() dxdy
If we take the mass-preserving dilations

pa(x) = BN p(Bx)

SO
N(g-1)

Flpl = - qudﬁﬁ_lf f Wix-y)px)p(y)dxdy
1-q JrN RN JrN

and one observes different types of behavior depending on the relation between the parameters
N, g and A. The energy functional is homogeneous if attraction and repulsion are in balance,
so that the two terms of the energy scale with the same power, that is, g = g. with

A
=15

This motivates the definition of three different regimes: the diffusion-dominated regime g > qg.,
the fair-competition regime g = ¢., and the attraction-dominated regime 0 < g < g.. We refer
to [17] for a complete summary of existing works. The fair competition case has been studied

in several papers [7, 8].
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In our paper we consider the case g > % >1- % = ¢+, which correspond to the diffusion-

dominated regime. In the diffusion dominated regime, several results has been for the case

—N < A<0and g > 1, the logarithmic case A =0, g > 1 in two dimensions [10], and the Newto-
N

nian case A =2 - N in [4, 19]. For our case 1 >0,q > N the existence and uniqueness of p,

has been given in [3], we remark here that the asymptotic behavior of the case A >0, g > NLM is
to our knowledge new.

As we introduced above, the free energy and the related Fisher information are the key tools,
but we need the propositions about the bound and the minimizers of the free energy. For g < 1,
the reverse Hardy-Littlewood-Sobolev inequalities in [13] provide the sufficient conditions. The
reader can check [13] for more information.

1.3. Sketch of the proof. In this paper, the proof for the paper is to use linearization around
equilibrium plus nonlinear stability, roughly speaking, for a equation

o f=Lf
with equilibrium f5,, we linearized it around equilibrium g = f — f
0:i§=L1g+L28
with L, is a linear operator. Then we first prove the convergence for the linearized eqution

0,8=L1g

then we use the nonlinear stability to prove that the convergence results still holds for the non-
linear equation when the initial data fj is close to equilibrium

I fo— follx <€

for some space X and some € > 0 small, then we use a (weak) global convergence to prove that,
for any fj € X, we can find a time %, > 0 such that

If (%) - foollx <€

the global convergence can be very weak, in this paper we use
lim (1) = foollx =0

which can be proved by the entropy method. Such method can improve convergence rate and
get better rate of convergence at large time. It’s largely used in the asymptotic behavior of many
nonlinear equations, see [9, 15] for its use in Boltzmann and Landau equation for example.

1.4. Plan of the paper. Sections 2-4 are devoted to the fast diffusion with external drift. In Sec-
tion 2, we give the results about the free energy and the comparison principle. In Section 3,
we prove the result about the convergence without rate and the convergence with rate in Sec-
tion 4. Sections 22-7.2 are about the mean-field equation with convolution term. Section 22 is
about the linearized equation with the free energy and Fisher information. The case that A =2
is simple, we prove the convergence without rate in Section 5 and the convergence with rate in
Section 6, And in Section 7 and 7.2, we deal with more general A.

1.5. Notations. We denote
11
k-1
and Sy denotes the area of unit N-dimension sphere
5
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2. FAST DIFFUSION EQUATION WITH EXTERNAL DRIFT: SOME PREPARATIONS

2.1. The free energy and its minimizer. We first prove the basic propositions about the free
energy % [n] defined in (4), and the existence of the minimizers of % [n] under the condition
Sy n(x)dx = m.

Proposition 2.1. The free energy & [n] satisfies

(1)For h = 0, the free energy & [Ny is increasing by h, which means that it is decreasing by the
mass m.

(2)For any n > O,f[RN n(x)dx = m, we have & [n] = % [Ny], and equality fits if and only if n =
Ny,. Here h is decided by the equation (2). In particular, % [n] is bounded from below.

Proof. (1)Remind that

SO

1
FINp) = —— N;jdx+f VN, dx
q—]_ RN RN
l1—g\aT ( 1 a .
:(—q)q1 (——f (h+ V)7 dx+f Vih+ V)7 dx)
q g Jrv RN

which means that

1- - 1 1 1 2-
A Ny = (—) i (—— h+V)iTdx+ — | Vhe)o! dx)
dh q N qg—1Jry

(2)Notice that
1 q-1 q
Fnl-F[Npl = E[RNth (n—Np)—(n?-N;)dx
and from the inequality
gb? Y (a-b)-(aT-b") =0
for any a, b = 0, we get the result. U

2.2. Comparison principle. Before proving the main theorem, we still need that

Lemma 2.2. For any two non-negative solutions u; and uy of equation (1), defined on a time
interval [0, T] with initial data in L} (R%), and any two times t) and t, suchthat0<t, <, < T,
we have

f |ul(t2)_u2(t2)|dx5f luy (61) — up(t1)ldx
Rd Rd
and even stronger

f|u1(t2)_u2([2)|+dXSf luy (1) — up (1)1 dx
R4 R4

The lemma implies



Lemma 2.3. (Comparison principle) For any two non-negative solutions u; and u, of equation
(1) on[0,T), T >0, with initial data satisfying uy,1 < w2 almost everywhere, u, € LZOC(IRd), then
we have u (t) < uy(t) for almost every t € [0, T).

The proof can be found in [3].

3. CONVERGENCE WITHOUT RATE

In this section we mainly prove convergence without rate, which will allow us to assume that
|ho — h«| and |h; — h.| is arbitrarily small. Define relative entropy by

q
& [n|Np,] f $(n) —Pp(Np,)—¢'(n)(n— Np,)dx, ¢(x):= —
Define
n
w.=——
Ny,
then we have
1
W = N—h*nt = Nh*
1 _
=~ V@, w) 'V(Np, w) + Np, wVVy)
:LV(Nh wqwI NI 'Vw+ quwI 'NT2VN, + 1wl (g
N, " s s ’ 1—61 s
1
= —V(Np, w(—N" '™ + wi- 'y 1)+ V(N o))
Nh* -q
ot
L vin, wv[-LN -1
Nh* h, W (61—1 h (w )

recall that in the third line we use that

q q-1
VVy =—V(N
=124 (N, )

by homogeneity of ¢ the relative entropy we rewrite that

37[71|Nh*]:f pw)—p) - ¢ D (w-Ddx, w=——
RN Ny,

so we define the relative entropy by

1 1
Flw] = — [(w—l)——(w"—l)]NZ dx
1-qgJry q *
and the relative Fisher information
q

FLlw] =

(1-q)? fRN V] -ong ‘2 wNy, dx

it’s easily seen that
1 1
Flwl = EP}[nINh*], Fwl = Ef[nlNh*]

and

Eg[w(t)]; - w(1)]



we omit the regularity here, see Proposition 2 in [3] for more details. Define

1 1

Ny, (x he\1-q Ny, (x h,\T-q

Wy := inf h ):(—) q<1, Wy := inf I ):(—) q>1,
xeRN Np_ (X) hy xeRN Np_(x) h

With such notations, we can rewrite the assumptions as follows:

(H1’)ng is a non-negative function in L}oc(Rd) and there exist positive constants h; < hy such
that

Np, (x) < win < Np, (x)
Np, (x) ~ Np, (x)

0< W, < <W, <00, VxeR?

Lemma 3.1. (Uniform ck regularity) Let g € (0,1) and w € L‘;gc((o, T) x RY) be a solution of the
nonlinear equation. Then for any k e N and ty € (0, T),

sup | w ()l ¢k gay < +oo.
=1t

Proof. See [3] Theorem 4. O
Lemma 3.2. Ifq € (0,1), w satisfies (H1’) above, then we have
1
2

Proof. For some a > 0 to be fixed later, we define

- 1 -
wy 2[ lw-1P°N/ dx<ZFlw]< - W, Zf jw-1PN/ dx
RN * 2 RN *

¢ (w)-—L[(w—l)—l(w’"—l) —a(w-1)>
T 1-¢q q

we compute

1 m-1 " m-2
d)a(w):ﬁ[l—w |-2a(w-1), ¢, (w)=w —2a.

Note here ¢,(1) = ¢/, (1) =0, recall that 0 < Wy <1 < W; and w € [Wy, Wi]. So let a = qu_2/2,
then

Pl (w) >0, we Wy, Wy),
which implies
Pa(w) =0, we Wy, W),
so the lower bound is proved after multiplying Nj,, and integrating over R%. Similarly taking
a= qu_zl 2 we can prove the upper bound. 0
Corollary 3.3. If wy satisfies (H1'), then the free energy & [w(t)] is finite for all t = 0.
Proof. By the Lemma 3.2, we have
2
q-2
W

Flwl= =2z Flwol Sf |f2|NZ‘2def |FIINw, = Npy [N} dx
RN * IRN N

q-2
WO

and it is easily seen that
AR-q)

|Npy = Nppl < CAL+[x]) T

for some constant C > 0. So the proof is concluded since f is integrable and | Nj,, — Np,,IN Z s

bounded. [l
8



Lemma 3.4. Let g € (0,1). If w is a solution and wy satisfying (H1’) and (H2’), then

lim w(t,x)=1, Vxe R?.

t—o0
Proof. Let w;(t,x) = w(t+T,x). Since the functions are uniformly C! continuous, we have there
exists a sequence 7, — oo such that w;, converges to a function wy, uniformly in every com-

pact set. By interior regularity of the solutions, the derivatives also converge everywhere. Since
w(x) = Wy we have wy, = Wy > 0.

Since & [w] is finite, we compute
1
Flw(ty)l -Flw(t,+1)] :f FLlw(t+1,)ldt
0

by Fatou’s Lemma we have

1 1
f J[woo]dts’}imf ﬂ[w(t+rn)]dt:nlim Flwry)l -FlwE,+1)]=0
0 —Jo —0o0
which is
1 2
f f ‘V[(wfo_l(t,x)—l)NZ_l(x)H Weo(t, X) Np. (x) dxdt =0
0 JRN *

which implies that w., = C for some constant C > 0. By the conservation of the mass, we deduce
Weo = 1. Since the limit is unique, the whole w(f) converges to 1 as t — oo. ]

Corollary 3.5. Let g € (0,1). If w is a solution of (8)and wy satisfying (H1) and (H1’), then
tlim lw(t) — 1|z = 0.
Proof. First we compute

w(£, %)~ 11 = |n(t, x) = Ny, lIN; | <IN, = Ny lIN; 1 < C(L+1x1) ™7 € LP,
for some constant C > 0 and some p large. By dominated convergence theorem, we have
lim w(#) = 1lr =0.
by the inequality in [21] P. 126
1 lse < AN PN

for g = p%\]’ we deduce the result. O

4. CONVERGENCE WITH RATE

In this section we prove the convergence with rate around steady state, together with the
convergence without rate in the former section we are able to give the convergence rate for the
equation (1). The fact that w(t) converges uniformly to 1 as ¢ — oo allows us to improve the
lower and upper bounds Wy and W, for the function w(t), at the price of waiting some time. For
any € > 0 there exists a time fy = fy(€) such that

l-e<w(t,x)<1l+e, VY(t,x) € (fy,00) x R%.
9



Define
1

_ A>2
1 +|x|A2
T=11+10%4, A<2 ©)
1) /1:2
and
q-1 q-1
my = AN, Ym+Vm-V(N! ) (10)
We have
m <C,

for some constant C > 0 for all the three cases.

Lemma 4.1. For any differentiable function a(x) and the functions m(x), m;(x) defined above,
we have

fRNIV(a(w)NZ*_I)IZNh*mdx

2q-1

1 .
:fN|a’(w)|2|Vw|2Nh mdx+— | a*w)V,/ 1)|2Nh*mdx—f
[R *

=g Jev Naz(w)NZ mydx.

Proof. We have
fNIV(a(w)NZ_l)IzNh*mdx
[R *
=fRNINZ:1Va(W)+a(w)V(NZ;1)|2thdx
:f |“'(w)|2|Vw|2Niq_lmdx+f az(w)|V(NZ_1)|2Nh*mdx+f V(a*w)N! mV(N/ ") dx
RN * RN * [RN % «
:f |“'(w)|2|VwI2Niq_lde+f az(w”v(NZ_leNh*mdx—f @2 (W) VN VNI mdx
[RN * [RN * RN % «
—f az(W)NZ A(NZ_l)mdx—f az(w)NZ VM-V(NZ_I)dx
[RN * * [RN * %
_ 1 _
:f Ia'(w)IZIlezNiq lmde’—f @ (w)| V(N 1)IZNh*mdx—f a®(w)N, mydx
RN * l_q RN * RN "

where in the third line we use that

V(N ) = %Nh*V(NZ:l).

Next, we define two functionals

=1 2024
@(f]:= 2fRN|f| N, "dx (11)
and

@y f] := quNNfFNh*mdx (12)
10



Lemma 4.2. (Hardy Poincaré inequality) Define q. =
suitable function f satisfies

2L Forany q € (0,1),q # q. and any
FN>Tdx=0
RN P

we have
D1 [f] = Cy a2l f]
for some constant C4 4 > 0.

Since c%(l +1x1HM2 < 1+ |2} < CL (A + |x[H??, for some C; > 0 so this is just the classical
Hardy-Poincaré inequality, see for example [3, 2] for the full proof.

Lemma 4.3. Let w be the solution to the equation and the functionn := (w — l)NZ 1. There exist
constants f1, B2 > 0, such that

Dy [n] < 1A (W] + BoD1[7].
with
Fiw] = qf |V(hq(w)NZ_1)|2Nh*mwdx
RN *

here m is defined in (9) and (1, B2 can be arbitrarily small if t large.

Proof. For convenience, define w =1+ f and hi(w) := wl;:l_l. Let ag = Woz(z_q),al = le(z-q).
Since |hy/ hy,| is non-decreasing, we have
ha(Wo) |7 _ | how) |7 _ | Ba (WD) |?
Qg < = < =
hq(WO) hq(w) hq(Wl)
and )
hy (w)
dp = =a
0 7 w) 1

Note that ag = ag(Wp) < 1 < a; = a1 (W;) and both converges to 1 as Wy, W; — 1. By Lemma 4.1,

take a(w) = ho(w) we have

Oilni=q [ VUINT PN, mdx

- 1 -
:f |y (W) PV wl? N1 1mdx+—f h3 (w) |V (N, 1)|2Nh*mdx—f h3(wW)N; my dx
RN * 1-¢q Jry * RN *

a1 q

squRNIh;(w)IZIlezNif_lmdx+ g

and take a(w) = hy(w) in Lemma 4.1, we have

| P v mdx
R *

ﬁ;aN hé(w)lV(NZ;1)|2Nh*mdx—qf[RN hf](w)NZ*ml dx

- 1 -
:f IV(hg(w)N! l)lzNh*mdx——f hZ (w)| V(N 1)|2N,,mui;c+f he (w)N,| mydx
RN * 1—q RN * RN *

SO

-1
D[] = qalfRNIV(hq(w)N;’* )|2Nh*mdx+quN (a1|hq(w)|2_|h2(w)|2)m1NZ* dx

q-1y2 a1 2 q
< qalfRNIV(hq(w)Nh* )| Nh*mdx+quN (a—o—l)lhg(w)l mlNh* dx

11



next, since 0 < Wy < w,

q-1y2 1
quNN(hq(w)Nh* )N, mdx < Woﬂl[w]

recall that
n=w-1N;"
so we have
ay 2 :q al 2 2—q ai
quN(a—O—l)lhg(w)l Nh*mldx:q(a—o—l)fRNlnl Nh* mldstq(a—O—l)g[n]

for some constant C > 0, since g—; —1—0as t — oo, we finally we obtain the result.

Corollary 4.4. With the notations above, we have

Flw] <y S lw]
for somey > 0.
Proof. By
Dy (gl < pr A1 [w] + B D g].
and
O, [g] = Cy,qP2(g]
we have 5,C
1%q,d
D, [g] = Hlw]
' 1-62C4a 1w

since we can pick , small. So the theorem ends since

D [g] = Wo* 1.Z [w]

by Lemma 3.2.
Corollary 4.5. For A =2, we have

Fw] < Ce P!
forsomeC,>0. For L€ (0,2), Lfdﬁf;f/l < g<1, wehave

Flwl<Cca+nP
forsomeC, > 0.

Proof. ForA=2,m<1,so
Flwl=CHlw] =CHlw]
so the conclusion follows. For A € (0,2), by Holder inequality
Fw) < CH[w] < CLw]* S w]' ™

for some a > 0 with
Srlw] = quN IV (hg()N} ™D Np, (1+1x1%) dxw

for some a > 2 — A. Recall that

sup [lw ()l ckgay < +00
t=1
12



SO
BAIE qu IV (hg ()N PNy, (1 +1x]9) wdx < +oo
R *

is the same as
f INZ_llzNh*(l +1x|% dx < +o0
RN *

which is equivalent to g > SZ2.
O
Theorem 1.1 can be directly deduced by Corollary 4.5 and Lemma 3.2.
5. PRELIMINARIES FOR THE EQUATION (3)
We first make the change of variable
P = PoolV = Poo(l+8) = pPoo+j (13)

The existence of minimizers of the free energy is proved in [13]. To continue our proof, we still
need the following theorems, the proofs are similar as the fast diffusion equation with external
drift (1) and thus omitted.

Lemma 5.1. (Comparison principle) For any two non-negative solutions py and p» of the equa-
tion (3) on [0, T), T > 0, with initial data satisfying po,1 < po,2 almost everywhere, pg > € L}OC([R{”Z),
then we have p,(t) < p2(t) for almost every t € [0, T).

Lemma 5.2. (Uniform C* regularity) Let g € (0,1) and v e L ((0, T) x R?) be a solution of equa-

!
tion (3). Then for any k e N and any ty € (0, T), ’

Sup ” U(t) ”Ck([Rd) < +00.
=1

We can also similarly define

T C R J1C)
xeRN 04 (X) xeRN 04 (X)

Lemma5.3. Ifg€(0,1),0< #, < v < ¥ < +oo, then we have
1;/ - 1 1 o
12,q-2 112,49 o qa,.q 1_ _ 1 g-2 2.d
57N fRva 1 poodx < 1_qﬁl;Npoo[v 1-qv 1)]dx527V0 fRNw 112pL dx

Lemma5.4. Let q € (0,1). If p is a solution of (3) satisfying (H2), then for v = p%,

lim ||v(t) — 1|z~ = 0.
[—00

Lemma 5.4 can be proved the same way as the fast diffusion equation, so we focus now on
the convergence with rate. The fact that v(#) converges uniformly to 1 as t — oo allows us to
improve the lower and upper bounds #; and #; for the function v(¢), at the price of waiting
some time. For any € > 0 there exists a time #y = fy(€) such that

l-e<v(t,x)<1+e, V(£ x) € (f,00) xR
by the conservation of mass we have

f gPoo(X)dx =0
RN
13



Define three functionals ¥, (g), ¥2(g), ¥3(g) by

Yi(g):= f ol g*dx
RN

W2 (g) = quRN PeolV (0 g) dx

and

N 2

Ws3(g) =), (f Xi8Poo(X) dx)
i=1 \JRY

note that ¥, (g), V2 (g) are actually the similar forms as (11), (12) from Section 4.

The associated free energy and Fisher information defined in (6), (7) become

1 9109 _ 1 — a(y— 1 _
Flv]:= 1—67[IRNPOO[U 1-qv 1)]dx+2fRNfRNV,1(x V) Poo(X)8(X)po(¥)g(y)dxdy

(14)

and
2

T VL w9~ 1) - YWy % (peog)| dix (15)

I[v] ::fRNpoov —q

We study the quadratic forms associated with the expansion of the F and [ around p,. For a
smooth perturbation g of p, such that [y gpco(x) dx =0, define

2
Qilgl:= llgég—z(lF[poo(l +&8)] —Flpool

(16)
=q f pog” dx + f f VA(X = 1) Poo(X)8(X) poo (1) g(y) dx dy
RN RN JRN
and
1 _ 2
@z[g]::lim—zﬂ[poo(1+sg)]:f poo(qv(pgolg)—vvﬂ(poog)) dx 17)
e—0¢g RN

6. ASYMPTOTIC BEHAVIOR FOR A =2
6.1. The coercivity result.
Lemma 6.1. When A =2, for Q,[g] and Q.[g] we have
Q1181 ="Y1(g) —¥3(g)

and
Q2081 =V2(g) +3¥3(g).

Proof. Recall that
fR L8P0 dx=0,

so, it’s easily seen that

1
f f Va(x—y)poo(x)g(x)poo(y)g(y)dxdy=—f f 1X = Y8000 (X) €Poo () dx dy = —¥3(g)
RN JRN 2 RN JrRN

14



next, for the Q,[g] term
_ 2
Q28] I=fRNpoo‘CIV(pgo 1g)—VV/1 * (gpoo)‘ dx

=0 | pelV% @F dx=2q [ peV(0L ) TVa (o)t [ peclVVa (o)l dx
RN RN IRN
for the second term we have

—ZKIfRN PoV (P& ' 8) VVi * (gpoo) dxt

=2quNp351ngoo-VVa * (8Pco) dx+2quN pdgAV) * (gpoo) dx
recall that
_ 1-
L' = (—q(cwva))
q
we have
qu pgo_lthpoo-VV;L * (8Poo) dxzzf ng(pgo_l) -VV) * (gpc0) dx = —Zf 8PooVVy-VV) % (gpeo) dx
RN RN ( RN

and we compute

N
_f[RN 8PooVV)-VV) % (gpxo) dx = —i:ZIfRNfRngoo(x)gpoo(y)xi(xi—y,-)dydx

N N )
= (o] 0o i id dx = f i oo d )
,-Z:Juwfuwgp (X)gPoo (W) Xiyi dy dx Z( 8P () dx

i=1
since the mass of gp is 0, we have

qu PGEAV) * (8poo) dXx =0
[RN

for the third term we have

N 2 N
2 4 _ . _ .
fRNPOOIVVA* (8Pco) dx—fRNpooi:ZlURN (Xi — Vi) €Poo(¥) dy) dx—izzl(fﬂwxlgpoo(x) dx)

we conclude by gathering all the terms. U

2

Suppose also that #{ < v < #1 and %, #; is close enough to 1, then we have

Lemma 6.2. For somee >0 small, we have

i =1)
2 VA Y
fuwp“’ (p°° q-1

for some constant C > 0.

2
dx < Ce¥1(g) +e¥2(g)

—V(pé’gl(v—l)))

Proof. We use the similar result as Lemma 4.1. For any function § we have
_ 2
f poo|V (0% )| dx
RN

_ 1 _ _
:f |ﬁ’(v)|2|w|2pi21dx+—f Iﬁ(U)IZIV(pgol)Izpoodx—f 1B pLAad ) dx
RN 1-qJry RN
15



take 8 = hy(v) — ho(v) and 8 = hy(v) separately, and recall that K (v) := 11 , we have
q-1 _
fRNpoo‘V(poo hq(w) hz(LU))‘ dx

1 _
< [0 =g e [ g0~ BP9 s

1 _
sef |y ()PIVu2p3d dx+e f )PV (pds )P poo dix
1-¢qJry

< )V( -1y, 4 2.4 p(nd-1
= Poo|V(Poo M) dx+e | [ha(V)I"peoA(poo )dx = CeW1(g) +eW2(g)
RN RN
The lemma is thus proved. 0

6.2. Linearization operator and large time asymptotic behaviour.
1 1 g1
vp=—p;=—V(qp" Vp+pVV)*p)

(e.e] (e¢]

1 -1
=;—V0ﬂwnw V(poo) + PooVVW) * (poo V)

oo

q_lv(vq—l)+ q
q-

1v*4vuﬁ?)+vma*(pwvﬂ

—_—

q
V|PooV (
Poo q-1
q
pmvv(
Poo q-1

Corollary 6.3. With the notations above, we have

AL T (Poov))

Flv] = yl[v]
for somey > 0.

Proof. We prove by talking on the relationship between @Q; and F and the relationship between
@2 and [., by Lemma 3.2 above we have

ng’_zf v-17p x<——f pL v —1-q(v=1ldx < THy1" 2f =11

which implies
1
Flvl =2W¥(g) - E‘I’s(g)-
Since
la+ b|? <2|al® +2|b)?

we have 2

) g-1 Wt =1
@Z[g]SZI][V]+2q LNpm‘ (poo q—l

By Hardy-Poncaré inequality we have
W1(8) =€4a¥2(8)

for some constant €, 4, then by Lemma 6.2 we have

VL w- 1)))

1 Cod Gy
Iv] = —@2 (gl - G‘Pz(g)—Ce‘Pl(g)zZ\Pz[g] _\yl[g]>T[F[ V]

If we take € > 0 small. 0]
16



7. LARGE TIME ASYMPTOTIC BEHAVIOUR FOR GENERAL A

In this section. we consider general A.

7.1. Akeylemma.

Lemma 7.1. Ifthere exists a constant € (independent of q), such that for all q € (0,1)

ffIx—ylmpigq(x)pi;"(y)dxdysCg,f f lx =y 2 (0 pe Yy dxdy <€ (18)
RN JRN RN JRN

and if the constant in the Hardy-Poincaré inequality

fRN PoolV(pL )1 dx = %q,deN pg® dx
satisfies €44 — oo when q — 1, then there exists q(A) € (0,1) near 1 such that for all1> q > q(A),
Flv] < yl[v]
for somey > 0.

Proof. We still use the quadratic forms defined in (16),(17). By Cauchy-Schwarz inequality,

1 1

~ 3 3

f Ix—yllgpoo(y)de(f Ix—yI“pioq(y)dx) (f pé’ogzdy)
RN RN RN

; T
(Locea [t o

1
_ _ 2
SU f Ix—yI“pio"(x)pioq(y)dxdy) U pé’ogzdy)
RN JRN RN

Q1lgl < Cf pd g*dx
RN

and

fflx—yllgpoo(x)gpoo(y)dxdy flx—yllgpoo(y)dy
RN JRN RN

so we have

for some constant C >0as g — 1.

Still by Cauchy-Schwarz inequality,

1
2

1
~ 3
S(f Ix—ylz"‘zpio"(y)dx) (f pé’ogzdy)
RN RN

IVV3*(8poo) (%) = M@le—yll_z(x—J/)(gPoo)(J/) dx

so we have

fpooIVVA*(gpoo)ldeSU f Ix—ylm‘zpoo(x)pi"(y)dxdy)U pé’ogzdy)
RN RN JRN RN
SO

fpoo|VV,1*(gPoo)|2deCf pdg?dx

RN RN

and since

la+ bl <2lal* + 2|b)?
17



so we have

_ 2 1 _ 1
Q2lg] zf poo’qv(pé’olg)—vv;t*(gpoo)’ dxz—qu poolv(pgolg)lzdx——f pOOIVV;L*(gpoo)Izdx
RN 2" Jmrv 2 Jrv

L 2 q-1 2 ¢ q 52
256] \[I%Npoolv(poo g)l dx_Eﬁ‘@Npoog dx

by our assumption,

fRN PeolV(0L @) P dx = %q,deN plg®dx, Cuq— +oo

as g — 1, so we have
0] > 2 Qalg] - eWalg] = 2 Walel -6 W1 1g] > 224w, (g = 2240, 1] = 284 F )
=218 2181 =7 w218 181 =g~ F1l8l = g N8 = 160
the lemma is thus proved. 0

7.2. A special case A = 4. In this subsection we provide enough materials on the case A = 4,
which meets the requirements of Lemma 7.1 so that we can conclude the asymptotic behavior.
We remark here that the same computation would be true for A = 2N and maybe possible to
extend to all A = 2). Remind
— =—[x|"+—Ix|I"+C 19
1— qpoo 4| | 2 | x| (19)
here a satisfies fRN (|x|% - a)Poo dx =0, which is

1

oo 1 3a q-1
f (xN+1_axN_1)(L—Lx4+7x2+C)q dx=0
0

define

|H

—

q-

*© 1 3a
pn::f x" (—x4+—x2+C dx
0 4 2

for convenience. We first prove the lemma below.

Lemma 7.2. (i) a(q) is uniformly bounded. (ii) lim,_., C(q)(1-¢q) =1.

Proof. Notice that

1

< (1_—6’)ﬁ (@ + c)ﬁ 20)
Poo q 1

from [pn poo dx =1, we have

1

1- q-1 1 1

(—q) " uoicem f 1 +1xY7Tdx> 1
q RN

from direct calculation,

SO




here we use the facts thatas g — 1,

1 N
L1 T(m—z)

- N
limg'-7 = ~Q-q)*
()
so we have
lliinlC(l—q) <1 (21)
on the other hand, from integrating by parts,
N(1-¢q) 3a
PN+3+3aPN+1 = ——— ( PN+3+ = PN+1+ CPN—I) (22)

notice that
PN+1=aPN-1, PN+3PN-1Z P?\m
SO
N1 -gq)
2q

CN(1- 1-
LNa=a), s (1 - —qN) a’pn-1 (23)

-1
)PN+1 + aq

(1— l_—qN) —Sa(
4q PN+3 =

soas g — 1.
16g — -
> q-7N(1 ‘7)a2~ 4 g
AN(1-q) N1-¢g)
so part (i) is deduced from (21), (24). Next, notice that for any x,

(24)

3alx|?
2

1+ <
%+C 2V C

1
-1

q
dx

==

so from (24),as g — 1
_1

LX) <[22 f e
C(l—q) e 4 q RN
-1

( ) [ B e

3a )1;
1+—

2V/C

L
—-q
codx=[14+—— <
P ( \/C)

RN

and we deduce that
limlC(l -q)=1.
q—»

Proposition 7.3. The inequalities (18) are true for A = 4.

Proof. Notice that
lx—ylP <2P71(x|” +|ylP) for p=1

so we need to compute

8 2-q 2-q 6 2-q 6 _2-q
fRlel Poo dfoNpoo dx, fRlel poodfoNpoo dx+fRN|x| Poo  AX

19



after interpolation, we only need to estimate the integrals

6 2-q 8 2-q
fRNIxI Poo d X, fRNpoo dx, fRleI Poo  dX,

first, from (19), for any x,

_ q_1>c
l_qpoo =
soasq—1
1_q< q —>1
Poo =Cl-q
which is

2-q 5. < _ 8 .2-q 5 < 8
fRNp"O de/D;szoodx 1, fRlel P defRlel Poo A X

so after interpolation, we calculate fRN |x|® Poo dX.

(N+4)(1-¢) (1 3a
PN+7+3apN+s5 = T 2PN+ + — PN+s +Cpn+3 (25)
50 1 (N+4)(1 ) CIN+4)(1 )
(1—4—;](1\“‘4)) PN+7:3Q(TCI_1) PN+5+ q 9 PN+3

take g close enough to 1, we have

1 1- (N+4)(1-qg) CIN+4)(1-q)

—PN+7 < (1——q(N+4)) PN+7=361(—q—1) PN+5+ 9 PN+3

2 4q q

C(IN+4)(1-q)
< q 9 PN+3 ~ (N+4)pn+s
similarly from (23),
1 — N(1-¢g) CN(1-qg)
SPN+3 < (1 - 4—;1\7) pN+3=3a (Tq - 1) PN+t —qu—l
CN(-gqg)
< —qPN—l ~NpN-1
q
so finally
PN+7 SAN(N +4)pn-1
which is
f 1x1B0. dx SAN(N +4)
RN

as q—1. U

Lemma 7.4. For p in this section, we have

2 2-q 2
fRNpOOIVhI dxz‘éq,deNpoo h-dx
for all h such that
fRN pi;qhdx:O
with

Cq,a ~ T oas gqg—1.
(I-q)2
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Proof. The proofis the same as the Hardy-Poincaré inequality, so we omit some details and fo-
cusing on the asymptotic behavior, the full proof can be seen in [3] Appendix A. We only prove
this for radical functions, for the proof of general functions, we use the results in radical func-
tions plus the Poincaré inequality on the unit sphere

Y 1 f 2
Ldllu Lll defﬁ §d71|VQu| do

= f udo
§d—1
The details can also be found in [3]. Recall that

q 11
pt=
_q 4

with

3a
|x|4+7|x|2+c

so we only need to prove that

_224 L

1
(e @) 1-q

- 1 3 - oo 1 3
%qd—q Ih(r)—hlrd_l(—r4+—ar2+c) 1 qdrsf Ih'(r)lzrd‘l(—r4+—ar2+c) dr
“1-qgJo 4 2 0 4 2

if we make the change of variable r* = Cs*, the former inequality turns to

2-q
q *® ra-1(la, 3a - e
cgq'd—(l—q)cmfo |h(s) — hls 25 toomes +1 ds
1
e 1 “Tq
Il 2ed-1[1 4 2
s[o [l (s)|s (ZS +2C1/28 +1 ds
since for any x € RY,
1 21 4 2
1_6(1+x)54_1x +2C1/2x +1

we only need to prove that

q © = d- 1 a T 1-q _
ng,dmfo |h(s) - hls 1(—s4+—52+1) (1+s%)ds

oo 1 3a 1
sf Ih’(s)lzsd_l(zs4+ 32+1) " ds
0

By [1] Theorem 2, we have that
q 1
Cod———75 = —
P g)CVZ T 4K
with
.

K = max S
r>0 0

1-d

1 1
1 3a T-q o0 1 a TT-q
—st+ 1/232+1) (1+52)_1dx-f sl =gt + 2 +1 ds
4 2C r

it’s easily seen that
T geA _ © g4
K~max | s d+1= 2cls-f sd I"rads
r>0 Jo r
so we have
K=C(1-¢g)°
21



which ens the proof of our theorem by recalling

1
C~——:.
l-q
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