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STRONG RATES OF CONVERGENCE OF A SPLITTING SCHEME FOR
SCHRODINGER EQUATIONS WITH NONLOCAL INTERACTION CUBIC
NONLINEARITY AND WHITE NOISE DISPERSION

CHARLES-EDOUARD BREHIER AND DAVID COHEN

ABSTRACT. We analyse a splitting integrator for the time discretization of the Schrédinger
equation with nonlocal interaction cubic nonlinearity and white noise dispersion. We prove
that this time integrator has order of convergence one in the p-th mean sense, for any p > 1 in
some Sobolev spaces. We prove that the splitting schemes preserves the L?-norm, which is a
crucial property for the proof of the strong convergence result. Finally, numerical experiments
illustrate the performance of the proposed numerical scheme.
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1. INTRODUCTION

We consider the time discretization by a splitting scheme for the following class of nonlinear
Schrédinger equations with white noise dispersion

idu(t) + Au(t) o dB(t) + Vu(®)u(t)dt = 0

1
(1) u(0) = up,
where the unknown w = wu(t,-), with ¢ > 0, is a complex valued random process defined on R4,
d
52
Ay = Z a—z denotes the Laplacian in R?, and 3 = 3(t) is a real-valued standard Brownian motion.
4
j=17"J

The nonlinearity ¥o(u) = V]u]u in the Stochastic Partial Differential Equation (SPDE) (1) is a
nonlocal interaction cubic nonlinearity, V{u] = V « |u|? = jV( — z)|u(x)|* dz, where » denotes the

convolution operator and the real-valued mapping V: R? — R is at least continuous and bounded,
more precise regularity conditions are imposed below. Such long-range interaction is a smooth version
of the nonlinearity in the (deterministic) Schrodinger—Poisson equation, see for instance [12]. Splitting
schemes for Schrédinger equations driven by additive space-time noise with this type of nonlinearities
were recently studied in [3]. Observe that, the case of power-law nonlinearities cannot be treated by
the techniques employed in the present publication. The SPDE (1) is understood in the Stratonovich
sense, using the o symbol for the Stratonovich product.

Theoretical results on well-posedness of the SPDE (1) are relatively scarce and given mostly for
the case of a power-law nonlinearity (|u|?’u for o a positive real number) in place of the nonlocal
interaction nonlinearities considered in this article. For instance, it has been shown that SPDEs of
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the type (1) with power-law nonlinearities have solutions in H! for dimension d = 1 and o = 2, [T,
Theorem 2.2], and for o < 2/d in any dimension, [8, Theorem 2.3].

To the best of our knowledge, no strong convergence rates are know for a time discretization of
the SPDE (1) with the considered type of locally Lipschitz nonlinearity. However, strong convergence
results have been proved in the case of a globally Lipschitz nonlinearity in place of the above nonlin-
earity. In addition, rates of convergence in probability for a pure cubic nonlinearity in place of the
above nonlocal interaction cubic nonlinearity have also been obtained. We now review these known
convergence results. The work [13] studies a Lie-Trotter splitting integrator. The mean-square order
of convergence of this explicit numerical method is proven to be at least 1/2 for a (truncated) Lipschitz
nonlinearity [13, Sect. 5 and 6]. Furthermore, [13] conjectures that this splitting scheme should have
strong order one, and supports this conjecture numerically. Sharp order estimates for the same split-
ting scheme (but applied to a more general problem) were recently presented in the preprint [14]. The
authors of [1] study a semi-implicit Crank—Nicolson scheme. In particular, they show that this time
integrator has mean-square order of convergence one for a truncated problem and order of convergence
in probability one in the case of a cubic nonlinearity. For the same problem, the same convergence
rates are obtained for a multi-symplectic integrator in [6] and for an explicit exponential scheme in [5].
We conclude this list of references with the recent work [11] which considers a randomized exponential
integrator for time discretization of related (non-random) nonlinear modulated Schrédinger equations.

In the present publication, we consider an explicit splitting integrator for an efficient time dis-
cretization of the nonlinear stochastic Schrodinger equation (1). In essence, the main principle of
splitting integrators is to decompose the vector field of the original differential equation in several
parts, such that the arising subsystems are exactly (or easily) integrated. We refer interested readers
to [10, 2, 15] for details on splitting schemes for ordinary (partial) differential equations. The splitting
scheme considered in this publication is given by

Uyl = ei(ﬂ(thrl)*ﬁ(tn))A (eiTV[u"]Un),

where 7 denotes the time-step size, t,, = n7, and u,, ~ u(t,), see Equation (14) below for details.

The main result of this paper is a strong convergence result for the explicit and easy to imple-
ment splitting integrator for the time discretization of (1) defined above, see Section 4 for a precise
statement. Note that the nonlocal interaction cubic nonlinearity is only locally Lipschitz continuous
in the Sobolev spaces H™(R?,C), where m = 0,1,2,..., and not globally Lipschitz as in the above
references, see Section 2 for details. Theorem 8 states that the splitting scheme converges with order
1 in the LP(Q, H™(R?, C)) sense, for all p € [1,00). One also obtains convergence with order 1 in
probability and in the almost sure sense. A crucial property for showing these results is the fact that
the splitting scheme exactly preserves the L2-norm as does the exact solution to (1), see Proposition 3
and Proposition 4. To the best of our knowledge, this is the first strong convergence result obtained for
a time discretization scheme applied to the nonlinear Schrodinger equation with white noise dispersion
with a non-globally Lipschitz continuous nonlinearity.

In order to show such convergence results, we begin the exposition by introducing some notations
and recalling useful results in Section 2. Section 3 then provides various properties of the exact solution
to the SPDE (1). After that, we present the splitting scheme and analyse its strong convergence in
Section 4. The proof of the main convergence result is given in Section 5. Several numerical experiments
illustrating the main properties of the proposed numerical scheme are presented in Section 6.

Throughout this article, we denote by C' a generic constant that may vary from line to line. Fur-
thermore, we set N = {1,2,...} and Ny = {0,1,...}. Finally, the initial value ug of the SPDE (1) is
assumed to be non-random for ease of presentation. The results of this paper can be extended to the
case of random ug (independent of the given Brownian motion and with appropriate moment bounds).



2. SETTING AND USEFUL RESULTS

We denote the classical Lebesgue space of complex functions by L? = L?(R%,C), endowed with its
real vector space structure, and with the inner product

(u,v) = Rej uwode = Rejuﬁdx

Rd
as well as its norm denoted by ||| ;2. For m € N, we further denote by H™ = H™(R%, C) the Sobolev
space of functions in L?, with weak derivatives of order 1,...,m in L2. The Fourier transform of a

tempered distribution v is denoted by ©. With this notation, H™ is the Sobolev space of tempered
distributions v such that (1+|¢|*)™2% € L2. The Sobolev space H™ is equipped with the norm defined

by
2 2
ollzrm = > 0avllz:
la|<m
d
where a = (ai,...,aq) € N¢ is a multi-index and |a| = 2 a;. Note that, if m; < mg, one has

i=1
H™ < H™ and ||v|| gm, < ||v||gm, for all v e H™2. If @ and y are two multi-indices, it is said that
y<aify <a;forali=1,...,d If y < a, we also introduce the notation o — v = (@ — i), <i<q

w0 () -1102)

The Banach space C™ = C™(R?, C) of complex-valued functions of class C™ is equipped with the
norm

[v|em = sup sup [dav(z)|.
|a|<m zeRd

Let us recall a version of the Leibniz rule. See for instance [9, Theorem 1, Sect. 5.2.3] for a proof
in the case of smooth compactly supported functions v € C, and [4, Theorem 8.25] for the argument
to extend the result to v € C™.

Lemma 1 (Leibniz rule). For all m € N, there exists Cp, € (0,00) such that for all w € H™ and
veC™, one has uv e H™, and

[wv]l g < Con [[ull g (0]l gom -
In addition, Leibniz rule holds: for all a € N with |a| < m, one has

Oa(uwv) = (O‘> R

Ysa v

Let g = (,B(t)) >0 be a standard real-valued Brownian Motion defined on a filtered probability
space (Q, F, P, {F:}+>0) satisfying the usual conditions.

For all ¢, s > 0, define the operator S(t,s) as follows:
(2) S(t,s) = el (BB—B(s)A
In Fourier variables, one has the expression

S(E$)0(¢) = exp (=i[¢” (8(1) - (5))) B(C),

for all t,s > 0, all ¢ e R? and any v e H™, m € Ny.

The operators S(t, s) for ¢ = s play an important role in this work: if v is a Fs-measurable random
function with values in H™, then t — v,(t) = S(¢, s)v is the solution of the stochastic linear Schrodinger
equation

idvs(t) + Avg(t) odB(t) =0, t=s,
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with vs(s) = v.

Two properties of the operators S(¢,s) will be used repeatedly in this article. First, for all m € Ny,
all t,s > 0 and all v € H™, one has the isometry property

(3) 1S(t, $)vll grom = ll0ll gy -
Second, for all m e Ny, all t,s > 0 and all v e H™*2, one has
(4) 1S(t, 8)v = vl g < |B(E) = B(S)] V] o+ -

Let us now study properties of the nonlinearity in the SPDE (1) defined by
Wo(u) = V[ulu = (V = [u]*)u.

If Ve C™, the mapping ¥y : H™ — H™ is well-defined and is locally Lipschitz continuous. More
precisely, one has the following result.

Lemma 2. Let m € Ny and assume that V € C™. There exists C,, (V') € (0,00) such that the following
properties hold.

First, for allue H™, Uy(u) € H™ and one has

(5) 10 (W)l < Con (V)2 [l 7.

In addition, W is locally Lipschitz continuous in H™: for all uy,us € H™, one has
2 2

(6) 190(u2) = Wo(wn) | gm < Con (V) (Il lfim + 2 3m ) llaz = ]l g

Finally, ©q is twice differentiable, and its first and second order derivatives satisfy the following result:
for allu,h, ke H™, one has

(7) 196 (w)-h|| o < Con(V) ull 2 1wl o [1B]] om
and
(8) (16 (w). (R k)| e < Con (V) llull o (1B o 1N gom -

Proof of Lemma 2. Let m € Ny be fixed.
Using the definition of ¥y, Leibniz rule (Lemma 1) and the property ||[V[u]||c. = ||V * |u|2HCm <
IV em ||u||2LQ, the proof of (5) is straightforward: for all w € H™, one has
2
196l = IVl < Con IVl 1l < Con IV e a3 il
To prove (7) and (8), note that the expressions for the derivatives are given by
Ui (u).h = V[ulh + 2V = (Re(ah)) u
UG (u).(h, k) = 4V« (Re(kh)) u + 2V = (Re(uk)) h + 2V = (Re(ah)) k.
Using Leibniz rule (Lemma 1) again, one obtains
1Al < VDo [l + 2V # (Re(@h)) o [l
2
<|V ullze 17l g + 2V

m em lullpz (1Pl 2 llull g

and
W6 (). (b k)| 1y

k|

4|V« (Re(kR))|| g 1l g + 21V % (Re(uk)) | orm
AV o (Jeel g | B g2l 2 + el 2|l o | Bl 22 + [l 2

M gm + 2V + (Re(uh))|
hlz2 k] ) -

C m Hm

<
<

Finally, in order to prove (6), it suffices to write
1

\I’Q(UQ) — \Ifo(ul) = f \1/6((1 — §)U1 + §U2).(U2 — Ul) dg,

0



and to use (7). One then obtains

2 2
Wo(uz) = Wo(ur)|l grm < Con (V) (luallgm + lluallgm) llua — vl g -

This concludes the proof of Lemma, 2.

3. PROPERTIES OF THE EXACT SOLUTION

In this section, we provide a well-posedness result and some properties of the exact solution w(t) of
the nonlinear Schrodinger equation with white noise dispersion (1).

Proposition 3. Assume that V € CY.

For any (non-random) initial condition ug € L?, there exists a unique mild solution (u(t))i=o of the
Schrédinger with white noise dispersion (1) in L?, which means that for all t = 0 one has
¢

(9) u(t) = S(¢,0)ug + if S(t,r) (VIu(r)]u(r)) dr,

0

where (S(t,s)) is defined by (2).

t=s=0

In addition, one has conservation of the L?-norm: for all t > 0, one has almost surely
(10) lu@®ll > = lluoll > -

Furthermore, the SPDE (1) is a stochastic Hamiltonian system, in the sense of [6, Section 2], and
thus its solution preserves the stochastic symplectic structure

w= dp A dgdx  almost surely,
Rd

where the overbar on w is a reminder that the two-form dp A dq (with differentials made with respect
to the initial value) is integrated over R%. Here, p(t) = Re(u(t)) and q(t) = Im(u(t)) denote the real
and imaginary parts of u(t).

Moreover, one can bound the solution in H™ in the following sense. Let m € N and assume that
V e C™. There exists Cp, (V) € (0,00) such that if ug € H™, then almost surely u(t) € H™ for all
t>=0, and

2
(1) ()l g < Cn V0128 g

Finally, for all ug € H™*2, T € (0,00) and p € [1,0), there exists Cp(T, ||uol| grm+2) € (0,00) such that
for all0 <ty <ty <T, one has

(12) (E[llu(t2) = w(t)fm-1)

Proof. Since Vg is locally Lipschitz continuous from H™ to H™, if V € C™, for all m € N, local
well-posedness of mild solutions in H™ is a standard result.

=

1
< Op(T, [|luo|| gm+2)(t2 — 1)2.

To prove that solutions to (1) are global, we use a truncation argument. Let 6: [0,00) — [0, 1]
be a compactly supported Lipschitz continuous function, such that 8(z) = 1 for z € [0,1]. For any
R € (0,0), set VE(u) = 0(R™||ul|;2)V[u] and FF(u) = VE(u)u. The mapping F is globally
Lipschitz continuous, and the SPDE

iduf®(t) + Au®(t) 0 dB(t) + FE(uR(t)) dt = 0,

with initial condition u?(0) = uo, thus admits a unique global mild solution (u%(t)) , where T is

te[0,T]
an arbitrary positive real number. Applying Itd’s formula to a regularization of u®(t) as in the proof
of [7, Theorem 4.1] for instance, one checks that HuR(t)HL2 = HuR(O)HL2 for all ¢ € [0,T]. Choosing
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R > |Jug||; > shows that one can define u(t) = uf(t) for all ¢+ > 0. Then u(t) is the unique solution
on [0,T] of the fixed point equation (9), i. e. u(t) is the unique mild solution of (1), and one has the
preservation of the L?-norm (10).

The fact that the problem (1) is a stochastic Hamiltonian system is seen, exactly as in [6, Sect.
2], by considering its real and imaginary parts and observing that the obtained differential equations
are indeed stochastic Hamiltonian systems. The preservation of the stochastic symplectic structure
follows also as in [6, Sect. 2] since the potential V' in (1) is real-valued (as opposed to a power-law
nonlinearity |u|?? in the above reference).

Let us now prove the bound in H™, see (11). Using Lemma 2, one obtains

IVIulullgm < CV][u]|

2
g2 flull g -

ull g < C V|

C m C m

Then, using the isometry property for S(¢,s) in H™ (see (3)), the mild formulation (9) and the
preservation of the L?-norm (10), one then obtains

t
mmmm<Mﬂm+£wammwmm®
t
swmmm+0angﬁwmwmm®

t
2
<wmmm+cjnwmwmwmmw-
0

Applying Gronwall’s lemma then yields (11).

It remains to establish the temporal regularity property (12). Using the mild formulation (9), and
the isometry property (3), one obtains

to

Julte) = w(t) | gm < [1(S(t2,81) = I) u(tr) ]| gom +£ IV Iu®)]u@®)l g dt
< (S(t2ta) = 1) ults)ll g + C lluol| 72 Jt 2 [u(®)]| g dt,

using the inequality ||V [u(t)]u(®)|gm < Cllu@®)|Z2 |u(®)] gm < Clluols [[w(t)] gm, owing to the
preservation of the L?-norm (10).

Finally, using (4), the fact that (E[|3(t2) — 8(t1)[P])” < Cplta — t1]7, and the bound for the exact
solution in the H™ norm (11), one obtains, for all 0 < t; <t < T,

(E[lults) — ult)|m])? < Cplta — t1)Y2eCm+2Vluoliats g o+ Oty — t1)eCm VDllvolliate g3
< Cp(T, ol g2 (b2 — t1) /2.

This yields (12), and concludes the proof of Proposition 3.

4. NUMERICAL ANALYSIS OF THE SPLITTING SCHEME

In this section, we propose and study an efficient time integrator for the SPDE (1). We state and
prove some properties of the numerical solution, in particular preservation of the L?-norm (Proposi-
tion 4). Furthermore, we state the main strong convergence result (Theorem 8) of the paper, namely
that the splitting scheme has convergence rate 1. Finally, we deduce various auxiliary results from the
main theorem.



4.1. Presentation of the splitting scheme. Let 7' > 0 be a fixed time horizon and an integer
N > 1. We define the step size of the numerical method by 7 = T//N and denote the discrete times
by t, = nr, for n =0,..., N. Without loss of generality, we assume that 7 € (0,1).

The main idea of a splitting integrator for the SPDE (1) is based on the observation that the vector
field of the original problem can be decomposed in two parts (linear and nonlinear parts respectively)
that are exactly integrated.

On the one hand, the solution of the linear stochastic evolution equation
idu(t) + Au(t) odB(t) =0, u(0) =wug
is given by u(t) = S(¢,0)ug, where the random propagator S(t,0) is defined by (2).
On the other hand, the solution of the nonlinear evolution equation
idu(t) + V{u(@)]u()dt =0, u(0) =1ugp
is given by u(t) = ®;(ug), where for all ¢ > 0 and all u € L?, one has
(13) By (u) = etVluly,

The Lie-Trotter splitting strategy yields the definition of the following time integrator for the
nonlinear Schrédinger equation with white noise dispersion (1):

(14) Up4+1 = S(tn+17 tn)q)T (Un)

The following notation will be used in the sequel: for all 7 € (0,1) and u € L?, set
D (u) —u
iT '

U, (u) =

4.2. Properties of the numerical solution. This subsection lists useful properties of the numerical
solution given by the splitting scheme (14).

Conservation of the L2-norm. The splitting scheme exactly preserves the L2-norm as does the
exact solution to the SPDE (1), see equation (10) in Proposition 3. This conservation property plays
a crucial role in the error analysis presented below.
Proposition 4. Let ug € L?, 7 € (0,1) and let (un)neN
then has conservation of the L?-norm: for all n € N, one has almost surely

, be given by the splitting scheme (14), one

(15) [unll 2 = lluoll L2 -

Proof. Using the isometry property (3), then the definition (13) of the flow @, a direct computation
from the definition of the scheme (14) gives for all n € Ny

Hun+1||L2 = ||S(tn+1atn)q)'r(un)”L2 = ”(I)T(un)HH = ||un||L2 .

A straightforward recursion argument concludes the proof. |
Bounds for the numerical solution in H™. Proposition 5 below states almost sure upper
bounds for the numerical solution ||w, || ;m, for all n € Ng and m e N.

Proposition 5. Let m € N and assume that V € C™. There exists C,, (V) € (0,00), such that for any
ingtial condition ug € H™, the numerical solution u, defined by the splitting scheme (14) satisfies the
following upper bound: for all n € Ny, one has almost surely

2
(16) ||un||Hm < eCm (V)tn [luoll 73 ||U0||Hm-

The proof of Proposition 5 requires the following auxiliary result.



8 CHARLES-EDOUARD BREHIER AND DAVID COHEN

Lemma 6. Let m € N and assume that V € C™.

There exists Cpn, (V') € (0,0) such that for all T € (0,1) and all w € H™, one has

127 (@)l < (1+ Cn (V)71 + ) ]

Proof of Lemma 6. Using the definition (13), one has the identity ®,(u) = e7V["u, with V[u] =
V # Jul> € C™ and &7V € €™, since V e C™.

The following expression holds: for all u € H™ one has
O (u) —u = 0,(V[u))u,
where 0, (y) = €7 — 1 for all y € R. Applying the inequality from Lemma 1, one has, for all u e H™,
@7 (w) = ull g < Con [0 (V[uD)llem (2]l grom -

It remains to study the behavior of ||6,(V[u])|/m. The auxiliary function 6, satisfies the following
properties: for all y e R, all 7€ (0,1) and all k € N,

10-(y)| < 7]yl
08 ()] < .
Using the Faa di Bruno formula, one obtains the bounds
rVIdlleo . v=0,

H(‘)»Y@-,—(V[u])nco <C {CWT (1 n ”V[u]”\’ﬂ ) )

clvl

Finally, using the inequality

Va2 = 1oy (vV s [ul?) |2 < Cn(V) ullZ2

if 1 < || < m then concludes the proof of Lemma 6.

We are now in position to provide the proof of Proposition 5.

Proof of Proposition 5. Using the definition (14) of the splitting scheme, the isometry property (3) of
the random propagator S(¢,+1,t), and Lemma 6, one gets

ltnt = 15t ta) @ () g = 19 )l g < (14 Con (V) 133 7) Il o

Using the preservation property (15) of the L?-norm by the splitting integrator, see Proposition 4, one
then obtains the following estimate: for all n € Ny

2
sl < (14 Con (V) o357 ) -

Finally, a straightforward recursion argument yields the following bound: for all n € Ny, one has

2m

iy Y

All the estimates above hold in an almost sure sense. This concludes the proof of Proposition 5.
|

Numerical preservation of the stochastic symplectic structure. As seen in Proposition 3,
the exact solution to the SPDE (1) preserves a stochastic symplectic structure. The next result states
that the same geometric structure is also preserved by the splitting scheme (14).



Proposition 7. Consider the numerical discretization of the Schrodinger equation with white noise
dispersion (1) by the splitting scheme (14). Then, the splitting scheme preserves the stochastic sym-
plectic structure

ot =a" for mn=0,...,N—1 almost surely,

where W™ = J dp” A dqg"™ dx and p™, resp. q", are the real, resp. imaginary parts of u™.
Rd

Proof. The splitting integrator (14) is obtained by solving exactly sequentially the following differential
equations:

idu(t) + V]u(t)]u(t)dt =0
and

idu(t) + Au(t) o dp(t) = 0.
Considering the real and imaginary parts of these differential equations and using the fact that V is
real-valued, one gets

and

dp(t) = —Aq(t) 0 dB(t), dq(t) = Ap(t) o dB(?).
The above problems are infinite-dimensional stochastic Hamiltonian systems in the sense of [6, Eq.
(6)]. Tt thus follows, as in [6, Prop. 3.3], that the splitting scheme preserves the stochastic symplectic
structures of each of these Hamiltonian systems, as it is obtained as composition of symplectic maps,
and hence the statement. O

4.3. Convergence results. We are now in position to state the main result of this article.

Theorem 8. Let (u(t))t>0, resp. (un)neNO, be the solutions of the stochastic Schridinger equation (1),
resp. of the splitting scheme (14), with (non-random) initial condition uy.

Let m € Ny and assume that V e C™**. For all pe [1,0), all T € (0,00) and all ug € H™*, there
exists Cp p(T, ||wo|| gm+a) € (0,00) such that, for all 7 € (0,1), one has

(17) sup (B [[Jun — u(tn)[5m])? < Conp(T, [t msa) T

0<n<N

The proof of Theorem 8 is postponed to Section 5.

Note that contrary to previous works in the literature, [13, 1, 5, 6], concerning the analysis of
numerical schemes for stochastic Schrodinger equations with white noise dispersion with a globally
Lipschitz continuous nonlinearity, in Theorem 8 we consider the moments of arbitrary order p € [1, o),
instead of only p = 2 (mean-square error). We also consider the error in the H™ norm, for arbitrary
m € Ny. We could use the same strategy of proof as in those references when p = 2, however we need
to use a different strategy when p # 2 and directly consider the general case p € [1,0).

Remark 9. If the initial condition ug and the potential V' are less reqular than in Theorem 8, it is
possible to obtain the following result: assume that uo € H™2 and that V e C™ %2, then

sup (B [[Jun — u(tn)[rm])” < Con (T [[uol grms2) 72

0<n<N

As immediate consequences of the main result of this article we obtain the following corollaries.

Corollary 10. Under the assumptions of Theorem 8, one obtains the following error estimate: for
all e € (0,1), there exists Cp, p (T, ||tol| gm+a) € (0,00) such that, for all T € (0,1), one has

1
P
1) (E[ sup ||un—u<tn>|”m]) < Conpe (T, [t g )75

os<n<N
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Proof. The second error estimate (18) follows from the first error estimate (17) by an elementary
argument. Let € € (0,1) and p € [1,0), and choose ¢ > max(p,e~!), then using (17) one obtains

E| sup fun —u ||‘I] ZE ot — ()|l ]

os<n<N

T
T (Cm’q (T, HUO ||Hm+4)7')q

< TClg (T, |[tto| gmsa) 1770~

< Cm7Q(T7 HuoH[—[m+4)’7"1(1_5)7

N

where we recall that 7 = T//N. Finally one obtains (18) as follows:

1

(E[ sup |unu<tn>||‘°m]) <(E[ sup |unu<tn>||qm]) < Conpe (T, [t g )75

o<n<N 0<n<N

]

The argument described above gives a slight reduction in the order of convergence from 1 to 1 — ¢,
with arbitrarily small € > 0. It may be possible to obtain (18) with £ = 0 using refined arguments in
the analysis of the error. To keep the presentation simple, this is not performed in the sequel.

The fact that the first error estimate (17) holds with arbitrarily large p is important and allows us
to choose arbitrarily small . If one applies the argument detailed above only when p = 2 for instance,
1

one obtains an order of convergence 5 in (18).

Corollary 11. Consider the stochastic Schridinger equation (1) on the time interval [0,T] with
solution denoted by (u(t))iepo)- Let un be the numerical solution given by the splitting scheme (14)
with time-step size 7. Under the assumptions of Theorem 8, one has convergence in probability of
order one

lim  sup P (|luy — u(T)| . > C7) =0,
C—® 1¢(0,1)

where we recall that T'= NT.

Moreover, consider the sequence of time-step sizes given by 1, = 2%, L € N. Then, for every
€ (0,1), there exists an almost surely finite random variable Ce, such that for all L € N one has

T 1—¢
s = Dl <€ (57 ) -

Proof. The result on convergence in probability is a straightforward consequence of Markov’s inequality
followed by Theorem 8:

Ellluny = u(D)llgm] _ Coma (T 1ol grmea)

— 0.
Cr C C—-w

P (Jun — u(T)]| g > C7) <

To get the result on almost sure convergence, it suffices to observe that (again by applying Theorem 8)

< 0

)

i HW —u T)Ile]

% — 0 almost surely. -
Tr L—oo

thus
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5. ERROR ANALYSIS: PROOF OF THEOREM &

Before proceeding with the proof of the error estimates (17), let us state and prove an auxiliary
P, (u)—u
iT !

result on the mappings ¥o(u) = V]u]u and ¥, (u) =

Lemma 12. Let m € Ny and assume that V € C™.

There ezists Cy, (V') € (0,0) such that for alluwe H™ and all 7 € (0,1), one has

19-(0) = Co (@)l < Con (V) (1 [l 7552 Yl 0

Proof. Let us first observe that, by definitions of the operators ¥, and ¥, one has
U (u) — ¥o(u) = O, (V[u])u,
where O, (y) = clw—l% for all y € R.
Applying the inequality from Lemma 1, one obtains
10 (w) = Wo(u)ll grm < Com (O (V[uD)llem [lull grm -

It remains to study the behavior of ||©,(V[u])||zm-

The auxiliary function O, satisfies the following properties: for all k € Ny, there exists Cy € (0, )
such that, for all y € R, one has

* |9:(y)| < Corlyl?
o [07.(y)] < Cilyl
. |®Tk)(y)| < Op7"=1 < Cy1 for all integers k > 2 and all 7 € (0,1).

Using the Faa di Bruno formula, one obtains the bounds

2
TVIullleo » =0,

(1 IVIIE) - v 0.

10507 (V[u])lleo < C{
Using the inequality
1
VIl =[5V * [l gy < Con(V) [l 72

if || < m then concludes the proof of Lemma 12.

We are now in position to give the proof of Theorem 8.

Proof of Theorem 8. Let us first perform a change of unknowns: for all ¢ > 0 and n € Ny, set
v(t) = S(0,t)u(t) = S(t,0) *u(t) , and w, = S(0,t,)un = S(tn,0)  up,

where u(t) is the solution of (1) whereas u, is defined by the splitting scheme (14). Owing to the
isometry property (3) for the random propagator, one has the equality

[ u(tn)HHm = HS(tmO) (vn — U(tn))HHm = H'Un - U(tn)”Hm )

for all m € Ny and for all n € Ny. Thus, it is sufficient to prove estimates for the error E,, = v,, —v(t,).
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Using the mild form (9) for u(¢) and the definition of the splitting scheme (14), for all ¢ > 0 and
n € Ny, one has the following expressions:

o(t) = uo + 1L (0, 5)Wo(u(s)) ds

W(tns1) = v(ta) + ifﬂﬂ S0, £)Wo (u(t)) dt
Unst = S(0,£)0 (1) = v + iSO, £0) U (11).
The expressions above then give the following decomposition of the error:
Epni1 =01 —V(tng1) = Bp+ el + 2+ + e 6o,

with local error terms defined by

el =i75(0,t,) (VU (un) — To(un))

€2 =i78(0,t,) (Uo(un) — Yo(u(t,)))
tnt1

& =1 [ (5000) = 50.2) (o(u(t)) — Wofu(e)) ar
tn
tn41

¢ — if (S(0, 1) — 5(0,1)) o (u(t,)) dt
foin

=i [ 800 (o(utn)) — Bolule)) at.
tn

For j=1,...,5,set EJ = Z e).. Then a straightforward recursion argument yields the equality
k=0

j=1

E,= ) Ej i;
[1,00

and applying Minkowski’s inequality one obtains, for p €

rp )
5 1
(E (1 Balfn])? 2( B 5.0)"

1
It remains to prove error estimates for (]E[HE%HI;{m])E, for j = 1,...,5 and p € [2,00) (the case
p € [1,2) is treated using Holder’s inequality). The estimates of the error terms for j = 1,2, 3 follow
from straightforward arguments, whereas more work is required to deal with the cases j =4 and j =5
(in order to obtain order of convergence equal to 1, instead of the order 1/2 corresponding to the
temporal Holder regularity of the solution, see Equation (12)).

'E

We now provide detailed error estimates of those five terms.

o Let us start with the first term. Using Minkowski’s inequality and the isometry property (3) of the
random propagator, one has

E[Iel.])’ Z( e[l )" < Z (im0, ) (¥, (1) = o () ]

=

n—1

Z [19- (ur) = Wo (ur) 1 f1)

o=
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Applying Lemma 12 and using first the preservation of the L?-norm property (15) for the numerical
scheme (Proposition 4), second the almost sure bound (16) for the H™-norm of the numerical solution
(Proposition 5), one finally obtains, for all n =0,..., N,
1
ie])’
H’"L

(B[ ]) < S (B](1+ Bl @)
k=0
T2 Z (1+ ||u0Hmax427n)> ( [”Uk”p m])
0

k=
Crp (T ol grm )7

S

e For the second term, using Minkowski’s inequality and the isometry property (3) of the random
propagator, one has

Efil]) < X E1.]) <3

k=0
2 E [ ur) — o (u(ty)) [ ])

Z [11i75(0, 1) (Po(ur) — Wo(u(te)))llm1)

=
S =

=

Using the local Lipschitz continuity property (6) of ¥y (Lemma 2), then the almost sure bounds for
the H™ norm of the exact solution (Equation (11) from Proposition 3) and of the numerical solution
(Equation (16) from Proposition 5), one obtains, for all n =0,..., N,

(= [z m])% < OTnZl (& [ (el + Tt ) i = et ]

C(T, [luoll )7 Z 1Bk D)7 -

=

-

e In order to estimate the third term, applying Minkowski’s inequality yields

el ) < 5 (e[

Using the inequality (4) (combined with Cauchy—Schwarz’s inequality) and the local Lipschitz conti-
nuity property (6) of ¥ (Lemma 2) then yields

"=

Elldl.])" < | 0.0 - 50.0) (Fow(v) - Folu(e)I.D? d

Nl=

<Cr

[ (8 1ot - wotutt Zesa]) * at

k
L

L (te+1 o K
<ot [ (B] (1) mes + Tt men) B0 = i) | )™
tr

Using the almost sure bound (11) for the H™*2-norm of the exact solution (Proposition 3) and the
temporal regularity estimate (12), one finally obtains

=

1 th+1 .
(B[l ]) " < O ol gmei)r f (t — 1) % dt < C(T, Juo| grsa) 7>,
t

k



14 CHARLES-EDOUARD BREHIER AND DAVID COHEN

and finally one has, for alln =0,..., N,

1

1 n—1 1
E[IE )" < X (& [l ])" < Cnl@ ol i)
k=0

e Let us now focus on the the fourth term. As explained above, one needs to be careful to obtain an
order of convergence equal to 1. Indeed, for the fourth term, applying (4) directly (and appropriate
bounds) would only give order of convergence 1/2 of the splitting scheme.

Let us define auxiliary processes: for all n € Ny and all ¢ € [t,,,t,+1], set
vn () = S(0,8)Tq(u(ty))-

Note that v, (t) = S(tn, t)v,(t,) = e HBO=BEDAY (1), for all t € [t,,t,11]. As a consequence, the

process (Un(t))iefs, 1., 1 the solution of the linear stochastic evolution equation

dv, (t) = —iAv,(t) o dB(t) = —iAv,(t)dB(t) — %A%n(t) dt,

with v, (tn) = S0, £,) W (ul(tn)).

The local error term € is rewritten as follows in terms of the auxiliary process vy,:

b= [ (S(0.00) - S0,0)) Wolu(tn)

n

ift T o (t) — vn () dt

n

tnt1 [t i tn+1 [t
_ J Avn(s) dB(s) dt — f A2, (s) ds dt

n tn n tn
g2,
with
tnt1 t
ebl = J J Avy,(s)dp(s)dt
tn tn
i tn+1 [t
eh? = —ff J A?v,(s)dsdt.
2),  Je,
n—1 n—1
Set also Eﬁ’l = Z ei’l and E;‘;’Q = Z ei’Z. Using Minkowski’s inequality, one then gets
k=0 k=0

1 1 1
(E[IE8])" < (B[IES N ])" + (B[I1ES])7
On the one hand, observe that applying the stochastic Fubini theorem gives the equality

tnt1 flnti tnt1
e;glzf f Avn(s)dtdﬁ(s):J (tnt1 — 8)Avy(s) dB(s).

n

Introduce the (adapted) auxiliary process U, such that 7(s) = (tg+1 — s)vk(s) for all s € [tx, tr+1] and
k=0,...,N —1. Then the error term E}! is rewritten as the It6 integral

BN = f AB(s) dB(s),
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and applying the Burkholder-Davis-Gundy and Holder inequalities, for all p >

(1) = (=[] astorasc D
<6, ( f EIAN] ds)

C,(T) ( j " E [15(5) e ds)’l’ .

2, one obtains

1
P

N

By definition of T(s) and of vg(s), one obtains

jo CE[I5(s)][%ns] ds 2 j UE [t — $)0r(8)[Fpa] ds

<7 f RS0, )T (u(t)[Zya] ds

3

Tp+1 Z H\IIO tk ||Hm+2]

C(T, IIUOHHmw)T”,

using the isometry property (3), the inequality (5) and the exact preservation of the L? norm (10) as
well as the almost sure bound (11) for the H™*2 norm of the exact solution, see Proposition 3.

On the other hand, for the second term, using Minkowski’s inequality and the definition of the
auxiliary processes vy, one obtains

S =

1
(B{1=2211..]) " <

TM|

( [l 1)
Z f f o) dsat

<cr’ Z (150, 1) Wo (ultr)) [y ])

(T, ||u0||Hm+4)7-7

l\')\)—\

S =

using the isometry property (3), the inequality (5) and the almost sure bound (11) for the H™** norm
of the exact solution.

Gathering the estimates, one obtains the following estimate for the fourth error term: for all
n=0,...,N,

(E[IB]) < Conn(T ol
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e It remains to deal with the fifth error term. Using a second-order Taylor expansion, one has, for
le [tnv tn+1]7

Wo(u(t)) — Yo(u(tn)) = To(u(tn)). (u(t) — ultn))

+ J (1= Tg((1 = &ultn) + u(t)).(u(t) — ultn), u(t) — u(tn)) dg

0

= U (u(ty)). <(S(t,tn) —Du(ty) + iL S(t, s)\Ilo(u(s))ds> + R, (t),

n

using the mild formulation (9) for the exact solution, where one has defined the auxiliary quantity
1
R (t) = J (1= TG((L = ultn) + &u(t))-(u(t) — ultn), ut) — ultn)) d&.
0
Foralln=0,...,N —1, set

o 7i£ S0, 6) W (w(t). (S(E 1) — D) uty)) dt

n

tn+1 t
€2 = J S(0,t,)¥5 (u(ty)). (j S(t, s)\IJO(u(s))ds> dt
n tn+1 n
3 _ —if S(0, t.) R (£) dit,

tn
and Ep7 = ) e, j =1,2,3. Note that €, = e3! + 3% + €33, and E5 = E3! + E32 + E5?, for all

k=0
n=20,...,N —1, and Minkowski’s inequality yields

1 1 1 1
E (12215 ])" < @[iE 5. ])" + 1B )"+ E[1E00.])
It remains to obtain estimates for each of the three error terms in the right-hand side above.

(i) To treat the first error terms E2! and €1, one follows the same strategy as for the error terms

Efl’l and 6;11’1 above. Let us define auxiliary processes: for all n € Ny and ¢ € [¢,,,t,11], set
wp(t) = S, tr)u(ts).

For each n € Ny, the process (wn(t))cp,. tn.1] 1S the solution of the linear stochastic evolution

te[
dwy, (t) = 1Aw,(t) o dB(t) = iAw,(t) dB(s) — %AZMn(t) dt,

with initial value w,(t,) = u(t,), see the definition (2) of the random propagator S(t,s). The local

error term e>! is rewritten as follows in terms of the auxiliary process w,,:

S _if”“ S(0, )W (u(tn)). (S(tstn) — T) ultn) di

n

_ —iL S0, 6) T (). (wn () — wn (b)) dt

n

t

_ L S0, 0) W) (u(t)). J Aw,(s) dB(s) dt

tn

3 tn+1 t
+ %f S(O,tn)\Ilg(u(tn)).f A2, (s)ds dt
t’ll

_ 511
=€, te

n
5,1,2

n 9
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with
tni1 t
AN :f S(0, £) W) (u(t)). J Awn(s) dB(s) dt
tn tn
i tn41 t
12 = 5[ S(O,tn)\Ilg(u(tn)).L A?w,,(s)dsdt.
tn n
Set also B> = . éezl’l and E>N2 = [ 3621,2. Using Minkowski’s inequality, one then gets

1 1 1
E{1E2 )" < {1 1 ]) " + (B E 21 ])

On the one hand, observe that applying the stochastic Fubini theorem gives the equality

t

= [ syt [ duns)ase) a

n

_ 5(0,1,) j j ™ Aw,(s) dt dB(s)

= 5(0, £) W) (u(t)). f " (tnss — 5)Awn(s) dB(s).

n

Introduce the (adapted) auxiliary process w, such that W(s) = (tx+1 — $)S(0, tx)Ug(u(ty)).(Awg(s))
for all s € [t,txr1] and k =0,..., N — 1. Then the error term E>'11 is rewritten as the It6 integral

B3 = f " B(s) dB(s),

0

and applying the Burkholder—-Davis—Gundy and Holder’s inequalities, for all p > 2, one obtains

ezt = (<] womse]|])

< () (f ()] ds)’

By definition of w(s) and of wy(s), one obtains

[ el as - 2 f R (||t — 9)S(0, ) Wh(ulte). A ()| ] ds

0

< Cr? Z J (195 (u(t2))-AS (s, te () |7 ] ds
<Crtt 2 [t I3 () |

<o Ye [t 3, |
k=0
< C(T’ HUOHHm+2)Tp’

using the isometry property (3), the inequality (7) and the almost sure bound (11) for the H™*2 norm
of the exact solution.
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On the other hand, for the second term, using Minkowski’s inequality and the definition of the
auxiliary processes wy, one obtains
S )

([lm1.))" < X (2]

< if 150w 2560 ]) asa

=

k=0 Ytk k
n—1 b
<or Y (B [Jut) Fn a%utw);.])’
k=0
n—1 1
<0r 3 (B [Jute)le])"
k=0

C(T l[uoll grm-+a)7,

using the isometry property (3), the inequality (5) and the almost sure bound (11) for the H™** norm
of the exact solution.

Gathering the estimates for E>>1'! and E212) one finally obtains, for all n =0,..., N

1
(E[I1E5 5n])" < Cons T ol g

(i) To deal with the error terms E>? and €22, using Minkowski’s inequality, the isometry property (3)
and the inequalities (7) and (5) (Lemma 2), one obtains

E[I=221.0)" < 5 E[<).])

<3 7] EIS0.00w b)) (50 ) Fou(e))] 1) dsa

t

s Jtmf( [H“<tk>ll H‘IIO(())Hme%dsdt
—o Yt tr

f (B [t 35 () 175 ) 2 m])% ds.
k=0 vtk

n—1

Finally using the almost sure bound (11) for the H™ norm of the exact solution, one obtains, for all
n=0,...,N

(B [I1E22105n )" < Con T s )

(ii7) To deal with the error terms E2® and €23, using Minkowski’s inequality gives

Elizer.)" < X E[].])

T
thﬂ (150, t1) B (t) [ ]) 7 .

-

HMHO
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Using the isometry property (3), the inequality (8) (Lemma 2), one obtains

(E[I=1])° CZ f [l + Il t) = ulti) 137 )t

< (T o) Z f (= [utt) = wter) . ]) "

S Cm’P(T7 HUO ||Hm+2)7'7

=

B =

where the almost sure bound (11) for the H™ norm of the exact solution and the temporal regularity
estimate (12) (Proposition 3) have been used.

Gathering the estimates, one finally obtains the last required result: for allm =0,..., N
1
E[IE20m]) " < (T ol o)

e We are now in position to obtain the error estimate (17). Gathering the previously obtained esti-
mates, one has, for alln =0,..., N

EUEE-DF < Y (1))

3 =

.
—

< Crp (T |luol| grm+a) ™ + C(T, ||uol| grm )T Z [ Ex 7 ])
k=0

S

Applying the discrete Gronwall Lemma then gives (17) and concludes the proof of Theorem 8.

6. NUMERICAL EXPERIMENTS

We present some numerical experiments in order to support and illustrate the above theoretical
results. In addition, we shall compare the behavior of the splitting scheme (14) (denoted by SPLIT
below) with the following time integrators for the stochastic nonlinear Schrédinger equation (1)

e the stochastic exponential integrator from [5] (adapted to the present nonlocal interaction
cubic nonlinearity, denoted by EXP)

Upt1 = S(tnt1, tn)Un + 178 (tnt1, tn)Vwn Jun.

e the semi-implicit midpoint scheme (denoted MID)

iu7z+1 - Xn
T \f

where Uny1/2 = % (un + upy1) and xp, =

Aun+1/2 + V[un] Up =0,

M\E_ﬁ(t") This is a modification of the Crank—

Nicolson from [1] for the nonlinear interaction nonlinearity studied here.

Unless stated otherwise, we consider the SPDE (1) with the potential V(z) = cos(z) on the one
dimensional torus with periodic boundary conditions [0, 27]. The spatial discretization is done by a
pseudospectral method with M Fourier modes. The initial value is given by ug(x) = exp(—0.5(z—7)?).

6.1. Evolution plots. To illustrate the interplay and the balance between the random dispersion
and the nonlinearity, in Figure 1, we display the evolution of |u,,|? along one sample of the numerical
solution obtained by the splitting integrator (14). The discretization parameters are 7 = 2714 and
M = 29 and the time interval is given by [0, 0.5].
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FIGURE 1. Space-time evolution and contour plot for the splitting integrator
(14). The discretization parameters are 7 = 274 and M = 2'° Fourier modes.
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FIGURE 2. Preservation of the L?-norm: Splitting scheme (o), exponential
integrator (¢), and midpoint scheme (x).

6.2. Conservation of the LZ-norm. It is known that the L?>-norm of the solution to the SPDE (1)
remains constant for all times, see Proposition 3. Figure 2 illustrates the corresponding behavior of
the above numerical integrators along one sample path. For this numerical experiment, we consider
the parameters 7 = 278 and M = 219 Fourier modes and the time interval [0,1]. Exact preservation
of the L2-norm for the splitting scheme is observed, as stated in Proposition 4, whereas a small drift
is observed for the exponential integrator and the midpoint scheme.

6.3. Strong convergence. We now illustrate the mean-square convergence of the splitting scheme
(14) stated in Theorem 8. M = 210 Fourier modes are used for the spatial discretization. The mean-
square errors E[||uret(x, Tond) — uN(a:)H?{l]l/Q at time Teng = 1 are displayed in Figure 3 for various
values of the time step 7 = 27¢ for £ = 10,...,16. Here, we simulate the reference solution wuet(x,t)
with the splitting scheme, with a small time step 7ot = 278, The expected values are approximated
by computing averages over M, = 100 samples. In Figure 3, we observe convergence of order 1 for all
time integrators. Note that, the strong order of convergence of the exponential scheme and midpoint
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Error

FIGURE 3. Mean-square errors as a function of the time step: Splitting scheme
(o), exponential integrator (¢), and midpoint scheme (x). The dotted line has
slope 1.

integrator are not known in the case of the considered nonlocal interaction potential, whereas Figure 3
illustrates our main result Theorem 8 for the splitting scheme.
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