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ACTIONS OF SYMPLECTIC
HOMEOMORPHISMS/DIFFEOMORPHISMS ON FOLIATIONS
BY CURVES IN DIMENSION 2

MARIE-CLAUDE ARNAUD#, MAXIME ZAVIDOVIQUE*>**

ABSTRACT. The two main results of this paper concern the regularity of the
invariant foliation of a CP-integrable symplectic twist diffeomorphisms of the
2-dimensional annulus, namely that

o the generating function of such a foliation is C1;

e the foliation is Holder with exponent %
We also characterize foliations by graphs that are straightenable via a sym-
plectic homeomorphism and prove that every symplectic homeomorphsim that
leaves invariant all the leaves of a straightenable foliation has Arnol’d-Liouville
coordinates, in which the Dynamics restricted to the leaves is conjugated to
a rotation. We deduce that every Lipschitz integrable symplectic twist dif-
feomorphisms of the 2-dimensional annulus has Arnol’d-Liouville coordinates
and then provide examples of ‘strange’ Lipschitz foliations in smooth curves
that cannot be straightened by a symplectic homeomorphism and cannot be
invariant by a symplectic twist diffeomorphism.

1. INTRODUCTION AND MAIN RESULTS.

1.1. Main results. This article deals with foliations by curves in a 2-dimensional
symplectic setting. The questions we raise for such a foliation are

e When is it (locally or globally) symplectically homeomorphic to the straight
foliation'?
e What can be said on the foliation when it is invariant? by a symplectic
twist?
e What can be said on a symplectic Dynamics that preserves such a foliation?
Before going more into details, let us explain our motivations.

The first problem in which we were interested is the possible extension of Arnol’d-
Liouville theorem (see e.g. [6]). This classical theorem concerns Hamiltonian Dy-
namics associated to a C? Hamiltonian function endowed with a complete system
of independent commuting C? integrals. Then there exists an invariant C? foliation
into Lagrangian submanifolds and in the neighbourhhood of every compact leaf of

2010 Mathematics Subject Classification. 37TE10, 37E40, 37J10, 37J30, 37J35.

Key words and phrases.  twist maps, symplectic homeomorphisms, generating functions,
integrability.

1 Université Paris 7 — Denis Diderot Institut de Mathématiques de Jussieu— Paris Rive Gauche
UMRT7586 Batiment Sophie Germain Case 7012 75205 PARIS Cedex 13 , FRANCE .

1 member of the Institut universitaire de France.

* IMJ-PRG, UPMC 4 place Jussieu, Case 247 75252 Paris Cedex 5.

xx financé par une bourse PEPS du CNRS.

LThis will be precisely defined later.

2In this article, we will say that a foliation is invariant by f if every leaf is (globally) invariant.

1



2 MARIE-CLAUDE ARNAUDT’i7 MAXIME ZAVIDOVIQUE* **

this foliation, there exist symplectic C! angle-action coordinates H : (q,p) € U C
M (0,I) € U C T™ x R™ such that in these coordinates

e the invariant foliation is the straight foliation I = constant;
e the flow is (0,1) — (0 + tVh(I),I) where h is a C? function.

In fact, there are two steps in this result.

e The first step consists in symplectically straightening the foliation via the
chart H. The diffeomorphism H is defined via its generating function
S(q,I). We recall

a8
H(q,p) = (0,1) <=0 = g(q,f) et p= %(q,1)~

A priori this generating function S is only C? as the foliation was and the
diffeomorphism H is only C*, but because the invariant foliation is C?, we
can say a little more: when I is fixed, ® = H~! is C? in the #-variables

e Then the second step consists in noticing that a symplectic flow that pre-
serves every leaf of the straight foliation has to be a flow of rotations on
every leaf.

In [3], the hypothesis concerning the regularity of the invariant foliation was relaxed
and the invariant foliation was just assumed to be C'. In this case, when the
Hamiltonian satisfies the so-called A-non degeneracy condition (that contains the
case of Tonelli Hamiltonians), the authors proved the existence of a symplectic
homeomorphism H straightening the invariant Lagrangian foliation, such that H !
is C! in the § variable and such that the flow is written in the chart: (0,1)
(6 +tvh(I),I) where h is a C! function.

Here we raise the problem of invariant C° foliation into invariant C°-Lagrangian
tori. In high dimension, the first problem is to define what is a C%-foliation into
Lagrangian tori. An interesting discussion on this topic is provided in the appendix
of [3], but here we will consider the simplest case: in dimension 2, any foliation into
curves can be seen as Lagrangian. Also we will assume that the foliations that we
consider are not too complicated, because they are (at least locally in C! charts)
foliations into graphs.

Even in this setting and for a symplectic twist diffeomorphism of the 2-dimensional
annulus A = T x R, there exist results in which the authors are able to prove the
existence of such an invariant continuous foliation into curves that are graphs, see
e.g. [5] or [9], but not able to say more (e.g. to describe the Dynamics or prove
that the foliation is symplectically straightenable). Observe too that the case of a
Tonelli Hamiltonian with two degrees of freedom corresponds to the case of twist
maps by using a Poincaré section close to some invariant torus in an energy surface,
and that in this setting also the same questions are open and relevant (see e.g. [18]).

DEFINITION. A map f: A — A is C%-integrable if f has an invariant C%-foliation
into graphs.
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For such a foliation into graphs of § € T +— 7.(f) € R where [.7.(0) = ¢, we
introduce what we call its generating function® that is u : A — R defined by

0
u(f,c) = /0 (ne(t) — ct)dt.

DEFINITION. Let F be a continuous foliation of A into graphs. Then the unique
continuous function u : A — R that is C! with respect to the T variable such that
e Ve e R u(0,¢) =0,
e Ve € R, the graph of ¢ + %(.,C) is a leaf of F,
is called the generating function of F

Our first result proves that in the C integrable case of twist diffeomorphisms,
there is more regularity of the generating function giving the foliation than we
should expect.

Theorem 1.1. Let f : A — A be a C' symplectic twist diffeomorphism. When f
is C integrable, the generating function w of its invariant foliation is C"
Moreover, in this case, we have*
e the graph of ¢ + %(.,C) s a leaf of the invariant foliation;
e h.:0— 0+ %(9,0) s a semi-conjugacy between the projected Dynamics
ge: 0 — m of(0,0+ %(0,0)) and a rotation R of T, i.e. heog. = Ro he.
This allows us to give an example of a foliation of the annulus into smooth graphs
that cannot be invariant by a C-integrable symplectic twist diffeomorphism. But
we will see in subsection 7 that it can be invariant by an exact symplectic twist
homeomorphism that is a C!-diffeomorphism.

Corollary 1.1. Let £ : R — R be a non-C*' function that is ﬁ-Lipschitz. Then
the function

(0,¢) = u(f,c) = %:r) sin(276)

is the gemerating function of a foliation of A into smooth graphs of 8 € T — ¢+
e(c) cos(2mf) that is invariant by no C°-integrable symplectic twist diffeomorphism.

The striking fact is the regularity in c. Indeed, if we have a C* foliation in graphs
for some k£ > 1, we can only claim that u and % are C*. So in the C° case, even
the derivability with respect to c is surprising, which is a result of the invariance
by a symplectic twist diffeomorphism. Also, the fact that the semi-conjugacy h.
continuously depends on ¢ even at a ¢ where the rotation number is rational is very
surprising. At an irrational rotation number, this is an easy consequence of the
uniqueness of the invariant measure supported on the corresponding leaf, but what
happens for a rational rotation number is more subtle.

Another result for C%-integrable twist diffeomorphisms is that the invariant fo-
liation is not only C°, but also %—Hélder. It is well-known since Birkhoff that it
is locally uniformly Lipschitz in the variable # and we prove here some regularity
with respect to c.

3This terminology will be better understood when we will introduce the generating functions
of a large class of symplectic homeomorphisms. Let us mention that for a general foliation, the
generating function of the foliation is not necessarily the generating function of a symplectic
homeomorphism. We will later give conditions for this to be true.

4See the notation 7 at the beginning of subsection 1.2 .
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Theorem 1.2. Let f : A — A be a C' symplectic twist diffeomorphism that is
C° integrable with generating function u of its invariant foliation. Then on every
compact subset of A, the foliation (0, c) — n.(0) = c+9%(0, c) is uniformly -Hélder

; ; 00
in the variable c.

In the C’-integrable case, the Dynamics restricted to a leaf with a rational ro-
tation number is completely periodic.
It is an open question if it can be a Denjoy counter-example when restricted to a
leaf with an irrational rotation number.
With the notations Theorem 1.1, let us observe that when f : A — A is C° inte-
grable, there exists a dense G subset G of R such that for every ¢ € G, the Dynamics
restricted to the graph of 7. is minimal. Indeed, the set R of recurrent points is a
G set with full Lebesgue measure, hence R is dense. Hence there exists a dense G
subset Gy of R such that for every ¢ € Gy, the set {6 € T, (6,7.(f)) is recurrent}
is a dense G5 subset of T. Hence, for ¢ € G1, the Dynamics restricted to the graph
of 1. cannot be Denjoy. If we remove from G; the countable set of ¢’s that corre-
spond to a rational rotation number, we obtain a dense G subset of R such that
the Dynamics flGraph(CJr%(.ﬁ)) is minimal.

We will give some conditions that imply that the Dynamics restricted to a leaf
cannot be Denjoy.

Before this, we need to explain the notion of straightenable foliation.

NOTATIONS. We will work in some open subsets I/, V of either A or R2?, on which
we have global symplectic coordinates that we denote by (6,r) or (6, c). Moreover,
we will assume that V = {(0,7);0 € (o, 8) and a(8) <r < b(f)} or V = A where
a,b are some continuous functions and that 0 € (o, 8).

Firstly, we introduce the notion of exact symplectic homeomorphism, which is a
particular case of the notion of symplectic homeomorphism that is due to Oh and
Miiller, [16]. Their notion coincides in this 2-dimensional setting with the one of
orientation and Lebesgue measure preserving homeomorphism.

DEFINITION. An exact symplectic homeomorphism from U onto V is a homeomor-
phism that is the limit for the for the C° compact-open topology of a sequence of

exact symplectic diffeomorphisms.’.

REMARK.

e In R2, every 1-form is exact and then the notions of symplectic homeomor-
phisms and exact symplectic homeomorphisms coincide.

e Let us recall that a symplectic diffeomorphism f of A that is isotopic to
identity is exact symplectic if and only if for every essential® curve « of the
annulus, the algebraic area between v and f(v) is zero.

A remarkable tool can be associated to the exact symplectic homeomorphisms
that maps the standard horizontal foliation onto a foliation that is transverse to
the vertical one. This is called a generating function.

5We recall that a diffeomorphism f : A — A is exact symplectic if the 1-form f*(rdf) — rdf is
exact.
6An essential curve is a simple closed curve that is not homotopic to a point.
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Theorem 1.3 (and definition). We use the same meaning for U and V as in the
notations.

Let @ : U — V be an exact symplectic homeomorphism that maps the standard
horizontal foliation onto a foliation F that is transverse to the vertical one and that

preserves the orientation of the leaves’. We use the notation

W ={(0,c);3(z,c) eU,P(z,c) = (0,7) €V} =[a, 8] x I

where I is either [c_,cy] or R. Then there exists a C* function u : W — R such
that u(B,c) = u(a, ¢)® and
ou

ou
O(z,¢)=(0,r) <= z=0+ &(9,6) and r=c+ %(9,0).

In particular, when defined, every map 6 — 0 + %(0,6) is injective and {(9,0 +
%(9, 0)); (0,c) € W} is a leaf of the image of the standard horizontal foliation.
The function u is called a generating function for ®.
Conversely, we consider a C°-foliation of V into graphs of n. for ¢ € I and

assume that there exists a C' map u: W — R such that

e u(0,¢) =0 forallcel,

e the graph of 0 — c+ %(9, ¢) defines a leaf of the original foliation,

e forallce I, the map 0 — 6 + %(9,0) 18 injective.
Then the exact symplectic homeomorphism defined by

ou ou
O(z,c)=(0,r) = x=0+ 5(9,0) and r=c+ %(9,0)

maps the standard horizontal foliation onto the original foliation.

Corollary 1.2. The foliation given in Corollary 1.1 cannot be straightened via an
exact symplectic homeomorphism that preserves the horizontal orientation of the
leaves. Even locally, in any neighbourhood of points where u is not C*, it cannot be
straightened via an exact symplectic homeomorphism that preserves the horizontal
orientation of the leaves.

REMARKS.

(1) The formulas of Theorem 1.3 can be also written as follows.

<I><0+ %(9,0)70) = (H,C—i— %(970)).

(2) Observe that Theorem 1.1 gives us a C! function u, but not the injectivity
of @ — 6+ %(9, ¢). This is why a priori the maps h. are not conjugacies,
but only semi-conjugacies and in this case the restricted Dynamics may be
Denjoy.

We will now give a condition that implies that a foliation is straightenable by an
exact symplectic homeomorphism.

DEFINITION.
e A foliation into graphs a +— 7, is a Lipschitz foliation if (0, a) — (0, na(é))
is an homeomorphism that is locally biLipschitz;
e if f has an invariant Lipschitz foliation, f is Lipschitz integrable.

"Here we means the orientation projected on the horizontal foliation.
8When [a, B] = T, we have a = 8 and there is no condition.
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The following proposition is a consequence of Theorem 1.3 and results of Min-
guzzi on the mixed derivative, [15].

Proposition 1.1. Let u : A — R be the generating function of a continuous
foliation of A into graphs. We assume that u is C*. Then two following assertions
are equivalent:

(1) the foliation is Lipschitz;

(2) we have

. % locally Lipschitz continuous;

° % uniformly Lipschitz continuous in the variable 8 on any compact
set of ¢’s;
e for every compact subset IC C A, there exists two constants ky > k_ >
—1 such that k4 > % > k_ Lebesgue almost everywhere in K.
In this case, u is the generating function of an exact symplectic homeomorphism
® : A — A that maps the standard foliation onto the invariant one.

Observe that Corollary 1.2 gives an example of a Lipschitz foliation into smooth
curves that is not straightenable via a symplectic homeomorphism. Hence the
hypothesis that u is C'! is crucial in Proposition 1.1.

DEFINITION.
e A map a — 1, defines a C* foliation if (6,a) — (6,7,(0)) is a C* diffeo-
morphism; if f has an invariant C* foliation, f is C* integrable;
e following [12], a map a + 7, defines a C* lamination if (0,a) — (H,na(H))
is a homeomorphism, every 7, is C* and the map a +— 17, is continuous
when C*(T,R) is endowed with the C* topology.

Corollary 1.3. Let k > 1 and r — f. be a C*-foliation in graphs. Then there
exists a C*~1 exact symplectic diffeomorphism® ® : (0,7) — (h(6,7),n(h(0,7),7))
such that for each r € R, the set {(9777(9,1“)),9 € ’]I‘} is a leaf of the foliation.

When a symplectic homeomorphism preserves a symplectic foliation that is sym-
plectically straightenable, the Dynamics is very simple. Let us introduce a notion
before explaining this point.

DEFINITION. If f: A — A is a symplectic homeomorphism, C° Arnol’d-Liouville
coordinates are given by a symplectic homeomorphism ® : A — A such that the
standard foliation into graphs T x {c} is invariant by ®~! o f o ® and

o~ o fod(r,c) = (x4 ple). )

for some (continuous) function p : R — R.

Proposition 1.2. Let f : A — A be a symplectic homeomorphism that preserves
(each leaf of) a CO-foliation F. If the foliation is symplectically straightenable
(by ® : A — A that maps the standard foliation Fy to F = ®(Fy)), then the
homeomorphism ® provides C° Arnol’d-Liowville coordinates.

Corollary 1.4. A symplectic twist diffeomorphism f : A — A is C°-integrable
with the Dynamics on each leaf conjugated to a rotation if and only if the invariant

9A O diffeomorphism is a homeomorphism.
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foliation is exact symplectically homeomorphic to the standard foliation. In this
case, f admits global C° Arnol’d-Liouville coordinates.

In the case where the invariant foliation by a symplectic twist diffeomorphism is
Lipschitz, we are in the case of Proposition 1.2 and so for every leaf, the restricted
Dynamics is not Denjoy.

Corollary 1.5. Let f: A — A be a symplectic twist diffeomorphism that is Lips-
chitz integrable. We denote by u the generating function of its invariant foliation.

Then w is the generating function of an exact symplectic homeomorphism @ :
A — A that maps the standard foliation onto the invariant one such that:

Y(z,c) €A, ® lofod(x,c)=(z+ plc)c);

where p: R — R s an increasing biLipschitz homeomorphism.

Moreover, the invariant foliation is a C' lamination and ® admit a partial deriv-
ative with respect to 6. The projected Dynamics g. restricted to every leaf is C*
conjugated to a rotation via the C' diffeomorphism h. = Idr + %(-,c) T —T
such that h. o g. = Ro h,.

Corollary 1.5 provides some C° Arnol’d-Liouville coordinates. A similar state-
ment for Tonelli Hamiltonians is proved in [3], without the fact that the conjugation
is C1.

1.2. Some notations and definitions. We will use the following notations.

NOTATIONS.

o T =R/Z is the circle and A = T x R is the annulus ; 7 : R — T is the usual
projection;

e the universal covering of the annulus is denoted by p : R2 — A;

e the corresponding projections are my : (0,7) € A — 60 € T and w3 : (0,7) €
A — r € R; we denote also the corresponding projections of the universal
covering by m, m :R? = R;

e the Liouville 1-form is defined on A as being A = madm; = rdf; then A is
endowed with the symplectic form w = —dA.

Let us give the definition of an exact symplectic twist diffeomorphism.

DEFINITION.  An symplectic twist diffeomorphism f : A — A is a C' diffeomor-
phism such that
e f is isotopic to identity;
e f is symplectic, i.e. if f*w = w;
e f has the twist propertyi.e. if F = (Fy, F») : R? — R? is any lift of f, for any
0 € R, the map r € R — Fy(,r) € R is an increasing C" diffeomorphism
from R onto R.

1.3. Content of the different sections. The main tools that will use are tools
of ergodic theory, symplectic (continuous or differentiable) Dynamics, in particular
symplectic twist maps, Green bundles. Let us detail what will be in the different
sections

e Section 2 contains the proof of of Theorem 1.1; after recalling some gener-
alities about symplectic twist diffeomorphisms, we consider the case of the
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rational curves by using some ergodic theory, then we prove regularity of u

by using also ergodic theory;

Theorem 1.2 is proved in section 3;

Theorem 1.3 is proved in section 4;

Section 5 contains the proofs of Proposition 1.1 and Corollary 1.3;

Section 6 contains the proofs of Proposition 1.2, Corollary 1.4, Corollary

1.5;

e Section 7 introduces a strange foliation, provides the proofs of Corollaries
1.1 and 1.2 and an example of an exact symplectic twist map that leaves
the strange foliation invariant;

e Appendix A contains an example of a foliation by graphs that is the inverse
image of the standard foliation by a symplectic map but not by a symplectic
homeomorphism and Appendix B recalls some results about Green bundles.

Acknowledgements. The authors are grateful to Philippe Bolle for insightful
discussions that helped clarify and simplify some proofs of this work.

2. PROOF OF THEOREM 1.1

We assume that f : A — A is a C* symplectic twist diffeomorphism (with
k > 1) that has a continuous invariant foliation into continuous graphs with gener-
ating function denoted by u. We write 1, = c+ ‘g—g(~, ¢) and we recall that Birkhoff’s
theorem (see [4], [8] and [10]) implies that all the 7, are Lipschitz.

NOTATION. For every ¢ € R, we will denote by g. : T — T the restricted-projected
Dynamics to the graph of 7., i.e

gc(e) =710 f(e’ 770(9))

2.1. Some generalities.

NOTATIONS.

e In R? we denote by B(z,r) the open disc for the usual Euclidean distance
with center z and radius r;

e we denote by R, : T — T the rotation R, (0) = 0 + «;

e if E is a finite set, §(FE) is the number of elements it contains;

e we denote by |-] : R — Z the integer part.

We fix a lift F' : R? — R? of f. We denote by 7. : R — R the lift of .. We
denote by p the function that maps ¢ € R to the rotation number p(c) € R of the
restriction of F' to the graph of 7.

The map p is then an increasing homeomorphism.
When moreover the foliation is biLipschitz, we will prove that p is a biLipschitz
homeomorphism (see Proposition 6.1). We recall a well-known result concerning
the link between invariant measures and semi-conjugacies for orientation preserving
homeomorphisms of T.

Proposition 2.1. Assume that p. is a non-atomic Borel invariant probability mea-
sure by g.. Then, if p(c) is irrational or g. is C° conjugated to a rotation, the map
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he : T — T defined by h.(0) = fog due is a semi-conjugacy between g. and the
rotation with angle p(c), i.e:

he(ge(8)) = he(0) + p(c).

Proof. Let fi. be the pull back measure of y. to R and let §. : R — R be a lift of
gc to R. Then we have for every © € [0, 1] lift of § € T:

ﬂc([oﬂ 9]) = ﬂc([gc(0)7gc(®)}) = ﬂC([Lgc(O)J ) gc(g)}) - /10( [|_§C<O)J7gc(0)])7
where |§.(0)] is the integer part of §.(0). This implies'’
hc(e) = hc(gc(e)) - ﬂc([ovgc(o)]) = hc(gc(e)) - p(c).

Moreover, as we assumed that u. is non-atomic, h. is continuous. (Il

REMARKS.

(1) In the other sense, if h. is a (non-decreasing) semi-conjugacy such that
he o g = he + p(c), then w([0,6]) = h.(8) — he(0) defines a g.-invariant
Borel probability measure;

(2) When p(c) is irrational, it is well known that the Borel invariant probabil-
ity measure pu. is unique and that the semi-conjugacy h. is unique up to
constant.

NoTATION. When p(c) is irrational, we will denote by h. the semi-conjugacy such
that h.(0) = 0.

Before entering the core of the proof, let us mention a useful fact about iterates
of CY-integrable symplectic twist diffeomorphisms:

Proposition 2.2. Let f : A — A be a C%-integrable C* symplectic twist diffeomor-
phism, then so is f™ for all mn > 0.

This is specific to the integrable case: in general, an iterated twist diffeomor-
phism is not a twist diffeomorphism as can be seen in the neighborhood of an elliptic
fixed point.

Proof. We argue by induction on n > 0. The initialization being trivial, let us
assume the result true for some k > 0. Let F': R? — R? be a lift of f. For any
¢ € R using the notations given at the beginning of section 2, we have

V0 € T,Ym >0, f™(8,1:(0)) = (97(8), 7 © g7 (8)).

Observe that if f™ satisfies the twist condition and ¢y < ¢y are two real numbers,
then we have

Gy () =m0 F™ (t,me, (£)) < w10 F™ (£,me, () = 30, (1)

and tilrinoo Je, (1) = to00.

10 Recall that if f: T — T is an orientation preserving homeomorphism then either p(f) is
irrational, f is semi-conjugated (by h) to the rotation R, () and the only invariant measure is
the pull back of the Lebesgue measure by h; or p(f) is rational and the invariant measures are
supported on periodic orbits. When p(f) is irrational or when f is C9 conjugate to a rotation and
p(f) € [0,1], then for any invariant measure p and z € T, u([z, f(x)[) = p(f).
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Let ¢; < ¢o and t € R. Denoting with ~ the lifts of the considered functions we
obtain that

T (™t ) = (F™TH (¢t ¢1)) = Gea 090 () —Gey 0G0, () = ey 0 () —Fey 0G0 (1),

where we have used the induction hypothesis and the fact that §., is increasing.

It follows that ¢ +— 71 (F"™!(¢,c)) is an increasing diffeomorphism on its image.

Observe also that this inequality implies that lin+1 m (F"Jrl (t, 02)) = 400 because
Co2—>+00

liril Jeo (8) = +00. Moreover

Cco—+00

T (F Ut e2)) —mu (™ (E 1)) = ey 0G0, ()= Gey 082, () < Gea0F2, (1) —Fer 0, (1),

implies that lim (F"'H(t, cl)) = —oo because lim g, (s) = —oo. So finally
Cc1—>—00 Cc1—>—00

¢~ m (F"T1(t,¢)) is an increasing diffeomorphism onto R.
d

2.2. Differentiability and conjugacy along the rational curves. It is proved
in [1] that for every r = g €Q, e =1np-1(¢r) I8 C* and the restriction of f to the
graph T, of 7. is completely periodic: f&n = Idr,. Moreover, along these particular
curves, the two Green bundles (see Appendix B for definition and results) are equal:

G (0,7.(0)) = G+ (6,n.(9)).

Theorem 2.1. e Along every leaf T such that p(c) € Q, the derivative
3"5%50) =1+ 68;;9 > 0 exists and C*~1 depends on 6;

e for any c such that p(c) is rational, the measure u. on T with density %

is a Borel probability measure invariant by g. and for 0 € [0, 1], the equality

? ome
0 30
defines a conjugacy between g. and the rotation with angle p(c);

e then the map ¢ € R — pu. is continuous and also ¢ € R — h. for the
uniform C° topology. Thus (0, ¢) — h.(0) is continuous.

he(0) = pe([0,6]) = (t)dt

REMARKS.

(1) Observe that because ¢ +— 7, is increasing, we know that for Lebesgue
almost every (6,¢) € A, the derivative anéée) exists (see [13]). But our
theorem says something different.

(2) Because of the continuous dependence on 6 along the rational curve, we

obtain that 8"5—?) restricted to every rational curve is bounded (that is
clear when we assume that the foliation is Lipschitz but not if the foliation
is just continuous).

Proof of the first point. We fix A € R such that p(A4) = % € Q. Replacing f by f9,
we can assume that p(A) € Z. Observe that because of the C-integrability of f,
f9is also a (C-integrable with the same invariant foliation) C* symplectic twist
diffeomorphism (Proposition 2.2).

We define G4 : A — A by

(1) Ga(0,7) = (0,7’+77A(0)).
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Then Gzl o f90G 4 is also a C%-integrable C* symplectic twist diffeomorphism and
T x {0} is filled with fixed points.

We finally have to prove our theorem in this case and we use the notation f
instead of G;l o f10G 4. We can assume that A = 0 instead of A € Z.

Because of the semi-continuity of the two Green bundles G_ = R(1,s_) and
G4+ =R(1,s;), we have that for any point = (6, r) sufficiently close to T x {0}:
max{|s_(z)|, |s+ ()|} < € is small.

Now we fix ¢ small and consider for every 6 € T the small triangular domain
T (0) that is delimited by the three following curves

e the graph of 7;
e the vertical Vy = {6} x R;
e the image f(Vp) of the vertical at 6.

To be more precise, T (6) is ‘semi-open’ in the following sense; it contains its whole
boundary except the image f(Vy) of the vertical at 6.

We assume that ¢ > 0. The case ¢ < 0 is similar.

As the slope of 7. is almost 0 (because between the slope of the two Green bundles,
see Proposition B.1) and the slope of the side of the triangle that is in f(Vs) is
almost ﬁ where s(f) > 0 is the torsion that is defined by

B pre = (g ).

the area of this triangle is

(3) AT(9)) = = (n:(6))° (5(8) + £(0,));

N | =

where
uniformly for 6 € T, liH(l) e(0,c) =0.
c—

Let X\ be the Lebesgue measure restricted to the invariant sub-annulus

Ac = U {9} X [07776(0)]'
0eT

Being symplectic, f preserves A. Moreover, every ergodic measure p for f with
support in A, is supported on one curve I'y with A € [0,¢]. But fjr, is semi-
conjugated to a rotation with an angle p(A) that is in [0, 1[. Hence every interval in
I'4 that is between some (6,1.4(0)) and f(6,74(0)) has the same p-measure, which
is just given by the rotation number p(A) € [0, 1] on the graph of n4. This implies
that 6 — p(7(0)) is constant. Hence for every 6,6’ € T and for every ergodic
measure (1 with support in A., we have p(7(6)) = p(T(6")).

We now use the ergodic decomposition of invariant measures (see e.g. [14]). Let
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0, be the notation for the Dirac measure at x. For every a € A, we denote
n—1

1
lim — Z(an a) by Aa. Then we have A = [ A,d\(a). Denoting the rotation

n—00 N

number of a point a € A by R(a), we deduce that:
(@) V6,0 €T, A(T(0)) = A(T(0)) = / R(a)d\(a)
Ac

We deduce from equation (3) that

50 (@) \5(0)

!/
uniformly for 6,0’ €T, i ne(0") s(0)

Integrating with respect to 6’ we deduce that uniformly in 6, we have

_\ﬁ/

c—>0 nc

This implies that

(5) 8nc(0)|c=0_( dt )—1 1

dc T /(%) 5(0);

(6) N.(0) = c( ; \/CZT)>_1( 31(9) —i—E(@,C))

where
uniformly for 6eT, liné e(@,¢) =0.
c—

1
(k%) 75
first point of theorem 2.1.
Proof of the second point. We deduce from the first point that for any ¢ such that
p(c) is rational, the function 68’7" is continuous and positive. Moreover, its integral
on T is 1. Hence %’7“ is the density of a Borel probability measure that is equivalent

to Lebesgue. We now introduce:

is a C*~! function of #’. This proves the

Observe that 88”" =

NotATION. If ¢ < ¢/, we denote by A;  the normalized Lebesgue measure between
the graph of 7. and the graph of ..

Then f preserves A. . Observe that for any measurable I C T, we have

. //I(Tlc(e)—nc/(ﬁ))da.

c—¢

(7) Ac,c’ ({(Ga T)§ 0el, re [770(9)’770’(9)}}) =

Lemma 2.1. If p(c) is rational, then lim Ac.er is a measure supported on the
c/

graph of n. whose projected measure . has denszty CC with respect to the Lebesgue
measure of T.

Hence if he(0) = 00 887’; (t)dt, we have

h.om o f(@,nc(e)) = h.(0) + p(c).
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Proof. Using Equation (6), we can take the limit in Equation (7) or more precisely
for any ¢ € C°(A,R) in

77(‘.(9)
/ﬁwmmmﬂwWy:ACfd</(mw@mm)w
MNet

and obtain that the limit is an invariant measure supported in the graph of 7,

whose projected measure . has a density with respect to Lebesgue that is equal to
dai. We then use Proposition 2.1 to conclude that h, is the wanted conjugacy. O

c
C

Proof of the third point. We noticed that when p(c) is irrational, there is only one
invariant Borel probability measure that is supported on the graph of 7n.. This
implies the continuity of the map ¢+ u. at such a c. Let us look at what happens
when p(c) is rational.

Proposition 2.3. For every ¢o € R such that p(co) is rational, for every 6 € [0,1],
we have

lim Mc([ove]) = Mco([()?e])

c—rCo

and the limit is uniform in 6.

This joint with the continuity of h., implies the continuity of (6,c) — h.(0) at
(9, Co).

Proof. In this proof, we will use different functions (7, ¢) and all these functions
will satisfy uniformly in 7

ll—% gi(r,¢) =0.

As in the proof of the first point of Theorem 2.1, we can assume that 7., = 0 (and
then ¢o = 0) and p(0) = 0.

We fix £ > 0. Because of the continuity of p, we can choose « such that if |¢| < a,
then |p(c)| < e.

Let us introduce the notation N, = Lﬁj for ¢ # 0. Let us assume that ¢ > 0 and

0 € (0,1]. We also denote by g. the lift of g. such that g.(0) € [0,1) and by M.(6)
M.(0) =t{j €N; g.(0) € [0,6]}.

Hence, M. () is the number of points of the orbit of 0 under g. that belong to [0, ].
Observe that M.(0) is non-decreasing with respect to 6.
As n. > 0, any primitive N, of 7, is increasing, hence M. () is also the number of

G"(0) such that N, (g"(0)) belongs to [N.(0), N.(6)], i.e.
MA6)  =e{jeNs [T nubydt < Jy ne(t)at}
= sup {j eN; fOﬂC(O) ne(t)dt < foe nc(t)dt}.

Note that M.(1) = N. because g. has rotation number p(c) and that we have
Vo € (0,1], M.(0) < N, as M, is non decreasing. We have also

(8)

M.(0)—1

pe(0.6) = > we((32(0), 327 (O)) + ne([3"*(0), 6))
§=0
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and thus p.([0,60]) = M.(8)p(c) + Ap(c) with A € [0,1] because [§M<(?)(0),6]
[gM<®)(0), g1 (0)].

Hence
O ne0.6]) € [M(E)o(e) Ma(O)ole) + p(0)] < | oy TR

Hence to estimate the measure p.([0,8]) we need a good estimate of the number of
j such that gZ(0) belongs to [0,6]. We have proved in Equation (6) that
( dt )*1 c(1+¢eo(r,¢))
T \/5(t) s(r)

We deduce from Equation (2) that ge(r) = 7+ (s(7) + €1(7,¢))ne(r) where
uniformly in 7, we have: 111% €1(7,¢) = 0 and then by Equation (10):
c—r

(10) ne(T) =

c? (1 + es(T, c)) .

(i)

T /s

This says that the area between 7 and g.(7) that is limited by the zero section and
the graph of 7. is almost constant (i.e. doesn’t depend a lot on 7).

Ge(T)
(11) / ne()dt = ne(7)? (s(r) + a7, €)) =

We deduce from Equation (8) that
5Me(®) (o

/9
0
M.(0)-1 11(0)

/g](o )dt</9

Using Equation (11), we deduce that

gi\/fc(")+1(0)

)nc(t)dt < /0 ne(t)dt < / ne(t)dt.

Hence

MC(Q) FERR() )

/ )dt.
§7(0)

Jj=0 Jj=0

Mc(9)02(1+54(9,02)) < c(1+e5(0,¢)) /9 dtt < (Mc(9)+l)wv
(ITN) f'ﬂ‘m 0 V/s(?) (fT\/it(T))
and then

0

(12) M.(6) = ﬁ(( i \/‘%)( F) +en(8 c))J .

This implies that

(13) N, = M,(1) = {1<( \/CZL)QJFES (1 @)J

and by Equations (5), (9), (12) and (13).

f s(t
M]if(ce) +e9(f,c) = jf; \/T

As none of the measures . has atoms, thls nnplies that ¢ — p. and all the maps
¢ = uc([0,6]) = hc(6) are continuous. As every map h. is non decreasing in the

(14) e ((0,6]) = +€10(9 ¢) = po([0,6]) + €11(6, ¢).
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variable 6, we deduce from the Dini-Polya Theorem [17, Exercise 13.b page 167]
that ¢ — h, is continuous for the C° uniform topology. (]

dnc(e)

-1
REMARK. Ifp(4) = p , then we proved that <f1r 7 t))) - (91 o
s "7A sq\U;MnA

where (@) (@)
D) — (@ sqx)-
o= (56 o
Indeed, the term s, (t,7:(t)) doesn’t change when we conjugate by the map Ga

where G4(6,r) = (0,7 +14(6)) as we did in section 2.2.
This gives for the conjugacy

ha(0) = pa([0,0]) = (/T\/Sq(j;m)_l/: \/mdt

Observe that this C* depends on 6.
Observe too that Equation (6) can be rewritten as

1

(15) 1(6) = 14(0) + (c — A [( / %qw ) %q(m@)%(e,c)}

where

uniformly for 6 € T, lim e(d,¢c) =0.
c—A
Observe that the formula doesn’t give any continuous dependence of h. or 38"; in

the ¢ variable, because ¢ can become very large when ¢ changes.

2.3. Generating function and regularity. To finish the proof of Theorem 1.1,
we have to prove that u admits a derivative with respect to ¢ everywhere and that
ou
Oc
Because we proved that (6, c) — h.() is continuous, we will deduce that u is C*.

Observe that for every 0, the map ¢ — u(6,c) + cf is increasing because every
¢+ 1.(0) is increasing.

V0 € T,Ye € R, h.(0) =0+ —(0,c).

Theorem 2.2. The map u is C*. Moreover, in this case, we have
e the graph of ¢+ %(~7 ¢) is a leaf of the invariant foliation;
e 00— 0+ %(9,0) is the semi-conjugacy h. between g. and R, given in
Theorem 2.1. We have: h. o g. = h. + p(c).

Proof. The first point is a consequence of the definition of w.
Then u(-, ¢) and % = 1. — ¢ continuously depend on (6, c).
Observe that with the notation (7), we have

Ac,c’({(ear); 0 e [01792}774 € [776(9)7776' (0)]}) =
_ C((u(@z,c/) —u(by,c)) — (u(bsz,c) — u(@l,c))) + (65 — 0y).

c —

Moreover, if p(cp) € Q, we deduce from Lemma 2.1 that u(-, ¢) admits a derivative
with respect to ¢ at cg

ou 1

U0, o) = li
Bc( »¢0) ) c—co

((u(ﬁ, ¢) —u(0,¢)) — (u(8,co) — u(O,cO)))
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that is given by

ou

5 05 c0) = 11y ([0,6]) — 0 = he, (0) — 0
and this derivative continuously depends on 6.
Assume now that p(cg) is irrational and let ¢ tend to ¢g. Every limit point of
Ac o, when c tends to ¢y is a Borel probability measure that is invariant by f
and supported on the graph of 7.,. As there exists only one such measure, whose
projection was denoted by pi.,, we deduce that

771*( lim Ac7co) = Hecq-

c—rCo

As i, has no atom, we have for all 6y € [0,1)

hc0(00) = N’Co([OveO])
= lim Acyo({(0,7);60 € [0,00], 7 € [1¢,(6),mc(0)]})

c—rCo
- ch—>nclo p— ((u(eo, ¢) —u(0, c)) — (u(@o, co) — u(0, co))) + 6y
ou
= %(90,00) + 6o,
hence u admits a derivative with respect to ¢ and
ou
hCo (9) = N’Co([ov 9]) =0+ %(03 CO)‘
Because of Theorem 2.1, (0, ¢) — %(9, ¢) = h.(0) — 0 is continuous. As the two

partial derivatives g—g and % are continuous in (6, c), we conclude that u is C*.

O

3. PROOF OF THEOREM 1.2

We assume that f : A — A is a C° integrable symplectic twist diffeomorphism
with generating function u for its invariant foliation and use the notation 7.(6) =
c+ %(9, ¢). We also denote the projected Dynamics on the graph of 7. by g.(6) =
w1 0 F(60,mc(0)) where we fix a lift F': R — R? of f. We work on some compact
set

K ={(0,1n.(0));0 € T,c € [c1, 2] }.
Replacing F' by F + (0, p) for some integer p € N, we can assume that the rotation
number R(z) of every x € K is positive. We denote by U = {(6,7.(0));0 € T,c €
(c1,¢2)}. Being C', w is C-Lipschitz on K for some constant C' > 0. Using the
notations of Appendix B, we recall that

(16) VzeAVneN, s ,(2) <s_(me1) <s5-(2) <54(2) < snq1(2) < sp()

and that all the maps sy are continuous. Hence there exists b > a > 0 and r € (0,1)
such that

(17)  Va,ye K, d(z,y) <r=0<a<si(x)—s2(y) < s1(x) —s_1(y) <b.
We deduce
Va,y € K,0 < a < si(x) —s+(y) < s1(x) —s_(y) <b.
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Working in R?, we consider for any ¢, ¢’ € (c1,c2) such that ¢ < ¢’ the domain
D(6) whose boundary is the union of

e a small piece V of the vertical {#} x R that is between 7. and 7.;
o the arc F(V);
e pieces of 7. and 1. that are between V and F (V).

\Y; F(V)

3.0

Using the same method as in subsection 2.2 for the case of rational curve (that
is the decomposition of Lebesgue measure into ergodic measures), we see that the
area of D(#) doesn’t depend on 6.

We then cut D(6) into three subsets.

o if p = [§.(0) — 0], D1(0) is the domain that is between V, V + p and
the graphs of 7. and ny; observe that p = |R(6,7.(0))| = |p(c)| doesn’t
depend on #'';

e Dy(6) is the domain between V + p, the vertical V* at F(6,7.(f)) and the
graphs of 7. and 7.;

e D3(0) is the triangular domain between V* | F(V) and .

Vv D1(9) Dz(e) F(V)

9+p ac(e)

Then the area of D1(6) is p(¢’ — ¢) and doesn’t depend on 6.
The area of Ds(0) is

9e(0) ou ou
/ - / _ -
/0+p ((C + 90 (t,c') = (c+ a0 (tac)) dt,

a positive number equal to

(¢ = ¢)(ge(0) = 0 = p) + u(3e(6), ¢') — u(ge(0), ) + u(f + p,c) — u(6 + p, ).

Hyecall that when restricted to the graph of 7., either f is periodic and all points have the
same period, or f has no periodic orbit.
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We recall that u is C' Lipschitz on K and that g.(6) — 6 —p € (0,1). We deduce
that the area of D2(6) belongs to

(0,(2C 4+ 1)(¢ = ¢)).

We want now to estimate the area of the triangle Ds(f). This triangle has three
(curved) sides that are

e the vertical side V* whose length is equal to 7 (gc(6)) — nc(e(6));

o the side F(V) with slope at © € F (V) equal to s1(x);

e the side H supported in 7. that is Lipschitz with tangent cone at x that

is contained in [s_(x), sy ()] C [s—1(x), s2(z)].

Because of the continuity of the foliation, there exists v > 0 such that if ¢; < ¢ <
¢ < ¢y and ¢ — ¢ < v, then the length of every piece of vertical V between 7. and
N is less than r'?and the same is true for F(V) because of the uniform continuity
of F' on the strip between 7., and 7.,. Using the fact that the tangent cone to
the graph of 7. is between the two Green bundles (see Appendix B) and Equation
(16), we deduce that if ¢ — ¢ € [0,v), D3(0)

e is contained in a true triangle with vertical side equal to V*, upper side

with slope equal to max s () and slope of lower side equal to min s (z);
xeH zeF(V)
e contains a true triangle with vertical side equal to V*, upper side with slope

equal to min s_1(x) and slope of lower side equal to max s;(z);
zeH z€F (V)

Observe that when the triangle is a true triangle, its horizontal height has length
ﬁ where ¢§ is the length of the vertical side, T is the slope of the side coming
from the upper point of the vertical side and S is the slope of the side coming from
the lower point of the vertical side. The area is then 2(;7%

These remarks and Equation (17) imply that the area of D3(#) belongs to the
interval

Finally, the sum A(6) of the area of D3(6) and D3(6) doesn’t depend on 6 and

e at a point (that always exists because f,ﬂ,(nc —ne) = ¢ — ¢) such that
Ne (0) — ne(8) = ¢ — ¢, we have

(= (¢ —ep
207 2a

c {(C;bC)Q ((20 1)+ 21a> (o — c)] ;

e at every point, we have

A(0) € [ + (20 +1)( - c)]

e (e0)) — ne((@:(9)))”
A(0) > area(Ds(0)) > ( ( )2b ( )) ;

12Recall that r was choosen to satisfy Formula (17).
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This implies that for ¢; < ¢ < ¢ < ¢y such that ¢ — ¢ < v, we have

2
@ 1OF < (s ny+ o) @ - o

Vo € R,

SO

VO ER, ne(0) —ne(f) < \/2b ((20 +1)+ 21a) (¢ —c).

Hence we obtain on the compact K a uniform local constant of Holder, and this
implies that 7. is uniformly f—Holder in the variable c on K.

4. PROOF OF THEOREM 1.3

Let us consider a CO-foliation F of V = {(0,7);0 € (o, 3) and n._ () <r <
Ne, (6)} or V =T into graphs: (6,¢) € W — (6,1.(0)), where 5_% ff ne = ¢ (when
V =A, W= A and in the other cases W = (a, 8) x (c—,c4)). Then there exists a
continuous function v : WW — R that admits a continuous derivative with respect to
0 such that n.(0) = ¢+ %(0, ¢) and u(0, ¢) = 0, function that we called generating
function of the foliation when ¥V = A.

4.1. Proof of the first implication. We assume that this foliation is exact sym-
plectically homeomorphic to the standard horizontal foliation Fy = ®~1(F) by
some exact symplectic homeomorphism .
Observe that the foliation F is transverse to the “vertical” foliation Gy into
T1({6}) for @ € w1 (V). Hence the foliation G = ®~1(Gy) is a foliation of U that
is transverse to the standard (“horizontal”) foliation Fy = ®~!(F). This exactly
means that the foliation G is a foliation into graphs of maps (g : I = ma(U) — 71 (U).
Hence there exists a continuous function v : W — R that admits a continuous
derivative with respect to r such that the foliation G is the foliation into graphs
w3 ' ({0})) of ¢ : 7+ 6+ 92(6,7). Observe that by definition of (s, we have
®(Co(c),c) = (0,m:(0)). As a result, every map 6 — (p(c) is a homeomorphism
onto its image.

e,
S

We now use the preservation of the area. We fix 61 < 05 in 71(V) and ¢; < ¢3 in
mo(U) such that the domain D; delimited by the horizontals 5 * ({c1}), 75 *({c2}),
the graph of ¢ € [c1, ¢a] — (p, (¢) and the graph of ¢ € [¢1, c2] — (g, (c) is contained
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in U. Because ® is a symplectic homeomorphism, ® preserves the area and so D,
and ®(D;) have the same area. Observe that ®(D;) is the domain delimited by
the graphs of 7, , 7., and the verticals 7; *({61}) and 71 ' ({f2}).

This can be written

/62 ((92+g (62,¢))— (91+g (61,c )))dc:/e

C1

It follows that

02

(et 20 0,e2)) ~(er+ 220, 1)) ) .

1

(02, c2) — u(01,c2) — u(f2,c1) +u(br,¢1) =
= v(fa, o) — v(fa,c1) — v(01, ca) +v(01,c1).
Evaluating for #; = 0 we find
u(fz, c2) — u(bz, c1) = v(02,c2) —v(f2,c1) —v(0,c2) + v(0,¢1).

Finally, as v admits a continuous partial derivative with respect to ¢, we conclude
that %(9, c) = %(6,0) - %(O,c) exists and is continuous. Hence u is C*. More-
over, every map 6 — 0 + %(9, c) = ((0) — %(0, ¢) is a homeomorphism onto its

image and we have established the first implication.

4.2. Proof of the second implication. We assume that there exists a C! map
u: W — R such that

e u(0,c) =0 for all c € I where I = (c_,cq) or I =R,

o 1(0) = c+ 22(0,c) for all (6,c) € W,

e for all ¢ € I, the map 6 — 6 + %%(6, c) is a injective.

Then we can define a unique homeomorphism ® by

ou ou
<I>(9+ oy 0,¢), ) (0 c+ 80( ))
Let v : R? — R, be the C° function with support in B(0, 1) defined by v(,c) =
aexp ((1—1/(8,0)|)~2) for (0,c) € B(0,1) and where a is such that [v =1. We

denote by v, the function v.(z) = v(%). Then we define for every & > 0.

U:(0,¢) = (u*v:)(0,¢),

where we recall the formula for the convolution
wro(o) = [ ule - y)oly)dy

Note that if we fix a compact into W, U, is well defined on it for £ small enough.
Then when ¢ tends to 0, the functions U, tend to U in the C' compact-open
topology. Moreover, when U = A, U, is 1-periodic in # and smooth.

Observe that for every 6, the function ¢ — ¢ + 8“ 5(0,c) is increasing. We deduce
that the convolution ¢ — ¢+ 8U5 =(0,c) is a C°° dlffeomorphism as it is a mean
of C° dlffeomorphlsms thanks to Lemma 4.1. Finally, the maps F. : (6,¢) —
(6, (9 ¢)) define C> foliations that converge to the initial foliation Fy :
(0,¢) — (9 ct+ g 9u 50, c)) for the C° compact-open topology when ¢ tends to 0.
Observe that the h.’s are assumed to be increasing. We deduce that the maps
Ge: (0,¢) — (0 + OUE =(0,¢),c) are C* diffeomorphisms of A that converge for the
CY compact-open topology to Go : (0,¢) — (6 + $4(0,¢),c).
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Finally, the H. = F. o GZ! are C*° diffeomorphisms of A that converge for the C°
compact-open topology to Fy o Gy =9
This exactly means that @ is a symplectic homeomorphism.

Lemma 4.1. Let f : R — R be a non-negative, non-trivial, smooth, integrable and
even function such that f' <0 on [0,+00). Then if g : R — R is increasing, f * g
is an increasing C*° diffeomorphism.

Proof. As f is even, f’ is odd. Just notice that

+o0
(f*9)'( /f dy—/ )9l —y) = g(x +y))dy.
0
The result follows as g(x —y) — g(z +y) < 0 and f'(y) < 0 and does not vanish
everywhere. 0

5. PROOF OF PROPOSITION 1.1 AND COROLLARY 1.3

5.1. Proof of Proposition 1.1: biLipschitz foliations with C! generating
functions are straightenable. Let u : A — R be the C! generating function of
a continuous foliation of A into graphs.

We recall the following result that is due to Minguzzi, [15].

Theorem (Minguzzi). Let Q be an open subset of R? and let f € C1(Q,R). Then
the following conditions are equivalent:
(1) for every x, the partial derivative %(x, -) is locally Lipschitz, locally uni-
formly with respect to x;
(2) for every y, the partial derivative g—i(-,y) is locally Lipschitz, locally uni-

formly with respect to y.

If they hold true, then on a subset E C Q with full Lebesgue measure in €, ;miafy

3 f .
and Byoz exist and are equal.

5.1.1. Proof of the first implication. We assume that the invariant foliation is K-
Lipschitz on a compact I = {(0,1.(0));0 € T, ¢ € [a,b]}, which means

(18) VO € T,Vey,co € [a,b], L;(Cﬂ < |0, (0) — 1ey (0)] < Kler — ea.
As 0e(0) = c+ 59 (0, ¢), this means that %(0, .) is locally Lipschitz, locally uniformly
with respect to ©. Hence, by Minguzzi theorem, for every ¢ € (a,b), %(~,c) is

locally Lipschitz, locally uniformly with respect to ¢ and at almost (0, ¢) € T x (a, b),
3%u
dcHh
Hence h, = Idy + %(-, ¢) is locally uniformly Lipschitz and because of Equation

(18), we have Lebesgue almost everywhere

0%u 0%u an 1

——(0,¢) = ——(0,¢) = —(0 -1 —14+ =, -1+ K| =[k_, k]
565c %) = g 09) = e Poco) ~1 € [~ 14 g L+ K] = ook
This implies that h.(6) = 0 + 8“(9 ¢) defines a (k_, ky)-biLipschitz homeomor-
phism of T for almost every ¢ € [a,b] and then for all ¢ € [a,b] by continuity. By
Theorem 1.3, we deduce that u is the generating function of an exact symplectic

homeomorphism ® : A — A that maps the invariant foliation onto the standard
one.

we have and % exist and are equal and uniformly bounded.

(19)
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5.1.2. Proof of the second implication. We assume that the map u is C' with
% locally Lipschitz continuous and % uniformly Lipschitz in the variable # on
any compact set of ¢’s and there exists two constants k; > k_ > —1 such that
%(0,0) € [k, k4] almost everywhere. Because % is uniformly Lipschitz in the
variable f on any compact set of ¢’s, we can apply Minguzzi theorem and write

another time Equation (19) which implies that the foliation is biLipschitz.

5.2. Proof of Corollary 1.3. Let k > 1 and r +— f, be a C*-foliation in graphs
and let u be its generating function. As k > 1, the foliation is Lipschitz when
restricted to every compact set. Hence we can use Proposition 1.1. In this case, u
is the generating function of an exact symplectic homeomorphism ® : A — A that
maps the standard foliation onto the invariant one and we have

2(6+ 240.0).c) = (6.c+ 2 0.0)).

Moreover, u is C* hence Fy(6,c) = (6, c+ g—g(&, c)) defines a C*~! homeomorphism
that is locally biLipschitz, hence a C*~! diffeomorphism.

Also he(0) = 0+ 2“(0,¢c) is C*~! in (6,c). Observe that every h, is a biLipschiz
homeomorphism that is C*~!, hence Gy : (6,¢) — (h.(0),c) is also a C*~1 diffeo-
morphism and then ® = F o G Lis a C*1 symplectic diffeomorphism (where a
C°- diffeomorphism is an homeomorphism).

6. MORE RESULTS ON SYMPLECTIC HOMEOMORPHISMS THAT ARE
CY-INTEGRABLE

6.1. Proof of Proposition 1.2. Let f : A — A be an exact symplectic homeomor-
phism. We assume that f has an invariant foliation F into C° graphs that is sym-
plectically homeomorphic (by @~ : A — A) to the standard foliation Fo = ®~1(F).
Then the standard foliation is invariant by the exact symplectic homeomorphism
g=®'ofo®d. Hence we have

g(e,’l“) = (91(9,7"), 7’).

As g is area preserving, for every 6 € [0,1] and every r; < 7o, the area of [0, 6] x
[r1,72] is equal to the area of g([0,6] x [r1,72]), i.e.

O(re —m) = /T2 (91(9,7") — gl(O,r))dr.

1

Dividing by ro — r; and taking the limit when r5 tends to r1, we obtain
g1(0,71) =0+ g(0,71).
This proves the proposition for p = g1(0, ).

6.2. Proof of Corollary 1.4. The if part is obvious by Proposition 1.2.

Let us prove the only if part, that is we assume f is C%-integrable with the
Dynamics on each leaf conjugated to a rotation. We denote by u : A — R the
map given by theorem 1.1 and that enjoys the properties of Theorem 2.1. Hence
he : 60— 6+ %(0, ¢) is a semi-conjugation between the projected Dynamics g. :
0 — m o f(@, c+ %(0, c)) and the rotation R, of T and even is a conjugation
when p(c) is rational.

If p(c) is irrational, it follows from the hypothesis that g. is conjugated to a rotation.
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As the Dynamics is minimal, there is up to constants a unique (semi)-conjugacy
and and then h, is a true conjugation. We then conclude by using Theorem 1.3.

6.3. Proof of Corollary 1.5.

6.3.1. Arnold-Liouville coordinates for f. Let f: A — A be a symplectic twist dif-
feomorphism that is Lipschitz-integrable with generating function w of its invariant
foliation.

By Theorem 1.1 and Proposition 1.1, w is the generating function of an exact
symplectic homeomorphism ® : A — A that maps the standard foliation onto
the invariant one and for every compact subset K C A, there exists two constant
ki > k_ > —1 such that 2 Sa55 € [k—, k1] Lebesgue almost everywhere in .

By Proposition 1.2, we have
Y(z,c) €A, ® o fod(x,c)=(z+p)c);

where p : R — R is continuous. Moreover, because of the twist condition, p is an
increasing homeomorphism of R.

6.3.2. Proof that p : R — R is a biLipschitz homeomorphism.

Proposition 6.1. Assume that the C' symplectic twist diffeomorphism f : A — A
has an invariant locally Lipschitz continuous foliation into graphs ¢ € R — 1. €
C°(T,R). Then the map p: c € R+ p(c) is a locally biLipschitz homeomorphism.

We will use the following

Lemma 6.1. Let f,g : R — R be lifts of homeomorphisms of T that preserve
orientation (implying f(-+1) = f(-)+1 and g(- + 1) = g(-) + 1). Assume that
e cither f or g is conjugated to a translation t, : x — x 4+ « by a homeomor-

phism h that is a lift of a homeomorphism of T that preserves orientation;
o h and h~! are K-Lipschitz.

Then

(1) If there exists d > 0 such that f < g+ d, then p(f) <p
(2) If there exists d > 0 such that f +d < g then p(f) + & < p(g).

Proof. Let us say that hogoh™! = t,, hence p(g) = a (the proof when f is
conjugated to a translation is the same).

(1) By hypothesis, foh™! < goh™! + d. Using that h is increasing and
K-Lipschitz, it follows that for all z € R,

hofoh ™ (z)<h(goh™(x)+d) <hogoh™(z)+ Kd=2+a+ Kd.
Finally, as p(f) = p(ho f o h™1), we conclude that
p(f) < a+ Kd=p(g) + Kd.

(2) By hypothesis, foh™! +d < goh~!. Using that h is increasing, it follows
that

VreR, h(foh '(z)+d)<hogoh™(z)=x+a.
Because h~' is K-Lipschitz and increasing, observe that
d=h""(h(f o h™"(x) +d)) — b~ (ho f o h™'(x))
<K (Mfoh '(z)+d)—hofoh ().
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Then

hofoh™(z) Sh(folfl(x)—kd)—% <zr4+a-— 7d
hence p(f) + £ < p(g)-
O

Proof of Proposition 6.1. The proof is now a direct application of the previous
Lemma. Indeed, we have seen that when the foliation is K-Lipschitz, if ¢ varies in a
compact set K, the Dynamics g, are all conjugated to rotations. We have moreover
proven there exists a constant K such that the conjugating functions h. may be
chosen equi-biLipschitz (for ¢ € K).

We denote the minimum and maximum torsions on K by

bmin = mina—f( ) and bpax = max%( ).

zek 00 00

For ¢; < ¢3 in [a, b], we have

gCQ (9) - gcl (0) = Fl (97 Mes (9)) - Fl (97 Neq (9))

and so
Ges (0) — 9, (0) € [bmin (7762 (0) = 1y (9)) s bmax (7762 (0) = ne, (9))}

and

Ges (0) — Go, (6) € [b“[;“ (2 — 1), K-bmae- (C2 — cl)].

We deduce from Lemma 6.1 that

bmin
% (ca —c1).

K~K~bmaX(C2 —c1) 2 p(ges) = P(gey) >
O

6.3.3. Proof of the C' regularity. Here we prove that ® : A — A is C! in the 6
variable, that the invariant foliation is a C' lamination and that the Dynamics
restricted to every leaf is C' conjugated to a rotation.

Let us fix ¢. Then h, = Idr + %(., ¢) is a biLipschitz homeomorphism of T by
Proposition 1.1. Then Corollary 4 of [1] tells us that 7, is in fact C* (and the two
Green bundles coincide along its graphs) and that h. is a C* diffeomorphism.
Hence all the points of A are recurrent. Moreover, as the two Green bundles are
equal everywhere, they are continuous. Because they coincide with the tangent
space to the foliation, the foliation is a C' lamination. This is equivalent to the
continuity (in the two variables) of ‘393
As ®(0,¢) = (h;'(©),n. 0 h;1(0)), we deduce that ® is C! in the f-direction.
REMARK. we don’t know if 6; 3¢ is continuous, and then if ¢ — h, is continuous for
the C'! topology.
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7. A STRANGE FOLIATION

We consider the foliation of A by the graphs of 7.(0) = ¢ + e(c¢) cos(2m0) where
¢ is a contraction (k-Lipschitz with k < 1) that is not everywhere differentiable. It
is a biLipschitz foliation with smooth leaves. Observe that the generating function
of this foliation is given by

e(e) .
0,c) = —= 2m0).
u(0,c) o sin(276)
7.1. Proof of Corollaries 1.1 and 1.2. As u is not C*', we deduce from The-
orems 1.1 and 1.3 that this foliation cannot be globally straightenable by a sym-
plectic homeomorphism and also that it cannot be invariant by a symplectic twist
diffeomorphism.

Let us prove the local part of Corollary 1.2. Then we work in W = [a, 5] x I
and we define U by

u(B,¢) —ufe, )
f—-a '

Then U is not C! and we deduce from Theorem 1.3 that the local foliation is not
straightenable via a symplectic homeomorphism.

U(f,c) =u(f,c)—

7.2. An exact symplectic twist map that leaves the strange foliation in-
variant. Let us prove however that this foliation, for a simple choice of €, can be
invariant by a certain C'!' exact symplectic twist map.

DEFINITION. An exact symplectic homeomorphism f : A — A has the weak twist
property if when F = (Fy, F») : R? — R? is any lift of f, for any 6 € R, the map
r € R— Fi(6,r) € R is an increasing homeomorphism from R onto R.

Let us now assume that ¢ is a C? function away from ¢ = 0 and that at 0 it has
a left and a right derivatives up to order 2. For the sake of simplicity, let us assume
also that (0) = 0 so that T x {0} is a leaf of the foliation and that e restricted to
[0, +00) (resp. (—o0,0]) is the restriction of a C? periodic function.

The proof of Theorem 1.3 gives us two C! functions

F: (0,7) = (h=(0,7),n(h*(6,r),7))

where @1 is a C! exact symplectic diffeomorphism of AT = T x [0, +00) to itself
(up to the boundary) and ®_ is a C* exact symplectic diffeomorphism of A~ =
T x (—o0,0] to itself (up to the boundary). Note that here ®+ and ®~ do not
coincide on T x {0} explaining why the foliation is not straightenable.

Let p: R — R be an increasing, C'' homeomorphism such that p(0) = p’(0) = 0.
We denote by f, : (6,7) — (6 + p(r),r). The function f = ®* o f, o (&%) ! is
well defined on A, it is the identity on T x {0}. It is clearly an area preserving
homeomorphism that is C! away from T x {0}.

If > 0and 0 €T, let us set (O, R) = ®+(6,r). Then one finds that

Df(©,R) = D®T (0 + p(r),r) - Df,(0,7) - D&+ (0, 7)™

— DO O+ p(r), 1) - <(1) p’gr)) DO (9, 1)
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It follows from the properties on ®* and p(0) = p/(0) = 0 that as R — 0,
Df(©, R) uniformly converges to the identity. As the same holds for R < 0, we
deduce that f is in fact C* with a differential on T x {0} being identity.

It is left to chose p in such a way that the obtained map is a twist map. We
construct it on [0,+00). The twist condition we aim at is: for every © € R, the
map 7+ hT ( ()™ (©) + p(r), r) is an increasing homeomorphism of R.

After computation, if we denote h™(,,r) = ©, the derivative of the above
function is the following for » > 0 (the inequality is our goal):

ont ont ~ont ont
G0t 000).0) = (G 0000 ) 0 ot G 6)
oht
+ W(QT +p(r),r)p'(r) > 0.

The first line above is smaller in absolute value than Mjp(r) where (recall that by
hypothesis, all the functions at play are continuous periodic hence bounded)

%t AR\ [Pt |ont
e 0 ' .

orof 062 or
On the other hand, the second line is greater than Msp'(r) where we set My =

min aah(; > 0. If p(t) = t2eM! with M = 2M; /Ma, then we have p(0) = p/(0) = 0

and p'(t) > %p(t) that implies the twist condition.

o0 o0

oo

APPENDIX A. A FOLIATION BY GRAPHS THAT IS THE INVERSE IMAGE OF THE
STANDARD FOLIATION BY A SYMPLECTIC MAP BUT NOT BY A
SYMPLECTIC HOMEOMORPHISM
We will use two special functions
. o . ’ _ 1.
e 7v: T — RaC® function such that Mied4e] = e lte] > —1;
e ( : R —» R a C function that is increasing, such that ¢/(0) = 1 and

—1 and 7’;1‘\[%—

1
/ . . /I
CR\{O} < 1 with Eg;g =3
The function u(6, c) = {(c)y(#) defines the foliation in graphs of

Ou ,
nc—c—|—% =c+((e)y.

The derivative with respect to ¢ of 7.(6) is then 83’7; (8) =14 ¢'(c)y'(9) that is non
negative, vanishes only for (6,¢) € [§ —¢,3 +¢] x {0} and is larger that % close
to +o00. Hence every map ¢ € R — 1.(0) € R is a homeomorphism and we have
indeed a CY foliation.
Let us introduce he(6) = 0 + 2%(6) = 0 +v(6)('(c). Its derivative is 1 + ('(c)v'(6)
that is non negative and vanishes only if (6,c) € [+ —¢,1 + €] x {0}. Hence hg is
not a homeomorphism but all the other h. are homeomorphisms.
We deduce from Theorem 1.3 that this foliation is not symplectically homeomorphic
to the standard one.

We will now prove that the map defined by H (6,7.(0)) = (he(f),c) is a sym-
plectic map, i.e. the limit (for the C° topology) of a sequence of symplectic diffeo-
morphisms.
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Let v, : T — R be a sequence of C*™ maps that converges to v in C! topology
and satisfies v, > —1. Let ((,) be a sequence of C* diffeomorphisms of R that
C? converges to ¢ and satisfies ¢/, < 1. We introduce u, (6, c) = v,(0){n(c). Then
Nen(0) = ¢+ ()7, (0) defines a smooth foliation, h. ,(0) = 6 + v,(8)(,(c) is a
smooth diffeomorphism of T and

Kn(60,¢) = ((hen) ™" (0),men (hen) ™" (6)) )

is a symplectic smooth diffeomorphism that maps the standard foliation to the
foliations by the graphs of (1¢,n),cp-
If H, = K, !, observe that H,, = G, o F,, 1 where
F(0,¢) = (0, c+%= (0, c)) converges uniformly to F(0,c) = (6, c+ 3%
e G,(0,c)= (9+d“” (9 ¢), ¢) converges uniformly to G(0, ¢) = (6+2%

Finally, H,, = G,, o F;* converges uniformly to H = G o F~!

d
(

APPENDIX B. GREEN BUNDLES
Here we recall the theory of Green bundles. More details or proofs can be found
in [2, 1]. We fix a lift F of an symplectic twist diffeomorphism f.
NOTATIONS.
e V(z) = {0} xR C T,R? and for k # 0, we have Gy (x) = DF*(F~F2)V (f~Fx);
e the slope of G, (when defined) is denoted by sg:
Gr(x) = {(00, si(x)d0); 36 € R};

e if 7 is a real Lipschitz function defined on T or R, then

vy (x) = lim sup 1Y) —(2) and ' (t) = liminf M
Y,z—=T y—z Y, Z2—T Y-z
y#z y#z

Then
(1) if the orbit of € R? is minimizing, we have
Vn>1, s_p(2) <s_p_1(z) < spy1(z) < sp(z);
(2) in this case, the two Green bundles at x are G4 (z), G_(z) C T,(R?) with
slopes s_, s where s (z) = Eﬂr—loo sn(z) and s_(z) = ngrfoo S_n(x);
(3) the two Green bundles are invariant under Df: Df(G1) = Gy o f;
(4) we have sy > s_;
(5) the map s_ is lower semi-continuous and the map s, is upper semi-continuous;
(6) hence {G_ = G4} is a G subset of the set of points whose orbit is min-

imizing (this last set is a closed set) and s_ = sy is continuous at every
point of this set.

Let us focus on the case of an invariant curve that is the graph of v. Then we
have

Proposition B.1. Assume that the graph of v € C°(T,R) is invariant by F. Then
the orbit of any point contained in the graph of v is minimizing and we have

VOET, s_(6,7(6)) <7.(0) < v,(0) < s+(6,7(0)).
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Proposition B.2. (Dynamical criterion) Assume that x has its orbit that is
minimizing and that is contained in some strip R x [-K, K] (for example = is in
some invariant graph) and that v € T,R*\{0}. Then

o if lig}rnf |D(mo F™)(z)v| < 00, then v € G_(z);
o if liglJirnf |D(mo F7")(x)v] < +00, then v € Gy (x).

In particular, if the Dynamics restricted to some invariant graph is totally pe-

riodic, then along this graph we have G_ = G, and the graph is C'. The C!
property can also be proved by using the implicit functions theorem.

10.

11.

12.

13.

14.

15.

16.

17.
18.

REFERENCES

. M.-C. Arnaud.Three results on the regularity of the curves that are invariant by an exact

symplectic twist map, Publ. Math. Inst. Hautes Etudes Sci. 109, 1-17(2009)

. M.-C. Arnaud, Hyperbolicity for conservative twist maps of the 2-dimensional annulus, note

of a course given in Salto, Publ. Mat. Urug. 16 (2016), 1-39.

. M.-C. Arnaud & J. Xue. A C! Arnol’d-Liouville theorem.hal-01422530, to appear in Aster-

isque
Ann. Inst. Fourier (Grenoble) 52 (2002), no. 5, 15331568.

. G. D. Birkhoff, Surface transformations and their dynamical application, Acta Math. 43 (1920)

1-119.

. J. Cheng & Y. Sun, A necessary and sufficient condition for a twist map being integrable. Sci.

China Ser. A 39 (1996), no. 7, 709-717

. J.J. Duistermaat, On global action-angle coordinates. Comm. Pure Appl. Math. 33 (1980),

no. 6, 687-706.

. L. C. Evans, Weak K.A.M. theory and partial differential equations. Calculus of variations

and nonlinear partial differential equations, 123—154, Lecture Notes in Math., 1927, Springer,
Berlin, 2008.

Measure theory and fine properties of functions. Revised edition. Textbooks in Mathematics.
CRC Press, Boca Raton, FL, 2015. xiv+299 pp

. A. Fathi, Une interprétation plus topologique de la démonstration du théoréme de Birkhoff,

appendice au ch.1 de [10], 39-46.

. A. Florio & P. Le Calvez, Torsion of instability zones for conservative twist maps of the

annulus, preprint to appear in Nonlinearity.

M. Herman, Sur les courbes invariantes par les difféomorphismes de l’anneau, Vol. 1, Aster-
isque 103-104 (1983).

M. R. Herman, Sur la conjugaison différentiable des difféomorphismes du cercle a des rota-
tions. (French) Inst. Hautes Etudes Sci. Publ. Math. No. 49 (1979), 5-233.

M. W. Hirsch, C. C. Pugh & M. Shub, Invariant manifolds. Lecture Notes in Mathematics,
Vol. 583. Springer-Verlag, Berlin-New York, 1977. ii+149 pp

A. Kolmogorov, S. Fomine & V. M. Tihomirov, Eléments de la théorie des fonctions et de
Panalyse fonctionnelle. (French) Avec un complément sur les algebres de Banach, par V. M.
Tikhomirov. Traduit du russe par Michel Dragnev. Editions Mir, Moscow, 1974. 536 pp.

R. Mané, Ergodic theory and differentiable Dynamics. Translated from the Portuguese by
Silvio Levy. Ergebnisse der Mathematik und ihrer Grenzgebiete (, 8. Springer-Verlag, Berlin,
1987. xii+317 pp.

E. Minguzzi, The equality of mixed partial derivatives under weak differentiability conditions.
Real Anal. Exchange 40 (2014/15), no. 1, 81-97

Y. G. Oh & S. Miiller, The group of Hamiltonian homeomorphisms and C°%-symplectic topol-
ogy. J. Symplectic Geom. 5 (2007), no. 2, 167-219.

W. Rudin, Principles of Mathematical Analysis. Third Edition. McGraw-Hill, Inc. (1976).
D. Massart & A. Sorrentino, Differentiability of Mather’s average action and integrability on
closed surfaces. Nonlinearity 24 (2011), no. 6, 1777-1793.

E-mail address: Marie-Claude.Arnaud@imj-prg.fr, maxime.zavidovique®@upmc.fr



