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Critical magnetic field for
2d magnetic Dirac-Coulomb operators

and Hardy inequalities

Jean Dolbeault Maria J. Esteban Michael Loss

It is with great pleasure that we dedicate this paper to Ari the occasion of his 70th
birthday, because of his strong interest in Hardy inequalities and his pioneering work

in this area.

Abstract

This paper is devoted to the study of the two-dimensional Dirac-Coulomb
operator in presence of an Aharonov-Bohm external magnetic potential. We char-
acterize the highest intensity of the magnetic field for which a two-dimensional
magnetic Hardy inequality holds. Up to this critical magnetic field, the operator
admits a distinguished self-adjoint extension and there is a notion of ground state
energy, defined as the lowest eigenvalue in the gap of the continuous spectrum.
Keywords. Aharonov-Bohm magnetic potential, magnetic Dirac operator, Cou-
lomb potential, critical magnetic field, self-adjoint operators, eigenvalues, ground
state energy, Hardy inequality, Wirtinger derivatives, Pauli operator.
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1 Introduction and main results
Aharonov-Bohm magnetic fields describe an idealized situation where a solenoid in-
teracts with a charged quantum mechanical particle and it is customary to take this
to be a particle without spin. It was realized by Laptev and Weidl [43] that in such
a situation a Hardy inequality holds, provided that the flux of the solenoid is not an
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integer multiple of 2π. This result was extended in [5] to the non-linear case yield-
ing a sharp Caffarelli-Kohn-Nirenberg type inequality. The current paper is devoted
to Hardy inequalities but for spinor valued functions in two dimensions. It has been
known for some time that Hardy type inequalities yield information about the bound
state problem for the three dimensional Dirac-Coulomb equation [18]. It is therefore
natural to ask whether this relationship continues to hold for the two dimensional
Dirac-Coulomb problem and whether it continues to hold in presence of a solenoid.
Let us emphasize that we take the Coulomb potential to be 1/r and not − ln r . It turns
out that a number of spectral properties such as the eigenvalues and eigenfunctions can
be worked out in an elementary fashion. Another point of interest is that the approach
to self-adjoint extensions through Hardy inequalities as pioneered in [27, 28] works
also for this case. In addition to working out the ground state energy which falls into
the gap, we also get a critical magnetic field for which the ground state energy hits
the value 0 and beyond which the operator cannot be further defined, on the basis of
pure energy considerations, as a self-adjoint operator. As the field strength approaches
this critical value, the slope of the eigenvalue as a function of the field strength tends
to negative infinity. We also exhibit the corresponding eigenfunction for all magnetic
field strengths below the critical value.

An additional bonus is that all the quantities are given explicitly which allows to
investigate in a simple fashion the non-relativistic limit. The presence of the magnetic
field in the Dirac equation manifests itself entirely through the vector potential. For-
mally the Pauli equation should be related with as a non-relativistic limit and involve
the magnetic field. The problem, as mentioned above, is that the magnetic field is a
delta function at the origin, i.e., it appears as a point interaction. Such situations were
investigated before in [24] where self-adjoint extensions for the Pauli Hamiltonian
involving magnetic point interactions are constructed.

Let σ = (σi)i=1,2,3 be the Pauli-matrices defined by

σ1 :=
(
0 1
1 0

)
, σ2 :=

(
0 −i
i 0

)
, σ3 :=

(
1 0
0 −1

)
.

Throughout this paper, let us consider on R2 the Aharonov-Bohm magnetic potential

Aa (x) :=
a
ρ2

(
−x2
x1

)
where ρ = |x | =

√
x2

1 + x2
2 .

Here a is a real parameter and (x1, x2) are standard Cartesian coordinates of x ∈ R2.
The magnetic gradient is defined as

∇a : = ∇ − i Aa .

In atomic units (m = ~ = c = 1) the 2d magnetic Dirac operator can be written as

Ha := σ3 − i σ · ∇a =
(

1 Da

D∗a −1

)
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where z = x1 + i x2 and z̄ = x1 − i x2. Here

Da := − 2 i ∂z + i a
z̄
|z |2

and D∗a := − 2 i ∂z̄ − i a
z
|z |2

,

where
∂z :=

1
2

(∂1 − i ∂2) and ∂z̄ :=
1
2

(∂1 + i ∂2)

are the Wirtinger derivatives. In polar coordinates such that ρ = |x | = |z | and θ =
arctan (x2/x1) so that z = ρ eiθ , we have

2 ∂z = e−iθ
(
∂ρ −

i
ρ ∂θ

)
, 2 ∂z̄ = eiθ

(
∂ρ +

i
ρ ∂θ

)
and

Da = − i e−iθ
(
∂ρ −

i
ρ ∂θ −

a
ρ

)
and D∗a = − i eiθ

(
∂ρ +

i
ρ ∂θ +

a
ρ

)
,

For self-adjointness properties of Ha, we refer to [54, 31, 9].

For any ν ∈ (0, 1/2], let us consider the magnetic Dirac-Coulomb operator

Hν,a := Ha −
ν

|x |
.

Our purpose is to establish the range of a for which Hν,a is self-adjoint for a well
chosen domain. According to the approach in [27], the self-adjointness is based on the
inequality∫

R2

*
,

|D∗aϕ|
2

1 + λ + ν
|x |

+
(
1 − λ − ν

|x |

)
|ϕ|2+

-
dx ≥ 0 ∀ ϕ ∈ C∞c

(
R2 \ {0},C

)
(1.1)

for some λ ∈ (−1, 1). For every ν ∈ (0, 1/2], let us define the critical magnetic field by

a(ν) := sup
{
a > 0 : ∃ λ ∈ (−1, 1) such that (1.1) holds true for any a ∈ [0, a)

}
.

Our first result deals only with (1.1). Let us define the function

c(s) :=
1
2
− s .

Theorem 1.1 (Hardy inequality for the magnetic Dirac-Coulomb operator). For any
ν ∈ (0, 1/2), we have

a(ν) = c(ν)

and (1.1) holds true for any a ∈ (0, a(ν)] and λ ∈ (−1, λν,a] where

λν,a :=
√

c(a)2 − ν2

c(a)
. (1.2)
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Notice that a ≤ c(ν) is equivalent to ν ≤ c(a). Under this condition, the quadratic
form

ϕ 7→ Qν,a,λ(ϕ) :=
∫
R2

*
,

|D∗aϕ|
2

1 + λ + ν
|x |

+
(
1 − λ − ν

|x |

)
|ϕ|2+

-
dx (1.3)

is nonnegative on C∞c
(
R2 \ {0},C

)
for any λ ∈ (−1, λν,a]. Since Qν,a,λ is associated

with a symmetric operator, it is closable. The results of [27] can be adapted as follows.

Theorem 1.2 (Self-adjointness of the magnetic Dirac-Coulomb operator). Let ν ∈
(0, 1/2]. For any a ∈ (0, a(ν)], the quadratic form Qν,a,λ is closable and its form
domain is a Hilbert space Fν,a which does not depend on λ ∈ (−1, 1). Let

Dν,a :=
{
ψ = (ϕ, χ)> ∈ L2(R2,C2) : ϕ ∈ Fν,a , Hν,a ψ ∈ L2(R2,C2)

}

where Hν,a ψ is understood in the sense of distributions. Then the operator Hν,a with
domain Dν,a is self-adjoint. Additionally, if a < a(ν), then Fν,a does not depend on ν
and

Fν,a =

{
ϕ ∈ L2(R2,C) ∩ H1

loc
(
R2 \ {0},C

)
:
√

|x |
1+ |x | D∗aϕ ∈ L2(R2,C)

}
. (1.4)

In other words, the domain Dν,a of Hν,a is the space of spinors

ψ =

(
ϕ
χ

)
= (ϕ, χ)> with ϕ ∈ Fν,a and χ ∈ L2(R2,C) such that

D∗aϕ −
(
1 + ν

|x |

)
χ ∈ L2(R2,C) and Da χ +

(
1 − ν

|x |

)
ϕ ∈ L2(R2,C) .

Here D∗aϕ, ϕ/|x |, Da χ, and χ/|x | are interpreted in the sense of distributions. The
operator Hν,a acts on the two components of the spinor ψ and we shall say that ϕ is the
upper component and χ the lower component. The claim of Theorem 1.2 is that Hν,a

with domain Dν,a is self-adjoint if the field a is at most equal to the critical magnetic
field a(ν). This critical field manifests itself yet in another way. We recall (see for
instance [56, Theorem 4.7]) that the essential spectrum of Hν,a is (−∞,−1]∪ [1,+∞).
Even if the operator Hν,a is not bounded from below, there is a notion of ground state,
which also makes sense in the non-relativistic limit (see Section 5).

Theorem 1.3 (Ground state energy of the magnetic Dirac operator). Let ν ∈ (0, 1/2]
and a ∈ (0, a(ν)]. Then λν,a is the lowest eigenvalue in (−1, 1) of the operator Hν,a

with domain Dν,a.

In the subcritical and critical range, the ground state energy λν,a of the magnetic
Dirac-Coulomb operator is given by (1.2) and the ground state itself can be computed:
see Proposition 4.1. The Hardy inequality (1.1) is our key tool in the analysis of the
magnetic Dirac-Coulomb operator. This deserves an explanation. If ψ ∈ Dν,a is an
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eigenfunction of Hν,a associated with an eigenvalue λ ∈ (−1, 1), then Hν,a ψ = λ ψ
can be rewritten as a system for the upper and lower components ϕ and χ, namely

Da χ +

(
1 − λ −

ν

|x |

)
ϕ = 0 , D∗aϕ −

(
1 + λ +

ν

|x |

)
χ = 0 . (1.5)

By eliminating χ from the second equation, we find that ϕ is a critical point of
the quadratic form Qν,a,λ defined by (1.3) which moreover realizes the equality case
in (1.1). We aim at characterizing λν,a as the minimum of a variational problem, which
further justifies why we call it a ground state energy.

Our strategy is to prove (1.1) directly using the Aharonov-Casher transformation

ψ(x) =
(
|x |−a η1(x)
|x |a η2(x)

)
∀ x ∈ R2 (1.6)

with ηi : R2 → C, for i = 1, 2. System (1.5) amounts to

η1 − 2 i ρ2a ∂zη2 −
ν
ρ η1 = λ η1 ,

−2 i ρ−2a ∂z̄η1 −
ν
ρ η2 − η2 = λ η2 .

(1.7)

As for (1.5), using the second equation, we can eliminate the lower component and
obtain

η2 = − 2 i
ρ−2a ∂z̄η1

1 + λ + ν
ρ

. (1.8)

On the space

Gν,a :=
{
η ∈ L2

(
R2,C; |x |−2a dx

)
: |x |−aη(x) ∈ Fν,a

}
,

let us define the counterpart of Qν,a,λ as in (1.3), that is,

J (η, ν, a, µ) :=
∫
R2

*
,

4 |∂z̄η |2

1 + µ + ν
|x |

+
(
1 − µ − ν

|x |

)
|η |2+

-

dx
|x |2a

.

The map η 7→ J (η, ν, a, λ) is differentiable and we read from (1.7) that η1 is a critical
point after eliminating η2 using (1.8).

For a given function η ∈ Gν,a, if J (η, ν, a, 0) is finite, then µ 7→ J (η, ν, a, µ) is well
defined and monotone nonincreasing on (−1,+∞), with limµ→+∞ J (η, ν, a, µ) = −∞.
As a consequence, the equation J (η, ν, a, µ) = 0 has one and only one solution in
(−1,+∞) if, for instance, limµ→(−1)+ J (η, ν, a, µ) > 0. Let us denote this solution by
λ?(η, ν, a), so that

J
(
η, ν, a, λ?(η, ν, a)

)
= 0 .

By convention, we take λ?(η, ν, a) = +∞ if the equation has no solution in (−1,+∞).
The main technical estimate and the key result for proving Theorems 1.1, 1.2 and 1.3
goes as follows.
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Proposition 1.4 (Variational characterization). For any ν ∈ (0, 1/2] and a ∈ [0, c(ν)],

min
η∈Gν,a

λ?(η, ν, a) = λν,a (1.9)

where λν,a is defined by (1.2), and the equality case is achieved, up to multiplication
by a constant, by

η?(x) = |x |
√

c(a)2−ν2−c(a) e−
ν

c(a) |x | ∀ x ∈ R2 \ {0} .

Proposition 1.4 is at the core of the paper. Let us notice that λν,a is the largest λ > −1
such that J (η, ν, a, λ) ≥ 0 for all η ∈ Gν,a. This is a Hardy-type inequality which
deserves some additional considerations. A simple consequence of Proposition 1.4 is
indeed the fact that

J (η, ν, a, µ) ≥ 0 ∀ η ∈ C∞c
(
R2 \ {0},C

)
(1.10)

for any µ ∈ (−1, λν,a]. Inequality (1.10) provides us with the interesting inequality∫
R2

*
,

4 |∂z̄η |2

1 + λν,a + ν
|x |

+
(
1 − λν,a − ν

|x |

)
|η |2+

-

dx
|x |2a

≥ 0 ∀ η ∈ C∞c
(
R2 \ {0},C

)
(1.11)

in the case µ = λν,a. Using (1.6), we already prove (1.1) written for λ = λν,a, namely∫
R2

*
,

|D∗aϕ|
2

1 + λν,a + ν
|x |

+
(
1 − λν,a − ν

|x |

)
|ϕ|2+

-
dx ≥ 0 ∀ ϕ ∈ C∞c

(
R2 \ {0},C

)
.

(1.12)
It is an essential property of the Aharonov-Bohm magnetic field that (1.6) trans-

forms the quadratic form associated with (1.12) into (1.11), which is a weighted
inequality, without magnetic field. In terms of scalings, one has to think of a Hardy
type inequality for a Dirac-Coulomb operator in a non-integer dimension 2 − 2 a. By
taking the limit of the inequality J (η, ν, a, µ) ≥ 0 as µ→ (−1)+, we obtain∫

R2

(
4
ν
|x |1−2a |∂z̄η |

2 + 2
|η |2

|x |2a

)
dx ≥ ν

∫
R2

|η |2

|x |2a+1 dx ∀ η ∈ C∞c
(
R2 \ {0},C

)
under the assumption a ∈ (0, 1/2) and ν ∈ (0, c(a)). Using scalings, we can get rid of
the non-homogeneous term and find by taking the limit as ν → c(a) that∫

R2
|x |1−2a |∂z̄η |

2 dx ≥
1
4

c(a)2
∫
R2

|η |2

|x |2a+1 dx ∀ η ∈ C∞c
(
R2 \ {0},C

)
.

These weighted magnetic Hardy inequalities are part of a larger family of inequalities.

Lemma 1.5 (Hardy inequalities for Wirtinger derivatives). Let β ∈ R. Then we have
the two following inequalities (with optimal constants)∫
R2
|x |−2β |∂z̄η |

2 dx ≥
1
4

min
`∈Z

(
β − `

)2
∫
R2
|x |−2β−2 |η |2 dx ∀ η ∈ C∞c

(
R2 \ {0},C

)
,

(1.13)
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R2
|x |2β |∂zη |2 dx ≥

1
4

min
`∈Z

(
β − `

)2
∫
R2
|x |2β−2 |η |2 dx ∀ η ∈ C∞c

(
R2 \ {0},C

)
.

(1.14)

As a simple consequence of Lemma 1.5, we also obtain a family of Hardy inequal-
ities for spinors corresponding to the magnetic Pauli operator −i σ · ∇a (see [24]).

Corollary 1.6 (Hardy inequalities for the magnetic Pauli operator). Let ζ ∈ R, a ∈
[0, 1/2]. Then∫
R2
|x |ζ |(σ · ∇a) ψ |2 dx ≥ Ca,ζ

∫
R2
|x |ζ−2 |ψ |2 dx ∀ψ ∈ C∞c (R2 \ {0},C2) (1.15)

and the optimal constant in inequality (1.15) is given by

Ca,ζ = min
± , `∈Z

(
a ± ζ

2 − `
)2
.

A straightforward consequence of the expression of Ca,ζ is that, for all ζ ∈ R, the
function a 7→ Ca,ζ is 1-periodic. More inequalities of interest are listed in Appen-
dices A.2 and A.3.

Let us give an overview of the literature. In absence of magnetic field, the compu-
tation of the eigenvalues of the hydrogen atom in the setting of the Dirac equation goes
back to [12, 35]. As noted in [44], an explicit computation of the spectrum can be done
using Laguerre polynomials. By the transformation (1.6), which replaces a problem
with magnetic field by an equivalent problemwith weights, we obtain a similar algebra,
which would allow us to adapt the computations of [23]. As we are interested only in
the ground state energy, we use a simpler approach based on Hardy-type inequalities
for the upper component of the Dirac operator: the inequality follows from a simple
completion of a square as in [17, Remark, p. 9]. Notice that (1.6) can be seen as
a special case of the transformation introduced by Aharonov and Casher in [1] and
used to define the Pauli operator for some measure valued magnetic fields (see [24,
Inequality (3)]). Although rather elementary, the computation in dimension two of the
ground state and the ground state energy for the magnetic Dirac-Coulomb operator in
presence of the Aharonov-Bohm magnetic field is, as far as we know, original.

As noted in [26], the two-dimensional case is relevant in solid state physics for the
study of graphene: the low-energy electronic excitations aremodeled by amassless two-
dimensional Dirac equation [11] but the study of strained graphene involves a massive
Dirac operator [59]. Magnetic impurities are known to play a role. The coupling with
Aharonov-Bohm magnetic fields raises interesting mathematical questions which have
probably interesting consequences from the experimental point of view.

Our interest for Hardy-type inequalities in the presence of an Aharonov-Bohm
magnetic field goes back to the inequality proved by Laptev and Weidl in [43]. In the
perspective of Schrödinger operators, such an inequality in dimension two is somewhat
surprising, because it is well known that there is no such inequality without magnetic
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field. It is therefore natural to investigate whether there is a relativistic counterpart,
which is our purpose in this paper, as well as to consider the non-relativistic limit. The
link between ground states for Dirac operators and Hardy inequalities is known for
instance from [18, page 222] and has been exploited in works like [17, 15, 6]. Here we
have a new example which is particularly interesting as the ground state is explicit and
its upper component realizes the equality case in the corresponding Hardy inequality.

The continuous spectrum of Hν,a depends neither on ν nor on a: see [56, Theo-
rem 4.7] and [37]. If a = 0, see [34] for all ν > 0 and also [40, 63] and [3, 2, 47]. The
case a , 0 is less standard but does not raise additional difficulties. It is well known
that the lower part of the continuous spectrum prevents Hν,a to be semi-bounded from
below in any reasonable sense. In order to characterize the eigenvalues in the gap, one
has to address more subtle variational principles than standard Rayleigh quotients. The
first min-max formulae based on a decomposition into an upper and a lower component
of the free Dirac operator perturbed by an electrostatic potential with Coulomb-type
singularity at the origin were proposed by Talman in [55] and Datta-Devaiah in [13].
From the mathematical point of view, min-max methods for the characterization of
eigenvalues go back to [29, 36, 18, 19]. See also [16, 45, 46] for more recent results
and especially [50] which provides a comprehensive overview. Such a variational ap-
proach provides numerical schemes for computing Dirac eigenvalues, which have been
studied in [57, 22, 20, 42, 64, 10]. The symmetry of the electron case and the positron
case is inherent to the Dirac equation: see for instance [53, Chapter 11] for a review of
the classical invariances associated with the Dirac operator. This symmetry has been
reformulated from a variational point of view in [21]. In the present paper, this is ex-
ploited in Appendix A.3 for obtaining a dual family of Hardy-type inequalities, which
is formally summarized by the transformation (ν, a, λ) 7→ (−ν,−a,−λ), Da 7→ D∗a and
∂z̄ 7→ ∂z . Non-relativistic limits are from the early papers [12, 35] a natural question
and have been studied more recently, for instance, in the context of the Dirac-Fock
model in [49, 30, 25].

A delicate issue for Dirac operators with singular Coulomb potentials defined on
smooth functions is the determination of a self-adjoint extension. According to [37,
Theorem 2.1], there are three different regimes of the Dirac-Coulomb operator on R3.
If 0 < ν ≤

√
3/2, the operator is essentially self-adjoint, with finite potential and

kinetic energies. In the interval
√

3/2 < ν < 1, besides other self-adjoint extensions,
distinguished self-adjoint extensions can be singled out (see [51, 52, 38]) for which
either the potential energy (see [60, 61, 62]) or the kinetic energy (see [47, 48]) are
finite. All these extensions were proved to be equivalent by Klaus andWüst in [39] and
coincide with the distinguished extension of [27]. In the critical case ν = 1, Hardy-
Dirac inequalities lead to a distinguished self-adjoint extension with finite total energy:
see [27, 28, 4]. For ν > 1, the operator enjoys a family of self-adjoint extensions, but
standard finiteness of the energies fail according to [8, 63, 58].

On R2, the self-adjointness properties of the operator Ha (without Coulomb poten-
tial) have been studied for instance in [54, 31, 9]. Without magnetic field, self-adjoint
extensions preserving gaps have been studied in [41, 7] and it is shown there that the
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decomposition used in the variational approach of [50, Theorem 1.1] enters in the
framework of Krein’s criterion (see [50, Remark 1.3]). All self-adjoint extensions of
the Dirac-Coulomb operator for ν < 1 are classified in [33] with corresponding eigen-
values obtained in [32]. As noted in [50], methods similar to those of [28] are applied
in [14] to a two-body Dirac operator with Coulomb interaction (without spectral gap).
The characterization of the domain of the extension of the operator is of course a very
natural question. This is studied in detail in [26], including the two-dimensional case
but without magnetic field (also see references therein). Some of the results in this
paper are natural extensions of the considerations in [26] for the case without magnetic
field.

This paper is organized as follows. Section 2 is devoted to a direct proof of the
homogeneous Hardy-like inequalities of Lemma 1.5 and Corollary 1.6. In Section 3,
we prove some inhomogeneous Hardy-like inequalities which allow us to study a
variational problem leading to the proof of Proposition 1.4 and Theorem 1.1. This takes
us to the identification of the critical magnetic field under which all our results hold
true. This also proves the Hardy-type inequality (1.11) and its consequences (also see
Corollary 3.2 andAppendixA.2). Section 4 is devoted to the self-adjointness properties
of Hν,a and to the identification of the ground state. An explicit expression is found,
which is explained by the role played by Laguerre polynomials in the computation
of the spectrum of Hν,a (see Appendix A.1). The non-relativistic limit is discussed
in Section 5. The inequalities corresponding to the positron case are collected in
Appendix A.

2 Homogeneous Hardy-like inequalities
In this section, we prove the inequalities of Lemma 1.5 and Corollary 1.6, which are
independent of our other results, but rely on the completion of squares and on (1.6).
These proofs are a useful introduction to the main results of this paper.

Proof of Lemma 1.5. Let us start with the proof of (1.14). For any ` ∈ Z, if η(ρ, θ) =
ei ` θ φ(ρ), then

4
∫
R2
|x |2β |∂zη |2 dx =

∫
R2
ρ2β ���

(
∂ρ − i ∂θρ

)
ei ` θφ ���

2
dx

= 2 π
∫ +∞

0
ρ2β+1 ���

(
∂ρ +

`
ρ

)
φ

���
2

dρ,∫
R2
|x |2β−2 |η |2 dx = 2 π

∫ +∞

0
ρ2β−1 |φ|2 dρ .

With an expansion of the square and an integration by parts with respect to ρ, we obtain∫ +∞

0
ρ2β+1 ���∂ρφ−

κ
ρ φ

���
2

dρ =
∫ +∞

0
ρ2β+1 |∂ρφ|

2 dρ+ κ (κ −2 β)
∫ +∞

0
ρ2β−1 |φ|2 dρ
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for any κ ∈ R. Applied with κ = β and with κ = − `, this proves that∫ +∞

0
ρ2β+1 |∂ρφ|

2 dρ ≥ β2
∫ +∞

0
ρ2β−1 |φ|2 dρ

and∫ +∞

0
ρ2β+1 ���∂ρφ +

`
ρ φ

���
2

dρ

=

∫ +∞

0
ρ2β+1 |∂ρφ|

2 dρ + ` (` − 2 β)
∫ +∞

0
ρ2β−1 |ρφ|2 dρ

≥ (β − `)2
∫ +∞

0
ρ2β−1 |φ|2 dρ .

Altogether, we have∫
R2
|x |2β |∂zη |2 dx ≥

1
4

(
β − `

)2
∫
R2
|x |2β−2 |η |2 dx .

Inequality (1.14) for a general η ∈ C∞c
(
R2 \ {0},C

)
is then a consequence of a de-

composition in Fourier modes. The proof of (1.13) is exactly the same, up to the sign
changes β 7→ − β and ` 7→ − `. �

Proof of Corollary 1.6. Using (1.6), Inequality (1.15) is equivalent to

4
∫
R2

(
|x |ζ−2a |∂z̄η1 |

2 + |x |ζ+2a |∂zη2 |
2
)

dx

≥ Ca,ζ

∫
R2

(
|x |ζ−2−2a |η1 |

2 + |x |ζ−2+2a |η2 |
2
)

dx

and the result follows by applying (1.13) and (1.14) to η1 and η2 with respectively
η = a − ζ/2 and η = a + ζ/2. �

3 The minimization problem
The goal of this section is to prove Proposition 1.4 and Theorem 1.1. It is centred
on the variational problem (1.9) and its consequences on the definition of the critical
magnetic field.

Lemma 3.1. Assume that ν ∈ (0, 1/2] and a ∈ [0, c(ν)]. Then

µ =
c(a) −

√
c(a)2 − ν2

ν
(3.1)

is the smallest value of µ ∈ R such that the inequality∫ +∞

0

|φ′ |2

ν + ρ
ρ2−2a dρ + µ2

∫ +∞

0
|φ|2 ρ1−2a dρ ≥ ν

∫ +∞

0
|φ|2 ρ−2a dρ



Critical magnetic field for 2d magnetic Dirac-Coulomb operators 11

holds for any function φ ∈ C1((0,+∞),C). Moreover, the equality case with µ given
by (3.1) is achieved by

φ?(ρ) = ρ−µν e−µ ρ ∀ ρ ∈ (0,+∞) .

Proof. An expansion of the square and an integration by parts show that

0 ≤
∫ +∞

0

|ρ φ′ + µ (ν + ρ) φ|2

ν + ρ
ρ−2a dρ

=

∫ +∞

0

ρ2 |φ′ |2

ν + ρ
ρ−2a dρ + µ

∫ +∞

0

(
|φ|2

) ′
ρ1−2a dρ

+ µ2
∫ +∞

0
(ν + ρ) |φ|2 ρ−2a dρ

=

∫ +∞

0

|φ′ |2

ν + ρ
ρ2−2a dρ + µ2

∫ +∞

0
|φ|2 ρ1−2a dρ

+
(
ν µ2 − (1 − 2 a) µ

) ∫ +∞

0
|φ|2 ρ−2a dρ .

The conclusion holds after observing that ν µ2 − (1 − 2 a) µ = −ν and solving, in the
equality case, the equation

ρ φ′ + µ (ν + ρ) φ = 0 ∀ ρ ∈ (0,+∞) .

�

Next we apply Lemma 3.1 to the variational problem (1.9).

Proof of Proposition 1.4. For any function φ smooth enough and any ` ∈ Z \ {0}, we
have ∫ +∞

0

|ρ φ′ − ` φ|2

(1 + λ) ρ + ν
dρ
ρ2a ≥

∫ +∞

0

ρ2 |φ′ |2

(1 + λ) ρ + ν
dρ
ρ2a

because an integration by parts shows that∫ +∞

0

`2 |φ|2 − 2 ρ ` φ φ′

(1 + λ) ρ + ν
dρ
ρ2a

=

∫ +∞

0

` (` − 2 a) (1 + λ) ρ + ` (` + 1 − 2 a) ν(
(1 + λ) ρ + ν

)2 |φ|2
dρ
ρ2a

and ` (`−2 a) ≥ 0 and ` (`+1−2 a) ≥ 0. Using polar coordinates and a decomposition
in Fourier modes,

η(x) =
∑
`∈Z

η` (ρ) ei`θ , (3.2)
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we obtain

J (η, ν, a, λ) = 2π
∑
`∈Z

∫ +∞

0
*
,

|ρ η ′` − ` η` |
2

(1 + λ) ρ + ν
+

(
(1 − λ) ρ − ν

)
|η` |

2+
-

dρ
ρ2a . (3.3)

As a consequence, in order to minimize λ?(η, ν, a), it is enough to consider only the
` = 0 mode, i.e., minimize on radial functions.

Let us consider the change of variables ρ 7→ (1 + λ) ρ and write

η(ρ) = φ
(
(1 + λ) ρ

)
.

We observe that the largest value of λ > −1 for which J (η, ν, a, λ) ≥ 0 for any η ∈ Gν,a
is the largest value of λ > −1 for which the inequality∫ +∞

0

|φ′ |2

ν + ρ
ρ2−2a dρ +

1 − λ
1 + λ

∫ +∞

0
|φ|2 ρ1−2a dρ − ν

∫ +∞

0
|φ|2 ρ−2a dρ ≥ 0 (3.4)

holds for any φ. With the notation of Lemma 3.1, (1 − λ)/(1 + λ) = µ2 if and only if
λ = (1−µ2)/(1+µ2), that is, λ =

√
c(a)2 − ν2/c(a) = λν,a according to (1.2). Equality

in (3.4) is obtained, up tomultiplication by a constant, with η?(ρ) = φ?
(
(1 + λ) ρ

)
. �

The above proof deserves an observation. In the proof of Lemma 3.1, we solve
ν µ2− (1−2 a) µ+ ν = 0. It turns out that for any ν < c(a), this equation has two roots,
µ± =

(
− c(a) ±

√
c(a)2 − ν2

)
/ν, and the inequality is true for any µ ∈ [µ−, µ+]. In the

proof of Proposition 1.4, we solve (1 − λ)/(1 + λ) = µ2 and we look for the largest
value of λ for which J (η, ν, a, λ) ≥ 0 for any η, which is the reason why we pick the
value of λ corresponding to µ = µ+. See Appendix A.3 for similar considerations in
the positron case.

Using the Aharonov-Casher transformation

ϕ(x) = |x |−a η(x) ∀ x ∈ R2 (3.5)

which transforms a function η ∈ Gν,a into a function ϕ ∈ Fν,a, we can rephrase the
result of Proposition 1.4 as follows.

Corollary 3.2. Under the conditions ν ∈ (0, 1/2] and a ∈ [0, c(ν)], the largest value
of λ > −1 for which Qν,a,λ as defined in (1.3) is a nonnegative quadratic form on Fν,a
is λν,a. Additionally, if a < c(ν), the equality case in Qν,a,λν,a (ϕ) ≥ 0 is achieved if
and only if ϕ = ϕ? up to a multiplicative constant, where

ϕ?(ρ, θ) = ρ
√

c(a)2−ν2− 1
2 e−

ν
c(a) ρ ∀ (ρ, θ) ∈ R+ × [0, 2π) . (3.6)

However, we read from (1.2) that lima→c(ν)− λν,a = 0 > −1. As we shall see next,
as soon as a ∈ (c(ν), 1/2) for some ν ∈ (0, 1/2], there is no λ ∈ (−1, 1) such that the
Hardy-like inequality (1.1) holds true anymore.
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Proposition 3.3. Let ν ∈ (0, 1/2] and a ∈ (c(ν), 1/2). Then

inf
η∈Gν,a

λ?(η, ν, a) ≤ −1

and for any λ ∈ (−1, 1), there is some ϕ ∈ ϕ ∈ L2(R2,C) ∩ H1
loc

(
R2 \ {0},C

)
such that

√
|x |/(1 + |x |) D∗aϕ ∈ L2(R2,C) and Qν,a,λ(ϕ) < 0.

Proof. Let ε > 0, µ ∈ [−1, 1) and, for any ρ > 0 and consider a function ηε ∈ Gν,a
such that

ηε (x) = |x |a−
1
2 e−|x | if |x | ≥ ε and |∇ηε (x) | ≤ εa−

3
2 if |x | ≤ ε .

A computation shows the existence of two positive constants C1 and C2 such that

J (ηε, ν, a, µ) ≤ J (ηε, ν, a,−1) ≤ C1 | log ε |
(

c(a)2

ν
− ν

)
+ C2 < 0

for ε small enough, so that λ?(ηε, ν, a) ≤ −1. Using the transformation (3.5), this also
proves that Qν,a,λ achieves a negative value. �

Proof of Theorem 1.1. We know from Corollary 3.2 that a(ν) ≥ c(ν) and from Propo-
sition 3.3 that a(ν) ≤ c(ν). Since λ 7→ Qν,a,λ(ϕ) as defined in (1.3) is monotone
nonincreasing, (1.12) holds true for any λ ∈ [−1, λν,a)]. �

4 The 2d magnetic Dirac-Coulomb operator with an
Aharonov-Bohm magnetic field

This section is devoted to the self-adjointness of the operator Hν,a with domain Dν,a,
when ν ∈ (0, 1/2] and a ∈ (0, c(ν)], that is, Theorem 1.2. In the same range of
parameters, we also identify λν,a as the ground-state of Hν,a (Theorem 1.3).

Proof of Theorem 1.2. We first deal with abstract results when a ≤ a(ν) before char-
acterizing Fν,a in the subcritical range a < a(ν).
BCritical and subcritical cases, a ≤ a(ν): domain and self-adjointness. We follow the
method of [28] for dealing with non-magnetic 3d Dirac-Coulomb operators in [27, 50].
This method applies almost without change and we provide only a sketch of the proof.

By Theorem 1.1, the quadratic form Qν,a,λ defined by (1.3) is nonnegative on
C∞c

(
R2 \ {0},C

)
for any λ ∈ (−1, λν,a]. Let us define the norms ‖ · ‖ and ‖ · ‖λ by

‖ϕ‖2 := ‖ϕ‖2
L2 (R2,C) +







√
|x |

1+ |x | D∗aϕ






2

L2 (R2,C)

and ‖ϕ‖2λ := ‖ϕ‖2
L2 (R2,C) +







D∗aϕ√

1+λ+ ν
|x |








2

L2 (R2,C)
.
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For the same reasons as in [18, Lemma 2.1] or [50, Lemma 5], the norms ‖ · ‖ and ‖ · ‖λ
are equivalent for any λ ∈ (−1, 1) and the operator ϕ 7→ D∗aϕ/

(
1 + λ + ν |x |−1) on

C∞c
(
R2 \ {0},C

)
is closable with respect to ‖ · ‖λ, with a domain that does not depend on

λ. By arguing as in [18, Lemma 2.1] and [50, Lemma 7], there is a constant κλ ≥ 1 such
that Qν,a,λ(ϕ) + κλ ‖ϕ‖2λ is equivalent to Qν,a,0(ϕ) + ‖ϕ‖20 for all λ ∈ (−1, 1). These
quadratic forms are nonnegative and closable with form domain Fν,a ⊂ L2(R2,C) as
defined inTheorem1.2.MoreoverFν,a does not depend on λ because of the equivalence
of the quadratic forms. On Dν,a, the operator Hν,a such that

Hν,a ψ = *
,

Da χ +
(
1 − ν

|x |

)
ϕ

D∗aϕ −
(
1 + ν

|x |

)
χ

+
-
∀ψ =

(
ϕ
χ

)
∈ Dν,a

is self-adjoint, for the same reasons as in [27], because for all λ ∈ (−1, λν,a), the
operator Hν,a − λ is symmetric and it is a bijection from Dν,a onto L2(R2,C2).
B In the subcritical range a < a(ν), the space Fν,a endowed with the norm ‖ · ‖ is
given by (1.4). Let us prove it. With C = min{1 + λ, ν}, we have that

Qν,a,λ(ϕ) ≤ 1
C

∫
R2

|x |
1+ |x | |D

∗
aϕ|

2 dx + 2
∫
R2
|ϕ|2 dx ≤ max

{
C−1, 2

}
‖ϕ‖2

for any ϕ ∈ C∞c
(
R2 \ {0},C

)
. The reverse inequality goes as follows. For any λ ∈

(−1, λν,a), let

t =
c(a)
ν

√
1 − λ2

and notice that t > 1. This choice of t is made such that λ = λtν,a. Let us choose
some ϕ ∈ C∞c

(
R2 \ {0},C

)
and consider φ(x) = ϕ

(
t−1x

)
. A simple change of variables

shows that∫
R2

*
,

1
t2

|D∗aϕ|
2

1 + λ + ν
|x |

−
ν

|x |
|ϕ|2+

-
dx =

1
t2

∫
R2

*
,

|D∗aφ|
2

1 + λ + t ν
|x |

−
tν
|x |
|φ|2+

-
dx

≥
λ − 1

t2

∫
R2
|φ|2 dx = (λ − 1)

∫
R2
|ϕ|2 dx

where the inequality is obtained by writing Qtν,a,λ(φ) ≥ 0. As a consequence, we have

Qν,a,λ(ϕ) ≥
(
1 − 1

t2

) 1
max{1 + λ, ν}

∫
R2

|x |
1+ |x | |D

∗
aϕ|

2 dx ,

which concludes the proof. �

Proof of Theorem 1.3. As noted in the introduction, if λ ∈ (−1, 1) is an eigenvalue
of Hν,a, its upper component is, after the the Aharonov-Casher transformation (3.5),
a critical point of η 7→ J (η, ν, a, λ), so that the ground state energy, i.e., the lowest
eigenvalue of Hν,a in (−1, 1), is larger or equal than λν,a. We have equality if η1 = η?
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determines an eigenfunction of Hν,a through (1.6) and (1.8). This is straightforward in
the subcritical range as η? ∈ Gν,a if a < a(ν) by Theorem 1.2.

The critical case a = a(ν) is more subtle as we have no explicit characterization of
Fν,a or, equivalently, Gν,a. We have indeed to prove that η? ∈ Gν,a if a = a(ν). For all
ε ∈ (0, 1], let us define the truncation function

θε :=




0 if 0 ≤ ρ ≤ ε/2 ,
1
2

(
1 + sin

(
2π
ε ρ − 3π

2

))
if ε/2 < ρ ≤ ε ,

1 if ε ≤ ρ ≤ 1/ε ,
1
2

(
1 + sin

(
ρ + π

2 −
1
ε

))
if 1/ε ≤ ρ ≤ 1/ε + π ,

0 if ρ ≥ 1/ε + π .

With ϕ? defined by (3.6), the functions ϕε := ϕ? θε are equal to 0 in a neighborhood
of the origin and converge almost everywhere to ϕ? as ε → 0+, with

lim sup
ε→0+

Qν,a,0(ϕε ) < +∞ .

But these functions are not in C∞
(
R2 \ {0},C

)
. To end the proof we regularize them

using a convolution product. �

An eigenfunction associated with λν,a is obtained as a sub-product of our method.

Proposition 4.1. Let ν ∈ (0, 1/2]. For any a ∈ (0, c(ν)], the eigenspace of Hν,a

associated with λν,a is generated by the spinor

ψν,a (ρ, θ) = *.
,

1

i eiθ
√

1−λν,a
1+λν,a

+/
-
ρ
√

c(a)2−ν2− 1
2 e−

ν
c(a) ρ ∀ (ρ, θ) ∈ R+ × [0, 2π) .

Proof. The result follows from ϕ = ϕ? as in Corollary 3.2 for the upper component
and from (1.5) for the lower component. �

Let us conclude this section by some comments. In Proposition 1.4 and in Corol-
lary 3.2, we have J (η?, ν, a, λν,a) = 0 and Qν,a,λν,a (ϕ?) = 0 if a = c(ν), but we have
to pay attention to the fact that the various terms in the integrals are not all individually
integrable. In the proof of Theorem 1.3, this is reflected by the fact that we have to
use a truncation argument. The characterization of the space Fν,a in the critical case
a = a(ν) is more technical than in the subcritical regime and we will not do it here. For
similar computations without magnetic field in dimensions 2 and 3, see [26, Section 1.5
and Appendix A.3].

5 Non-relativistic limit
In this section, we discuss the non-relativistic limit of the ground state spinor and
of the ground state energy of the magnetic Dirac-Coulomb operator on R2 with the
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Aharonov-Bohmmagnetic fieldAa. Let us introduce the speed of light c in the operator
and consider

Hc
ν,a := c2 σ3 − i c σ · ∇a −

ν

|x |
Id .

Up to this point, we considered atomic units and took c = 1, Hν,a = H1
ν,a. Here we

consider the limit as c → +∞.
If ψc is an eigenfunction of Hc

ν,a with eigenvalue λc , that is, Hc
ν,a ψc = λc ψc , then

Ψc (x) := ψc (x/c) solves Hν/c,a Ψc =
λc
c2 Ψc . As a consequence of Proposition 4.1,

ψc =

(
ϕc
χc

)
where




ϕc (ρ, θ) = ρ
√

c(a)2−ν2/c2− 1
2 e−

ν
c(a) ρ

χc (ρ, θ) = i eiθ
√

c2−λc
c2+λc

ϕc (ρ, θ)
∀ (ρ, θ) ∈ R+ × [0, 2π)

with λc = c2
√

1 − ν2

c(a)2 c2 so that, by passing to the limit as c → +∞, we obtain

lim
c→+∞

(
λc − c2

)
= − ν2

2 c(a)2 ,

and
ϕc → ρ−a e−

ν
c(a) ρ , χc → 0

in H1
loc

(
R2 \ {0},C

)
.

We recall that c(a) = 1
2 − a. The eigenvalue problem written as a system is

c Da χc +
(
c2 − ν

ρ

)
ϕc = λc ϕc , c D∗a ϕc −

(
c2 + ν

ρ

)
χc = λc χc .

After eliminating the lower component using

χc =
c D∗a ϕc

λc + c2 + ν
ρ

,

we obtain for the upper component the equation

Da
*
,

c2 D∗a ϕc
λc + c2 + ν

ρ

+
-
− ν
ρ ϕc =

(
λc − c2

)
ϕc .

and notice that this is consistent with the fact that the limiting solution solves the
equation

Da D∗a ϕ −
ν
ρ ϕ = −

ν2

2 c(a)2 ϕ

in the sense of distributions. OnC0(R2,C)∩C2
c

(
R2\{0},C

)
, an elementary computation

shows that Da D∗a = −∇
2
a − B, where the magnetic field is B = 2π a δ0, corresponding

to a Dirac mass at the origin. This operator is similar to the Pauli operator for measure
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valued magnetic fields studied by Erdoes and Vougalter in [24] using the Aharonov-
Casher transformation (3.5). If we define the quadratic form

q(ϕ, ϕ′) :=
∫
R2
∂z̄ ( |x |aϕ) ∂z̄ ( |x |aϕ′) |x |−2adx ,

we can follow [24, Theorem 2.5] and define Da D∗a as the Friedrichs extension on
L2(R2,C) of the unique self-adjoint operator associated with q, with domain

{
ϕ ∈ L2(R2,C) : q(ϕ, ϕ) < +∞ , q(ϕ, ·) ∈ L2(R2,C)′

}
.

A Appendix

A.1 The ground state and Laguerre polynomials

Based on (3.2) and (3.3), we can provide an alternative computation of the optimal
function η? in Proposition 1.4.

As a consequence of the properties of the Laguerre polynomials (see [44]), for any
` ∈ Z, solutions of

−

(
ρ φ′ − ` φ

(1 + λ) ρ + ν

) ′
− (` + 1 − 2 a)

φ′ − `
ρ φ

(1 + λ) ρ + ν
+

(
1 − λ −

ν

ρ

)
φ = 0 (A.1)

are generated by the functions φ(ρ) = ρA e−B ρ with either

A = a −
1
2
−

c` (a)
|c` (a) |

√
c` (a)2 − ν2 , B =

ν

c` (a)
, λ = −

√
c` (a)2 − ν2

|c` (a) |
,

or

A = a −
1
2
+

c` (a)
|c` (a) |

√
c` (a)2 − ν2 , B =

ν

c` (a)
, λ =

√
c` (a)2 − ν2

|c` (a) |
,

where c` (a) := 1/2 + ` − a. However, the integrability of ρ 7→ ρ2−2a |φ′(ρ) |2 in a
positive neighbourhood of ρ = 0 selects the second one, with ` ≥ 0. For any ` ∈ N, let
φ` (ρ) := κ` ρA` (a) e−B` (a) ρ with

A` (a) = a −
1
2
+

c` (a)
|c` (a) |

√
c` (a)2 − ν2 , B` (a) =

ν

c` (a)
, λ` (a) =

√
c` (a)2 − ν2

|c` (a) |
.

With this choice, we find that J (η?, ν, a, λ0(a)) ≥ 0 with equality if and only if κ` = 0
for any ` ≥ 1. On the other hand, η? is a critical point of J, so that φ` solves (A.1)
with λ = λ?(η?, ν, a). Altogether we conclude that λ?(η?, ν, a) = λ0(a).
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A.2 Special cases of Hardy-type inequalities
Here we list some special cases of Hardy-type inequalities related with the Dirac-
Coulomb operator, with or without magnetic fields, which are of interest by themselves.
This list of inequalities complements the inequalities of Section 1 (after the statement
of Proposition 1.4).

For any η ∈ C∞c
(
R2 \ {0},C

)
, Inequality (1.11) becomes∫

R2

(
2 |x |

2 |x | + 1
��(∂1 + i ∂2) η��2 + |η |2

)
dx ≥

1
2

∫
R2

|η |2

|x |
dx

for ν = 1/2 and a = 0, and∫
R2

(
|x |
|x | + ν

��(∂1 + i ∂2) η��2 + |η |2
)
|x |2ν−1 dx ≥ ν

∫
R2
|η |2 |x |2ν−2 dx

for ν ∈ (0, 1/2), a = c(ν) > 0 while, in that case, a scaling also shows that

1
ν

∫
R2
|x |2ν ��(∂1 + i ∂2)η��2 |x |2ν dx ≥ ν

∫
R2
|η |2 |x |2ν−2 dx ∀ η ∈ C∞c

(
R2 \ {0},C

)
.

In the case a = c(ν) and ν ∈ (0, 1/2), (1.12) becomes∫
R2

(
|x |
|x | + ν

|D∗c(ν)ϕ|
2 + |ϕ|2

)
dx ≥ ν

∫
R2

|ϕ|2

|x |2
dx ∀ ϕ ∈ C∞c

(
R2 \ {0},C

)
.

and it is interesting to relate this last inequality with the homogeneous case of (1.15),
which can be written as∫

R2

|x |
ν

��
(
σ · ∇c(ν)

)
ψ��2 dx ≥ ν

∫
R2

|ψ |2

|x |
dx ∀ψ ∈ C∞c (R2 \ {0},C2) .

A.3 The positron case
In the positron case with positively charged singularity, the eigenvalue problem

Ha,−ν ψ = λ ψ

is transformed using (1.6) into the system

η1 − 2 i ρ2a ∂zη2 +
ν
ρ η1 = λ η1 ,

− 2 i ρ−2a ∂z̄η1 +
ν
ρ η2 − η2 = λ η2 .

Using the first equation, we can eliminate the upper component

η1 = − 2 i
ρ2a ∂zη2

λ − 1 − ν
ρ
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and obtain the equation

− 4 ρ−2a ∂z̄ *
,

ρ2a ∂zη2

λ − 1 − ν
ρ

+
-
−

(
1 + λ − ν

ρ

)
η2 = 0 ,

which is a critical point of

J (+) (η, ν, a, λ) :=
∫
R2

*
,

4 |∂zη |2

1 − λ + ν
|x |

+
(
1 + λ − ν

|x |

)
|η |2+

-
|x |2a dx .

As a function of λ, J (+) (η, ν, a, λ) is monotone increasing and the same method as
in the proof of Proposition 1.4 applies up to the change λ 7→ −λ. This is why in the
computation of the roots of

ν µ2 − (1 − 2 a) µ + ν = 0 ,

we choose µ− = −
(
c(a) +

√
c(a)2 − ν2

)
/ν and obtain by solving (1+λ)/(1−λ) = µ2

−

that the optimal value for λ is

λ = −

√
c(a)2 − ν2

c(a)
= −λν,a .

The result of Theorem 1.1 becomes∫
R2

*
,

|Da χ |
2

1 + λν,a + ν
|x |

+
(
1 − λν,a − ν

|x |

)
| χ |2+

-
dx ≥ 0 ∀ χ ∈ C∞c

(
R2 \ {0},C

)
with equality if χ is the lower component of ψ−ν,a in Proposition 4.1. This also means
that (1.11) is replaced by∫
R2

*
,

|∂zη |
2

1 + λν,a + ν
|x |

+
(
1 − λν,a − ν

|x |

)
|η |2+

-
|x |2a dx ≥ 0 ∀ η ∈ C∞c

(
R2 \ {0},C

)
with same consequences: under the assumption a ∈ (0, 1/2] and ν ∈ (0, c(a)], we
obtain∫
R2

(
4
ν
|x | |∂zη |2 + 2 |η |2

)
|x |2a dx ≥ ν

∫
R2
|η |2 |x |2a−1 dx ∀ η ∈ C∞c

(
R2 \ {0},C

)
and ∫

R2
|∂zη |

2 |x |2a+1 dx ≥
1
4

c(a)2
∫
R2
|η |2 |x |2a−1 dx ∀ η ∈ C∞c

(
R2 \ {0},C

)
.
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