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Abstract

Contextual sequential decision problems with
categorical or numerical observations are ubig-
uitous and Generalized Linear Bandits (GLB)
offer a solid theoretical framework to address
them. In contrast to the case of linear bandits,
existing algorithms for GLB have two draw-
backs undermining their applicability. First,
they rely on excessively pessimistic concentra-
tion bounds due to the non-linear nature of
the model. Second, they require either non-
convex projection steps or burn-in phases to
enforce boundedness of the estimators. Both
of these issues are worsened when considering
non-stationary models, in which the GLB pa-
rameter may vary with time. In this work, we
focus on self-concordant GLB (which include
logistic and Poisson regression) with forget-
ting achieved either by the use of a sliding
window or exponential weights. We propose
a novel confidence-based algorithm for the
maximum-likehood estimator with forgetting
and analyze its perfomance in abruptly chang-
ing environments. These results as well as the
accompanying numerical simulations highlight
the potential of the proposed approach to ad-
dress non-stationarity in GLB.

1 INTRODUCTION

In recent years, linear bandits (Abbasi-Yadkori et al.,
2011; Chu et al., 2011; Dani et al., 2008; Rusmevichien-
tong and Tsitsiklis, 2010) have become the go-to
paradigm to balance exploration and exploitation in
contextual sequential decision making problems. Linear
bandits have typically found applications for content-
based recommendations (Li et al., 2010; Valko et al.,
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2014), real-time bidding (Flajolet and Jaillet, 2017)
and even mobile-health interventions (Tewari and Mur-
phy, 2017). Concurrently, Generalized linear bandits
(GLB) have been introduced as a generalization of lin-
ear bandits, able to describe broader reward models of
considerable practical relevance, in particular binary
or categorical rewards (Filippi et al., 2010; Li et al.,
2017). GLB are for instance a natural option in on-
line advertising applications where the rewards take
the form of clicks (Chapelle and Li, 2011). In this
work, we focus on deterministic algorithms and refer
to (Chapelle and Li, 2011; Kveton et al., 2020) for
randomized algorithms applicable to GLB. Compared
to the linear bandits case, there are two distinctive
drawbacks of GLB algorithms. The first is (1) the
presence of a problem-dependent constant, imposed by
the non-linear nature of the model, that is possibly pro-
hibitively large and has a negative impact both on the
design of algorithms and on their analysis. The second
is (2) the need to modify the Maximum Likelihood
Estimator (MLE) to ensure that it has a bounded norm.
Usually this is achieved by resorting to an additional
non-conver projection program applied to the MLE
(Filippi et al., 2010). These distinctions correspond
to a fundamental difference between the models, and
explain why methods developed for linear bandits may
fail in the case of GLB.

The first drawback (1) was recently addressed by Faury
et al. (2020), in the specific case of logistic bandits.
They showed that in this particular setting, the regret
bounds of carefully designed algorithms could be signif-
icantly improved only at the cost of minor algorithmic
modifications. Their analysis tightens the gap with the
linear case, and takes a significant step towards the
development of efficient GLB algorithms.

The second drawback (2) has seen little treatment in
the literature, except for the work of Li et al. (2017) who
proved that the projection step of Filippi et al. (2010)
could be avoided by resorting to random initialization
phases. However, a careful examination of the required
conditions shows that these initialization phases can
be prohibitively long to be deployed in scenarios of
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practical interest.

The aforementioned improvements to the original GLB
algorithm of Filippi et al. (2010) were developed under
a stationarity assumption. However, non-stationary
environments are ubiquitous in real-world applications
of contextual bandits. In the linear bandits literature,
this has motivated the development of adequate algo-
rithms, able to handle changes in the structure of the
reward signal (Cheung et al., 2019b; Russac et al., 2019;
Zhao et al., 2020). Russac et al. (2020) generalized such
approaches to GLB, but without addressing neither (1)
nor (2). As a result, the practical relevance of their
approach remains questionable and the development
of efficient and non-stationary GLB algorithms stands
incomplete.

This paper aims at closing this gap. We study a broad
family of GLB, known as self-concordant (which in-
cludes for instance the logistic and Poisson bandits), in
environments where the parameter is allowed to switch
arbitrarily over time. Under this setting, we answer (1)
by providing a non-trivial extension of the concentra-
tion results from Faury et al. (2020). We also leverage
the self-concordance property to remove the projection
step, henceforth overcoming (2). This is made possi-
ble by an improved characterization of the, possibly
weighted, MLE in (self-concordant) generalized linear
models. Combined together, these two contributions
lead to the design of efficient GLB algorithms, with
improved regret bounds and which do not require to
solve hard (i.e. non-convex) optimization programs.
In doing so, we also answer the long-standing issue of
providing proper confidence regions centered around
the pristine MLE in GLB.

2 BACKGROUND

2.1 Setting and Assumptions

At each time step, the environment provides a time-
dependent action set A; and the agent plays a d-
dimensional action a; € A;. We will assume that the
reward’s distribution belongs to a canonical exponen-
tial family with respect to a reference measure v, such
that dPy(r|a) = exp(ra'0 —b(a'0) +c(r))dv(r). Here,
the function ¢(+) is real-valued and b(+) is assumed to
be twice continuously differentiable. Thanks to the
properties of exponential families, b is convex and can
be related to the function p = b, itself referred to as
the inverse link or mean function. A key feature of
this description is that given a ground-truth parameter
0*, selecting an action a; at time ¢ yields a reward 7,11
conditionally independent on the past and such that
E[ri41|a] = plag 0%).

The non-stationary nature of the considered environ-

ments is characterized as follows: the bandit parameter
0* is allowed to change in an arbitrary fashion up to
I'r times within the horizon T. In the following, 6*
will be indexed by t to clearly exhibit its dependency
w.r.t round ¢, and the reward signal will follow

Elrei1lad] = pla) 67) -

The focus of this paper is the dynamic regret defined

as
T

Rr = Zcrlré%xu(a—r@) — p(a 07) .
=1 "

Note that in this setting, there is no fixed best arm,
both due to the non-stationarity of the environment
and to the fact that the action set A; may vary with
time. We will work under the following assumptions.

Assumption 1 (Bounded actions and bandit parame-
ters).

Vt21,||9:||2 SS and Vag-At;”aHQ < 1.

We define the admissible parameter space © = {9 €
R%, 0]z < S}.

Assumption 2 (Bounded rewards).

Im € R such that ¥t > 1,0 <1, <m .

Assumption 3. The mean function p : R — R is
continuously differentiable, Lipschitz with constant k,,
and such that

Cu = inf ,[L(aTG) >0.

- 6€0 a2 <1
The quantity c, is crucial in the analysis, as it repre-
sents the (worst case) sensitivity of the mean function.
Our last assumption differs from most of existing works
as we focus here on self-concordant GLMs. This as-
sumption on the curvature of the mean function is
rather mild, and covers for instance the logistic and
Poisson models.

Assumption 4 (Generalized self-concordance). The
mean function verifies |ji] < [ .

In order to estimate the unknown bandit parameter
0y, we will adopt a weighted regularized maximum-
likelihood principle. Formally, we define 6, for A > 0
and v € (0,1] as the solution of the strictly convex
program

t—1

. ) . A
0y = ar@gég;m—th 15 log Py (ry1]as) + §H9||§ .
(1)

Equivalently, 0, may be defined as the minimizer of

1 —(t—1) L

- 22:11 75 1og Py (req1]as) + 22 >—16]|3, with time-
independent increasing weights v~° and time-varying
regularization Ay~ (=) which is more handy for anal-

ysis purposes, see (Russac et al., 2019).

s=1
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2.2 Stationary GLB

GLB were first considered in the seminal work of
Filippi et al. (2010) who proposed GLM-UCB, an op-
timistic algorithm with a regret upper bound of the
form @(c;ld\/f ). A key characteristic of GLM-UCB is a
projection step, used to map the MLE onto the set of
admissible parameters ©. Formally, when the MLE 0,
is not in O, it needs to be replaced by

t—1

S [plal0) ~ n(ald)]

s=1

(2)

Vt71

f; = arg min
0co

where Vy is an invertible d x d square matrix.

With GLM-UCB, both the size of the confidence set (thus
the exploration bonus) and the regret bound scale as
c;l. However, this constant can be prohibitively large.
In the cases of the logistic and Poisson bandits, one
has c;l > e, revealing an exponential dependency on
S. If we consider the example of click prediction in
online advertising with the logistic GLB, c;l is of the
order 103, corresponding to typical click rates of less
than a percent.

This critical dependency was addressed by Faury
et al. (2020) for the logistic bandit. They introduce
LogUCB1 and LogUCB2 for which they respectively prove
(5(0;1/203\/?) and O(dv'T + ¢, ') regret upper bounds.
Their analysis relies on the self-concordance property of
the logistic log-likelihood. Self-concordance offers a re-
fined way to control the curvature of the log-likelihood,
and has been used in batch statistical learning (Bach,
2010) and online optimization (Bach and Moulines,
2013) (see also (Boyd and Vandenberghe, 2004, Section
9.6) for a broader picture). However, the analysis of
Faury et al. (2020) does not use the self-concordance
to its fullest and a projection step is still required, as
detailed in Section 5.

Since the mean function y can be non-convex (as for
example in the case of logistic regression), the projec-
tion step defined in Equation (2) generally involves the
minimization of a non-convex function. Solving this
program can be arduous and finding ways to bypass it
is desirable. This was achieved by Li et al. (2017) using
a burn-in phase corresponding to an initial number of
rounds during which the agent plays randomly. This
ensures that 6, stays in © for subsequent rounds and
therefore avoids the projection step. This technique
was re-used in other recent works, such as (Kveton
et al., 2020; Zhou et al., 2019). A major drawback
of this approach however is the length of this burn-in
phase, which typically grows with 0;2 (Kveton et al.,
2020, Section 4.5). In the previously cited example
of click-prediction, this would lead the agent to act
randomly for approximately 10% rounds.

2.3 Forgetting in Non-Stationary
Environments

Motivated by the non-stationary nature of most real-life
applications of contextual bandits, a consequent theory
for linear bandits in non-stationary environments has
been recently developed (Cheung et al., 2019a; Rus-
sac et al., 2019; Zhao et al., 2020). We focus here on
forgetting policies, a broader perspective is discussed
in Section 5. In (Cheung et al., 2019a), a sliding win-
dow is used and the estimator is constructed based on
the most recent observations only. In (Russac et al.,
2019) exponentially increasing weights are used to give
more importance to most recent observations. In (Zhao
et al., 2020) the algorithm is restarted on a regular ba-
sis. These contributions were generalized to GLB by
Russac et al. (2020); Cheung et al. (2019a); Zhao et al.
(2020). However, the approach of Russac et al. (2020)
still suffers from the aforementioned limitations (depen-
dency w.r.t. ¢, and need for a projection step) while
the analysis of both Cheung et al. (2019a) and Zhao
et al. (2020) are missing key features of the problem at
hand (see (Russac et al., 2020, Section 1)).

The non-stationary nature of the problem rules out the
use of burning phases as changes in the GLB parameter
can lead 6, to leave O, even when well initialized. This
also accentuates the inconveniences brought by the pro-
jection step, as 6, leaving © is more likely to happen.
This is why finding alternatives without projection is
even more attractive in this particular setting. Further-
more, a generalization of the improvements brought by
Faury et al. (2020) to non-stationary world is missing,
and it is unclear if the dependency in ¢, can still be
reduced in this harder setting.

2.4 Contributions

The present paper addresses these challenges, focusing
on the use of exponential weights to adapt to changes in
the model. First, we extend in Theorem 3 the Bernstein-
like tail-inequality of (Faury et al., 2020, Theorem 1)
to weighted self-normalized martingales. We then lever-
age the self-concordance property (Assumption 4) to
provide an improved characterization of the maximum-
likelihood estimator (Proposition 1). This allows to
provide concentration guarantees without projecting
6, back to ©. Combining these results leads to the
SC-D-GLUCB strategy (Algorithm 1), which does not re-
sort to a non-convex projection step and enjoys an
Oy B d2/3TY/PT2/3) worst case regret upper bound
(Theorem 2). A O(cﬁl/QA’ld\/I‘TT) regret bound is
also obtained (Theorem 1) under an additional minimal
gap A > 0 assumption (Assumption 5). A summary of
our contributions and comparison with prior work are
given in Table 1.
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Algorithm Setting Projection Regret Upper Bound
Filipp(i;zf_ng@OlO) Sta(t;ﬁ; v Non-convex 0] (c;1 d- \/T)
iy O - A e I
RussacD_e(z;tUang@OQO) Non_zﬁﬁﬁ)nary Non-convex 0 (c; RN F;“/?) -T?/ 3)

e T i |0 4 )

(f}?l_]s)_s;z(;]i) N(gli?\;c[aiiogéry No projection 16) (0;1/3 . d?/3. FIT/B . T2/3)

Table 1: Comparison of regret guarantees for different algorithms in the GLM setting with respect to the degree
of non-linearity c,, the dimension d, the horizon 7" and the number I'z of abrupt changes. In the table SC stands
for self-concordant. Regret guarantees for SC-SW-GLUCB are the same than for SC-D-GLUCB.

3 ALGORITHM AND RESULTS

3.1 Algorithms

In this section, we consider the abruptly changing en-
vironments defined in Section 2. We propose two algo-
rithms: SC-D-GLUCB, which is based on discount factors,
and SC-SW-GLUCB using a sliding window. Due to space
limitation constraints, the pseudo-code of SC-SW-GLUCB
and the corresponding theoretical results are reported
in Appendix C. Associated with the weighed MLE de-
fined in Equation (1), define the weighted design matrix
as

t—1
A

V, = t=l=sgal + 21, . 3

t gz::l,y s Cu d ( )

The SC-D-GLUCB algorithm proceeds as follows. First,
based on the previous rewards and actions, ét is com-
puted. After receiving the action set Ay, the action a,
is chosen optimistically as the maximizer of the cur-
rent estimate p(a’ ;) of each arm’s reward inflated
by the confidence bonus c;l/2ﬁ%||aHvt—1. Finally, the
reward 7y is received and the matrix V, is updated.
The expression of 33 is a consequence of our novel
concentration result and is defined in Equation (4).
A pseudo-code of the algorithm is presented in Algo-
rithm 1.

There are two differences between SC-D-GLUCB and the
algorithm proposed in Russac et al. (2020). First, we
directly use 0, to make predictions about the arms’
performances, whether it belongs to © or not. Second,
the exploration term scales as 0;1/ 2 (instead of c;l),
as in Faury et al. (2020). The latter has a direct impact
on the regret-bound of SC-D-GLUCB, to be stated below.

Algorithm 1 SC-D-GLUCB

Input: Probability ¢, dimension d, regularization
A, upper bound for bandit parameters S, discount
factor ~.
Initialize: Vo = (\/c,)14, o = Oga.
fort=1to T do

Receive A;, compute 0; according to (1)
By
Veu

Play a; = arg max,, ¢ 4, w(a0,)+

3%, defined in Equation (4)

Receive reward 41

Update: V. < a;a] +~7V;+ %(1 — 7)1y
end for

||a||V;1 with

3.2 Regret Upper Bounds

We detail in this section the performance guarantees
for SC-D-GLUCB. Define

M:kvx0+5+wl+gé+(@)jWQm
T I A Pr \/X

with
55+ at 9
and where
Py = % - %log (?) + %dlog@)

The latter expression is a direct consequence of the
concentration result presented in Theorem 3 below.
The difference between S and S is a bias term due to
the non-stationarity.

Before stating our first theorem, we add an additional
assumption on the minimal gap. This assumption is
discussed in Section 5 and is only used in Theorem 1.
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At =
satis-

Assumption 5. The reward gaps
Millge 4, pu(aT0p)<p(aT o) M(ar 0F) = pla’6f)
fies

Vi<T, Ay >A>0.

Theorem 1. Under Assumption 5, the regret of the
SC-D-GLUCB algorithm is bounded for all v € (1/2,1)
with probability at least 1 — § by

Br < G 1F—Ty T —1 )2A
BINAT 1
+03 @A Tlog(l/’y)Jrlog (1+d)\(1—’}/)>
d(8)? 1
+Cy cuz (Tlog(l/’y)+log (1+d)\(1—’y))> ,

where C1, Co, C3, Cy are universal constants indepen-
dent of ¢, v with only logarithmic terms in T.

In particular, setting v =1 — Vdc\;;T and A = dlog(T)

Ry = O(A ¢, /2d\/T1T) .

There is a strong link between the cost of non-
stationarity in the K-arm setting and the one observed
in the more general GLB setting. In the K-arm setting,
any sub-optimal arm ¢ is played at most O(A] 2log(T))
times (e.g (Munos, 2014, Proposition 1.1)), whereas in
any abruptly changing environment, forgetting policies
play a sub-optimal arm i at most O((A7(i))~2y/T7T)
(Garivier and Moulines, 2011). Ar(4) is the minimum
distance between the mean of the optimal arm and
the mean of the suboptimal arm i over the entire time
horizon. For GLBs, in the stationary case Filippi et al.
(2010, Theorem 1) give a gap-dependent bound on the
regret scaling as O(A~"¢;;2d? log(T)). Here, the bound
of Theorem 1 is of order O(A‘lcgl/Zd\/FTT). The
reduced dependency in ¢, in the latter bound is a di-
rect consequence of the use of self-concordance. Also
note that when the inverse link function is the identity
and the action set is the canonical basis, our analysis
recovers the results of Garivier and Moulines (2011).

leads to

We give an upper bound for the worst case regret
of Algorithm 1 in the following theorem; its proof is
deferred to the appendix.

Theorem 2. The regret of the SC-D-GLUCB algorithm
is bounded for all v € (1/2,1) with probability at least
1—46 by

r
Ry < Ciy T

5\/dT 1 1
Prval 2 o
e Vu \/Tlog (v) *los <1 Taa —v)) ’

where Cy and Cy are universal constants independent
of ¢, and v with only logarithmic terms in T'.

c/2r, 2/3
In particular, setting v = 1 — ( s > and A =
dlog(T) leads to

Ry = 5(6;1/3d2/3F1T/3T2/3) )

As in the linear case, this regret bound highlights the
existence of two mechanisms of different nature. The
first term is due to non-stationarity, the number of
changes 't being multiplied by 1/(1 — ), which is a
rough measure of the forgetting time induced by the
exponential weights. The second term characterizes
the rate at which the weighted MLE 0, approaches
07. By balancing both terms, we can characterize the
asymptotic behavior of the regret bound.

In Theorem 2, optimally tuning = yields the asymptotic
worst case rate of T2/3. This is similar to the asymp-
totic rate achievable in the linear case with a different
measure of non-stationarity (Russac et al., 2019) and
the same dependency is attained with a sliding window
for MDPs in abruptly changing environments (Gajane
et al., 2018) and with restart factors (Auer et al., 2008).

Remark 1. The proof of Theorem 2 reveals that
for rounds t where 0, lies in ©, it is possible to ob-
tain a (usually) tighter concentration result (depend-
ing on the values of A and S) by replacing 6% with
kuvV/1+2S(VAS + p). This cannot be used to im-
prove the result of Theorem 2, as one doesn’t know in
advance for which rounds the condition will be satisfied,
but this minor modification of Algorithm 1 is most often
advisable in practice. See Section B./ in Appendix for
more details.

4 KEY ARGUMENTS

In this section, we detail some key elements of our
analysis. First, we describe the concentration result in
its most generic form. Then, we explain the main steps
to derive the upper bound of the regret of SC-D-GLUCB.

4.1 A Tail-Inequality for Self-Normalized
Weighted Martingales

To reduce the dependency in c,, it is essential to take
into account the actual conditional variance of the
generalized linear model (Faury et al., 2020). With
exponentially increasing weights, we also need time-
dependent regularization parameters to avoid a van-
ishing effect of the regularization (Russac et al., 2019).
Carefully combining these two elements yields the fol-
lowing concentration result.
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Theorem 3. Lett be a fived time instant. Let {F,} _,
be a filtration. Let {a,}!,_; be a stochastic process on
R? such that a, is F, measurable and |a,||2 < 1. Let
{eu}t_5 be a martingale difference sequence such that
€ut1 B8 Fuy1 measurable. Assume that the weights are
non-decreasing, strictly positive and the time horizon
is known. Furthermore, assume that conditionally on
Fu we have |eyy1| < m a.s. Let {\}_, be a deter-
ministic sequence of reqularization terms and denote

02 =E [e%+1|]:t].

Let H, = P tw?olasal + Mol
Zi;ll Ws€s+1as, then for any 6 € (0,1],

and Sy =

1Sullgs > Yt 2mwnoyy o ((det(H) 2
i = 5 N—1 SN2
2mwye_q

+ ——dlog(2
5 g(2)

t—1

with probability smaller than §.

4.2 Upper Bounding the Regret of SC-D-GLUCB

In a non-stationary environment, each change in the
parameter will necessarily result in a number of rounds
where the bias of the weighted MLE estimator cannot
be controlled. This gives rise to the first term in the
upper bound in Theorem 2. To make this observation
more explicit, for D > 1, define 7(y) = {1 <t <
T, such that 8% = 65 for t — D < s <t — 1} the set of
time instants that are at least D steps away from the
previous closest breakpoint. Central in the analysis of
weighted GLBs is the matrix

G (0,07 Z’Y ol

as,Gt,H )asa + Mg,

where

1
(s 00.07) = [ lal (1= )6; + vbi))do,
0

As in the linear case, we define its analogue with
squared exponential weights,

G (6,07 2'72(’5 =9 a(as, 0;, 07 )asal + Ny .

We add the subscript t — D : ¢ to a quantity when the
sum is for time instants between t — D and ¢t — 1. In
this subsection, for space constraints, we will denote
equivalently Gt(9t79*) (resp. Gt(Ot,H*)) by G, (resp.
G;). As for linear bandits, the exploration bonus is
designed to mitigate the impact of prediction errors.

We focus below on upper bounding the prediction error
in 6, defined as Ay(a,0;) = |u(a”0;) — u(a'0F)|. The

exact link between the regret and this quantity is made

explicit in Proposition 9 in the appendix. By defining
-1 —1—

9:(0) = Y02 p v (el 0)as + A0, when t € T (v)

one can upper bound the prediction error in 0,.

D
Aula ) < 17 + k(0

= ~ 0 @)lg, llallg-r
——

@ @

The first term corresponds to the bias due to non-
stationarity. (1) is a measure of the deviation of 0, from
07 adapted to the non-linear nature of the problem.
Note that g¢(6;) — g:(07) involves a martingale differ-
ence sequence (thanks to the optimality condition of the
MLE) that can be controlled using Theorem 3. How-
ever, to bound (1) using Theorem 3 one needs to link

the matrix G;_p.; with H;_p.; , the self-concordance
allows exactly to do this.

Self-Concordance More precisely, the use of self-
concordance offers a sharp relation (independent of
¢u) between the first derivative of the mean function
evaluated at different points. Using Lemma 4 reported
in Appendix D, standard calculations yield:

Gi_p: > (1+C+ 7||gt(9t gi(0 :)Hét—jD:t)I’:It—D:t

(6)
Note that Equation (6) involves the deviation term
that we want to control. Here, C' is a residual bias due

to the non-stationarity of the environment.

Better Characterization of the MLE By leverag-
ing Equatlon (6) to bound the deviation g.(6;) — g¢(67)
in the Gt p.¢-horm, one obtains an implicit equation.
Solving it leads to the following proposition.

Proposition 1. When t € T(v), the following holds,

”gt(ét) ( )HG 1Df(9 07) = mpT-i-

2
7 )
where C' is a residual term due to non-stationarity.

Remark. In stark contrast with previously existing
works (see (Filippi et al., 2010, Proposition 1)), de-
viations from the true parameter 67 are characterized
uniquely by the MLE (and not by its projected counter-
part). This can be done whether 0, belongs to © or not
and without any projection. This is not specific to the
non-stationary nature of the problem but fundamentally
relies on an improved analysis of the MLE. Similar
guarantees can be obtained in any stationary environ-
ment. See Section 5 for a more detailed comparison of
the possible uses of the self-concordance property.

@ can be upper bounded using Proposition 1. To
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upper bound (2) we use the following inequality.

1 . -1
llab) - a0l 2, ) Ve
@

Combining Proposition 1 with Equation (7) gives the
upper bound for @ Putting everything together, we
obtain the form of B3 given in Equation (4). The regret
bound is then obtained by summing the exploration
bonus for the different time instants. Applying the so-
called elliptical lemma (see (Lattimore and Szepesvari,
2019, Chap. 19)) and letting D = log(T)/log(1/7)
completes the proof.

G, > <1+C+

5 DISCUSSION

Assumption on the Gaps. Assumptions similar to
our Assumption 5 requiring a minimum gap are fre-
quent in non-stationary bandits. First, note that A is
not required for the algorithm but only for the theoreti-
cal analysis. Second, similar assumptions can be found
for K-arm bandits in several works to obtain the opti-
mal O(y/T'rT) regret bound. This is in particular the
case for change-points detection methods: (Cao et al.,
2019, Corollary 1) and (Zhou et al., 2020, Corollary
4.3) is proved under an assumption on the minimal gap.
This remains true for forgetting strategies: the bound of
Garivier and Moulines (2011) is gap-dependent, Trovo
et al. (2020) achieve a O(A~1\/TT'r) regret. More
demanding, the LM-DSEE and SW-UCB# algorithms
from Wei and Srivatsva (2018) require the minimum
gap as an input of the algorithm. Generally speak-
ing, none of those works provide an analysis when the
minimum gap can depend on the time horizon T and
when the mean of different arms can be arbitrarily
close. We suspect that forgetting policies would obtain
a (’)(FlT/ 12/ 3) worst case dependency as in Theorem 2
and that changepoint detection methods are likely to
fail in such a case.

Tightness of the Bound. For problems with a fi-
nite number of actions, Auer et al. (2018) have devel-
oped an algorithm that does not require the knowledge
of the number of breakpoints nor assumption on the
gaps. This was extended to the K-arm setting by
Auer et al. (2019) and to the more general contex-
tual bandits by Chen et al. (2019). Both works (Auer
et al. (2019); Chen et al. (2019)) achieve the optimal
(5(\/FTT) regret bound. Yet, their analysis does not
apply to the GLB framework. Furthermore, both works
rely on replaying phases that are incompatible with
time-dependent action sets as considered here. Addi-
tionally, in (Chen et al., 2019) the regret is defined
with respect to the best policy in some finite class,
whereas our results apply to the general setting where

actions can change over time and the regret bench-
mark is the ground-truth of the environment. The best
lower-bound for forgetting policies in abruptly changing
environments with time-dependent action sets remains
unknown. While it is known that forgetting policies are
minimax optimal when non-stationarity is measured
through the so-called variational budget (see Cheung
et al. (2019b); Russac et al. (2019)), whether such meth-
ods are optimal in abruptly changing environments is
unclear. Nonetheless, the bound obtained by Gariv-
ier and Moulines (2011) in the K-arm setting yields
a worst case regret bound that can be shown to be of

order O(T'}/*T?/3) (see Appendix E).

Knowledge of I'r Optimizing the choice of the
forgetting parameter v (w.r.t. the regret bound) re-
quires the knowledge of I'r. The Bandit over Ban-
dit (BOB) framework introduced by Cheung et al.
(2019b) can be used to circumvent this requirement.
When the assumption 5 is satisfied, following the proof
from Cheung et al. (2019a) one would obtain a re-
gret bound of order O(A~de,*/?\/T max(Tr, T/?))
(see (Auer et al., 2019, Remark 2)). Similarly, in
the absence of Assumption 5 an upper bound of or-
der 6(0;1/3d2/3T2/3 max (T, d~1/2T1/4)1/3) can be
achieved (see (Zhao et al., 2020, Theorem 4)).

Self-Concordance The analysis of Faury et al.
(2020) does not use self-concordance to its fullest. We
present an improved analysis valid in any stationary
time frame, proving that a better treatment of the self-
concordance removes the need for the inconvenient pro-
jection. Informally, the self-concordance links ,u(;vTét)
to u(xz"6*) without resorting to global bounds on f
(e.g ky and ¢,,). In Faury et al. (2020), this takes the
form of a Taylor-like expansion:

|7 (6" — 6,)]

T < T p*
plaT0:) < plaT0) +

(o) |

where 0, is a projected version of 6, in ©. The denomi-
nator of the r.h.s. is reminiscent of this projection step.
We show here that a finer analysis yields the following,
more implicit but powerful bound:

27 (0% — 6)|
14 2T (6% —6,)]

(@ T0,) < p(T6%) + i(aT6")

Note that when 6, € © (i.e there is no need for a projec-
tion), our bound implies the one of Faury et al. (2020).
The kind of relationship displayed in the above equation
allows us to derive a tail inequality for the deviation
from 6, to 6* without projecting 0, by solving an im-
plicit equation. We believe that this new approach is
of interest in other settings involving self-concordant
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Figure 1: Regret of the different algorithms in a 2D abruptly changing environment averaged on 200 independent

experiments and the 25% associated quantiles.

GLBs. The self-concordance assumption (Assumption
4) is not particularly restrictive and goes beyond logis-
tic functions. Under the classical Assumption 1 (i.e.
bounded features) all GLMs are self-concordant (cf.
Sec. 2 of Bach (2014)) with constants that depend on
the link function.

6 EXPERIMENTS

In this section, we illustrate the empirical perfor-
mance of SC-D-GLUCB in a simulated, abruptly chang-
ing environment with a logistic link function pu(z) =
1/(1 + exp(—z)). In this two-dimensional problem,
there is a switch in the reward distribution at ¢ = 4000
(red dashed line on Figure 1).

SC-D-GLUCB (Algorithm 1) is compared with GLM-UCB
from Filippi et al. (2010), LogUCB1 from Faury et al.
(2020) and with D-GLUCB from Russac et al. (2020).
SC-D-GLUCB (resp. D-GLUCB) is related with LogUCB1
(resp. GLM-UCB) in the sense that the exploration terms
have the same scaling but the former incorporate the
exponential weights making it possible to adapt to
changes. The average regret of the different policies
together with their central 50% quantiles, averaged on
200 independent runs, are reported in Figure 1 for two
different parameter values.

In Fig. 1la, 0* starts on the circle of radius S = 6
(corresponding to ¢, ' = exp(S) ~ 400) with an angle
of 27/3 and jumps at ¢ = 4000 to an angle of 4x/3.
The experiment reported on Fig. 1b is identical with
a radius S = 7 corresponding to a c;l ~ 1000. As
previously discussed, using such values of S is required

in situation where the actions return binary rewards

with expected values in the range 102 — 10~2, which is
typically the case in web advertising or recommendation
applications.

For both experiments, at every time steps, 50 randomly
generated actions in the unit circle are proposed to the
learner. For SC-D-GLUCB and D-GLUCB the asymptot-
ically optimal choice of the discount factors is used:
v =1-T7/(dx T))?*? with d = 2, ' = 2 and
T = 8000. To speed up the learning that is hard
with those values of c,, all the algorithms have their
exploration bonus divided by 5.

As expected, the algorithms tuned for non stationary
situations (SC-D-GLUCB, D-GLUCB) perform worse than
their stationary counterparts (LogUCB1 and GLM-UCB)
during the first stationary phase. More precisely, with
the choice made for 7 the estimation of 6, for algorithms
that use exponential weights is roughly based on the
1/(1 — ) =~ 400 most recent observations. In contrast,
LogUCB1 and GLM-UCB use all the observations from
the start to compute the MLE, which eventually leads
to a more precise estimation. Right after the change,
the bias caused by the non-stationarity results in a
significant increase in regret. Unweighted algorithms
are affected much more deeply by this phenomenon
that will eventually cause large losses in performance
due to the persistence of obsolete information.

The theoretical analysis of Section 3.2 suggests that
the advantage of SC-D-GLUCB is all the more significant
in strongly non-linear (large c;l) non-stationary en-
vironments. This is obvious in Figure 1, particularly
when comparing Fig. 1la and Fig. 1b, which differ by
the range on which the logistic function is used for
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making reward predictions. Note that, on average, for
these two simulated scenarios the fact that the MLE ét
does not belong to © happens for several hundred of
rounds. All the algorithms except SC-D-GLUCB would
require non convex projection steps at these instants,
or equivalently, one should inflate S (and thus ¢, ') to
ensure the compliance of these algorithms with the as-
sociated theory. In producing Figure 1, this projection
step was simply bypassed, which provides an optimistic
evaluation of the performance of the competitors of
SC-D-GLUCB. Interestingly, the observation that the dis-
persion of performance of SC-D-GLUCB is slightly higher
than that of D-GLUCB can be traced back to the use
of Remark 1 in these simulations: SC-D-GLUCB adapts
to the events {0, ¢ ©} (rather than pretending that
these did not happen) and thus its performance is made
somewhat dependent on the actual occurrence of these
events.

7 CONCLUSION

In this paper, we design GLB algorithms for piece-
wise stationary environments by resorting to forgetting
mechanisms. We improve existing solutions by circum-
venting important drawbacks affecting their applicabil-
ity in real-life scenarios. More precisely, under a generic
self-concordance assumption, we remove the need for
burdensome non-convex projections and leverage re-
fined and exponentially deflated confidence regions. At
the heart of our approach are a refined characterization
of the maximum-likelihood estimator and an exten-
sion of a Bernstein-like tail inequality to weighted self-
normalized martingales. We believe that both can be
of independent interest and leveraged in other settings
(e.g drifting environments). We can see two natural
extensions of our work; the first involves achieving sim-
ilar success for other nature of non-stationarity such
as drifting environments. The second could try to
replicate the recent progress of Abeille et al. (2020) in
the stationary logistic case, and provide minimax rates
w.r.t ¢, in non-stationary self-concordant GLBs.
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Self-Concordant Analysis of Generalized Linear Bandits with
Forgetting: Supplementary Material

The Appendix is structured as follows. In Section A, our new concentration result for self-normalized weighted
martingales with time dependent regularization parameters is presented. In Section A.3, similar concentration
results are established when a sliding window is used. Section B studies the regret with discount factors through
our improved characterization of the MLE. Section C gives similar results with a sliding window. Section D
gathers some technical results, in particular the main properties resulting from the self-concordance assumption.
Finally in Section E, a worst case bound for a sliding window policy in the K-arm setting is presented.

A TAIL-INEQUALITY FOR SELF-NORMALIZED WEIGHTED
MARTINGALES

While keeping in mind our objective of obtaining a deviation inequality with exponentially increasing weights, we
give more generic results under two assumptions on the weights.

Assumption 6. The time horizon T is known in advance.

Assumption 7. The weights are deterministic, strictly positive and non-decreasing, i.e,

VI<t<T,0<w <w <wpgy <wr .

We recall the statement of the corresponding concentration result.

Theorem 3. Let t be a fized time instant. Let {F,}.,_, be a filtration. Let {a,}!,_, be a stochastic process on
R? such that a,, is F, measurable and ||a,||2 < 1. Let {e,}i,_5 be a martingale difference sequence such that €, 1
is Fuy1 measurable. Assume that the weights are non-decreasing, strictly positive and the time horizon is known.
Furthermore, assume that conditionally on F,, we have |e, 1] < m a.s. Let {\,}!,_, be a deterministic sequence
of regularization terms and denote 0f = E [}, |F¢].

Let H; = Zi;ll wiolasal + N\ 11y and S; = Zi;ll Ws€st1as, then for any 6 € (0,1],

o Ve mwe (det(ﬁt)1/2>

Sl +

T 2mwg— At—1 SN2
2 _
+ Mdlog@)
At—1

with probability smaller than 6.

Theorem 3 is a non-trivial extension of Faury et al. (2020, Theorem 1) allowing for the use of time-dependent
regularization parameters and weights. We now state several lemmas that are useful for establishing Theorem 3.
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A.1 TUseful Lemmas

As a first step we fix a time instant ¢. Let M!(¢) for ¢ € R? and 1 < u <t be defined as

I T P B
M) =oxp (a8, - i TR0 | ®)

with S, = 3"} weesp1as and Hy (0) = U7 w2o2aa] where 02 = E[e2,,|F,].
We prefer the notation M} to M, to clearly indicate the dependency on the weight w;_1. When u = ¢, we prefer
the notation M; to M{. For the entire appendix, we use the notation By(d) = {a € R?, |ja|» < 1}.

Lemma 1. For all £ € By(d) and 2 < u < t, under Assumption 6 and 7, we have

E M) Fucs] <ML, () . as

Proof.

1
E [Mi(§)|}—u_1] = M5—1(§) exp <22 Twi_lvi_lau—lal_lé)
mAw;_

1
x E [exp <mwt 1§Twu16uau1) |]~'u1} .

The equality holds because a,—1 is F,—1 measurable and ¢,_1 is F,—1 measurable. With &, = ¢,/m and

v = %g%u,l, the conditions of Lemma 3 (stated below) are met and we have,

1 ~ v2
E |:6Xp (mwt lg—rwuleuaul) |]:u1:| =E [eXp(Uﬁuﬂ}—u—l] S 1+ W(Li,l .

|v| <1 holds because of Assumption 7 and both € and a,—1 € Ba2(d). Therefore,

1
E [Mi(§)|.7:u71] < Miﬂ(f)exp (—22 TwiﬁiﬂulaIﬁ)

maw;_q
w2 1
— 2 T T
x 14+ =202 € ay_1a, &
< mng_ u—1 u u—1

S M'Ltl,fl(é-) (a.s) )
where the last inequality uses 1 + 2 < exp(z). O

Hence, for all 1 <u <t and & € Ba(d), E[M(§)] <E[ML(¢)] <E[Mf(&)] = 1.

For 1 < u <t we define,

W=LW@%M% (9)

Here, h,, is the density of an isotropic normal distribution of precision 73;‘;;1 truncated on Ba(d). We will denote
t—1

N (h,,) its normalization constant.

Lemma 2. Let t be a fized time instant, for all 1 < u < t, under assumptions 6 and 7, with {h,},_, the density

2y

of an isotropic normal distribution of precision > truncated on Ba(d) we have,
—1

2
’mwt

E[M] <1.
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Proof.

M!dP(w) = /

Q

/ M:i(g)dP(w)) dhy(€)  (Fubini)
¢« \Ja

([, miceran.(o) aew)

A
— 5

/ 1d]P’(w)> dh,(§) (Lemma 1 + h, defined on By(d))
Q
dh, (&) =1. (hy is a probability density function)

O

Remark 2. Allowing time-dependent reqularization parameters is essential in our analysis to avoid the vanishing
effect of the regularization with exponentially increasing weights for example. This is a fundamental difference
with the deviation result provided in Faury et al. (2020). Furthermore, allowing the reqularization parameters
to be time-dependent comes at a cost here, we loose the property E []\7[5\}'“,1] < M!_, that would hold with a
fized regularization parameter (as in Faury et al. (2020)). In the linear bandit setting, this issue was discussed in
Lemma 2 in Russac et al. (2019).

In particular, applying Lemma 2 for u = ¢ gives,

E[My| =E[M/] <1. (10)

Lemma 3 (Lemma 7 of Faury et al. (2020)). Let € be a centered random variable of variance o and such that
le] <1 almost surely. Then for all v € [—1,1],

E [exp(ve)] < 1 +v%0? .

Remark 3. We stress out that v € [—1,1] is required for Lemma 3 to hold. It has strong consequences in our
setting with the weights as the normalization 1/w;—1 and 1/w?_; in the definition of M! are needed to ensure
that v = (wy_1/ws_1)E " ay that appears in the proof of Lemma 1 will be smaller than 1. As a consequence, the
stopping trick presented in Abbasi- Yadkori et al. (2011) can not be applied to M! because of its dependency on t.
For this reason, the deviation result presented in Theorem 3 is only valid for a fized time instant t. To obtain a
deviation result on the entire trajectory an union bound is required.

A.2 Proof of Theorem 3

The proof of this theorem follows the line of proof of Faury et al. (2020). The main differences are the time-
dependent regularization parameters and the presence of weights. We recall that in Equation (9) h; is the density

221 truncated on By(d) and denote N (hy) its normalization
m wt

of an isotropic normal distribution of precision
—1
constant.

The following holds,

pR— U ¢me 1 Th
M= N (he) /Rdﬂ[SGBZ(d)]eXp <mwt1£ St m2w? 15 Ht&) at - (11)

t—

Let f; : R? — R be defined as f;(£) = ——¢15; — —5—= {Tﬁtf. As a quadratic function, f; can be rewritten

mwg_1 mzw?71
for £* = arg max¢, <1 /2 f¢(§);

Fi€) = ) + VAE)T (€~ &) + 56 - €) TV R(E)(E~ €.
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Using V¢ € Ba(d), V2f(€) = _W{lﬁt’
_ eft(€")
M, = N(ho) /Rd]l[||§||2 < 1]exp (Vft(g V(e —¢*) — Hf ¢ ||2 )
eft(€") N X
— Sy 1+ €l < tewp (VAT ﬁt>d§
eft(€") N 1
= N /R L{IEll2 < 1/2] exp (vm )Te - mgwg_lnsiz) d
N . .
z eN(ht)(g)]Esw lexp (Vf(€9)7€)] -

The second equality is obtained after a change of variable & »—) £ — &*. In the last inequality, g; is the density of a
d-dimensional normal distribution with precision matrix me H, truncated on {a € R?, ||all2 < 1/2}.
t—1

eft(g*)N(gt)
M, > —— 27
'S N(h)

g+ is symmetric which implies E¢.4, [£] = 0. Hence,

exp (]nggt [Vft(é*)—rﬁ]) . (Jensen’s inequality)

eft(i*)N(gt)
>
N(he)

Therefore,

— 1
§>P My > 5) (Equation (10) 4+ Markov’s Inequality)

N (hi)

(
>P (ft(g*) > log <(15> + log (N(gt) >) (Equation (12))
(s 02 (5) + 5 (565
e (3 (20

In the last inequality & is defined as &, = W H, s, , such that ||&o|l2 < 1/2 holds. This can be seen by using
H

HStH
Ht > M—114. We also have,

1 T VA1 At—1
————¢& Hy&o = e .
filko) = mws— fo 1527150 40 2mwy_q | t”Ht ' 4m2w?
Therefore,
>\t—1 2mwt,1 2mwt,1 (N(ht)>
Stllg-1 > + log(1/0) + lo <9J. 13
<| t”H 1 Qmw i )\t_l g( / ) )\t_l g N(gt) ( )
We conclude using Proposition 2.
Proposition 2. Let hy be the density of a d-dimensional isotropic normal distribution of precision 2;‘;‘1
1
truncated on Bo(d). Let g; be the density of a d-dimensional normal distribution with precision matriz m2w Ht

truncated on {a € R?, ||lalla < 1/2}. The following inequality holds,

N (hs) det(H,)
log (N(gt)> <log ( /\5121 ) + dlog(2) . (14)
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Proof.
12X
b= [ vllell < e (~5 2 el ) de
/2
m2wi_, 2At-1 Lo
< VT _Z
- (= dﬂ[ngnz_vmwt_l]exp( el )
N = 1 <1/2 —li TH d
()= [ 10l < 1/2exp (—g € Hig ) de
t7
N1 ( 1 2)
- VAR oxp (= d
o (mwfl”” T K l|§||2_2m ] o (il ) de
m2wi_, 42 ~ 20— 1
el § -1/2 1v2Aia —Zel2
> (M) et [ n el < 5 Y0 e (<16l ) e
Therefore,

N -
< _1
N(hy) < det fRd {|§|2 < exp( 2||§||2) d
N - d/2 v

(9) = N2 Jpa 1 [||£||2 < Y= ] exp (—1[¢)12) d

R
The last step consists in upper bounding the ratio of the integrals R. Following, (Faury et al., 2020, Lemma 6),
one gets R = 27,

(15)

We conclude by using this equality in Equation (15) and applying the logarithm on both sides. O

A.3 A Unifying Concentration Result for Discount Factors and Sliding-Window

In this section, we explain how Theorem 3 can be used with self-concordant GLBs to obtain a concentration
inequality that encapsulates the analysis for both discount-factors and the sliding-window.

Up to now, we have stated the results in the most generic way. Actually, in our analysis we will use a weaker
version of the concentration inequality established in Theorem 3.

Theorem 4. Let t be a fized time instant. Let {F,}.,_, be a filtration. Let {a,}!,_, be a stochastic process on
R? such that a, is F, measurable and ||a,||2 < 1. Let {e,}.,_5 be a martingale difference sequence such that
€ut1 s Fyuy1 measurable. Assume that the weights are non-decreasing, positive and the time horizon is known.
Furthermore, assume that conditionally on F,, we have |e, 1] < m a.s. Let {\,}!,_, be a deterministic sequence
of regularization terms and denote 0f = E [}, |F¢].

T t—1 2 2 t—1
Let Hy 4,0 = ZS:F% wiolazal + N 11g and Syt = > Ws€st1Us-

s=t—to
Then for any § € (0,1],

)\t_l Qmwt_l det(ﬁt_t 1)1/2 Qmwt_l
P |1Si—iitllg—1 > 1 & dlog(2) | <§.
<| t to'tHHt—ltO:t = 2mwt,1 + )\t71 og 5}\5121 + )\t,1 Og( ) =

Proof. The arguments used to establish Theorem 4 are the same than for Theorem 3. We only give the main
term that differs from the proof of Theorem 3.

With ¢ a fixed time instant, for any u such that ¢t — tg < u < ¢, M! is defined as

u—1
1 1
ME(E) — TSt T 20001 €| .
tE) = exp (mwt_1 & Si—ty: mzwtz_lf S:zt_:to wlasa, €

with Sy_ty0 = Eg;tim ws€sy1as. Following the steps of the proof of Theorem 3 with these slight differences
gives the result. O
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Discount Factors Let to = D be the equivalent of the sliding window length with exponential weights, w; = v~

and A\, = Ay~ 2! for 0 < v < 1. Even when v depends on T, the weights satisfy the assumptions 6 and 7. We can
obtain:

Corollary 1 (Concentration result with discount factors). Under the same assumption than Theorem /, when

defining H, p,= Et:l D V2t=1=9) (0] 0F)asal + Ng and S;_p.; = ZZ;LD v Sesq1as. For any § € (0,1],

s=t—
\f)\ 2m det(H;_ py)*/? 2m
P ||/ Se—pet s s log | ———2% ) 4 Z_dlog(2) | <.
(H’y St D‘tHHt7 2m + \/X 6>\d/2 + \/Xd Og( ) — 6

Sliding Window With tg = 7 the length of the sliding window, with the weights satisfying w; = 1 for
t—7<s<t—1and \; =\, we have:

Corollary 2 (Concentration result with a sliding window). Under the same assumption than Theorem /, when
defining Hy = 3°'_ }ndx(l A To%)asal + Mg and S, = X' 1nax(1 t—r) Es+1as. For any 6 € (0,1],

ﬁ 2m det(H,)/? 2m
Stllgg-1 —log | ——+— —d1 <4é.

B REGRET ANALYSIS WITH DISCOUNT FACTORS
In this section we detail the regret analysis of SC-D-GLUCB. First we recall the main notation.

B.1 Notation

For any 6 € R,

0) = >y (al O)asal + Ny . (16)
Z7t 1=spy TG asa + Ay (17)
t—1 A\
Z'yQ(t =9a.a] —&——I (18)
s=1
— t—1—s A
Z'y asal +f1d (19)
s=1

g1.(0 Z'yt =5y TQ Jas + A6 . (20)

t—1
= 277865_‘_1@5 . (21)
s=1

For any 64,05 € R4,

1
ala,by,6) = / f(va’ 0y 4 (1 —v)a' 6;)dv
0

t—1
Gy(61,02) = > 7" "a(as, 01, 02)asa] + A .
s=1
" t—1
Gy(01,02) =Y 7" "a(as, b1, 02)asa] + g . (22)

s=1
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Let ﬁt be defined as

t—1
ﬁt = ZWQ(t_l_S)ﬂ(aZH;)asasT + Ay . (23)
s=1
Let us define T (v) as
T(y)={1<t<T,such thatVs,t — D < s<t—1,05=0;}. (24)

Remark. t € T(y) when t is a least D steps away from the closest previous breakpoint. On the contrary to the
analysis with the sliding window (see Appendiz C) the bias does not completely cancel out when we are far enough
from a breakpoint.

D is an analysis parameter and will be specified later in the different theorems. For the entire section we will use
the notation ¢ — D : ¢ when the sum concerns time instants s such that ¢ — D < s <t —1. In the weighted setting,
we construct an estimator based on a weighted penalized log-likelihood. 6; is defined as the unique maximizer of

t—1

—1—s )\
Z'yt 1= long(Ts-s-l‘as) - EHellg :

s=1

By using the definition of the GLM and thanks to the concavity of this equation in 6, 0, is the unique solution of

t—1
> AT (regr — plal 0))as — A0 =0
s=1

This can be summarized with

t—1 t—1
gl:t(et) = Z’yt_l_srs+1as = Pyt_lst + Z,yt—l—s'u(a:e:)as . (25)
s=1 s=1

B.2 Analysis of the Regret of SC-D-GLUCB

In this section, we present the main ideas to obtain an analysis of the regret of the SC-D-GLUCB algorithm when
the projection step is avoided.

We define
m _ ~2D m
) S (14 BT 2 &

and also,
P (28k,, +m)

S=5+
AL —7)

(27)

The expression of p‘ST and S given here coincide with the expression in the main paper when D = log(T')/log(1/7).
p% is defined such that thanks to Corollary 1 with high probability for all ¢ in T(v), |7/ Si—p:llg-: < %
t—D:t

holds.

The next result uses the self-concordance to relate the first derivative of the link function evaluated at different
points. This relation is independent of ¢, and only depends on the distance between the parameters.

Proposition 3. When 6, is the mazimum likelihood as defined in Equation (1) and t € T(v), we have

1
* a 1 -1 -0 Tk
@876 > (1454 2l S pla, 0ra) 0T,

where S is defined in Equation (27).
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Proof. In the proof, we will replace the notation (NS‘rt,D:t(Gt*,ét) with (NS‘rt,D;t and ét(ef, ét) with CN-}t but also
G(07,0:) with G;. Using Lemma 4 we have,

a(a, 07,6, > (1+‘ (6, — 9*)) e .

Combining this with the mean value theorem gives

-1

ala, 07, 6;) > (1+‘TG (glzt(ét)—gl:t(eﬁ))]) ju(a’0;) .

Next, it is possible to upper bound |a" G;* (gl:t(ét) - 91;t(9t*)) | using the triangle inequality and Equation (25).

‘GTGZI (gl:t(ét) 91:¢(0F ))‘ <la"G; 1Z'yt =5 (u(al 0%) — u(al 07))as

bl)t(a)

t—D—1
(ITGt_l ()\Ht* + Z ’ytlsesHaS)
s=1

b21t(a)
+ |aTGt_1’Yt715t—D:t|
b3, (a)
The first term is controlled as follows,
bii(a) = |a G th 0 (ula 03) — pa 07))as

< ||aHG 1HZ A 13 (u(al 67) —,u(a;rﬂt*))asHGt_l (Cauchy-Schwarz ineq.)

t—D—1
1
< — >0 AT (w(al 02) = plal07))asl g (G = Algand t € T (7))
\/X s=1 !
1 b1
< X 1= *la(as, 0%, 07)| x |a (07 —0%)] x |las|l2  (Triangle ineq. + G¢ > Aly)
s=1
2Skﬂ &t t—1—s * *
<= ; v (0% and 0} € ©)
< 25k, AP
. N e

Using similar arguments, one can upper bound by ;(a).

t—D—1
a' Gt (—)\02‘ + Z ’yt_l_ses+1as>|
s=1
t—D—1

D
+ Z 'Vt_l_ses-‘rlasucﬁ

s=1
D
17_—7 - el <m)

b27t (a) =

<S4+

>| 3

Before upper bounding, bs(a), we need the following relation.
When 0 < v < 1, y2(=179) < 4t=1=5 for 5 smaller than ¢t — 1 which implies

V0:1,0, € RY, Gy(6y,05) < Gu(6y,6-) . (28)
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We have,
b3,t(a) - |aTGt_1ét1/2é;1/2’}/t715t_D:t‘
< ||a||Gt—1c~;th_1||'yt_lSt,D:t||c~;t_1 (Cauchy-Schwarz ineq.)

< ||a||c;;1||’Yt_15t—D:tH(;t—1 (Equation (28))
1 _
< ﬁ”'}’t 1St7D:tHé;_1D:t . (Gt > )\Id)

By combining all the results we have,

-1
a(a, 9:, 9,5) Z (1 + S + TH’Y StD:t”ét_lD;t) ,LL(G,TQ:) .

Corollary 3. When 0; is the mazimum likelihood as defined in Equation (1), and t € T(v), we have

—1
Gi-pu(67,0:) = <1+5+\[||7t 'Stpullg-1 (@*,ét)) Hi—p:t -

This proposition establishes a useful link between C-‘rt, (07, ét) and ITIt, Dit-

Proof. Thanks to Proposition 3,

—1
a0t 8 = (145 + 0 S pla e ) A6160).

Therefore,

t—1 -1
Z V1= (ay, 07, 0,)asa > (1 + S5+ TH’yt 1S, Dt”G 19, .00 )>
s=t—D

><Z,_)/tls) Ta*)

s=t—D

We obtain the announced result by using 6% = 6 for t — D < s <t — 1 because t € T(v) and by adding the
regularization terms. O

Using Proposition 3 and Corollary 3, we can now prove Proposition 1. The proposition establishes an upper
bound for the deviation of the MLE (through v*~1S;_p.;) that only depends on p$ the high probability upper
bound obtained using Corollary 1.

Proposition 1. For any § € (0,1], with probability higher than 1 — 4,

_ = 1 2
vt e T(), IV Se-putlla 1, 4,00y < V1+5Sp7 + 7 (k%)

where pl. is defined in Equation (26).
Remark. Here, note that the left-hand side is controlled under the norm ét__lD:t(ét, 07), whereas the right hand

side is the consequence of the upper bound of the same term controlled in the ﬁ;}D:t-norm (Corollary 1). Linking
those two matrices independently from c,, is not-straightforward. The self-concordance is the key ingredient to
obtain this bound.

Proof. Applying Corollary 3,

_ &, 1 _ _
I* 1St*D¢t||2c~;;_1D:t(ét,0;) < (1 +5+ ﬁ”’yt IStD:tIIg;t—lD:t(ghg;)) [ [
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Let X = H'Vt_lst*DitHé{f[):t(ét,@:)’ it gives the following constraint,

VX, X% — <

Lo 2 G (| t—1 2
ﬁHV Se—putllg X~ (1+9) v Si-pitlg  <0.
Solving this polynomial inequality yields

_ Lo = i
I Se-pallar o0 S 5 I Sl VIS S pallaz,

The result is then obtained by applying Corollary 1. O

Corollary 4. When 0, is the mazimum likelihood as defined in Equation (1) and t € T (), we have
* N qQ 1 t—1 -
Gt(ﬁt s Gt) Z 1 + S + WH’Y St_D:t||é;—1D:t(9t*7éﬁ) C,th .

Proof. Similar to the proof of Corollary 3. O

In the next proposition, we give an upper bound for A;(a, ét) the prediction error in 6; which is directly connected
to the instantaneous regret.

Here, B% is defined as in the main paper in Equation (4) but we replace p‘sT and S with the expressions stated
Equation (26) and (27).

Proposition 4. For any § € (0, 1], with probability higher than 1 — 4,

Yt e T(v) A(aé)<k—”i(25k +m)+ﬁ||a|| 1
v) t\W, Ut) > )\1_7 “w \/67 vl

Proof. We denote G; = G¢(6},0,) and we have,

Ay(a,6;) = |u(aT6;) — p(a6y)|
< ka0 — 6y)
=kula" G g1 (0F) — 91:4(0;))]  (Mean-Value Theorem)

:kﬂ

t—1
a' Gt (Z Y (ulal 07) — pal 07))as + A6F — 7”&)
s=1

In the last equality, we have used the characterization of the MLE (Equation (25)).

t—1

aTGyt Y AT (el 6)) — plal 62))as

s=1

At(a, ét) S Ifﬂ

c1,¢(a)
t—D—1
T—1 t—1—s
a Gy E y €s+10s

s=1

+ Ky +hy |aT G (T S p — AGF) |

c3,t(a)

ca¢(a)
We will bound the different terms.

¢1,1(a) can be bounded like b1 ;(a) in the proof of Proposition 3.

25k, ~P
cra(a) < = 17—77 '
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c2,1(a) can be bounded like by ;(a) in the proof of the same proposition.
m
cat(a) < N1

The last term requires more work. (N}t(Qz‘, 0,) will be denoted G, for simplicity.

c3i(a |aTG ( =18, pa — /\9,5*)| = ‘aTGt_léi/Qét_l/Q (’ytilst_D;t - /\9,5*)‘

f;nanc,lewc;nrw-lszfmi-—Ae:né;l

< ||a||G:1 1718 pe — )\9:“@:1 (Equation (28))

< ||a||c;;1 (\/XS—I— ||,yt—1St_D:tHét—l) (ét > M, and Assumption 1)

lally; a1
< t 1+5+ —||7t715t_p:t||(;;1nt (\55 + |‘7t715t—D:t||(;;1D_t) .

Cu

In the last inequality we used Corollary 4. The next step consists in upper bounding ||y*~1S;_p. tHG 1 with
D:t

Proposition 1 and to comblne this with the high probability upper bound from Corollary 1. Therefore with
probability higher than 1 —

HaII 1 14+ 5
cs(a) < ——t y —p+ \f5+||7t S, pitllg- )

+S 1 1+ S 1
< \ﬁ \/ \/ ——Pr+ 5 (0p)? (5 e+ )\(pg“)2>
_ 3/2
VA - 14+S8 5 1, 5.,
< ¥4 o1 -2 bl .
< \/C—#Hanvt +5+ NPT + )\(pT)

O

The first term of the right hand side of Proposition 4 is a bias term resulting from the non-stationarity of the
environment. The second term results from the concentration results we have established in Section A combined
with the self-concordance assumption.

With 9. defined in Equation (4), the algorithm SC-D-GLUCB selects the action at time ¢ as follows,

D
oo = angma (a0 A m)

aE.At \/7 )\ 1
= arg max a'f + 6T a ) . 29
s I (29)

Note that the bias term is independent of the action. Nevertheless, this term will appear in the upper bound for
the regret. Equation (29) explains how the actions are chosen in Algorithm 1.
We can now give the main theorem.

Theorem 2. The regret of the SC-D-GLUCB algorithm is bounded for all v € (1/2,1) with probability at least 1 — &
by

210g(T)F N 2k, (2Sk, +m) 1
1—7 r A 1—~

Rr

IN
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2/3
cl/2
In particular, setting vy =1 — < “dTFT) and A = dlog(T) leads to
Ry = O(c, \Bd?PTy/* T3

Proof. Using Proposition 4, we obtain a high probability upper bound for A;(a, 9t). We recall that the exploration
bonus of SC-D-GLUCB is defined as,

ku’Y

NI (QSk +m) .

Fﬂz‘”“t“v 1+
Furthermore, the estimator used by SC-D-GLUCB is the MLE 6, as defined in Equation (1), all the conditions
required for applying Proposition 9 are met. Hence when ¢ € T (7),
2k, P

— (2 .
5 1_7( Sk, +m)

2 s
e < THBTHat”V;

The dynamic regret can then be upper bounded by,

RT—ZTT— Z e+ Z ry <I'rD + Z T

A

teT (7) tET () teT(v)
2k 2
<IrD+ =F 17 (2Sk, +m)T 2 Y ladly;
Cn teT(v)
k,’ D
<I'rD+ —/£ 5 1 (2S’k +m)T + ﬁ\/f Z ||at||i/_,1 (Cauchy-Schwarz ineq.)
o Ven teT(v) '
2% ,Yl) 2/36 T
Lt (2Sk, +m)T + ZLVT, | > a3
-7 Ve t=1 ‘

2k, AP 239, 1 det(Vry1)

The last inequality uses Lemma 7. Next, we use Corollary 8 to upper bound the determinant,

det(V 1—~7 \*
€ (dTT;iH) < A—dT <1+ v ) .
YA Ad(1 =)
Applying the logarithm function on both sides yields

2k, (2Sk, +m) ~P T
A 1—7v

o3} )

With the additional constraint 1/2 < v < 1, by setting D = log(T")/log(1/7), noticing that 0 < 1/y —1 < 1 and
using log(1 + x) > x/2 for 0 < z < 1, we have

Ry <T'rD +

-

log(1/7) =log(1+1/y—1) = 5

Therefore, we have D < %%T).

By properly balancing the bias term due to the non-stationarity and the rate at which the weighted MLE
approaches the true bandit parameter, the asymptotic behavior of SC-D-GLUCB can be characterized as follows:

SN
By setting vy =1 — ( 77 ) and A = dlog(T), we have:
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o MI‘T scales as O(¢; 1/‘iclz/‘g’l‘l/‘iTW?’)

° 7“(2316“””) 1;{ scales as (9( 1/‘n’dZ/“F_Q/STZ/S)

. %\/dT 2max (1, 1) \/T log(1/~) + log (1 + m) scales as \/%dT\/log(l/’y) when omitting logarith-

mic factors and constant terms.

Using —log(l — z) < 17_1 for 0 <z < 1, we also have

Viog(1/7) = /~log(1 — (1 — 7)) < <V2(1-

v/log(1/7) scales as 6(c}/6d_1/3fip/3 ~1/3). Hence scales c;, 1/2 dT\/log(1/7) as O(c 1/3d2/3F1/3T2/3) Combin-
ing the different terms concludes the proof. O

Using Assumption 5, we can obtain refined regret bounds.

B.3 Gap-Dependent Bound

Theorem 1. Under Assumption 5, the regret of the SC-D-GLUCB algorithm is bounded for all v € (1/2,1) with
probability at least 1 — & by

Tz +C ! +C 6% Tlog(1l/v)+lo 1+71
2T —~)2A fA BT T o8 dA(1— )

1
d)\(l _ ’Y) )) )

where C, Ca, C3, Cy are universal constants independent of c,,, v with only logarithmic terms in T'.

veulr

In particular, setting v =1 — T and A = dlog(T) leads to
Ry = O(A™'¢,Y2d\/T7T) .

Proof. First note that for any suboptimal action a € Ay,
wlal 07) —p(a’6;) > A

RT<01

d(57)?
AN

+Cy (Tlog(1/7) + log(1 +

Cu

This implies
N 2
(:u(a’jtet) - u(a:@:)) 7”?

ro= plal 07) — pla] 07) < = (30)
Using Proposition 9 one has,
This implies in particular,
4 4k2 ’VQD Sk ﬁé 'YD
2 < —(B)? L (2Sk i R 25k i 31
i < G O el 4 55 g (ks m)* 4 S8 Tm s (2Sh 4 mledly oy
T1,t T2t T3t

The dynamic regret can then be upper bounded by,
Ry = ZTT = > o+ Y, n<TeD+ Y (ulal,67) — (e, 6)))
teT () t¢T(v) teT(7)

1
<TrD+ A Z r? . (Equation (30))
teT (v)
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By applying Equation (31), the regret can be separated in 4 different terms.

When summing for the different time instants r; ; becomes

T
8 1 det(Vr
tz::lrl’t < a(ﬁ%)Q max (1, /\> log (W) (Lemma 7)

IN

)) . (Corollary 8)

For 73+, we have

2
¥*PT
Zm_ A“ Ty (2 m)?

Furthermore, 73+ is treated as follows:

T
BT ’Y
T3t S - 25k‘ +m lag|ly -1
; A Vv C'U' 1 B g ¢

8ku /3’% ’VD VT d 2
< == (2Sk T _
< e @8kt VT Yl

8k 5T ’Y 1 1 1
A\l}ﬁl— (2Sk, +m)\/2dTmax <1,/\)\/T10g <7>+log <1+d)\(1—7))

When A = dlog(T), D = lé(;g(:gi) andy=1—~ di’;;T, we can upper bound the different terms following the proof

IA

of Theorem 2.

With those choices,
1. TrD scales as O(c;, '/ dTy/*T1/2)
2. 28 vy scales as O(c, '/ 2dly/>TV/?)
3. Zthl r9 ¢ scales as 6(0;1I‘;1)

4. E;F:l T3+ scales as 5(d1/4c;3/41“;1/4T1/4)
Keeping the highest order term in 7" and dividing by A yields the announced result. .

B.4 Refined Exploration Bonus when 6, € ©

As briefly explained in Remark 1 in the main paper, when the MLE is an admissible parameter (ét € 0)itis
possible to obtain a usually tighter concentration result. In this section, we explain exactly how this can be done.
Note that this improvement is mostly useful for the design of the algorithm and has no impact on the regret
guarantees.

We define B

B3 = k1425 (VAS + ) (32)
where p}. is defined in Equation (26).
Proposition 5. For any § € (0, 1], with probability higher than 1 —§,

ky " 5
- 28k, +m) + —=llally1 -

0 ) < "B
Vi e T(y) st €0, Afa,b,) < T NG
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Proof. We use the notation Gy (respectively G,) instead of G,(8},0;) (respectively G.(6,6,)). Following the
same steps as for the proof of Proposition 4, one gets

.k, AP
A(a,b;) < 7"1_ (2Sk,, +m) + kulaT G (v 1S _pa — MY
D
< B 7 (o8, 4 ) + lallg vt S — A6
T Al—xn G, GG, t=D:t — AVellG;
k“ PYD t—1 * .
S 1-4 7(25%# +m) + llallg-1 17" St-pa — Afllg1 - (Equation (28))

Here, with the additional assumption 0, € O, the self-concordance can be used to obtain an easier relation between
G; and H; as stated in Lemma 6.

. k, P
At(a,ﬁt)gf (2Sk +m)+v1+28 Ha||G lyS, Dt_)\a*HH—l (Lemma 6)
k D
3—“7(2519 +m) + V1+2Salg- v S p — )\O*HH "

Al

The last inequality uses ﬁt, Dt < ﬁt. Now by applying Corollary 1, As(a, ét) can be further upper bounded.

- k
Ay(a,8,) < 7“7(251@ +m) +vVI+25)af g (ﬁs+p‘;) .
The final step consists in using G; = G¢(07, ét) > ¢, V¢ which holds because both ét and 0} are in O. O

Consequently, when 6, O, the action a; at time ¢ can be chosen according to:

- k
a; = arg max <u(aT9t)+ BT ||a||V + £ 7 (QSk,L+m)>

aG.At \/ )\ 1
Th BT
= arg max a'0;)+ —|la 1). 33
s (a7 + L fal, (33)

C REGRET ANALYSIS WITH A SLIDING WINDOW

In the main paper only the analysis with discount factors is discussed. However as in the linear bandit literature,
the analysis with exponential weights and a sliding window share similarities, in particular they have the same
form of guarantees for the regret. For the sake of completeness, we give a detailed analysis of the results achievable
with a sliding window.

C.1 Notation

Let us first introduce the main notations. For any value of § € R, we define,

t—1
H,(0)= > pla)0)asa] + M. (34)

s=max(1l,t—7)

t—1

A
V= Z asa] + =1, . (35)
s=max(1,t—7) Cn
t—1
gq0)= > plalf)as+0. (36)

s=max(1,t—7)
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t—1

St = Z €s4+10s - (37)

s=max(1,t—7)

For any 61,0, € R?,

1
ala,by,6) = / f(va’ By + (1 —v)a'6y)dv .
0

t—1
Gy(f1,02) = Y alas,bh,02)a.a] + M. (38)

s=max(1,t—7)

Let H; be defined as

t—1
H,= > jia)60})asa) + M, (39)
s=max(1,t—7)

Let us define 7(7) as
T(r)={1<t<T,Vs,such thatt — 7 < s <t—1,05 =0} . (40)

t € T(7) when t is a least T steps away from the closest previous breakpoint. When focusing on time instants in
T (1) the bias due to non-stationarity disappears. In the sliding window setting, we construct an estimator based
on a truncated penalized log-likelihood. In this section, 6; is defined as the unique maximizer of

t—1 A
S logPo(rasilas) - 51013 (41)

s=max(1l,t—7)

By using the definition of the GLM and thanks to the concavity of this equation in 6, 0, is the unique solution of

t—1

Z (res1 — pla] 0))as — A0 =0.

s=max(1,t—7)

This can be summarized with

t—1 t—1
9:(0) = Z Ts+1as = St + Z wlal 0%)a, .
s=max(1,t—7) s=max(1,t—7)

C.2 Algorithm

The SC-SW-GLUCB algorithm proceeds as follows. First, based on the 7 last rewards and actions, 0, is computed
using Equation (41). Then, after receiving the action set 4; the action a; is chosen optimistically. Finally, by
proposing this action a reward r;y; is received and the design matrix is updated. The pseudo code of SC-SW-GLUCB
is reported in Algorithm 2.

Algorithm 2 SC-SW-GLUCB

Input: Probability ¢, dimension d, regularization A, upper bound for bandit parameters S, sliding window 7.
Initialize: Vo = (A\/c,)14, 6 = Oa.
fort=1to T do

Receive A;, compute 6; according to (41)

Play a; = argmax, 4, u(a™6;) + ﬁéHaHV;l with 37 defined in Equation (43)
Receive reward 741
Update:
if t <7 then
Vt+1 — ata;r + Vt
else
Vt+1 — atatT — at_TatT_T + V,
end if
end for
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C.3 Analysis of the Regret of SC-SW-GLUCB

In Section B, the self-concordance is the key tool to obtain an analysis without using a projection step. In the
next proposition, we link the matrix G(0;, 8;) with H,(8}) independently from c,,.

Proposition 6. When 0, is the mazimum likelihood estimator as defined in Equation (41) and t € T (1), we
have:

. 1 -1 N
0,070 (1454 il 0.0 a0

Note that the main difference with Proposition 3 is that S is now replaced by S. This is due to the fact that the
bias disappears when using a sliding window for ¢ € T (7).

Proof. Thanks to Lemma 4, we have:
. -1
a(a,07,6) = (14 [aT(0; = 8)])  fila”67)

N —1
(1+‘ aTGL(0F,0,)(g.(67) — gt(ﬁt))D fi(aT6)  (Mean-Value Theorem)

<1 + llallg-1(61 0,

L+ A2 gu(87) = 9u(6)

Y

-1
‘gt — g1(6y) H )) f(a”0F) (Cauchy-Schwarz)

G, (07,0,

))_ MaTO) (Gu(6r,0) > AL)

Y

G, (07,0

v

-1
(1 TS = Ml o) M7 (EET(T)
-1
> (1454072 Sulg 1 0r.))  AaT07)
]

Corollary 5. When 0, is the mazimum likelihood estimator as defined in Equation (41), when t € T(7) and H,
is defined in Equation (39), we have,

* 0 1 -
G(0;,0;) > (1 +5+ ﬁ |St||Gt1(9;‘,ét)> H; .

Furthermore,

2
vt < T, ||St||(; L07,0,) = <V1+S HStHH 1+ —= ‘StHHjl :

|
VA
Proof. Using Proposition 6 and summing for time instants s such that max(1,t —7) < s <t —1,

t—1

1
> alas, 67, 6)asal > (1 + S+ A28l g 9;,99) > ila]6)asa) .
s=t—T1

s=t—T

Where we use 0F = 6f for t — 7 < s <t — 1 thanks to the assumption ¢ € 7 (7). The next step consists in adding
the regularization term on both sides. Note that (1 + 854 A71/2 [15ell g1 (o 9&) A > X and obtain,
t t Ut

Gi(07.00) > (1+S+ 272 ISl g1 gr.5))  He-
This in turn implies,

2 — 2
1808 05.0 < (14 S+ A2 USulg gz 4, ) 120
2 — 2 2
— ‘|St|‘(;t—1(9;7ét) — AT ”StHH;l ”St”(;t—l(.g;,ét) - (1+59) HStHH;l <0.
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Solving this polynomial inequality (in HStHG;l(et*,éf,)) finally gives,

ISt a2 op 6, < VI+ S 1St 1+\/>||St||H_l'

O

Using this technique, we have established an explicit link between G (6}, ét) and H; without the need to project
; on © when t € T (7).

We define
VA 2m T dm k, min(t, 7) 2m
5 . A “he - bt 12 K -
p; = <2m+ﬁlog<5>+ﬁlog <1+d)\ >+ﬁdlog(2) ) (42)
and
1T g P 2\ 3/2
ﬂf:kﬂﬁ<1+s+ — f+(\/%)> . (43)

In the next proposition, we give an upper bound for A¢(a, ét)

Proposition 7. For any § € (0,1], with probability higher than 1 — 4,

B

Vt S T(T), At(@, at) S \/707

lally- -

Proof.

Ai(a,0;) = |u(aT07) — p(a’6r)| < kylaT (07 = 60))]
= kula" G107, 0:)(9:(6F) — g:(8;))|  (Mean-Value Theorem)
< kullallg=1ps 6,y 19:(67) — gt(ét)”G;l(e;,ét) (Cauchy-Schwarz ineq.)
< kullallg-1 (0,00 15t = Aillgrr 05,6,y - (EE€T(7))

We can use Corollary 5 to link ||aHG71(9: 4,) With ||a||H;1.
(07 .0

At(a,ét) < ku\/l +S+—= ||StH(; Loy, 9,)||aHH ! <\/>S + ||St||(; Loy ef))

f

1 1
< ku\[\\/l +5+ 7 1Sl (o7 0, 1ol (S + \A||St|ct1(9;,0}))

3/2
<k f(1+5+ fHSt”G (9;,9t> lallgg -

Then, using Corollary 5 we can upper bound [|S¢|[g-1(p. 5,) With a combination of terms depending on ”St”H;l'
Recall that Corollary 2 gives with probability higher than 1 — ¢ , for all ¢ in T (7), ||S¢||g-1 < .

3/2
R 1+8 5 1
A¢(a,b;) < ku\f)\ (1 +5+ —; P + X( )2> ||a||H;1 .

The proof is completed using H; > ¢, V;, which holds thanks to Assumption 1 on the bandit parameters. O

Finally, we give an upper bound for the regret enjoyed by SC-SW-GLUCB.
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Theorem 5. The regret of the SC-SW-GLUCB algorithm is bounded with probability at least 1 — § by,

9 / T
RTgFTTJr\Q/i%\/(ﬁ\/[T/T] 2 max (l,i) log (1+a)

where (37 is defined in Equation (43).

Proof. The proof essentially follows the steps of the proof of Theorem 2. The main difference is that 39 from
Equation (43) is used and the elliptical lemma is different because the design matrix is designed with a sliding
window instead of weights.

Applying Proposition 9 when ¢ € 7(7), with probability higher than 1 — 4,

\/—Bt latlly - (44)

The dynamic regret can then be upper bounded by,
RT—ZTT— Dot D msTrrd ) m
tGT(T tET (7) teT (1)

T+7 Z latlly-1  (Equation (44))
\/71567’ (1)

<Tpr+ ﬁ\/f Z Hat||3/_1 (Cauchy-Schwarz ineq.)
Ve teT(r) '

92838 T
<Trr+ = LVT llacll?, -
,/CM ; Vt

<FTT++\/‘E\/7\/W\/2HI&X >log( ﬁ) (Lemma 8)

O

2/3
Corollary 6 (Asymptotic bound). If Ty is known, by choosing T = < 172? > and A = dlog(T), the regret of
Cu T
SC-SW-GLUCB scales as
Ry = O(c; 3T °T2/%) .
2/3
If T'p is unknown, by choosing T = (%) , the regret of SC-SW-GLUCB scales as
Cpu

Ry = O(c, "3d**T1T?3) .

2/3
Proof. When T'r is known, we set A = dlog(T) and 7 = (\/%T) . With those choices,

1. j3% scales as \/dlog(T).

2. T'pr scales as O(c 1/‘rsle/i)’lﬂZ/i{Tz/?’)

3. %ﬁ\/d% scales as @(0;1/3d2/3F;/3T2/3).

The proof is similar when I'r is unknown. O

When the reward gaps are bounded from below we can obtain the following gap-dependent upper bound:
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Theorem 6. Under Assumption 5, when setting T = ji% the regret of the SC-SW-GLUCB algorithm satisfies:
CculT

Ry = O(A ¢, /2d\/T1T) .
Proof. First note that for any suboptimal action a € A;,
ulal,0) — pla’0) > A
This implies
N 2
(:u(ajtet) - u(atT@t*)) 7“?

re = p(al,07) — pla 07) < — A =X (45)

D> |

Using Proposition 9 one has,

2
re < ——B7 a1 -
t o Bt || t”vt 1
The dynamic regret can then be upper bounded by,

1 .
Ry <Tr7+ N te; )rf (Equation (45))

4 sy T
<rpr+ 20 S a2
Cu t=1 i

< m — + .
<Tp7+ . ax [ 1, 5 d|T/7]log (1 )\d) (Lemma 8)

We set A = dlog(T) and 7 = d‘/? . With those choices,

cu'r
1. B3 scales as \/dlog(T).
2. T'r7 scales as (;)v(c;l/QdI‘;/QTl/Q).

3. (isidg scales as @(0;1/2dF1T/2T1/2).
Dividing by A yields the announced result. O

When 6, is in © it is also possible with a sliding window to obtain a usually better concentration result. This
discussion is not reported here, but can be easily adapted from Proposition 5.

D USEFUL RESULTS

D.1 Self-Concordant Properties

In this section we state the main properties and lemma that can be obtained with the self-concordance assumption.

Lemma 4 (Lemma 9 in Faury et al. (2020)). For any 21,22 € R, we have the following inequality

)1 —exp(—|z1 — 22|)

)exp(|zl —2z9|) =1
|21 — 22 '

|21 — 22

1
e < [ i+ oea = 200 < it
0

Furthermore,

1
/0 iz + v(z2 — 2))do > () (1 + [z — 2a])

Thanks to the self-concordance property we have an interesting relation between G (61, 62) and H;(61) or Hy(05)
when both #; and 65 € ©. This relation is made explicit in the next lemma.
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Lemma 5 (Self-concordance and sliding window). For all 61,02 € O, with G; defined in Equation (38) and H;
defined in Equation (34) the following inequalities hold

G, (91,92) (1 + 25) 1Ht(91) s Gt(91,92) > (1 + 25)_1Ht(92> .

Proof. Applying Lemma 4, for any 6,6, € R?,

fi(a’6:)
— 1+ |CLT 91 92)|

fi(a’bs)
— 1+ |(IT 91 92)| '

(a 91,02) and OL(CL 91,02)

Furthermore, if 8, and 65 € O, then
|aT(91 — 92)| S 25 .
O

Lemma 6 (Self-concordance and discount factors). For all 0,0, € ©, with Hy(6:) defined in Equation (16) and
G (61,02) defined in Equation (22) the following inequalities hold:

Gi(01,05) > (14+28) " "Hy(61), Ge(01,62) > (1 +25) "H,(6s) .
Proof. Same arguments than for Lemma 5 O

D.2 Determinant Inequalities

Proposition 8 (Determinant inequality). Let (A\): be a deterministic sequence of regularization parameters. Let
H, = Zt 11w202a al + X\_114. Under the Assumption 1 and Vt,o? < ky, the following holds

d
y .

det(Ht) S <)\t1 +

Proof.

d
det(H;) = H (I; are the eigenvalues) < ( Zl ) (AM-GM inequality)

Ul —

d
( trace Ht) ( Zw o2trace(asa ) + A\ 1)

t—1 d p 11 d

1 2

( Zw Slasll + xe- 1) < <>\t1+ds§_:lws> .

s=1

IN
Ul =

O

Corollary 7. In the specific case where the weights are given by U}f =7t

assumptions than Proposition 8, with Ht = ZZ 1 to A2

with 0 < v < 1, under the same
t=1=-9)52q,a] + N4, one has

20\ ¢
det(H,) < ()\+ ’M) .

Corollary 8. In the specific case where the weights are given by wy; = v

with V = Zi;ll Y1 %a,al + My, one has

det(V,) < </\+ my .

with 0 < v < 1, under Assumption 1
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Corollary 9. In the specific case where the weights are given by w; = 1 when t > t — 7 and 0 before. With
H,; = a?asa;r + Mg, one has

s=max(1,t—7)

k,, min(t, 7) ) ¢

D.3 Elliptical Lemma
The following lemma is a version of the Elliptical Lemma when discount factors are used. It comes from Proposition
4 in (Russac et al., 2019) and is stated here for the sake of completeness.

Lemma 7 (Elliptical potential with discount factors (based on Proposition 4 in Russac et al. (2019))). Let
{as}22, a sequence in RY such that ||as||a < 1 for all s €N, and let \ be a non-negative scalar. Fort > 1 define
V; = 22:11 vt sa.al + Mg, the following inequality holds

T
2 1 det(V;m_l)
Z ||at||V;1 S 2 max <1, )\) log <WT .

t=1

Proof. In the proof we introduce the matrix W; = Zi llfy asal +y —(t=D\I; such that V; = v*~'W,. We
have,

t—1
= Zv_sasa: +~~ =D,
s=1
t—2
=7 Va el +> v tasa] +47 AL 4+ TN — TR
s=1

=7 " Vay qal +7 V1= )M+ W
>y U Va0l + Wiy > Wt1£21 (L + ry—(t_1)W;11/2at,1a;lW;_ll/z)Wiﬁ :

This implies,
det(W 1) > det(W,) det (Id n (v_t/2Wt_1/2at)(v‘tmwt_l/zat)—r)
> det(Wy) (L7 farly ) (det(Ly+22T) = 14 [1af3)

This in turn gives,

T T
det(Wry1) et(Wiy1) ( —¢ 2 )
1 )
det (W) H det (W) = [T (17"l

t=1 t=1

Taking the logarithm on both sides gives:

T T
| det(WT+1) > ] 1 —t 2 > 1 1 —(t—1) 2
og | “HST) > S log(1 49l ) = D los(1 4+ farly )

t=1 t=1
T —(t-1) 2
gl llaell 3y
Y log 14wl
e max (1, X)
Next, by using W, > v~ ¢=D I, we see that

D gl <

> =
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Which ensures that - )
D ag |2, -
t

max (1, %)
Finally, with log(1 + ) > 2/2 valid when 0 < z < 1. We get,

det(Wr1) —(t=1)|,, |12
log < Ad = 2maX % Z’Y HatHWfl

t=1

O

The following lemma is a version of the Elliptical Lemma when a sliding window is used and can be extracted
from (Russac et al., 2019, Proposition 9). The proof is included here for the sake of completeness.

Lemma 8 (Elliptical potential with sliding window (Proposition 9 in Russac et al. (2019))). Let {as}32,
a sequence in R? such that ||as|a < 1 for all s € N, and let X\ be a non-negative scalar. For t > 1 define
V= Ztil asa] + M. The following inequality holds:

s=max(1,t—7)

Z lacl3 -+ < 2dmax ( A) 7/ log (1+ m)

t=1

Proof. We start by rewriting the sum as follows.

[T/T]—1 (k+1)T

leatllV L= Z > llaellf-

k=0 t=k7t+1

For the k-th block of length 7 we define the matrix Wik) = Zi }w—&-l asa] + Az. We also have V¢ € [kT + 1, (k +

7], Vi > ng) as every term in Wﬁk) is contained in V; and the extra-terms in V, correspond to positive
definite matrices.

[T/r]1-1 (k+1)T [T/r]-1 (k+1)T
DR D 11 - S W 1 e
k=0 t=k7t+1 k=0 t=k7t+1

Furthermore, Vt € [kt + 1, (k + 1)7] we have,
k k
det(W{5)) = det(W1™) (14 flarl 2, ) -
With positive definitive matrices whose determinants are strictly positive, this implies that

det( ( ) ) (k+1)T de t( )) (k+1)T

(k+1)7+1 1
- II el | N CER CH Ay

k DN
de t(W]((iT)+1) t=kr+1 det(W§ )) t=kT+1
By definition we have W,(Ji)ﬂ = szﬂ_l ata;r + Mg = M.

det (W(k) ) (k+1)T

(k+1)7+1 _ 2
log . = > tog (1t llacllgo, )
t=k7+1
(k+1)T 1
> S —| P .
- Z log <1+ max(l,l/A)||at||(W§k))1>
t=kt+1
In the next step we use, V0 < z < 1,log(1 + z) > z/2.
(k) T
lo det (W<’€+1>T+1) ! (ki) llas]|?
s X = 2 max(1, 1/\) Hew ()=

t=kt+1
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By summing, over the different blocks, we obtain

[T/T]1-1 (k+1)T [T/r]—1 (k+1)7
Yoo dadia< >0 Y Nl
k=0 t=kr+1 k=0 t=kr+1
[r/r1-1 det (W(k) )
(k+1)7+1
< 2max(1,1/X) Z log X

k=0

Then, we upper bound det(W( )

(k+1)7 +1) using similar arguments than for Corollary 9,

d
(k)
det(Wip,) ) < (A+35)

Applying the logarithm function on both sides concludes the proof. O

D.4 Link Between A; and the Instantaneous Regret

For any optimistic algorithm, even in a non-stationary environment the instantaneous regret can be directly
related to A¢(a, ) defined as
Aula,0) = u(a”0) — u(a” 67)]

Proposition 9 (Based on Lemma 14 in Faury et al. (2020)). Consider any optimistic algorithm in a possibly
non-stationary environment such that the exploration bonus for action a at time t is defined by B¢(a). Let 6; be
the estimator used at time t by the algorithm to compute the UCB, i.e. UCBy(a) = u(a'0;) + Bi(a). Under the
assumption A¢(a,0;) < Bi(a), the following inequality holds

T < 25t(at) .

Proof. Let a;, = argmax,¢ 4, u(a’6;)

re = pla 07) — p(a) 07) < |u(a.07) — plal 00) + plal 0:) — pla) 0:) + |p(a) 6:) — p(a 07)]
= Ay(a, 0;) + Ar(ar., 0;) + p(a/ 0:) — pla) 0;)
= Aylae, 00) + Ailag, 00) + plal 00) + Bi(ar) — u(a) 0:) — Bilar) + Bi(ar) — Bilay) -

For any optimistic algorithm with an exploration bonus of 3;(.) and such that the upper confidence bound of the
action a at time t is given by u(a' ;) + B;(a), by definition for all a € A,

p(a’0;) + Bia) < play 0y) + By(ay) -

In particular, this is also true for the action a; .. Therefore, plugging this inequality in the expression of the
instantaneous regret gives

re < Aglag, 0¢) + At(ae, 0¢) + Blar) — Blag) -
Under the additional assumption that A;(a,6) < B:(a), we obtain the announced result. O

This proposition shows that any improvement in an upper bound of A;(a, ;) will result in an improvement of the
regret, as long as the exploration bonus satisfies the assumption stated in the proposition.

E ON THE WORST CASE REGRET IN THE K-ARM SETTING

In this section, we build upon the analysis from Garivier and Moulines (2011) to provide a worst case regret
bound for the sliding window policy in the K-arm setting. Even if a proper lower bound is missing, the results
we provide here suggest that in some cases sliding window policies can suffer a regret of order O(I‘lT/ 312/3 ) in the
simpler K-arm setting. In particular, this would mean that the 7%/ dependency is not a sub-optimality from our
setting but can already be seen for forgetting policies in the non-contextual setting. Worst-case regret bounds
(i.e. gap independent) for forgetting policies in non-stationary environments have seen little treatment in the
literature.
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Setting. The setting considered in this section is the one from Garivier and Moulines (2011). At each time ¢,
the player chooses an arm I; € {1,..., K} based on the previous rewards and actions. Upon selecting I; a reward
X (I;) is observed. We consider abruptly changing environments as in other sections, where the distribution of
the rewards remains constant during phases and changes at unknown time instants. At time ¢, the arm 4 has a
mean reward (). As before, I'r denote the number of abrupt changes in the reward distributions before time
T'. Following the notation from Trovo et al. (2020), we denote the I'y breakpoints B = {b1,...,br,. }. We can
associate I'r stationary phases {¢1, ..., ¢r, } with these breakpoints, where ¢; = {t € {1,...,T} s.t b;—1 <t < b;}
and by = 1. It is further assumed that for all arms and all time instants the means of the reward distributions lie
in [0, B]. In this section the focus is on the forgetting policy using a sliding window but the same arguments can
be used with exponentially increasing weights.

Improving the problem dependent bound. In (Garivier and Moulines, 2011, Theorem 2), the number of
times the arm i is played before time T while being sub-optimal is upper bounded in expectation as

C(t) Tlog(r)

BN < 8, o)

+ 7T 4 log?(7) , (46)

where
App(2) = minpy (i) — pa (@) 2 € {1, T e (6) < (i)} -

This result has a worst case flavor in the sense that Apr(7) is the minimum distance between the mean of the
optimal arm and the mean of the i-th arm when 7 is sub-optimal over the entire time horizon. We obtain a less
pessimistic bound by decomposing the regret into the I'y different stationary phases and upper-bounding the
number of times a sub-optimal arm is drawn in each of these phases ¢. The upper-bound naturally depends on
Ad’ the difference between the mean of the optimal arm and the i-th arm in the ¢-th stationary phase rather
than Apqg(¢). This is of utmost importance as for some phases A¢ can be significantly larger than App (7).

During the ¢-th stationary phase, let u¢ denote the mean of the i-th arm and N; ? denote the number of times
the arm i is selected. The regret can be decomposed as follows:

M'ﬂ

K TI'r
E[Rr] = — pe(iy)) Z Z ACE[N?] . (47)

t:l

A worst-case bound. The bound from Equation (46) is problem dependent and depends explicitly on the
minimum gap. It is interesting to study the worst case regret. In particular when Apur(i) goes to 0 the upper
bound from Equation (46) becomes uninformative. At the same time, with a small gap A? the cost of selecting
the i-th arm rather than the optimal one diminishes. The trade-off between these two opposite effects is made
explicit in the following result.

Theorem 7. The worst case regret of the sliding window policy from (Garivier and Moulines, 2011), can be
upper-bounded by

T T
E[Ry] < 01\/?7 + CoVEK Ty + CsK— |
T T

with Cy, Cy and C3 universal constants that depends only on the logarithm of T.

T2/3

In particular, setting T = raa yields:
E[Rr] = O(K*°T,/*T%/3) .
Proof.
K Tr
=Y Y AVEIN']= > APEN/|+ ) APE[N]
i=1 ¢=1 i,p: AP >A i,p:AP<A

< Y AENA LAY SEN< Y AYEINY 4 AT

i, AL >A i=1 ¢=1 i,p: AP >A
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The next step consists in upper bounding the expected number of times the arm 7 is selected in the ¢-th phase.
We recall that Nf is defined as

bg
N =N UL =i#i)= Y Wli=i#i).
ted t=by_1
We introduce N¢(7,1) = Zi:FTH 1(Is; = 7), the number of times the arm i was selected in the 7 steps preceding
t. We have the following:
by_147—1 be be
Ny = 3 Ah=iti)+ Y, Wh=i#i)<t+ Y. UL =i#i)
t:bd)—l t:b¢_1+7' t:b¢_1+7'
bg by
ST+ Y AWIL=i#i N(ri) SAD) + > LI =i # iy, No(r,i) > A7) .
t:b¢,1+7 t:b¢,1+7

The first term can be bounded using (Garivier and Moulines, 2011, Lemma 1) that is restated here.

Lemma 9 (Lemma 1 in (Garivier and Moulines, 2011)). Leti € {1,..., K}. For any positive integer T and any
positive m,
T

> AL =i, Ny(r,i) <m) < [T/r]m.
t=K+1

Lemma 9 can be adapted to our setting and by introducing 7'? the length of the ¢-th stationary phase, one has:

by
ST W= Ne(ryi) < AD) < [T9/r]A7 .
t:b¢,1+7'
This in turn gives,
by
Ny <7+ [T0/T]AL+ > AL =i #if, Ni(r,i) > A7) .
t:b¢71+7'

We recall that the upper confidence bound for the sliding-window strategy has the following form in the K arm
setting (Garivier and Moulines, 2011):

UCBZ(t) = Xt(T, Z) + Ct(T7 Z) )

with

& log(min(t, 7))
Nt (7'7 Z)

> X.(i)1(I,=i) and ¢(r,i)=B

Following the same arguments than Garivier and Moulines (2011) when the event {I; =i # i}, N¢(7,7) > A‘f}
holds, at least one of the three following events F4, E5, E3 must be true where:

By = {X;(7,4) > (i) + ci(7,4)} the case where p;(i) is over-estimated.
Ey = {Xy(7,i}) < i} —ci(7,45)} the case where the best arm at time ¢ is under-estimated.

Es = {p} — pe(i) < 2¢(7,17), Ni(1,4) > Af} the case where the means are too close to each others.

From now on, we set
4B2¢log(T)

A? =
' (A?)?
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In doing so, on the event E3 the following holds:

&log(min(¢, 7))

: ¢ : ¢
. B &log(min(t, 7)) < A7 log(min(¢, 7)) < A .
(i) 47 2\~ log(r) 2

Therefore, this choice of Af ensures that the event F3 never occurs. Bounding the probability of the events F4
and Fs can be done with the concentration inequality established in (Garivier and Moulines, 2011). For any
n > 0, by selecting a specific value of £ one can obtain,

Ct(T7 Z) =B

[10%(1118111(&)7))} [10%(111(1111(15,;))"
og(1+n og(l+n
PE)) < —nnnc7— d P(Es) <

(Br) = min(t, 7) an (F2) = min(¢, 7)

Consequently we have,

log(min(¢,7))

4B2¢ log(r) o { Tlog(Ttn) W

Plugging this in the regret’s upper bound gives:

be [log(min(t,r))—‘

E[Rr] < Z Al 7+ [T¢/T]M+2 Z log(1+7)
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In the last inequality we have used A? < B coming from pu;(t) € [0, B] for all ¢ and all ¢ < T'. Furthermore,

b log(min(t,7)) log(min(t,7))
min(t,7) T 4 min(t,7) 7 \log(1+1n) ’

d=1 t:b¢,1+T

Hence,

E[RT]SWT (IOg(T) 1)?

— + AT KTU'rB+2KB
A 7'+ Tl log(1+n)

By differentiating with respect to A, the right hand side is maximized when setting A = 2B M. With
this value of A,

E[Rr] < 4B\/m\/f% + BKTp + 2BKlog(T)§ :

Now by selecting 7 = we obtain the announced scaling. O

T2/
Remark 4. The term T/\/T that can be seen in the worst case bound proposed in Theorem 7 also appears in
the gap independent bound of SC-SW-GLUCB (Theorem 5). When focusing on gap dependent bounds, there is also
a strong similarity. In the K-arm setting, Equation (46) has a T /T dependency. This term can also be seen
in the GLB setting in Theorem 6 using an analogous assumption on the gap. This analogy explains why the
upper-bounds have the same scaling in the K-arm and in the GLB setting. Going from T/\/T to T /T when adding
the assumption on the gaps is the key step allowing a scaling of the regret of order 6(\/TFT).



	INTRODUCTION
	BACKGROUND
	Setting and Assumptions
	Stationary GLB
	Forgetting in Non-Stationary Environments
	Contributions

	ALGORITHM AND RESULTS
	Algorithms
	Regret Upper Bounds

	KEY ARGUMENTS
	A Tail-Inequality for Self-Normalized Weighted Martingales
	Upper Bounding the Regret of SC DGLUCB

	DISCUSSION
	EXPERIMENTS
	CONCLUSION
	TAIL-INEQUALITY FOR SELF-NORMALIZED WEIGHTED MARTINGALES
	Useful Lemmas
	Proof of Theorem 3
	A Unifying Concentration Result for Discount Factors and Sliding-Window

	REGRET ANALYSIS WITH DISCOUNT FACTORS
	Notation
	Analysis of the Regret of SC DGLUCB
	Gap-Dependent Bound
	Refined Exploration Bonus when t 

	REGRET ANALYSIS WITH A SLIDING WINDOW
	Notation
	Algorithm
	Analysis of the Regret of SC SWGLUCB

	USEFUL RESULTS
	Self-Concordant Properties
	Determinant Inequalities
	Elliptical Lemma
	Link Between t and the Instantaneous Regret

	ON THE WORST CASE REGRET IN THE K-ARM SETTING

