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STABILIZATION OF BRESSE SYSTEM WITH
THERMODIFFUSION EFFECTS

T. EL ARWADI AND W. YOUSSEF

ABsTrACT. We study the stabilization of the the Bresse beam with thermod-
iffusion effects. An exponential stability is obtained in the case of equal speed
of propagation. Otherwise, a polynomial stability is proved. The techniques
used is the frequency domain method.

0.1. Introduction.

prpee — k(pz + 1 + lw), —1 (Ifo + if) (we — o)
—ly9bs — 132C5 + s =0 in (0, L) x (0, 00),

P20t — Dge + k(pz + 9 + lw) — ¥101, — B1C1, =0 in (0, L) x (0, c0),

prwie — ko(we — o)y + kl(py + ¥ + lw) — 7102, — f1C2, =0 in (0, L) x (0, 00),

p3bht — @1C1t — m1b1ze — MY, =0 in (0, L) x (0, 00),

Cit — hi(B1ve + 01C1 — @161)2e =0 in (0, L) x (0,00),

pabar — w1Co — Mabazy — Ya(ws — lp)y =0 in (0, L) x (0, 00),

CZt — h2 (ﬁg(wz — lgo) + QQCQ — ’Wgeg)xm =0 in (07 L) X (0, OO)

Py = B19; + 01C1 — wibh, Pa = Pa(wy — lp) + 020y — wabs.

Date: October 30, 2020.
Key words and phrases. Bresse; thermodiffusion effects.
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2 T. EL ARWADI AND W. YOUSSEF

Substituting Cy and Cs, (0.1) leads to

p1oe — k(e + ¢ 4 lw)y — kol(wy — lp) — Iy2102 — 1722 Po
+,u(,0t =0in (OvL) X (0700)7

P2 — 1z + k(pz + ¢ + lw) — 111612 — Y121 = 0 in (0, L) x (0, 00),

prwer — aa(wy — 1)y + kl(pz + ¥ + lw) — Y2102, — Y22 P2, = 0 in (0, L) x (0, 00),
c1b1y +diPry — mi01pe — y11%0: =0 in (0, L) x (0,00),

d101 + 1Pt — h1Pree — 7129 =0 in (0, L) x (0, 00),

€202t + doPoy — Mmooz — yo1(ws —lp)y =0 in (0,L) x (0, 00),

d202¢ + 1o Poy — hoPogy — vya2(wz — )y =0 in (0,L) x (0, 00),

where
2

I} w1 51 w? w 1
(051 :bffl,’hl =1 +pfi—,Y2=—, 1 :,03+*1,d1 =—, "1 =—,
01 01 01 0 01

1 01
ﬁQ w2 62 w2 (7))
ar=ko— 2,y =Y+ Pa—, Vo=, co=ps+ —2,dg = —, g = —.
02 02 02 02 02 02

The initial conditions for this system are given by:

w(0,.) = wo, we(0,.) = w1, ©(0,.) = @o, ¥:(0,.) = ¢1, (0.3)
¢(07 ) = 1/)07 1/&(07 ) = ¢1 on (07 L)' ’

Two type of boundary conditions are considered:

(t,x) =t z) =w(t, z) = 6:(t,z) = Pi(t, 2)
T 00 = Pala) =0, 40, L (Dirichlet) (04)
and
o(t,x) =, (t,2) = we(t, x) = 01(t, ) = Pi(t,x) (0.5)

=05(t,z) = P2(t,x) =0, x=0,L (Neuman).
This work we generalize the study of the Timoshenko beam with thermodiffusion
and we and treat the proposed open problem by the authors [1]. Indeed, they
showed, without assuming the well-known equal wave speeds condition, the lack
of exponential stability for the Neumann problem, meanwhile one linear frictional
damping is strong enough to guarantee the exponential stability for the Dirichlet
problem. Then, they introduced a finite element approximation and they proved
that the associated discrete energy decays.

In this work, to establish the exponantial stability we use the theorem introduced
by J. Priiss [4] and F. L. Huang [3]:

Theorem 0.1. A C° semigroup et of contractions on a Hilbert space H is expo-
nentially stable if and only if

iR C p(A), sup|(@EX— A < +oo. (0.6)
A€ER

However, our result on the polynomial stability, it is based on the Borichev and
Tomilov theorem [2].
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Theorem 0.2. Let A be the generator of C°-semigroup of contractions on a Hilbert
space X. Then,

iRCp(A), [IGAT— A1 < AP, (0.7)
for some s > 0 and for all A € R if and only if we have
C
ISEWP|x < mHWOHD(A)a (0.8)

and for some constant C' > 0 and for all Wy € D(A).

1. WELL-POSEDNESS

Consider the tow following Hilbert spaces:
Hi = (H(%(OaL))g X (LQ(OaL))77

My = (H3(0,1)) x (HN(0,L))* x L*(Q) x (L2())* x (L))",
where H!(0, L) and L2(0, L) are given by

L

HI0,L) = {f € H'(0,L); /O f(z)dx = 0}
L

L2(0,L) = {f € L*(0,L); /O f(x)dx = o} )

Now, let us define the following linear unbounded operators

AjI,Hj*)/Hj(j:LQ)

and

by
D(A) = (H}(0,L) 1 H*(0, 1)) x (HY(0, L))",
(

(QO,’I/J,OJU’UZ91,P1,92,P2)€H2,LPGH0 OvL)mHz(OvL)v
D(Ay) =< ¢,we HI(0,L)NH*(0,L),¢s,w, € Hj(0,L),u € HU(O7L), ,
v,z € HY(0,L), (61, Py, 02, P,) € (Hg (0, ))

and
U
v
z
k lko
*1(909:1: + Yy + lw,) + E(Wz — 1) + 72102 + ly20 Ps
b k
— e — :(@a + Y +lw) + 7116015 + 112P1s

P2
W = k
AJW 7(1)(0‘)30:5 - l‘pz) - 71(9030 + QZ) + lw) + ’7219230 + /VQQPQI

6! [flmlelmc — foh1Pry, + lw;}}
6! [ — fom10122 + fih1 Praa + lzvn]
6! {91m292m goho Pogy 4 hi (2 — lu” )]
ot [ — gamaboyy + g1ha Pagy + ha(2y — lu”)}
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For W = (¢,¢,w,u,v,z,01, P1,02, P5), using a classical semigroup theorem, we

show easily that the system

W(t) = 4,W (), t>0
{ W(0) = WO € D(A),

is well-posed for j = 1,2, where j = 1,2 corresponds to the boundary conditions

(1.9)

(0.4) and (0.5) respectivement. Here and in the followig, we set that [ # n%r for all
n € N8 when i = 2.

2. EXPONENTIAL STABILITY

Let us start by proving the first member in(0.6). Indeed, D(A) has a compact
embedding into H, then A~ is compact in H. Hence, it is sufficient to check that
A has no pure imaginary eigenvalue. Then, suppose that there exists A € R* such
that i\ is an eigenvalue and W = (¢, %, w, u,v, 2,01, P1, 02, Py) be the normalized
eigenfunction, i.e.

AW = iAW, (2.10)
Therefore, we have
u(z) = idp(x), z € (0,L), (2.11)
v(x) = i (), x € (0,L), (2.12)
z(z) = idw(x), xz € (0,L), (2.13)

k 1k
N2t (e + lwn) + 2 (wy — 1) + 1220, + 1722 Py = 0, 2 € (0, LY2.14)
p1 P1 P1 P1

k
(pr + 9 +1w) + 2o+ 12p  — 0, 2 € (0,L)2.15)

b
MY+ —thay — — — —
P2 P2 P2 P2

k Ik
Nw 4 2 (wey — 1) — —(pp + 0 + lw) + EQQQE + EP% =0, z € (0,L)2.16)
P1 P1 P1 P1

Ny () + 61 [flmlam — fohiPiay + Lo"| =0, z € (0, LY2.17)
—iAP; (.’L‘) + (5_1 |: — f2m19lm + flhlplaca: + lgvg' =0,z ¢ (0, LX2.18)

—Z)\92($) + 5_1 [glmgﬁzm — thQPQIz + hl(Z: — lu")_ = 0, S (0, LX2].9)

—'LAPQ(.I) + 571 |: — gngGQxx —+ glhgpgxx —+ hQ(Z;;L — lu") = 0, xTr € (O, LXQQO)

By (2.10), we have
Re(AW, W), = Re(iM[WI[3,) = ~[1010]1* = || Proll* = 1020 ]|* — | Pro||* = 0. (2.21)

Therefore, by straightforward calculation we conclude that W = 0. This is a
contradiction.
It remains to complete the proof of the exponential stability by applying the
theorem 1.2 by establishing that
lim [|(iM — A) 7Y < +oo. (2.22)
A—ro0
Let us decompose this proof into several steps for clarification.
Step 1. Let us argue by contradiction. Then, we suppose that the condition (3.5)



is false. There exists a real sequence (\,,) and a squence
W™ = (", ", W™, u™, v, 2", 07, P, 05, Py') € D(A;)
such that |A,| — 400,
W™l =1 j=1,2,
and
(idg — AW™ = (fL f2, . f1%) — 0 dans H; j=1,2.
Recall that
W13, = pallu™l* + pallv™ 1> + poll=" 12 + bl + Ellel +¢" + lw™|?

(2.23)

(2.24)

v 2
L R A0S S B A R
0 2 2
Py Py
where
C1 dl 0 0
o d1 1 0 0
A= 0 0 Co d2
0 0 dg T2
is a definite-positive matrix.
Then, thanks to (3.4), we have
A" —u™ = f} — 0 in H(0,L), (2.25)
. . H}(0,L) pour j =1
n_ ,n _ f£2 0\Y
AP — v fi—0 in { HL(0,L) pour j =2 (2.26)
. . H}(0,L) pour j =1
n__ . n_ £3 0o\
A" — 2" =f, — 0 in { H(0, L) pour j = 2 (2.27)
We also have the following convergence in L?(0, L):
AU T Pz + Uy + lwy o wy — ") + 12102 + ly22 P (2.28)
= fé — 07
b k
A" S () TR0, DEPL = S0, (2:29)
P2 P2 P2 P2
k lk
Anz" = 20 (it —IR) (@O ™)+ 05+ PR = 10— 0, (2.30)
P1 P1 P1 P1
M0 = 8 (fumi O, — foha Py, + Lot ) = f1— 0, (2.31)
N ( — faomiO1ze + frhi Praa + lzv;”) =f2—0, (2.32)
M,ﬂg — (5_1 (glmgﬁgm — gghgpggm + hl(ZZ — lu")) = f,g — 0, (233)
and
Z)\nPQn — (571< — ggmgﬂgm =+ gthPsz -+ hQ(Z;Z — lu”)) = féo — 0. (234)
Due to (3.4), we have
Re((z)\n —Aj)Wn,Wn>Hj = —Re(.AjU",U”>Hj (235)

= 03117 + P2 + 103,117 + 1 Pl 5 =1,2.
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Therefore, due to (2.24) et (3.16), on a
e 05, Py, Py — 0, in L*(0,L). (2.36)

Moreover, due to the boundedness of u”, v™, and z" and the fact that A\, — 0,
we get from the dividing of (2.25), (2.26), and (2.27) by A,, respectively,

" Y w" — 0 in  L*(0,L). (2.37)
Now, eliminating v™ in (2.29) by (2.26), taking the inner product of the resulting
n
equation with zﬁ—"” in L?(0, L), and then integrating by parts, we obtain

n

. — n ;TLI — 1 n n L

(07, 03) + 0 frma (87, S22) — 07 fuma |07, (@) ()|
n n 1 n L .

=67 fah (P 5E2) 4 67 faha |- PRa(@)e (@) 4 ila [0 ]2 — 0.

Using (2.36), the first term in (2.38) converges to zero since 92 is bounded by

n

(2.23). On the other hand, dividing (2.29) by A,,, we conclude that )\m is bounded

because all the other terms in the resulting equation are bounded due to (2.23).
Analogously, the fourth term tends to zero due to (2.36). The boundary terms
vanish in the case when j = 2. However, in the case when j = 1, using the
Gagliardo-Nirenberg inequality, for x = 0, L we have

(2.38)

1
n n b
1 lxx Pla:;v

An An An
for some K > 0. Dividing (2.31) and (2.32) by A,, we obtain the boundedness
n

n P
of %2 and —l1zz,

1
n n n % 2 n ||+
07, (2) 97 (x)| < K107, ]|2 1P (12

3 So, (3.8) implies that = ?(x)Y(x) converges to zero for

1

x = 0,L. Repeating same arguments leads to )\—P{;(xwg(aﬁ) also converges to
n

zero for x = 0, L. Consequently, in the two cases (j = 1 or j = 2), the expression

(2.38) implies that
Y — 0 in L2(0,L). (2.39)
Repeating the same procedures by eliminating 2" in (2.30) by (3.8), we obtain
Wl —1lp" — 0 in L*0,L). (2.40)
Step 2. In the case when j = 1, we shall prove that
G2 (0), ¥ (L) — 0. (2.41)

We start by multiplying (2.29) by % Then taking the inner product of the re-

sulting equation with in L?(0, L), integrating by parts, and using the fact that
v € H(0, L), we obtain
|2 b n U;L k n n n o 711 n o
P2 " P2 " n P2 n (2.42)
12
+12pn 2y 0,
P2 < ! >\n>



n n
€T

By (2.26) and (2.39), i)\— — 0. Moreover, i— — 0 since v™ is bounded and

An — +oo. Thus, due to the boundedness of the terms vy, ©p +Y" 4+ lw™ and
due to (2.36), the last four terms in (2.42) converges to zero. Thereby,

v — 0 in  L*(0,L). (2.43)
Therefore, thanks to (2.26), we get
A" — 0 in L*(0,L). (2.44)

Now, let us eliminate v™ in (2.29) by (2.26), then multiply by (L — z)9" and taking
the real part of the resulting equation, we obtain

Re{ — (07, (L = 2)7) — (0 (L~ 2)75)
k n n n _r hn E n _ hn
o 0 W ()R 4 T (L)
+ 22 (P, (L - 2)0) |
)

p2 -
= Re{ (/3. (L 2)05) + (A f2, (L = )0 }.

e
Next, we have

Re{ O fi (L =70} = Re{ = Qufl, (L =a)dm) &+ af207)

+[Anfg(L—x)W]j}—>o (240

because f2, f2 — 0in L*(0,L), (¢"), (Any)™) are bounded and "

n?
Also, we have

|0,L =0.

Re{((L — ) ;‘;W>} —0 (2.47)

because f2 —+ 0 in L?(0, L) and (¥?) is bounded.
Consequently, using (2.46) and (2.47) in (2.45), we conclude

2

_1 ni2 _ b nl|2 bL n
i1 02l + g ez

+—Re{{(L —a)(@h + " + ) ) + O, (L—a)By)  (249)
P2 P2

F DAL (L= 200 | — 0.
2

Thanks to (2.39), the last three terms in (2.48) converge to zero. Therefore, using
(2.44) and (2.39) in (2.48) gives
Y (0) — 0.
Repeating the same arguments by multiplying (2.29) by z¢™, we show that
Yo (L) — 0.
Step 3. The claim here is the showing that

lezlI* — 0. (2.49)
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First, eliminating ™ in (3.10) by (3.7), taking the inner product of the resulting
equation with 7 in L?(0, L), and then integrating by parts, we get

_ b k
R _ )\2 n7 ;L 4 = n n\ __ 0o/, ;LQ
of - (Zum, 7 o, ) *[ ]y + p e

b om amy 4 K o N1 o ¥
P g W) 00 B+ (P en} (@50
P2 p2

= Re{ (£2.23) +ilf2, 00) }.
The term in the right side from the expression (2.50) can be written as
— . — — L
Re{(f2,20) — (2., @™ +i[£2057] }.

Since A, — +00, f2, f2, f2 — 0, (Aye™) and (¢}) are bounded, and ap"‘o ; =0,
we deduce that

Re{< o P) +z‘<f§,>\n<p7>} — 0. (2.51)

Next, using (2.51) in (2.50), we get

[/ b —
Rey — (A\RY"™,90) + — (0, ¥7) — — [¢avs 7962
{ - 02w 2m + @) - [pEls + ekl
(2.52)
| ] p— Y11 Y12
(P V") + (W) A 0, PR + = (Pl ) 0.
P - PTw) + 6L, P + 2 (PP |

On the other hand, the sequence (¢?(L)) is bounded. Indeed, eliminating «™ in
(2.28) by (2.25), taking the inner product of the resulting equation with p1z? in
L?(0, L), and then integrating by parts, we obtain

pl n n
5 A" [? + II%II2 L\%(L)I2

+Re{k<xwl,g0l> le(zwl, ) — lko{zw?, @) +
+l'ygg(P2”,ac<pg)} — 0.

2

ko n =
— e 2 + 1y21 (0%, x0T)

(2.53)
Hence, (¢7(L)) is bounded because (An,¢™), (%), (¥2), (W), (03), and (P3') are
bounded. By the same way, we prove that (¢7(0)) is bounded by multiplying (2.28)
by p1(L —x)e?. Therefore, due to (2.41), the boundary terms in (2.53) converge to
zero. Moreover, the convergences (2.36) and (2.37), and the boundedness of (%)
made the last fourth terms in (2.53) converge to zero. Consequently, (2.53) gives

_ b
Re{ — (", B0) + - (RIvi) | + ol —o. (2.54)
P2
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Now, eliminating u" in (3.9) by (3.6), taking the inner product of the resulting
equation with ¢ in L?(0, L), and then integrating by parts we get

kK
R P — X 5)— — o
e{;l 20,9 >+7k+ % w;l - © iz
771 n 0 n
A A R ) (2.55)
= Re{ (F1.90) +i 00 fh. 07 }.
The second term in the right side of (2.55) can be expressed as
_ _ __AL
s By = (a7 + M0 |
Hence,
Re{ (£, 95) + i £, 00 |
— Z __qL
= Re{ (£, 93) = ilfL At } + [Aaflo]

Since f}, f&z — 0, (A\p¥™), (¥™) are bounded and f,HO’L =0, we have
Re{@nf;,@} 0. (2.56)
In addition, the fact that f* — 0 and (¥?) is bounded imply
Re{< 3,@)} 0. (2.57)

Therefore, using (2.56) and (2.57) in (2.55) we get

k _
Re{ (W22 97) + S, T) = 02 P
M M Rl
ol v p1< I,¢>+ i w>}—>o.

By (2.39), the last four terms in (2.58) converge to zero. Thereby, (2.58) gives

(2.58)

k .
Re{ (Nl ¥7) + -~ (¢lln, T0) } — 0. (2:59)

k b
In view of — = — and combining (2.54) and (2.59), we get (2.49).

P1 2
To finish and complete the proof and get a contradiction with (2.23), it remains to
show that
u",z" — 0 in L*(0,L).
Indeed, multiplying (2.27) by 1;— Then taking the inner product of the result-
ing equation with in L?(0, L), integrating by parts, and using the fact that u" €
H(0, L), we obtain

) k u? k11 3L
A S S [+ om + Ty |
e 7 M pr LA _ 0 (2.60)
0

—E< — " ’)\ >+5721<927 >+1722<P27>\ ) — 0.



10 T. EL ARWADI AND W. YOUSSEF

Next, zi due to (2.26) and (2.49). In addition, % — 0 since u" is bounded

and A, N +00. Thus, due to the boundedness of the terms e+ Y™ + lw™ and
wl — 1™, and due to (2.36), the second and the last three terms in (2.60) converges
to zero. The boundary terms converge to zero in the case when j7 = 1. However, in
the case when j =2, x = 0, L, we have

L on 4 m 4 o) (@) ()

An
1 1
n n lw™ N 3 nl|lz
< g+t | R |y 22T
n n l n z n
due to (2.37), (2.49), and the boundedness of (¢3 +¢)\ + ) , u™, and ;L—x
Thereby, (2.60) implies that " !
u" — 0 in L*(0,L). (2.61)
Repeating the same arguments by multiplying (2.29) by Z—, we conclude that
2" — 0 in L%*0,L). (2.62)

Finally, (2.39), (2.40), (2.49), (2.43), and (2.61) lead to
which contradicts (2.23). So, the proof is achieved.

3. POLYNOMIAL STABILITY

The polynomial stabilisation is summarized in the following theorem.

k b
Theorem 3.1. If — # — then there exists a positive constant C > 0 such that
P1 - P2

C
I4;(OW°lla < 5 W0l ay)s (3.1)
for all W° € D(A;). j=1,2

Proof. To apply the theorem 0.2, it will be sufficient to show only the second
member in (0.7), because the first member is proved in the previous section, that
is we must prove that

i — A) 7 < +oo0. (3.2)

. 1

A—ro0

Let us argue by contradiction. Then, we suppose that the condition (3.2) is false.
There exists a real sequence (A,) and a squence W™ = (¢™, ¢", w™, u™ 0", 2", 07, P{*, 05, P3') €
D(A;) such that |\,,| — +o0,

W3, =1 j=1,2, (3.3)
and

MS(iN, — AW = (fL f2, ., f°) — 0 dans H; j=1,2. (3.4)
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Then, thanks to (3.4), we have

MEiXy™ —u"] = fr — 0 in H{(0,L), (3.5)
, . H}0,L) pour j =1
16 n_ ,nl _ £2 0\M
Ml i =™ = f2 — 0 in { HL(0.L) pour j = 2 (3.6)
. . H}(0,L) pour j =1
16 n_ nl _ £3 o\Y
Ml idpw™ = 2" = fi — 0 in { H(0. L) pour j — 2 (3.7)
We also have the following convergence in L?(0, L):
)\16 [Z}\ u" — 7(<pn + d)n + lw") — LEh (w” — l(pn) + 172102 =+ l"}/QQPQ]
n n p1 T x x 01 x (38)

:f3—>05

b k
AL [id 0™ — g, + (o "+ lw™) + Dhpp, + B2pr] = g5 0, (3.9)
P2 p2 p2 P2

k Ik

AL X2 — 22 (W — 1) + = (@l + 9" + L") + 2gp, 4 22pp] = 6 0,
P1 P1 P1 P1

(3.10)

Alo [Mnegf e ( Firmi — foh P+ zlug)} — T o, (3.11)

Lo [anf — 5! ( — fom1O1on + fih1 Prog + zzv;;)} S g—) (3.12)

ALs {Mnog — st (glmzem — goho Pogy + ha (2" — lu"))} =250, (3.13)
and
Lo [angb e ( — gomabozs + giha Pogy + ha (2" — zu"))} = f10 0. (3.14)
Due to (3.4), we have
Re((ALS (iA, — A)) W™, W) gy, = —Re(A; U™, Uy,

. 1
SUSEL F NSPLP + DS P + NPy =12 (319
Therefore, due to (3.4) et (3.15), on a
ABor o XBen NP XS PR ——0, in L*0,L). (3.16)

Now, eliminating v™ in (2.29) by (2.26), taking the inner product of the resulting

X

equation with 3 in L?(0, L), and then integrating by parts, we obtain

A3
n L
HAO7, ) + 07 fum (30F,, SE2) — 871 fuma [ A6, (@) (@)
n " L
=07 by (N PLy SE5) + 871 foha [ XS P (2) U ()| 4 il A2 2 — 0.
(3.17)

Using (2.36), the first term in (2.38) converges to zero since ¢! is bounded by (2.23).

On the other hand, dividing (2.29) by AL7, we conclude that % is bounded because

n
all the other terms in the resulting equation are bounded due to (2.23). Analogously,
the fourth term tends to zero due to (2.36). The boundary terms vanish in the case
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when j = 2. However, in the case when j = 1, using the Gagliardo-Nirenberg
inequality, for = 0, L we have

n 2
Pl:mc
An

we obtain the boundedness

elrz

X207, (z)pn(x)| < KASO8 )2 1P %

for some K > 0. Dividing (2.31) and (2.32) by AL7
o7 P

of =% and —2£Z. So, (3.8) implies that —67, (2)¥"(x) converges to zero for
An An An

1
x = 0,L. Repeating same arguments leads to )\—P{Lw(x)wg(x) also converges to

n

n
zero for x = 0, L. Consequently, in the two cases (j = 1 or j = 2), the expression
(2.38) implies that

My — 0 in L*(0,L). (3.18)
Repeating the same procedures by eliminating 2™ in (2.30) by (3.8), we obtain
M (Wl — ™) — 0 in  L*(0,L). (3.19)

Next, repeating the same arguments in the step 3. in the previous section by

multiplying (3.9) by we get

/\16 ’
_ b — b — L k
Re{ — (20", 20 + — (o i) — — [eun]y + — 2l
(A2ym, o) p2<<p Pz p2[<p¢]0 pQIIsO [
(3.20)
k — Ik — 711 Y12 —
= (FE ™) + (P W) + D0, PE) + 2 (PR, PR | — 0.
= @R + o @)+ Lo, 70 + L, 7
The first term converges to zero by (3.18). The second term can be written as

%Lz

due to (3.18). The boundary terms converges to zero since

An 0 (0), Aty (L) — 0.

Consequently,

le™)|> — 0.. (3.21)
Therefore, (3.18), (3.19), and (3.21) imply that ||W"|; — 0. This is a contradic-
tion. g

Remark 3.1. If the Bresse system is damped by only a thermodiffusion effects on
the bending moment i.e. the system is in the form

p1o1 — k(pe + 1 + lw), — kol(we — lp) + ppe =0 in (0, L) x (0,00),
p2¢tt — Yy + k(@x + '(/) + lw) - ’Ylew - '72Pac =0 n (0, L) X (07 OO),
prwn — ao(wy — 1) + k(@ + ¢ +lw) =0 dn (0,L) x (0, 00),

el + dP; — mbyy — 71 =0 in (0, L) x (0, 00),

det + TPt - hlpll - Vthx =0 n (07L) X (07 OO),
(3.22)
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we prove the exponential and the polynomial stability in the same ways as the pre-
votus section.

Similarly, If the Bresse system is damped by only a thermodiffusion effects on the
azxial force i.e.

pl@tt - k(ﬂo:r + dj + lw)x - k(]l(wa: - ZSO) + ﬂ@t = 0 Zn (Oa L) X (07 00)7
p2wtt - alwww + k(()pw + w + lw) = 0 Zn (OvL) X (Oa 00)7
prwit — ao(wy — 1)y + kl(pe + 9 + lw) — 710, — P, =0 in (0,L) x (0,00),

el + dP; — mbzy — y1(we — lp): =0 in (0,L) x (0, 00),

db; +rP, — hPyy — vo(we — 1) =0 4n (0,L) x (0, 00),
(3.23)
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