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Quantum Kolmogorov-Sinai entropy and Pesin relation

Tomer Goldfriend and Jorge Kurchan
Laboratoire de Physique de I’Ecole Normale Supérieure, ENS, Université PSL, CNRS, Sorbonne Université, Université Paris-Diderot,
Sorbonne Paris Cité, 24 rue Lhomond, 75005 Paris, France

® (Received 15 November 2020; accepted 3 June 2021; published 22 June 2021)

We discuss a quantum Kolmogorov-Sinai entropy defined as the entropy production per unit time resulting
from coupling the system to a weak, auxiliary bath. The expressions we obtain are fully quantum but require that

the system is such that there is a separation between the Ehrenfest and the correlation timescales. We show that
they reduce to the classical definition in the semiclassical limit, one instance where this separation holds. We
show a quantum (Pesin) relation between this entropy and the sum of positive eigenvalues of a matrix describing
phase-space expansion. Generalizations to the case where entropy grows sublinearly with time are possible.

DOLI: 10.1103/PhysRevResearch.3.023234

I. INTRODUCTION

In classical mechanics the relations between thermaliza-
tion, ergodicity, entropy, and chaos are well defined. The
latter is characterized with the Lyapunov exponents and the
Kolmogorov-Sinai (KS) entropy of trajectories in phase space.
The analogous situation in closed quantum systems is less
understood, e.g., the relation between entanglement entropy
and thermalization [1], or entropy production and the quantum
Lyapunov exponents. Previous studies expressed the entropy
growth rate of a quantum system as the KS entropy of tra-
jectories evolving in the underlying classical system [2-8], or
which are obtained by projection [9]. Direct quantum gener-
alizations of the KS entropy were also defined in the past by
several rigorous mathematical derivations [10,11] and, more
recently, with a simple definition via a quantity conjectured as
playing the role of the quantum Lyapunov spectrum, based on
the out-of-time-order correlator (OTOC) [12].

In this paper we study a quantum KS entropy by weakly
coupling the quantum system to an auxiliary bath—a setup
which, in the classical case, gives a straightforward heuristic
understanding of the equality between entropy production and
the sum of positive Lyapunov exponents, the Pesin relation.
The idea that in quantum systems, as in classical ones, the
sensitivity of a system to an external weak noise can probe
chaoticity goes back to Lindblad [13] (see also Refs. [3,14]).
Here, we provide a general and simple definition, which is
independent of a specific model and of the existence of a
quantum Lyapunov regime. We derive explicitly the semiclas-
sical limit, discuss quantum effects, and show how quantum
Pesin-like relations exist when OTOCs grow exponentially.

The paper is organized as follows: In Sec. II we present
a simple setup which yields the classical Pesin relation. The
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definition for the quantum Kolmogorov-Sinai entropy is in-
troduced in Sec. III, where we obtain expression (28), which
is our first general result. Then, in Sec. IV we analyze the
semiclassical limit, and in Sec. V we derive a quantum Pesin-
like relation, relating the KS entropy to the quantum Lyapunov
exponents. This is given in expression (47), which is our
second result. Its validity is more restricted than Eq. (28),
because it assumes exponential growth of some quantities. In
Sec. VI we discuss averaging over initial conditions and how
to extend the result to other quantum setups. Finally, outlook
and conclusion are given in Sec. VII.

II. CLASSICAL PESIN RELATION FOR
THE SIMPLE MINDED

One way to introduce the Kolmogorov-Sinai entropy is as
the entropy production around a trajectory, X = (q, p), of a
system coupled to a weak auxiliary noise h(z):

X4t = —{H, x*} + 1 (1), ey

with H being the system’s Hamiltonian, {-, -} being the usual
Poisson brackets, and the index « running over the compo-
nents of a 2N vector in phase space.

Consider a single classical, unperturbed trajectory. The
Kolmogorov-Sinai entropies hf(qs) (for each g) for the ensemble
of perturbations along this trajectory are defined as [15]

1
thgs) = m In { / Dhistory] Pq[history]}, 2)

where the histories are all the trajectories starting from the
same point X’ and ending in a point x/[A] that depends on
the noise realization. This definition may eventually be sup-
plemented with averaging over initial conditions. We shall be
interested in the limit in which the random perturbation is very
weak.

Equation (2) is not the most easily generalizable to the
quantum case, so we shall rewrite it as follows. First, we
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replicatea=1,...,q

{ / Drhistory] P"[history]} = / D[h]P.[h] I1,

x/

y f Dix.] TS @) + (Hx%) — ()], (3)

where the delta functions impose the trajectory equations and
Pe[h] is the distribution of the noise fields. Then, because
these trajectories are casual, we may integrate away all the
intermediate coordinates x, except the last, to obtain

<
/ DIh]Pe[h] TI, f Dix] T8 G () + {H, 2%} — h*(1))

= / D[h]Pe[h] T1, / dx’ §(xI[h] —x') = / P(x")dx’.
4)

What we have shown is that because of causality, integrals
over powers of probabilities of trajectories may be traded for
integrals of powers of probabilities over the (noise dependent)
endpoint of the trajectories. In other words, we have gone
from a description of “entropy of trajectories” to one of “pro-
duction of the usual entropy at the end of the trajectory.”

Starting from initial configurations within a small ball of
radius a, and considering different noise realizations, we have
at the end of the process at some time ¢ a “probability cloud.”
Its distribution is a function of the size of the initial set, the
noise amplitude, and the stability properties of the trajectory.
Denoting the probability distribution at time ¢ as P(x, t), we
have the Rényi entropy of order g

1
4 In {f dyPi(y, t)}, %)

and the corresponding Kolmogorov-Sinai entropy in terms of
its exponential growth:

Squ

1
IS = ~18,(0) = S,(0)], )

where 7, is some short reference time. The advantage of this
change of point of view is that it is easy to generalize the
entropy production caused by weak noise to the quantum case.

Let us now proceed with the classical example. Consider
the situation as in Fig. 1: In the absence of noise, in the
directions that have exponential expansion between nearby
trajectories, the displacementis A, ~ ae*’’, with A% being the
positive Lyapunov exponents of the unperturbed system. In a
Hamiltonian system, there will be exactly as many contracting
modes that will compensate the effect of the expanding ones,
A_ ~ ae ™", and the volume of the set is unchanged. This
is just Liouville’s theorem and is a manifestation of the fact
that without some form of coarse graining there is no entropy
production in Hamiltonian dynamics. Let us consider now
the effect of the noise: Roughly, expending and contracting
directions are described by AL ~ £A*A4 + h(t), and the
time evolution then gives AL(t) = f(; eEX=p")dr'. One
can see now that the integral which determines A is dom-
inated by initial times, ¢ ~ 0, and the displacement induced
by the noise will be amplified after a time ¢ as A, ~ ee’a’.
However, now the contracting modes are compensated by the

FIG. 1. The evolution of probability around a trajectory.

action of the noise at late times t' ~ t, which gives a contri-
bution A_ ~ €/ \/E . Thus, if there are modes exponentially
expanding in time, and we are interested in the phase-space
volume V = AL A_ of the “probability cloud” at the end of
the process—up to logarithmic accuracy in time—we have
InV ~13 oA+ O(lne). This is Pesin’s relation. Let us
see this in more detail.

A. Preliminaries

(i) “Democratic” dimensions. We consider a 2N-
dimensional phase space (N coordinates and N momenta). We
normalize it with the canonical transformation ¥ = (bq, p/b),
with b being a parameter with the appropriate dimensions (and
for simplicity from now on we drop the ~notation). Hereafter
we take b = /mw, where m and w are the mass and frequency
of an auxiliary oscillator Hamiltonian that will determine the
initial state (see more details in the semiclassical derivation in
Sec. IV below). Thus both position and momentum have units
of (action)% .

(ii) White noise limit. The distribution of the noise fields
h(?) is taken as

Po[h(1)] o ¢ 2% Za S dTHWY o

where t is a typical timescale for the noise and € has units
of (energy/time)%. That is, we can think of the random field
as taken from a normal distribution \V'(0, €) independently at
each time step 7, or a Gaussian noise of correlation time t.
Assuming that this timescale is shorter than any other relevant
one in the system, we have the “white noise” limit, which
is enough to yield the classical Pesin relation, even if the
timescale T does not disappear as a parameter of the problem.
We shall assume the shortness of T throughout the paper, also
for the quantum problem. Note, however, that when doubt
arises, one has to restore the noise correlations. In Sec. VII
we discuss how the derivation can be generalized to account
for a correlated noise.

B. Entropy of trajectories’ end points

Deviations from a given trajectory can be described by the
Poisson brackets (tangent space), which are given in terms of

023234-2
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the second-derivative matrix:

Sx(1)
Sxv (1)

= T exp (— / dr'Qrx’ (t), {(x (1), H}:), ®)

R (t,1) = QP (x*(1), xP (¢}

where we have introduced the 2N x 2N matrix Q2 = (f)l (1))
and 7T is the time-order operator. The last equality results
from solving the tangent space dynamics for the Poisson
brackets (see Appendix in Ref. [16]): %{xa @), xP ()} =
{xV (1), (x¥(t), H}}QUe{x%(t), xP(¢')}, with the initial condi-
tion {x%(¢'), X (')} = Q%P.

The effect of the noise may be computed by considering
the deviation it produces from a trajectory y*(¢) = x“(¢) —
Xj_o(t). The tangent space dynamics, to first order in the noise
amplitude, then reads

Y1) = / dt'R%(t, 1P (). )
0

The y*(+) are Gaussian variables with zero average,
since they are sums of the h%. Let us now compute
the distribution of the last point P(y,¢), at the end of
the process. We start with writing the distribution as a
path integral over realizations of the noise, P(y,?) =

o . 1o (412
S TR 8y — [ di'R(, 1)h()] ¢ 7 2 4000
Then, we Fourier-transform the delta function and solve the
Gaussian integral (after completing the square) over the fields

h to find

Dha A IUN ! / / /
P(y,t) = Ha\/ﬁ dyexp {zy[y—fo dt'R(t, t")h(t )i|
1
- dt/hoz l‘/ 2
2e21 Xa:/ @) }

2 t
=/ di’exp{i)’?—%/o dz/yTR(;,/)RT(;,/)y}.
(10)

The integral over the Fourier variable § then gives

1

P(y.1) = Quelt) P [det A] Fem i AT,
! t
Aay(t)EZ/ SR R / W
g 70 0

an

Equation (11) thus describes how the weak noise spreads a
single trajectory to a probability cloud whose distribution at
time 7 is Gaussian with a variance determined by the 2N x 2N
matrix A—the main object here. We note that the matrix
B(t, t") is symplectic, and it is the instantaneous contribution
from time ¢’ to the expansion at time ¢, while A(z) (which
is generally not symplectic) is the total expansion. Taking
the final expression for P(y,t), we can calculate the Rényi
entropy and its exponential growth rate, according to Egs. (5)

and (6), respectively:

M 1 det A(r)

sy _ M 2 =3 oo

erll= —detlre” AM)], thgg = n (detA(to))
(12

where M is an irrelevant constant and ¢, is a short reference
time. For the moment we have not averaged over initial con-
ditions.

C. Pesin relation

In the case in which the second-derivative matrix
{x%, {x*, H}} is constant in time, one can easily confirm the
claim above: If there is an exponential expansion in a mode
of B, then the initial times ¢ ~ 0 dominate the time integral,
and the expanding directions are of order ee*«’. Contracting
modes of B are actually stopped from contracting completely
by the action of the noise at late times t' ~ t, which then
give a contribution €/ m The general case is similar but
slightly less trivial, as the tangent space vectors rotate in time.
A rigorous approach is given by defining covariant Lyapunov
vectors, as we explain now (a different derivation is also given
in Appendix A 1).

The entropy production in Eq. (12) depends on the deter-
minant of the matrix A. First, we use the facts that R(z, 1) =
R(t, 0)R(0, ') and R(0, ') = R™!(#’, 0) to write

A@)| = ‘/ di'R(@t,tORT (¢,1)
0

= ‘/ dt'R(z, OR™ (", O[RT (', 0)] 'R (¢, 0)’.
0

(13)
Then, symplecticity of R, namely, R~! = Q~'R7Q, gives us

|A@)| = V dt'R(t,0)Q'RT (¢, O)R(’, 0)QR (¢, 0)‘
0

= |R(t,0)Q7'|

t
/ dt'R” (t', OR(?, 0)‘ |QR" (1, 0)|
0
t
= [R(z,0)Q'R" (1, 0)Q| ’/ di'RT (', O)R(7, 0)‘
0

t
= ’ / dt'R” (t', OR(?, 0)’. (14)
0
As a final step, we use the notion of covariant Lyapunov
vectors [17-19]: For any time #; we have 2N vectors U ye@t)
such that ||R(#" + 11, 1)y (t1)|| — exp(At’) as t' — oo, with
A being the Lyapunov exponent. Let us define the 2N x 2N
matrix I'(0) whose columns are the covariant Lyapunov vec-
tors at time ¢ = 0 and write

JA@®)| = IITO)T O)]~[TT (0) AT (0)|

= [[TO)7 ()]

/ di'TT(ORT (7', )R, 0)(0)|.
0

(15)

'For simplicity we assume that there is no degeneracy and all
Lyapunov exponents are distinct.
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Therefore, at times ¢’ large enough within the integral, we
have a matrix of the form B5%(¢', 0) ~ v*(t" WPt )ePt )
leading to | A(t)] — eXa=0* att — oo.

D. Anticipating the quantum case

We now go back to the classical result in Eq. (12). The
left-hand side of this equation is also valid even in the absence
of exponential divergences, although in that case the total en-
tropy production does not scale linearly with time, and the KS
entropy defined as a logarithmic entropy production per unit
time goes to zero. This is also true for the quantum formula
derived below. Two additional comments will be important
for the quantum case:

(a) Coupling to the noise. Is it necessary to couple noise to
all variables? The question is relevant classically because we
usually couple noise only to the coordinates, and it appears
in half of Hamilton’s equations. It will be much more serious
quantum mechanically, where there is considerably more free-
dom. Let us see the case when the noise is coupled to a single
variable, say, x!. We may redo the calculation above, to obtain
a new matrix A given by

AP = /dz’ R (¢, tHRP (¢, 1). (16)

Once again, if we consider only the initial time ¢’ = 0, the
corresponding matrix will have rank 1, and we shall obtain
only one expansion direction. However, as we integrate over
many t’, provided the system is such that the eigenbasis is
rotating with dynamics, we have that the rank of the matrix
will increase as time passes. This applies to the “recent” times
as well, which also have to be integrated so that they con-
tribute fully to the contracting directions. We hence conclude
that if at times ¢ for which the KS entropy is computed, the
tangent space has rotated ergodically, then it is not important
how many noises we have coupled to the system. We shall see
below that quantum mechanically the situation is more subtle,
and also more unavoidable. Let us note also that applying
noise to a local (in space) operator, and seeing how entropy
builds up, is an interesting question in itself.

(b) Initial distribution width. Suppose the initial condition
Yo, rather than being a single configuration, is spread over an
isotropic Gaussian of width a in phase space, as in Fig. 1. A
simple modification of the steps leading to Eq. (11), namely,
taking y = fot dt'R(t, t)h(") + R(z, 0)yy, gives

Sy(t) — So(t = 0) = L Indet [e’T A(t) + a® B(t, 0)] + const.

a7
In the absence of noise, €2A(t) = 0, and the right-hand side
is a constant, because B is symplectic and has determinant 1.
Note that a?, being the volume of a (p, ¢) cell, has dimensions
of action. We obtain the correct time dependence only if the ex-
pansion due to noise is large compared with the initial volume:

i—z’e“ >> 1. This gives us a warning of trouble ahead for the

quantum case, where initial packet width is unavoidable and
we are not allowed to take times to infinity.

III. QUANTUM KOLMOGOROV-SINAI ENTROPY:
A DEFINITION

Motivated by the classical case, we consider a quantum
evolution coupling the system to a weak, auxiliary bath, which
can be introduced from first principles as a coupling to an
infinite set of oscillators, exactly the way one derives the
classical Langevin equation [20]. We note that this line of
reasoning was applied for understanding entropy production
and decoherence in open quantum systems [2,4,6].

If the temperature of the bath is infinite, friction may
be neglected; otherwise, forward and backward propaga-
tions are with different fluctuating fields, as may be seen
from the Schwinger-Keldysh formalism [21,22]. In this limit
the bath becomes effectively classical. We can thus con-
sider, for infinite auxiliary bath temperature, the Hamiltonian
H = Hy(x) + ), h*(®)x*(¢), with the time-dependent ran-
dom field h(z), which has probability distribution Pey[h(?)]
given in Eq. (7). For simplicity, as in the classical case, we
shall consider that the correlation time of this bath t is much
smaller than the relevant timescales of the problem at hand
(see discussion above concerning the white noise limit).

We are interested first in the Rényi entropy generated in
the process, starting from an initial density matrix py. For the
moment we restrict ourselves to ¢ = 2; in Appendix B 2 we
generalize for all integer g. The expression for S,(¢) involves
a path integral over two different realizations of the noise, h;
and h;:

Tr{p* (1)}
= Tr{ f DhIthPext[hI]Pem[hz]U,fz,,Uhl,moUJl,,UWpo},

(18)

where we work with the interaction picture U, ; =
Texp[—% [ 3, Bt )x¥(¢')dt'], with the operator x(t) given
in the Heisenberg picture of the unperturbed dynamics, X(t) =
oiHot /Ty p—iHot /1

Our approach to evaluate Eq. (18) in the weak noise limit is
as follows: We first approximate In Trp?(¢ ) for a given random
field, up to second order in h;», and then we average over
the noise amplitude. The same procedure can be carried out
for the analogous classical problem, which then reproduces
the classical result in Eq. (17); this is shown explicitly in
Appendix A 2. Let us then define

Z[hy, hy] = InTr{U, ,Un, 100U, ;Un, 100},
Te(o2(1)) = / Dhy DhyPas [y PP [h2]e ™™ (19)

and perform time-dependent perturbation theory around
h;, h, =0, up to second order. The first-order terms vanish,
whereas the second-order terms depend only on the difference
n = h; — hy; we find (see derivation in Appendix B 1)

023234-4



QUANTUM KOLMOGOROV-SINAI ENTROPY AND PESIN ... PHYSICAL REVIEW RESEARCH 3, 023234 (2021)

T (1 B!
Tep?(t) ~ Trp%/DnPext[n] exp (—%Z/dt/dt// Tr{i[x*( )hfiiii (t )’pO]}n“(t/)nﬁ(t”)). (20)
o,f 0

We are left with solving Eq. (20) as a Gaussian integral over the fields n“(¢), recalling that, in the limit of small timescale t

of the bath, Pey[n] o< ¢ 3 T [P ext, we obtain this solution by taking a simplified initial state py and employing the
matrix determinant lemma.

For simplicity we work hereafter with a Hilbert space which is represented by a real, orthogonal basis {|x)}. Let us consider
the case where the initial density matrix is given by a pure state, po = |Po)(Po|. We shall generalize in Sec. VI to any initial
condition. Developing the trace in the exponent of Eq. (20), we can write

Tr{[x* (), pol[x* (t"), pol} = (ol x4t )xP (¢") + xP (t")x% ()| o), 21
where
X2 () = x(t) — {¢olx“(t)|¢o)- (22)
We thus find

1 Lo oy o )2
Tr,oz(t) ~ /D"P[ﬂ]e—,jz 120 fo dr (GolxE ()]
B / DyPyle” 7 ZulXe fo dr' Gl O)lpgen® (OF+Z, Jy dt’ (ol @ iahmn® 1)) (23)

where we recall that the wave functions |x) (and the noise) are real and the subscripts Re and Im refer to the real and imaginary
parts of a complex number, respectively, e.g., (¢o|x (t")|t)re = Re({¢olx% (t")|1)). We now simplify the solution to the Gaussian
integral in Eq. (23) by using the matrix determinant lemma: For an invertible matrix K of order £ x k and a matrix U of order
k x m we have

det (K + UU") = det (I, + U'K~'U) det(K), 24)

where I,,, is the m x m identity matrix. If we now discretize time, 0 =1, <1, < --- < fr =, we can rewrite the path integral as
an integral over a vector ! = n*(1,) of length 2NT

12 1 1 B _—
Trp?(t) = det fdn exp |: — EngKf‘fnfﬂ — ﬁnfj (Ut‘:,uUtf»# + th‘”“/,f’”)nfn]’ (25)

€t

where we define the 2NT x 2NT matrix K,"‘,ﬂ = O‘f dt and the 2NT x L matrices U " = 2(¢o|x% (1,)|it)gedt and V. =
2(¢o|x2 (t,)| ) mdt, with L being the size of the Hilbert space and N being the number of degrees of freedom. The solution
to the Gaussian integral involves a determinant of a 2NT x 2NT matrix, which, by employing the matrix determinant lemma,

can be simplified to a determinant of a 2L x 2L matrix:

12 K 1 ur\ |12
2 _ il _ _
Trp“(t) = det o det 2, + e (U V)(VT>
S U -1/2
= det |I,; + - <VT)K ‘o vy (26)
Inserting back the definitions of K, U, and V and taking back the continuous time limit, we find
et L (Lolxe )] e
Trp?(r) = det | 1 +2— dt’ 0%\ [ Re «(1H1E «(H" ) 27
ro2(0) = der 1423 > [ ar (bt Y awa, - G| @n

Note that the determinant is of a matrix that (i) has, at this stage, twice the dimension of Hilbert space 2L x 2L, and (ii) because

it is a sum over tensor products, has positive eigenvalues. As a final step we may multiply the matrix within the determinant left
i,
71’IL

and right with Z = %(}i ) and Z~', respectively, to find

b —-1/2
Trp*(t) = det [1 + ;—;A} = ¢ OS2 O] = il (28)

e [ EEOIG) GolE @) 2o ol 1)\ _ s [ (KN - [ (bol @)
A= Z/O dt (x?*(r’)|¢o><¢o|x3<r’> x?*(t/>|¢o><¢o|x5f*(ﬂ>> = Zfo a (xs.f*(r’>|¢0>) ® ((¢>0|x3*(t/)>’ (29)

(

where we still assume that |¢() and the Hilbert space bases Equation (28) with definition (29) is our first main result:
are real. A formula for the entropy production starting from |¢g) (¢o|
023234-5
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due to a weak coupling to a bath. It is valid even when there is
no exponential expansion, but if and when there is, we deduce
a generalization to the classical Kolmogorov-Sinai entropy. In
Appendix B 2 we repeat the calculation for a general Rényi
entropy: The result is that these entropies differ when aver-
aged over different starting situations (“multifractality,” just
as in the classical case), but the effect of quantum fluctuations
alone is subdominant. There is no multifractality of quantum
origin for a single trajectory.

A general comment is in order here: The fluctuating field
is coupled only to the phase-space operators x*. However, as
discussed at the end of Sec. II, this can be generalized easily to
any coupling: If we consider a set of observables {O*} and the
Hamiltonian H(x) = Hy(x) + >_, h*(t)O%, then expression
(29) remains the same, with the {x%} replaced by {O%}. So
far this situation is very much like the classical case; there is,
however, a catch: Quantum mechanically we may in principle
couple noises to operators that are not simple functions of
the physical operators x;, for example, the projector onto any
specific wave function, so one could have an exponential num-
ber of independent noises applied to the system. We are not
choosing to do this here; the noise terms are acting on physical
observables and are in number of the same order as the degrees
of freedom. This will have the important consequence that
some final expressions may be written in lower-dimensional
spaces.

For the rest of the paper we further discuss our quantum
entropy production equation (28) and the KS entropy that it
defines in the presence of an exponential growth.

A. Additivity

The KS entropy is a rate of entropy production. As such,
our definition in Eq. (28) must admit the property of additivity.
To verify this, let us consider two uncoupled systems in the
Hilbert space H" ® H® of size L*. The matrix A in Eq. (29)
is now constituted of terms of the form

w[lob”) @ [067)] [[#0”] @ eg” 2" and
2lloc") @ leg)] (106" @ ("], G0

where the superindices denote the space to which each z
belongs. These may be written as

[967)05”] ® ="len" )" " and
06" )00"| @ =g os”2- (3D

Consider now a basis for each space {|¢o), i)}, where the
|p) are orthogonal to |¢g). In the tensor product of the two
bases we have vectors such as (i) ) ® |¢o), (i) [¢o) ® |1),
>iil) |[1) ® |¢o), and (iv) |u) ® |u). Within subspaces (i) and
(iv), all terms are zero. The left-hand-side terms of Eq. (31)
are zero in subspace (ii) and equal to z§1)|¢él>)(¢él)|zgl) in
subspace (iii). Similarly, the right-hand-side terms of Eq. (31)
are onlgr nonzero in subspace (ii), where they take the value
ZEZ)|¢(§2 )(¢(()2)|Z§2). The determinant of Eq. (29) is the deter-
minant of a matrix with two different blocks, each of size
2L — 1 x 2L — 1, and the identity elsewhere. The determinant
is then a product of the ones associated with each space, so
that the logarithm is additive.

B. Timescales

We will check below in Sec. IV that our definition of
the KS entropy gives the correct result in the semiclassical
limit. However, for a truly quantum system, Eq. (29) seems
problematic: If we let € — O at finite 7, we will not get a
finite limit for gg plus logarithmic corrections in €, but rather

Tr{p?(t)} ~e_0 %TrA. Yet, as we have seen when discussing
additivity, the identity term within the determinant is essential
to obtain a meaningful result, so we ought to understand its
meaning. We have a dilemma: We need € to be very small
because we have assumed this in all our expansions, but
we now see that in the limit € — O the expression becomes
meaningless. There is an apparently obvious way out of this:
Choose times that are long enough, so that the exponential
expansion of A compensates for the smallness of €. However,
we expect there will be a limit to this: The Ehrenfest time
at which a minimal quantum packet will expand throughout
phase space.

We argue that this is an inherent problem, shared also by
the very definition of quantum Lyapunov exponents them-
selves.

Let us take the dimensional factors away from the
phase-space coordinates [which we had normalized to have
dimensions of (action)%], writing x’ = \/%—x and defining A,
as in Eq. (29) but with x/, to get
’ —1/2

—hQt 2
e st ~ Tr{p“(t)} = det |1 + TAO (32)

We recognize that the second term has the interpretation of
a phase-space expansion measured as the number of “quan-
tum cell” sizes. Thus the comparison with the first term is
just expressing the fact that expansion of a direction over a
fraction of one quantum cell size does not contribute to the
determinant.

Let us assume that there is, at least during some time, a
Lyapunov expansion with a largest exponent A}, meaning that
A, will have some elements growing as /\'—le*". This expansion
may last up to the Ehrenfest or scrambling time ¢z, which we
may estimate as

k
e %

e e (33)
where k depends on the system, in particular, its number of
degrees of freedom. (We note that its value is rarely specified
in the literature: We shall not break with this tradition, but just
specify that it has to be related to the unperturbed system and
it does not have to involve €27.) Looking at (32), we conclude
that we may hope to have a meaningful expression, valid at
times just below the Ehrenfest time, if

et

Alhzk > 1. (34)
It is now clear that the semiclassical limit, taken before ¢ — 0,
is a possibility to have a well-defined KS entropy. However,
there is more: There are cases when the constant & is expected
to scale as the number of degrees of freedom k ~ N, while
the ordinary two-point correlation does not. For these kinds
of systems, where there is a hierarchy between Ehrenfest
or scrambling and correlation times (the reader will find a
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discussion of this in Ref. [23]), we may take € — 0 with large
€21k, and the Kolmogorov-Sinai entropy is well defined, with
a nonzero value for it being possible.

IV. SEMICLASSICAL LIMIT

Let us now evaluate our quantum definition for the KS en-
tropy in the semiclassical limit. This can be done starting with
the earlier expression of Eq. (20), as we show in Appendix
A 3, or working with Eq. (29), as we show now. We need to
evaluate the expectation value (¢o]x®(z')|) in the semiclas-
sical limit, where for simplicity of presentation we assume
that the system evolves with the unperturbed Hamiltonian of
the form Hy(x) = % + V(q). The unitary evolution in the
semiclassical limit can be obtained in a standard way, develop-
ing the path integral around the classical trajectory: We have
X = Xq(t) + y(t), with x,(¢) being the classical trajectory,
and its quantum perturbation is described by the operator
y = (8p, 8q) through the time-dependent Hamiltonian

man =y (% S )y vio= Y
sc(Y y 0 @ y, = Bq"‘aqﬁ

This is a harmonic oscillator with time-dependent frequen-
cies: The evolution of y is linear, and it coincides with the
classical counterpart. Therefore y*(t) = ReP(t, O)yg , with

_ L 0 1
R(z,0) = T exp |:/0 dt (—V”[xcl(t)] O)] (36)

Since, by construction, X is diagonal and (¢y|y|¢o) = 0, we
have (¢olx¥(t")|) = (Poly*(¢')|u). The vectors which build
the operator in Eq. (29) then read

(golxZ ¢y = R (¢, 0){¢holy” (0). (37

. (35)

X (t)

R“qﬂ(t 0)R* (t', 0)
AN —’Z/ <R°’Pﬂ(t ORI (¢, 0)

We thus show that in the semiclassical limit the second Rényi
entropy is given by

1 2 t
InTr{p(1)} = 3 In det [1 n % / d' RT (¢, R, 0)]
0

(40)
As a final step, we can take, inversely, the steps which bring
us from Eq. (13) to Eq. (14), employing the symplecticity of
R. We multiply Eq. (40) from left and right with R(z, 0)Q2~!
and QR (¢, 0), respectively, to obtain
Sa(t) = Sa(t = 0) = InTr{p* (1)}
2

= %ln det [B(r, 0) + %A(I)}. (41)

This is to be compared with the classical expression (17),
where the quantum initial state plays the role of the initial
packet, with a®> < A.

If we now let i — 0 before € — 0, we are in the same
situation as the limit of small size a of the initial packet in

We now choose to work with a specific basis: The one
of a set of N harmonic oscillators of mass m and frequency
w. As described in the classical case, we normalize the op-

erators such that they have the same dimensions, (action)%,
taking x = (bq, p/b) with b = /mw, which we shall assume
in what follows. The oscillator Hamiltonian thus reads H.f =
7 DAL )2 + (¢*)*]. We take the ground state of this Hamil-
tonian to define the initial density |¢g) = |0). This choice
of basis and initial conditions is appropriate to obtain the
semiclassical limit since the initial distribution is localized in
phase space.

Let us now calculate the elements in Eq. (37), which gives
the matrix A in the semiclassical limit. The Hilbert space
breaks into subspaces of different total numbers of boson
excitations of the oscillator Hamiltonian H,.¢. The y*(0), be-
ing linear, create, when acting on |¢o), states of one boson.
Hence, in the space having two or more bosons, the matrix
A is zero, and the determinant in Eq. (28) is determined
by a 2N-dimensional matrix within the doubled one-boson
subspace (recall that the dimensions of A are twice the size
of the Hilbert space). This matrix is constructed by the 2N x
N blocks W = R (t", 0){¢o|y? (0)|1") = @[R“‘Z" @,0)—
iR (¢, 0)], as

T T AT *
— (wrw werwe) 69
where |17) is the state of one boson for the nth degree of free-
dom and zero for all the others. Note the crucial role played
by the identity in Eq. (28) outside this subspace. Since we
are interested in the determinant, we can multiply the above

Al iy

matrix from left and right with Z~! = (lIL _IIL) and Z,
respectively, to find
Otpﬁ / ap? (ot
R ﬂ(t,O)R y(t,O) ' (39)
ReP"(t', 0)R*P (t', 0)

(

the classical case. If, on the contrary, we make i — O after
€ — 0, the result is not the Lyapunov expansion.

V. QUANTUM PESIN RELATIONS

Several quantum generalizations of the KS entropy were
suggested previously [9-12]. In particular, Ref. [12] defined
an entropy via quantum Lyapunov exponents, which are in
turn defined by the out-of-time-order commutator (OTOC)
[24]: The square of a commutator of two operators at different
times, [O%(t), Of(0)]?. We now make a connection between
this notion and our formula (29).

Let us split A into early and late times as follows:

=% / dr ( ¢°|'xaf(‘,)))<<¢>o|xz<ﬂ> (Bolxe(1)),

A= Z / dr ($°|§‘a*((t,)))<<¢o|x3<ﬂ) (Golxe (1)),

(42)
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such that
@) 1 et + et _
this = 5 Indet | 1+ o AT+ = AT (43)

Now, because both AT + 1 and A~ are positive semidefinite,
we may apply Minkowski’s determinant inequality:

627,' 621' 1/2L 621' 1/2L
det |:1 + 7A+ + FA_] 2 det |:] + FA+i|

27 1/2L
+ det [?A_:I 44)
which gives

2 2 2
In det [1 + AT+ %A—] > Indet [1 + %M]
h h h
45
Let us use this inequality to find a lower bound Bgs) < hgs)
which we shall later argue may be exact in some cases. We
proceed as follows: We choose the time 7 such that for 7 <
t' <t we may consider that A*(t') ~ AT (z). The time T =
t — 1 is of the order of the autocorrelation of the x%. Then, we
define 23 with

72y,
A&t ~ —Indet

Te’t X%(t)I¢po)
H ;(X?*(t)léﬁo))

~1/2
(Polxg (1)
® <<¢o (1)
We can then use the matrix determinant lemma [Eq. (24)]

to obtain, under these assumptions, an expression in
terms of a 2N x 2N determinant: hgs)t = %lndet|8alg+

%(qﬁdxﬁ‘(l)xf @)+ xf.‘*(t)xf*(t)wo)l, which gives

(46)

2

=(2) 1 Te“tT N P P .
hggt = 3 Indet |ap + P (@olxg ()xl () 4+ x2(#)x ()| o)
1 Telt " p
= zlndet Sup + 7(¢o|[x (@), pol[x" (), pollgo) |,

(47)

where we have used the relation in Eq. (21) and the Her-
miticity of the x* and have assumed that the Hilbert space
is given by real eigenfunctions. Equation (47) is in line with
previous works which showed a relation between the second
Rényi entropy and the OTOC, where the operator at the initial
time appearing in the commutator can be taken as the density
matrix [25-27].

Now the determinants which appear in Eq. (47) are of
2N x 2N matrices. If there are exponential expansions and
contractions of the 2N x 2N matrix

Aup = (Polx()xP (1) + xP (1)x ()] o)
= (Bol[x* (1), pollx* (1), polldo), (48)
with eigenvalues ¢! then thanks to the 8up term we have

W=

Ai>0

Note the somewhat optimistic notation: We have not shown
that the X; deserve to be called individually “Lyapunov expo-
nents,” although it is very tempting to interpret them this way.
Indeed, if there are exponential ex?ansions, we may expect
the inequality to be saturated, and EKZS) = hgs) This is because
the smallness of the time interval T is compensated by the ex-
ponential expansion. We shall check this in the semiclassical
limit.

A similar relation of the form A = D ous0hi was
already proposed in Ref. [12] as a definition of the
quantum KS entropy, where the X; are defined instead
on the basis of the eigenvalues of the matrix L*?(t) =
—(Y[x* (), x O)][x” (1), x* (O)]|¥), with [¢) being an
eigenstate of the Hamiltonian. (Another different definition of
the Lyapunov spectrum was given in Ref. [28].) Let us insist
that the relation we derive here is not a definition, but rather a
derivation in terms of the entropy production.

Check of the semiclassical limit

One can check the semiclassical limit on the second equal-
ity of Eq. (47): As shown in Sec. IV, we have x%(t) —>

h—0
R*Y (¢, 0)y” (0); thus
(olx ()X (1) + xP (1)x (1) ¢o)

= ) R (1, 00R" (1, 0)(oly” (0)y° (0) + 3 (0)y (0)Ihy).
y$

The matrix (¢o[y” (0)y*(0) + y°(0)y” (0)|¢po) is simply the
identity matrix times /: Recall that for the semiclassical
limit we choose |¢g) as the oscillator vacuum; therefore, if
the indices correspond to different degrees of freedom, the
expectation breaks into a product of two expectations, both
vanishing, whereas if they correspond to a p* and its partner
¢, they also vanish, and (¢o|[y” (0)]*|¢) = . Then,

7e27 -1z
fzggtﬁlndet T+ — R(t,O)RT(t,O)’
1 Telr
= Sdet|l+——B(,0)|, (49)

which is the correct classical result, and thus fzgs) = hgs) in this
case.

VI. AVERAGING OVER INITIAL STATES

In the analysis above we have assumed that (i) the Hilbert
space is represented by real and orthogonal eigenfunctions |u)
and (ii) the initial state is given by one of these eigenfunctions
Po = |¢o){(¢o]. These assumptions facilitate the derivation of
the KS entropy in Eq. (28) and were suitable for taking its
semiclassical limit. We now discuss how to generalize the
result beyond these assumptions.

Concerning point (i), it is important to extend the result to
a nonreal eigenbasis since the derivation, as well as the proof
of additivity, assumes a basis which is orthonormal to |¢y).
We can always construct such a basis; however, depending
on |¢o), it might not be real. The derivation can be readily
extended to any choice of eigenbasis {|ux)}. The assumption
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of real eigenbasis was only to facilitate the notations for [{(¢o]|x* (t')]* = (¢o|x**(¢'). For the general case, the matrix A, which is

constructed by four blocks, reads

[ ) Ig0) (ol ()
A= Z/O a ((Mlx?(l’)lcbo)*(¢0|x§‘(f/)lv>

We are left with relaxing assumption (ii): Let us now show
how we can average over initial conditions, generalizing the
result beyond the case of py = |¢o)(¢o|. The state |¢py) may
be chosen as the ground state of an oscillator, translated by
(¢°, p'). In other words, |@) is the coherent state |z):

(o) = €4PPI0) = ¢4 H4N0) = Jz), (50)

where z¢ = ¢ + ip® and o) = g, — ipa.

This immediately suggests how to average over initial con-
ditions. Consider, for example, theGibbs-Boltzmann measure
pce- Like any operator, it may be expressed in its P-symbol
representation [29]

poB = / dzdz ply(z2) 1)), 51)

where p&g(z, ) is a phase-space function representing pcg.
Then, a Rényi entropy averaged over the Gibbs-Boltzmann
entropy reads

<eh:(2;t)GB = / dzdz pGy(z, 2)Tr{p*(1)} (52)

and
-12
, (53)

2

€T
Tr.{p*(t)} = det |1 + ﬁAz

with A, defined as A in Eq. (29), replacing |¢o) with |z). The
same can obviously be done for all Rényi entropies S,. Note
that it is in this averaging over z that the nontrivial dependence
on g (“multifractality”) enters.

Other groups, localized initial state

Writing the Rényi entropy with averaging over coherent
states, the generalization to spin systems seems natural. Sup-
pose we have a spin-j chain. We construct the coherent states
for each site in this representation in the standard way:

l2) = Milzi) = =57 |0);  J70) = 0. G4

Next, we consider two independent operators per site, for ex-
ample, JI and J7, and construct in this way the corresponding
operator A = [di' Y7 J*(1")|z)(z|J¥(t"), where o = x, y. All
the previous steps follow, including the semiclassical limit for
Jj — oo.

For fermion systems, a similar strategy may be envisaged,
replacing the spin operators by bifermionic operators a; a;.

VII. SUMMARY AND OUTLOOK

We have discussed a Kolmogorov-Sinai entropy of a closed
quantum system by coupling it weakly to an auxiliary bath.
The construction here allows one to derive (rather than as-
sume) a quantum version of the Pesin relation. The external
bath is classical in the sense that it is Markovian. However, the

(plxg @)lgo) (olxg (1)) )
(plxg (1) ho) " (olxz () v)* )

(

same steps of the analysis may be generalized to a truly quan-
tum bath with a finite temperature and friction through the
Schwinger-Keldysh formalism. We note that adding noise cor-
relation can simply be done through the matrix K in Eq. (25).
However, the case of friction is less trivial, since within
the Schwinger-Keldysh formalism, it means that forward and
backward trajectories are not identical, and the second Rényi
entropy in Eq. (18) will thus involve four realizations of the
noise.

In this paper we considered the instability generated in
the system by the bath when coupled to a set of operators
that is of the order of the number of degrees of freedom, or
a subset of them. This has the important consequence that
some final expressions may be written in lower-dimensional
spaces. One could of course have used a much larger set of
operators, including projectors onto pure states, and the result
would have probably been different. Our procedure is thus an
arbitrary, if physically motivated, choice.

A possibility that is physically interesting is to couple noise
to a set of operators that are local in real space. As noted
above, definition (28) is not restricted to systems where there
is an exponential growth of OTOC-like quantities, and some,
though not all, of the results in this paper carry through when
there are no exponential growths in time, as is believed to be
the case in local spin systems.

It would also be interesting to establish contact with the
mathematical literature on the subject, in particular, with
the Connes-Narnhofer-Thirring entropy [10]. Note that this
entropy is defined in the thermodynamic limit and thus con-
nection between the two definitions shall be done in view of
the macroscopic limit.

The recent bound on the quantum Lyapunov exponent
states that the exponential growth rate of the OTOC cannot
be larger than 2w kgT /h, with T being the temperature [23].
This result has simulated an enormous body of theoretical and
experimental studies in various fields. An interesting future
direction would be to study a quantum bound on the KS
entropy. Indeed, it is natural to have a temperature-dependent
bound on the growth rate of an entropy, which, unlike the
Lyapunov exponent, is an extensive thermodynamic quantity.

Finally, it would be interesting to understand whether the
production rate of entanglement entropy in a closed quantum
system, which might be driving thermalization [1], follows
the KS entropy. Several works have already established such
a relation in semiclassical setups [5—-8] or by projecting the
quantum unitary evolution to an effective semiclassical one

[9].
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APPENDIX A: CLASSICAL DERIVATION

In this Appendix we provide (i) rigorous grounds for the
classical Pesin relation given in Sec. II, (ii) a classical deriva-
tion involving Poisson brackets, which is completely analog to
the quantum one, and (iii) an alternative semiclassical deriva-
tion.

1. Classical Pesin relation: More details

In order to see how contributions from the noise at different
times add, the natural objects to consider are the p forms

,,,,,,,,,,

(0|ai1 e

— Y HGdr" +
ZEil,---,[[,/dt/ (Olaj, -+ -aj, -+ b - b;, [Te J; ) bZ"'bL"'a‘ "'aj,,|0>a

where H = )", Q*/ aﬁ;% (ala, + blb,) generates the lin-

ear transformation. In particular,
detAz(t) - Ei[ ,,,,, 125% /dt/ (O|ai1 e aigN o 'bil o 'biZN

x {Te IrHE) bl bl -ovaf --a], 10},

N i N

(A3)

Now, the existence of Lyapunov exponents is the state-
ment that the integral Te~ /A" ~ gi=1"H, ig extensive
to exponential accuracy in time, so that Te /A" ~
A" py(p|, where AP and |r) are the lowest eigen-
value and corresponding eigenvector of the subspace with p
fermions of each kind.

We may thus evaluate the integrals to within exponential
accuracy to get

ie (Olas, -+ -ay, -+ by, ~-~b[2N(e”ﬂ(’ +1)
(A4)

det A%(t) ~ %, ..
x H;! bjl...bT coedl ---al |0).

N [ N
The identity added in the central bracket comes precisely from
the times ¢’ ~ ¢ and encompasses the effect of the late noise on
the contracting modes. We may now distribute the expression
for the determinant, which becomes a development in minors:

+
det.Az(t) ~ EpcpefA(F)[A(p)]—] e efA(F )’ (AS)

where the ¢, are time-independent overlaps. The sum is dom-
inated by the exponential of the largest of all the exponents,
say, A?"), which we hence identify as the KS entropy. Sim-
ilarly, the expansion of p forms, with p < p™, is dominated
by A®, so we may identify A as the sum of the first p
Lyapunov exponents. Then, hxs = A?"), which is precisely
the sum of the positive Lyapunov exponents. For a dynamics
averaged over a strong noise, it is easy to make this into a
rigorous proof.

etA“’) Eil 0) ~ et tAp Ei.,..., ....

a physicist, the easiest way to represent this is introducing
fermions a;, alT and their vacuum state |0) and writing the
contribution from all the ¢ as [31,32]

Ay, (1) = /dl/ (Olai, - - - a;,[Ris, (¢, t/)aZ]

[Ri,i, @, 1)ay ]10). (A1)

In fact, introducing another family of fermions b;, blT and the
vacuum of both species, we have

iy -+ biy - i, [Rim, (0, £)ab, 1+ Ry, (1, 1)ath, R, (2, 8)0) 1+ TRy, (2, 1)) 110)

(A2)

1

(

2. Classical formula with Poisson brackets: Direct
analogy with the quantum case

We now derive a classical formula which is an analog of
Eq. (20). We show how it yields the classical result given in
Eq. (17). The way to go from classical to quantum mechanics
is

—i[,- 1= —-{,}, Tr— /dx. (A6)

Thus we expect that for a classical Hamiltonian system,
Eq. (20) transforms as

1
e o /DnP[n] exp(— —Zfdt’dt” /dxo
2 o

{i{x (1), po(xo)}i{xP (2"), po(x0)}}
x
[ dxopi(x0)

n“(r/)nﬁ(t”))
(A7)

Let us now see this in detail.

Classically, we have ‘é—’t‘ = —iLx, and for the density ma-

trix [Zz_f = iLp, where —iL = —{-, H}. The L superoperator is
Hermitian. We can define the following superoperator:

Ui, t)f = 7—64[,’, l:(t”)dt”f =Te X {~,H(r”)}dt”f_ (A8)

Now, let us turn to our problem. We have the following time-
dependent Hamiltonian:

Hy, = Hy + h(t)x. (A9)

We wish to calculate the Rényi entropy at time ¢, starting with
some initial distribution of points in phase space py. Thus we
look at

/ dx, p*(x,) = / DhDhye™ 2k, (A10)
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with

Z(,hy) = f dx (U (¢ 0)polltd 2, 0) o).

Expanding to second order around A, h, = 0 is easier if we write

Uy, (1, 0)p0 = Uy (1.1 U (0" U, (T, 0)po.

(Al1)

(A12)

Then, for example, the term which is proportional to k(¢ )h;(¢") goes as

iLo(t—t" iLo(t"—t' iLot’ iLot
apei,y X /dx,el o ){el o ){el " o, X0}, Xo}e'~" po

= /dxoé’_lﬁot (e Eo T " by X0}, X0} po = /dxo{{/)o, e xo}, e x0) oo

_ f dxolpo. 5 xo} o, € EH xg) = / dxo{po, x(t")} (po. x(1")).

For the first equality we use the identity [ dyf (y)e'*

(A13)

g(y) = [dye '~ f(5)g(F), where we unitarily change basis § — ¢'“'y;

for the second equality we use the identity U{f, g} = {U/f,Ug}: and for the third equality we use the identity [ {f, g}k =

— f f1k, g}. Therefore, in analogy to the quantum case, we have

i o / dr'de” f dxolpo(xo). x(t)} (oo (x0), x(t")),

(Al4)

and one can conclude that the classical KS entropy follows Eq. (A7). Next, let us show how this alternative classical formula

relates to the one derived in the text, Eq. (20).
Let us assume some Gaussian initial condition

po(xp) =

1 1
——e
Q2ma)d/?

2 (A15)

Plugging this into the argument of the exponent in Eq. (A7), one finds

/ g B OGO, o)} / i ) o

%
0xg

[ dxopi(xo)

L) ,
where we assumed that %707/)0 ~as (xg — xg ). Equation (A7) then reads
J 0

o / B 4
lim Tr{p*(t)} = (4a)~ "/ / DyP[y] exp (—1 > / ar'ap EORTCL0) nau’)nﬂ(ﬂ)).
h—0 2 o7 a

Finally, to solve the Gaussian integral, we can follow the same
lines which brought us to Eq. (29), taking the same noise and
using the determinant lemma, to find

2 1 62.[ T/ ’
InTr{p (t)}=§1ndet I+ — [ drR'(, OR(,0) .

Then one can repeat the steps indicated after Eq. (40) to see
the agreement with the classical result, Eq. (17), in Sec. II.

3. Semiclassical limit of formula (20)

Below we show how the semiclassical limit of Eq. (20) (an
expression for the quantum KS entropy) gives the classical
result of Eq. (A7).

Let us start with Eq. (20). The quantum object which
appears in this equation is Tr(i[x*(t"), polilx?(t"), po]). We
can treat it in the semiclassical limit by introducing the Weyl
transform of an operator

WA (g, p) = / PG 4 y/21Alq — y/2) dy,  (A18)

S RN Y GO TN
ax())” a [dxopd(xo) a dxy  ox)
(A17)
[
which satisfies the two relations: Tr(AB) =

[ dgdg W{AYWV{B} and W(A) * W(B) = W(AB), with
being the Moyal product. Inserting these into Eq. (20) and
taking the semiclassical limit, f x g = fg + %{ £, g+ o),
we find

Tr(i[x* (1), polilxP (t"), pol)
W*Trp}
_ S Ax(1"), poxo)HxP ("), po(xo)}dxo
[ Pd(x0) dxo ’

(A19)

where it is assumed that py(xg) and x“(¢) are simple functions
of xo such that in the semiclassical limit they are given by
their Weyl transform [33]. Equation (A19) tells us that the
semiclassical limit of Eq. (20) is the classical expression in
Eq. (A7).
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APPENDIX B: QUANTUM DERIVATION
1. Perturbation theory

We now provide more details on the derivation of Eq. (20).
We shall expand In Trpz(t) in small h;(z), hy(¢), for the

Hamiltonian H = Hy(x) + Y_, h*(t)x*. The density matrix
evolves as

p(t) = Uy(t, 0)poUj (t, 0),

with Uy(¢,0) = Texp[—%fza h*(t")x*dt’]. This can be
simply seen from taking po = |¢o) (¢ol.

J
Let us consider the derivatives of Trp?(¢) = Tr[Uj, (t, O)pOU;] (, 0)Up, (t, O),oOUh‘2 (z, 0)]. We have that

aTrp%(t) _ aTrp%(t) _

(B1)
dne(t") dng(t")
The second derivative consists of several terms:
2 3%2Trp2(r) _p2 3%Trp%(t) _ 3%Trp%(t) _ 3*Trp%(t)
ORY (1")ah! (1) AR (11K (1) AR (1")dHE (1) AR (1KY (1)
= —Tr{x* ("’ (t")pg +x“ (" )xP (") pg — x*(t)pox? (t")po — xP (1) pox® (" )po }
= Tr{[x“(t"), pollx"(t"). pol}. (B2)

where we define x(1) = U,Lo(t, 0)xUy—o(t, 0) = eiHo™)ixp=iHo),

In summary, we find that
1
Z[hy. o] = InTr{U) U, poU; U, po} ~ 3 > / dr’ dt”
B

which gives Eq. (20).

2. All the Rényi entropies

We can generalize the derivation to the Rényi entropy of
any order. Taking py = |¢o) (¢o|, we can write

thd = InTr{p?(1)} = / I1,Dh, P(h, )X 201h),

(B3)
with Z(h,_;, h,) = (¢o|U/_ ,Us,.11¢0) and hy = h,. Expand-
ing in Taylor series, '

K hP. (B4)

The second derivatives do not depend on r (replica symmetry),
so that we obtain a tight-binding problem with r sites. This
may be treated as the case of g = 2 discussed in the main text,

Tr{[x*(t'), pol[xP (t"), pol}

P [hS(¢) — BS (e IRE (1) — KE (2],

(

and one easily gets

14 sin? (Z£)e’t
InTr{p?(t)} = — Zln det |8™ + a7 A
2 r=1 v 2n
—Ing+(g—1h2, (B5)

where the factors sinz(%) are the eigenvalues of the matrix

with 1s in the diagonal and —% between nearest neighbors
and with periodic boundary conditions. Note that we have not
yet averaged over different initial conditions py.

All the determinants differ only in a prefactor multiplying
A", so we conclude that, at least for g of order 1, there is
no multifractality of quantum origin, i.e., given one initial
quantum condition. However, of course there will be once we
decide to add over different initial conditions, just as there is
in the classical case.
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