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Abstract
We provide bounds for the sequence of eigenvalues {\;(€2)}; of the Dirichlet problem

Lau=\u in Q, u=0 in RV\Q,

where La is the logarithmic Laplacian operator with Fourier transform symbol 2In|¢|. The
logarithmic Laplacian operator is not positively defined if the volume of the domain is large
enough. In this article, we obtain the upper and lower bounds for the sum of the first &
eigenvalues by extending the Li-Yau method and Kroger’s method respectively. Moreover, we
show the limit of the quotient of the sum of the first k eigenvalues by kInk, is independent of
the volume of the domain. Finally, we discuss the lower and upper bounds of the k-th principle
eigenvalue, the asymptotic behavior of the limit of eigenvalues.

Keywords: Dirichlet eigenvalues; Logarithmic Laplacian.
MSC2010: 35P15; 35R09.

1 Introduction and main results

The logarthmic Laplacian L, in RV (N > 1) is defined by

w(@)1p,@)(y) — u(y)
Lau(z) = cx /RN ‘;(_) Sy pul) (1.1)
where 5
ey =1 NMAO(N/2) = ——, pn =22+ 9(Y) -, (1.2)
N-1
wy_, = N SN = | dS, v = —T"(1) is the Euler Mascheroni constant and 1) = 1% is the

sN—1
Digamma function associated to the Gamma function I'. The natural domain of definition of L,
is the set of uniformly Dini continuous functions v in R such that

|u(2)|
/RN g |ac]Ndx < 0.

The aim of this article is to provide estimates of the eigenvalues of the operator L, in a bounded
domain Q C RY, which are the real numbers A such that there exists a solution to the Dirichlet
problem

Lyau=Mu in €,
(1.3)

u=0 in RY\Q
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In recent years, there has been a renewed and increasing interest in the study of boundary
value problems involving linear and nonlinear integro-differential operators. This growing interest
is justified both by seminal advances in the understanding of nonlocal phenomena from a PDE
or a probabilistic point of view, see e.g. [2-5,12,13,16,27,30,31] and the references therein, and
by important applications. Among nonlocal differential order operators, the simplest and most
studied examples, are the fractional powers of the Laplacian which exhibit many phenomenological
properties. Recall that for s € (0,1) the fractional Laplacian of a function u € C2°(R") is defined
by

F((=A)u)(§) :2/ X ((=A)u)(z)de = [¢[*u(€)  forall € € RY,
RN
where and in the sequel both F and ~ denote the Fourier transform. Equivalently, (—A)® can be
written as a singular integral operator under the following form

. u(z) — u(y)
—A)? = lim — 2/ 1.4
( ) U(m) CN’Se 10+ RN\BC(I) ’x o y|N+28 dy7 < )

where cy s = 225777%51}(135) and I' is the Gamma function, see e.g. [31].

The fractional Laplacian has the following limiting properties when s approaches the values 0
and 1:

lim (—A)°u(z) = —Au(z) and lim (—A)°u(z) = u(x) for u € C2(RY),

s—1- s—0+

see e.g. [12]. It is proved in [7] a remarkable expansion at s = 0 valid for u € C?(R") and z € RY,
(—A)u(z) = u(x) + sLau(z) +o(s) as s— 0"

where, formally, the operator

is given as a logarithmic Laplacian; indeed,
i) for 1 < p < 0o, we have L u € LP(RN and(_mﬂ—)LAuian RM) as s — 0F;
S
(ii) F(Lau)(€) =2In|¢|u(¢) for ae. € € RV,

Note that the problems with integral-differential operators given by kernels with a singularity of
order — N have received growing interest recently, as they give rise to interesting limiting regularity
properties and Harnack inequalities without scaling invariance, see e.g. [20]. Another important
domain of study consists in solving the Dirichlet problem with zero exterior value [7]. We refer
to [15,19] for more topics related to the logarithmic Laplacian and also [14,18] for general nonlocal
operator and related embedding results. Let H() denote the space of all measurable functions
u:RY - R with u =0 in RV \ Q and

(u(z) — u(y))?

————dxdy < 400.
//jgeyﬂfgl ‘x - y‘N

As we shall see it, H(Q2) is a Hilbert space under the inner product

Eluri) = L [ [ = 0ON00) 00,

z—y|<1 ‘x_y‘N

and with the associated norm ||ullg o) = /€ (u,u), where cy is given in (1.2). By [11, Theorem
2.1], the embedding H(Q) — L?(f2) is compact. Throughout this article we identify L?(Q) with



the space of functions in L?(R") which vanish a.e. in RV \ Q. The quadratic form associated with
L, is well-defined on H(2) by

Ep 1H(Q) x H(Q) = R,  Er(u,w) =E(uw,w) —cen [[, can ‘N)dzrdy+p / uw dx,
le —y|>1 RN

where py is defined in (1.2). A function u € H(Q2) is an eigenfunction of (1.3) corresponding to the
eigenvalue A if

Er(u,¢) = /\/Qucbda: for all ¢ € H().

Proposition 1.1. [7, Theorem 1.4] Let Q be a bounded domain in RY . Then problem (1.3) admits
a sequence of eigenvalues

AL() <) < S A(Q) S A () < -+
with corresponding eigenfunctions ¢;, ¢ € N such that the following holds:
(a) Xi(2) = min{&L(u,u) : v € H;(Q) : [Jullp2q) = 1}, where

Hy (Q2) :=H(Q) and H;(Q) :={u e H(Q) : /ud)id:c:Oforz':l,...i—l} fori>1;
Q

(b) {¢i : i € N} is an orthonormal basis of L?(2);

(c) ¢1 is positive in Q. Moreover, \1(S2) is simple, i.e., if u € H(Q) satisfies (1.3) in weak sense
with A = A\1(Q), then u = tpy for some t € R;

(d) lim \i(Q) = +oo.
1— 00

Due to lack of homogeneity of the logarithmic Laplacian there is no scaling property. As
a consequence homothety of the domain is inoperative for studying the variations of principle
eigenvalue as it is the case for the Laplacian or the fractional Laplacian. Secondly, the logarithmic
Laplacian operator is no longer positively defined if || is to large: it is proved in [7] that the
positivity of the principle eigenvalue is equivalent to the comparison principle, which does not
hold in balls with large radius. These properties of the logarithmic Laplacian operator make more
complicated the study of the asymptotics of the Dirichlet eigenvalues as we will see below, but also
make more difficult the obtention of bounds for eigenvalues.

It is well-known that the Hilbert-Polya conjecture is to associate the zero of the Riemann Zeta
function with the eigenvalue of a Hermitian operator. This quest initiated the mathematical interest
for estimating the sum of Dirichlet eigenvalues of the Laplacian while in physics the question is
related to count the number of bound states of a one body Schrodinger operator and to estimate
their asymptotic distribution. In 1912, Weyl in [33] shows that the k-th eigenvalue ju4(£2) of Dirichlet
problem with the Laplacian operator

{—Au:,uu in Q

(1.6)
u =0 on 0f,

has the asymptotic behavior pug(2) ~ CN(k|Q|)% as k — 400, where Oy = (2%)2|Bl|_%. Later
on, Pélya [28] (in 1960) proved that

o ze (k) 17

holds for C' = Cy and any ”plane-covering domain” D in R?, (his proof also works in dimension
N > 3) and he also conjectured that (1.7) holds with C' = Cy for any bounded domain in R.



Rozenbljium [29] and independently Lieb [25] proved (1.7) with a positive constant C' for general
bounded domain. Li-Yau [24] improved the value of the constant C' obtaining C' = NLHCN, and
with that constant (1.7) is also called Berezin-Li-Yau inequality because this constant is achieved
with the help of Legendre transform as in the Berezin’s earlier paper [1]. The Berezin-Li-Yau
inequality then is generalized in [?,9-11, 21, 25], for degenerate elliptic operators in [8,17,34] for
the fractional Laplacian (—A)?® defined in (1.4) and the inequality reads

2s
N k\N
Q> — — . 1.
/uS,k( )— N—FQSCN(’Q‘) ( 8)

For eigenvalues of the Dirichlet problem (1.3), Laptev and Weth obtain in [23, Corollary 6.2]

the following sharp estimate:
— ’Q|wN71

A—4-00 N(QTF)]\P
where N is the counting function of eigenvalues, i.e.
N(E) = 3 sgnat = X(0) = 370 = ()2
JEN JEN
Here sgny(r) = 1if r > 0, sgny(r) = 0 if r < 0 and r+ = (|r| & 7)/2 denote the positive and

negative part of x € R. This estimate could give the Weyl’s formula

() 2

rotbe Ink N

by some fundamental calculation. Furthermore lower bounds for the first eigenvalue are considered
there by a particular scaling property.

Our purpose in this article is to provide the lower and upper bounds for the sum of the first &
eigenvalues by developing the Berezin-Li-Yau methods and Kroger’s result for the Laplacian.

The fundamental point for the Berezin-Li-Yau method for the lower bound is based on the
homogeneity of |¢|2, the expression of the Fourier symbol of Laplacian (F(—A)). So this method
could be extended for Dirichlet eigenvalues involving the fractional Laplacian. Thanks to the
imhomogeneity of the expression of the Fourier symbol of LA, the Berezin-Li-Yau method can not
be applied to our problem (1.3) directly. To this end, we provide some appropriate estimates for
the solutions of equations: .

rlnr =¢ and m:t

The estimates that we obtain provide a uniform lower bound of the sum of the first k-eigenvalues,
independently of k, an estimate which has a particular interest when these eigenvalues are negative.
More precisely, we prove the following inequalities:

Theorem 1.2. Let Q C RNbe a bounded domain, {\;(Q)}ien be the sequence of eigenvalues of
problem (1.3) obtained in Proposition 1.1 and define

2w
dy = —N=t 1.9
N N22mN (1.9)
Then there holds
(i) for any k € N*,
k
D OAi(Q) = —dn|Q;
=1
(i1) if k > v Q)
k
=1



(iii) if k > <N,

: 2k 2 o
;)\1(9) > N <lnk: +1In (m> —Inln (eNdN]Q|>> . (1.10)

Our second interest is to give an upper bound for the sum of the first k eigenvalues. Motivated
by Kroger’s result for the Laplacian [21], we shall construct an upper bound by computing the
related Rayleigh quotient via a particular complex valued function. Together with the lower bound
(1.10), we can derive the limit of the sum of the first k eigenvalues as k — +oo. The results state
as following.

Theorem 1.3. Let Q C RY be a bounded domain and {\;(Q)}ien be the sequence of eigenvalues
of problem (1.3). Then for k > %Kﬂ,

k
2k DN Wy pn(k+1)
Ai(2) < — (ln(k‘ +1)+In(=)+ Inln (———) |, (1.11)
S <2 (50) S i (252
and i
2
; -1 ) _ Z
kgrfoo(kln k) ;:1 Ai(€2) N (1.12)
where py = z(jﬂﬂ
N-—1

Note that the assumption that k > %\Q] is required to make sure that Ay, > 0, here kg is
the smallest positive integer ko > %Kﬂ

From the bounds of sum of eigenvalues from our main results, we can provide an analogous of
the Wely’s formula for the logarithmic Laplacian.

Corollary 1.4. Let Q C RY be a bounded domain and {\;(2)}ien be the sequence of eigenvalues
of problem (1.3). Then,

. ()2
g = 119
and
3 2 2 2 2 2 |B
—(1 In—— ) < 0) < —1 Inln(k —In— 1.14
(i) N( nk+ neNdN|Q\) < () < v nk+co(Inln(k+e)) +N n a (1.14)

where cg > 0 is independent of k and ).

Remark 1.5. (a) Notice that the two limits of /\l’“n(g) and of (kInk)~! Zle Ai(Q2) as k — +oo have
the same value %, which is independent of €,

(b) The limit (1.13) is proved by showing the inequalities

2k N
Me(Q) <Ink 42+ & (Inln(k + 1)) (1.15)

Sl <
B Ny < 2

2
Ink +1n Ndn |
for k > %\QL where ¢y > 0 is independent of k, but depends of |Q}|. Here the first and second
inequalities follow by (1.10) and (1.11) respectively, along with the monotonicity of the sequence of
etgenvalues.
Compared with (1.15), the inequalities (1.14) in Corollary 1.4 provide a sharper lower bound for
Me(Q), and a uniform upper bound cy, thanks to related estimates of N from [23)].

The rest of this paper is organized as follows. Section 2 is devoted to proving the lower bound
by developing Li-Yau’s method, and then we prove Theorem 1.2. In Section 3, we show the upper
bounds for the first k-eigenvalues in Theorem 1.3. Finally, we prove the Weyl’s limit of eigenvalues
in Corollary 1.4 and obtain the sharper bounds of A\;(£2) obtained in Section 4.



2 Lower bounds
Let g be the auxiliary function defined by
g(r)=rlnr for r > 0.
Then g(e) =€, g(1) = 0 and g(1) = —1 and the following properties hold.
Lemma 2.1. Forc > —%, there exists a unique real number r. > é such that
g(re) = ¢,

and we have that r. <1+ c. Furthermore,
(i) for =1 <c <0,

1
re>14+(e—1)c> —;
e
(73) for 0 <c <,
e—1
re>1+4 c;
(#i7) for c > e,
e—1
re > 1+ c
e
and c c
— <<l — 2.1
Inc =Te> Inc—Inlnec (2.1)

Proof. The function g is increasing and g is convex from [, +00) onto [—1,+00). Hence 7. is

uniquely determined if ¢ > —1 and ¢ — r is increasing from [—1,+00) onto [1, +00).

For a > 0, we define 14(z) = (14 az)In(1+az) —z for z > —1. Then 14(z) > 0 (resp. ¥h4(z) < 0)

is equivalent to 1 + ax > r, (resp. 1+ ax < r;). Note that ¢/ (z) = a(1 +In(1 4+ ax)) — 1 and
") = l—clfzr > 0. Since ¢),(—1) = —oo and ¢/, is increasing, ¥,(0) = a — 1 is the maximum

(resp. minimum) of ¢}, on (—2,0] (resp. on [0,00)). Therefore, if a > 1, 1, is positive on (—1,7%)

for some 7% € (

—%,O), negative on (r%,0) and positive on (0,00). If 0 < a < 1, v, is positive on

(—1,0), negative on (0,7) for some r* > 0 and positive on (r*,00). If @ = 1, vy is positive on
[—=,0) U (0,00) and vanishes only at 0. Then ¢; > 0 which implies the first assertion.
Since e —1 > 1 and 1pe—1(—2) = 0, tpe—1(z) < 0 for z € (—1,0). This gives (i).

Since 0 < 6;61 < 1, ¢e-1 is negative on (0,7%_,) and positive on (r%_,,00). Since 1e-1(e) = 0,

rt_, = e and we get (i) and (iii). ’

e

Since ¢ is increasing on [e, 00), (2.1) is equivalent to

Inc

c ~ Inc—In(lnc—Inlnc)
N Inc—Inlne

<
Inlne == lnc—lnlncln <lnc—lnlnc
Set C' = Inc, then

Inc—In(lnc—Inlne¢) C —1In(C —1nC)
= 1 f 1
Inc—Inlne C—-InC - or €>

and (2.1) follows. O

Lemma 2.2. Let f be a real measurable function defined in RN with 0 < f < M a.e. and

Q/RN In|z| f(z)dz = Ma.



2
(4) My > — ‘jg; M,
and
Mw N2M, ew N
.. dz < N-1 — N=L M+ M.
(i) /RN fe)dz < — <6+ 2M1wN_1> N vt

2¢2
(7i1) If we assume furthermore that % > = ]U\J,IQV*I , there holds

N M, N2 M, N2M, -1
dz < 1 —Inln | — 2 .
/RN f(e)dz < — ( . (QeleN_l> e <26M1MN_1

Proof. We have

My

2:/31 ln\z|f(z)dz—|-/Bfln‘z|f(z)dz

> M 1 wal
> M, n|zldz + In|z|f(z)dz > — N2 M;.
B B

Hence (i) holds.
Let R > 0, we have that
(In|z] —=InR)(f(2) — Milp,) > 0.

By integration over RV we get

MQ leN_ RN

Since R is arbitrary, fRN f(2)dz satisfies the following upper estimate

My M RN
(2)dz < inf {A > 08t =24 —NIT AR >0 for all R > 0} L (22
]RN 2 N
Set N
MQ leNilR
@A(R) = 7 + T — AIHR,

then © 4 achieves the minimum if

Hence M. A A NA
Oa(Ra) = =2+ = - 21 2.3
ARa) =57+ g Nn<wN1M1> (23)
_ NA
Put r = Moy | then
N2M2 r N2M2
Ou(Ry) >0« rnr—r< ——— «<— <—><7. 24
A(Ra) 2 pRrers 2Miwy g T 2eMiw,, (24)
Then ¢ <r. with ¢ = %Aj\ﬁ%, inequality 7. < 14 ¢ in Lemma 2.1 yields
NA N2M. M N2M.
r= et T2 [ p()de < SN (o 02 )
leN—l 2M1WN_1 RN N 2M1WN_1

7



which is (ii).

2
Assuming now that % > 2 ;’; —L . we can apply Lemma 2.1-(iii) and get
N M, N2M, NZMy \
/ f(z)dz < In —Inln { ———— ,
RN 2 2eMiw,_, 2eMiwy_,
which is (iii) and ends the proof. O

Lemma 2.3. Let ,
for r > e.

g(r)

Then fort > e%el, there exists a unique point vy > e such that g(ry) = t. Furthermore,

- Inr —Inlnr

t(lnt —Inlnt) <r, < tlnt. (2.5)

Proof. Since

B 1 1—(lnr)~t
~Inr—Inlnr (Inr —Inlnr)?

g'(r)

1 1
> 1- )>0
*1n7“—1n1n7“( nr—Inlnr) "
the function § is increasing from (e, +00) onto (-5, 400). Setting r; = ¢(Int — InInt), then

B t(Int —Inlnt)

~ Int+In(Int —Inlnt) — Inln(¢(Int — Inlnt))
< t(Int —Inlnt)

“ Int+In(Int —Inlnt) — Inln(tInt)

9(r7)

~ Int—Inlnt
o In(t1nt)
Int —In Int—Inlnt

<t,
where the last inequality holds if

|
n(tlnt) < lnt,
Int —Inlnt

and this inequality is equivalent to
hr):=72—(nT+1)7—ln7 >0, 7=Int.

Freezing the coefficient In 7, iL(T) = (7 —71)(T — 72), where the 71, 7> depend of 7, but 71 < 0 < 7,
since 7179 = —In7 < 0. Because h(e)~: e? —2e—1=0.9584 4+ 10"%, we have e > 71. Hence 7 > ¢
implies 7 > 71 which in turn implies h(7) > 0. Hence r} < r; using the monotonicity of §.

Let s; =tInt, then

tint

= t
Int+Inlnt —Inln(tInt) <

g(st)

using the fact that
Inlnt —Inln(tlnt) <0 for t >e.

Hence s; > 74, which ends the proof. O



Proof of Theorem 1.2. Denote
k
Dy (2, y) = Z(bj(w)qu(y), (z,y) € RN x RV,
j=1

and

~

B(zy) = (271) / By (2, y)e " da,
RN

where @y, is the Fourier transform with respect to z. Since the {#;}ien are orthogonal in L%(12),

we have the identity
/ /@k(z,y)\zdzdyZ//\<I>k(x,y)!2d:vdy=k-
RN JQ QJQ

Furthermore, we note that

j=1 Jj=1
k
:/ (Z 6;(2)0e(2) 05 (y)de(y) | dy (2.6)
@\ =1
k
=> 16
j=1

Using again the orthonormality of the {¢;}ien in L2(9), we infer by the k-dim Pythagore theorem,

| BucnPay = em [ |

J
< (2m) Q.

2

([ e=aatz) 6,00 ay .

k
=1

We have, from the Fourier expression of L, applied in the variable x,

k

Ai(Q) = T APk (2, y)dydr
]Zl S(@) /Q/Q%( ) Loy, y)dy
k
- b:(2)|?1n|z|d
2;/RN¢J<Z«>| n 2]z

2 (/ |<T>k<z,y>2dy) In |2|dz.
RN Q

Now we apply Lemma 2.2 to the function
1) = [ 1Bu(e) Py
with
k
My=(27)"NQ and My=>_ X(Q).
j=1
Part (i): By Lemma 2.2 (i),

Aj(Q) > —

w1 = —dn |,

k 2w
- N2(2r)

J



where dy is the constant defined in (1.9).

Part (ii):
ewy |2 N
k= dz < -2 =D (0
Nf(Z) — N(ZTF)N + 2 Z .7( ))
R =
which implies that
k
2k 2ew, |9
. Q N—-1
;)‘J( )2 N N2(2m)N

Part (ii7): for k € N, if

N2
j=1
then
NM, N2M, N2M. -
k<=2 (In 2 ) -l ( 2 :
2 2eMiwy_, 2eMiwy_,
Setting
N2 M, Nk (2m)NNE
r=————— and t= = ,
2eMw,,_, eMiw, , ewy |9
we have from (2.5) that
r>ry>t(lnt —Inlnt) (2.8)

for any t > e, that is
etlwy 1] eNdy

(2m) NN 2

k> 2.

This implies

2 N N N
N=*M; > (2m)Y Nk (111 ((277) Nk:) Il ((27r) Nk)) 7
2€M1WN—1 ewal‘Q’ ewNAIQ‘ ewzvﬂ‘Q’

from what we infer

2% 2%k 2%k
(@ > L (-2 ) S (2 2.
MY = <n(eNdN]Q\) . n(eNdN]Q|)>’ (2.9)

which completes the proof. U

Jj=1

Remark 2.4. Since the mapping k — A\p(Q) is nondecreasing, we have that

eNdy
2

k
AR(Q) > ! X)) >0 if k> Q.

It is worth moticing that some similar conditions assuring the positivity of Ap could be derived
from [23, Corollary 3.2], which asserts that

N()\) < 6)\N+1 1

< SxllBl

which implies

(ln (k: (2m)" ) - 1) >0 if k> 6@!5@'.

10



3 Upper bound

For any bounded complex valued functions u, v defined on 2, there holds

La(uwv)(x) = u(z)Lav(x) + cn /Bl(x) Wu(()dc. (3.1)
Lemma 3.1. For z € RV \ {0}, we denote
pe(z) = %% VaeRY,
then
Laps(z) = (2In|z|)pz(z), Vo eRY. (3:2)

Proof. From Lemma 5.1 in the appendix, for any z € RY \ {0} the function @ — Lau,(z) is
continuous and bounded in RY. We first prove that for s € (0,1),

(—A)°pa(z) = [2[*pz(), Vo eRY. (3.3)

Since pi, is a bounded, we can consider the distribution 7}, in RY with support in Q defined by
(T 6) = [ nela)C(@)do for all ¢ € CZ ().
RN

Then ((—A)*T, ¢) := (Tp., (—A)*(). Since
d
ds(

there holds in the sense of distributions

d

%(_A)STW Ls 0= LaT, Bz

) C'_s (e LAC

in the sense that

< Nz’C) < Nz?LAC> :/R ,U/ZLACd‘T

By definition of the Fourier transform of distributions F in the class S'(R™) (see [32]), there holds

(LaT) = [ e Ladlalde = F(LsO() = 2 FQ)() = 2] [ oo

Since x +— Lap.(x) is locally integrable, LT}, = Tr,1,_, hence

<TLATWC>=/ LATMZCdx:21n\z\/ poCdx.
RN RN

Because ¢ is arbitrary this implies 77,7, = 2In|z|u,, a.e. in RY and finally everywhere by
continuity, which is the claim. O

Next, let 79 € C1(R) be a nondecreasing real valued function such that ||ng|/z~ < 2 satisfying
) =1 if t>1,  n(t)=0 if ¢t <0.

Since 2 is a bounded domain, there exists a C* domain O C €2 such that |O| > 2|Q|. For o > 0,

we set again
we(z) =mo(c ' p(z)), VaoeRY. (3.4)

where p(z) = dist(z, 00). Observe that w, € Hy(€2) and
wy =1 in O as o0 — 0T,

Thus, there exists o1 > 0 such that for o € (0, 01],

Q
]Q|>/wada:2/w§da:>||.
Q Q 2

11



Lemma 3.2. Let () ©
we(T) — w .
L ws(x :/ ¥€_1C'2d<,
(=) Bi) |t =N

2w

then there holds

N-1

for = € Q.

(z)) <

Proof. Actually, if x € Q, we have that

g

we(2) = we Q)] < | Dwo|poe|z — ¢| < o Hlnpll 2= |2 — ],

wU (C) e—iCz ||770||L°° / d¢ 2“1\7—1
d < )
‘/Bl C!N C‘ o Jp@lC—xNtT o

since ||n{||zee < 2. This ends the proof. O

then

Proof of Theorem 1.3. We recall that ®(z,y) and ZI;k(z, y) have been defined in the proof of

Theorem 1.2. If we denote

Voo (1) 1= Vo (1, 2) = we(x)e F,

the projection of v, onto the subspace of L%(£2) spanned by the ¢; for 1 < j < k can be written in
terms of the Fourier transform of w,®; with respect to the z-variable:

/Qva(x,z)<1>k(:n,y)dm = 2m) N2 Fp(wo 1) (2, ).

Put
Vo k(2,9) = vo(2,y) — (20) V2 Fo(wo k) (2, )

and the Rayleigh-Ritz formula shows that
M@ [ i)y < [ ioeon) Lotz )y
Q Q
for any z € RY and o > 0, where the right hand side is a real value

R - 2
/ Ua,k(zay)LA,yUU,k(Zay)dy = / Ua,k('z»y)LA,y’Ua,k(zay)dy = / 21n‘£|‘]:(va,k)(z7£) dga
Q RN RN

although v, j, is a complex valued function. Then, integrating this last inequality with respect to z
in B, \ By, for r > 1, we obtain

/ / o (o) Dyt (2 y)dyd
Nes1(Q) < inf ZEABLIE .

o>0
> / / o (2 ) dyd
B\B; JQ

By Pythagore’s theorem, we have that

k
/Q oz, )Py = /Q oo (2 ) Py — (2m) /Q ;vz(wg@)(z)\?@(y)?dy.

Integrating over B, \ B; we obtain that
2 wy Y 2 N - 2
[ artePayds = 5 [ wtmdy— oV S [ (R ws) @R
B \B1 JQ Q 51 /BA\B

12



On the other hand,

/ /Uak z y)LA,yUO' k’(z y)dydz = UU LA yvcr(z y)dydz
B;\B1 By\B1

—2m)N /B\Bl/Q}"m(wU@k)(z,y)LA,y.Fx(wU@k)(z,y)dydz,

where

/ \B /]: (WoPk) (2, y) LayFu(woPr) (2, y)dydz = Z)‘ / | Fo(wods)(2)|*dz,

T

and
[ [ eGmta ey
T‘\Bl Q
/ /w N Laye™ 1yz|dydz+/ /wg )L we(y)|dydz
B \B; JQ »\B1
/ w wg )dydz
B\B1 JQ Br\Bl
Wy 1
— J]VV L 0y, (TN Inr — N(TN — 1)) + ]ivfal ‘Qw( — 1)
w w? N
< }V\;l 0y, rNinr + ﬁ; 01,67
with

0, = /Q woly)dy and o, — /Q w2 () dy.

Because of Parseval’s identity, there holds

/ ‘fx(waﬁbi)(zﬂzd'z S /(wa¢i)2d$ S 1.
B;\B; Q

If ko is the smallest positive integer such that kg > ENQdN |2, then Ak, (€2) > 0.
For k > kg, we choose r > 1 such that

2Ny Ny > 1TN<:> > e d N\Qy>2(2 Wk
2 nr N r>e an m)"Vk,
then we have that
w T'N
y (QQUNln— 01, ) = @0 X () [, [Fa(wa6y)(2)]dz
Ar41(02) < o T -
05, — @MV [ [Fa(wed))(2)|2dz
Denote N N N
Wy T 2 r Wy, Wy T
Al = N (QQUNID . + o0, oy > and Ay = N [
then
Ay — (2m)N Zf X D Jp, | Fawrs)@Pdz
< — Ak+1
Ay — 2m)N h fBT | Fau(woj)(2)[?dz

(A1 — A 1(Q)) + 2m)N Sk, (/\k+1(9) - Ajm)) S, | Falwossy)(2)?dz
Ay — 2oV YR [ | Fa(wedy)(2)[2dz

(A1 = A2 (@) + 2V Sy (e () = X))
Ay — (2m)NE ’

<

13



since A\g41(Q2) > Aj(Q) for j < k+ 1 and fB'r | Fr(we¢)(2)2dz € (0,1). As a consequence, we
obtain that

N N
D (0B I+ 0, ) — 20N KR A(@)
A (9) < - , (3.5)
0., — (2m)VE
where N N
Q
2o, — )Nk > “’N;TU — @mVE > 0.
We fix 0 = 01 and first impose k, r > 1 such that
wy_, N

oo = 21V (k4 1),

and take r = kN for k > kg, then we recall that

Ay > 0
and
k+1 o N
@mN Y A(Q) < ]\I;Q*IQQJ TNln?—i— NNl Loz oY
j=1
2(k+1 k41
= (2W)Nw(ln(k+ 1)+1In PN + Py Inln px(k+ )>
N 2,0 QQ,O- QQ,U
< mV 2D (1) 1 Y 4 2 gy 2N L
‘9| Vil [t
where .
202m)N N Q
pN:L and ugg2g§’9‘
Wn_1 2 ’
Moreover, (1.12) follows by the lower bound (1.10) and the upper bound (1.11) directly. O

4  Further discussion

Proof of Corollary 1.4 (7). On the one hand, it follows by the nondecreasing monotonicity of
kE — Ap(£2) and (1.10) that

k
;Z:: <lnk+ln <eNd2N\Q!> —Inln (e]VfZiM)) (4.1)

On the other hand, we take m = [-&

] + 1 and obtain that

Inlnk
1 k+m k
Ak41(2) < E( PIRYOEDY /\j(Q))
j=1 Jj=1

pn(k+1+m)

SNm(k+m) (1n(k‘+m)+1+ln(|m>+L\U/Nﬁlnln< Q) ))

- Nimk (lnk‘—i—ln (eNdQJv]Q|> —Inln (eNZi\QO)

2 1
Nln(k—}—m) (lnlnk‘) In (14 m) +c1lnlnk + co(Inln k)?

%m(k +1)+ % +e3(Inln(k 4 1)), (4.2)

IN

IN
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where ¢, c2, c3 > 0 is independent of k. Thus, (1.15) holds true and we have that
Ae() 2

k—too Ink N’

We complete the proof. O

4.1 Proof of Corollary 1.4 (ii)

With the help of some estimates in [23], we can prove the bounds (1.14) for A\x(€2).

Proposition 4.1. Let Q be a bounded domain in RN and A\, (Q) be the k-th eigenvalue of Dirichlet
problem (1.3). Then we have that for k > 1
2 2 2 1
() < N Ink+cs(Inln(k +¢))” + N In oL

where R = HQ—Jl In particular,

1
)\1(9) < QIHE + c3,
where c3 € R is independent of 2.

Proof. Note that the constant ¢y in the second inequality (1.15) could is dependent of ||, but
independent of the shape of (). Let

Qp={R ~z:z€eQ)
From (1.15) we obtain that

e Ndy
2

where ¢4 is independent of k and Q2r. The above inequality holds for £ > 1 only by adjusting the
constant c4. It is shown a scaling property for logarithmic Laplacian [23, Lemma 2.5] that

2
/\k(QR)gN]nk+04(lnln(k+e))2, k> By,

)\k(Q) = )\k(tﬂ) —2In %,

where tQ = {tx : = € Q}. From the assumption that Qp = R™~Q, we have that
() = Me(D) + = In .
N R
We omit the left proof. O
Proposition 4.2. Let Q be a bounded domain in RY and \,(Q) be the k-th eigenvalue of Dirichlet
problem (1.3). Then we have that for k > 1

2 2
() > = (Ink+n—> ).
a )_N(n +neNdN|Q|)

In particular, A\ (2) > %( —In|Q| + 05), where c5 = In eNQdN'
Proof. It follows by [23, Lemma 2.5] that

N()\)< |Q’C‘)N—1 AN+1.

NenN©’
Note that
Ak(Q2) > X is equivalent to N(N\) <k,
an then 2. NNk 2 2k
Ae(2) > Nlnm = Nlnm.
Then all inequalities follow. O
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5 Appendix: definedness of L,u.(x)

Lemma 5.1. Let z € RN\ {0} and p.(x) = €% for allz € RN. Then Lap.(x) is well defined for
any v € RY | and x v Lap,(x) is continuous and bounded in RY .

Proof.  Since the function p, is bounded and smooth in RY, Lau.(z) is well defined if the
following limit exists
p=(y)

lim ———dy.
r=+0 /g @\Bi(2) 1T — YN
If it holds, we have,
:uz(x) B :uz(y) Mz ( )
Lap:(r) = CN/ ————~dy —cy lim ————=dy + pnp(z).
Biz) |t —ylN r=+00 Jp (2)\Bi(2) 17 — YV

We introduce the laplacian of pu,,

A/Lz(t) — Aeizj thj — A Heithj — ZZ]Q Heitjzj — —|Z|2,Uz(t)
J J J

There holds

z 2(t 2\ A 2(t
/ u(y)Ndyuz()/ ”(N)dt_—“(g)/ 'u]\(,)dt
B (2)\Bi(z) 1T — Yl BB, || 1212 Jam [t

By Green’s formula

-N
/ |t~ Ap.(t)dt :/ uz(t)A!t!thJr/ (|t\Na“Z(t) —Mz(t)a’t’ )dS(t)
BT\Bl B’V‘\Bl S(BT\Bl) an 877/

We have

Al = 2N V2,

o™ [ —Nr=N=1 on 9B,
on N on 0B

and "
1.2
Op=(t) — h:(t)  on 0B,

8n_

—it.zp,(t) on 0By

since n is the unit outward normal vector either on 0B, or on 0B;. Letting r — 0o, we obtain

lim O _“z(f) (2N/R He(t) gy /BBI (N +it - 2) uz(t)dS(t)> .

r=+00 Jp (2\Bi(z) [T — Y|V |2 N\B, WN”

Finally we obtain

pz(z) — p=(y)
Lap,(x) =c / dy + pnpz(x
(@) N Bi(z) |z —ylV i ()

- CN(:;('T) <2N /RN\B1 !tliv(+)2 dt = /8B1 W +it-2) ﬂz(t)dS(t)> '

The boundedness and the continuity of x +— Lap,(x) follow from this formula. O

(5.1)
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