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Abstract
We provide bounds for the sequence of eigenvalues {\;(€2)}; of the Dirichlet problem

Lau=Mu in Q, =0 in RV \Q,

where L, is the logarithmic Laplacian operator with Fourier transform symbol 21n|{|. The
logarithmic Laplacian operator is not positively definitive if the volume of the domain is large
enough, hence the principle eigenvalue is no longer always positive. We also give asymptotic
estimates of the sum of the first k£ eigenvalues. To study the principle eigenvalue, we construct
lower and upper bounds by a Li-Yau type method and calculate the Rayleigh quotient for some
particular functions respectively. Our results point out the role of the volume of the domain
in the bound of the principle eigenvalue. For the asymptotic of sum of eigenvalues, lower and
upper bounds are built by a duality argument and by Kroger’s method respectively. Finally,
we obtain the limit of eigenvalues and prove that the limit is independent of the volume of the
domain.

Keywords: Dirichlet eigenvalues; Logarithmic Laplacian.
MSC2010: 35P15; 35R09.

1 Introduction and main results

Let LA be the logarthmic Laplacian in RY, N > 1, defined by

u(@)1p, () (y) — u(y)
Lau(z) = cn /RN ’;(_) i dy + pnu(x) (1.1)
where 5
ey =71 N2D(N/2) = ——.  py:=2In2+ Y -1, (1.2)
N-1
wy_, = HY"Y SNy = [ dS, vy = —T"(1) is the Euler Mascheroni constant and 1) = 1% is the

sN—1
Digamma function.

The aim of this article is to provide estimates of the eigenvalues of the operator L, in a bounded
domain Q ¢ RN which are the real numbers A such that there exists a solution to the Dirichlet

problem
Lau=MXu in

u=0 in RN\Q.

In recent years, there has been a renewed and increasing interest in the study of boundary
value problems involving linear and nonlinear integro-differential operators. This growing interest

(1.3)
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is justified both seminal advances in the understanding of nonlocal phenomena from a PDE or
a probabilistic point of view, see e.g. [3-6, 14, 15,21, 32,35, 36] and the references therein, and
by important applications. Among nonlocal differential order operators, the simplest and most
studied examples, are the fractional powers of the Laplacian which exhibit many phenomenological
properties. Recall that, for s € (0,1), the fractional Laplacian of a function u € C2°(RY) is defined
by

F((=Ayu)(©) = |¢g[*(¢)  forall ¢ € RY

where and in the sequel both F and = denote the Fourier transform. Equivalently, (—A)® can be
written as a singular integral operator under the following form,
u(z) — u(y)
(=A)*u(z) = cn,s lim m Y (1.4)

0" JRN\ B (z

where cy s = 227 Jgsrr 725 and I" is the Gamma function, see e.g. [36].

The fractional Laplacian has the following limiting properties when s approaches the values 0
and 1:

lim (-A)’u(z) = —Au(z) and lim (—A)%u(zr) = u(x) for u € C2(RY),

s—1- s—0F

see e.g. [14]. Recently, [8] shows a further expansion at s = 0 that
(—A)u(x) = u(x) + sLau(z) + o(s) as s— 0"
for u € C2(RY) and = € RY, where, formally, the operator

d

La:i=—
a ds l1s=0

(=4)° (1.5)

is given as a logarithmic Laplacian; indeed,
(i) for 1 < p < oo, we have Lou € LP(RY) and % — Lau in LP(RY) as s — 0%
(ii) F(Lau)(€) =2In|¢|u(¢) for ae. £ € RV,

Note that the problems with integral-differential operators given by kernels with a singularity of
order —N have received growing interest recently, as they give rise to interesting limiting regularity
properties and Harnack inequalities without scaling invariance, see e.g. [25]. Another important
domain of study consists in understanding the eigenvalues of the Dirichlet problem with zero exterior
value [8]. We refer to [19,24] for more topics related to the logarithmic Laplacian and also [16, 23]
for general nonlocal operator and related embedding results. Let H(£2) denote the space of all
measurable functions u : RY — R with v = 0 in RY \ Q and

(u(z) — u(y))®

————————"—dxdy < +00.
//f’yiﬂffl |x_y|N

As we will see it, H() is a Hilbert space under the inner product

) = D[ [ LN 00 g,

z—y|<1 |$7y|N

where cy is given in (1.2), with associated norm |Ju|g) = \/€(u,u). By [13, Theorem 2.1], the
embedding H(Q)) < L?(Q2) is compact. Throughout this article we identify L?(2) with the space
of functions in L?(RY) which vanish a.e. in RY \ Q. The quadratic form associated with L, is
well-defined on H(S2) by

Er - H(Q) xH(Q) - R, Er(u,w) =E(u,w) —cn //w e ‘N)dxdy—i-pN/ uw de,
N

lz —yl>1 R



where pp is defined in (1.2). A function v € H((2) is an eigenfunction of (1.3) corresponding to the
eigenvalue \ if

Er(u, @) :)\/wadx for all ¢ € H(Q).

Proposition 1.1. [8, Theorem 1.4] Let Q be a bounded domain in R . Then problem (1.8) admits
a sequence of eigenvalues

and corresponding eigenfunctions ¢;, i € N such that the following holds:
(a) Xi(2) = min{&L(u,u) : v € H;(Q) : [Jullp2q) = 1}, where

Hy(Q) :=H(Q) and H(Q) := {uec H) : /u@dx—Ofori—l,...i—l} fori>1;
Q

(b) {¢; : i € N} is an orthonormal basis of L*(Q);

(c) ¢1 is positive in Q. Moreover, \1(2) is simple, i.e., if u € H(Q) satisfies (1.3) in weak sense
with A = A\1(Q), then u = tpy for some t € R;

(d) lim \;(Q) = 4o0.
71— 00

Due to lack of the homogenous property for the logarithmic Laplacian operator, the effect of the
domain for the principle eigenvalue can’t be expected as the Laplacian or fractional Laplacian, just
by scaling the domain by their homogeneous property of such operators. Secondly, the logarithmic
Laplacian operator is no longer positively definitive if || is to large, since it is proved in [8] that
the positivity of the principle eigenvalue is equivalent to the comparison principle, which does not
hold for balls with large radius. These properties of the logarithmic Laplacian operator enrich
the asymptotics of the Dirichlet eigenvalues as we will see below, but also make more difficult the
obtention of bounds for eigenvalues.

Observe that the inclusion H(O;) C H(O2) implies that the mapping O +— A{(O) is nonin-
creasing, i.e. A\1(01) > A(O2) if O1 C Oz. Our first results deal with upper and lower bounds
on the the principle eigenvalue and they are connected both with the measure and the distortion
of the domain. We denote by H* the k-dimensional Hausdorff measure in R and for simplicity
HY(E) = |E| for any Borel set E C RN. We also define the signed distance function to 9 by

dist(z,090) if x € Q
P( = . . =c (16)
—dist(x,00Q) if z € Q
and, for v > 0, the internal and external foliations of 92 by
T} = {x eRY :p(z) = I/} cQ (1.7)
and
T, = {x eRY : p(z) = —y}, (1.8)

respectively, and T, = T,f U T}, .
Theorem 1.2. Let Q) be a bounded domain in RY and \(Q) be the principle eigenvalue of Dirichlet
problem (1.3) obtained in Proposition 1.1.

(i) For R > 2, if we assume that Br C 2 C Bag, and that there exists co > 1 depending only on N
such that for any v € [0, %), there holds

1
— RNV < HNHTH) < RN if N> 2. (1.9)
€o



Then for R > max {2, 2500 }, we have that

N—-1
1
A(Q) <w,_,In = + z1(R), (1.10)
where 4
Co Co
- m2+ (1 ).
Zl(R) pN+wN—1 n + R + QWN_lR
1) For R € (0, ), of we assume again that Br C () C Bag, and that there exists co > 1 such that
i) For R € (0, %), if in that BR C Q2 C B d that there exi 1 such th
for any v € [0, &], there holds
L gy < HYYT,)) < RN if N>2. (1.11)
Co
Then

1
A1(Q) §4ln§+cl, (1.12)
where ¢c1 > 0 independent of R.

Since the function z; is decreasing, estimate (1.10) indicates that there exists R* such that
A1(Q) < 0 when R > R*. Furthermore,

2
M) <w, ;In = +pv+O(R™) as R— .

fg () with the
Q

particular function © = w,(z) = min{max{op(x),0},1}, where p is defined in (1.6) and o > 0.
o.yeRN %daz when R is
|z —yl=>1

Our upper bounds are obtained by considering the Rayleigh quotient A;(Q2) <

However, the dominating term of upper bounds arises from cy [

large, while it does from &(wy, wy) for R > 0 small enough.

Next we prove lower bounds of the principle eigenvalue.

Theorem 1.3. Assume that Q) is a bounded domain in RN and A\1(Q) is the principle eigenvalue
of Dirichlet problem (1.3) obtained in Proposition 1.1. Let

2wy,
= —. 1.1
an NZ(2m)N (1.13)
Then we have that
(4)
A1(Q2) > —dn|9Q;
(i6) if 19 < e,
A(Q) > 0;

(ii1) if 10| < v

where e is the Euler number.

We summarize our results by the following table of the main asymptotic term of principle
eigenvalue with respect to the volume of domain {2 from the upper bound in Theorem 1.2 and the
lower bound in Theorem 1.3 in the particular where €2 = Br where 0 < rg < 1 < Ry < +oc:



R (0,70) (Ro, +00)

Upper bound of A1(€) 2(1 + 2wi(; ) In % wy_, In %
-1
Lower bound of A(Q) | £ In % _2;"21;;1 RN

The mian order asymptotic of principle eigenvalue in a ball.

From above table we note that the lower bound of principle eigenvalue for large value R is rather
unprecise.

The Hilbert-Pdlya conjecture is to associate the zero of the Riemann Zeta function with the
eigenvalue of a Hermitian operator. This quest initiated the mathematical interest for estimating
the sum of Dirichlet eigenvalues of the Laplacian while in physics the question is related to count
the number of bound states of a one body Schrédinger operator and to study their asymptotic
distribution. In 1912, Weyl in [37] shows that the k-th eigenvalue p(€2) of Dirichlet problem

2

with the Laplacian operator has the asymptotic behavior pg(Q2) ~ Cny(k|Q2)~ as k — 400, where
Cn = (277)2\Bl|_%. Later, Pélya [33] (in 1960) proved that

(@) Zc(,;;'y (114

holds for C' = Cx and any ”plane-covering domain” D in R?, (his proof also works in dimension
N > 3) and he also conjectured that (1.14) holds with C' = Cy for any bounded domain in R,
Rozenbljium [34] and independently Lieb [29] proved (1.14) with a positive constant C' for general
bounded domain. Li-Yau [28] improved the constant C' = NLHCN’ and with that constant (1.14)
is also called Berezin-Li-Yau inequality because this constant is achieved with the help of Legendre
transform as in the Berezin’s earlier paper [2]. The Berezin-Li-Yau inequality then is generalized
in [11-13,26,29,31], for degenerate elliptic operators in [9,22,38] for the fractional Laplacian (—A)*
defined in (1.4) and the inequality reads

2s
N k\N
Q) > —FCn|—= . 1.15
neal® = 5 52O (1g57) (1.15)
Due to the expression of the Fourier symbol of L,, Berezin-Li-Yau method can not be applied to
our problem (1.3). Our results are based on the appropriate estimates for the solutions of equations:
r
rlnr=¢c and — =1t.
Inr —Inlnr
The estimates that we obtain provide a uniform lower bound of the sum of the first k-eigenvalues,
independently of k, an estimate which has a particular interest when these eigenvalues are negative.
More precisely, we have the following inequalities:

Theorem 1.4. Let Q C RNbe a bounded domain, {\;(Q)}ien be the sequence of eigenvalues of
problem (1.3) obtained in Proposition 1.1 and dx be given in (1.18). Then there holds

(i) for any k € N*,

k
D Ai(Q) > —dn|Q;
=1
(i1) if k> v Q)
k
=1



(iii) if k > <N,

k

2 2 2k
; W2y (n i YeNdylo] " n(eNdNyQ\)> (1.16)

Using the monotonicity of the sequence of eigenvalues, we deduce the following lower bound for
Ai(€2) from Theorem 1.4 part (4i7).

Corollary 1.5. Under the assumption of Theorem 1.4, for k > %\QL we have that
)\k(Q) >0
and

MO % (lnk—i-ln (eNdzNym) ~lnln (eijim'D .

Our goal is to provide an upper bound for the sum of eigenvalues. Motivated by Kroger’s result
for the Laplacian [26], we prove the following upper bound.

Theorem 1.6. Let Q C RY be a bounded domain and {\;(Q)}ien be the sequence of eigenvalues
of problem (1.3). Then for k > ko := edn|92,

2 PN | Wy_y pn(k+1)
Ai() < —k(lnk+14+In—+ Inln (1.17)
ZZ; N ( | Q] 19 )
and i
2
li Ink)~! (Q) = = 1.1

Jim (kInk) ;)‘z( )= (1.18)

where py = w.

W1

Note that from (1.18) the limit of the sum of the first k-eigenvalues does not depend on the
volume of 2. Finally, we build the Wely’s formula for the logarithmic Laplacian and indeed we
have the following asymptotic estimate.

Theorem 1.7. Let Q C RY be a bounded domain and {\;(Q)}ien be the sequence of eigenvalues

of problem (1.3). Then
()2
1 = —. 1.1
koo Ink N (1.19)

The rest of this paper is organized as follows. In Section 2, we build the upper bound of the
principle eigenvalue of Theorem 1.2 by considering particular test functions in the Rayleigh quotient.
Section 3 is devoted to proving the lower bound by developing Li-Yau’s method, and then we prove
Theorem 1.3, Theorem 1.4 and Corollary 1.5. In Section 4, we show the upper bounds for the first
k-eigenvalues in Theorem 1.6. In Section 5, we give the Wely’s limit of eigenvalues in Theorem 1.7.
Finally, we annex a proof of identities for the fractional Laplacian.

2 Upper bounds for the principle eigenvalue

2.1 Large domain: proof of Theorem 1.2-(i)

Set
n(t) = min{max{0,t},1} for all ¢t € R,

and, for o > 0,
we () = (o p(z)) for all z € RY. (2.1)



Note that w, € H(Q), wy, — 1 in Q as ¢ — 0", and for o € (0,2R)],
1
we(z) = —p(x) for all x € Q.
o
Since |n'| < 1 and the signed distance function p is a contraction mapping, there always hols
1
lwe(x) — we(y)| < =|z —y| forall z,y e RY. (2.2)
o

By definition of A;(2),

. 8L(w07w0)
Q) <inf ——"~~1-~.
M) < Ik e 2de

/ w? (z)dx = 0_2/ pldz,
Q Q
while if o < 2R, there holds

/w?,(x)dx—a_z/ pzd:p—i—/ dx
Q Qo NQo

= 0—2/ pPdz + Q) — Q0]
Qo

If 0 > 2R, we have

where

Qg:{xGRN:O<p(a:)<U}CQ. (2.4)
Then
/ w?(z)dr = 02/ pidz + Q| — Q|
Q Qo
> Q] = Q0]

Taking o < 1, using (1.9) and the co-area formula since |Vp(z)| = 1, we have that

) - 10,] = / V()| = |9 — / HN=U (Tt
O\Qo 0

Ncyo
wy_ R

> Q] = cooRY T =10 — | Brl;

since N|B1| = w,_,. Hence, under the assumption of Theorem 1.2-(i), we have that

N
/ w?(z)da > <1 - e > Q| forall o€ (0,1). (2.5)
QO w R

N-1
Concerning the term &1 (w,, w,), we have the following upper bound.

Lemma 2.1. Under the assumption of Theorem 1.2-(i), let o = i, then we have that

40(] R
Er(we, wy) < f|Q] + (pN —wy_,In 5) /ngdx. (2.6)

Proof. We recall that

EL(wavwa):g(waawa)_CN//zyeRN Wdﬁdy+p1\//wgdx
\:c’fy\zl ‘l’-y’ Q

and our proof is divided into two parts.



Step 1 : Note that for z,y € RY such that |z — y| < 1, we have that
wo () —wo(y)] =0, ¥ (z,y) € (2\ Q)2 U (Q9)%
Using (2.2), we have that

_oN — we(y))®
E(We,wy) = // dzdy
e | EIeyﬂ|§1<v1 ’.% - y’N
<cno~ / / — > Ndydx
o Bl
CNW
= i,
o2
400
—1Q Q
< 2o =2,
thanks to the identity cyw, , = 2.

Step 2 : We have that

Wy ()W, // wo (y)
c dydz: =cN ————*dydz.
N//i,”’ﬁ?fgl |z y|N QNBS(x) |$—y|N

Note that for o = %, we have that

1 N—-1 W1
> - — Nt
;relf |2\ (2 U By(x))] > |9 4COR N

Set
Di(o,x) = (Q\ Bi(x)) N Qs = Qs N Bf(z)

)
Dy(o,z) = (Q\ Bi(z)) N (2\ Q) = Q2N QS N BS(x).
Then D;(o,2) N De(o,z) =0, Di(0,x) UDy(o,2) = QN Bf(x). If z € Br, then
2
Br(z)N BS(x) C Da(o, ), which implies
2

/ 71 dy > / 71 d | R
Yy = Y=w,_,ln—
Da(ow) [T — YV B (9)NBf(2) lz —y[V N2

and

we(y) / op(y) / 1 R
—dy = ——=—dy + ——dy > w,_, In—,
/QQB“ ’x - ’N Di(o,x) |:L’ - |N Da(o,x) ’33 - y’N M 2

since the first term of the right—hand side is positive. Thus, we obtain

Jwe (y) R/

dydr > w,_,In— | wy(z)dx

//W e g fy el

> wN_llnE /wg(x)d:z

2 Jo
As a consequence and since o = 7, we infer that
R
Er(wy,wy) < E'Q’ + (pN —wy_,In 5) /ngdq:.

We complete the proof.
Proof of Theorem 1.2-(i). Since R > 2560 , we have that
N-1

Neg -1 N
(1— CO) <140

dwy R 2wy R



and

Er(we, we) < 4Ncy

A (Q) < (1— Rl )_1+ —w, B
= Jqw2(z)de = R 4w, R PN = Wn-1 My
e Ncy
< NllnR+pN+leln2+R<1+2wN_1R),
which is the result. O

2.2 Small domain: proof of Theorem 1.2 -(ii)

The following upper estimate of £r,(w,,w,) holds.

Lemma 2.2. Under the assumptions of Theorem 1.2-(ii), there exists co > 0 independent of R

2Rw
— s R N-1
such that for o = min { 1' Neg },

1
E1(Wo, wy) < (21nR+02>|Q|+pN/ w? dz. (2.7)
Q
Proof. Since ) C Bor and R < %, there holds

Er(We, wy) = E(we, wy) + pN/ng dz.
For » > 0, we denote
Q" ={z eRY: |p(z)] <r} and Q¥ = {2z cRY : p(z) > —r} =QuUQL",
and for r; > r9 > 0 set
A2 = B\ Q22 = {2 e RN : —ry > p(z) > =11}
Note that for r > 2R, Q C Q" = Q2" since Q C Bar. When o € (0, %], we set
D={(z,y) e RV xRY s.t. |z —y| <1 and |w,(z) — wy(y)| > 0}.
Then D C Dy U D5y, where
Dy = (Y7 x Q%7 U (027 x Q1) and Dy = (A x Q) U (2 x AL9).

Using (2.2), |Q2%°| < |Baryo ()], we obtain from the definition of D; and since cyw,_, = 2,

// (wo (@ ( ) dxdy < cyo™ / / —y> Ndydz
'D1 ‘x - Qlo JO2,0

<cno~ / / —y|> Ndydx
Qld BQR+0'

CNW o

= W 2R ) |91 |
2

< 200(—R +1)2RN 1o

NCNCOO' 2R
< Nevo? 2 )



On the other hand,

_ 2
2 JJp, lz —yl ALo JQ

—ov [ [ o=yl Vdzay
Jate
2

< 2’9‘11,177
g

since for any y € Q, x € AYY = 2 € By(y) \ B,(y), which implies

2
/ |x—y|_Ndx§/ |x—y\_Ndx:wN71 In =
Alo Ba(y)\Bo (y) g

Taking 0 = go R with

. 1wy,
— Imin
2o 4" 2Neo [

we obtain that

S(wa,wa)=w//x,yeRN (wo(ﬁv)—wa(y))dedy

2 le —y|<1 ’x_y’N

< (chfvzcoa(?+1
< (21n%+02)|ﬂ|,

)2+ 2In g)ym
g

where ¢y = % + 41n 2, which yields (2.7). O

End of the proof of Theorem 1.2-(ii). Estimate (2.5) is valid, hence, if 0 = goR, we derive that

1— Nag <1 .14
Ruy | — 2

1
/wi(m)dwz —1€.
Q 2
Therefore,
EL(wa wU) 1 1
)\Q<7’<2<21— ) —4ln— +2 ,
1( )_fgwg(:z:)da:_ n+e2) 4oy 4 +2e+ oy

which ends the proof. O

3 Lower bounds

Let
g(r)=rlnr for r >0,

then g(e) =€, 9(1) =0 and g(%) = —l

e

Lemma 3.1. Forc> —%, there exists a unique point re > % such that

g(rc) =6

and we have that r. < 14 c. Furthermore,
(i) for f% <c<0,

)

1
T621+(€—1)622

10



(73) for 0 <c<ee,

-1
7’021—1—6 c;
(7it) for c > e,
e—1
re > 1+ c
e
and
c

(3.1)

<
e = Inc—Inlnec

Inc

Proof. The function g is increasing in [1,+00) with value in [~1,+00). Hence r. is uniquely
determined if ¢ > —1, ¢ — r. is increasing from [—1,400) onto [1, +00), and g is convex.

For a > 0, we define ¢4(z) = (1 + az)In(1l + az) —  for z > —1. Then v(z) > 0 (resp.
q(x) < 0) is equivalent to 1+ax > 7, (resp. 1+ax < r,). Note that ¢, () = a(1+1n(1+ax))—1.
Since ¢, (—1) = —oco and 4, is increasing, ¢/,(0) = a—1 is the maximal (resp. minimal) value of 1,
on (—%,0] (resp. on [0,00)). Therefore, if a > 1, 1), is positive on (—%,r;) for some 1} € (—%,0),
negative on (r¥,0) and positive on (0,00). If 0 < a < 1, v, is positive on (—1,0), negative on
(0,73) for some r; > 0 and positive on (r;,00). If a = 1, 91 is positive on [—,0) U (0,00) and
vanishes only at 0. Then 1 > 0 implies the first assertion.

Since e — 1 > 1 and ¢e—1(—%) = 0, ¢e_1(x) < 0 for z € (—£,0). This gives (i).
Since 0 < % < 1, ¢e-1 is negative on (0,7%_,) and positive on (r%_,,00). Since ¢e-1(e) =0,

rt_, = e and we get (ii) and (iii).

Since g is increasing on [e, 00), (3.1) is equivalent to

Inc c < c ) _ Inc—In(lnc—1Inlnc)

— << n
Inlnc = ~ Inec—Inlnc Inc—Inlne Inc—1Inlne

Set C = Inc¢, then

Inc—1In(lnc—Inlne¢) C—InlnC
= 1 f 1
Inc—Inlne C—-—InC ~ or ¢>

and (3.1) follows. O

Lemma 3.2. Let f be a real-valued function defined in RN with 0 < f < My and

Q/RN In|z| f(2)dz = Ms.

Then (7)
2wy _,
(i)
Miw N2M, ew N
dz < vl = —LMy + = Ms;
/RNf(z) S — (e+2M1wN1> N 1+ 5 Ma;
2
(¢it) Furthermore, if % > 2 ;Q"l, there holds
NM; N2M, N2My )\
(z)dz < In —Inln | ———— .
RN 2 2€M1(.UN71 2€M1w]\],1

Proof. We have

- :/B1 ln\z|f(z)dz%—/Bf In [z]f(z)dz

Wy

ZMl/ ln|z|dz—|—/ In|z|f(z)dz > — N21M1.
B B

11



Hence (i) holds.
For R > 0 we have that
(In|z[ = R)(f(2) — Milp,) > 0.

By integration over RY we get

M2 leN_lRN
7 + T > InR - f(Z)dZ

The estimate from above of [, f(z)dz is obtained by

. Mo leNflRN
[ F()de < inf {405t S S — AR > 0 for all R > o}.
Set N
M2 leNilR
@A(R) = 7 + T - AlIlR,

then © 4 achieves the minimum if

N v My
Hence Iy 1 4 NA
Oa(Ra) = =2+ = — =1
AR =5+ -yl <wN1M1>
— NA
Put r = Moy | then
Oa(Ra) >0 <=rl <7NQM2 — (7n><N2M2
rinr —r - .
AVIA) = ~ 2Miw, INe) = 2eMiwy
Then g < r. with ¢ = %ﬁf%, inequality 7. < 1+ ¢ in Lemma 3.1 yields
NA N2M, Mw, N2 M,
- < T dy < ——N=1 e
R VR VA L J P s —5 T oMhw, )
which is (ii).
2e2w

Assuming now % > —pz—, we can apply Lemma 3.1-(iii) and get

N M, N2M, N2M, -1
< ] —Inln [ — 2
/]RN f(2)dz < 2 (n (Qele ) ni <2€M1(,UN1 ’

N-1

which is (iii) and ends the proof.

Lemma 3.3. Let .

g(r) = —— .
9(r) Inr —Inlnr orr>e

Then for t > e%el, there exists a unique point ry > e such that g(ry) = t. Furthermore,

t(Int —Inlnt) <ry < tint.

12

(3.2)

(3.5)



Proof. Since
1 ~ 1-(In r)~t
Inr —Inlnr  (Inr —Inlnr)?

g(r)=

1 1
> —_
“lnr—Inlnr (1 Inr — lnlnr) >0,
the function g is increasing from (e, +00) onto (%, +00). Setting 7 = t(Int — Inlnt), then
B t(Int — Inlnt)
" Int+In(Int —1Inlnt) — Inln(t(Int — Inlnt))

< t(Int —Inlnt)
“ Int+1In(lnt —Inlnt) — Inln(tlnt)

~ Int—Inlnt
Int —1In lﬂ(tllx?ltgt
<t,
where the last inequality holds if
In(tInt
B g S

which is equivalent to
hir):=7>=(In74+ 1)1 —InT>0, 7=Int.

Freezing the coefficient In7, h(t) = (7 — 71)(7 — 72), where the 7, 75 depend of 7, but 71 < 0 < 7,
since 7172 = —InT < 0. Because iL(e) =e2 -2 —1=0.9584 + 10~*, we have e > 71. Hence 7 > e
implies 7 > 7 which in turn implies iL(T) > 0. Hence r; < r; using the monotonicity of g.

Let s; = tInt, then

tint

<N ;
9lse) Int+Inlnt —Inln(tlnt) <

by the fact that
Inlnt —Inln(tlnt) <0 for ¢t >e.

Hence s; > 74, which ends the proof. O
Proof of Theorem 1.4. Denote

k
= 6j@)ei(y),  (z,y) €QxQ,
j=1

and
Bi(z,y) = (2m) ¥ / By ()™ dr,
]RN

where </15k is the Fourier transform with respect to . Hence we have that

L, [razas= [ [ 1@ Pasi =5

by the orthonormality of the {¢;}ien in L*(2). Furthermore, we note that

k k
/m ) dy— Z @) | [ 30,085 | dy
a 2

k:
Z (2);(m)de(y) | dy (3:6)

<
Il
-

13



Using again the orthonormality of the {¢;};cn in L?(£2), we infer by the k-dim Pythagore theorem,
~ k . 2
[ 1@inpay =0 [ 155 [ emqﬁjmdx) 5(w)| dy

J=1

2 (3.7)
27T NZ/ z:cz¢

< (2m)” N|Q|

We have, from the Fourier expression of L,

k
Z)\j(Q):/Q/Qq)k(m,y)LA@k(a?,y)dydw

j=1
k ~
=2 / 6i(2)? In |z|dz
Y NCEILE

=2 ( / |<T>k<z,y>2dy> I |2|d=.
RN (9]

Now we apply Lemma 3.2 to the function
= [ @)y
Q

My=(2m)"NQ and My=> ()

with

Part (i): By Lemma 3.2 (7),

k
2wN L
7j=1
where dy is constant defined in (1.13).
Part (ii):

27) st
which implies that
k
2k 2ew, |9
Ni(Q) > - L
jz:; 5(8) 2 N N2(2m)N

Part (iii): for k € N, if

k 2
2
Sa@) = gy,

N2
j=1
then
N M, N2M, N2M, -1
k< ] —Inln
2 2€M1CUN71 2€M1CUN71



Setting

N2M, Nk (2m)NNE
r=————— and t= = ,
2eMw,,_, eMiw, , ewy |9
we have from (3.5) that
r>ry>t(lnt —Inlnt), (3.8)

for any t > €°, i.e.
e“Hu, 19 _ e“"INdy

k =
Z T @nNN >

2.

This implies

N2 M, > (2m)VNNE <ln ((QF)NNk) _lnln((27r)NNk>> ’

2€M1WN—1 ewal‘Q’ ew}\ul’Q‘ equ‘Q’
from what we infer
k
2k 2k 2k
(> —=In{——— ) —Inln({——+ .
;AJ( 12N <“ (eNdN|Q|) n n(eNdNym)) : (3:9)
which completes the proof. O

Proof of Theorem 1.3 and Corollary 1.5. It is clear that Theorem 1.4 with k£ = 1 implies
Theorem 1.3. From the inequality (3.9) we derive

AR(Q) = ;Zk:Ai(Q) > % <ln <6NZ§|Q|> —Inln (6]\[22’9'» .

Since k — A\ () is nondecreasing, we conclude Corollary 1.5. U

4 Upper bounds for the sum of eigenvalues

For any bounded complex valued functions u,v defined on 2, there holds

u(z) — u(C)

La(uv)(z) = u(z)Lav(z) + CN/ A v(0)dC. (4.1)
Bi(z) |Z—¢]
Lemma 4.1. For z € RV, we denote
po(z) = €% VzeRY,
then
Lapo(z) = 2In |2\ pz(z), VzeRY, (4.2)

Proof. From Lemma A.1, we have that
(A () = |2*pa(2), Va e RY,
and from the property (1.5) of L, since u, is bounded,

(=A)°ps(x) — |Z’2SMZ(33)
=AY, (r) — py(x 2|%5 —
_( A)Mz(s) M()_IIS 1uz(:r)

— Lapz(z) — (21n|2|)p2(2) as s — 07,

0=

hence,
Lapa(a) = @ |2)ps(a), Vo e RY,

15



which is the claim. O

Next, let 79 € C1(R) be a nondecreasing real value function such that ||nj|/z~ < 2 satisfying
no(t):1 iftZL ng(t):O lftSO

Since € is a bounded domain, there exists a C! domain O C € such that |O| > %\Q] For o > 0,
we reset
we(x) = no(o ' p(x)), VaeRY. (4.3)

where p(z) = dist(z, 00). Observe that w, € Hy(2) and
we =1 in O as o — 0T,

Thus, there exists o1 > 0 such that for o € (0, 01],

Q
|Q|>/wad1’2/wgdm>".
Q Q 2

_ Wo(x) = wo(Q) ic.
Lewo(z) = /B1(a:) oV ° o

Lemma 4.2. Let

then there holds

2wy _,

for z € Q.

(2)) <

Proof. Actually, if x € 2, we have that

g

[wo(2) = we Q)] < | Dwo|poe|z — ¢| < o Hlnll 2= |z — ],

then

Wo (@) = Wo(C) ic.. HTIoHLOO/ d¢ 2wy,
d < )
‘/Bl |$ - C\N g‘ o Jp@lC—zN"1 T o

since ||ng||ee < 2. This ends the proof. O

Proof of Theorem 1.6. We recall that ®(z,y) and &)k(z, y) have been defined in the proof of
Theorem 1.4. If we set

Vo,2(2) == v5(z,2) = wg(:r)eix'z,

the projection of v, onto the subspace of L?*(Q) spanned by the ¢; for 1 < j < k can be written in
terms of the Fourier transform of w,®; with respect to the z-variable:

/Qv(,(x,z)i)k(x,y)dx = 2m)N2 Fy(we®r) (2, ).

Set
Ua,k(za y) = UU(Z7 y) - (27T)N/2f$(w0¢)k)(zv y)

and the Rayleigh-Ritz formula shows that
Mt [ Toosle )Py < [ Galerm) Loz 0)dy
Q Q
for any z € RY and o > 0, where the right hand side is a real value

R - 2
/ Ua,k(zay)LA,yva,k(Zay)dy = / va,k(z7y)LA,y’UU,k(zay)dy = / 21n‘§|‘f(va,k)(27§) dé—v
Q RN RN

16



although v, 1 is complex valued function. Then, integrating this last inequality with respect to z
in B, \ By, for r > 1, we obtain

/ /UU,k(Zay)LA,yvcr,k:(Z7y)dde
Aes1(Q) < inf ZEABLE

o>0
” / / o (2, y) |dydz
By\B; JQ

By Pythagore’s theorem, we have that

k
/Q oz, )Py = /Q v (2, ) 2y — (2m) /Q j}zjlvm(wmi)(z)P@(y)?dy,

integrating over B, \ Bj implies that

/ / Vg k(2 y)] dydz > >
B,\B1

On the other hand,

k
N i)\ Z 2 z.
/ o) Z / e

/ \ /vak z y)LA,yUUk z y dde —/ )LA yUO'(Z y)dydz
T Bl
™)

@ / Fo(wo®8) (2 9) Ly Fo (w05 0k (2, )y,

B \Bi

where

/ /]: (woPr)(2,y) LayFa(wePr)(z,y)dydz = Z)\ / | Fu(wo i) (2)|?dz
7\Bl Br\Bl

and
/ / (2 9) Layvo (2 y)dydz
B\B1 JQ
<[ [t i+ [ [ ) odys
»\B1 JQ B, \Bi1
/ /w 1n|z|dydz+ / /w(7 )dydz
7\ Q 7\Bl
Wy 1
N1Q2ya<rN1nr—N(rN—1)) N g10< —1)
w N W?v 1 N
N-—1 _
S TN Qo Inr+ Ng 2o’
with

010 Z/Qwa(y)dy and o,, Z/ng(y)dy'

Because of Parseval’s identity, there holds

/ ‘fx(wa¢i)(z)|2d'z S /(w0¢i)2d$ S 1.
B;\B; Q

If we choose r > 1 such that

N N

2
-1 NIDT>TT<:>T'ZB and %|Q’>2(2W)Nk,

N2

S

17



we have that

w rV rN War

Y (0, I o, L) — 2m)N T A () [, 1Fa(w6)(2) Pz
w rN
M0y, — CmN TN [, [Fa(wosy)(2) dz

War rN N War_ k
N]\} (QQ,O'%IH% + Ql,o’ ]\Z)- 1> - (27T)N Z]:l AJ(Q)

w

Ae+1(02) <

(4.4)

IN

N
N-1"

N Qz,a - (QW)Nk

where N N
Wy T wy_, T Q]
N]\lf 0y, — 2m)NEk > %? — 20Nk > 0.
We fix 0 = 01 and choose k, r > 1 such that
N
Wy, T
g, = ) (k4 1),

and take r = k¥ for k > ko = edn ||, then we have that

A > 0
and
k 2
2w N o w
@MV Y M) < =5te,, vV In— + Zto Tl ay
i=1
2 1
< @0V Z (k+ 1)<ln(k 1) B Gy (R ))
N 2,0 02,0' QQ,O‘
2 2pN 2WN71 QpN(k + 1)
< (QW)N—(k—l-l)(ln(k—l—l)—l—ln + Inln ),
N Q- V19| €2
where N
2(2 N Q
p= 2N g By, <o
Wy, 2

Moreover, (1.18) follows by the lower bound (1.16) and the upper bound (1.17) directly. O

5 Weyl’s limit of eigenvalues

To study the asymptotic distribution we introduce the counting function N'(A) that counts the
number of eigenvalues below A > 0:

N =3 sgni (A= () =Y (A= ()4

keN keN

Here sgny(r) = 1if r > 0, sgny(r) = 0if r < 0 and r1 = (|r| £ 7)/2 denotes the positive and
negative part of x € R. The counting function can also be expressed by introducing the trace of
an operator

N(A) = tr(La — A)°,
where we use the same convention for self-adjoint operators.

Theorem 5.1. Assume that Q) is a bounded domain in RY, {\;(Q)}ien is the increasing sequence
of eigenvalues of problem (1.3). Then we have the asymptotic formula

lim A le  TAN(A) = —N1 Q). 1
pm AT =N = o5 vy 1€ (5:1)
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To prove Theorem 5.1, we need following preliminary lemmas.

Lemma 5.2. [20, Theorem 2] Let Lt be a differential operator with symbol T : RN — R. For
Q C R with finite volume and all A > 0, there holds

Q
r(Lr -0 < o [T - 4)_db.

Also see the proof in [18] for the Laplacian and in [17,20] for the fractional Laplacian and in our
case: L1 = La and T(p) = 21n|p|.

Lemma 5.3. Let {{;}ren be a non-decreasing sequence of positive numbers that tends to infinity.
Assume that there are finite constants A > 0 and N > 0 such that

lim A_le_%[‘ Z (A — fk)+ =

A—+o0
keN

Then

li -1 _—~A _ 0 _ 2%
A~1>I£ooA ¢’ Z (A gk)Jr
keN

Proof. Let us introduce the notation S(A) = Z (A — &), and N(A) = Z (A— §k)g_ For any

keN keN
h>0and A >0, k € N, we have that

(A+h—&)¢ —(A=&)y = h(A = &),
and then
S(A+h)—8(A) > hN(A). (5.2)
For any e € (0,1), there exists Ag = Ag(€) > 1 such that for A > Ay,

IALem2AS(A) — A < e.

Hence, for 0 < h < A~! relation (5.2) implies

(A((A + h)e%(M‘h) - Ae%A) + e((A + h)e%(M'h) + AE%A>>
AA+1) + N2A e 2D 4 267 ¢ (A + 1)e 2™,
thus we have that

N
A e 2AN(A) < 5

A(1+0(1)) as A — +oo.

The lower bound follows similarly using the fact that (A — &)+ — (A —h — &)+ < h(A — &)
for suitable h > 0. O

Now we are in a position to prove Theorem 5.1:
Proof of Theorem 5.1. We first show that

S (A - M (Q)s = v “)NNQ 1QAe>) (14 0(1) as A — . (5.3)
k

By Lemma 5.2 and the fact that tr (La —A)_ = >, (A — A\(Q))4, it suffices to prove the asymp-
totics

tr(La — A)_ = (“)NNQymAe A (14 0(1) as A — oo. (5.4)
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The upper bound: From Lemma 5.2, we have that

T | /R
< _
‘Q| 2w

- _ _ N1 T
= 2oy /x|<eé(A 2nfrl)dr = a1l

The lower bound: Fix 6 > 0 and put Q5 = {x € Q : dist(z,Q° > ¢}. By the dominated
convergence theorem, |Qs| — || as § — 0, hence it suffices to show the lower bound in (5.4) with
Q replaced by Q5.

Let g € C°(RY) be a real-valued with support in {x € RY : |z| < §/2} and such that
g/l 2@~y = 1. For p € RY and q € Qs we introduce the coherent states

tr (LA — A)

Fpq(x) = eP7g(x - q).

Then the properties of coherent states (see, e.g, [30, Thm. 12.8]) imply that

1
tr(La —A)_ EW//RN N (Fpg» (La = A)_ Fpq) dpdg.
X35

Note that the mapping: ¢ — (¢ — A)_ is convex and that ||F}, 4[|~y = 1. Thus we can apply
Jensen’s inequality to the spectral measure of La to obtain that

r(La=4) > o v [ (B LaFg) - 0)_dpdg.
RNXQ(S

Recall that T'(p) = 21In|p|, then there is a constant C' > 0 (independent of p, ¢, and A) such
that
(Fpq» LaFpq) < 2Inip| +C, (5.5)

where

(Foa LaFya) = Gy [[[ €79 a@ano)T () draya.

The proof could see [20] and we addressed the proof in Appendix B for the reader’s convenience.
Inserting (5.5) into the bound above, letting r = e%(AJFC), we have that for A > 2C + 1,

tr (Cp — A)_ > (|22§|N

0 0
= (|27T<;|N/B (A—C —2Inlz|)dz = (|277§|N LA = C)ex (M,

/ (2Inlp| +C — A)_dp
RN

Thus we conclude that

N -1, %A W
lim inf A™le ™2 tr(ﬁT_A)—ZHW‘ ol -

By the arbitrary of § > 0, we obtain the required lower bound of (5.4).
Finally, (5.1) follows (5.3) and Lemma 5.3 directly. O

Proof of Theorem 1.7. From Theorem 5.1 with A = A\(£2), we have that

I Q) LeFMDp = =L 10) .
GJm Ae(@) e Mk = oo Sy 194 = mo

Thus, there exists k > 1 such that for k > k,

% < M(Q) e T < 2y,
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Letti
etting .
Fp)=p~le 2t

we note that for k large enough

2 N 1 2 ) Nlnk1
= — =l = _ > .l
F(Nlnk:) T and F(N(lnk: In(In“ k))) > 5 %
which imply that for such k
z(1n/<: —In(In?k)) < X\e(Q) < 20k
N S Ak =N ne.
Thus, we have that
lim M) _ 2
k—+oo Ink N’
We complete the proof. O
A Identities for the fractional Laplacian
Lemma A.1. For fized z € RN \ {0}, denote
v,(z) = €% VaeRY,
then
(=A)*v,(z) = |2[%v.(z), VzeRN. (A1)

Proof. Without loss of generality, it is enough to prove (A.l) with z = te;, where t > 0 and
e1 = (1,0,---,0) € RY. For this, we write

ve(x) = ve(w1) = ™, &= (z1,2') € R x RN 7L,
For N > 2 it implies by [7, Lemma 3.1] that
(=A)%v(z) = (=A)gvi(21).

Now we claim that
(—A)gve(w1) = tPv(x1), Va1 €R. (A.2)

Indeed, observe that —Ag := —(v¢)z,2, = t>v; in R and then
(161> = )0 (&) = F (= Arve — tPvy) (£1) =0,
which implies that
supp(0¢) C {+£t},
which in turn implies

(1€l = 2)0(&1) = 0= F ((=A)jwr = t*01) (&1).

and finally
((~A)gor — 2u) (€) =0 in R,

which yields
(=AY u(z) = (~A)jo = v (), Vo eRY,

and complete the proof. O
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B Proof of (5.5)

By the definition of L7 and F}, ,, we have that

(o LaFoa) = sy [ [ [ €79 ay(@)ay)T () do aya.

where T'(p) = 2log |p| in our setting, we write g,(x) = g(x — ¢) and all integrals are taken over RY.
We insert the identity gq(2)gq(y) = (94(2)* + 94(y)* — (94(z) — g4(v))?)/2 and use the symmetry of
the integral above to obtain

(Fua L) = [[[[ @090 (00 = § 0o - 0(0))?) T(0)
=[] o ) — a5 5 (B.1)

where in the second equality we used the fact that [ g(x — q)%dz =1 for all ¢ € RY and

T(p) = F(T)(p) = (2;)N / / G027 (e) ded.

To estimate the contribution of the second summand we substitute y = = — z and apply
Plancherel’s Theorem to get

///ei(p_g)'z (9q(2) — gq(@ — 2))2 T(& dded§ /// (=625 ()2 1 —e‘iz'”‘QT( ;igl;)dg

We note that |g,(n)|* = |§(n)|? is independent of g. Moreover, we write |1—e™1*7|? = 2—¢!#7 —e 7157
and perform the integration in z and £. We find

JJ[ 79 o) - a5 = [ (T0) - 5 @00+ 0= ) latnPar

the right-hand side is bounded below by —Cy [log(e + |n|)|d(n)|?dn > —C due to the fact that
T'(p) = 2log |p|, here Cp and C are positive constants depending on [p|.
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