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THE SCALING LIMIT OF THE DIRECTED POLYMER
WITH POWER-LAW TAIL DISORDER

QUENTIN BERGER AND HUBERT LACOIN

ABSTRACT. In this paper, we study the so-called intermediate disorder regime for a
directed polymer in a random environment with heavy-tail. Consider a simple symmetric
random walk (S,)n=0 on Z¢, with d > 1, and modify its law using Gibbs weights in the
product form ]_[i\':l(l + B0n.s,, ), Where (M, )n>0 zeza is a field of 1.i.d. random variables
whose distribution satisfies P(n > z) ~ 2z~ as z — 0, for some « € (0,2). We prove
that if o < min(1+ g, 2), when sending N to infinity and rescaling the disorder intensity
by taking 8 = By ~ N7 with v = %(1 + % — a), the distribution of the trajectory
under diffusive scaling converges in law towards a random limit, which is the continuum
polymer with Lévy a-stable noise constructed in the companion paper [§].

o

1. INTRODUCTION

We consider in this article the directed polymer model, which has been introduced by
Huse and Henley [29] as an effective model for a (1 + 1)-dimensional interface in the Ising
model with impurities. It has then been generalized and used as a model for a (1 + d)-
dimensional stretched polymer placed in a heterogeneous solvant and has received a lot of
attention over the past decades: we refer to [2I] for an overview. The main achievement of
the present paper is to identify, in the case of a power-law tail environment, a continuum
limit for the model when:

e The size of the system NN tends to infinity;
e Space and time are rescaled diffusively;
e The intensity of the disorder 8 = [y is sent to zero at an appropriate rate.

1.1. The directed polymer model. Let (S,),>0 be a simple symmetric random walk
on Z% with d > 1, starting from the origin. Its law is denoted P. Let also (Mnz) (n,z)eNx Z4
be a (1 + d)-dimensional field of i.i.d. random variables, whose law is denoted P. We will
denote by 7 a generic random variable with the same law as 7, ,. We make the assumption
that

P(n>-1)=1 and either E[n] =0 or E[n] = oo. (1.1)
Now, for a fixed realization of the environment (7,z)(n z)enxze and given a parameter
B € (0,1) which tunes the disorder’s strength, we define for N € N the Gibbs measure P?V, s
by
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2 THE SCALING LIMIT OF THE DIRECTED POLYMER WITH POWER-LAW TAIL DISORDER

where ZXL s the partition function that normalizes P"N7 5 toa probability measure, i.e.

N

25 =BT (1+ Bnns,) |- (1.3)

n=1

The graph of (Sn)fyzo models the spatial configuration of the random polymer, and the
field (Mn,2) (n,2)enxze accounts for the heterogeneous environment. The probability mea-
sure PT]\L 5 then favors trajectories of the random walk that visit space-time points in the
environment with a large value of . Let us stress that the assumptions in are merely
practical. The first one ensures that 1+ 57, s, is always positive (which is required for our
density to be positive), the second assumption is present for the sake of normalization
so that E[Z}Z,ﬁ] = 1 when the expectation is finite.

In the present paper, we focus on the case of a disordered field whose tail distribution
has a power-law decay. More precisely, we are going to assume that there exists « € (0, 2)
and ¢ a slowly varying function (see [LI] for a definition) such that for every z > 0 we
havel]

P(1+n>z)=¢(z)z" %, (1.4)
We investigate here the existence of a non-trivial scaling limit of the model in a so-called

intermediate disorder regime, where the intensity of the disorder is also rescaled with the
size of the system.

To motivate this research, let us provide a short and necessarily incomplete review of
results that can be found in the literature concerning the localization transition for directed
polymer, and convergence towards a continuum model after rescaling. For a complement
we refer to [21] for an introduction to the directed polymer model, with an extensive list
of references. Before we start, let us mention that the bulk of the litterature on directed
polymer (including [21]) uses a different formalism and writes the Gibbs weight in the
exponential form exp (ZnN=1 57711,8”), rather than HnN=1 (1 + Bnn,sn), and assumes that
the variable 77 have finite exponential moments of all orders; most of the results remain
valid in our setup under the assumption E[n?] < o. We will later comment on the
necessity to adopt the product form in this work, see Remark

The localization transition. The typical behavior of (Sn),]:f:l under PT]’\,’ 5 in the large N
limit depends on the asymptotic behavior of the partition function. Under the assumption
E[n] = 0, the sequence (ZKL,B) ~N>1 is a martingale for the natural filtration associated
with 7, see [12], and thus converges almost surely towards a limit Zgoﬁ. A simple tail
sigma-algebra argument yields the following dichotomy

P[22, = 0] € {0,1}. (1.5)

Whether ZQQ g >0or Z;’oy 5=0 holds almost surely depends on the dimension, on § and on
the distribution of 7. The regime where qu 5> 0 is called weak disorder regime and the
one where Z:jo’ 5 =01is referred to as strong disorder regime. In the weak disorder regime,
the influence of the environment is not noticeable on large scale. It has been proved that
under weak disorder, the distribution of (S, )_; rescaled diffusively converged to that of
a Brownian Motion (see [25] and references therein).

1The choice to consider 1 + n rather than n in (1.4) is for convenience, because it is a non-negative
quantity, but this detail is of no importance for this introduction.
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Under the strong disorder assumption, it is believed that the environment has an influ-
ence on the trajectories behavior noticeable even on large scale. So far, this phenomenon
has been better understood in the sub-regime of very strong disorder which corresponds
to exponential decay to zero of the partition function, or more precisely when

1
O T n
p(p) = ]&1_{1100 N log Zy 5 > 0, (1.6)
where the limit is in the almost sure sense (the existence of p(f) is proved in [23]). In the
very strong disorder regime, trajectories are believed to localize around favorite corridors
of the environment. Rigorous localization results for the end point of the trajectories have
proved in [19] 22] and recently refined in [6].

It has been proved in [25] that the quantity p(() is increasing in # (in the case of
exponential Gibbs weight, see in [38] App. A] how the proof adapts to the present setup),
meaning that there exists 5. € [0,1] such that very strong disorder holds if and only
if 5 > B.. The critical intensity . (when positive) should mark the transition from a
diffusive to a localized regime : it is believed that weak disorder holds as long as 8 < f.
(see [39] for a recent development on this conjecture).

Remark 1.1. The weak/strong disorder terminology has been defined in the case where
Z}z,’ﬁ has finite expectation, that is E[n] = 0. When E[n] = o0 we say by convention that
very strong disorder holds for every > 0 (strong localization properties have been proved
in that case, see [37]).

This phase transition has been studied, mostly under the assumption that E[5?] < oo

|
(the common assumption in the exponential setup is that E[e/] < oo for all 8). Under
this assumption, it has been showed that a diffusive phase exists in dimension d > 3 for
sufficiently small 3, i.e. . > 0, see [12, B0]. On the other hand, in dimension d = 1,2
there is no phase transition and the polymer is localized for all 8 > 0, i.e. B, = 0, see [24]
for d =1 and [31] for d = 2 (see also [19] 22] for earlier result in this direction).

The intermediate disorder regime. Under the assumption E[n%] < co, dimensions d = 1
and d = 2 are the only dimensions where the value of 3. is known. Hence they are the
ideal setup in which one can study the crossover regime between a diffusive behavior (at
B = 0) and localized behavior (for § > 0). The idea is tune the disorder intensity Sy to
zero as N tends to infinity so that the probability PWM ﬁN((S[Nt] / VN )te[o,1] € +) converges
(in distribution) to a random continuum distribution (which is not the Wiener measure,
obtained when § = 0).

This has been called the intermediate disorder regime in the litterature, and has been
sucessfully studied in the case d = 1 [I], 2| B]. In this case the approach is simply to find
By such that ZX[ 5, converges in distribution to a non-degenerate limit. For the directed

polymer model in dimension d = 1, when E[5?] < o, the correct scaling turns out to

be By ~ BN*V‘*; note that it makes the length N of the system proportional to the
correlation length |p(8)|~! = 74, see [4, 35].

The scaling limit which is obtained, called the continuum directed polymer, is the analog
of the discrete model where the random walk S and the environement 7 are replaced by
their respective scaling limit : Brownian Motion and the space time Gaussian white noise
(see below for more details on this construction). This continuum model is intimately
related to the Stochastic Heat Equation (SHE) with multiplicative white noise.
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In dimension d = 2, the situation is more complicated. The description of the crossover
regime in that case is far from complete but has witnessed important progress in recent
years. One of the reasons why this case is more delicate is that the SHE with multiplicative
white-noise is ill-defined (see [I0]) so that the limit must be of a different nature. We as-
sume in the following discussion that E[n?] = 1 for normalization purpose. In [16] the scal-

ing under which 73 5, admits a non-trivial limit has been identified (BN ~ B (log N)~1/2

with 3 < 4/7), but is has been later shown that in that regime, disorder disappears in
the scaling limit of Py\,’ BN((SUW] /NN )te[0,1] € *), see [I8]. In order to obtain a disordered
scaling limit one needs to take Sy = /m(log N)~Y2(1 + b(logN)~!), with b € R as a
variable parameter (note that this choice for Sy also makes the length N of the system
proportional to the correlation length |p(3)|~! = e/ 62, see [7]). More precisely it has
been shown in this regime that the distribution of the partition function is tight and that
its subsequential limits are non-trivial, but uniqueness and the description of the limit
remain challenging open problems. Progresses have been made recently in this direction
see [17, 28], and the existence of a scaling limit for the polymer measure has been derived
for the related hierarchical model [20].

Power-law disorder and crossover regime. The case E[?] = o has been investigated more

recently in [38], where the author studied the localization transition under the assumption

that P(n > z) ~ z=% as z tends to infinity, for some a € (1,2). (When « € (0, 1] according

to Remark , we necessarily have very strong disorder for every § when a € (0,1],

and the case E[n?] < oo covers the case a > 2.) In that case the presence of a phase
2

transition depends on the dimension but also on the value of a. If d > =7 a weak

disorder phase exists (i.e. f. > 0), and if d < % there is no phase transition (i.e. 5, = 0).
Additionally, when d < %, then the behavior of the free energy close to criticality is

given by [p(8)| = g¥+°M) as 8 | 0, with v = %.

The main goal of this article is to study the intermediate disorder regime when 7 is in the
domain of attraction of an a-stable law for some « € (0, 2) that is assuming that holds.
The continuum object towards which P?V, sy ((SNt/ VN )te[0,1] € +) should converge has been
constructed in the companion paper [§] and is the (a-stable) Lévy noise counterpart of
the Gaussian continuum polymer considered in [2], that we mentioned above. Contrary
to the Gaussian model which only exists in dimension 1, the Lévy continuum polymer can
be constructed in arbitrary dimension provided that the Lévy measure associated with
the noise satisfies some requirement, which depends on the dimension and includes the
a-stable noise when o < min(1 + 2,2).

The main achievement of this paper is to prove that the convergence hold if [y is
scaled correctly. The correct scaling is given by taking Sy proportional to N~7t°() with
v = %(1 + % — «); the o(1) correction depends on the slowly varying function considered
in (L.4). Note that this makes N roughly proportional to [p(8)|~, see above.

Remark 1.2. Let us mention that the directed polymer model with a heavy-tail environ-
ment has already been considered, for instance in [5, 9, 26], but in the setup where the
Gibbs weights are in the exponential form exp(Zﬁfz1 BMin,s,)- Let us simply stress that
in this setup, when the distribution of 1 has power-law decay, polymer trajectories localize
very strongly close to a single trajectory which gets its energy mostly from high energy sites
(in fact this is the case even with a tail exponent o = 2 since, also in that case, ePiin.sn
has infinite expectation). Additionally, the intermediate disorder regime is degenerate: if
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BN is sent to zero the partition function either goes to 1 or to w, see [9, 26]. Our frame-
work (1.3) allows for the appearance non-trivial intermediate disorder regime even when n
has a heavy tail. This is essentially due to the fact that after rescaling (Nn.z) (. z)enxz

possesses a scaling limit as a distribution, whereas (eﬁ""’sn)(n z)eNxzd never does for heavy
Rl
tail environements, even after recentering.

1.2. The continuum directed polymer with Lévy a-stable noise. Let us now de-
scribe briefly how the continuum model is constructed. In doing so, we introduce some
important notation and results that will be useful in the rest of the paper. For more de-
tails on the construction and the main properties of the continuum model we refer to the
introduction of [8]. Formally the model is obtained by replacing the random walk (Sy,)n>1
and the field (9,2)(n g)enxze 0 by their corresponding scaling limits. A rigorous
presentation of this object requires the introduction of a few definitions and notation.

Let us fix some finite time horizon 7" = 1 for simplicity and let (By)[o1] be a d-

dimensional standard Brownian motion. We denote Q its law and p;(z) its transition

kernel, that is
1 l=]2

pe(z) = We_ 2t . (1.7)
Let us also introduce, for 0 < t; < --- < t;, and 1, ...,z € R? the multi-steps kernel
k
Q(tv X) = Hpti_ti—l (ml - xi—l) ) (1'8)
i=1

with the convention ¢g = 0 and zp = 0. The scaling limit of the field (n,2)(n )enxze IS @

one-sided Lévy a-stable noise on R x R?. Let us briefly introduce this object. Consider w
a Poisson point process on R x R? x (0,00) with intensity

dt ® dz @ av~ ) du (1.9)

whose law we also denote P (it will draw no confusion). Then formally, in the case
a € (1,2), the a-stable noise &, is a random measure obtained by summing weighted dirac
masses v ;) on points (¢,7,v) € w and subtracting a non-random quantity so that it is
centered in expectation. The main difficulty is that when « € (1,2) the centering term is
infinite, so we need an approximation procedure. For a € (0, 1], interpreting w as a set of
points, we introduce the random measure

& ::< 2 Ul{vzaﬁ(t,x))—ﬂaﬁa (1.10)

(t,x,v)ew

where £ is the Lebesgue measure on R x R? and

0 if a e (0,1),
Kq := 1 log(1/a) ifta=1, (1.11)
ool ifae(1,2).

The Lévy a-stable noise £, is then defined as the distributional limit of §£Ja). Let us
stress that when « € (0,1) the sum yields a locally finite Borel measure &, := 55,0)
so the approximation procedure is not needed. When « € [1,2), the total variation ]50(51)\
diverges when a | 0, but &(va) converges to a limiting distribution in the local Sobolev space
H$(R1) for s > 4L (The definition of this functional space is recalled in Appendix)

loc 2 -
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Once we have defined the continuum counterparts of (Sn)n=0 and (n,2) (n,2)enxza (namely
(Bt)i=0 and &), then formally the partition function of the continuum polymer in Lévy
a-stable noise is defined as

k
z5 =Y g | et ] et dn), (112)

k=0  JXEx(RHE i=1
where X* := {(t1,...tx) € (RH*: 0 < t; < --- < #; < 1}. This formally corresponds
to the Wick expansion of E[:exp(8H,(B)):], where the energy functional is H,(B) =
fw(gé 5(t’Bt)dt), i.e. &, integrated against the Brownian trajectory (Bi)eo,1]- The main
result of [§] is to give a mathematical interpretation for the formal integral @D and of

the corresponding probability measure Q“’ on the Wiener space

Co([0,1]) := {p: [0,1] — R? : ¢ is continuous and ¢(0) = =0},

endowed with the topology of uniform convergence. This mathematical construction relies
on an approximation procedure which we now outline. Let us introduce two families of
functions on Cy([0,1])

B:={f:Cy(0,1]) > R : f measurable and bounded },

1.1
C:={f:Cp([0,1]) > R : f continuous and bounded } . (1.13)

We also denote By, (resp. Cp) the set of functions f € B (resp. f € C) with bounded support.
For a > 0, we define for any f € B

Z5(f )+ Z B* f o(t,x, )EL (dti, dx;) (1.14)
k=1

Rd)k
where
o(t,%, f) = o6, X)Q[ S (Bi)epo.) | B, = wi Vi e [1, K]

The notation Q(-| By, = z; Vi € [1,k]) is a shortcut to designate the law of the concate-
nation of k independent Brownian bridges connecting (¢;—1,x;—1) to (t;, x;) for i € [1, k].
To see that makes sense requires some work, and is ensured by [8, Prop. 2.5 &
Prop. 3.1]. Let us now state another result of [§], which gives a representation of the
partition function Zg’a( f) as a sum that will be useful in what follows, and ensures in

particular the positivity of Z73(f) for positive f.
Lemma 1.3. [8, Lem. 3.3] We have, for any f € B
Z5Nf) = ), was(o,f) (1.15)
oeP(w)

where P(w) is the set of finite subsets of w, and if o = {(t;,x;,u;),i = 1,...,k} with
0<t <--- <t <1, we define wgp(o, f) as

k
waﬁ(‘% f) = eiﬁnaﬂlg‘g(tv X, f) Huil{uiZa}

i=1
Note that f — p(t,x, f) is linear and so is f +— Zg’a(f). The above result ensures that
that Z5“(f) = 0if f > 0 and that Z5"* := Z5“(1) is positive and finite. Therefore, for
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a > 0, we can define the polymer measure with truncated noise Q;’a on Cp([0,1]) by

QE’Q(A) = Z;)’a Zg’a(lA) , (1.16)
for any Borel set A < Cy([0,1]). The main result of [§] shows that if « is smaller than a
critical threshold, then Qg’a converges almost surely for the weak topology on probability
measures, to a non-trivial (i.e. disordered) probability measure Q%, referred to as the
continuum polymer with stable noise. Let us define
2

e = ae(d) = min (1 + g,Q) . (1.17)
Theorem A (see [8]). Assume « € (0, ) with o, defined in (1.17). Then there exists a
random probability on Qf on Co([0,1]) such that almost surely we have limg_,o Qfg’a = Q3.
More precisely we have almost surely

lim Z5* = Z§ € (0,0), (1.18)

and there exists a linear form Zg() on C such that P-almost surely,
VfeC, liI%Zg7a(f) = Z5(f)- (1.19)

Remark 1.4. We stress that in the case o = ., Proposition 2.9 in [8] shows that
lim, g Zg’a = 0 a.s., so the limiting partition function is degenerate. Hence, the con-
tinuum polymer model is ill-defined in that case.

Remark 1.5. Let us mention that for practical reason the centering term k, for the noise
considered in differs from the one adopted in [8] when o # 1. More precisely, in [§]
we use the centering

, !

Kb = a_l(al_o‘—l) ifae(0,1)u(1,2). (1.20)

This only changes the definition of Zg’a(f) and thus that of Zg(f) by a multiplicative
factor ePlra—ra) — e%, and thus does not affect the definition of Qg’a and of Q‘g.

2. MAIN RESULTS

2.1. Convergence to the continuum polymer in a-stable noise. Our main result
shows that the martingale limit Zy corresponds to the scaling limit of the partition func-
tion of the directed polymer with heavy tail disorder, when [y is sent to 0 with the
appropriate rate. We first state the convergence of the partition function, which is simpler
but instructive, before we turn to the convergence of the probability measure P?\ﬂ gy D
order to describe the scaling regime that we are considering for the intensity 8y, we need
to introduce a couple of notation.

Let @ be a slowly varying function such that u — @(1/u) u~"? is a generalized inverse
of z = P(n > z), meaning that P(n > @(1/u) u="%) ~ u as u | 0; recall (L.4). We define

Vi = (2d%2)~ Ve o (142) p(N1+e) (2.1)

Note that we have P[n > Vy] ~ 2492N-0+%) as N — o0, so that Vy is the order of
magnitude of the maximal value of the field (1n,2)(n z)enxze inside the region [0, N] x

[-VN,VN].
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Theorem 2.1. Let us assume that the distribution of the environment n satisfies (|1.4])
for some a € (0, ac), with ae = min(1 + 5 2.2) as in (L.17). Setting

1~ /2
- = vl 2.2
o= 2B () vt (2:2)
then when a € (0,1) U (1, o) we have the following convergence in distribution
n N—w0
ZY 5y = Zg;’. (2.3)

When o = 1, if one sets vy := 2dd/2 N+% VN ' [771{1+n<VN}] then we have

N—

e*’YNBZ}VVﬁ = z%. (2.4)
Let us stress that our choice ([2.2) gives By = N7VT°M) with v = (1 4+ ¢ — a). Our
assumption that o < «. ensures in particular that limy_, Sy = 0.

Remark 2.2. Let us stress that in the case a = 1, we have yn <0 if E[n] = 0 and
v = 0 if E[n] = oo (at least for N large). Note also that by definition of Vi, we have

Vilo(Vy) ~ de/zN_(H%), so that

YN ~ SO(VN)_lE[nl{HngVN}] as N — o0.

Setting L(t) := E[n1l{14,<y], we get from [T, Prop. 1.5.9.a.] that L(-) is a slowly varying
function, with |L(t)|/¢(t) — © as t — o0. This proves in particular that vy is slowly
varying, with limy_,« |yn| = +00.

Our convergence result is in fact much richer than Theorem [2.1]in various ways. First we
do not prove the convergence of the partition function alone, but also that of the measure
P;]V B towards QY. Additionally, we show that the continuous environment w appearing

in the limit corresponds to the scaling limit of 1 as a distribution. Let us introduce §{x
the measure on R'*? obtained by rescaling the discrete environment (on a diffusive scale)

1

- e — E[n1 Toon))d(n 2y, 2.5
€N = 3 (WZ)GHd (.2 = E[n1y < vy 1a=1y) (i) (2.5)

where H denotes the set of time-space lattice points that can be reached by a random
walk starting from 0, that is the set of points (n, ) in N x Z? such that n and ||z||; have
the same parity.

We let M denote the space of probability distributions on Cy([0,1]) equipped with the
topology of weak convergence. Finally, let St(N)
walk trajectory, rescaled diffusively:

be the linear interpolation of a random

d .
St(N) = ”N((l — ) SNy + oztSthJH) ,  with ay = Nt—|Nt|. (2.6)
The definition of the local Sobolev space H,_” is recalled in Appendix

Theorem 2.3. With the same assumption as for Theorem we have the following
convergence in distribution in H S x My, s >d

(nms Pl (5™ hieomy e +)) =57 (60Q2). (2.7)
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Remark 2.4. The powers of 2 in the definition of Vn (and Bn) just comes from the
fact that our random walk can only visit half of the lattice sites (just like the /2 factor
appearing in [3]). They would not appear if one considered a lazy random walk, adjusting
the diffusion coefficient in the definition of pi(x) accordingly. The powers of d in Vi
(and in BN and ) comes from the adjustment of the diffusion coefficient of the simple
random walk.

Remark 2.5. Let us mention that the joint convergence of the environment and of the
partition function is not specific to the case of heavy-tailed environments. It also holds
for systems with disorder in the Gaussian uniwversality class [3, 14, [I5], in which case the
environment converges to the Gaussian white noise that appears in the construction of the
limiting partition function. This fact is however usually not mentioned in the literature
on the subject (a notable exception is the recent contribution [13] on the random field Ising
model), even though it can be deduced almost directly from the proofs presented in |3l 14, [15]
(according to personal communication with Caravenna, Sun and Zygouras). The situation
of systems with marginal disorder such as the two dimension directed polymer, discussed
in [16, 17, 20} 28] is very different: in that case, the randomness appearing in the limit is
expected to be independent of the distributional limit of the environment.

2.2. Possible extensions of the result. We now comment on some directions in which
our result could be extended.

Point-to-point partition functions. In the above, we only treat the case of a point-to-line
partition function, but we could also consider the point-to-point partition functions: for
integers ny < ng and x1, zo € Z% such that |z2 — 1|1 has the same parity as ngo —nj, define

ng
Zj [(n1,21), (ng, x2)] := E[ H (1 + B1n,5,) 1(5,., =22}

n=ni+1
Then, choosing Sy as in and taking ni,ns € N and z1, 25 € Z¢ (with |22 —21]); having
the same parity as ng —ny), such that limy_ oo N~'ny =t € R*, limy oo N"1ng =t/ € R
and also limy_,(N/d)~22; = 2 € R, limy_,o0 (N /d) Y225 = 2’ € RY, one should obtain
the following convergence in distribution, in the case a € (0, a)

Sn, = xl] .

_B N— w
%(éN)d/Q e B'YN]-{OL:” Zg]v [(nlu 1‘1), (77,2, 332)] :>OO ZE [(t’ $)7 (tlu JJ/)] . (28)

The limit Zé"[(t, x), (t',2")] is the continuum point-to-point partition function introduced

in [8, Section 2.2]. The convergence could also be extended to the joint distribution
of finitely many point-to-point partition functions. We choose not to to present the proof
of such a result in order to keep the paper lighter and because it does not bring much
more insight than Theorem 2.3

Random walks in the Gaussian domain of attraction. In this paper, we only consider the
model based on the nearest neighbor symmetric simple random walk. The main reason for
it is that it is the most frequent setup in which directed polymer is presented. However,
our proofs are quite flexible and other types of random walks may be considered provided
that they remain within the Gaussian universality class. Indeed, we only make use of the
local central limit theorem to establish our result (and a little bit more when a < 1).

Let us assume that the walk (starting from the origin) has i.i.d. increments with finite
second moment, mean m and invertible covariance matrix %2, meaning that for any i, j

E[S%)] =m; and Cov(S", sV = 22, ), (2.9)
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where S%Z) is the i-th coordinate of S;. Our matrix ¥ is implicitely defined as the positive
definite matrix whose square is the covariance matrix. For the commodity of exposition,
let us also assume that our walk is irreducible and aperiodic, that is for every z there
exists some ng(z) such that P(S, = x) > 0 for n > ny (doing without these assumptions

only entails additional constants in the normalization).
In the case a < 1, we must have an additional assumption on the tail of the increments

which guaranties that the walk does not reach for atypically attractive sites beyond the
scale v/N. We assume that

d(1 — )
—
(This ensures that the bound holds for all n > 1, for some 6 < «). Note that the
condition is stronger than the finite variance assumption only when a < #.12. Let
us also stress that this restriction is by no mean due to technical limitation: indeed, if
for instance P(S,, = z) = (1 + o(1))|z| =%~ for some 2 < v < d1-9) “then the directed
polymer itself is not well defined, in the sense that Z% 5 = o0 a.s. for every § >0 (and in
particular Theorem below fails to hold). Before stating the extension of our result, let
us redefine the scaling parameters: we set

E[|S1]"] <  for some 7y > (2.10)

1
St(N) = \/—NZ 1((1 — at)S[NtJ + O‘tS[NtJ-i-l — mNt) ,

Vi == Det(S)VeNa(142) p(N1+3) | (2.11)
1

Enmi= O, (e —EMly <] lamy) bz, 2 —mn) -
VN (n,x)eNxZd MR

One can extend the proof of Theorem 2.3 to prove the following.

Theorem 2.6. Assume that the distribution of the environment n satisfies (1.4) for some
ae (0,ac), with o = min(1 + 2,2) as in (L.I7). Under the assumption (2.9) and (2-10),

then setting
By = Det(S)N2 (V) !,
we have the following convergence in distribution in H,° x My, s > d

N—o

(nms Pl (5o € ) ) = (6, Q3). (2.12)

Ezxtension to y-stable walks. A natural question that now comes to mind is whether the
system admits a similar scaling limit when S is in the domain of attraction of a stable
process with exponent v € (0,2). For the simplicity of exposition, let us assume that
P(S, = ) = (1+ o(1)) o]+ as ] — .

In that case we strongly believe that our proof techniques can be adapted without major
changes. The procedure starts with defining the continuum model, replacing the Brownian
kernel by that of an isotropic y-stable kernel — this part is discussed in [8, Section 2.4].
Then the proof in the present paper, which mostly relies on the local limit theorem, should
go through. Note that in that case our requirement on o becomes

——f<a<<l+g>A2 (2.13)

For a descrition of the scaling limit, we refer to [8, Section 2.4].
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Ezxtension to the disordered pinning model. Since most of the techniques used in the proof
do not rely on the specificity of the directed polymer model, we believe that similar results
can be derived for other disordered model. One specific model for which we are confident
that our techniques could adapt is the disordered pinning mode (see [27] for a general
introduction): we refer to [I4] for a study of the scaling limit when the environment has
a finite second moment and to [32] for a study of the model with power-tail disorder).

Consider a sequence (1,)nen of i.i.d. random variables with a distribution satisfying
and a reccurent renewal process 7 = {19 = 0,71, 72, ...} on N whose inter-arrival law
satisfies P[r; = n] "X n= (47 ~ € (0,1). The disordered pinning model is then defined
as the modification of the renewal distribution defined by

N
AP} s 1

® 7, hE[Hlehl{nm(l # Bnetoen) | )
B nz (2.14

N
with  Zf 5, = E[ [Temen 1+ Bnnl{neT})] .
n=1

We believe that the approach used in the present paper could be used to prove the exis-
tence of a non trivial limit for the distribution of the rescaled renewal set 3 ([0, N] n 7)
(considering the Hausdorff topology for subsets of [0,1]) when a < min(ﬁﬂ), if Bn
and hy are scaled as BNPV*%“’(U and hN=7+°() The o(1) in the exponent accounts
for a slowly varying correction which is absent if ¢ in ([1.4]) is asymptotically equivalent to

a constant. For a description of the scaling limit, we refer again to [8, Section 2.4].

3. MAIN STEPS OF THE PROOF OF THEOREM [2.3]

In this section, we outline our proof strategy, and highlight the main steps needed to
obtain our main theorem. Some important notation are introduced.

3.1. Convergence of marginals and tightness. Recall here that C denote the set of
real valued continuous and bounded functions on C([0,1]). Recalling the definition (2.6)

and writing SV) for (St(N))te[()’l] we define for any f € C

N
235 (F) = B[ FS) [T (1 + Bamas,) | (3.1)

n=1
Our main task in the proof of Theorem [2.3]is to prove the convergence of finite dimensional
marginals. Since both ¢y, and Z}; ﬂN(') are linear forms, it is in fact sufficient to prove
the convergence for one-dimensional marginals.

Proposition 3.1. Given 1) a smooth compactly supported function on R4 and f € C, we
have the following joint convergence in distribution, under the assumptions of Theorem/[2.1

N—o0

(Cwawr, e o= z8 o (1)) =2 (), 25() - (3:2)

The proof of Proposition [3.1] is the core of the paper and its steps are outlined in
Section below; the actual proof is carried out in Sections [7] and [§f Once we have
Proposition it only remains to prove tightness of {y , and P?VE(S(N ) e -). The first

result is standard; a proof is included in Appendix [B] for Completeﬁess.

Lemma 3.2. The sequence of distributions of ({n,y)N=1 under P is tight in H| 7 for s > d.
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For the second tightness result, proven in Section [5| below, recall that M; denotes the
set of probability distributions on Cy([0, 1]) equipped with the weak convergence topology.

Proposition 3.3. The sequence of distributions of random probabilities P, B (S(N) €-)
under P is tight in M.

Our main results then follows readily from the above statements, as we now show.

Proof of Theorem using Propositions and[3.3 Since tightness is already proven,
one only needs to prove the convergence for the marginals of the type

Z7I
(<§N,n,w>, EY 5, (f<s<N>>)) = [ v ), %(f) . (3.3)
ZN,BN

But this follows immediately from the almost-sure positivity of Z;ﬁ (cf. (1.18))) and from
Proposition [3.1} which yields as a corollary

-B -B N— w w
(Cewapw, e Ptiomn z8 o (f), e Pvtiemn z8 ) ) B2 (G ), 25(0), 25) - (34)
This concludes the proof of Theorem [2.1] O

3.2. Proposition [3.1] via cutoff approximation. Let us now describe the main ingre-
dients in the proof of Proposition Firstly, we replace (ZX] By (f)) by a cutoff approx-
imation, analogous to the one used in the continuous case, see . This martingale
approximation is obtained by keeping the environment only at sites where 7 is larger than
a certain threshold. We fix the threshold to be equal to aVy, recall . The scaling Vi
is chosen so that the region typically visited by the polymer, i.e. a cylinder of length NV
and width v/N according to the diffusive scaling of the random walk, contains only finitely
many points above the threshold. These points, in the limit, correspond to the points in
the Poisson point process w (defined in (|1.9))) for which v > a. When 7, , is smaller than
this value we replace it by its conditional average. Given a € (0, 1], we set

a M,z it 1+n,,>=aVy,
i) = (a) . (3.5)
—Kp it 141, <aVy,
with
a _E n,r 1 n,xr V f 172 ’
/fgv):: [0 [14 100 < V] Tae[ ) (3.6)
0 if e (0,1).

The assumption P(n > —1) = 1 ensures that n(®) = 5 almost surely. Note that mg\?) is
positive for large N when « # 1 but it is negative when o = 1 and E[n] = c0. When
E[n] = 0 (this implies & > 1), note that nﬁflg)g is still a centered variable, and that (77,(1“33) ae(0,1]
is a cadlag time-reversed martingale for the filtration

Ga = G = 0 (a1 4m0)zav ) (1:2) € N x Z7). (3.7)

We also set for b > a a truncated version of (%)
(a)

—KN if 1+ e < aVy,
777[33’5)) =N if 1+ M € [(ZVN, bVN) 5 (38)
0 if 1+ NMnax = bVy.

With some abuse of notation, we will denote 7(® (resp. n[“’b)) a generic random variable

with the same law as nﬁbag)c (resp. 177[3557)).
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We now define, for f € C, the approximation ZR,’a’ﬂN (f) of Z}Z, 5, Using the above cutoff:

N
235, (F) = B[ f(s™) H (1+Bnns,) |
N (3.9)

=

2RV ) = B[SO TT (0 + Banles)) |
=1

Let us stress that if f > 0 we have Z}Z,”[aj’g)(f) < ZX;;;N (f). Note that when E[n] = 0 (which
implies a > 1) we have

25N =B 25 (NG| and 2300 =B 2500 (0|0] 6a0)

These identities are also valid when E[n] = oo (which implies a<1) but only in the
case f = 0 for which the conditional expectations are unambiguously defined.
To prove Theorem we are first going to prove first that ZK;O/L@N (f) converges to the

corresponding continuum (truncated) partition function Z‘g’a( f) defined in (1.14)). In fact
we even prove a joint convergence with the cutoff approximation of the environment.
Proposition 3.4. For any a > 0, given 1) a smooth compactly supported function on RI+1
and f € C, we have the following joint convergence in distribution

N—oo

(<ef vy e Pmremnzie (1)) 22 (€, 0y, 25°(0)

where 51(\?)77 is the cutoff approximation of {n ),

(@ ._ 1 a
Eny = V—N( Z)GH (') — Bl < vy az1y) 02, =) (3.11)
n,r d

While the proof of Proposition requires some care, it follows a quite standard

roadmap. The proof is carried out in Section [6]

To complete the proof of Theorem we need to show that when a is close to 0,
then Z}% (f) and <§1(\Lfl,)n’ 1) are close to ZX[’OB( f)and (& 5, 1) respectively, uniformly in N.

Recall that from Theorem [A| (more precisely (1.18))), we already know that Zg’a( f) is close

to Z%’( f); similarly, <§La), 1) is close to (£,,1) as a result of convergence of fo(f) in H_7,
s> (d+1)/2.

Proposition 3.5. If a € (0,2), we have for any f €C

1 _B 1 a= n,a _ 7770 —
i%]s;vgla[ (e W liamt) |22 (f) ZNﬁN(f)y) A 1] ~0. (3.12)

Remark 3.6. When a € (1,2), we can in fact prove uniform convergence in Ly in (3.12))

instead of convergence in probability, that is

lim sup E[|Z%O/L@N(f) - Z]@%N(fﬂ] =0.

a—0 N>1

Let us also state the analogous result for ({n ,, 1), whose proof is easy (and postponed
to Appendix .
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Lemma 3.7. If a € (0,2), then for any smooth and compactly supported 1) we have
lim sup E[@,&Vm - 5](3)77>2] ~0. (3.13)
a—0 N>1 ’

We stress that the core of the proof actually lies in Proposition [3.5] Its proof is carried
out in Section [8| and follows some of the ideas developed in [8, Sec. 4] for the construction
of the continuum partition function, but present additional technical challenges.

Proof of Proposition from Propositions and[3.5. Given an arbitrary d, a compactly
supported smooth function ¥ and f € C, we are going to show that there is some
No = Ny(0,%) such that for every N = Ny, we can find a coupling between 1 and w
(with some abuse of notation we use P for the law of the coupling) such that

P20 (N - 25N> 0) <6 and  P(Wény -] >0) <0, (3.14)

First we want to approximate the two partition functions by their counterparts with
truncated environment. Using Proposition and Theorem 1 , we can choose

ap = ap(d) small enough such that for every value of N we have for all a < ap(0)
i»(af?wl{a:n Z58 () = Zh 5 ()] > 5/3) < 6/3,
w,a _ gw
]P’(|ZB ()= 250 > §/3) < o/3.

Similarly, thanks to Lemma and since &(L,a) converges to &, in H;_5(R%*1), have for

loc
a < ag(6) (lowering the value of ag if necessary) and every value of N

P(|(w, Eny — ENI| > 0/3) < 6/3,
P(|(, 0 — E5D] > 6/3) < §/3.

Now we can conclude by observing that from Proposition [3.4], for N > Ny sufficiently
large one can find a coupling of 7 and w (depending of course on N) which is such that
with probability larger than 1 — §/3 one has

(3.15)

(3.16)

P [|e—3w1<a:uz%v - 22 > 5/3] <4/3,

P [[(v, €8, — €601 > 5/3] < o/3,
which combined with (3.15])-(3.16)) implies (3.14)). O

3.3. Organization of the rest of the paper. Now that we have outlined the main steps
of the proof, let us briefly describe how the different parts of the proof are articulated.

(3.17)

e In Section 4.1, some technical preliminaries are presented; in particular we de-
scribe an expansion of the partition function analogous to and give some
comparison estimates between Zy% (f) and Z;(,’Fg]’\l:)( 1)

e In Section we prove the tightness of P?VﬁN(S(N) € ), i.e. Proposition Note
that the tightness of ({y ) is proven in Appendix

e In Section [6 we carry out the proof of Proposition [3.4] i.e. of the convergence of
the partition function with cutoff environment.

e Section [8] contains the proof of Proposition i.e. of the uniformity (in N) of the
martingale convergence of Z}Z,"/IBN as a | 0. This is the most technical part of the

paper and adapts ideas developed in [§] in the continuum setting.
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e In the Appendix, some further technical estimates are collected: in Appendix [A]
we prove an estimate that allows us to control different expectations with respect
to n; in Appendix @ we collect results on the measure {y, and in particular we
prove Lemma [3.7]

4. TECHNICAL PRELIMINARIES

4.1. A collection of useful estimates. Let us collect here a few identities and asymp-
totic equivalents that will be useful in the computations in the rest of the paper. By
definition (2.1]) of Vi, we have

Vy®e(VN) ~ N—(+5) as N — 0.

Also, by definition By := %5(%)‘1/21/]\71, see (2.2)), so it verifies

d
i - B
BNV (Vi) N2® BN, (4.1)

_ N— - a_
BRVR (V) "7 qd 252N
In the case a = 1, we will also use that by definition of vy,

BNE[ML 14y < vy = BN 1y (4.2)

As far as truncated first and second moment of 7 are concerned, we have asymptotically
for large u

B[ (1 men] = T ul " p()(1+ o(1)),  forae (0,1) U (1,2) "
E[n* L1 <] = 5 u*"p(u) (1 +0(1)). |
We therefore find that when a € (1,2), ng\?) defined in satisfies, as N — o0
Brly) = —BNE[n | (1+n) < aVi] = Bra N7H (1 +0(1)), (4.4)

where we used (4.3]) and the second relation in (4.1)). Note that when « € (0,1) we have

set @ = 0 and ke = 0, so that we can formally use ,BNH(G) = Bﬁa N=Y1 + o(1)) also in
N Y N

that case. When a = 1, after a straightforward computation (and using ), we have
Bkl = —BN "ty + Bra N7H(1 + o(1)). (4.5)
All together, in view of the definition of Sy and vy, we can rewrite — as
Bkl = —BN_IWNl{aﬂ} + BraN~H (1 + o(1)).
In particular, we see that for any a € (0,1)

li —BINL{az1y (] — (@\N _ ,—Bra n
am e (1-Bney)" =e (4.6)
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4.2. Expansion of the partition function. In order to prove the convergence of the
truncated partition function, we are going to rewrite it as a sum, which is the discrete
equivalent of (L.I5). Then the convergence of the partition function is going to follow
from the convergence of each individual term. Let us define, for a € [0,1] and b € (1, ],

) = {(n.2) € [LN] X Z 2 1y € [aViv, 0V} @)

and let P(QE&’Q)) denote the set of finite sequences (n;, z;)¥_; taking value of Q%’b) and
|

satisfying n; < ng < --- < ng. We let (n,x) = (a:l,nz);fl denote a generic element of
P(QE&’Q)) where |n, x| > 0 is the length of the sequence (a length zero corresponds to the
empty sequence). We set p,(z) = P(S,, = x), and using the convention ny = 0, 29 = 0 we
define

x|

p(n, X, f) = E[f(S(N))l{Vie[[l,\n,xH],Sni=:ci}] and nx = 1_[ M, (4'8)
=1

Let us set for a € (0,1]

N
—=n,[a,b
Z?V,[,BN)(]C) = E[f(S(N)) H (1+ BNnn,Sn1{(1+nn,sn)e[avN,bvN)})]
n=1
= Z ﬂ]‘\tllp(lp(rh X7 f) 77n7x I (49)

(nx)eP(Qle )

where the second expression is simply obtained by performing an expansion of the product

and taking the expectation of each term. We write QS\‘;) (n) and 7}7\}% when ¢ = 0. Recal

that B, designates the set of bounded functions with bounded support on Cy(][0, 1]).

Proposition 4.1. For any non-negative function f € By, and any a € (0,1] and q € (1, 0]
we have the following convergence in probability

_E'YNl{a:I}Zn’[a’b) N

&

A}im —m,[a.b) Ky ) = e (4.10)
o ZNgy (f)

Furthermore, any non-negative function g, a € (0,1] and q € (1,00] for any N = Ny(a)
sufficiently large we have

e Py ZHED (g) < 2 PR ZHD (g). (4.11)

Proof. For notational simplicity we prove the result only for b = oc0. We are going to
control the quotient for the contribution of every single trajectory. We have for any
neareast neighbor trajectory

T, (1 + Banh)
[T (1+ BN, L{(14n,.5,)>aVi})

— (1 o Hg\‘;)ﬂN)N*#{ne[[l,N]]v(lJr??n,Sn)>aVN}_ (4.12)

Recalling (4.6]), we just have to verify that the term (1 — /ﬁg\‘;)ﬁN)*#{”e[[l’N]]’(””",Sn)>“VN},
can be controlled uniformly over the set of trajectory which are contributing to the par-
tition function.
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Recall that we assumed that f has bounded support: we let A = Ay be such that
f(p) = 0if |p|e = A. For any realization of S such that f(S®)) > 0 we have

#{n € [[LN]]a (1 + nn,Sn) > aVN}

< #{(n,x) € [1,N] x [~A\/N/d, A\/N/d]%, (1 + 1 z) > aVy}. (4.13)
Now, with our definition of Vj, the r.h.s. in (4.13) has an expectation which uniformly
bounded in N. Since NKVE\(;) tends to 0, this implies in particular that

]\Pm (1— ﬁNﬁg\?))#{(n,r)Eﬂl,NﬂX[[—A\/ N/d,A\/N/d]*,(1+1n 2)>aVN} _ | (4.14)
—o0
in probability, from which we can conclude that (4.10]) holds.

For (4.11]), we simply note that we have

IV (1 + 8% )

[T (1 + 28N7n,5, Li(14m, 5, )>aVi})

N
= (1 - BN/‘C%))N H 1+ BNnn’Snl{(1+nn,sn)>aVN}

n=1(1— ﬂNH%)l{(Hnn,sn)mvN})(l + 2BNNn,8, L{(14mn.5, )>aV})
(4.15)

Now, this is bounded by (1 — BNK;S\C;))N since for N sufficiently large all terms in the last
product are smaller than one. Then one concludes thanks to (4.6]). [l

4.3. Truncating large weights. We prove here the following proposition, which allows
us to truncate large weights in the partition function (this is especially needed when
a € (0,1]).

Proposition 4.2. We have for any o € (0,2),
lim sup E [(e‘fé'ﬂ\’l{a:l} (ZX[’%N - Z;z;’[gj’\l;))) A 1] =0. (4.16)

b—0 N>1
agl0,1]
Proof. First, let us get rid of the small jumps in the noise. We observe that by using
conditional Jensen’s inequality (recall (3.7))) the quantity we have to bound is smaller
than

E| (e renrlzys, - 2050 |a]) A1l (4.17)
Now we have E[Z% = — ZX,’,[EJ’\(;) 1G] = (ZX,’}BN - ZX,’%J’\?)) for a > 1 (recall (3.10)). For

a € (0,1) (this distinction is necessary because of our choice n%) = 0 in that case) we have

for every a = 0

a s a,b s s 1,b
E[Z0% — 251 1G] < (14 BNED | n < VDY (20, — Z50Y)

71 K 17b
< C3(28h, — 2850 (118)
Therefore, it is sufficient to prove that e /¥ 1{&=1}(Z]7(;15N - ZX;[]’\I;)) converges to 0 in

probability as b — oo, uniformly in N. Using Proposition [£.1}({4.11)), it is sufficient to
show that for some 6 € (0,1 A o) we have

— 0
lim sup E [(Z?V’?%N ~ Zhain ) ] - 0. (4.19)

b—0 N>1
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Now, using the representation (4.9)) and since # < 1 we have
-, 17b 0 In ‘ 0
(Zhasy — Zhasy) < > (283" p ) - (420
(nx)eP(Q))\PQR)
Note that since (n,x) € P(2},) we have 1+, , = Vi for alli € [1, |n, x|]; in particular we
have 7, x = 0. Taking the expectation with respect to the n’s and recalling the definition
of P(2%), P(Q%’Q)), we obtain that

E [(ZN 26N ZN[;B?;) ]
o0

k 0
2BN kaE[(H m) 1{Vie[[l,k]},mzvN;Hje[[Lk]],njszN}] Z p(n, X)e-

k=1 =1 ni<n2<---<ng

xe(Z)k
Now, we have
LN
E|:(H7h) 1{Vi€[[17kﬂ7T]i>VN§3j€[[17kﬂfanbVN}:|
i=1
k g k (b-1)
S ERHm) Z 1{Vi€[[17k]],m>vzv;anbVN}} - kE[nel{n>VN}] E[ngl{nzbvN}] (4.21)
i=1 j=1

One can then easily check (using Potter’s bound) that there is a constant C' such that and

such that for any ¢ > 1 (we will use it with ¢ = 1 or ¢ = b), for all N sufficiently large,
E[1° 1z evy)] < CC%(G_Q)Vﬁ_a@(VN)-

Together with (4.21)) this implies that

k

0 Lig_a _ d
E[(Hm) 1{we[[1,k]],m>vN;aje[u,k]],nj;bvN}} < kCFp2 Oyl N—R(+3) (4.22)
=1

Now let us observe that as a consequence of (a sharp version of) the local central limit
theorem, see [33, Thm. 2.3.11], there exists a constant C’ = Cj, such that

N pu(x)’ < 0" 0200 (4.23)
reZd
and hence
Nk

ni<n2<--<ng
xe(Z4)k

Combining these bounds and replacing Sy by its value (recall (4.1))), we obtain that
0 2k
4{’77[17[7) 0 (50 ) 1 0— 1 O0—«
E[(ZNBN 7)) ] < LR g, (4.25)

which proves (4.19). O
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5. PROOF OF PROPOSITION [3.3]

In this section we prove Proposition [3.3| assuming that Proposition holds. We start
with the easier case o € (1,2). We wish to find an increasing sequence of compact sets
IC,, © M7 which are such that for all n and N we have

P [P;?WN(SW) e )¢ /cn] <27, (5.1)

Using the tightness of (Z}; 4 )~!, which is ensured by Proposition and the positivity
1)

of the limit Z%’ (recall , we consider a sequence §,, going to zero such that for all

N and m
—m—2
P(Z} 5, < 0m) <2772 (5.2)
Then, we consider K, a sequence of compact subsets of Cy([0, 1]) such that
P(SW) ¢ K,,) <47™6,,. (5.3)

Note that such a sequence exists simply by the fact that P[S(N ) € -] is a convergent
sequence (and hence is tight). Finally, we set

Kni={peMi: Vm=n, p(K;) <22}, (5.4)

The set K, is closed and any sequence in IC,, is tight and thus IC,, is compact. Now, we
have by a union bound

P [P?\/,ﬁN(S(N) e.)¢ /Cn] < P [PEIV’BN(S(N) ¢ K,,) > 22—m] 7 (5.5)

D8

and finally

P[P (S ¢ K) = 227 | <P (20,5 (g) = 227700 ) + P (2,5, < )
<2772(6,) PS¢ K,) + 272 <27 (5.6)
where we used Markov’s inequality and the fact that E[Z] ; (1xc )] = P(SW™N ¢ K,,)

since E[n] = 0. Combined with ({5.5)), this gives (5.1)).

For the case a € (0,1), we need to use the truncated version of the partition function
(recall (3.9)). We start with the same sequence d,, as above (see (5.2])), then thanks to
Proposition [4.2| we can fix b,, such that

P (28 — 280 = 2070, ) < 2770 (5.7)
Then we choose K, a sequence of compacts such that
Ba jl—a
P(SM) ¢ K,,) <47 25,,e Tl (5.8)

and we define K,, as in . Then,
IP’[P?VﬁN(S(N) ¢ Kn) > 22—’"] <P (ZJ’(,’BN(IK%L) > 22—m5m) +P (Z}(,ﬁN < 5m)
<P (20 — 2550 = 270 ) + P (2350 (1) = 20778 ) + 277
<2 L B[ 20 (kg )| 277 0m) T 2R < 2
In the last inequality we used the fact that for sufficiently large m
E [Z}y,[g;jm)u Kgn)] — (14 BNE[RODNP(SM ¢ K,) <472, (5.9)
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using also (| . . ) for the last inequality. Finally for a = 1 we repeat exactly the same
procedure but considering rather the normalized partition functions

e PN ZX/,ﬂN and e_BVNZ][\(,] g’;) ,

and with 1 b1 @ replaced by log by, (using also (4.6) in the analogous of (/5.9))). O

6. PROOF OF PROPOSITION [3.4]

6.1. Convergence of ZX,’“BN (f). We are going to assume (without loss of generality) that
0<f<1

Step 1: Reduction to functions f with bounded support. As a first step, we reduce to
proving a statement for a function f with bounded support. For A > 0, let h4 € Cp be
defined by ha(p) =1 A (|¢low — A)+, and for f € C define f4 = fha € Cp. In particular,
fa=fon A:={pe Co([0,1]), lollo < A}

Lemma 6.1. We have, for any a > 0,

lim sup E[e’ml{“:” (Z3%5, (F) = 235, (fa)) A 1] ~0. (6.1)

A—0 N1

Proof. In the case «a € (1,2), recalling that E[n] = 0 we have
E[Z%N(f) AL BN(fA)] <P(SWMe ) = P( sup SNV > A) , (6.2)
te[0,1]

which can be made arbitrarily small by choosing A large (uniformly in N). In the case

when a € (0,1) (and similarly for a = 1 with the e #'~ prefactor) we observe that the
quantity we have to bound is smaller than

a ,Ja,b ,a ,[a,b ,la,b
E| (2%, (5 - Z350 () ~ 1] <B| (235, (0 - Z850 (1) ~1] + B[ 2350 ) .
(6.3)
The first term can be made arbitrarily small by taking ¢ large by Proposition The
second term is equal to

N
(1 + /BNE[n]-{(1+n)<bVN]> P(S(N) € AC) CbP( E .AC)
thanks to (4.1)-(4.3). This can be made arbitrarily small by choosing A large (the case

a =1 is similar). O

Step 2: convergence for f € C,. We now show the convergence of the partition function
in Proposition with f € Cp instead of f € C. Also, thanks to Proposition we prove

the convergence of Z 4, (f) rather than e=#V1ia-1 Z3%, ()

Lemma 6.2. For any f € Cy, we have the following convergence in distribution

N—o0

A4 BN(f) = eéﬁazg’a(f) :

Proof. Let us define n") := Vy 1y the rescaled environment, and notice that thanks
to (1.4) we get that for any ¢ > a,

P(1+ ) > 1) NP 2?2 N O+5)
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We want to show that the point process (%, \/%/d, ﬁr(z],\gfc)l{(lJrn)zaVN})(n w)er, converges in

distribution towards the Poisson point process w (recall ([1.9))) restricted to weights larger
than or equal to a. Let us specify here a topology. We consider

W:={wc RxR?xR,,#{wn A} < o0 when A is bounded},
equipped with the smallest topology which makes
pg tw Y gt wu)
(t,x,u)ew

continuous for every continuous function g with bounded support. As a consequence of
the convergence of binomials to Poisson variables we have the following convergence in W

{(% ]xv/d,ng{?) [(n2) € O} W@ = {(t,m,u) € w n ([0,1) x R x [0, 0)) .
(6.4)

Now, defining P(w) like in Proposition notice that the function

|o|

we— Y Bt x, )] Jus (6.5)
) =1

oeP(w

is continuous in W (this is not a difficult statement but the proof requires some care). As
a consequence we have the following convergence

n,x|

Ax,n t X

(x,n)eP(Q%)

lo|
N— Slo AR w,a
= Al \g(t,x,f)| [ui =€’ "2 (f). (6.6)
oeP(w(@) i=1

Now, to conclude from this that 73’\}?5N( f) converges, using the definition (4.9) and our
choice for By, we simply need to show that one can replace Q(%, X___f) in the Lh.s. by

\/N/d’
Nlnxls p(n,x, f). This is a consequence of the local central limit theorem for the simple
random walk [33] and of the invariance principle for random walk bridges [34]. O

Step 3: conclusion. Now, to conclude the proof of Proposition we simply need to let
A — o0, and check that Zg’a(fA) converges to Zg’a(f) in probability. But this is simply

a consequence of monotone convergence, recalling the representation (|1.15). Combined
with Lemma [6.1] and Lemma this concludes the proof that for any f € C, we have the

convergence eiﬁwl{a:l}zz;aé(f) = Zg’a(f)-

6.2. Joint convergence with <¢,§](\?)n>. To prove the joint convergence of the environ-
ment and the partition function, we simply need to adapt slightly the proof above: in
particular, we only need to adapt the proof of the second step.

Lemma 6.3. For any a > 0, given 1) a smooth compactly supported function on R¥*1 and
f € Cy we have the following joint convergence in distribution

(&0 ZR5 (1)) = (W, €0, P25 (f) ).
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Proof. Notice that in view of (3.11]), for any fixed a > 0, we can rewrite

=Vt Y ((nnﬁﬂg&))1{1%@%%}—(HE?)HE[M{KvN}]l{azl})>5(%, : )

(n,z)eHy Ny
_ () e N-arh 1
—(1+0(1))< D, L mzavy } O ) RN PIPES ﬁfv/d>>7
(n,z)eHy (n,z)eHy

(6.7)

where the o(1) is a quantity that goes to 0 as N — o (and does not depend on the
realization ofuniformly in 7), see the calculations in Section recall that n(N) := VN .
Now, we observe that
|o|
we (W, Y wday, Y Bottx, )] Jw)
(t,x,u)ew oeP(w) i=1
is continuous on W. From the Poisson convergence (6.4) in W, using above and the
jegnitiorlll of 7/)]7\}(716N (f) (together with the local limit theorem analogously to (6.6)), we
educe that

lo]

a —1,a N—w Sor
(@ e ZR5(N) =2 (@ Y wlumy — a0, Y Bolt.x, )] Tui).
(t.z,u)ew(®) oeP(w(@)) i=1
Recalling the definitions (3.11]) and (1.15)). we see that the r.h.s. is equal to ((%, gﬁ,‘% , ePra ZE’“( ),
which concludes the proof. O

7. PROOF OF PROPOSITION [3.0F THE EASY CASES

Proposition [3.5] is the main technical difficulty of the paper. Its proof is considerably
simpler in special cases a € (0,1) (for any d) and d = 1 (for any «). These cases are
treated in the present section.

When a € (0,1), the convergence can be deduced from a first moment computation,
after using the truncation argument from Proposition The details are carried in

Section [T.11

When « € [1,2), second moment computations are necessary. Since the variables n
themselves do not have a second moment, a truncation procedure is needed. A general
result which describes the requirement we have for our truncated partition function is
given in Section Like for the proof of Theorem [A|in [8], the truncation procedure that
needs to be applied is considerably simpler for d = 1 than for d > 2.

When d = 1, only the large values of 7 are a problem so that, after using Proposition [4.2]
we only need to perform a relatively simple second moment. This is done in Section [7.3]

When d > 2 (and « € [1,2)) a simple truncation is not sufficient: before applying the
second moment method, the partition function must undergo a more advanced surgery.
These details of the procedure and the computations are postponed to Section

7.1. The case a € (0,1). We assume without loss of generality that 0 < f < 1. Note
that with our choice ﬁg\‘;) =0, Zy, (f) is a decreasing function of a. Thus we want to

show that for a € (0, 1] sufficiently small we have

]%ZI;E[(Z]@?/BNU) - 258 () A 1] <e. (7.1)
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For this we observe that the quantity we have to bound is smaller than
(0,6 sla,b ,[0,b
sup IE[ZX],[M)( f) = 250 f)] +sup E[(Z& s — ZEEDY A 1] . (7.2)

From Proposition the second term can be made smaller than /2 by choosing b = b(e)
large. Concerning the first one, note that we have

E| 2350 () - 2350 (0] < BLAS™) (B[ + a1 —E[1+ Byl ") .

Now, thanks to calculations done in Section there are constants Cj anc CE such that

E[Snn"Y] <E[nn*P] < C,N~!  and E [BN () — n[av“)] <C3N"al o (73)
Hence we have for a sufficiently small (depending on € and b)
[0, J[ab Chal—
E[Z50(5) - ZH5D (D] < (e - 1) <2, (7.4)
uniformly in N. This concludes the proof. 0

7.2. The case « € [1,2): a uniformity criterion. The task is more delicate in the
case a € [1,2). We are going to prove some uniform Ly convergence. The following
statement, that we are going to apply to our partition function, may help to understand
this difference.

Proposition 7.1. Consider (XN,a)ae[O,l),Nzl a collection of positive random wvariables.

Assume that there exists XJ(\?)Q a sequence of approximation of Xy, indexed by q = 1,
which satisfies

(A) lim sup sup E[|XJ(\?)Q _XN,a|] =0;
97% N>1ael0,1) '

(B) a£%1+ ]Svu>p1E[(X](\?’)a - Xf\?’)())2] =0 for every q = 1.

Then we have

lim sup E[|Xn,e — Xnpo|] = 0. (7.5)
a—0 N>1

If we replace (A) by
(A) lim sup sup E[]X](\?)a — Xna| A1l =0
7% N>1qel0,1) ’

then we have
lim sup E[|Xn,a — Xnpo| A 1] = 0. (7.6)
a—0 N=>1

The assumption (A’) allows to treat the case o = 1 for which the LL; convergence of the
partition function does not hold.

Proof. This simply comes from the fact that

1/2

E[|Xw.a — Xnol] < E[(XY, = XV + E[IXY, - Xnal] + E[IXYh — Xnol].

and the right-hand side can be made arbitrary small uniformly in N, by taking first ¢
large and then taking @ — 0. A similar reasoning holds for (A’). O
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7.3. The case of dimension d = 1. For notational simplicity we will write the proof for
the case f =1, the modification to treat the case f € C are straightforward. Let us set
XQ = e P lamy ZRlen), (7.7)
We now only need to check that the assumptions of Proposition are satisfied.
When a > 1 since ZX,’[E’ 9 Zn’ and E[Zn o« ] = 1, Assumption (A) in Propositionis
equivalent to the uniform convergence to 1 of the first moment. When « = 1, Assumption

(A’) has been already checked in Proposition

Lemma 7.2. In dimension d = 1 (note that a. = 2 in that case), we have

X T nla,q) | _ .
(A) C}Ln(}ojbn}flaé%fl)ﬂi [ZNﬁN ] =1 forace(1,2);

(B) lim sup E[e ~2B N1 o= U(Z"[ 9 ng[ﬁ )) | =0 foreveryqg=1andacell,2).
al0 N>1 N

Proof. The proof of (A) is straightforward. We have

N N
E| 2550 | = B[+ w01 = (1+ BNE[1 1aneqviy ) (78)
From (4.3)) and the second relation in (4.1)), we have for every N,q =1 (recall E[n] = 0)

N) o loa
BB 1neai] = ~BCa SN =~ TN, (7.9

where we used Potter’s bound for the last inequality. Using that (1 — z)Y > 1 — Nz for
all x = 0, we get from ([7.8) that for all N > 1

1> inf E|Z39] > 4 1
Jn B[Z30] 21 -0 (7.10)

which concludes the proof of item (A).

For the second moment estimate (B), let us notice that ZX;[EI’?) is a (time-reversed)

martingale for the filtration G, (recall ( . ) in particular we have

E[(Z350 — 2350 )7] = BIZR 0] — BLZR 507, (7.11)

Hence to show that the convergence in L2 is uniform in N, it is sufficient to show that the
convergence

lime™ 2BV 1{a- 1}E[(Z77 %}?)2] *2571\71{0{ ”E[(Z"[ ,q)) ]

al0 N.Bn

is uniform in N Note that e_*B'”\’l{Of—l}IE[Z77 [a]g)] does not depend on a. In the case a > 1,

thanks to (| and ., we find that it is bounded away from 0 uniformly in ¢ > 0 and
N = 1. In the case o = 1, a straightforward calculation (recall . ) gives that ( . is
replaced with

BNE[11 (11 yqvyy] = BiwvNT! + Blog ) N7H(1 + o(1)) (7.12)

so we get that e Al IE[Z77 [aj\?)] is bounded away from 0 uniformly in ¢ > 0 and N >
All together, what we need to show is equivalent to

[0.9) J[a,q)\2
NG B i N

,[0,9)12 a 2
B[z E[Z3E))

7.13
al0 N>1 ( )
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Let us set o)
E[(1+ a,q))2 2 [a,q)
E[1+ Bnnle9)] E[1+ Bnnl®9)]
and let us stress that r{? is non-increasing in a. A direct computation yields
I ALREAY
ElZ s ) )2] = E®?[(1+ry)n], (7.15)
IE[ Zn,[avq)]
NvﬁN

where E®? is the expectation with respect to two independent walks S and S and
Ly := 25:1 1{3(1)75(2)} is the replica overlap. By convexity of  + (1+z)", we therefore
N N

get
7,[0,4)\2 n,[a,q)2
E[(Znsy )] ELZNG] _ 0q eape 0.4\
< (ry'—=ry)E [LN(l +ry) ]
E[Zn,[O,Q)]2 E[Z"’[a’q)]2
N76N Nv/BN (716)
TO,q _ 0.0
S S (e
Y
Now in order to conclude, it is sufficient to show that
TO,q _
lim sup -2 =0 and r?\}q < C,N7Y2, (7.17)
a—0 N>1 T]\}q
Indeed using the second statement in ([7.17]), we get that
ER[(r37 Ly )N IV ] < E®? [N En] < BE2 200N (7.18)

which is uniformly bounded in N, as it is standard for the intersection time of independent
random walks, see e.g. [36, Lemma 4.2] for a general version (with renewal processes).

Let us now prove the two estimates in ([7.17). We have

BYE[(nl*)?] = (51\1%53))21@(1 +1 < aVy) + 5]2VE[7721{1+ne[avN,qVN)}]' (7.19)

Using (|1.4) together with (4.3) and the third part of (4.1]), after simplifications (in partic-
ular, the first term is negligible), we find that for any fixed a € [0,1) and ¢ > 1, we have
asymptotically for large N

af2d=U2 4» Ca Ca
2wV’ (> —a>). (7.20)

On the other hand and ensures that E[n[“’Q)P is always negligible w.r.t.
E[(n[*9)?] which is thus asymptotically equivalent to the variance. Note that we have
E[nl=9] = E[nl09] = E[n1{14y<qvy}] for any a € (0,1) and any ¢ > 1, and from we
get that E[1 + Bynl%9] tends to one, so that 747 ~ B3 E[(nl*?)?]. We therefore obtain
that for any fixed a € [0,1) and ¢ > 1 (recall (4.1)))

BRE[(D)?] = (1 + (1))

paa N Q702 ace g
N 2(2 — a)

This, together with the monotonicity in a of r}l\}q, allows us to deduce both statements
in (7.17)) and therefore concludes the proof of part (B) of Lemma O

—a* ). (7.21)
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To conclude this section let us stress that this strategy cannot be applied in dimension
d—2
d = 2 because we still have in that case ry? = N2, and the second moment E[(ZX,’[GI’V?)F]

diverges with N for any value of a and ¢ (recall (7.15))). We need a finer restriction on the
set of trajectories, analogously to what is done in [8, Section 4.4].

8. PROOF OF PROPOSITION [3.5l THE HARD CASE

In this Section we prove Proposition when a € [1,a.) and d > 2. We rely again on
Proposition[7.1], but with a more sophisticated truncation procedure detailed in Section
below. We consider for notational simplicity only the case f = 1. The modification which
are required to treat the general case f € C are provided at the end of the section (in

Section .

8.1. The truncation procedure. Instead of simply capping the value of n at level ¢, we
impose a restriction on the set of paths, to avoid counting atypical paths with high value
of n which give an important contribution to the second moment of Z;Z;%N. Let a € [1, )
and let us fix v satisfying

d—2 1 d
_ << — —-1)<1 d = —~(2- <1). 8.1
G <1<aty (e a-D<lad foaG-a)<). 6D
and also v < %, which is compatible with (8.1)) when o < a, =1 + %. We define
I f rre
Byg(S) = {w LN : T +ms) <d™V (v lfln,)”}, (8.2)
el

where II; := H‘f;ll(zj —ij-1), with i1 < ... < | the ordered elements of I, and ip = 0.
Notice in particular that on the event By 4(S) we have 1 41,5, < ¢V for all 1 <i< N.
We then set

N N
Wy = E[ [0+ ﬁNﬁfff)sn)lBN,q(a] = E[ [0+ ﬁNm[ff’sqi)lBN,q(S)} (8:3)
n=1 n=1

We apply Proposition to Wy? which reduces the proof of Proposition to that of
the following statements.

Lemma 8.1. When a € (1, a.) we have

. . . a,ql _
qlg]& aen[[(l)fl) Z%[n?flE (W] =1 (84)

Lemma 8.2. When aa = 1 we have

: BN (gma _ prad _
qlingo ai%{l)l,)l) JsvuzplE [(e N(ZNﬁN Wy )) A 1] = 0. (8.5)

Proposition 8.3. We have for every q > 0

lim sup E[(Wy? — Wy?)?] = 0. (8.6)
a—0 N=0

These three results are similar to Lemma (and Proposition in the case v = 1),
but the required computation to prove them are considerably more involved. We prove

each one separately in Sections and respectively.
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8.2. Proof of Lemma Let ]?’“S be the probability measure whose density with respect
to P is

arg N “
= = L[l (1+ B0 ) - (8.7)

We stress here that since E[n] = 0 we have E[H,]Ll(l + BNn,(fgn)] = 1. By Fubini, we
have E[Wy?] = E[fE%[l Bxo(s)]] and hence we simply need to prove that
lim sup sup sup]?’a B% . (9)) = 0. 8.8
4% 4e[0,1) N>1 S 5(Brg(S)) (8:8)

Let us make two important observations:

(i) In view of the definition (8.2]) of the event By 4, the above probability does not
depend on the specific trajectory S: indeed By 4(S5) is a function of the random
sequence (7 s, )n>1 which is ii.d. distributed, and in particular has the same
distribution for every S.

(ii) The event B]C\C () 1s increasing in 7, and the measures (P§)q>0 are stochastically
decreasing: the supremum in a is thus attained for a = 0.

To check point (ii), since we are dealing with product measures it is sufficient to check the
domination for one dimensional marginal. Recall the continuous version of Chebychev’s
sum inequality: for any probability measure v on R and f and g non-decreasing functions,
we have

| r@g@mian) = [ s@pias) [ g, (8.9)
This implies that for any non-decreasing f we have

E[(1 + Byn)f(n)] — E[(1 + Byn'™) f(n)]
=B8NP+ 0 <aVN)E[f(n)(n—E[n|1+n<aVy])|[1+n<aVn] =0, (8.10)

which proves that }ﬁ’g)) stochastically dominates IF)k(ga) for a € (0,1).
We therefore only have to prove that

lim sup Py (B%,) =0, (8.11)
9% N>1 ’
where
Byg = {w < [LN], [ +m) <dvy (N"flnl)”}, (8.12)
el

with (7;)1<i<n 1.i.d. random variables distributed as n under P and ﬁ)N the probability
measure with density Hf:lzl(l + BN7y) with respect to P. First of all, by a union bound,
we have

N
Py (B ) < Z Py (140> qVy) + Py (B, Vie [LN], 1+ m <qVy).  (8.13)

n=1

Now, thanks to (4.3]) and the second relation in (4.1)), we get

Py (1+mn > qViv) = E[(1+ Bvn) Ljispzquny] -~ %

This proves that the first sum in (8.13)) is bounded by C¢'~® uniformly in N > 1, and
this upper bound vanishes as ¢ — o0. To estimate the remaining probability in (8.13)), we

g mONT (8.14)
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are going to perform another union bound. The following claim will allow us to reduce
the amount of error produced by this bound.

Claim 1. If ¢ > 27 and By, is not satisfied, then there exists some non-empty set of
indices I < [1, N] such that both the following conditions are satisfied

[Ja+m) = JIWVINN-TIT)Y and VieI, 14> N V. (8.15)
i€l
Proof. Note that the existence of a set of indices Iy satisfying the first condition in (8.15)
simply comes from the definition of By 4.
Now, if a set I satisfies the first condition in (8.15) and if there exists some jy with

L+, <N Vg (where i, is the jo-th element of I), we necessarily have that I is not
reduced to ij,, and

[] +m)= (qu"le'v”_l(Nl_'”ﬂpm x g (HI )7- (8.16)

iel'=1\{ijo} Hp

the second

Recalling the definition of II;, we have that 1%’ — Ui 7(2701)7(2]01)72]0) > %:
4 Jo Jjo—

factor in is thus larger than ¢277 > 1; the same reasoning applies if jo = |I|. Hence,
the set I’ = I'\{i;,} is non-empty and also satisfies the first condition in (8.15)). Starting
from Iy and proceeding by induction, we therefore end up with a non-empty set verifying
both conditions in (8.15]). g

Thanks to Claim [l we apply a union bound over the possible choices for the set of
indices I satisfying both conditions in (8.15]). Recalling also the definition (8.12)) of By 4,
we obtain that the last term in (8.13)) is bounded by

= I _
Z Py ( H<1 + ni)l{Ni’YVN <1+m:<qVn} = qmvll\f | (N mHI)ﬂ/) ’ (8'17)
Ic[1,N] iel

To conclude, we estimate the probabilities in the sum thanks to the following lemma,
whose proof is postponed.

Lemma 8.4. There is some Ny = 1 such that for all N = Ny, for any k > 1, any t € (0,1)
and any € € (0,1) there is a constant C (allowed to depend on ¢, B and ) such that

k
Py <H(1 + ) LNV <14mi<qVn} 2 t(WN)’“) < (CgtimmFemeeNTF (8.18)
i=1
Now, applying Lemma to the probabilities in with
t= (N1I) = ﬁ (zj—z]_1>7
j=1 N ’
we obtain that is smaller than

Cg k ij—ij 1\
> > T

k=1 1<ii<<ip <N j=1

=

Mz

5+1 a 2k(a+a—1)f (Si o Si_l)(1—04—5)’\/(:181'7 (8.19)
0

k::]. <s 1< <sp<l1 i=1
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where we used a standard comparison argument for the last inequality. The last integral is
easily computed. Provided that ¢ has been fixed small enough so that ¥ := y(a+e—1) < 1,

it is equal to %' All together, we obtain that (8.17) is bounded by

€+fak F(liﬁ)k
Z 0ped )r(k(1—6)+1)'

This series converges, and can be made arbitrarily small by choosing ¢ large, provided
that e is small enough so that ¢ + 1 — a < 0. Together with (8.13) and ({8.14]), this
concludes the proof of (8.11]) and hence the proof of Lemma O

Proof of Lemma[8.4 First of all, recalling that BNVNN™7 = %d*d/QBN%_V (see (A.1))

and the fact that we chose v < we have that Byn; = 1 if n; = N7V, at least for

2 9
large N. Hence, recalling the definition of Py, the probability we want to bound is

k
[(E (1 + BNT) L (14m)e[N - va,qVN)}) {n§:1(1+m)>t(qu)k}]

k

i=1
Then, Proposition[A-1]in the Appendix allows us to compare this expectation to an integral
with respect to the measure u*(Ho‘)go(u)du (which is not a probability measure). Applying
Proposition we get that there is a constant C' (that depends on «) such that for N
large enough the right-hand side of is bounded by

k gk
AN f[o,zqu)k 1{Hf:1uz >t(qVn)* }H‘P wi)ug “dug . (8.21)

With a change of variable u; = Vywv;, and using that ﬂNVJ%,_O‘ = ﬁN_lgo(VN)_l, we get
that this is bounded by

Nk ar—k o( Vsz o= du:
Cog) ¥ J[0,2q)k l{mzl”z tqk}n .

o e\kar—k
< (Coz,ﬁ,sq ) N fO 290 {Hl L vi=tgk }H dvl’ 8 22)

where we used Potter’s bound to get that o(Vyv)<Cov=52¢(Vy) if v<1 and that
(V) < Cov2p(Vy) if v € [1,2q), with v¥/2 < (2q)5v~%/2 for v € [1,2q). An estimate for
the integral in the r.h.s. of has been proved in [8]: we apply [8, Equation (4.32)] to
conclude the proof. O

8.3. Proof of Lemma [8.2l Let us consider b > 1. We have

N
23, W' = B| [T0+ Bvns, ) s, (s)]

N
< (Zk5 — 2350 [H 1+ﬁNnr(z(fgnl{(1+Un,sn)<bVN})1B§V7q(5)]' (8.23)
n=1
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Proposition establishes that e=P7v (ZX;%N — Zg;[gj’f)) converges to zero in probability
when b — . To conclude we thus only have to show that the second term also converges
to zero in probability, or using first moment estimates, that for every b > 1,

N
: -B (a) —
lim sup e ﬁwE[E[H (1+ ﬁNnn’Sn1{(1+%Sn<WN})13%74(5)]] 0. (8.24)
Like for the proof of Lemma8.1] (note that (8.10]) remains valid when adding the restriction
1{,7<bVN}), we consider the probability measure @SS) defined by

AP _ Ty (1+ ™)

- . (8.25)
dP E[1+ BNULO’IJ)]N
and we obtain that
_ N . e*é*w}fb(b) [B]CV ]
e_mNE{E[ [Ta +5Nﬁ£,§n1{0+nn,sn)<bvm)1B§V,Q(S>” < [1 + B Ob)]qN (8.26)

n=1

From , there exists a constant C such that for every N >
_ -N
e PWE[L+ APV < ¢, 5
so that we only need to bound EDSS) [Bgqu]. Using Claim |1| and a union bound, we can

conclude the proof as in the previous section, replacing Lemma [8.4] with the following:
there exists a constant C} such that the following holds for all large N

k
Py (H(l + )Ny <1ami<qViv} = t(qVN)k> <(Cyp)lta Tt eeNTh (8.27)
i=1

To prove (8.27)), we observe that similarly to (8.20), for large values of N the L.h.s. of (8.27))
is bounded by

k
E[l + BNU[O’b)] QﬁN kE|:<H 1 + 7 1{ (1+; )<bVN}) {Hf_1(1+m)>t(qVN)’“}] . (8.28)
=1

Similarly to (8.21)) we then have that it is bounded by

k
k
(CB) E[(H (1 +m) L ”m)<bVN}> {I15_; (1+m:)=t(qVin )k}
=1

< <0’5N)’“f

[0,26Vy)* {Hz L ui>t(gV )k} ]

k
/ —1\k 7176/2
1 4 du;, (8.2
(C 75 ) ﬁO,Qb)k { Hi’c:l uithk} E uz u (8 9)

where we used a change of variable and the fact that p(Vyu;) < Cbcp(VN)ui_E/ ? uniformly

for u; € (0,2b), by Potter’s bound. Then, (8.27) finally follows from [8, Equation (4.32)]
applied to h = t(q/b)* (note that when h > 1 then (8.28) is equal to 0). O
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8.4. Proof of Proposition We need to control the value of
E[(Wx* = W) = E[(WE)*] — 2E[WEWR°] + E[(W4°)?]. (8.30)

and prove that it converges to 0 when a tends to 0, uniformly in N (when o = 1 we

must multiply this by e—2B ). This is the most delicate part of the proof. For didacti-
cal purpose and for the sake of making computations more readable, we first show that
E[(W%")?] is uniformly bounded in a and N when a € (1, a.); in the case a = 1 we bound

e PINE[(W)2]. While this is not a required intermediate step, most of the computation
made to prove this are going to be recycled for the actual proof of the Proposition [8.3

8.4.1. The second moment is uniformly bounded. Let us prove the following estimate.
Lemma 8.5. We have for any ¢ = 1
sup sup e_ZBWl{a:l}E[(W;{;a)ﬂ < 0. (8.31)
a€(0,1) N>1
Proof. Let us first treat the case a € (1, .); we deal with the case a = 1 at the end of the
proof. First of all, notice that by definition (8.3 of Wy? we have

N
[T+ B ) (1 B ) 1{BN,q(s<1>)mBN,q(s<2>>}}  (8:32)

n=1

B3] - B

where E®? is the expectation with respect to two independent walks S™) and S, Now
we can consider the set Iy (S, S®) := {n e [1, N], st = 57(12)}. As we are interested in
an upper bound we can replace BN7q(S(1)) N BN,q(S(Q)) by the larger event

{\ﬂ < In(SW,89), TT +mis,) < g1l (N—lfHI)”} . (8.33)

el

The expectation with respect to i ,a),7, @ then simplifies for n ¢ In(SM, 8@) and

we obtain
E[(Wx")?] < E®?[H (In(SM, 5@))], (8.34)
where for I < [[1,n] we defined
. (a)\2
H(I):= E[H (1 + BNni ) 1§N’q(])] ) (8.35)
€
with By 4(I) defined by
By g(I) := {w’ 1, TJa+m) <d"vy (N—\I’\n,,)”} . (8.36)
iel’

In (8.35), the (7);)i>1 are i.i.d. random variables with the same distribution as 7, ,. Writing
(14 B = (142650~ Br)n® — B) + B3 (14 nf®)?

and expanding the product in H(I), we obtain H(I) = >} ,_; ﬂ?\‘,JlH(I, J) with

H(I,J) = E[ [T (@ +285(1 =By —B3) [+ nj“))21§N,q(1)] . (837)

iel\J jeJ
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Denoting p; := P®2(Ix (S, 5(2)) = I) we therefore get that
E(Weh2< Y pr B HTL). (8.38)
Ic[[l N] JcI

Now, for J c I, we define

By q(J) = { [T +m) < (qv) (N—'J'HJ)”} n{VieJ (1+n) <qVn}. (8.39)

ieJ

Of course B Nqg(I) C éN,q(J ) since the bound on 7; is obtained when considering I’ = {i}
in (8.36). We therefore get

H(I,J) < E[ [T +2850— B3 — 83 ] (1 + nﬁ-“))?lgw,qm]
<=8V TTa+ 0215, o)
e

Overall, using that for any fixed J we have that >,_ ; p; = P®*(Vn € J, St = 57(12)), we
obtain that

B[ < Y AVE[[Ta+n") 15, ) |PP2(vnet 80 =s@),
et 211 - (a)y2 1 g -2 (8.41)
< D> By E[H(H% ”éN,q(J)]CO (I,
J[1,N] i

the last line being a simple application of the local central limit theorem. Now we use of
the following estimate which will allow us to conclude (its proof is postponed).

Lemma 8.6. Fiz 0 <e <2—a. Then for any k =1 and any t € (0,1), there exists some

Ci = Ca Bae such that

k
a)\2 d_ —a—
IB%E[H (1+77Z‘( )) 1{1_[{“ 1Th<t(qVN)k} 1{Vi€ﬂ1,kﬂ,(1+m)<qVN}] < Cka(z e °. (8.42)
i=1 b
Now, using Lemma with ¢ = (N~ ‘J‘H )7 = Hl‘” (%)7 (recall the defini-
tion (8.39)) of §N7q(J)), we finally obtain in
d
a (CoCh)" Ji — Ji-1 _.71 1) 1Eee
E(WRI< ) e~ 2 H

k=0 1<ji<--<jp<N i=1

k
< (O J Ht—tjl 12-a=e)=g gy

k=0 O<t1<---<tp<l ; j=1

(8.43)

We conclude by noticing that, provided that ¢ has been fixed small enough so that 7 :=

L(1-7) Hence, the sum in (8.43|)

d/2 — (2 — o — €)vy < 1, the last integral is equal to INGIEIFSIE

is finite.

The case o = 1. We can proceed exactly in the same way, except that instead of ({8.32))
we start with

N
H(1+5N77 <1>)(1+5N77 S(2>) {Byo(S0)nBy, (5<2>)}] (8.44)

n=1

BLV3")] - 5%
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Then we replace By ,(S™M) n By 4(S®) by the larger event in Equation (8.33): when
integrating over 7 ) forng¢ I = IN(S(I), 5(2)), this adds a factor

E[l + ﬁNn[a,q)]Q(N_U‘).

Using ([7.12)), we therefore can replace (8.38]) with

6_237NE[(WK[,Q)2] < Cq Z pIG—QB’YNUVN Z ,812\‘/J|H(I) J) .
Ic[1,N] Jci

Using again (7.12) to bound above E[1 + 28x(1 — By )nlea) — B3], we may replace (8.40)
with

(8.45)

i
H(I,J) < ClLe?Pm N |J|)IE[H(1 + )21 EN#(J)] . (8.46)
ieJ
We finally end up with the following inequality in place of (8.41]):

e,QBVNE[(W]%,a)Z] < C(I]/ 2 (CO€*QB’YNN*1)|J\512JJ|<HJ)7gE[ H(l + n§a))21§N,q(J)] .
JC[LN] ieJ

Since e~29WN"" is bounded above by a constant (recall that vy is slowly varying), it
can be omitted if one changes the value of Cy. We can then conclude similarly using

Lemma 8.6 and the following computations: we get that supyey e~ 2P E[(Wx"1)?] < C,
for a constant Cj that depends only on q. O

Proof of Lemma([8.6. Note that there exists a constant C' such that for every a € [0,1)
and any t = 0, we have

P(1+7@ >t) < Cp(t)t ™.

Hence we can apply Proposition with p the distribution of 1+ 77(“), with a constant C'
that does not depend on a. After applying Proposition the Lh.s. of (8.42) is thus
bounded by

k
. l-a . .
Lh 1{ I, uigt(qVN)k} Livie[o,k],us<qViv} 111 u;~ “op(ug)du

k
S U L I R,
(cq) N e(Vn) 0.0 { e, vi@qk} E Y Vi

where we used a change of variable, together with the fact that o(Vyv)/o(Vy) < cqu™/?
for all N and v € (0,q), by Potter’s bound. The last integral has been studied in [§]:
from [8, Equations (4.34)-(4.35)], we get that it is bounded above by (Ca.c4)*?~7¢. We
therefore end up with a constant C’ _  such that the L.h.s. of is bounded by

a767q

k
a)\ 2
JQ\#E[E (1 + 77@( )) l{nlemgt(qu)k} I{ViE[[lak]]quVN}]

2— k2 o
< (O BV o(Vi)) e2ee
Together with (4.1]), this yields the conclusion. O
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8.4.2. Convergence of the second moment. Building on the techniques that we used to
prove Lemma we are going to prove Proposition It follows from the following
convergence results

hn(l) sup e ~2B1NL(a- BE[(WEH)?] - E[(WE%)?] )*]| =0,

Mt (8.47)
lim sup e ~2B1N1(a= LE[WE W 201 _E[(WE%)?] 1| =o.
a—>0N>1

Again, we focus the exposition on the case a € (1, ) and we comment on the case o = 1
along the proof. Also, we focus on estimating E[(W%)2] — E[(WE°)?] since the other
convergence is proved similarly — notice however that unlike in Section we do not in
general have E[WX;“W;{,’O] = E[(W§")?], since WE* is not a martingale in a. We want to
bound

N
E@QE[ H (1 + /BNTI;CL )(1 + BNU (2)) {BN,q(S(l))mqu(S(g))}]
n=1 5

N
_ E®2E[ H (1 + 6N77n,57(11)) (1 + ’BNT]n,Sg))1{Bn,q(S(l))ﬂBN,q(S(Q))}]'

n=1
Let us stress that from the definition of By 4(S), we can replace 7(® with nl*? (and
n = n© with 509 ). Note that the expectations with respect to n and n(® depend on

SM, S only via the set In(SM,S?) = {n e [1,n] : 2 5(2)} We use this fact

to snnphfy the expression. Let (7,)n>0, (n,1)n=0 and (TIn,z)n;o be i.i.d. random variables

with the same distribution as 7, and let p; := P®?(Ix(SM),S®)) = I). Then, denoting
= [1, NJ\I, we can rewrite the above quantity as

3 ZH(E[[] (14 By (1 + vl [T (1 + Ban) 15, )|

Ic[1,N] nel® nel

_ IE[ [T+ Byimna) (1 + Bimz) [ (1 + Bama)*1 Bx m]) (8.48)

nelt nel

where By ,(I) is defined as

{VKC[[LN]],VTE{I,2}, [T +nie) T] (1+17¢)<(qVN)K|(N_|K|HK)7}. (8.49)
eltnK ielnK

We can perform a second decomposition of (8.48)) by expanding the squares and developing
the products, as in —- We obtain the following upper bound

EIWEY -BIWEOA < Y Y eV [HOW) - B, (850)

Ic[1,N] Jci
where for J = I we have defined H® (I,J) to be equal to
B[ TT (1+8ami)) (+8nn) T (14285 (=B =53) [T+ni) 15, |

nelC nel\J neJ
(8.51)

and H(I,J) = HO(I,J) (recall that n®© = 7). In the case o = 1, we define similarly
H@(1,J) using nl*9 in place of 7@ (and nl®9 in place of n in H(I,J)).
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We are now going to prove upper bounds for every term in the r.h.s. of (8.50). Let
us fix some § > 0 small. We will use different estimates for the sets J whose points are
macroscopically d-spaced, that is sets J belonging to

E(6,N) :={J < [1,N]: for all {j,j'} = Ju {0, N} we have |j' — j| = N},

and for the sets J with at least a pair of points at distance smaller than 6/N. The most
difficult part will consist in estimating the contribution of sets J € Z(d, V). By convention,

the empty set J = J belongs to Z(d, N). Also, we denote (]l)| | the ordered points of J,
with by convention jy = 0.

(a) Estimate for sets J ¢ Z(0, N). For sets J that are not macroscopically d-spaced, we
can use the computations made in the previous section to prove that their contribution to

the sum in (8.50) is negligible.

Lemma 8.7. For everyq>1 and 0 < e < 2—« fized (with d/2—vy(2—a—¢) < 1), there
exists a constant C = C whqe > O such that for all N = 1, a € [0,1) we have for all set

J < [1,N]

R N o 1] _ v(2-a—e)—4
e lioy Y pfﬂf\',"HW)(I,J)s(N) H(J‘H) . (852)

N
Ic[1,N] i=1
IoJ

As a consequence, for all ¢ > 0 and any q = 1, there exists § = d(€,q) such that

sup supe ~2Bn1a1) Z Z p152|J| @,y - H(, J)|<<. (8.53)
agl0,1) NeN I[L, N]]
(5 N)
Proof. For the inequality (8.52)), recalling the definition (8.39) of J§N7q(J ) and observing
that By 4(I) © Bn4(J), we get as in (8.40)) that for o > 1 we have

HO(I,0) < IE[ [T+ n;a>)21§N‘q(J)] . (8.54)

neJ

[a,9) [a,9)

In the case a = 1, integrating over 7. for n ¢ I and ny " for n € I\J in analogy

with (8.45)-(8.46)), and using that e~ 2NN N~ " is bounded by a constant C, this is replaced
with

_923 77 (a 9)?
e AT ) <OV E| [T (1+ ) 15, ()]

neJ

Summing over sets / containing J and using that >,,_;pr = | S (Vn € J, Sél) = 57(12)),
we therefore get, analogously to (8.41)),

em2liomn 3 p Y (1,0) < Cycp)VIBYE| [T (1+ )15, 5| )™
IoJ neJ

d
2

d

< C(/J(C,)ljl (N—‘J|HJ)’Y(2_O‘_E)_§ )

where we used Lemmafor the second inequality with ¢t = (N —IITT 7)7. This proves ({8.53)).
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Now, summing (8.53)) over all J ¢ Z(4, N) (we necessarily have |J| = 1), we obtain from
a standard sum-integral comparison that for all a € [0, 1)

e Pwlesn N BV (E@O(1,0) + H(T,0))

JcI
J¢=(6,N)

0 k
2 Z (C/)kj 1{m1nz(t —ti1) 1_[ t; —ti—1) " dt;. (8.55)
k=1 O<ti<--<tp<l1 i=1

By symmetry, we can assume that the minimum min;(¢; — ;1) is attained for i = 1, i.e.
that £1 <4, loosing only a factor k. We therefore get that the Lh.s. of is bounded
by

k

Q(J;) ’17(2 a—e) zdt ) Z k C/ J H(tz _ti_l)'y(2fafs)7% dt;

O<to<--<tp<l,;_o
where by convention we set the mtegral inside the sum is equal to 1 for k = 1. As for (8.43)),

the last integral is equal to % with 7 = d/2 — y(2 — a — ¢) < 1, and the series
converges. Then, the first integral can be made arbitrarily small by taking § small. O

(b) Estimate for sets J € Z(§, N). We now turn to the case of sets J that are macroscop-
ically d-spaced: we give an estimate on the contribution to the r.h.s. of (8.50)) of the sets
J € Z(d, N) that enables us to conclude the proof of Proposition

Lemma 8.8. For any ( > 0, for all § > 0, ¢ = 1, there exists ag = ao((,9,q) such that
for any N =1 and every J € Z(§, N) we have, for all a<ag

e Pwlmy N g g @1, ) - H(L,J)| < (N, (8.56)
Ic[1,N]
IoJ
As a consequence we obtain that, for all N = 1, for all a < ag,
e 2Plemy Y 2 pr B H@(1,.0) - H(I,.J)| < eC. (8.57)
Ic]1, N]]
(5N)

Combining this lemma with Lemma [8.7| shows that for any fixed ¢, (8.50) can be made
arbitrarily small uniformly in N by choosing first ¢ small (so that (8.53]) holds) and then a
small (so that (8.57]) holds). This therefore shows the first part in (8.47))

Proof of Lemma([8.8 Of course, (8.57) follows easily from (8.56). Indeed from (8.56) the
sum in the r.h.s. of (8.57) is smaller than (using the binomial expansion)

o N Wl=¢a+nNHY, (8.58)
Jc[1,N]
Let us warn the reader that the proof of (8.56) is quite lengthy and technical. We are

going to use another representation for H@ (I,J) and H (I,J) as probabilities. Define,
for J < I < [1,N],

YOI, 0) =TT (+85m$) (1 +8xm(3) T (1+28n1—Bn)n —63) [ [ +5)?

nell nel\J neJ

1 {Vi6171+ni<qVN}m{viejcere{172}71+7ﬁ,r<qu} (859)
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and Y(I,J) = Y(@(I,J); we omit the dependence in (1,.1), (7m.2), (7,) in the notation
for simplicity. This way, we have H®(I,.J) = E[Y(@)(I, J)lngq(I)] We now interpret
Y(@(1,J) and Y (I,J) as probability densities for (1, 7n.1,7n.2)N_;. We define for J <
I c[1,N]
dﬁl’g’f} Y@(,))
dP " E[Y@(1,J)]’

(8.60)

and IENDL = @50}. We have therefore reduced the problem to comparing the probability

of the event EN,q(I ) under IF’&“L)] and IF)[, J- By the triangle inequality, the left-hand side

of (8.56) is smaller than

(a) o N
S pVE[Y (1, 0)] 'WPE,?}(BM(I)) — B (Bug(D)|. (8.61)
IC[L,N] ’
IoJ

The expectation of Y@ and Y can be expressed as follows

2(N—|1)
E[y(a)(L J)] = (1 + BNE[U1{1+n<qVN}]>

1111
x (1 — B2+ 285 (1 — /BN)E[nl{1+77<qVN}]) E[(1 + 7)1, ]” . (862)

In particular, when « > 1, using that E[n] = 0 we get that E[n1{1+77<qVN}] <0, so

E[Y @ (1,0)] < E[(1+ 7)1 14pequny]”

When a = 1, using again (7.12) (or see (8.45)-(8.46))) and the fact that e BN i

bounded by a constant, we get that

93 a a J
e 2PWE[Y@(1,.7)] < CLCPIE[(1 + 1)1 cquay]!

In particular, we obtain that
ety N 2 IEY (1, )]

Ic[1,N]
IoJ

< CLAVIBE[(1 4 1)1y equiy ] PE2 (Ve g, SO = S@)). (8.63)

Now, we can use that we are working with J € Z(J, N), for which we have

C 7] d
®2 (1) — ¢ ¢ 0 < =51l
P2 (Vn e J, S Sn)\((m)dﬂ) <Cy N8I
where C; = (Cod~%?)1/9 using that |J|<1/d for J € Z(6, N). From the calculations of
Section (or from (7.20)), we have SRE[(1 + 1)*1(14n<qvyy] < CB,qN%A’ so we that

el N By (1)) < ¢ NV (8.64)

Ic[1,N] ’
IoJ
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with C’/’&q’& = C’(;(C’B,q)l/‘S (using again that |J| < 1/6). Hence to prove that (8.61]) converges

indeed to 0 uniformly in N, we need to prove that for a fixed value of ¢ and § we have

E[Y@(I, J)]~
lim sup  sup [ ( )] pla)

a—0N>1 jezn) | E[Y(L,J)] 17
JcIc[1,N]

Now, recalling the expression (8.62)), we get that
J
E[Y(G)(L J)] E[(1+ n(a))21{1+n<qVN}]| |

(Bng(I)) —Prs(Bng(I))| = 0. (8.65)

E[Y(I’ J)] E[(l + 77)21{1+7]<qVN}]|J|

Analogously to the calculation done in ([7.19)), thanks to (4.3) we find that for any fixed
g=1andac€l0,1) we have, as N — 0,

E[(l + U(a))21{1+n<qu}] = E[(l + 77)21{aVN < 1+n<qVN}] + (RS\?))QP(l +n< aVN)

—(1+ 0(1))% (2 — a2 ) VE2p(Vy). (8.66)

where the o(1) term is uniform in a. Using the fact that |J| <1/d for any J € E(5, N), we
therefore get that for every N > 1
E[y@a, )] | <E[<1 + 1) L1y <qviy) ) o
E[Y(Iv J)] E[(l +77)21{1+77<(1VN}]

Hence to prove (8.65)) we only need to check that (changing both events by their comple-
ment has no effect)

< Cysa®™™. (8.67)

. ~(a) /=5C = —C
lim sup  sup ‘P}},(B vo(D) =B J(BN,q(I))’ ~0. (8.68)
a=0N>1 Je=(5,N)

JcIc[1,N]

Now recalling the definition of Bn,q4, we have that By 4(I) does not occur if the
product of the variables 7 for some subset K < [1, N] assumes a high value. We are going
to split this event according to whether the points in K are well spaced or not. Given
d" > 0 (which we are going to chose small and depending on ¢) we have

—C
By (1) = Ci9(I) v C.(D), (8.69)
where
(1) = {HK e=(@,N), [T @+m) [] @+ = (@) (N—|K|HK)7},
r=1,2 ieKnl eKAIC
e = J Br ez, N, [T +m) T (0 +m) = @) (8157}
r=1,2 eKnl e KAIC

Hence we have
B (Bl (1) = Br (B, (1)] < B (CL9 (D) = Bro(Cly ()]
+HB (W) + Bry(C30)
and we need to show that all three terms are small. To estimate the probability of Cfg,([ )

under Pga} (and P; y), we use a union bound and estimates which are similar to the ones
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previously used in Lemma The calculations are heavy and we postpone the details to
the end of the section: the conclusion is summarized by the following lemma.

Lemma 8.9. For any ¢ > 0 and any fized §,q, there exists 6’ = §'(0,q,() such that for
all J € Z(8, N) and a € [0,1) we have

S(a 2

B (C ) < ¢ (8.70)

To conclude the proof of (8.68)) (and thus of Lemma we therefore need to show
that for fixed ¢,d',d,q, if a is sufficiently small, i.e. if a < ao((, 9,9, q), then we have for
all J e Z(0,N)

ma 1 ~ 1
!Pﬁ,}(qi&(f)) ~ B, (CLY (I))‘ <. (8.71)
To show this we are going to prove that:

(#) If a is sufficiently small, then for all values of N, the event Célg,(l ) is measurable
with respect to the o-field

o (@, i DNy).

(##) The two distributions

]P(a) <(77£La)a 777(1 ia 777(L %)ne[[l N] € ) and ENDI,J ((777@7 777(1 iv 772 %)ne[l N] € )

are close in total variation.
(#). Note that we have, by definition of Z(¢’, N) and g
VK € E(3,N), (NTHIIg) = () = (@)
Also, recalling the definition (8.59) of Y(®)(I,.J), we notice that under both ﬁ’ga} and ]TDL J
all the environment variables 1 + n;, 1 + n; , are capped by ¢Vxn. Hence, in order to have
H (1 +m) H (1+ni0) = (V) KI(NTIEITIE)7, for some K € (5, N),
ieKnI i€eKNIC

it is necessary that all of the variables 1 + n;, 1 + 7;, involved are larger than ¢(¢’ )V/ "V
and thus part (x) of the statement holds for a < (§")7/7".

(#x). Let us prove the following lemma, corresponding to our claim (xx).

Lemma 8.10. There exists a coupling Q between prj and ﬁ”ga} (the marginals of Q are
denoted (77m77n,1’77n,2)r]¥=17 (Tns T 170, 2)7]1\[:1) which s such that Q-a.s.

77£”)~=1’7}(”)~ forrel,2, Vnel®,
(@) _ Aa) (8.72)
o =0n for nel\J,
and
Q(ﬂn €J, M # 1) < C|J|a*" (8.73)

Proof. Recalling the definition of Y(@)(I,.]), we observe that both @I, 7 and @ga()] are
product measures. We then use three independent couplings for the marginals of both
measures, i.e. we couple 1, with 7, n,1 with 7,1 and 7,2 with 7, 2, independently. To
obtain a coupling such that | - ) holds, it is only sufficient to observe that the density
of the distributions of 7, , and 7,, coincide on [aVy,0) for r = 1,2 and n € I*, C and
similarly for 7, and 7, for n € I\J. For (8.73), we only need to check that the total
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variation between the two marginal distributions of 7,, and 7, is small (for n € J): it is
sufficient to prove that

14 n)%1 1+ (@)1
E ( n) 2{1+n<qVN} _ ( n : 2 2{1+77<qu} <C agag,a' (8.74)
E[(L+n0)Lpeqay] B[40 Liincgryy] e
The above inequality can be checked using the the computation in (8.66]). O

We can now conclude the proof of (8.71]). Using the coupling Q of Lemma and using
that C(gl(s),(l ) is measurable with respect to (n(®, 77@7775&)) for a < ("), we therefore get
for a < (6")1/%

S 1 > ~ _
\P%}(Cq(,ﬁfu)) —Prs(Cpa ‘ < @( L ns?) = G, 7, a5 ))) < C|J|a*?,
which can be made arbltrarlly small by taking a small (recall that |J| <1/ for J € Z(5,n)).
Hence, we have established and we are only left with proving Lemma |8.9] . O

Proof of Lemma([8.9. First of all, notice that instead of considering the event 0(5,25)'([ ), we
may by symmetry consider only the event corresponding to r = 1. To simplify notation,
we may also consider only one sequence (ﬁn)g:y We let Pga} denote the corresponding

reduced version of ]T”ga?,, defined by

d@gc;}, v,
P E[y@(,g)]’

where Y(@(I,J) is the reduced version of Y@(I,.J), i.e

Y(I,]) = [T @+8an) [T (1 +2851 =Bl = 8%) [ (1 +n)?

nelt nel\J neJ

1{Vn€ﬂ1,Nﬂ,1+nn<qVN} '

Recalling the definition of the event Cy 5 (1), we also define its reduced version

Dy = {HK ¢2(0N), 1A +m) = (qV)"] (N—‘K‘HK)V} . (8.75)
ek

We therefore need to prove that if ¢’ is fixed sufficiently small (depending on ¢, ¢ and ¢
but not on a), we have I/PB%L{)](D,] 5) < (/2 for any J € Z2(6,N) and I > J (uniformly in N).
Here, one difficulty is that the set K in the event D, s may have non-empty intersection
with J and J®, on which the densities of 7, are very different. We are hence going to
simplify once more the problem, to reduce the event D, s to sets K < JC. Since D, s
is an increasing event, it is sufficient to bound the probability of D, s for a probability

m(a)

that stochastically dominates @(Ia} For instance we can consider a (product) measure P}

under which 1+ 777({1) = qVy for n € J and for which all the other coordinates have density

1 +2ﬁN777(f) (instead of 1 +6N777(la) or 14+28x(1—58N)nn (@ —B%). The stochastic domination
follows from the fact that the functions

1+ 28yn\@

"L Byn@

1+ 28yn(@

and —
T B3 +2Bn(1 — Bn)n(@
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are non-decreasing and (/8.9 . Then we can observe repeating the computation (8.10)) that
]P’( @) i stochastlcally dominated by IP’( )P J-
Under P J, since 1 +n, = qVn for n € J, the description of the event D, s may be

simplified. In fact, we can observe that if K ¢ Z(¢’, N) satisfies the condition in D, s then
K u J also does. Indeed, setting K’ = J\K we have

[T @+m)=T]Q+n) @) = (qVy) H(NIK 1)
ieKuJ ieK

> (qVi) IEIN(NIEYTIT5)7, (8.76)

the last inequality follows from the fact that (N —IKIg K) decreases when points are added.
We have thus @J(Dq,(;/) = ﬁ;](_ﬁq,g/(J)), where we define

Doy (J) = {HK cJ% Ko J¢E@,N), [T +m) = (V)" (N"KqunKUJ)”} .
eK

Noticing now that lA)W;/ (J) does not depend on n,, for n € J, we may change the distribution

of n, for n € J. In other words, we have P;(D,s(J)) = Py(Dgs(J)) where Py is the

measure defined by

dBy ! 1 (1 +28nm,)1 (8.77)
= N N ) L{yne[1,N], 140, <qVi }* .
dP E[(l + 25N”7)1{1+77<QVN}] n=1
For this, we will use some of the computations made in the proof of Lemma Then,
recalling Claim (1] (in particular (8.15))), we can add the condition that for all n € K one

has 1+ 177(1&) > N7V, without modifying the event lA)q#;/(J ). Hence using a union bound
like in (8.17) we simply need to show that when ¢’ is small the following sum is small

e 2PN (a1} Z ]@N(H(l 4 771')1{1+m>N*7VN} > (qVN)‘K‘ (N*IKI*IJ\HKUJ)W) ’
KcJt ieK
KUJ¢E(8',N)

uniformly in N and J € Z(d, N). We can use Lemma H with P  instead of ]?’N to bound
the above sum. We can easily reduce to , replacing the factor 2 in the upper bound
by some larger constant —there is a factor 2 in front of Sy in the l.h.s., using also that
E[(1+28n81)1{14n<qvy}] is bounded below by a positive constant. We stress that the rest

of the proof of Lemma is also valid when o = 1, since we only need that a + § > 1
in (8.22). Therefore, applying the conclusion of Lemma with t = (N KT e 7)Y we

obtain for any arbitrary € > 0

D (D IK| A=K (nr—|KuJ Y(1-a—e)
Py(Des (1) < )] Cp NTE(N KT ) . (8.78)
KcJt
KUJ¢E(S,N)

We assume for the rest of the proof that ¢ := v(a —1+¢) € (0,1). Let s < -+ < s
denote the position of the points of J divided by N (we work with fixed values of (s;)}¥);
recall that by assumption we have J € Z(4, N) so that s; — s;—; = 0. By a sum/integral
comparison, we therefore get that

o¢]

I/P\)N q 6’ /B J Ws(t)_ﬁdtl .. dtk 5 (879)
k=1 ®e Ag(s,0)
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where the set Ag(s,d’) is defined by (we set sp = 0 and s,,4+1 = 1 by convention)

i€[1,k—1] 1€[[1,k]

Ag(s,d) = {0 <t <---<tp<l: min (tipz1—t) A min |t — s < 5'},
Je[0,m+1]

and the function 7s(t) is defined by

k+m
Ts(t) == H (wit1 — wi),

i=0
where the (u;)"*™ are the ordered elements of {t;}¥_, U {sj}iL1, uo = 0, Ug4m+1 = 1. Note
that we have added a last factor in the product 7g(t) compared to Ilx s, but it is smaller
than one and the exponent is —9 < 0. Now we have to bound uniformly over all
sets s that are d-spaced, which still requires some work. Let us define, for j € [0, m], the
following subset of A(s,d’):

Af;(s,d’) ={0<ty<--<tr<1: 3ie[lk],
S5 < t; < Sj+1, and min(ti — S5, ti —ti—1, Sj+1 — ti) < 5/} R (880)
with by convention sp,11 = 1, so = to = 0. From (8.79), and using that Ag(s,d’) =
ULy Az (s,8"), we therefore get that

~

m 0
Py (Dge (1)) < ), Z(C’qu)kf o w(t,s) 7Vt L diy, (8.81)
J=0k=1 T A7)

and we control each integral in the last sum. Decomposing over the number ¢; of points %,
falling in (s;, s;+1) (which may be equal to 0 except for i = j), we have after scaling on
each interval (s;, S;+1)

Lj( 69
1 (8,8

F(l _ ,19)57;4*1

= Z H (841 — 87;)(1_19)&_19
éo,...7fm,£j2]_ie[[07mﬂ\{j} F((Z'L + 1)(1 - 7’9))
k

Lo+ Alm=
¢

% (5701 — 5;) 10 f [ (s — ) %Aty ...ty
r=0

0<t1<---<tgj<1

ming < r < ¢; (tr41—tr) <" /(s541—55)

In the last integral, we can use that s;;1 —s; > 6. By symmetry, we can assume that the
minimum ming <, <¢; (tr41 — tr) is attained for r = 1, losing a factor ¢;. This allows to
bound the integral in the last line by

J
g]' f H(tr-i-l — tr)iﬁl{tlgy/(g}dtl .LLdtg
0

<t1<---<tgj <l,-9

0.T(1 — 9 8'/8 B B o
- IMJO 01— t)IET A (8.82)
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All together, bounding all the other (s;41 — s;) by either 1 or ¢ and using that ¢; > 1
we get that

Lj( 6)7r(t,s)1_79dt1...dtk
ACH

STUT(1 — )b+t ST (1 —9)5 (1—0"/8)7Y

< NGrna-0)) " Tea-0) a-9 °7°

Lo, rlm =1\ i€[0,m]\{;}
b+l =k

Note that by symmetry the upper bound does not depend on j. Going back to (8.81)),
summing of all values for j and k and factorizing the sum we get that

~ ~

. §79(1 — 9))¢ m-l
Py (Do (J)) < (m+1) <;(Cﬁ,q, T 1)51 - 193)+ 1)))

(1-8/5)" r(i - 9))’
ST ‘”‘SMZE oad T 0

All the sums are finite, and using that m = |J| <1/ (recall that J € Z(4, N)), we can

therefore choose §’ small enough (how small depends only on §) so that P N(ﬁqﬁ/(J ) < ¢/2.
O

8.5. Adapting the proof to the case of general bounded f. Let us focus on the
proof developped for d > 2, since it also works in dimension 1. For simplicity of notation,
we assume here that « € (1, a.) but the case o = 1 is exactly the same. We define

N
Wyi(f) == E[f(S“V)) [T+ 8ant sn)lBN,qw)}. (8.83)

n=1

Similarly to Lemma [8.I] and Proposition [8.3] we need to prove
lim sup supIE[|W WWH—=Zx(Hl] =0

9790 4ef0,1) N>1

lim sup E | (W) = WR“()*| = 0.
a—=UN>1

For the first line, recalling (8.7)) we have

E[[WH(H) = W < E IS BPBL (9] < 171E [BS[BR ,(5)]], (8:85)

and we can conclude using the proof of Lemma (recall we proved (8.8)). Now for the
second line of (8.84]), we need to prove the analog of (8.47). As in the case f = 1 we focus
on

(8.84)

lim sup (E[Wﬁ,’q( £?2] - E[w3( f)2]> —0. (8.86)

a—0 N>

We can follow the computation of Section We can rewrite the above quantity as in
(8.48]) but replacing p; by

pr(f) i= B2 | (SOD) (SN 1 s sy |

where, with some abuse of notation S'1) and S™V:2) denote the rescaled version of the
two independent random walks S™) and S, One can then proceed with the proof exactly
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as above, observing that since p;(f) < ||f|%pr, Lemma and Lemma [8.8 remain valid
when py is replaced by pr(f). O

APPENDIX A. STOCHASTIC COMPARISON: EXPECTATION VS. INTEGRALS

We introduce here a technical result which allows to replace some expectations with
respect to a random variable whose law p satisfies pu([u, +00)) = @(u)u™® by integrals
with respect to the measure with density au~(+®p(u)du (which is not necessarily a
probability).

Proposition A.1. Let p be a probability measure on Ry that satisfies u([t,+oo)) =
p(t)t= for some slowly varying . There exist constants C' and By (depending on ¢ and
) such that for all k € N and for all non-decreasing function f : RE — R, with f(0) =
and all B = By, we have

k
J flug,--- ,uk)HM(duk)éckJ fus,-
[0,B)* [0,2B)k

=1

—(1+a)

:]»

o(u;)du; .
i=1

Proof. The first remark is that we need to show the result only in the case k = 1. In-
tegrating successively the functions w; — f(uq,...,ux) then yields the result. Also, it is
sufficient to check the result for a function f that is differentiable and bounded (the other
cases can be obtained by monotone convergence). We set F(u) = u([u,0)). Using an
integration by part, and applying these inequalities (recall that f’(u) > 0) we get

J f(u)p(du) =f f'(w)F(u)du — f(B)F(B) (A1)
[0,B) [0,B)
Now we set

?(u) := uaJ av™F N (p)d.

Since P is asymptotically equivalent to ¢ at o0, and to au®logu at 0, we have ¢ < Cp.

f f(u)F(u)du < C'f I (w)u™g(u)du
[0,B) [0,B)
=Ca ( f Fw)u= Y p(u)du + f(B)B‘%p(B)) . (A2)
[0,B)
where we used another integration by part for the last identity. Hence we obtain that
f Fwu(du) < Ca j Fluyu~ = p(u)du + (Ca — 1) f(B)B-°B(B).  (A.3)
[0,B) [0,B)

Now, to conclude with use that f is non-decreasing and that @ and ¢ are asymptotically
equivalent to obtain that for B sufficiently large

f(B)B~°(B) < C' j[B SO,

so that the second term in (A.3|) can be absorbed into the first one. U
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Proposition A.2. Let p be a probability measure on Ry such that p([t,0)) <t~ %p(t)
for all t = 0, for some constant C, with o € [1,2). Then for all k € N and for all
non-increasing function f : R’j — Ry with bounded support, we have

k
f uq, - Hu p(du;) < CF f(u,- Huzl “o(u;)d (A.4)
Rk =1
Proof. As for Proposition we only need to prove the result in the case kK = 1, for a
differentiable function f. Let T' be such that the support of f is included in [0,7") and
that of f is included in (0,7"). We define @ by

ou) =(2— a)uazf o(u)u'~du. (A.5)

0
We also let /i denote the measure on [0, 7] defined by fi(dt) = t?u(dt). By an integration
by parts, we get that our assumption implies that for ¢ sufficiently large
t
2c

0.0 = [ #utas) = 200 + [ 26 () <

0 0 2 —«

£B().

Note that the inequality is also valid for small ¢ (using u~%¢(u) < 1 which implies that
P(t) < Ct*) with some different constant. Therefore, thanks to an integration by parts
(using that f(7T") = 0), we get that

j F(u)updu) = — f £ (@)([0, u])du < © f (= /" ()= B(u)du,
(0,7 (0,7] (0,7

where we have used that —f’(u) = 0 so the inequality goes in the right direction. We
conclude the proof by another integration by parts. O

APPENDIX B. TIGHTNESS FOR &},

First of all, let us recall the definition of the functional space Hf‘gC(RdH). Given s € R,
let H*(R¥*1) be the space defined as the topological closure of the space of smooth and
compactly supported function, with respect to the norm

~ /
s = ([, 0+ PrIFER:)

where f = fgav1 f(z e~2dx is the Fourier transform of f. The associated local Sobolev
space is glven by

HIOC(R‘”I {f f1 € H® for every compactly supported 1 € Coo}

with the topology induced by the family of semi-norms (|| f¢| ).

Proof of Lemma[3.7. First of all, let us notice that with

b 1 _
ENm — fz(v,)n = Vn Z nnb)x 5(%, Y, (B.1)
(n,z)eHy

where
70 = (e — E[n|n < bVn]) L. <ovi) - (B.2)
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Notice that E[F\%] = 0 and Vg 2E[(7\7h)?] < Co?~oN-EHD) for N > Ny(b) sufficiently
large thanks to (4.3]). Hence we have

2
E[Eng — €0, 9)?] < corron-G Y w( F) (B.3)

(n,xz)eHd

Since the Rieman sum in the r.h.s. converges, this is sufficient to conclude the proof. [

Proof of Proposition[3.9. We have to show that for every smooth ¢ with compact support,
the sequence &} AN 7 is tight in H*(R9*1). This corresponds to showing that f}(}dj
is tight in L2 (u®) for pé = (1+|z%)~%dz.

We are going to show that with large probability g}(fﬁ € Kr where Kp is defined (for a
fixed s’ > s)

{ [P+ 1)z < v
and Ya € R4, j|f(z+a)—f(z)|2(1+|z\ ) ¥dz < R|a|} (B.4)

Since K is compact (by Frechet-Kolmogorov criterion) this is sufficient to conclude that
the distribution of 5?# is tight.

To see that g’vw € K with large probability, we first observe that §§’\}w coincides with

large probability with f%w’[o’b) (constructed from the environment 5% recall (3.8))). Then

we have by a computation similar to (B.3]), for all N sufficiently large

B[ 0 @F] < o | w?) (1.5)
so that
U‘g“”“” @+ 22 '>R]<11%0,,,¢. (B.6)

For the second point we observe that
b b b ’ bl 7b 2
[15 Oz 4 a) - 100 ) ] < Cf ylaf? f 2t () Pd. (B.7)

(Note that g"\}w’[o’b)(z +a)— gy\}zﬂ,[o,b) (a) is the Fourrier transform of (e’ — 1)1 x 57\;w’[0’b),
so we are simply bounding the first factor by |a||x|.) We therefore have that

2
P U Iz +a) = POV @) (1 + o) s 2 |a|) <Clylal.  (B8)

Hence, using a union bound, we obtain that

2
P <3k > ko, 3i € [L,d] f [PV (2 + 27ker) — GOV () (14 |27) 0ds 2—k> < e(ko),

[0,0)

with limg, o (ko) = 0. This is sufficient to conclude that é}"\}w’ € K with probability

close to one, and thus so is E?Vw O
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