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Abstract: The NA condition is one of the pillars supporting the classi-
cal theory of financial mathematics. We revisit this condition for financial
market models where a dynamic risk-measure defined on L° is fixed to
characterize the family of acceptable wealths that play the role of non
negative financial positions. We provide in this setting a new version of
the fundamental theorem of asset pricing and we deduce a dual charac-
terization of the super-hedging prices of an European option. Moreover
we provide an example where it is possible to obtain a dual representa-
tion of the risk-measure on L°.
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1. Introduction

The NA condition originates from the work of Black and Scholes [5] and Mer-
ton [31]. In these articles, the risky asset is modeled by a geometric Brownian
motion. The NA condition means the absence of arbitrage opportunities, i.e.
a terminal portfolio value starting from the zero initial endowment can not
be acceptable. A financial position in the classical arbitrage theory is accept-
able if it is non negative almost surely. In our work, the new contribution is
that we consider a larger class of acceptable positions which are defined from
a risk-measure.

The NA condition is characterized through the famous Fundamental The-
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orem of Asset Pricing (FTAP), for a variety of financial models, essentially
as equivalent to the existence of a so-called risk-neutral probability measure,
under which the price process is a martingale. The are several versions of
the FTAP and, in discrete-time, the most popular is certainly the one for-
mulated by Dalang, Morton and Willinger [8], see also [37], [36], [22], [25],
[26]. In continuous time, the formulation of the FTAP theorem is only possi-
ble once continuous-time self-financing portfolios are defined, see the seminal
work of Black and Scholes [5]. This gave rise to an extensive development of
stochastic calculus, e.g. for semi-martingales [20], making possible formula-
tion of several versions of the FTAP theorem as given in [9], [11], [10], [12],
[19].

The main contribution of the FTAP theorems is the link between the con-
cept of arbitrage and the pricing technique which is deduced. It is now very
well known that the super-hedging prices of an European claim are dually
identified through the risk-neutral probability measures characterizing the
NA condition. We may observe that the NA condition has been suitably
chosen in the models of consideration in such a way that the set of all attain-
able claims is closed, see [27, Theorem 2.1.1]. This allows one to apply the
Hahn-Banach separation theorem, see [13], and obtain dual elements that
characterize the super-hedging prices. This is also the case for financial mod-
els with proportional transaction costs, see [27, Section 3] and the references
mentioned therein.

The increasing use of risk-measures in the context of the Basel banking
supervision naturally calls into question the definition of the super-hedging
condition which is commonly accepted in the usual literature. Recall that
a portfolio process (V;):cjo,r] super-replicates a contingent claim hy at the
horizon date T" > 0 means that V > hy a.s.. In practice, this inequality
remains difficult to achieve and practitioners accept to take a moderate risk,
choosing for example « € (0,1) so that P(Vy —hr > 0) > 1 —« is close to 1.
This is the case when considering the Value At Risk measure, see [23], and we
say that Vi —hr is acceptable. More generally, Vi —hr is said acceptable for a
risk-measure p if p(Vp—hy) <0, see [14], [15], [16],[18],[28], [1] for frictionless
markets and [24], [17], [4], [2] for conic models. The acceptable positions play
the role of the almost surely non negative random variables and allows one to
take risk controlled by the risk measure we choose. Moreover, by considering
a larger family of acceptable positions, the hedging prices may be lowered as
shown in [34] for the Black and Scholes models with proportional transaction
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costs, see also the discussion in [33].

Pricing with a coherent risk-measure has been explored and developed by
Cherny in two major papers [6] and [7] for coherent risk-measures defined
on the space of bounded random variables. Cherny supposes that the risk-
measure p (or equivalently the utility measure u = —p) is defined by a weakly
compact determining set D of equivalent probability measures, i.e. such that
p(X) = supgep Eq(—X) for any X € L. This representation automatically
holds for coherent risk-measures defined on L>. This motivates the choice of
Cherny to suppose such a representation for the risk-measures he considers on
L° as he claims that it is hopeless to axiomatize the notion of a risk measure
on L° and then to obtain the corresponding representation theorem, see [7].

Actually, the recent paper [30] proposes an axiomatic construction of a
dynamic coherent risk-measure on L° from the set of all acceptable sets.
We consider such a dynamic risk-measure and we define the discrete-time
portfolio processes as the processes (V;):<r adapted to a filtration (F;)i<r
such that V; +6,AS, 1 — Vi, is acceptable at time ¢ for some F;-measurable
strategy 6, € LO(Rd,Ft). This is a generalization of the classical definition
where, usually, acceptable means non negative so that V; + 0;AS; 1 > Vi
almost surely. We then introduce a no-arbitrage condition we call NA as
in the classical literature and we show that it coincides with the usual NA
condition if the acceptable positions are the non negative random variables.
This NA condition allows one to dually characterize the super-hedging prices,
at least when p is time consistent.

Similarly, Cherny proposes in his papers [6] and [7] a no-arbitrage condi-
tion No Good Deal (NGD) which is the key point to define the super-hedging
prices. The approach is a priori slightly different: The NGD condition holds
if there is no bounded claim X attainable from the zero initial capital such
that p(X) < 0. In our setting, the NA condition is formulated from the mini-
mal price super-hedging the zero claim, which is required to be non negative.
Clearly, there is a link between the NA and the NGD condition as p(X) ap-
pears to be a possible super-hedging price for the zero claim. In particular,
the NA condition implies that p(X) > 0 so that NGD holds. Reciprocally,
the NGD condition implies that the NA condition holds by [7, Theorem 3.4]
and the FTAP theorem we formulate in this paper. Indeed, by [7, Theorem
3.4], NGD implies the existence of a risk-neutral probability measure among
the probability measures representing the risk measure. Therefore, the NGD
and the NA conditions are equivalent in the setting of Cherny. Although, in
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our paper we do not need to suppose the existence of a priori given proba-
bility measures representing the risk-measure. This is why the proof of the
FTAP theorem we formulate is more challenging as we cannot directly use
an immediate compactness argument as done in [7] to obtain a risk-neutral
probability measure. We then deduce a dual representation of the super-
hedging prices in the case where the risk-measure is time-consistent. At last,
we propose a discussion about dual representation of a risk-measure defined
on L°. We propose conditions under which a dual representation exists.

2. Model

In discrete-time, we consider a stochastic basis (2, F := (F;)L,, P) where the
complete ! o-algebra F; represents the information of the market available
at time t. For any ¢t < T, L°(R%, F;), d > 1, is the space of all R%valued
random variables which are F;-measurable, and endowed with the topology
of convergence in probability. Similarly, LP?(R%, F;), p € [1,00) (resp. p =
), is the normed space of all R%valued random variables which are ;-
measurable and admit a moment of order p under the probability measure
P (resp. bounded). In particular, L?(R,, ;) = {X € LP(R, F;)|X > 0} and
LP(R_,F) = —LP(Ry,F;) when p = 0 or p € [1,00]. All equalities and
inequalities between random variables are understood to hold everywhere on
Q up to a negligible set. If A; is a set-valued mapping (i.e. a random set of
R?), we denote by L°(A;, F;) the set of all F-measurable random variables
X, such that X; € A, a.s.. The topology in L? is defined from the convergence
in probability. We say that X; € LY(A;, F;) is a measurable selection of A;. In
our paper, a random set A; is said F;-measurable if it is graph-measurable,
see [32], i.e.

GrA;, ={(w,z) e QA xR*: z € A(w)} € F, x B(RY).

It is well known that L°(A;, F;) # 0 if and only if A, # 0 a.s., see [21,
Th. 4.4]. When referring to this property, we shall say that we use a "mea-
surable selection argument” as it is usual to say.

We consider a dynamic consistent risk-measure X ~ (p;(X))i<r defined on
the space L°(R, Fr), R = [—00, 00]. Precisely, we consider the risk-measure

! This means that the o-algebra contains the negligible sets so that an equality between
two random variables is understood up to a negligible set.
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of [30], where an extension to the whole space L°(R, Fr) is proposed. Recall
that, in this paper, the risk-measure is constructed from its closed acceptance
sets (A¢)i<r of acceptable financial positions A; at time ¢ < T'. We suppose
that A; is a closed convex cone. In the following, we use the conventions:

0x (+oo) =0, (0,00)x (£oo) = {£o0},
R+ (£00) = £00, 00— 00 =—00+ 00 = +00.
For X € L°(R, Fr), p;(X) may be infinite and p,(X) € R a.s. if and only
if X € Dom A; where
Dom A, = {X € LR, Fr): A" # 0},
Ai( = {Ct S LO(R, ft)lX -+ Ct S At}
Actually, we have p;(X) = ess infr, A" if X € Dom A;. Recall that the
following properties hold (see [30]):
Proposition 2.1. The risk-measure p; satisfies the following properties:
Normalization: p:(0) = 0;
Monotonicity: p,(X) > py(X') whatever X, X' € L°(R, Fr) s.t. X < X';

Cash invariance: (X +my) = p(X) —my if my € L°(R, F), and
X e LO(R, FT);'

Subadditivity: p,(X + X') < po(X) + p(X') if X, X' € L°(R, Fr) ;
Positive homogeneity: p;(k;X) = kipi(X) ifky € L°(Ry, Fr), X € L°(R, Fr).

Moreover, p; is lower semi-continuous i.e., if X, — X a.s., then p(X) <
liminf, p;(X,) a.s., and we have

Ay = {X € Dom A, | p;(X) < 0}. (2.1)

We generalize the definition of acceptable set A; to Ag,, = AN LR, F,)
for dates between t < T" and u € [t,T]. The corresponding acceptable sets
and risk measures can be represented as

At,u = {X S LO(Ev fu) : pt,U(X) < 0}
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Let (St):<r be a process describing the discounted prices of d risky assets
such that S; € LO(R?, F,) for any ¢ > 0. A contingent claim with maturity
date t + 1 is defined by a real-valued F;,;-measurable random variable h;; 1.
In the paper [30], the super-hedging problem for the payoff h;,; is solved
with respect to the dynamic risk-measure (p;);<. Precisely:

Definition 2.2. A payoff hiy1 € L°(R, Fr) is said to be risk-hedged at time
t if there exists a risk-hedging price P, € L°(R,F;) and a strategy 0; in
LO(Rd, Fi) such that P, + 0;AS; 1 — hyyq is acceptable at time t.

Let P;(hsy 1) be the set of all risk-hedging prices P, € L°(R, F;) at time ¢
as in Definition 2.2. In the following, we suppose that h;,; is non negative
and P;(hst1) # 0. This is the case if there exist ay, b; € L°(R, F;) such that
hiv1 < asSie1 + by This inequality trivially holds for European call and put
options.

Definition 2.3. The minimal risk-hedging price of the contingent claim hsiq
at time t 1s defined as

P = inf  P.(h . 2.2
t ateeLSOS(Flt{}’ft) t( t+1) ( )

Note that the minimal risk-hedging price P} of h;1; is not necessarily
a price, i.e. it is not necessarily an element of P;(hsyq) if this set is not
closed. The aim of our paper is to study a no-arbitrage condition under

which Pt* S Pt(ht+1>.

Starting from the contingent claim hr at time 7', we recursively define

Pi:=hr, P := essinf PP ,),
T T t 0110 (RL,F) t( t+1)
where P ; may be interpreted as a contingent claim h;y;. The interesting
question is whether P is actually a price, i.e. an element of Py(F/,), or
equivalently whether P,(F/ ;) is closed. In the classical setting, recall that
closedness is obtained under the NA condition.

Definition 2.4. A stochastic process (Vi)i<r adapted to (Fi)i<r, starting
from an initial endowment Vi is a portfolio process if, for allt < T —1, there
exists 0, € L°(RY, F;) such that V; + 0,AS;,1 — Viy1 is acceptable at time t.
Moreover, we say that it super-hedges the payoff hy € L°([—o0,00), Fr) if
VT > hT a.s..
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Note that Vy_14+607_1ASr— Vr is supposed to be acceptable at time T'— 1.
Therefore, Vi > hy implies that Viy_q1 4+ 07_1ASr — hy is acceptable at time
T — 1. In the following, we actually set Vr = hy where hy € L°(R, Fr)
is a European claim. Notice that, if P;_; = —oo on some non null set,
then, the one step pricing procedure of [30] may be applied as the risk-
measure is defined on LY([—o00,00], Fr). Actually, this is trivial to super
hedges P;_;, = —oo by Pj_, = —oo. This means that the backward procedure
of [30] may be applied without any no-arbitrage condition. Let us recall this
procedure.

We define Py = hy =: h and let us consider the set P,(F; ;) of all prices p,
at time ¢ allowing one to start a portfolio strategy 6, € L°(R?, F;) such that
pe+0:AS 1 = P+ a1 where a1 € L°(R, F) is an acceptable position
at time t. This is a generalization of the classical super-hedging inequality
pe + 0,AS; 1 > P . We have

Pu(Py) = {050 + (6151 — Pry) 6 € LY(RY, F)} + L°(RY, 7).
and, recursively, we define:

Pr = essinf PP ).
t QtGLO(Rd’ft) t( t+1)
In [30], a jointly measurable version of the random function g, that appears
above in the characterization of P,(F},,), i.e.

g/ (w, @) = xS; + py(wSip1 — Ply), (2.3)

is constructed in the one-dimensional case. With the same arguments, we may

obtain a jointly measurable version of gj'(w,z) := xSy + p(xSit1 — Pyy) if

x € R%. Moreover, by similar arguments, we also show that P} = inf gi(z).
zeR

Let V' be a portfolio process with Vi = hr = h. By definition, we have
that pr_1 (V1 + 0r_1ASy — hy) < 0. We deduce that Vy_y > P;_; and,
by induction, we get that V; > P; for all ¢ < T, since V; is a risk-hedging
price for Viyy > Py, at time ¢ + 1. In particular, V; € Py(P;,) # 0 for all
teT —1.

2.1. No-arbitrage conditions

An immediate profit is the possibility to super-replicate the zero contingent
claim at a negative price, see [3].
7



Definition 2.5. Absence of Immediate Profit (AIP) holds if, for anyt < T,
P,(0)N L (R_, F) = {0}. (2.4)

It is clear that ATIP holds at time T since Pr(0) = L°(R, Fr). We now
formulate characterizations of the AIP condition in the multi-dimensional
setting. We denote by S(0,1) the set of all z € R such that |z| = 1.

Theorem 2.6. The following statements are equivalent:

1. AIP holds between time t — 1 and t.

2. pi—1(xASy) >0, for any x € R4, as..

3. pi—1(zASy) >0, for any z € S(0,1), a.s..

4. Let wy_1 € LO(RE, Fy_y). If 21 AS; is acceptable on some non null set

F1 € Fiq, then py_q1(x—1ASy) =0 on Fy_y.
Proof. 1 <= 2. Consider hy = 0 under AIP. As P = inf @(x) > 0, we
zeR

deduce that, for all x € R?, ¢2(z) = 2S;1 + pi_1(2S:) = pr_1(xzAS;) > 0.
The equivalence 2 <= 3 is clear by homogeneity. Let us show that 2 — 4.
Suppose that x;_1AS; is acceptable on Fy_q, i.e. p;_1(2;-1AS;) <0 on Fy_;.
Then, by 2, we have p;_1(z;-1AS;) = 0 on F;_;. Let us show that 4 implies
2. Consider the set Fy, 1 = {pi_1(x;_1AS;) < 0} € F,_1. Then, z; 1AS;

is acceptable on F;_; hence by 4, p;_i(x;_1AS;) = 0, which implies that
P(F;_1) = 0. Therefore, p;_1(z;-1AS;) > 0 a.s.. O

In the following, we consider a contingent claim h; € LY(RY, F;) and a
jointly measurable version (see [30]) of the random function

gt,l(w, .’I?) = $St71 + pt71($St — ht> (25)
which is associated to h;.

Theorem 2.7. Suppose that AIP holds and consider z_y € L°(S(0,1), F;_1).
Then, on the set Fy_1 = {pi—1(2e-1AS;) = 0} N {pi_1(—2_1AS;) = 0}, the
random function g,_1 given by (2.5) is constant on the line Rz;_1.

Proof. Consider z;_1,y;_1 € L°(Rz;_1, F;_1) such that x;_; # y;_,. Without

loss of generality, we assume that 1,1 = ro2; 1 and © = r12,_1 with ro > ry
and ry, 1y € L°(R, Fi_;). We have:

Pr—1(Y1—15t — he) = pr_1(2e-1St — he + (Ye—1 — 1-1)St),
< pro1(x4—1St — he) + pr—1((Yr—1 — T4-1)S).
8



We deduce that on the set F;_; we have:

Gt—1(Ye—1) = Y1—151-1 + pr—1(Ye—1.St — he),
<181 + pro1 (1S — ) + pro1 ((ye—1 — 2421)Se),
= gr—1(x—1) + (Yr—1 — 24-1)St—1 + pr—1((yr—1 — T1-1)S).

This is equivalent to:

(-1 — 2¢-1)St—1 + pr—1((Ye—1 — 1-1)St),

Gi—1(Yi—1) — Gr—1(z4—1) <
< (re — 1) pr—1(2e-1AS;) = 0.

By symmetry, we also have:

Gr—1(ze-1) — Gr—1(Ye—1) < (12 — 1) pro1(—2-1AS;) = 0.

This implies that g; 1 is a constant on the line Rz, ;. Indeed, on the contrary
case, the F;_j-measurable set I'; _1(w) ={a € R: ¢ 1(az1) # gi-1(ze-1) }
is non empty on the non null set G;_1 = {w € Q: T,_1(w) # 0} € Fi_1.
We then deduce a measurable selection z; € L°(R¢, F;_;) such that Z; = a2
and oy € I';_1 on the set G;_; and we put Z; = z; on the complimentary set
'\ Gy_1. By the first part above, we deduce that g;_1(%;) = g:1—1(2) a.s.,
which contradicts the fact that o, € I';_1 on F,_;. O

Definition 2.8. We say that the symmetric risk neutral condition SRN holds
at time t if, almost surely, for any z € L°(S(0,1), F;), pi(2:ASis1) = 0 if
and only if p;(—2AS;11) = 0. We say that SRN holds if it holds at any time.

Observe that the SRN condition means that a zero cost position z; is risk-
neutral if and only if —z; is risk neutral.

Definition 2.9. We say that the no-arbitrage NA condition holds at time t
when both conditions AIP and SRN holds at time t. We say that NA holds if
it holds at any time.

We recall that a function f : Q x RY — R is an F,-normal integrand,
if its epigraph is JF;-measurable and closed. Since the probability space is
complete, we know by [35, Corollary 14.34] that it is equivalent to suppose
that f(w,x) is F; ® B(R%)-measurable and lower semi-continuous (Isc) in .
Moreover, by [35, Theorem 14.37], we have:

Proposition 2.10. If f is an F;-normal integrand, inf, cga f(w,y) is Fi-
measurable and {(w,z) € A x R?: f(w,z) = inf,cra f(w,y)} € F, ® B(RY)
15 a measurable closed set.
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As we may choose a jointly measurable version of ¢;(w, z) when the payoff
is hyy1 = 0, we consider a jointly measurable version of p;(w, x) := py(xAS;11)
ie. pi(w,x) is Fr ® B(R?)-measurable. Then, p; is an Fi-normal integrand.
By Proposition 2.10, the set I'y = {2 : p(2ASi1) = infyes0,1) pe(yASi41)}
is F;-measurable. Moreover, each w-section of I’y is non empty since p; is Isc
and S(0,1) is compact. Therefore, by a measurable selection argument, we
may select z € L°(S(0,1), F;) such that p(z:ASi11) = inf.es(0,1) pe(2ASk1)
a.s..

Theorem 2.11. Let hy € L°(R,F;) be a payoff such that p;_y (hy) < oo
a.s..Consider the random function g,_1 associated to hy given by (2.5). For
any 21 € L°(S(0,1), F,_1), consider the random set

Ft—l = {pt_l(zt_lASt) > 0} N {pt_l(—zt_lASt) > 0}
We have:

lim g q1(w,r2-1) = 400, Yw € Fy_;.

|r|—o0
hence g;—1 admits a minimum on the line Rz;,_1 when w € F,_4.

Proof. Consider r, € L°((0,00), F;), for all n > 1, such that r, — oo a.s..
We have:

Gr—1(Tnzi—1) = rnz-15i-1 + pr_1(rn2e—1.S — he),

h
=Ty (Zt—lst—l + pr—1 (Zt—lst — r—t)) ;

h
=Ty (Ptl (21ASy) + pr1 (Ztlst — T—t) — Pt—1 (Ztlst)> .

n

Observe that:

n n

h 1
Pr—1 <Zt—1St — r—t) — pr—1(21-15:) > _T_pt—l (ht).

As p;_1 (hy) < oo a.s., we deduce that lim,, o gi—1(rnzi—1) = +00 on F,_;.
Now, let us suppose that there is a non null set G;_; of F;_; such that
gi—1(w,rz_1) does not converge to 400 if r — oo when w € G;_;. Note that
w € Gy_; if and only if there exists m(w) € R such that, for all n > 1, there
exists 7, (w) > n such that g1 (w, 7, (w)) < m(w). Consider the following set

D_i(w) = {(m, (1)) e Rx RY: r, >nand g(w,r,) <m, ¥n > 1}
10



The Borel o-algebra B(RY) is defined as the smallest topology on RN such
that the projection mappings P" : (r;)32; = 75, n > 1, are continuous.
Therefore, we deduce that I';_; is F;_;-measurable. As I';_; is non empty
on Gy_1, we deduce a F;_j-measurable selection (m, (r,)22 ;) of I';_; on Gy
that we extend to the whole space Q by m(w) = +oo and r,(w) = n, if
w € Q\ Gy_1. Since the F;_j-measurable sequence (r,)>2 , converges a.s. to
+00, we deduce that lim, 1 gi—1(rm2—1) = +00 on G;_1 by the first part
of the proof. This is in contradiction with the property ¢;(w,r,(w)) < m(w),
foralln >1,if we Gy_4.

Similarly, by symmetry, we may also prove that lim, , ., g;—1(rz;—1) = +00
on F;. As g, 1 is Isc, we finally deduce that g, ; achieves a minimum on
Rz . O

Proposition 2.12. Let hy € L°(R,F;) be such that p;_y (hs) < oo and
pi—1 (—hy) < oo a.s.. Consider the function g;—1 associated to h; given by
(2.5). Consider z_y € L°(S(0,1),F,_1) such that we have p;_1(z_1AS;) =
inf.cs(0,1) pe(2AS;). Then, on the set

Ft—l = {pt_l(zt_lASt) > 0} N {pt_l(—zt_lASt) > 0},

the random function g,_1 admits a minimum.

Proof. For any z € S(0, 1), we have p;_1(2AS;) > 0 and p;—1(—2AS;) > 0 by
definition of F;_; and 2z;_;. By theorem 2.11, there exists r;_; € L°(R,, F;_1)
such that inf,er gs—1(r2i-1) = g1—1(r4—12¢-1). Notice that, by definition, we
have ¢g;—1(ri—12i-1) < g1-1(0) = pr—1(—hy). On the set {r,_; > 0}, this is
equivalent to

h
Ti—1 (Ztlstl + pr-1 <Zt15t — —t)) < pr—1(—hy),

Ti—1
riq (ztlStl + pe1(2-15t) + pr (ztlSt — :—_tl) — ptl(ztlSt)> < pro1(=hy).
We observe that:
Pr—1 (Zt—lst - i) — pr—1(z-15¢) = —%Pt—l(ht)-

Tt—1 t—1
Therefore, 7},1(,2,5,15271 + pt,1(zt,15t)) S ptfl(—ht) -+ pt71<ht), 1.e.

pe-1(—he) + pi_1(hy)
pt—l(zt—lASt) ‘
11
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Similarly, on the set {r;_; < 0}, we deduce that:

pe-1(—=he) + pi-1(he)
Pi—1 (_Zt—lASt) '

—Tri_1 <

We finally deduce that, in any case, we have:

_1(—=h _1(h _1(—=h _1(h
e | < max(|pt 1(=he) + pra( t)‘) |pe—1(=he) 4 pra( t)l) _ M, < oo
pt—l(zt—lASt) pt—l(_zt—lASt)
on F;_;. At last, we deduce that for each w € F;_;:
inf g, = inf inf _ = inf _ ,
xleangt 1(1’) TE[*J\/fltr—ll,Mt—l]Zels'VI%Oal) gt I(TZ) xEB(IUI,le_l)gt l(x)

where B(0, M,_;) is the closed ball of radius M,_; and centered at the origin.
Since B(0, M,_;) is compact and g,_; is Isc, we deduce that g;_; admits
a minimum on B(0, M;_1). By Proposition 2.10, observe that there exists a
measurable version of an argmin, using a measurable selection argument. []

We now prove that, under NA, infimum super-hedging prices are minimal
prices.

Theorem 2.13. Suppose that N A holds at time t < T and consider a payoff
hiv1 € LY(R,F) such that |p(his1)| + |pe(—=his1)| < oo a.s.. Then, the
manimal risk-hedging price P} for the payoff hiy1 1s a price.

Proof. Suppose first that d = 2. Since p; is Isc, there exists z; € L°(S(0,1), F;)
such that inf.cg(0,1) pe(2AS¢+1) = pe(2:ASi41). By Proposition 2.12 and under
SRN, g; attains a minimum on R? when w € Fy = {p;(2;AS;41) > 0} € F;.

Let us now suppose that w € Ff = {p(2:AS:11) = pi(—2:ASi41) = 0}.
We consider a line that is parallel to the line Rz,. For any 21, 2z, € L° (Rd, Fi)
on that line such that 2, — 25 = r;2; € Rz, rp € L°(R, F;), we have:

gt(z1) = pe((22 + re2e) ASey1 — hiya)
< pe(22AS1 — hiy1) + pe(rezeASi1) = gi(22)

By symmetry, we also have: g;(2z2) < g(21), hence g;(z1) = g¢(22). Therefore,
g; is constant on any line which is parallel to Rz;. Moreover,

{(w,z") € A x R?: 2} % (w) = 0} € F, ® B(R?).

12



By measurable selection argument, we may choose z;- € L°(S(0, 1), F;) such
that the line Rz is orthogonal to Rz,;. Since d = 2, for any x € R?, there
exist A € R such that z — \z;* € Rz;. We then have:

. . L
inf g:(z) = inf g:(A27").

On the set {p;(z;-AS;11) = 0}, we get that infyer g:(A2i") = ¢:(0) by
Proposition 2.7. On the other hand, on the set {p:(2;-AS;1) > 0}, we get
that lim|_ee g¢(Az;") = +o00 by Proposition 2.11 and SRN, hence g; achieves
a minimum on the line Rz;-.

Let us now prove the d-dimensional case by induction. Recall that there
exists z € LY(S(0,1), F) such that py(2,ASi1) = inf.es(0,1) pr(2ASi41). On
F, = {pi(2:AS;11) > 0}, by Proposition 2.12 and SRN, ¢, attains a minimum
on R On Ff = {pi(2:AS;11) = 0}, consider an hyperplane I; ; which is
orthogonal to Rz; and admits an orthonormal basis (z1, 22, ..., 24—1) such
that for each w € Q, 2 = (z,21,..., 24_1) is an orthonormal basis for R
Note that each z; can be chosen in L°(S(0,1),F;). Indeed, similarly to the
case d = 2, we first choose z; € L°(S(0,1), F;) orthogonal to z;. Recursively,
for i € {2,...,d — 1}, we have:

{(w,2) € QxR : ziz;(w) =0forall j =0,....,i — 1} € F, @ B(R?).

By measurable selection argument, we then choose z; € L°(S(0,1), ;). We
denote by M; the matrix such that z;_; = M,e;, for every i > 1, where
e; = (0,---,1,---,0) € R% We recall the change of variable z = M;%
where z and 7 are the coordinates of an arbitrary vector of R? in the basis
(€i)i>1 and (z;);>o respectively. The i column vector of M; coincides with z;
expressed in the basis (e;);>1, hence each entry of M; belongs to L°(R, F;)
and so do the components of M; . We then define the adapted processes
S, = M'S, = M!S, for u=t,t+ 1. We have:

gt(iU) = pt(xAStJrl - ht+1) = Pt(ngtH - ht+1)-

We observe that gu:t7t+1 forms a new market model which also satisfies the
NA condition between t and ¢ + 1. Indeed, for any z € S(0, 1), we have:

Pt(ZAStH) = pt(ZMt,ASH-l)a

13



hence pt(zAStH) = 0 implies that p;(—2zM{AS;;;) = 0 by the NA condition
satisfied in the market formed by S which, in turn, implies p;(—zAS;,1) = 0.

Fix w and, for any # € R%, consider the orthogonal projection Z of = onto
Iy1. We then have g;(z) = ¢;(7). For # € I, ;, we denote & = M, 'z, we
have:

d d
ZZ‘ASt_H = Z%AS,:_H = Zi'ZAS’z_;_l = Zi‘iAgz—‘rlv

i=1 =2

since the first coordinate of 2 equals 0 in the new basis. We deduce that:

d
inf g;(x) = inf p(xASi1 — hip1) = inf py (Z ﬁiAS'ZH — ht+1)

zeR4 zelg_q 2eRA-1 —
=

This means that we have reduced the optimization problem to a market with
only d — 1 assets defined by (S?, ..., 59). As it satisfies the NA condition, we
deduce that inf,cra g;(2) is attained by induction. O

Observe that the theorem above provides the existence of an optimal hedg-
ing strategy 07 € L°(R, F;) such that

P = g.(07) = 0; St + pi(0; St1 — 1) € Pe(hesa)-

In the following, we say that a payoft h;.1 is not freely attainable at time
t if it satisfies p;(—hey1) > 0 a.s. and |pi(heg1)| + |pi(—his1)| < oo a.s.. Note
that if p,(—hi1) > 0, then it is not possible to get the payoff h;y from
nothing when writing 0 = h;yq + (—hyy1) and letting aside (—hyyq) since
the latter is not acceptable. Notice that, in the usual case where p,(X) =
—ess infz, (X), pi(—he1) > 0 means that esssupgz, (hy1) > 0 and recall
that h;yq is acceptable if h;yy > 0 a.s.. The following theorem gives an
interpretation of the NA condition. Precisely, NA means that the price of
any no freely attainable and acceptable payoff is strictly positive. In the
usual case, a no freely attainable and acceptable payoff is a non negative
payoff which does not vanish on a non null F;-measurable set.

Theorem 2.14. The NA condition holds at time t < T if and only if the
infinimum risk-hedging price Pf of any no freely attainable and acceptable
payoff hyy1 at time t is strictly positive. Moreover, under NA, the infimum
risk-hedging price P; of any contingent claim hy.1 satisfies

14



Pt(—ht+1) > P: > _pt(ht+1)'

Proof. Suppose that NA holds. By Theorem 2.13, there is z; € L°(S(0,1), F;)
and r; € L°(R,F;) such that PF = p;(r;2:AS;1 — hey1). Suppose that
pi(z:ASi 1) and py(—2;ASi41) are both equal to 0. Then, the function g; as-
sociated to h;y1, see (2.5), is constant on the line Rz; by Theorem 2.7. There-
fore, P} = ¢,(0) = pi(—hey1) > 0. Otherwise, under NA, p;(2,AS;41) > 0
and py(—2zAS;41) > 0. Using triangular inequalities, and the assumption
pi(hiy1) <0, we then deduce that:

Py = 128+ pe(rizeSi — hesa),

h
= Pt(—ht+1)1rt:0 + TPt (ZtASt—H - :rl) L>0

t

Ty
> pt(_htJrl)lrt:O + TP (ZtAStH) Lr>0 — Teps (—ZtAStH) 1y, <o,
> 0.

h
TPt <_ZtASt+1 + tH) Ly <o,

For the reverse implication, let us prove first that AIP holds. We fix h; 4
such that p;(—hi1) > 0 and py(heyq) < 0. So, with the function g, associated
to hiyq, see (2.5), we have P = P (hyy) = inlf{gt(x) > 0 by assumption

xe
and gi(rz) > 0 for all r € R and z € S(0,1). Let us show that the set
{2S; + pi(2Si41) < 0} is empty for all z € S(0,1) a.s.. In the contrary case,

by measurable selection, we may construct z; € L°(R¢, F;) such that we have
P(2:S; + pi(2:Si41) < 0) > 0. We then define

pe(—hei1)
T AS ) > 0.
Tt pt(ZtASt+1) {pt( tASi+1)<O} -
We have
Ge(reze) = 1125t + pe(rezeSipr — heya),

re2eSt + pe(rizeSie) + pr(—hes),
T pe(2eAS1) + pr(—Pesr),

Pe(—his1) 1 (zn8,11)20).

INIAIA

Therefore, P < 0 on the set {p;(2;AS;41) < 0} in contradiction with P > 0.
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Let us show that p(—2zAS;1) = 0 if p(2AS;11) = 0 for any z € S(0,1).
Otherwise, by measurable selection argument, there exists z; € L°(S(0,1), F;)
such that Ay := {pi(2:ASi1) = 0} N {pe(—2:AS1) > 0} satisfies P(A;) > 0.
If hyr1 = 2 ASiq, then py(—hir1) = pi(—2:AS;11) > 0 on A;. On the com-
plimentary set, we fix hyy = v > 0, 34 € L°(0,00),F;). It follows that
pr(—hey1) > 0. Moreover, pi(hiy1) = pi(2:0ASi+1) = 0 on Ay and, otherwise,
pi(hiy1) = —y < 0. Therefore, py(hiy1) < 0. We deduce that P;(hyyq1) > 0,
by assumption. On the other hand, if » > 1, and w € Ay,

Py (1) < pe(rzeASip1 — 2AS41) = (r — 1)p(2:AS41) = 0.

It follows that Pf(hyy1) < 0 on Ay, ie. a contradiction. We conclude that
pt(2ASi1) = 0 if and only if pi(—2AS;1) = 0 for any z € S(0,1).

At last, it is clear that Pf(hi1) < g1(0) = pi(—hir1). Moreover, for all
r € R0 < p(xASi11) < pe(®ASii1 — hyy1) + pe(hig1). Taking the infimum
in the r.h.s. of this inequality, we get that 0 < Pf(hiy1) + pi(hey1) and we
may conclude. O

Proposition 2.15. Suppose that the risk-measure is p;(X) = — ess infr, X.
Then, the NA condition coincides with the classical NA condition of friction-
less models, i.e. it is equivalent to the existence of a risk-neutral probability
measure.

Proof. We know that the existence of a risk-neutral probability measure
@ ~ P implies ATP. Moreover, suppose that p;(2AS;11) = 0 on F; € F; where
z € S(0,1). Then, by definition of p;, 15, 2ASi41 > 0. As Eg(15,2AS:41) =0,
we deduce that 152AS5;,1 = 0 hence p;(—2zAS;y1) = 0 on F;. By symmetry,
we deduce that SRN holds.

Reciprocally, suppose that AIP and SRN conditions hold. Let 6; € L°(R¢, F;)
such that 0;AS;,; > 0 a.s.. Let us write 0; = 72, where r, € L°(R,JF;)
and 2z, € L%S(0,1), F;). On the set F, = {r, > 0}, 2AS;; > 0 hence
ess infr, (2,AS;11) > 0. By the AIP condition, p;(z;AS;y1) > 0. We de-
duce that ess infz, (2;AS;11) = 0 = py(2AS;11). Under SRN, we deduce that
pi(—2zASiy1) = 0 hence zASy;; > 0 so that z,AS;.; = 0. By a similar
reasoning on the set Fy, = {r; < 0}, we also get that z,AS;;; = 0 hence
0;AS;+1 = 0. We then conclude by [27, Condition (g), p. 73, Section 2.1.1].
O
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2.2. No arbitrage and pricing under consistency in time

Definition 2.16. A dynamic risk-measure (p;)i<r is said time-consistent
if pes1(X) = pep(Y) implies p(X) = p(Y) for XY € LR, Fr) and
t <T —1 (see Section 5 in [16]).

The following result is very well known, see [1].

Lemma 2.17. A dynamic risk-measure (py)i<r is time-consistent if and only
if its family of acceptable sets (Ay)i<r satisfies

Air = A + Arar (2.6)

foranyt <T —1.

Observe that, if (p;)¢<r is time-consistent, we may show by induction that
pi(—pirs(-)) = pe(+) for any ¢ < T and s > 0 such that s < T —¢. In the
following, we introduce another possible definition for the risk-hedging prices
in the multi-period model, where the risk is only measured at time .

Definition 2.18. The contingent claim hy € L°(R, Fr) is said directly risk-
hedged at time t < T — 1 if there exists a (direct) price P, € L°(R,F;) and

a strategy (0,)=} such that that P, + Y. 0,AS,.1 — hr is acceptable at
t<u<l—1
time t.

The set of all direct risk-hedging prices at time ¢ is then given by

Pi(hr) = {pt < Z AN - hT> L 0, € LO(Rd,]-'u)} + LR, F).

t<u<T—1
and the infimum direct risk-hedging price is

P} (hr) := ess inf Py(hr).
(Ou)u=s

The following result from [30] proves that the direct infimum risk-hedging
prices may coincide with the infimum prices derived from the step by step
backward procedure developed before, i.e. such that

Fi(hr) = essinf PP (hr)),

where Pj(hr) = hr.
17



Theorem 2.19. Suppose that the dynamic risk-measure (p;)i<r 1S time con-
sistent. Then, Py(hr) = P}(hy) for any t < T — 1. Moreover, the direct
infimum risk-hedging prices are direct prices if and only if the infimum prices
of the backward procedure are prices.

Corollary 2.20. Suppose that the dynamic risk-measure (pt)e<T s time con-
sistent. Then, Py(hr) = Py(hr) for allt <T.

In the following, we consider the set of all attainable claims R} between ¢
and T, when starting from the zero initial endowment, i.e.

T
Ror = { S 0,148, 0, € LR F), u> t} .

u=t+1

We observe that P;(0) = (Air — Rer) N LY(R, F). In the following, we
consider the sets Z; 7 := Ry — Ay and the sets

Wy = {X € (R Fr): pu(X) = pi(~X) =0},

Remark 2.21. Note that A?,T = Ay N (—Ar). Indeed, first observe that
A?,T C A N (=Asr). Let pp € Arr N (= Arr). We have:

0=pi(xer —217) < pe(xer) + pe(—x17) <O0.

This implies py(xrr) = pe(—247) = 0 hence zyp0 € A

The set Z, 1 is the family of all claims that are attainable up to an accept-
able position at time t since every attainable claim ryr € RY may be written
asrir = (rer—ary)+arr where agp € Ay is let aside and rer—ary € 2.

Theorem 2.22. Assume that the risk measure is time-consistent. Suppose
that Ryp N Ay = Al . Then, AIP holds and Z, r is closed in L° for every
t<T—1.

Proof. Consider 6, € L°(R%, ;). By Theorem 2.6, it suffices to show that
pe(0:AS11) > 0 a.s.. Otherwise, the set Ay = {p:(6;AS;11) < 0} admits a
positive probability and 6;AS; 111z, € Rer N Ay = A?’T. It follows that
pt(0:AS;111,,) = 0 hence a contradiction. Therefore, AIP holds.

Let us show that % C Z;r. In the one step model, let us suppose that
Y =0 | ASp—e€t_y p € Zp_yp converges to v € LO(R, Fr) in probability.
We suppose that €, 7 € Ar_1 7. We need to show that v>° € Zp_; 7.
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On the Fr_j-measurable set Ap_; := {liminf, |0} ;| < oo}, by [27, Lemma
2.1.2], we may assume w.l.o.g. that % , is convergent to some 65° ; hence
€r_17 18 also convergent hence v*1, , € Zr_1 7.

Otherwise, on Q2 \ Ar_;, we use the normalized sequences,

71 = 0p /(1071 + 1), ngl,T = 6%71,T/(’9%71| +1).

By [27, Lemma 2.1.2], we may assume that a.s. 02, — 05° €r 11— €T
and 03 [ ASp — €% 17 = 0Oas.. Note that 032 | = 1 as.. As 652, ASy
is acceptable (€3, € Ap_1r) then 6 ,ASp € A}, by assumption. We
follow the recursive arguments on the dimension of [26]. Since |03 | = 1,
there exists a partition of Q\ Ar_; into d d18301nt subsets G, € Fro such
that 0;0 ' # 0 on G%_,. Define on GT L On = 6n | — Br 0% | where
Br =000 Observe that 7" = = 0n_ ASp — €1 p where the position
€r 11 = €p_1p—Br_107 1 ASt is acceptable since +60% | ASy are acceptable.
As 07", =0 on G%_,, we repeat the entire procedure on each G4, with the
new expression 7" = 62_ ASy — ér_1 1 such that the number of components
of 5%_1 is reduced by one. We then conclude by recursion on the number
of non-zero components since the conclusion is trivial if all the coordinates
vanish.

We now show the result in multi-step models by induction. Fix some s €
{t,...,T —1}. We show that ZL | C ZI | implies the same property for s
instead of s+ 1.

Since ATP holds, we get that 2%, NLY(R., Foy1) = {0} hence 2T | C 27, |
implies that 27, N L'(Ry, Fey1) = {0}. Using the Hahn-Banach separa-
tion theorem in L', we deduce Q¢t) <« P with dQZIU € L such that
Psi1 1= Ep(dQ(gH) | Far1) = 1 as., (Sy)usss1 is a martingale under QY and
Eg(ass17|Fsy1) > 0 for all agiyr € Asyr 1 such that Eg(|astr r||Fst1) < 0o
a.s.. Suppose that

= Z On_1AS, — €7 € Zg 1 converges to 7> € L°(R, Fr).
u=s+1

We suppose that €, € Asr. By Lemma 2.17, € = €{ .| + €5, 1, Where
€esr1 € A 41 and €1 € Agi17. As before, on the Fy-measurable set
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As = {liminf, |0?| < oo}, we may assume w.l.o.g. that 7 converges to 65°.
Therefore, on Aq,

T
> On AS, —€lp =" = 0IAS = 7 — 0°AS.

u=s+2

On the subset A, 1 := {liminf, €0 oi1| = 00} N Ay € Foyy, we use the
normalization procedure as previously, i.e. we divide by [e} [, up to a sub-
sequence, and, by the induction hypothesis, we obtain that

T
- . .
g QuflASu — €s4+1,T = €s,54+1,
u=s+2
where €s1117 € Asp1r and €, 511 € A, 511 satisfies |€ 541 = 1 a.s.. Moreover,
by assumption, we may show that

T
EQ(s+1) ( Z éZIASu|fS+1> - 0

u=s+2

Moreover, still by assumption, Ege+n(Est1,7|Fer1) > 0. We deduce that
o511 = Egesn (€s,s11|Fsy1) < 0. Therefore, € .11 = —1 hence p,(&541) =
ps(—1) = 1, which is in contradiction with ps(& s+1) < 0. Therefore, we
may suppose, on Ay, that €f ., , converges a.s. to some €411 € Ass11. By
the induction hypothesis, we then deduce that Zfzs 4o O 1AS, — €3y also
converges to an element of ZX, | and we conclude that 1, € ZI.

On Q\ A, we use the normalisation procedure as before, and deduce the

equality
T
> 02 ,AS, — &5 =0as.
u=s+1

for some 8° € LO(R,F,), u € {s,...,T — 1} and & € Asr. By Lemma
2.17, we write €57 = €5, + €5, p where €5, € Ay o4y and €5, 7 € Ay 7.
Moreover, |62°] =1 a.s.. We deduce that:

T
()OO )00 ~00 ~00
0°ASe 1 + E On 1 ASy — €517 = €gsy1 QS

u=s+2
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Taking the conditional expectation knowing F,.; under QY. we deduce
that €, < 0°AS,.,. It follows that ps(A°AS, ) < ps(€3511) < 0 hence
§§°ASS+1 € AgT by the assumption. Using the one step arguments based on
the elimination of non-zero components of the sequence 07, we may replace
" by 67 such that #” converges. We then repeat the same arguments on the
set A, to conclude that v>*1g\s, € Z7. O

Theorem 2.23. Suppose that the risk-measure is time-consistent. Suppose
that NA holds and A, 7N L°(R_, Fr) = {0}, for every t < T . Then, we have
Zyr NLY(Ry, Fr) = {0} and Ryp N Ayp = A)p for every t.

Proof. Let us consider Wy p € Ry p N Ay r Then, W, 1 is of the form:

T T
Wt,T = Z 95—1ASS = Z As—1,s,

s=t+1 s=t+1

where 0, € L°(R, Fs_1) and a5 15 € Ag 14, forall s = ¢+ 1,--- 7. It
follows that:

T
etASt+1 — Q41 -+ Z (stlASS — CLS,LS) =0. (27)

s=t+2

Therefore, p; = 6;AS; 11 — ai441 is a (direct) price at time s =t + 1 for
the zero claim. Under AIP condition, we get that 0;AS;y1 > a;,41 hence
pr(0:AS 1) < 0. As p(6;AS11) > 0 by AIP, p(6;AS;11) = 0 and, by
RN, we get that ps(0;AS;11) = pi(—0;AS;11) = 0. We then deduce that
—pr € Ay N LY(R_, Fr) = {0} hence p, = 0 and 6,AS; 11 = az441 € AgT.
The equality (2.7) may be rewritten as:

T
01410812 — aririp2 + Y (o1 AS, —a,1,) =0, (2.8)
s=t+3

By induction, we finally deduce that 0,AS;11 = ass41 € AS,S 4 forall s > ¢.
By Remark 2.21, we have W, € A} ;.

Consider now ef. € Z, 7N L°(R, Fr). We may write €. = r, 7 — a; 7 where
rer € Rer and agr € Agp. We get that o = arp + e; eRirNAir = 'A?,T
hence —ry 7 € Ay r. It follows that —ef € A, N LY(R_, Fr) = {0}. O
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Theorem 2.24 (FTAP). Suppose that the risk-measure is time-consistent
and A, 7N L (R_, Fr) = {0} for everyt < T. Then, the following statements
are equivalent:

1) NA
2) Rex VA = Alr, for every t <T.

3) Ror NAor = Ajp.

4) Zir N Avr = Alyp, for every t <T.

5) Zor N Aor = Ab 1.

6) Zor N Ao = A&T and Zo7 is closed in L.

7) Forallt < T—1, there exists Q = Q' ~ P with dQ/dP € L>((0,00), Fr)
such that (S,)I_, is a Q-martingale and, for allt < T — 1, for all X
such that Eq(X™|F) < 00 a.s., p(X) > —Eq(X|F).

Moreover, for all z € Ayp\ A}y, there exists such a Q = Q% such that
P(Eq(x|F;) # 0) > 0.

Proof. Suppose that 1) holds. By Theorem 2.23, we deduce that 3) holds.
Note that 2) and 3) are equivalent since the risk measure is time consistent.
Suppose that 3) holds. Since —A; 7 C Z; 7, it follows that A?,T CZirNAr.
Reciprocally, consider ;7 = W, r—ayr € Z, 7N Ay p, where W, p € Ry and
arr € Air, then Wyp € Ay p hence Wy € AgT by 2). It follows that z; 7 €
(—A:r) and we conclude that Z, 7 N Ar = AQ’T. Moreover, by Theorem
2.22, Z;r is closed in probability hence 4) holds. Note that 4) and 5) are
equivalent since the risk measure is time consistent.

Assume that 4) holds. The existence of @ in 7) holds by standard ar-
guments based on the Hahn-Banach separation theorem. In particular, NA
holds under P’ such that P’ ~ P. We suppose w.l.o.g that S; is integrable
under P for every t. If z € L'(R, Fr) N (Ayr \ AYp), ¢ Zer N LY (R, Fr).
By the Hahn-Banach separation theorem, we deduce the existence of p, €
L>*(R, Fr) and ¢ € R such that:

E(p.X) <c< E(zpy), VX € Zr.

As Z,r is a cone, we get that E(p,X) < 0 for all X € Z,7 and since

—L°(Ry, Fr) C Z, 7, we deduce that p, > 0 a.s.. With X = 0, we get that

E(zp,) > 0 and, as R, r is a vector space, E(p,X) = 0 for all X € R; 7.
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As P(p, > 0) > 0, we may renormalize and suppose that ||p.|/ec = 1. Let
us consider the family G = (I'y),e; where I = LY(R, Fr) N (Ayr \ A} p) and
', = {p. > 0}. For any I" € Fr such that P(T') > 0, z = 1p € I since
A N LY(R_, Fr) = {0}. Therefore, E(zp,) = E(lrp,) > 0 implies that
P(I',NI") > 0. By Lemma 2.1.3 in [27], we deduce a countable family (z;)$°, of
I such that Q = J;°, I'y,. We define p =3 >~ 27'p,,. We have p > 0 a.s and
we renormalize p such that p € L (R, Fr) and Ep(p) = 1. We define @ ~ P
such that dQ/dP = p. We have E(pX) = 0 for all X € R; r. Therefore, with
Fo1 € Fur, 1p, (AS, € Ryp if u > t+ 1, so Eg(lp, ,AS,) = 0. This
implies that Eg(AS,|F._1) =0, i.e (S,)I_, is a Q-martingale.

u=t

Moreover, by the the construction of @ above, for all z € A, 7N LY (R, Fr),
we have Eg(z|F;) > 0. By truncature and homogeneity, we may extend this
property to every x such that E(|z||F;) < oo a.s. since z/(1 + E(|z||F))
is integrable. Finally, this also holds if Eg(z~|F;) < oo a.s.. At last, since
pe(X) + X € Ayr, we may conclude that p(X) > —Eqo(X|F), for all X
such that Eq(X~|F) < oo as. If 2 € Ayp \ A}p, it suffices to consider
the probability measure ), = %(Q + Q) where @ is defined by its density
dQ/dP = p,. Indeed, since Es(r) > 0 and Eg(z) > 0, this implies that
Eg,(x) > 0 hence P(Eg, (z|F;) # 0) > 0.

Assume that 7) holds. For some martingale measure ) ~ P we have
pt(0:ASi 1) > —Eg(0:AS41|F:) = 0, hence AIP holds. If p;(6;AS;+1) = 0 on
some non null set Ay, we have p;(6;AS;1114,) = 0. This implies 0;AS; 114,
is acceptable. Moreover, if 0;AS;11a, ¢ A}7, Eq,(0;ASi1114,|F:) # 0 by
7), which yields contradiction . Therefore, p;(0;ASi11) = pi(—0ASi1) =0
on Ay, i.e. RN holds, and we deduce that 1) holds. Note that 5) and 6) are
equivalent by Theorem 2.22.00

We recall that the No Good Deal condition (NGD) of Cherny [7] may be
rephrased in our setting as follows:

Definition 2.25. The NGD condition holds at any time t < T if there is no
Xir € Rir such that py(Xer) <0 on a non null set.

In the setting of Cherny, we suppose that
pi(X) = ess supgiep, Bt (—X), (2.9)

where D; is a weakly compact subset of L! with respect to the o(L!, L*°)
topology and we use the definition Egi(—X) = Eg:(X ™) — Ege(X ™) with
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the convention co — oo = +o00. Adapting [7, Theorem 3.4], we immediately
get the following:

Corollary 2.26. Suppose that the risk-measure is given by (2.9). Then, the
NA condition and the NGD condition are equivalent to the existence of a
probability measure Q' € Dy such that the price process (S,)1_, is a Q'-
martingale for allt <T — 1.

The following step is to provide a dual description of the payoffs that can be
super-hedged. To do so, we denote by Qf (and Q° = QF) the set of equivalent
martingale measures () that satisfies p,(X) > —Eq(X|F;), for all X such that
Eg(X~|F) < oo a.s.. We have QF # () under NA. We restrict the payoffs to
the class Lg(R, Fr) of random variables hy € L°(R, Fr) satisfying:

d
\hy| < &+ Zcis%, P —a.s.

i=1
for some constants c’, ..., ¢ that may depend on hr.
Theorem 2.27. Suppose that the risk-measure is time-consistent and we

have Ay N L°(R_, Fr) = {0} for every t <T. Consider the following sets:
FO,T = ZO,T N Ls(R, .FT>,

@O,T = {hT - Ls(R, .FT), sup EQ(hT) S 0} .
QeQe

Then, under the NA condition, I'op = ©gr and the minimal risk-hedging
price Py(hr) of any contingent claim hr € Lg(R, Fr) is given by

PS(hT) = Sup EQ(hT)
QeQe

Proof. By Theorems 2.22 and 2.24, we know that I'g 1 is closed in prob-
ability. For any hy € T'op, there exists ZtT:o 0,-1AS; € Ror such that
00 <ZtT:0 0,1 AS; — hT> < 0. Since, hy € Lg, we suppose w.l.o.g that Sp
and hr are integrable under P.

Set v = Zi:o 0,_1AS; — hy for every t < T. For any Q € Q°¢ # (), we
have:

T-1

> 6i1AS,

t=0

Iyr| < + |07 _1||AST| + |hr|,
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hence:

T-1

> 6i1AS,

t=0

Eq(|vr||Fr-1) < + 07 1| EQ(|AST||Fr_1) + Eq(|hr|[Fr-1) < 0o as..

By Statement 7) of Theorem 2.24 and the martingale property, we deduce
that:

pr-1(yr) = —Eq(yr-1|Fr-1). (2.10)
At time T — 2, by time-consistency of the risk measure and (2.10), we get
that
pr—2(vr) = pr—2(=pr-1(11)) = pr-2(Eq(yr-1|Fr-1)).
Moreover, Eq(|Eq(vr-1|Fr-1)||Fr-2) < Eq(|yr-1]|Fr-2) and

T-2

Y 6i1AS,

t=0
+EQ(|hT||]:T—2) < 00 a.s..

Eq(lyr-1l|Fr—2) < + |07 2| Eq(|AST_1|[Fr-2)

We deduce by Statement 7) of Theorem 2.24 that

pr—2(Eq(yr-1|Fr-1)) > —Eq(yr-1|Fr—2).

By the martingale property, we finally deduce that pr_o(yr) > —Eg(yr—2| Fr-2).
Recursively, we finally obtain:

T
0 Z Lo <Z Gt_lASt — hT> Z —EQ(’yl’Fo) 2 —EQ(Q()ASl — hT) Z EQ(hT)

= (2.11)

This implies I'g» C Og 7.

Reciprocally, assume that there is ilT € Ogr \Lor. Since iLT € Ls(R, Fr),
lizT is integrable under ) € Q¢. Moreover, since I'y 7 is closed in probability,
Lor :=TorN Lb(R, Fr) is closed in L'. By the Hahn-Banach separation
theorem, as Ay ¢ fo,T, we deduce the existence of Y € L>*(R, Fr) such that:

sup Eo(YX) < Eq(Yhy).
XEI:‘(]VT
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Let H be the density @ w.r.t P, i.e. H = dQ/dP. We have:

sup E(HYX) < E(HY hy).

XGf‘o,T

Since 1;07T is a cone, we deduce that F(HY X) < 0forall X € fO,T- Moreover,
E(HYhy) > 0, HY > 0 as. and E(HY) > 0. Therefore, we deduce that
H:=H Y/E(HY) defines the density of a probability measure Qe Q-

We define H¢ := eH + (1 — €)H. Since E(Hhy) > 0, we may choose
¢ € (0,1) small enough so that E(H¢hy) > 0. Since H¢ defines the density of
a probability measure Q¢ € Q°, we should have EQeﬁT = E(H 6BT) <0, as

hy € ©y,r. This yields a contradiction. We conclude that 'y = O .

At last, Fy is a super-hedging price for Ay if and only if hy — Py € I'g 1. By
the first part, we deduce that Py > supgege Eqo(hr). Suppose there exists
€ > 0 such that Py — e > supgege Eg(hr). Then, (hy — Py +¢€) € ©g . Since
@O,T = F07T, there exists W()’T € R(),T such that pO(W(LT — hr + Pg — E) < 0.
This implies that By — e > po(Wor — hr). Since po(Wor — hr) is a super-
hedging price for hy, we also deduce that po(Wor — hy) > P} which yields
a contradiction. We conclude that Py = supgege Fq(hr).O

3. An example of dual representation for a consistent
risk-measure

As mentioned by Cherny [7, Theorem 2.2] and shown in [15], any consistent
risk-measure p; restricted to the set of all bounded random variables is char-
acterized by a family D, of absolutely continuous probability measures such
that p,(X) = ess supgep, Eo(—X|F:). In the following, we consider the risk-
measure p; on L° as defined in this paper. For X € LY we define Eg(—X|F;)
as Eq(—X|F) = Eq(X ™| F) — Eq(X™|F:) with the convention co — oo = o0.
We say that a random variable X is F;-bounded from above if X < ¢ a.s.
for some ¢; € L°(R4, F).

Proposition 3.1. Let (p;)i—o,... 7 be the coherent risk-measure as defined in
Section 2. Then, there exists a family D; of absolutely continuous probability
measures such that, for every F;-bounded from above random variable X, we
have:

pi(X) = ess supgep, Eq(—X|F). (3.12)
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Proof. By [1], [15], there exists D, such that (3.12) holds if X € L.
By homogeneity, it is clear that (3.12) still holds if X is F;-bounded, i.e.
| X| < ¢; where ¢; € L°(R, F;). Let us show that (3.12) still holds for any
random variable X such that X < ¢ a.s. for some ¢; € L°(R,,F;) and X
is acceptable. Let us define X = X1y>_ ) for any M > 0. Then, XM is
bounded a.s.. As XM = X — X1x._y and —X1yxyc_p > 0, then XM is
acceptable i.e. p,(X*) < 0. By 3.12, we deduce that Eg(X*|F;) > 0 for all
Q € D,. This implies that Eq((X)*|F,) > Eq((XM)~|F;) and, as M — oo,
we get that ¢; > Eq(X1|F;) > Eq(X~|F:) hence oo > Eq(X|F:) > 0. More
generally, for any X such that X < ¢ for some ¢; € LR, F), ps(X) +
X is acceptable hence p(X) > Eo(—X|F;) for any @ € D,. We deduce
that the inequality p;(X) > ess supgep, Fq(—X|F;) holds. Reciprocally, if
ess Supgep, Bo(—X|F;) = +oo, then we deduce that 3.12 holds. Otherwise,
for any () € D, Eg(X~|F;) < co. Moreover, for any € > 0,

ess SUPgep, Ho(—X|F) + E(X M| F) + € > Eq(—X|F) + Eg(XV|F) +e.

As Eg(X*|F) < ¢, we may apply the dominated convergence theorem as
limpy 0o XM = X as. and we deduce that for M > My(t), the expecta-
tion of 7;* = ess supgep, Eo(—X|F) + XMW+ 4 ¢ n > 0, is non negative.
As 7f is Fi-bounded, we get that pi(7)) < 0 by (3.12) hence 7 is ac-
ceptable for any n > 0. Since the set of acceptable positions is closed, we
deduce that ess supgep, Eq(—X|F;) + X + ¢ is acceptable. Finally, as e — 0,
ess Supgep, Fo(—X|F;) + X is acceptable. As p(X) = ess infz, A, we de-
duce that p;(X) < ess supgep, Fo(—X|F;) so that the equality (3.12) holds
for any random variable that are F;-bounded form above. O

Unfortunately, it is unrealistic to expect that (3.12) may be extended in
general from L™ to LY, as mentioned by Cherny, [7]. The main problem is
about the non negatives random variables as we shall see in the proof of the
next proposition. Before, let us see a trivial example where we may meet
some difficulties for non negative random variables.

We consider €2 = [0, 1] equipped with the Borel o-algebra and the Lebesgue
measure P. The random variable X (w) = w™"1(o1)(w) is non negative hence
acceptable. Suppose that the set of all acceptable positions is the closure in
L of the random variables X such that Ep(X) = Ep(XT) — Ep(X~) > 0.
We then define p on L° as in Section 2, see [30]. As Ep(X) = oo, we deduce
that Z, := X — « is acceptable for all @ > 0 if (3.12) holds. On the other
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hand, P(Z, < 0) =1—a~! tends to 1 as & — oo, which is unrealistic if Z,
is acceptable.

Consider Q € Dy and Z = dQ/dP. Suppose that P(Z > 1) > 0. We
then choose @ < 0 and § > 0 such that aP(Z > 1) + fP(Z < 1) = 0.
Then, X = alz-; + B1z< is acceptable as Ep(X) = 0. Therefore, by (3.12),
Eg(X) > 0. Actually,

EQ(X) = EP(XZ) = Ep(OéZlZ>1 + 621Z§1) S Ep(X) =0

and Eg(X) = 0 if and only if aZ1;-1 + 8Z1;<; = X. In that case Z =1
on {Z > 1} hence a contradiction. We deduce that Z <1 a.s.. At last, since
Z <1 as., we deduce that Z =1 a.s.. We then deduce that Dy = {P}.
Also, as another example, consider X (w) = w19 q)(w)+(w—1)" (a1 (w),
w € €. Since Ep(X) = 00— 00 = 00, we deduce that X is acceptable. Never-
theless, P(X < 0) =1 — « tends to 1 as o — 0, which is clearly unrealistic.

In the following, we denote by A™" the set of all acceptable positions at
time ¢ which are F;-bounded from above.

Proposition 3.2. Suppose that A, is the closure of A7 + LO(R*, Fr) in
L° and assume that, for some fized ¢ > 0, A" contains all the random
variables Z which are Fy-bounded from above and satisfy P(Z < 0) < e. Let
(pt)t=0... T be the coherent risk-measure as defined in Section 2. Then, there
exists a family Dy of absolutely continuous probability measures such that we
have.

pi(X) = ess supgep, Eo(—X|F), VX € L°. (3.13)

Proof. Suppose that Z = X + € where X is F;-bounded from above and
acceptable and et > 0 a.s.. Then, for all Q € D;, Eq(Z|F:) > Eg(X|F) >0
by Proposition 3.1. As p,(Z) + Z, admits the same form than Z, we de-
duce that p;(Z) + Z admits non negative conditional expectations under
Q) € D;. Therefore, pi(Z) > Eq(—Z|F;) for all Z € D, hence p,(Z) >
ess SUPgep, Lg(—Z|F), at least when p(Z) > —oo. Otherwise, when p,(Z) =
—00, Zo = —a + Z is acceptable for all @ > 0, hence Eg(Z,|F) > 0, i.e.
Eq(Z|F;) > a for all a > 0. It follows that Eq(Z~|F;) — Eq(ZT|F) < —a
and finally p;(Z) = ess supgep, Fq(—Z|F;) = —00 as a — oo.

Consider an acceptable position Z. Then, by assumption, Z = limsup,, 2"
where Z" is of the form Z" = X" + e with ¢ > 0 a.s. and X" is Fj-
bounded from above. Note that sup,, ., X, is still Fi-bounded from above for

28



all k& > n. Since sup,,~ Zn > SUDp<p<m Zn, for all m > k, we deduce that
SUp,,~x Zn is of the form X + e,j where X} is F;-bounded from above and
acceptable while e > 0 as.. It follows that any acceptable position is of
the form Z = lim | Z, where Z, is of the form Z, = X,, + ¢} where X,
is Fi-bounded from above and acceptable while ¢f > 0 as.. As Z7 < Z,,
we deduce that p(Z) > pi(Zn) > ess supgep, £o(—2Zn|F;) by virtue of the
inequality we have shown in the first part. As (—Z,) is non decreasing we
finally deduce that p(Z) > Eq(—Z|F;) for any @ € D,, when n — oo. It
follows that p;(Z) > ess supgep, Eq(—Z|F).

Moreover, suppose that (3.13) holds for any acceptable position Z,, of the
form Z,, = X,, + ¢ where X, is Fi-bounded from above and acceptable and
er >0 a.s.. By lower semi-continuity,

pi(Z) < liminf py(Z,) = lim inf ess supgep, Eq(—2Zn|Ft).

As Z < Z,, Eq(—Z,|F) < Ego(—Z|F:), and we deduce the inequality
pi(Z) < ess supgep, Eo(—Z|F;). We then conclude that (3.13) holds for ev-
ery acceptable position Z and, finally, for every X € L% as p(X) + X is
acceptable.

It remains to show that (3.13) holds for Z = X +¢* € A7+ LO(RT, Fr).
To get it, it is sufficient to prove that p,(Z) < ess supgep, Eq(—Z|F;). Let
us define Z" = X + €'l + aplers, € A" where o, > 0 is chosen
large enough in such a way that P(a, < €7) < e. Then, (o, — €)1+, is
acceptable by hypothesis for P((a, — ™)1+, <0) < P(a, < ') < e,

Since Z" — Z a.s., we deduce that p,(Z) < liminf, p,(Z"). Recall that
pi(Z™) = supgep, Eq(—2"|F;) by Proposition 3.1. Hence,

pi(Z") < ess SUPgep, Eq(—Z|F) + ess SUPgep, Eq(Z — Z™|F).
Moreover, since Z" — Z is F;-bounded from below, we have
ess sUpgep, Eo(Z — Z"|F) = pi(Z" — Z) = pi((an — €)1ersp) < 0.

We then deduce that p,(Z) < esssupgep, Eo(—Z|F;) and the conclusion
follows. O

The proof of the proposition above shows that (3.13) holds as soon as it
holds for any acceptable position which is the sum of an F;-bounded position
plus a non negative one. By Proposition 3.1, (3.13) holds for any F;-bounded
position. Therefore, the difficulty in proving (3.13) stems from the non neg-
ative random variables.

29



References

[1] Acciao B. and Penner I. Dynamics convex risk measures. Advanced
Mathematical Methods for Finance, 2010,1, Ed. Giulia Di Nunno and
Bent Oksendal, Springer Heidelberg Dordrecht London New-York.

2] Ararat C., Hamel A. and Rudloff B. Set-valued shortfall and diver-
gence risk measures. International Journal of Theoretical and Applied
Finance, 2017, 20 (5), 1750026.

(3] Baptiste J., Carassus L. and Lépinette E. Pricing without mar-
tingale measures. Preprint. https://hal.archives-ouvertes.fr/
hal-01774150.

[4] Ben Tahar I. and Lépinette E. Vector valued coherent risk measure
processes. IJTAF, 17, 02 (2014).

[5] Black F. and Scholes M. The pricing of options and corporate liabilities.
Journal of Political Economy, 1973, 81, 637-659.

(6] Cherny A. Pricing and hedging European options with discrete-time
coherent risk. Finance and Stochastics, 2007, 13, 537-569.

[7] Cherny A. Pricing with coherent risk. Theory of Probability and Its
Applications, 2007, 52(3), 389-415.

[8] Dalang E.C., Morton A. and Willinger W. Equivalent martingale mea-
sures and no-arbitrage in stochastic securities market models. Stochas-
tics and Stochastic Reports, 1990, 29, 185-201.

9] Delbaen F. and Schachermayer W. A general version of the funda-
mental theorem of asset pricing. Mathematische Annalen, 1994, 300,
463-520.

[10] Delbaen F. and Schachermayer W. The fundamental theorem of asset
pricing for unbounded stochastic processes. Mathematische Annalen,
1996, 312, 215-250.

[11] Delbaen F. and Schachermayer W. The no-arbitrage condition under
a change of numéraire. Stochastics and Stochastic Reports, 1995, 53,
213-226.

[12] Delbaen F. and Schachermayer W. The mathematics of arbitrage.
Springer Finance, 2006, 371.

[13] Schachermayer W. A Hilbert space proof of the fundamental theorem
of asset pricing in finite discrete time. Insurance: Mathematics and
Economics, 1992 (4), 11, 249-257.

[14] Delbaen F. Coherent risk measures. Lecture Notes, Cattedra
Galileiana, Scuola Normale Superiore di Pisa, 2000.

30


https://hal.archives-ouvertes.fr/hal-01774150
https://hal.archives-ouvertes.fr/hal-01774150

[15]

[16]

[17]

[27]
[28]

[29]

Delbaen F. Coherent risk measures on general probability spaces. Ad-
vances in Finance and Stochastics: essays in honor of Dieter Sonder-
mann, Springer, Heidelberg, 2002, 1-37.
Detlefsen K. and Scandolo G. Conditional and dynamic convex risk
measures. Finance and Stochastics, 2005, 9, 539-561.
Feinstein Z. and Rudloff B. 2013. Time consistency of dynamic risk
measures in markets with transaction costs. Quantitative Finance,
2013; 13 (9), 1473-1489.
Folmer H. and Penner I. Convex risk measures and the dynamics of
their penalty functions. Statistics and Decisions, 2006, 2, 24.
Guasoni P, Rasonyi M. and Schachermayer W. The fundamental the-
orem of asset pricing for continuous processes under small transaction
costs. Annals of Finance, 2010, 6, 157-191.
Harrison J.M. and Pliska S.R. Martingales and stochastic integrals in
the theory of continuous trading. Stochastic Processes and their Ap-
plications, 1981, 11, 215-260.
Hess C. Set-valued integration and set-valued probability theory: An
overview. In: E. Pap (ed.) Handbook of Measure Theory, Elsevier
(2002), 14, 617-673.
Jacod J. and Shiryaev A.N. Local martingales and the fundamental as-
set pricing theorems in the discrete-time case. Finance and Stochastics,
1998 (3), 2, 259-273.
Jorion P. Value at Risk: the new benchmark for managing financial
risk. McGraw-Hill Professional, 2006 (3).
Jouini E.; Meddeb M. and Touzi N. Vector-valued measure of risk.
Finance and Stochastics, 8, 531-552.
Kabanov Y.M. and Kramkov D. No arbitrage and equivalent martin-
gale measures: an elementary proof of the Harrison-Pliska theorem.
Theory of Probability and its Applications, 2001 (3) 39, 523-527.
Kabanov Y. and Stricker C. A Teachers’ note on no-arbitrage criteria.
In Séminaire de Probabilités, XXXV, volume 1755 of Lecture Notes in
Math., Springer Berlin, 2001,149-152.
Kabanov Y. and Safarian, M. Markets with transaction costs. Mathe-
matical Theory. Springer-Verlag, 2009.
Kaina M. and Ruschendorf L. On convex risk measures on LP-spaces.
Mathematical Methods of Operations Research. 2009, 69(3), 475-495.
Lépinette E. and Molchanov I. Risk arbitrage and hedging to accept-
ability. Finance and Stochastics, to appear.

31



[30] Lépinette E. and Zhao J. Super-hedging a European option with a
coherent risk-measure and without no-arbitrage condition. Preprint.

[31] Merton R.C. The theory of rational option pricing. Bell J. Econ.
Manag. Sci., 1973, 4, 141-183.

[32] Molchanov I. Theory of Random Sets. 2nd edition. Springer, London,
2017.

[33] Lepinette Risk arbitrage and hedging to acceptability (with Molchanov
I.). Finance and Stochastics. To appear.

[34] Pergamenshchikov S. Limit theorem for Leland’s strategy. The Annals
of Applied Probability, 2003, 13, 3, 1099-1118.

[35] Rockafellar, R Tyrrell and Wets, Roger J-B. Variational analysis.
Springer Science & Business Media, 2009.

[36] Rogers L.C.G. Equivalent martingale measures and no-arbitrage.
Stochastics and Stochastic Reports, 1994, 51, 41-49.

[37] Ross S. The arbitrage theory of capital asset pricing. Journal of Eco-
nomic Theory, 1976, 13, 341-360.

32



	Introduction
	Model
	 No-arbitrage conditions
	No arbitrage and pricing under consistency in time

	An example of dual representation for a consistent risk-measure
	References

